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Gaussian semiflexible rings under angular and dihedral restrictions
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Semiflexible polymer rings whose bonds obey both angular and dihedral restrictions [M. Dolgushev
and A. Blumen, J. Chem. Phys. 138, 204902 (2013)], are treated under exact closure constraints.
This allows us to obtain semianalytic results for their dynamics, based on sets of Langevin equations.
The dihedral restrictions clearly manifest themselves in the behavior of the mean-square monomer
displacement. The determination of the equilibrium ring conformations shows that the dihedral con-
straints influence the ring curvature, leading to compact folded structures. The method for imposing
such constraints in Gaussian systems is very general and it allows to account for heterogeneous (site-
dependent) restrictions. We show it by considering rings in which one site differs from the others.

Il. INTRODUCTION

Semiflexible polymers continue to be very interesting
subjects of study,'™"” since many biological macromolecules,
e.g., actin and DNA have high persistence lengths.!"'8 A
widespread way of modeling the semiflexibility of chains
consists in fixing the angles between nearest-neighbors’ (NN)
bonds, under the additional assumption that rotations around
the axis given by each bond are free. Under these assumptions
the basic properties of linear semiflexible polymers can be ob-
tained in a straightforward way, which also explains the suc-
cess of the model.!*%*7 Furthermore, these assumptions can
also be used to treat vastly more general, semiflexible tree-
like (Ioop-less) polymers (STP) with arbitrary structure.” %23
The model proceeds from a coarse-grained picture of Gaus-
sian generalized structures (GGS)?* (which involves beads
and springs) into which the restrictions over bonds are
implemented.

From a chemical perspective, the bonds in a polymer can-
not rotate freely?>> and one has to account for hindered bond
rotations, especially when treating macromolecules with high
persistence length.?%?’ Such hindered rotations were recently
introduced into the GGS scheme, as exemplified for linear
chains, in Ref. 28. Figure 1 illustrates the angles entering the
model: 6 denotes the angle between oriented nearest-neighbor
bonds, say d; and d; or d; and d3, ¢ is the dihedral angle
between the planes spanned by the bond pairs (d;, d,) and
(dy, d3). In Ref. 28, dihedral restrictions (DR) were imple-
mented by fixing the average values of the scalar products of
the corresponding bonds. In this way, the constraints do not
change the Gaussian character of the model, since they can
be incorporated into the covariance matrix of the multivariate
(Gaussian) distribution of bonds.

) Electronic mail: dolgushev @physik.uni-freiburg.de

Now, STP are devoid of loops, and hence rings do not
belong to the STP class. On the other hand, many proteins
are topologically equivalent to rings,?” and the question arises
how to model them.>**3 We recall that for rings, an addi-
tional, strict closure constraint holds:**3* If we represent a
ring through a series of bond vectors, consecutively connected
in head-to-tail conformations, the sum of all these vectors has
to vanish (a holonomic constraint). In this way, and different
from an open chain, the bond vectors of a ring are not anymore
independent variables; a ring has less degrees of freedom.®

Remarkably, however, in the case of Gaussian bond dis-
tributions for chains, such a holonomic constraint leads to a
reduced set of independent bond variables for the ring formed
by closing the chain, variables which still remain Gaussian.
This remarkable fact is fundamental for us here. Now, un-
der freely rotating conditions one can (tediously) determine
this new bond distribution for the ring by algebraically get-
ting rid of the dependent bond variables.** Here, we highlight
more powerful methods, such as introducing a penalty func-
tion for imperfect closure, or, even more general, determin-
ing the new distribution of bonds by employing mathematical
methods such as given in Ref. 36. Recently, these methods
have been used in treating non-Markovian diffusion-limited
reactions.’”? There,>’3° as well as in this work, the funda-
mental approach is the Gaussian statistics of bonds.

In this paper, we put forward the penalty function method
to study semiflexible polymer rings under angular and dihe-
dral restrictions. The method gets rid of many problems in-
volved in treating loops, especially in what introducing clo-
sure conditions are concerned. Moreover, the method allows
us to obtain results to a great extent analytically, here in par-
ticular for the dynamical matrix and for its eigenvalues. Based
on these results, we investigate static and dynamical proper-
ties of semiflexible rings, focusing on their bond-bond cor-
relations, on their gyration radius, and on the monomers’
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FIG. 1. Schematic picture of three consecutively connected bonds d;, da,
and d3. In the figure, 6 denotes the angle between neighboring bonds (here,
d; and d3), ¢ is the dihedral angle between the planes spanned by the pairs
(dy, dy) and (d3, d3), np; and ny3 are the normal vectors to the planes.

mean-square displacements (MSD). We recall that the gyra-
tion radius can be determined experimentally using standard
scattering methods* and that the other quantities are experi-
mentally accessible through modern atomic-force microscopy
techniques.*'* We evaluate these quantities for rings under
DR and compare them to those for rings in the absence of
DR. As we proceed to show, the DR influence very much the
properties of rings: While rings including DR often display
a winding structure, rings without DR do not show this fea-
ture. This fact leaves its fingerprints on the other quantities
considered here, namely, on the gyration radius and on the
monomers’ mean-square displacement.

In homogeneous semiflexible rings, the stiffness condi-
tions are identical at every site. This is distinct from nonho-
mogeneous (heterogeneous) rings, where the conditions may
differ from site to site. Here, the penalty function method al-
lows us to treat both homogeneous and heterogeneous rings
with DR, the latter exemplified by a ring in which the stiff-
ness conditions at one site differ from the rest. This difference
arises naturally when monitoring the closing (cyclization) of
a homogeneous chain, as depicted in Fig. 2. As we proceed
to show, homogeneous and nonhomogeneous rings have quite
distinct static and dynamic behaviors.

The paper is structured as follows: We start in Sec. II
by recalling how angular and dihedral restrictions are
implemented,?® and introduce the penalty function method for
the closure of rings. Based on this method we investigate in
Sec. III the dynamics of homogeneous rings. Section IV is de-
voted to the study of particular nonhomogeneous rings, where
we determine their dynamical properties based on the method
of Sec. II; here, we also point out the connection to the general
method of Ref. 36. In Sec. V, we analyze the obtained results
for both types of rings and focus on the special role of the DR.
The article ends with our conclusions, whereas mathematical
details as well as some particular limiting cases of our models
are relegated to Appendixes A—C.

Il. MODELING ANGULAR AND DIHEDRAL
RESTRICTIONS

Here, we briefly summarize the ideas of Ref. 28 for mod-
eling local angular and dihedral constraints for chains and ex-
tend them to homogeneous rings.
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FIG. 2. Schematic cyclization scenarios. One starts from linear chains rep-
resented by bonds {d,}, from which rings consisting of N bonds {d/} are
constructed. The upper box (a) displays the construction of a homogeneous
semiflexible ring (bond variables {d, }) by formally imposing the closure con-
dition, Z,N:  d} = 0, while the {d,} behave homogeneously, e.g., (d] - d},)
= (d’j -d’jil) and (d} -d)y_,) = (d} -dy) = (d’jJrl 'd/j—1>' The lower box
(b) shows the construction of a nonhomogeneous semiflexible ring, without
imposing any additional restrictions on the terminal bonds of the chain, see
text for details.

Consider locally three oriented bonds, say d;, d;, and d3,
which are consecutively connected head-to-tail, as schemat-
ically shown in Fig. 1. Here, 6 denotes the angle between
NN bonds, say d; and dj;. Furthermore, ¢ denotes the di-
hedral angle between the planes spanned by consecutive
NN bond pairs, say (d;, dy) and (dy, d3), see Fig. 1. Then
¢ = 0 is related to a flat, zigzag bond configuration.?> Setting
ny; =d; x d; and ny3 = d; x ds, ny; and ny;3 are orthogonal
to the respective planes and ¢ is the angle between n,; and
nys3.

Now, semiflexibility is modeled by imposing constraints
on the average scalar products of the bonds. First, we con-
strain the mean-square length of each bond, by setting

d,-d,) =1 (1

Second, we restrict the average angle between NN bonds, say
d, and d,,

(d, - dp) = 1’4, )

where the stiffness parameter g is related to (cos ). Third,
we constrain the next-nearest-neighbor (NNN) bonds, say d,
and d.,

(d, - d.) =I5, A3)



where §» = §? + p(1 — g7) with p related to (cos ¢).?® In this
way, through Egs. (1)—(3), we account both for the angular
and for the dihedral restrictions, which depend now on the
stiffness parameters ¢; and g». We note that the parameters ¢
and g are introduced in an averaged way, so that they may
reflect different distributions of the angular restrictions and
are not related to fixed values of the angles 0 and ¢, see, e.g.,
Ref. 25.

Furthermore, as has been shown in Ref. 28 the potential
energy of the chain under the local constraints of Egs. (1)—(3)
has the form

(o)) = Z Wapd, - dy, )

where K = 3kT/I> denotes the spring constant, kg is the
Boltzmann constant, 7 is the temperature, and the sum runs
over all bonds. Moreover, the matrix W= (Wab) is sparse and
it has the following form:8

@« By 0 ... 0
g o By 0
y B o B vy 0
W 0 vy B )

B v O
0 v «a B vy
0y B o F
o ... 0 y B o

Thus, for a chain consisting of consecutively numbered bonds
di,dy,...,dy, the N x N matrix W is a symmetric, pen-
tadiagonal matrix.”® In other words, the nonvanishing off-
diagonal elements of W are related only to the NN and to the
NNN neighbors. The explicit values of «, 8, y, &/, @”, and
B’ are given as a function of g; and g, in Appendix A. One
may note the difference between the parameters o', ", and
B’ corresponding to peripheral bonds and the values « and
for the internal bonds.?®

Now, having in mind the symmetry of a homogeneous
ring (in which all bonds are internal) we infer that the corre-
sponding matrix W has the general form

a By 0 ... 0 vy

B o B y 0 ... 0 y
y B a B y 0 ... 0

W 0o y B ool T el R

o . . 5 v 0
0o ... 0 vy a By
y 0 ... 0 v B o B
B vy O ... 0 yv B «

as can also be obtained from the maximum entropy
principle.*+43

The knowledge of the matrix W together with the fact that for
rings the closure condition

N
> di=0 7)
i=1

holds, leads to the distribution of the {d,}, which can be for-
mally expressed as

1
P(id.) = — exp( T Z Wapd, - db> 8(dy + - +dy),

®)

where §(x) denotes the Dirac delta-function. Moreover, re-
calling the realization of §(x) in the limit of small € through
the function e*"/¢’ /~€2m we insert the latter into Eq. (8),
obtaining

P({d.})

1 2
:Zexp[ 7 <Z Wapd, db+_(dl +--+dy) >:|’

€))
where 0 < € <« 1. Equation (9) reads thus

1 3 —~
P({da}) = — exp <—ﬁ > Wapd, - db> . (10)
a,b

where the matrix W = { Wab} is given by
~ 1
W=W+ L 11)
€

with (L);; = 1. As we proceed to show, it turns out to be very
convenient to work first with Eq. (11) and to take later the
limit € — 0%, by which the results become independent of e.
To be more specific: The term proportional to 1/¢% in Eq. (9)
acts as an energetic penalty for chains that did not yet com-
pletely close to a ring. In this way, we avoid to use Eq. (7)
in a direct manner, which necessitates expressing one bond as
a linear combination of the others (see Ref. 33); this is alge-
braically very cumbersome and breaks the symmetry of the
problem.

lll. HOMOGENEOUS RINGS

A. Relation of the stiffness parameters ¢; and g-
to the elements of W

Here, we consider homogeneous rings whose bonds {d,}
follow the distribution Eq. (10). We note, furthermore, that
letting € be small (¢ > 0), but having € # 0, keeps the set of
vectors {d,} independent. Due to this fact the average values
of d, - d; can be obtained by integrating them with respect to
the Gaussian form Eq. (10) and are given through?®

(d, - dp) = 2(W)gp. (12)

The task consists now in determining the inverse of W,
which can be found through the diagonalization of W=W
+ (1/€>)L. First, we note that due to its symmetry, the



periodically symmetric matrix W, Eq. (6), can be readily di-
agonalized by means of the discrete Fourier transform*®

c 1 2mkj 1)
ik = —F—€X 1 .

The ensuing eigenvalues of W are

2rk Amck
kk—a—l—Z,Bcos(N)—i—Zycos(;), (14)

where k runs from 1 to N. Furthermore, given that > i Cir

= /N 8k, the matrix C also diagonalizes L, leading to the
eigenvalues (0,..., 0, N). Thus, the eigenvalues of W are
/):—)» fori=1,. (N—l)ande—kN+N/e In this
way, we obtain C~ 'WC A, where A = Diag(hy, ..., y)
is a diagonal matrix. Then, based on A, we get

“I—CcA'C. (15)
Hence, inserting Eq. (13) into Eq. (15) we obtain
WD, = 1
P NOw + N/e?)
1 V=l

Z cos[2wk(a — b)/N] (16)

+— .
N — a+2fcos (%) + 2y cos (‘%)

Finally, using Eq. (12) and taking the limit ¢ — 0 we are led
to

cos[2mk(a — b)/N]

lz N—-1
(d, -dp) = .
b} Zla+2ﬂcos(2”k)+2ycos(%)

7

Now, the parameters «, 8, and y are connected to the
local constraints, Egs. (1)—(3). To see this we recall Eq. (1),
which reads now explicitly, say for the ath bond (¢ = 1,...,
N)

23 1

- NZI a + 2B cos (Z£) 4 2y cos (Z£)

N

I*=d,-d,)

(18)

It is worth to notice that the rhs of Eq. (18) is (as it should
be) independent of the bond number a. Second, we view (d, -
d,+1) and (d, - d,4,) in the spirit of Egs. (2) and (3), namely,
as reflecting the angular (NN) and the dihedral (NNN) restric-
tions. Hence, based on Eq. (17), it follows:

gy = (d, -dyy1) = (dy - dy)

N—1

2 cos 2k /N)
=N Z 2711( / k (19)
N = a—|—2ﬂcos )—|—2ycos(T)
and
gy = (d, - daya) = (dy-1 - di) = (dy - do)
P& cos (4rk/N)
-3 ) )
P a+2ﬁcos( )+2ycos( ¥ )

Here, again the rhs of Eqgs. (19) and (20) are independent of
the bond number a. The parameters ¢, and g, for the homoge-
neous ring can now be expressed in terms of «, 8, and y (and
also of g, g>, and N), say by taking the quotients of the rhs

of Egs. (19) and (18) or (20) and (18), respectively. Also the
reverse is true: The set of Egs. (18)—(20) allows to determine
o, B, and y as functions of 2, q1, and g,. The way of doing
so is exemplified in the supplementary material.*’

B. Dynamics

In order to determine the dynamical properties of homo-
geneous rings, we invoke the corresponding Langevin equa-
tions (LE). Denoting the positions of the ring’s monomers by
{r; = (x;, i, z;)}, the LE, e.g., for the y-component of the jth
monomer reads>+ 434

rm y/(t)+ V({rl})_fj(t) 2D
Here, V({r;}) is the potential energy written as function of the
set of all {r;} and f; is the y-component of the usual fluctuating
Gaussian force acting on the jth bead, for which (f;(r)) = 0 and
(Ffi!)) = 2kpT¢ 838(t — ¢') hold.

In order to determine the potential as a function of the r;,
we have to reformulate the distribution P({d,}), Eq. (10), as
a function of the bead variables {r;}. The transformation from
bond to bead variables is given by the transposed matrix G”
of the incidence matrix G = (G;,)*">°

N
d, =Y (G urs, (22)
k=1
where G reads
-1 0 0
1 -1 0 0
G=|lo . . . (23)
0
0 ... 0 1 -1

Distinct from linear chains and from general treelike struc-
tures, for rings G is a square N x N matrix, since for rings the
number of beads is equal to the number of bonds. Substitution
of Eq. (22) into Eq. (10) leads to

1
P(ri}) = — exp ( 7 Z(GWG YinT - rn) - @

Multiplying G of Eq. (23) with L/e? of Eq. (11) leads to
a matrix of zeros. Hence, from Eq. (11) we have GWG”
= GWGYT . Thus, the distribution P reads

1
P({ri}>=5exp< T Z(GWG Den . - rn>. (25)

Associating Eq. (25) with the Boltzmann distribution, we
hence infer the existence of an effective potential for the ring
of the form

K
7 2 (GWG i -, (26)
k.n

V({r:}) =



from which the (dynamically irrelevant) penalty term has dis-
appeared. Introducing now the matrix A = (4;;) through

A = GWG’, 27)
and inserting Eq. (26) into Eq. (21) gives

d Mo
¢+ K Y Ao = f0). (28)
k=1

The solution of the set of Eq. (28) requires the diagonal-
ization of the matrix A, which can be performed analytically:
Based on Egs. (6) and (23) it is a simple matter to check that
W commutes both with G and with G”. (One can also show
that the matrices G and G” can be diagonalized using C of
Eq. (13), leading to the eigenvalues [exp (—i2wk/N) — 1] and
[exp i2mk/N) — 1] where k = 1,... , N, respectively.)

Hence, introducing the (Rouse) Laplacian matrix
A = GG for the flexible ring,>'>*

2 -1 0 ... 0 -1
-1 2 -1 0 ... O
A— 0 S ’ (29)
S : . . 0
o ... 0 -1 2 -1
-1 0 ... 0 -1 2

one can remark, based on Eq. (23), that because of the form
of G and since W is a periodically symmetric matrix, see
Eq. (6), GT and W commute, i.e., WGT = GTW. Thus, from
Eq. (27) follows

A = AW. (30)
Moreover, the matrix W can also be written in terms of A. As
can be readily verified by comparing Egs. (6) and (29), one
has
W=(a+28+2)1—-(B+4y)A+yA°. (3D
Together with Eq. (30) this leads to
A=(@+28+29)A—(B+4p)A>+yA . (32)

Thus, the matrices W, A, and A share the same eigenvectors,
which are given by Eq. (13). Indeed, comparing Eq. (29) with
Eq. (6), one immediately realizes that A is a particular case
of Wwitha =2, 8 =—1, and y = 0. Hence, from Eq. (14)
follow the well-known®*>1->* eigenvalues {£;} of A,

£ = 4sin’ (”—k) , (33)
N

most of which are doubly degenerate, given that £, = &y
Based on Egs. (30) and (32), the full set of eigenvalues of A
reads then
O = Echi = (@ + 2B +29)& — (B+4Y)E + V&,
fork=1,...,N. (34)
Given that both &, and A are positive fork=1,... , (N — 1)

and thaL only the eigenvalue ¢y vanishes, oy = Eyiy = 0, the
matrix A is non-negative definite.

We remark that in the limit of y — 0 we obtain for A and
for ¢y the known results for semiflexible rings without DR3?
(in line with the formalism of Bixon and Zwanzig'); the limit
of both y — 0 and B — 0 leads to flexible rings,’">? in the
sense of the Rouse model,*® see Appendix C for details.

Furthermore, we note that the Laplacian A = (A;;) is a
a2
2 3
Thus, the matrix A is related to a linear combination of
second, fourth, and sixth order differential operators, whose
Fourier transforms are the second, the fourth, and the sixth
powers of the wave number, respectively. A continuum pic-
ture emerges in the limit of N large, N > 1. In this limit, by
expanding & of Eq. (33) up to sixth order in k and inserting it
into Eq. (34) yields

o 4 (27K 2+A 2k 4+A 27k \° 35)
Yr ~ Al N AWy I\ )

where

discrete version of a second derivative,*® Y, Ay —

Al =a+28+2y, 36)
Ay = —(a+ 148 +50y)/12, 37

and
Az = (@ + 628 + 602y)/360. (38)

We note that Eq. (35) is valid for £ <« N/2 and that the coef-
ficients {A;} are uniquely determined through the parameters
(o, B, v). The regions of k where ¢, ~ k* (s = 2, 4, 6) are
discussed in Appendix B, see Eqs. (B1)—(B3).

C. Mean-square displacement

We turn now to the determination of the MSD W ,(r)
of the ring monomers. The MSD, say, of the nth monomer
(n=1...N), is given through*®

W, (1) = ([r,(t) — r,(0)]%). (39)

The MSD is calculated then by making use the normal mode
expansion*®

N
() =Y CyQ;(t). (40)

j=1

Here, the elements C,; of the matrix C are given by Eq. (13)
and for them |Cﬂz|2 = I/N holds. Moreover, we recall that
C diagonalizes A, C~'AC = Diag(g; ... ¢y). Thus, under
the transformation given by Eq. (40) the Langevin equation
simplifies to

a A
CaQak(t)+ K Qar(t) = fak(t), 4D

where « is the spatial coordinate, the {¢;} are the eigen-
values of A, Eq. (34), and fu(¢t) = Z,’(Cil)kifai(t)- Hence,
(far(®) fom (")) = 2kpT { SpmBapd(t — 1') and (i (1)) = 0, so
that, from Eq. (41) the following relations hold:?**8

kgT

2
((Qun (1) = Qun(0)(Qpn (1) — Qpn(0))) =bup N_Ct (42)



and

(Quk (1) Qpn(0)) =8upBim (QF,, e/ ™ (k,m=1,..., N=1),
(43)

where (03,,) = ks T/(K@y) and T,, = /(K@) = Tolpy. In-
serting Eq. (40) into (39) and using Eqgs. (42) and (43), we
obtain
22 2221 — exp(—gut
V(O =W, = -1+ XD/ T0) 4
0

N = Wk

Thus, the MSD for homogeneous rings is independent on .
Moreover, it depends only on the eigenvalues {¢}, Eq. (34),
but not on the eigenvectors of A.

From Egs. (B6) to (B10) of Appendix B W(r)
shows several distinct behaviors: At very short times,
t < min (to/¢y), the monomers perform a diffusive mo-
tion, unhindered by their neighbors, W(r) ~ 2/%(t/t,). Next
in line, the monomers start to feel the dihedral restric-
tions, which are related to hindered rotations, leading
then to W(r) ~ (22/57)T'(1/6)A;"/%(1 /10)¥/6, with A3 as in
Eq. (38). Then the W(¢) enters the bending regime, W(f)
~ (212/3m)T(1/4)A; (1 /70)*/*, with A; as in Eq. (37). We
note that the above mentioned regimes involve the local
scales, evident since the W (#)-forms do not depend on N. The
last subdiffusive regime (known from the Rouse model>*4%)
always exists for very long rings and disappears for short, stiff
ones. Here, the MSD follows W(r) ~ (212//7)A] (1 /70)'/
as in A; from Eq. (36). Finally, at very long times, (#/7)
> N2, the monomers follow the global motion of their ring
and W(f) ~ (2I>/N)(t/t¢), which is again a diffusive regime.
The time boundaries, in which the subdiffusive regimes W(¢)
~ t (u < 1) are valid, depend on the values of the coeffi-
cients {A;}, see Appendix B. While the subdiffusive ranges
with u = 1/2 and 3/4 are well-known from the literature for
flexible and for semiflexible chains,% %% the ;1 = 5/6 range
is a hallmark of the dihedral restrictions.

IV. NONHOMOGENEOUS RINGS

In this section, we extend the model of Secs. II and III
to nonhomogeneous semiflexible rings. Such rings arise natu-
rally when considering a semiflexible chain whose endpoints
coalesce without putting any restriction on their neighboring
bonds. The ensuing ring has then a site at which the orien-
tational restrictions do not hold, breaking thus the cyclical
symmetry.

The starting point is again the linear chain®® discussed
in Sec. II. Closing such a chain into a ring and following the
procedure of Sec. II, the bonds {d,} of the nonhomogeneous
ring obey now (in spirit of Eq. (10)) the distribution

~ 1 3 S
P({d.}) = = exp (—ﬁ D Wad, - dh> . @45)
a,b

Since no new conditions are imposed on the bonds neighbor-
ing the closure site, the matrix W in Eq. (45) reads

= ~ 1
W=W+ 5L, (46)
€

where W is given by Eq. (§) and L and € are as in Eq. (11).
Given that we work with a penalty function, the bonds {d,}
represent still an independent set of variables. So that using
the distribution P of Eq. (45) while keeping € > 0, the average
values of d,, - d;, are given through

~-1
(g - dp) = BW ap 47)
In Appendix B, we show that in the limit € — 0T one has

W D W D
Zn,k(wil)nk .

We note that Eq. (48) can also be obtained by consider-
ing general Gaussian distributions under strict (holonomic)
constraints,® fact recently used in the treatment of non-
Markovian diffusion-limited reactions.”’* Given that the
{(W™1),,} are known in closed form,”® the conditions on the
local bond orientations represented through (d, - d;) can be
expressed as function of the parameters g, and g; of the chain,
see Appendix B. Here, we remark, however, that for nonho-
mogeneous rings, in contrast to Egs. (18)—(20), the circular
symmetry does not hold anymore, (d,4 - dptx) 7# (d, - dp).

The procedure for analyzing the dynamics of the non-
homogeneous ring follows now closely the procedure for the
homogeneous ring described in Sec. III B. Thus, we obtain
the dynamical matrix A of the nonhomogeneous ring us-
ing the transformation Eq. (22) and performing the steps of
Egs. (24)—(26). The resulting dynamical matrix again takes
the form

W s = (W) 48)

A = GWG, (49)

where G is given by Eq. (23). Similar to Eq. (32), the matrix
A can be represented through the matrix A of the flexible ring,
Eq. (29), but with an additional matrix term which accounts
for the ring’s inhomogeneity. Namely, one has

A=A+A, (50)

where the matrix A has the functional form given by Eq. (32)
and the matrix A = (A;;) has the following elements:

A =20 —a+ B, (51
Ap=A0n=Ay=Ayi=p-28+y—ad +a (52)
A=Ay =AMy 1=Aya=B—-F—y, (53)

Ay =Ayy =28-28+a+a" —2a, (54)

Ay =Ap=Ayn_1=Ayin=B—B—a"+a, (55

A y_1=Any_1p=An3=N3ny =V, (56)
Ay =Anz =B -2y, (57)
Az =Ay_in-1=0d" —a. (58)



All other elements of A vanish. The parameters of Egs. (51)—
(58) as function of g; and g, are given in Egs. (A1)-(A6) in
Appendix A.

Also as in Sec. III C, we focus here on the MSD of ring
monomers. Proceeding similarly to Egs. (39)—(44), we obtain
the MSD of the nth monomer of the nonhomogeneous ring,

— exp(—@xt /7o)

U, () = —t +22Y C? > (59)
Z 2
In Eq. (59), the alk are the elements of a matrix C = @nk)

which diagonalizes A. We denote the eigenvalues of A by
{¢r}, with @y = 0. The eigenvector corresponding to @y is

1... 1)/«/ﬁ, as can be easily checked using Eqs. (50)—(58).
Here we remark, however, that in contrast to Eq. (44), in the
nonhomogeneous case the MSD depends on the monomer’s
position in the ring. Therefore, we introduce the structural av-
erage of MSD as>>%°

(W(r)) = (60)

N
Z 2 (1)

Using that the eigenvectors which build up the matrix C
are orthonormal, i.e., ZQ’:, C,fk =1, we obtain (due to the
fluctuation-dissipation theorem, akin to Refs. 55 and 56)

~ 22 21— exp(— wkt/fo)
V() = — ¢4+ 61
R ,; P ob

Equation (61) has the same functional form as Eq. (44), the
difference residing in the eigenvalues {¢; }. The difference be-

tween ((Il\(t)), Eq. (61), of nonhomogeneous rings and W(?),
Eq. (44), of homogeneous ones is discussed in Sec. V.

V. RESULTS AND DISCUSSION

In this section, we discuss the statics and dynamics of the
rings modeled in Secs. III and IV. First, we focus on the ho-
mogeneous rings and discuss the role of dihedral restrictions.
Then we compare nonhomogeneous rings with homogeneous
ones.

A. Influence of dihedral restrictions on statics
and on dynamics of homogeneous semiflexible rings

In this subsection, we study the role of DR by compar-
ing the static and dynamical behaviors of homogeneous rings
with DR of Sec. III with those of rings without DR, i.e., rings
with freely rotating bonds. The latter model is a traditional
approach to semiflexible rings,>3%>7 in which the semiflexi-
bility is modeled through a single parameter q; related to the
angular restrictions. Thus, the traditional model is a particular
case of Sec. III in which the constraints of Eq. (20) are relaxed
by setting y = 0, see Appendix C.

We start by investigating of the local properties of homo-
geneous rings, by considering their equilibrium bond-bond
orientations (d; - d;), calculated based on Eq. (17) for rings
with DR and on Eq. (C1) for those without DR. Here, we take
the number of bonds (or beads) to be N = 16.

In parts (a)—(d) of Fig. 3, we plot in black the nor-
malized bond-bond correlations of rings with DR for differ-
ent stiffness parameter sets (g1, ¢»): (0.8, 0.6), (0.6, —0.2),

10 N L) L) L) L) L) L) L) L) i 10 N T T T T T T T T ]
(a) (b)
05} {1 % o5} .
A A
T T
Voo {1 Toot i
05} . 0.5} .
_1_0 I I I I I I I I 1.0 1 1 1 1 1 1 1 1
2 4 6 8 10 12 14 16 2 4 6 8 10 12 14 16
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1.0 N T T T T T T T T ] 1'0 [ T T T T T T T T ]
() (d)
“O05¢ {1 % o5} .
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2 4 6 8 10 12 14 16 2 4 6 8 10 12 14 16
J J

FIG. 3. Bond-bond correlations of homogeneous rings composed of N =

16 segments under DR (black squares), for different sets of stiffness parameters

(g1, q2): (0.8, 0.6) (a), (0.6, —0.2) (b), (0.4, —0.6) (c), and (0, 0.8) (d). The results are compared with those for rings without DR for the same ¢; (green

triangles), see text for details. The lines are guides for the eye.



(b)

/‘4" & o \:\"
\ A
'\l P )/

()

d
(@ lf

FIG. 4. Configurations of N = 16 bonds of homogeneous rings under DR,
corresponding to the different stiffness parameters sets (a)—(d) of Fig. 3.

(0.4, —0.6), and (0, 0.8). For rings without DR the values of
the single stiffness parameter g, are chosen to be the same as
the g; for the rings with DR and their correlation functions are
displayed in green in Fig. 3. Now, Fig. 3 evidences the sym-
metry of all curves around the site j = 9. However, while the
correlation functions of rings with DR display in parts (a)—
(d) one, two, three, and eight local minima, respectively, for
rings without DR the curves have always only one minimum.
The most significant difference between the orientational cor-
relation functions is given in part (d) of Fig. 3, where for the
rings with DR it shows strong oscillations, whereas for rings
without DR it practically disappears at long distances.

In order to have a closer look at the results of Fig. 3, we
display in Fig. 4 randomly chosen conformations of rings with
DR taken from the bonds’ distributions calculated for stiffness
parameter sets (q;, g») which are the same as in parts (a)—
(d) of Fig. 3, respectively. Interestingly, in part (d) the bonds
look like a zigzag chain embedded in a cylindrical surface.
(In fact, the bond-bond orientation function of a fully sym-
metric zigzag ring is close to that of Fig. 3(d).) Thus, by fix-
ing the orientations between the NN and the NNN bonds, we
may influence the distances between sites and hence render
the structures more or less compact. In particular, by letting
g» be negative, we create an incentive for antiparallel orien-
tations of the NNN bonds. Whether and to which extent this
happens depends on a subtle interplay between the g; and the
¢» parameters, in particular the tendency to an antiparallel ori-
entation of NNN bonds is stronger when g, gets close to the
value —1. What is evident, however, is that such a tendency
leads to an increase of the local density so that the rings get
more compact, fact reflected in their radii of gyration as we
proceed to show.

In Table I, we list the (R;)/* of rings with and without
DR, calculated using Eq. (B13) of Appendix B 3 based on
the {(d, - dp)} of Fig. 3. In case A, the gyration radii for rings
with and without DR are close to each other (as also holds
for Fig. 3), whereas in all other cases they differ significantly.
Rings without DR are controlled through the single parameter

TABLE 1. Gyration radii of semiflexible rings with N = 16 for the models
(a)—(d) of Fig. 3 and of the fully flexible N = 16 ring. For the latter g; = ¢»
= —1/15, see Refs. 33 and 59 and also the text for details.

A B C D
Rings with DR 5.829 1.549 1.035 3.432
Rings without DR 5.578 4.132 2.978 1.570
Fully-flexible ring 1.417

q1, related to the NN bond interactions; their (R;) decreases
monotonically when ¢g; gets smaller (i.e., with increasing
flexibility) and has as limiting value (R;)/ ?=(N+1/12
~ 1.417, which holds for fully flexible rings.’®>° Rings with
DR include two types of restrictions (for the NN and for the
NNN bonds), which are controlled through the two parame-
ters g¢; and g». This leads to a very rich picture: For example,
the choice g; = 0 and g, = 0.8 (case D) does not lead to
a flexible situation, but to a somewhat parallel orientation of
the NNN bonds. Also, the smaller (Ré) in the cases B and C is
not a sign that the rings are more flexible; in fact, their small
(Rg) is due to the tendency to an antiparallel orientation of
the NNN bonds, which renders the rings more compact. Ex-
emplarily, in case C, the (R;) of the semiflexible ring with DR
is even smaller than that of the fully flexible ring of the same
length N.

We turn now to the dynamics of rings, by considering the
MSD W (#) of their monomers, see Eq. (44). In Fig. 5, we plot
the W(r) for N = 1000 rings with and without DR. The stiff-
ness parameters g; = 0.72 and g, = 0.14 are chosen in such
a way that for the ring with DR (black line) one gets a clear
scaling of . The related MSD of the ring without DR with
stiffness parameter g; = 0.72 (green line) shows in this time
domain a £**-behavior. We note that the dynamical matrix of
rings with DR contains (due to the NNN bond interactions)
a term proportional to the third power of the Laplacian ma-
trix, see Eq. (32). This term leads to the W(7) ~ £’° behavior,
see Appendix B 2 for details. In the absence of DR, the pa-
rameter y in Eq. (32) vanishes and this behavior disappears.
Both rings, being quite long, show a '2-behavior, but with

N
T

under DR

5/6 —— without DR
t o / 1/2
aDR(t ‘EO) i

12
N (/4 )

log, [¥()/’]

'
S}

4

-4 -2 0 2
log, ,(#/7,)

FIG. 5. Mean-square monomer displacement W(¢) for a homogeneous ring
under DR (black solid line) and for a ring without DR (green solid line). In
both cases, the rings have N = 1000 bonds, g; = 0.72 and for the ring under
DR ¢» = 0.14. Note that the dashed lines have the slope 12, see text for
details.



significantly distinct subdiffusive coefficients (apg = 0.956
for the ring under DR and apg =~ 2.814 for that without DR,
see Fig. 5).

We conclude that the DR influence very much the statics
and the dynamics of rings, which show, as a function of the
DR, essential differences in their qualitative and quantitative
behaviors.

B. Statics and dynamics of nonhomogeneous rings

In this subsection, we consider the static and the dynami-
cal properties of nonhomogeneous rings with DR, which were
discussed in Sec. IV.

As in Sec. V A, the static properties of nonhomogeneous
rings are studied through the (d; - d;) calculated based on
Egs. (47) and (48). Fig. 6 presents the normalized bond-
bond correlations of nonhomogeneous rings consisting of
N = 16 segments (color-coded by red) compared to those
of the homogeneous rings displayed on parts (a)—(d) of
Fig. 3 (black). We consider nonhomogeneous rings which

have (d; - da)/\/{di)(d3) =¢1 and (d;-d3)/,/(d})(d3)
= q», (g1, g2) are as in Fig. 3. Now, Fig. 6 evidences for the
nonhomogeneous rings a loss of symmetry of the correlation
functions observed for homogeneous rings with respect
to the site j = 9. The nonhomogeneous rings first follow
qualitatively the behavior of the homogeneous rings, how-
ever, the absence of direct restrictions between the terminal
bonds of nonhomogeneous rings leads to the damping of
the correlations along the ring. As a result, the positions
of the local minima and maxima on parts (a)—(c) are shifted,
the correlations between the d; and dy of the nonhomoge-
neous rings being significantly smaller (especially in cases
(a) and (d)) than those of the homogeneous ones.

Now, we turn to the dynamics of nonhomogeneous rings.
In Fig. 7, we compare the MSD W (¢) of homogeneous rings,
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FIG. 6. Bond-bond correlations in homogeneous rings (black squares) and in
nonhomogeneous rings (red open triangles) consisting of N = 16 segments.
The cases (a)—(d) are as in of Fig. 3 and the lines are guides for the eye, see
text for details.
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FIG. 7. Mean-square displacements W(f) of monomers of homogeneous
rings (black solid lines) and (@(l)) of nonhomogeneous rings (red dashed
lines). The rings consist of N = 16 segments and the cases (a)—(d) are as in
Fig. 6, see text for details.

Eq. (44), with structural average of MSD (@(r)) of nonho-
mogeneous ones, Eq. (61). We note that structural averaging
of W(#) of homogeneous rings keeps Eq. (44) unchanged. The
parameters in parts (a)—(d) are chosen the same as in parts (a)—
(d) of Fig. 6. As can be inferred from the figure, for very short
and for very long times the plots for the rings coincide, show-
ing that these time regions do not depend on the eigenvalue
spectra. The particular properties of rings appear in the inter-
mediate time domain.?* Here, we see for all parts of Fig. 7
clear differences between the plots, the largest difference be-
ing in part (d). We note that for part (d), as discussed in
Sec. V A, the dihedral restrictions are most important. Com-
paring parts (b) and (c) one can observe that the difference
between the curves shifts from longer to shorter times. This
property is related to the fact that parts (b) and (c) are re-
lated to more compact rings, which reach faster the diffusive
regime, where no discrepancy between the homogeneous and
nonhomogeneous rings is noticeable.

We conclude that the presence of a single inhomogene-
ity significantly changes the static and dynamic properties of
rings, especially in cases with strong dihedral restrictions.

VI. CONCLUSIONS

In this article, we studied semiflexible ring polymers by
focusing on their creation from linear polymers through cy-
clization. For this we imposed closure constraints based on a
penalty potential, a method which is quite general and which
allows to study arbitrary Gaussian rings under different con-
ditions. Here, we used the semiflexibility model of Ref. 28
which takes both angular and dihedral restrictions into ac-
count. As we have shown, the dihedral restrictions have a
clear influence on the static and dynamical properties of rings.

Using the circular symmetry of homogeneous rings, we
obtained analytic results for their dynamical matrix and for
its eigenvalue spectrum. Based on these results we studied the
behavior of the mean-square displacement W(7) of the rings’
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monomers in different time domains. Thus, we could observe
in the intermediate time regime three different subdiffusive
behaviors, going as W(f) ~ t* with u = 1/2, 3/4, and 5/6. The
well-known 1/2-regime is related to fully flexible chains,*
the exponent 3/4 is the hallmark of semiflexible chains with
angular (bending) interactions,® !> while the dihedral restric-
tions lead to the exponent 5/6.

Our closure method is very general and it allows, in par-
ticular, to also study nonhomogeneous rings. Here, we treated
a situation where the symmetry was broken at a single site.
As we showed, such an asymmetry shows up both in the static
and in the dynamical features of nonhomogeneous rings, es-
pecially when the DR are large. Concluding, we are led to the
conviction that the method which we employed in this work
could open new pathways for the theoretical study of arbitrary
semiflexible polymers with loops.
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APPENDIX A: MATRIX W OF A LINEAR CHAIN

We recall here that for a chain the entries of W, Eq. (5)
of the main text, are known in closed form as a function
of stiffness parameters g; and 622:3 Setting p = (> — 21/12)
/(1= 5/12) the diagonal elements of W are®®

;L 1
o ——(1_5,12)(1_;72), (A1)

1 1 — 272
o = —Hﬂ—ﬁ)g, (A2)
(1 —4q )(1 - p?)
and
1+ 24+ A -pYg;
(1-g7)1—p?)
Furthermore, the elements of W related to nearest-
neighboring bonds are®®

(A3)

’ q1
= A4
and
qi(1 —p)
= A5

Moreover, the elements of W related to next-nearest-
neighboring bonds are®®

(AO6)

APPENDIX B: CALCULATION DETAILS

1. Eigenvalue spectra of homogeneous rings
in the limit of large N

The eigenvalues of homogeneous rings are given by the
{or} of Eq. (34). Here, we analyze their behavior at large N,
i.e., we consider Eq. (35), consisting of three terms. The ques-
tion is now at which time scales which terms dominate.

We start with the analysis of Eq. (35). First, both for
A1 > |A>|2kIN)? and for A; > |A3|(2mk/N)* one can ap-
proximate ¢y well by the first term of Eq. (35). This, together
with the condition k < N/2, gives

27k \? N . Ay Ay
or~A| — ) for 1<k« — min —_— 7.
N 27 [Az] "\ |As]

B

This regime exists for A; > max (4w2|A>|/N?, 16*|A3|/NY).
Second, if both A; >> A (2wk/N)~2 and A, > |A3|(2mwk/IN)?
hold, one has

a,( 2k ' for 2 (A h e N i 42

~ - or — | — —min| .| —,7].

=20y 2w\ A, o [As|
(B2)

From Eq. (B2) we deduce that the regime ¢ ~ k*
exists only for A, > max(«/A]|A3|,A1/JT2). Finally, for
Az > max (A; QwkIN) ™, A2 |2 kIN)~2)

2k \°® N |As| A, N

~ A== for — 22120 ) k< =,
(23 3( N ) or 7 max( A A LKk KL )
(B3)

i.e., this regime exists for A; > max (|A2|/rr2, Al/rr4).

2. Mean-square monomer displacement ¥()
in the limit of large N

Here, we take Egs. (B1)-(B3) into account and ana-
lyze the behavior of W(r), Eq. (44), for very long rings
N > 1. First, at very short times, ¢ < To/@np, the use of
lim,o[(1 — e *)/x] = 1 leads to W(r) ~ 2/2(t/1y). On the
other hand, for very long times, ¢ > t¢/¢;, the first term
(2PIN)(t/t) of Eq. (44) dominates. In the intermediate time
region, the motion of a monomer is subdiffusive, with respect
to Eqs. (B1)—(B3). We recall that ¢, = ¢y and consider first
the regime ¢; ~ k%, in which holds

Kan
41 ™1 — exp(—@it /T0)
VOERay P(=¢ut/
NS Pk

212 t 1/2 01— 42
~ (_> / ToepD (g
7T«/A1 70 0 x2
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In Eq. (B4), we used the substitution x = (2wk/N)/A 1t/ 7).
The integral of Eq. (B4) has as an upper limit x — oo imply-

ing 2mkmax/N)V/Art/t9 > 1, where the kp,, is the upper
limit for k from Eq. (B1). Thus, employing

f Tloew=h, L p <1> (B5)
0

x4 a—1 a

Eq. (B4) leads to

2 n (1t
Lp(t):ﬁAl ‘[_0 for

N? t |[Aa|  [1As] 1
— —_—, | —, . (B6
4A17T2 > 70 > maX( A% A? A17‘[2 ( )

Similarly, in the regime ¢; ~ k* we have

42 % 1 — exp(—git
vy ~ & exp(—ex! /7o)
N k:kmin (pk

212 ( t )3/4 /°° 1— exp(—x4)d )
N —— = ———dx,
7'[«4/ A2 T0 0 x4

where we used the substitution x = 2wk/N)JAzt/7,.
Now, from Eq. (B2) kmin = (N/27m)/A1/A; and kpax
= (N/2m)min(y/A,/[A3], w) are the lower and the upper
bounds of k. Given that x € (0; co), the MSD of Eq. (B7)
is as follows:

2° (1) . _ t\*
W)~ —r(-)a" (= for
3 4 )

=SSN AL (B8)
—~ > — > max| —, )
A% 70 Ag A27T4

Finally, in the regime ¢; ~ k® we have
N2
vy~ 3N L=ewCat/w)

N
k=Kmin (pk

212 1\ 21— exp(—x®)
~— (= — = " Jdx.  (BY)
TN A3 70 0 x0

Here, the substitution x = (2mwk/N)JAszt]/ty implies
that (2 kmin/N)SAst /190 < 1 with  kpin = (N/27) max
(V1A2]/ A3z, /A /A3). Hence, together with Eq. (B5), we
obtain

28 (1\ _ r\°
Wiy~ —r(-)a;" (=) for
Sm 6 To

(A3 [As >l
min , [ — — .
|Az|3 A? 0 A3T[6

3. Radius of gyration

Let ry,rp,...,ry be the positions of the ring’s
monomers as they follow from the bonds d;, d,, etc. The gy-

. . 2 . . 48
ration radius (R,) is given by

N

1
5 2@ —Re)?),

i=1

(R:)

2 (B11)

where

N
1
Rc = 5 ;r,- (B12)

is the position of the center of mass. Recalling the findings
of Ref. 60, as a function of the bond-bond correlations (R;)
reads

N—1
1
(R3) =53 2 Bavlda - dy). (B13)
a,b=1
In Eq (B13)’ the (N_ 1) X (N— 1) matrix B = (Bij) is given
by60

B., = N min(a, b) — ab. (B14)

4. Bond-bond correlations for the nonhomogeneous
semiflexible ring

As it was shown in Egs. (47) and (48), the bond-bond
correlations in the nonhomogeneous case are given by

-1
<da-db>=lz<<W+%L) ) .
€
ab

Before starting with the calculation of the inverse matrix on
the rhs of Eq. (B15), we first note that

(B15)

L=e®e’ (B16)

holds, where e is a vector (column matrix) whose elements
equal unity, e’ its transposed, readinge” = (1,...,1),and ®
denotes the Kronecker (outer) product. This allows to use the
Sherman-Morisson formula (see, e.g., Eq. (2.7.2) of Ref. 61)

_  M'we'Mh)

T\—1 _ na—1
M+uev)'=M My (B17)
Thus,
~ 1 - Wle)® (eTW~1)
<W+—2e®eT> =W!-— —— . (B18)
€ €2 +eTW-le

Inserting Eq. (B18) into Eq. (B15) and taking the limit e — 0
we obtain

_ Zk(w_l)ak Zn (W_ ! )nb
Y (WD,

We note that Eq. (B19) can also be obtained by consider-
ing general Gaussian distributions under strict (holonomic)
constraints,® fact recently used in the treatment of non-
Markovian diffusion-limited reactions.’”*

We recall that the matrix W = (W,;,) describes the poten-
tial energy of a chain with stiffness parameters ¢\ and g, see
Eq. (4). The elements of its inverse, W~!, are known?® and
given by

(d, - dy) =1 [(W‘)ah ] (B19)

~ 1 _ _
(W Dy = —(cp b7 — c_p*™").

o (B20)
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In Eq. (B20),
cx =+ p)q to, (B21)
by =[(1—p)g1 £01/2, (B22)
and
= /(1 = P)?g} +4p, (B23)
where p = (> — g7)/(1 — g}). With Eq. (B20) the sums in

Eq. (B19) can be readily calculated using the geometric series
and the algebraic relations

1+by (1+3)(1 +p)

i( 1+k>_ B24)
20 C+1—b+_c—1—b7 _(1_21"1)(1_27«) (
and

L b c-bo \ _ @ +pH+2p

In Eqgs. (B24) and (B25), the c4, b, and o are of Egs. (B21)—
(B23). Hence, the sums in Eq. (B19) are

Z(W Dk =

(1+q1)(1+13)

—q)(1 —p)
1 bs +bN —a+l pe 4 pN-atl
_2_ + 1-b T 1—b
“ b, 5
(B26)
and
i‘(\’fv-') VU (DI ) R (U e
k=1 ’ (L—=gDl—p) ~(1—gnX1 — p)?
1 C+b_1~\_,+l C_b§+1
o - . B27
3 ((1—b+)2 1—b_) (B27)

Thus, the correlations between the bonds {d,} of a nonhomo-
geneous ring are determined through Eq. (B19), under the use
of Egs. (B20), (B26), and (B27).

APPENDIX C: SPECIAL CASES: THE HOMOGENEOUS
RING UNDER FREELY ROTATING AND UNDER FULLY
FLEXIBLE CONDITIONS

In this appendix, we show that the model of Sec. III re-
produces, both in the limit of vanishing DR, i.e., of freely
rotating bonds as well as in the limit of fully flexible rings,
results known from the literature.

1. Freely rotating limit

The freely rotating limit is obtained by setting y = 0 in
Eq. (6). Then from Eq. (17) one has

N-1

Z cos[2mk(a — b)/N]
o+ 2Bcos (2;\’/‘) ’

12
(da . db) = N

(ChH

Furthermore, by also using Eq. (19),

= 2

Q ZX_Xk/Zx_x (C2)
where we have set x = —a/(28) and
2k

Xr = COS <T) . (C3)

In Ref. 33, it was shown that the x defined as in Eq. (C2)
obeys

x—q1 1 do(x) .
N—-1lo(x) dv =0 €4
where one has
o(x) = w’ (C5)
x—1

Tn(x) being the Chebyshev polynomial of the first kind of
degree N. For x > 1, considering a discrete wormlike ring,
Berg®” has obtained an equation similar to Eq. (C4), but with
different numerical coefficients.’>” The continuous version
of Eq. (C4) leads to the result of Ref. 5 As we proceed to
show, Egs. (C2) and (C4) are equivalent, thus they lead to the
same x.

Now, the roots of the numerator of Eq. (C5),
N(Tn(x) — 1), are the x; of Eq. (C3) with k = 1,..., N, see
Ref. 62. Hence,

N-1
o(0)=NC [ —x). (C6)
k=1
where C is some constant and
N-1
1 d
o(x) ©

o(x) dx ;x—xk'

Substituting Eq. (C7) into Eq. (C4), Eq. (C2) follows.

The eigenvalue spectra of the rings with freely rotat-
ing bonds {(p,f RY are straightforwardly obtained from {¢;} of
Eq. (34), by setting y =0

= (o +2B)& — BE. (C8)
Using Eqs. (18)—(20) and (33) and that x = —«/(28) we obtain

N -1 k 4(x — 1 k
ofR = 8 sin* il + o )sin2 il ,
X —q N X —q N

k= T
(€9

where x is as in Eq. (C2) and k runs from 1 to N. Given that
Egs. (C2) and (C4) have the same solution for x, Eq. (C9)
leads to the eigenvalues given by Eq. (71) of Ref. 33

2. Fully flexible limit

The fully flexible limit is obtained by neglecting all the
constraints arising from the NN and the NNN bonds, Egs. (19)
and (20), i.e., by taking 8 = 0 and y = 0. From Eq. (18) it
follows that

(C10)
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Using that
= 2k
D cos (=) =-1, (C11)
N
k=1
Eq. (17) gives
d; -d; 1 fori = j
@odh_ Tl ey
[ —1/(N=1) fori #j,
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