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Abstract

We present a nonparametric family of estimators for the tail index of a Weibull tail-distribution
when functional covariate is available. Our estimators are based on a kernel estimator of extreme
conditional quantiles. Asymptotic normality of the estimators is proved under mild regularity
conditions. Their finite sample performances are illustrated on simulated data.
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1 Introduction

Weibull tail-distributions encompass a variety of light-tailed distributions, such as Weibull, Gaus-
sian, gamma and logistic distributions. Let us recall that a cumulative distribution function F' has
a Weibull tail if it satisfies the following property: there exists # > 0 such that for all £ > 0,

L log(L=Flty) 1
y—oo log(l — F(y)) B (1)

The parameter 6 is referred to as the Weibull tail-coefficient. We refer to [7] for a general account
on Weibull tail-distributions and to [6] for an application to the modeling of large claims in non-life
insurance. Dedicated methods have been proposed to estimate the Weibull tail-coefficient since the
relevant information is only contained in the extreme upper part of the sample denoted hereafter
by Yi,...,Y,. A first direction was investigated in [8] where an estimator based on the record
values is proposed. Another family of approaches [3, 4, 11, 17] consists of using the k,, upper order
statistics Yy,_x, 410 < --- < Yy, where k,, — 00 as n — oo. Note that, since 6 is defined through
an asymptotic behavior of the tail, the estimator should only use the extreme-values of the sample
and thus the extra condition k,/n — 0 is required. More specifically, most recent estimators are
based on the log-spacings between the k,, upper order statistics [7, 16, 22, 23, 24, 25]

Here, we focus on the situation where some covariate information X is recorded simultaneously
with the quantity of interest Y. In the general case, the tail heaviness of Y given X depends on X,
and thus the Weibull tail-coefficient is a function 6(X) of the covariate. Besides, covariates may
be curves (climatic curves, electricity price/demand curves, medical curves, ...) in many situations



coming from applied sciences, see [10], paragraph 1.2.2. However, the estimation of the Weibull
tail-coefficient with functional covariates has not been addressed yet. Our approach relies on the use
of ¢, a functional kernel estimator of conditional quantiles, see [19] for an example. Similarly to the
unconditional case, the estimation of (X)) is based on the extreme observations of Y| X. Therefore,
a close study of the asymptotic properties of ¢, when estimating extreme quantiles is necessary.
Two statistical fields are thus involved in this study: nonparametric smoothing techniques adapted
to functional data are required in order to deal with the covariate X while extreme-value analysis
is used to study the tail behavior of Y| X.

The family of nonparametric functional estimators is introduced in Section 2 and its asymptotic
normality is established. A particular sub-family of estimators is exhibited in Section 3 and their
finite sample behavior is illustrated on some simulated data in Section 4. Proofs are postponed to
Section 5.

2 Main result

Let (X;,Y:), ¢ = 1,...,n, be independent copies of a random pair (X,Y) € E x R where E is
an arbitrary space associated to a metric d. The conditional survival function of Y given X = z

is denoted by F(y|z) := P(Y > y|X = x), where z € E. The associated conditional cumulative
hazard function is defined by H (y|z) := — log F'(y|z) and the conditional quantile is given by

glafz) = F(afz) = in{t, F(t]a) < a} = H (log(1/a)]x),

for all @ € (0,1). In this paper, we focus on conditional Weibull tail-distributions. In such a case,
analogously to (1), H(.|z) is a regularly varying function with index 1/6(z), i.e

i Y1) _ {1/6@),

v=oo H(yl|z)
for all ¢ > 0. In this situation, 6(.) is an unknown positive function of the covariate = € E referred
to as the functional Weibull tail-coefficient. One can show that the function H* (.|z) is also a
regularly varying function with index 0(z) that is to say there exists a function ¢(.|z) such that

gle ¥]a) = H (yla) = " @e(ylo). (2)
It is readily seen that
((ty|x)
=1 3
M Uy le) @)

for all ¢ > 0 and £(.|x) is thus called a slowly-varying function, see [9] for a general account on
regular variation theory. In view of (2), it appears that the functional Weibull tail-coefficient drives
the asymptotic behavior of conditional extreme quantiles. The object of interest is thus 6(x) where
x is in some arbitrary metric space (E,d). The most usual case is E = RP, but our framework also
includes the situation where E is infinite dimensional, for instance when x is a curve. We propose
a family of estimators of 6(x) based on some properties of the log-spacings of the conditional



quantiles: Let a € (0,1) small enough and 7 € (0, 1),
log g(talz) —logq(alz) = log H™ (—log(ta)|z) — log H (—log(a)|x)
0(—log(Ta)|z)
= fO(x)(log_s(Ta) —log_s(a)) + log <
log(1/7)
log(1/a)’
where log_,(.) := loglog(1/.), see Lemma 2 in the Appendix for a more precise asymptotic expan-

sion. Hence, for a decreasing sequence 0 < 75 < --- < 1 < 1, where J is a positive integer, and for
all functions ¢ satisfying the shift and location invariance condition

~ 0(z)(log_s(Ta) —log_s(a)) = 0(x) (4)

(A.1) ¢:R7 = Ris a twice differentiable function such that

bnz) = nd(2)
{¢(nu+2) = 4(2) (5)

for all n € R\ {0}, 2 € R/ and where u = (1,...,1)! € R/,

one has:

¢(log g(malz), . .., log g(rsalz))
f(x) ~ log(l/a 6
(@) = 10800 log(1 /). .. low(1/7.) o
Thus, the estimation of #(x) relies on the estimation of conditional quantiles ¢(.|z). This problem

is addressed using a two-step estimator. First, F(y|z) is estimated by the kernel estimator defined
for all (z,y) € E xR by

Fa(yle) = Y K(d(z, Xi)/ha)I{Yi > y} [ > K(d(w, X;)/hn), (7)
i=1 =1

where I{.} is the indicator function and h,, is a nonrandom sequence such that h, — 0 as n — oc.
The function K is assumed to have a support included in [0,1] such that C; < K(t) < C; for all
t € [0, 1] and for some constants 0 < C7 < Cy < 0o. One may also assume without loss of generality
that K integrates to one. In this case, K is called a type I kernel, see [20], Definition 4.1. Let
B(x, hy,) be the ball of center x and radius h,, and introduce ¢, (hy,) := P(X € B(z, hy,)) the small
ball probability of X. It is easily shown that the 7-th moment ug)(hn) = E{K"(d(z,X)/hy)} can
be controlled for all 7 > 0 as

0 < Clz(hn) < U(T)(hn> < C3pa(hn). (8)

T

The estimation of F'(y|r) is well-documented in the nonparametric literature, see for instance the
seminal papers [29, 32| in the case where E is finite dimensional (E = RP). The estimator was
extended to the infinite dimensional setting for instance in [20], page 56. Its rate of uniform strong
consistency is proved by [18] for a fixed value of y. Here, its asymptotic normality is established in
Lemma 5 in the Appendix for y = y, — 00 as n — o0, i.e. when estimating small tail probabilities
from Weibull tail-distributions. Second, the kernel estimators of the conditional quantiles g(a|x)

are defined via the generalized inverse of F,(.|z):

Gn(alz) = F (alz) = inf{y, Fu(ylz) < o}, (9)



for all @ € (0,1). Many authors focused on the asymptotic properties of this estimator for fixed
a € (0,1). Weak and strong consistency are proved respectively in [32] and [21]. Asymptotic
normality is shown in [5, 30, 33] when FE is finite dimensional and by [19] for a general metric
space under dependence assumptions. Here, the asymptotic distribution of (9) is established when
estimating extreme quantiles from Weibull tail-distributions, i.e. when a = o, — 0 as n — oo.
This new result is established in Lemma 6, see Appendix.

Basing on (6), the considered family of estimators is then given by

A - d’(log(jn(T an’x)w"’loqun(TJan‘x))
o) = Lor(1 o)== gLy oB /) .

with a,, — 0 as n — oo and where the (extreme) conditional quantiles are estimated by (9).
Model (2) is not sufficient to assess the convergence properties of én(x), additional assumptions
have to be made on the slowly-varying function ¢(.|x). As remarked in [9], p.15, slowly-varying
functions are of interest only asymptotically and thus, without loose of generality, one can assume
that

(A.2) ¢(.|z) is a normalized slowly-varying function.

In such a case, the Karamata representation (see [9], Theorem 1.3.1) of the slowly-varying function

can be written as y
€yl = efx) exp {— [ du} | (1)

u
where ¢(z) > 0 and £(u|z) — 0 as u — oo. Under (A.2), ¢(.|z) is differentiable and the auxiliary
function e(.|x) is given by e(y|z) = yl(y|x)/¢(y|z). This function plays an important role in
extreme-value theory since it drives the speed of convergence in (3) and more generally the bias of
extreme-value estimators. Therefore, it may be of interest to specify how it converges to 0:

(A.3) |e(.]z)| is regularly varying.

This assumption is used for instance by [1, 26] in the unconditional case and the estimation of the
regular variation parameter is addressed. Since the considered estimator involves a smoothing in
the x direction, it is necessary to assess the regularity of the conditional survival function with
respect to x. To this end, the oscillations are controlled by

_ F
AF(z,a,( h) = sup ‘ 7

n /
. 1‘ N LI I
(z',8)€B(x,h) X ]

@ peBamxlad] P ’
where (a, ¢) € (0,1)2. Finally, let v = (log(1/71),...,log(1/7;))! € R/ and

( S><hn>>2>‘” 3

= | noy, a

The following result establishes the asymptotic normality of estimator (10).



Theorem 1. Under model (2), suppose (A.1)—(A.3) hold. Let x € E such that o, (hy) > 0 where
hp, —0asn— 0. If a, — 0,

nez(hn)ane(g(an|z)|z)) = A (12)
and there exists n > 0 such that npz(hy)ay, — oo and

V1o (hy)oan {AF (z, (1 — n)Ts0m, (1 +n)an, hy) V 1/log(1/a)} — 0 as n — oo, (13)
then, A7V (2)(0n(2) — 0(z)) —25 N (g, 02(x)Vy) with

po = ' Viog ¢(v), Vg = (Vloge(v))' = (Viege(v)). (14)
and where ¥; ;1 = T]/\J for (4,5") € {1,...,J}2.

As pointed out in [14], ng,(h,)a, — oo is a necessary and sufficient condition for the almost
sure presence of at least one sample point in the region B(x,hy,) X (¢(an|z),00) of E x R. This
condition states that one cannot estimate small tail probabilities out of the sample using the kernel
estimator (7). Condition (13) imposes that the (squared) bias induced by the smoothing should
be negligible compared to the variance of the estimator. Let us note that the condition (12) is
standard in the extreme-value framework. Neglecting the slowly-varying in the construction (4) of
0, (x) yields a bias that should be of the same order as the standard deviation 1/+/n¢z(hn)om of
the estimator. Finally, the asymptotic variance Vi does not depend on the distribution of Y| X = x.
It is thus possible to look for functions ¢ and for sequences 7; < --- < 71 minimizing Vj. This
problem is addressed in the next section.

3 Example

In this section, we focus on a particular family of functions ¢ given by:

1/p

J
Zﬁj(zj - Zl)p ’
Jj=2

where z = (21,...,25)' € R/, p € N\ {0} and for all j € {2,...,J}, B; € R. It is clear that
assumption (A.1) is satisfied and the corresponding estimator of § writes:

1/p
0P (2) = log(1/aw,) ZBJ [log gn (Tjom|x) — log Gn (1100 |2)]P Zﬁj log(71/75)]” . (15)
Jj=2 Jj=2
Taking 82 = ... = [ leads to an estimator analogous to the one proposed in [31] for unconditional

heavy-tailed distributions. If furthermore p = 1, (15) corresponds to a functional version of the
estimator proposed in [22]:

J

0 (x) =log(1/am) Y _ [log Gn(rjom|z) — log Gn(an|z)] / > log(1/7) -

j=1



It can also be read as an adaptation of the kernel tail-index estimator introduced in [14] in a
finite dimensional setting for conditional heavy-tailed distributions to conditional Weibull tail-
distributions. As a consequence of Theorem 1, the associated asymptotic mean and variance of
o) (x) defined in (14) are given for an arbitrary vector 8 by u = X and

(nP)tAS AlyP)
(n(p))tAuq)tAtn(P) ’

where A is the (J —1) x J matrix defined by A = [I;_1, —u] with I;_; the (J—1) x (J —1) identity
matrix and n® = (Bj(v; —v1), j=2,...,J)". Let us emphasize that the asymptotic bias y does
not depend neither on p and nor on the weights {3;, j = 2,...,J}. At the opposite, the asymptotic
variance V() depends both on p and on the weights but only through the vector n®). Tt is thus
possible to minimize V® with respect to n(p):

v —

Proposition 1. The asymptotic variance of éﬁf’)(a;) is minimal for nP) proportional to Nopt =
(AXAY) "L Av and is given by

1
(Av)t (AL AL~ 1Ay

Moreover, for a fixed value of J, it is possible to minimize numerically the optimal variance V;p
given by Proposition 1 with respect to 0 < 7; < --- < 7 < 1. The resulting values of V; are
displayed in Table 1. The finite sample performance of the associated estimators are illustrated on
simulated data in Section 4.

‘/opt =

4 Numerical experiments

Experimental setup. In this section, the finite sample performance of the estimator (15) asso-
ciated with optimal weights is investigated. For j = 2,...,J, we thus take 5; = nopt,;(vj — vy)1 P
where the vector 7yp € R7~1 is given in Proposition 1. Besides, the sequence 71, ..., 7y is selected
by minimizing the asymptotic variance V,p¢, see Table 1. Some preliminary simulations showed
that the choice of a length J > 5 did not improve the results, we thus take in the following J = 5.
The value of p is taken in the set {1,2,3}. The estimator (7) of the survival function is computed
with a modified version of the bi-quadratic kernel given by

K(u) = %0 (;’ (1-u?)?+ 110> {[u| < 1}.

Note that, as required, K is a type I kernel. The set E considered here is a subset of L2([0, 1]) made
of trigonometric functions v, : [0,1] — [0, 1], ©.(t) = cos(2mzt) with different periods indexed by
z € [1/10,1/2]. Two distances are considered:

di(Vz,2) = |10:1I3 — 1vx[I3] and da(v, ¥ar) = |1bz — |2,
for all (z,2') € [1/10,1/2])%, where
1 1 in(4
o8 = [ wnttar = 5 (1+ 25072,

The distance do is built on the classical Ly norm while d; measures some spacing between the
periods of the trigonometric functions. The covariate X is chosen randomly on F by considering



X =1z where Z is a uniform random variable on [1/10,1/2]. Some examples of simulated random
functions X are depicted on Figure 1. For a given function z € FE, the generalized inverse of the
conditional hazard function H(.|x) is given for y > 0 by

— _ ,,0() _yip
HGla) = (1- 7).

where p < 0 and 0(z) = (20||z||3 + 1)~! 4 1/40. Note that in this situation
{(ylz) =1 —y"/10 and e(y|z) ~ —py” /10,

and thus assumption (A.3) holds since e(.|z) is a regularly varying function with index p. As it
can be seen in Lemma 2, the parameter p tunes the difficulty of the problem: for large values of
p, approximation (4) becomes unreliable and some bias is expected in the estimation. Here, the
experiments are conducted using two values of p € {—1/2,—1}. For each case, N = 100 samples
of size n = 1000 were generated. The selection of the two remaining parameters h,, and «, is
addressed in the next paragraph.

Selection of the bandwidth h,, and the sequence «,,. The choice of the smoothing parameter
h, is a recurrent issue in nonparametric estimation while the selection of v, is equivalent to the
choice of the number of upper order statistics in the non-conditional extreme-value theory. It is
still an open question, even though some techniques have been proposed, see for instance [13] for
a bootstrap based method. We propose a procedure to select simultaneously h, and «, basing on
the following remark. For a fixed z, let {Zi(x, hy),..., Zm, (x,hy)} be the m,, random values Y;
for which X; € B(z, hy,). According to the result obtained in [16], equation (6), if the sequences
h, and «,, are well choosen then the rescaled log-spacings

{ilog(myn/i)(log i —it1,mn (z,hy) — log it —iymn (,hy)), i =1,..., [muay]},

should be approximately independent with an exponential distribution of parameter 0(x). For each
values of h in the set H = {h;, i = 1,..., M} and « in the set A = {¢y, j =1,...,M,} a
Kolmogorov-Smirnov test is performed and the obtained p-value KS(h,«) is recorded. We then
select the optimal sequences hqp¢ and oy such that

(hopt, Ctopt) = argmax KS(h, o).
heH, acA

In practice, we take My = M, = 30, A= {0.05,...,0.3} and H = {0.03,...,1.5}.

Results. The empirical mean and the empirical mean squared error (MSE) obtained with the
sequences hqpy and oy are represented as a function of z for each value of p and p on Figure 2
(distance d;) and Figure 3 (distance d2). As expected, it appears that the bias is smaller when
p = —1 than when p = —1/2. One can also observe that the behaviour of the biases and of
the empirical MSEs are similar for all values of p according to Proposition 1. Comparing the
results obtained with d; and ds, it appears that only d; allows to recover the shape of the Weibull
tail-coefficient. As a consequence, distance dj also provides better result than ds in terms of MSE.



Conclusion. To summarize, the estimator éﬁlp ) (x) gives satisfying results when combined with
optimal weights (see Proposition 1 and Table 1). It is fully data-driven thanks to an automatic
selection procedure of the bandwidth h,, and of the sequence «,,. The estimator is very sensitive
with respect to the choice of the distance d. We refer to [20], Chapter 3, for a discussion on the
definition of a well-adapted metric to a particular estimation problem. A possible extension of
this work would be to implement a bias reduction technique based on the estimation of the index
of regular variation in (A.3) similarly to [12] in the unconditional setting and for heavy-tailed
distributions. However, as stressed in [2], this adaptation should be conducted with great care.

5 Proofs

5.1 Preliminary results

Let us start with two analytical results. The first lemma provides a sufficient condition under which
F(.|z) preserves the equivalency property between sequences.

Lemma 1. Suppose (2) and (A.2) hold. Let (uy) and (vy) be two sequences such that u, — oo
and

H(up|z) (”" - 1) 0,

Un

as n — 0o0. Then, F(uy,|z)/F(v,|z) = 1 as n — oo.

Proof of Lemma 1. Under (A.2), H(.|z) is differentiable and a first order Taylor expansion
yields that there exists w,, between u,, and v,, such that:

F(up|2)/F (vn|2) = exp{H (vn|z) — H (un|2)} = exp{(vn — un) H'(wn|2)}.
Besides, under (A.2),
(H) (ylz) = 9@~ e(yle) (0(2) +e(yle)),
and thus (H*<)'(.|x) is a regularly varying function with index 6(x) — 1. Moreover, since H'(.|z) =
1/(HS) (H(.|x)|z), it is clear that H'(.|x) is regularly varying with index 1/6(x) — 1. As a conse-
quence, wy, ~ u, implies H'(wy,|z) ~ H'(uy|z) as n — oo. Thus,
U, un H' (up| ) Up, 1
n_nHl n ~ H n — =1 ——+~H n — —1 a7 N0
(00 = ) (o) ~ o) (2= 1) 0D o) (22 1) o

n
concludes the proof. [ |

The second lemma establishes an asymptotic expansion of the log-spacing between two extreme
conditional quantiles. It justifies the heuristic approximation used in (4).

Lemma 2. Suppose (2), (A.2) and (A.3) hold. Let 0 <7 <1 and ap, = 0 as n — oo. Then,

g a(ranls) ~ og tanls) = LT (000) + cfog1/ o)1+ o) + 0 () ).



Proof of Lemma 2. In view of (2), we have

A, = logq(ran|z) —logq(ay|x)
= 0(2)[log_y(Tan) —log_s(an)] + log £(log(1/Tay)|x) — log £(log(1/ax)|x)
= O(z)[log_s(Tan) —log_s(an)] + ¥ (log(l/Tan)|z) — ¥ (log(l/an)|x),

where 9 (.|z) := log¢(.|]z). Under (A.2), ¥(.|x) is differentiable and a first order Taylor expansion
thus yields that there exists 7, € (Tap, ay,) such that

An = 0(z)[log_5(ran) —log_5(an)] +log(1/7)¢' (log(1/nm)|z)
log(1/7)
= fO(z)|llog_s(Tay,) —log_s(an)] + ————c(log(1/n,)|x),
(8) 108 2(70) =105 _3(a)] + ot o cllog(1/1,) o)
where e(.|x) is defined in (11). Since log(1/n,) is asymptotically equivalent to log(1/cy,) and in
view of (A.83), we have

log(1/1
A, = 0(z)[log_o(Ta,) — log_o(an)] + Wg((l//a))a(log(l/an)]az)(l + o(1)).
Finally, remarking that
log(1/7) < 1 )
1 n) —log o(ap)=———""4+0|———1,
Og72(7a ) og 2(0& ) IOg(l/Oén> + log2(1/ozn)
the conclusion follows. [

We are now interested in the asymptotic normality of ﬁn(yn|x) when y,, — oco. First, let us remark
that the kernel estimator (7) can be rewritten as F,(y|z) = 1 (y, ) /Gn(x) with

R 1 n
Yn(y,z) = m ;K(d(%Xi)/hn)H{Yi >y},
1 n
in(@) = —— S K, Xi) /h).
gn(7) nug)(hn) ; (d( )/hn)

The next lemmas are dedicated to the asymptotic properties of ¢, and 1[1,1

Lemma 3. Let € E such that p,(hy,) > 0. If pz(hy) — 0 and ne;(hy) — 00 as n — oo, then
gn(x) =14 Op ((mpx(hn))_l/Q)'

Proof of Lemma 3. It is clear that E(g,(x)) = 1. Besides, standard calculations yields

(2)
N pa ()
npa (h)var(gn(x)) = x(n) ( e 1)
and (8) entails

(2)
(01/02)2 < pr(hn) sz (hn) 2 < (02/01)2-

1
(s ()
The condition ¢4 (hy,) — 0 concludes the proof. ]



Lemma 4. Suppose (2) and (A.2) hold. Let x € E such that @y (hy) > 0 where hy, — 0 asn — oo
and introduce 0 < 75 < --- < 11 < 1 where J is a positive integer. Consider o, — 0 such that
nge(hn)an — oo and AF(z, (1 — n)7ran, (1 + n)an, hy) — 0 as n — oo for some n > 0. Let
Unj = q(Tjan|z)(1+0(1/log(1/ew))) for all j =1,...,J. Then,

() E(n(yngs 1)) = Fyala) (1 + O(AF(x, (1 = n)7san, (1+n)an, b)), for j = 1,....J.

(ii) The random vector
Azl (x) Z/Ajnwn,j? 372 - E(lﬁn(yn,jv z))
F(yn,jlz) Je1nd

-----

is asymptotically Gaussian, centered, with covariance matriz 3 where ¥; ; = Tin A ; , for (4,7') €

{1,...,J}%

Proof of Lemma 4. (i) Since the (X;,Y;), i = 1,...,n are identically distributed, we have

E(fn(yns,7) = %E{K(d@c,xvhn)ﬂ{lf>yn,j}}
1 _
= %E{K(d(%X)/hn)F(yn,j|X)}-
Let us now consider
eng = EWn(Ynj: 7)) — F(yn;lz)
1

= ME(K( (, X)/hn) (F (Y 51 X) = F(ynjlx)))

_ F(ynylz) ) (yn 1 X)

_ u;”(hn)E<K(( X))/ )<F(yw|x) 1))

In view of Lemma 1, F(y, j|z) ~ Tja, and thus F(y, j|z) € [t7(1 —n)an, (14 n)ay] eventually, for
all j=1,...,J. Consequently,

’Fﬁ(yn,ﬂX) B
F(yn,j|x)

eventually and therefore

1‘ H{d(z, X) < hp} < AF(z,(1 =)y, (1 +n)an, hy)

lenjl < F(Ynj|2)AF (z, (1 = n)Tsan, (1L + n)an, hy)

which concludes the first part of the proof.
(ii) Let 8 # 0 in R’ and consider the random variable

7 -
_ ) w”(ynvjv ) (wn Yn,j, T
v, —Zﬁj( A (@) F (yn 5]2) ) ZZW

j=1

10



where, for i =1,...,n,

J
, o1 S B, X0/ )Y 2 s}
T A (@)t (hn) = F(yn.jlz)
E ZﬁJK z, Xi) /[ ha)I{Y: >y}
j=1 F(yn]’x>
is a set of centered, independent and identically distributed random variables with variance
1 HY; > yn
var(Zin) = Z B, K (d(w, X2) /) B 2 Yk
n2A2< (1Y ()2 F(yn ;)
= —G— 8BS,
Ny (hn)

where B is the J x J covariance matrix with coefficients defined for (j,5") € {1,...,J}? by
A;

B:., = 35"
e F(yn,j|2) F(yn,gr|z)’
Aj7j/ = cov (K( (x’ X)/hn) ]I{Y > yn,j}v K (d(x’ X)/hn) ]I{Y > yn,j/})

= E(K*(d(z, X)/ha) {Y > ynj V Ynj})
— E(K(d(z, X)/hn)I{Y > yn ; }E(K (d(z, X)/ha){Y = yn5}),
where K? is a kernel with the same properties as . As a consequence, the three above expectations

are of the same nature. Thus, remarking that eventually v, ; V ¥n j» = yn jvj/, part (i) of the proof
implies

Ajvj'(x) = (h )F( n,jVvj’ ‘1‘)( +O(AF( ( _n)TJana<1+n)anyhn)>)
( D (hn))* F (yn,512) F (g rla) (1 + O(AF (2, (1 = n)7san, (1 +n)an, hn)))
leading to
Bj,j«x)W—l + O(AF(, (1 = n)7sn, (1 +n)atn, hn)

(1)
(()((f;)))ﬂy 2)(1+ O(AF (2, (1= )70, (1 + n)am, hn))).

In view of (8), (ugcl)(hn))2/,u£62)(hn) is bounded and taking account of F'(y, jaj|z) — 0 as n — oo
yields
(),

Flgmgnyla) - T

Now, Lemma 1 implies that
F(Z/n,jAj'|$) ~ F(Q(Tj/\j’an|x)’m) = Ting'On

11



entailing

@ (hp),
By = 1 U2 g 4 oqy),
Qo
and therefore, var(Z; ,) ~ B'33/n, for all i = 1,...,n. As a preliminary conclusion, the variance

of ¥,, converges to ﬂ"Eﬁ . Consequently, Lyapounov criteria for the asymptotic normality of sums
of triangular arrays reduces to » ;' | E |Zi,n|3 =nE |ZLn]3 — 0. Remark that Z;, is a bounded
random variable:

_ 20, Z}']:1 15il
T nA(x mé”(hn)F(yn Jlz)

— 20T *Zw ZWA )(1+o(1))

< 2(02/01>2r;1Z\/BﬂAn(a:)(Ho(l)),

j=1
in view of (8) and thus,
J
2(C2/C1)* > 1Bl An(@)nvar(Z1 ) (1 + o(1))
j=1

J
= 2(02/01)2’/’;1 Z ‘5j’6t2/8/\n<37)(1 + 0(1)) —0

=1

nE|Zy |

IN

as n — oo in view of (8). As a conclusion, ¥, converges in distribution to a centered Gaussian
random variable with variance B2 for all 8 # 0 in R”. The result is proved. [ |

Lemma 5 below establishes the asymptotic distribution of F}, in the situation of estimating small
tail probabilities. It thus may be compared to [14], Theorem 1 and [15], Proposition 1. In the
first mentioned paper, a similar result is established in the finite dimensional setting and under the
assumption that the conditional distribution of Y given X is heavy-tailed. In the second paper,
the heavy-tailed assumption is replaced by a von-Mises condition covering different tail behaviors
but under the strong condition that the hazard function H(.|z) is twice differentiable.

Lemma 5. Suppose (2) and (A.2) hold. Let x € E such that ¢z (h,) > 0 where hy, — 0 asn — oo
and introduce 0 < 175 < --- < 11 < 1, where J is a positive integer. Consider o, — 0 such that
n@z(hp)an — o0 and ngy(hy)an (AF)?(x, (1 — n)Tram, (1 + n)an, hy) — 0 for some n > 0. Let
Yn,j = q(Tjan|z)(1 +0(1/log(1/aw,))) for all j =1,...,J. Then, the random vector

—1(y ﬁ_n(yn,j‘m) _
{A” (@) <F<yn,j|x> 1) }J

1s asymptotically Gaussian, centered, with covariance matriz ¥ defined in Lemma 4.

12



Proof of Lemma 5. Keeping in mind the notations of Lemma 4, the following expansion holds

Zﬁ] ( T yn,] ) o 1) _ A1,n+A2,n *AS,n’

ynj|x) gn()

(16)

where

J .
. —1(y _ ¢n(yn,j’ ) (wn(ym]? ))
Ay = A );Bj< F(yn,j‘@ )
J
A (@)D B (

(G (Yo ) — F(yn, x))

F(yn,j|x

J
Asn = Zﬁj) Ay (@) (Gule) — 1).
j=1

From Lemma 4(ii), the random term A;,, can be rewritten as

n=—YV Btzﬁ ) (17)

where £, converges to a standard Gaussian random variable. The nonrandom term As ,, is controlled
with Lemma 4(i):

Aoy = O(A () AF (z, (1 — n)Tyam, (1 4+ n)an, b)) = o(1). (18)
Finally, Az, is a classical term in kernel density estimation. From Lemma 3,
Az = Op(Ay (@) (npu(hn)) ™) = Op(an) '/ = op(1). (19)
Collecting (16)—(19), it follows that

ZBJ<W ) FHE, + ol

(Yn.jlz)

Finally, Lemma 3 entails that g, (x) P4 1 which concludes the proof. [ |

The next lemma establishes the asymptotic normality of the kernel estimator g, (cy,|x) of a condi-
tional extreme quantile. Note that this result can be obtained directly from [15], Corollary 1 in the
finite dimensional setting, but under the strong condition that the hazard function H(.|x) is twice
differentiable.

Lemma 6. Suppose (2) and (A.2) hold. Let 0 < 75 < --- <11 <1 where J is a positive integer
and x € E such that @y (hy) > 0 where h, — 0 as n — co. If a, — 0 and there exists n > 0 such
that

1z (hn)om — 00, ngom(hn)an(AF)Q(x, (1 =n)7rsamn, (1 4+n)an, hy) — 0,

{log(l/an)A51($) <m - 1) }jlv---v‘]

is asymptotically Gaussian, centered, with covariance matriz 6%(x)X where Y is defined in Lemma 4.

then, the random vector

13



Proof of Lemma 6. Introduce for j =1,...,J, oy j = Tjan,

oni(@) = O@)qlanlr)An(x)/ log(1/an)

vag(@) = AL (@)

Woi(@) = vni(@) (Falalomgle) + ou(2)25]2) = Flalang|z) + on(2)z1e)
()

amj X

= Unj(z) (anj — F(g(anlz) + onj(z)z|z))

and z; € R. We examine the asymptotic behavior of J-variate function defined by

J
oo, 29) = m{ 2)(dnlnlo) = glansla)) < 2} | =P () ¥25(0) < (o)

j=1

Let us first focus on the nonrandom term a, j(z). From assumption (A.2), F(.|z) is differentiable.
Thus, a first order Taylor expansion yields that, for each j € {1,...,J}, there exists ¢, ; € (0,1)
such that

F(g(anj|z)|z) — Flg(ang|z) + on,j(2)zj]) = 0n,j(2)2; f (gn,j|2), (20)
with ¢,.; = q(an j|2) 4+ jon,j(z)z; and where f(.|x) = —F'(.|x) is the conditional density function.
Applying Lemma 1 yields for j =1,...,J,

F(qn; F(gn;
_ (qn7] x) — (Qn7]|x) — 1 + 0(1) (21)
F(q(an,jlz)|z) Ot

Moreover, remarking that, as a — 0,

log(1/a)
0(x)H< (log(1/a)|z)

fla(alz)|z) = a(l+o(1)), (22)

it appears that f(g(.|z)|x) is a regularly varying function at 0 with index 1 and consequently

f(gn.jlz)

M TlyCan o) )
Collecting (20), (22) and (23), we end up with
an3(2) = 6(x) 250 2O (0 m)]a)(1+ 0(1)) = 25(1 + (1), (24)

"I log(1/ )

Let us now turn to the random term W, j(x). Defining vy, ; = q(an jlx) +0n j(2)z; for j=1,...,J,
we have yp, ; = q(ay, j|z)(1+ o(1/log(1/cv,))). Hence, Lemma 5 applies and the random vector

{ A (@ }] ) (L4 o)) {Was},oy .,

Un,j(x)p ynJ|x

converges to a centered Gaussian random variable with covariance matrix ¥. Taking account
of (24), we obtain that ®,,(z1, ..., zs) converges to the cumulative distribution function of a centered
Gaussian distribution with covariance matrix ¥ evaluated at (z1,..., 2z7). [ ]
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5.2 Proofs of the main result

Proof of Theorem 1. The following expansion holds for all j =1,...,J:

5 (o |2) = log al a2 o q(7janlz) o Gn(Tj00|7)

First, Lemma 2 entails that

log(1/7;) 1
log q(Tia|z) — log q(aw,|x ——— | 0(z) + e(log(1/an)|z)(1 +0(1)) + O | ——F— ,
(ryale) ~ oga(eanfo) = 2075 (B(a) + 2og(1 /) (1 +0(1) +0 (s
(26)
where the o(.) and O(.) are not necessarily uniform in j = 1,...,J. Second, it follows from Lemma 6
that i o)
an(Tjom |
————— =14+ 0,6, 27
a(73017) o 0
where (§,1,...,&,.7)" converges to a centered Gaussian random vector with covariance matrix
6?(2)X and o, ' = A Y(z)log(1/ay,). Replacing (26) and (27) in (25) yields
log qAn(Tjan‘x) = log Q(an“r) + Ungn,j + OP(UVQL)
log(1/7) 1
— LI (0 log(1/ay, 1 1 Ol ————— 1|,
oty (0 + 2081/ (1 +01) +0 (s
for all j = 1,...,J and therefore, in view of the shift and scale invariance properties of ¢, it follows

that ¢ ({log Gn(Tjon|)}j=1,...7) log(1/ay) is equal to
1 xT O [0 xT 0] # (0] (8% g i 0'2
’ ({ (90) + <081 /o)1 +o10) +0 (1o ) ) 1ot /an) oo + On n>>}jzw) .

where v = {log(1/7;)}=1,...s. A first order Taylor expansion yields:

¢ (0(z)v)

¢ ({log gn(Tjom|®)}j=1,....0) = log(1/a,)

J
0
0w (6 + Olon) 5
=1

(0(a)0)
j J
J
v, (E0og(/an)lz) | IS N Ny
"X ) (Feiray o) +0 (a5 ) ) 0o
Ry,
log(1/a)’

where the remainder is bounded above by

R, =
j=1

J
20y
2
Op (an log(1 /o) (Z €] + op(an)> + O(e(log(1/an)|z)) + O (W))

7j=1

_l’_

o l0g(1/an)(Enj + Op(04)) + vj (dl@g(l/o‘")'z)(l +oll)+0 (log(ll/an)» ) |

= Op (oplog(1/an))?
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under the conditions A, 1(x)e(log(1/ay)|z) — A and A, (z)/log(1/ay) — 0 as n — oc. It follows
that

¢ (0

051 <¢ ({10gQn(TjOén|x)}j=17~'~7J) log( 1/Oén

4 9
) > (0 +65) e (B(a)o) + 05(1)
j=1

Taking into account (A.1) and the scale invariance property of V¢, we finally obtain

J
A () (B () — O(2) ¢<1UZ My + Ens) % )+ op(1)
Jj=1 i

and the conclusion follows. [ ]
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J | Vopt 1 T2 T3 T4 5
2 | 1.5441 | 1.0000 0.2032
3 | 1.2191 | 1.0000 0.3615 0.0735
4 | 1.1223 | 1.0000 0.4703 0.1702 0.0346
5 | 1.0789 | 1.0000 0.5486 0.2585 0.0936 0.0190
Table 1: Optimal values of (71,...,7s) and associated asymptotic variance Vops.
: s-

0.0 0.2 0.4 0.6 0.8 1.0

Figure 1: Four realizations of the random function X (.).
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Figure 2: Results obtained with the distance d;. Left: Plots of the empirical mean as a function of
z € 10.1,0.5] for p =1 (full line), p = 2 (dashed line) and p = 3 (dotted line) with p = —1/2 (top)
and p = —1 (bottom). The true conditional Weibull tail-coefficient is represented by the smooth
full line. Right: Plots of the empirical MSE as a function of z for p = 1 (full line), p = 2 (dashed
line) and p = 3 (dotted line) with p = —1/2 (top) and p = —1 (bottom).
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Figure 3: Results obtained with the distance dy. Left: Plots of the empirical mean as a function of
z € 10.1,0.5] for p =1 (full line), p = 2 (dashed line) and p = 3 (dotted line) with p = —1/2 (top)
and p = —1 (bottom). The true conditional Weibull tail-coefficient is represented by the smooth
full line. Right: Plots of the empirical MSE as a function of z for p = 1 (full line), p = 2 (dashed
line) and p = 3 (dotted line) with p = —1/2 (top) and p = —1 (bottom).

21



