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A NEW ALGORITHM BASED ON FACTORIZATION FOR
HETEROGENEOUS DOMAIN DECOMPOSITION

MARTIN J. GANDER*, LAURENCE HALPERN', AND VERONIQUE MARTIN?

Abstract. Often computational models are too expensive to be solved in the entire domain of
simulation, and a cheaper model would suffice away from the main zone of interest. We present for
the concrete example of an evolution problem of advection reaction diffusion type a heterogeneous
domain decomposition algorithm which allows us to recover a solution that is very close to the
solution of the fully viscous problem, but solves only an inviscid problem in parts of the domain.
Our new algorithm is based on the factorization of the underlying differential operator, and we
therefore call it factorization algorithm. We give a detailed error analysis, and show that we can
obtain approximations in the viscous region which are much closer to the viscous solution in the entire
domain of simulation than approximations obtained by other heterogeneous domain decomposition
algorithms from the literature.

Key words. Heterogeneous domain decomposition, viscous problems with inviscid approxima-
tions, transmission conditions, factorization algorithm

AMS subject classifications. 65M55, 656M15

1. Introduction. The coupling of different types of partial differential equa-
tions is an active field of research, since the need for such coupling arises in various
applications. A first main area is the simulation of complex objects, composed of dif-
ferent materials, which are naturally modeled by different equations; fluid-structure
interaction is a typical example, and many techniques have been developed for this
type of coupling problems, see for example the book [33], or the review on the im-
mersed boundary method [32], and [9] for domain decomposition coupling techniques.
A very important area of application is the simulation of the cardiovascular system
[16]. A second main area is when homogeneous objects are simulated, but the par-
tial differential equation modeling the object is too expensive to solve over the entire
object, and a simpler, less expensive model would suffice in most of the object to
reach the desired accuracy; air flow around an airplane is a typical example, where
viscous effects are important close to the airplane, but can be neglected further away,
see the early publication [10], and also [7] and the references therein. An automatic
approach for neglecting the diffusion in parts of the domain is the y-formulation, see
[27] [5], and there are also techniques based on virtual control, originating in [11], see
[1] for the case with overlap, and [25] for the case without, and also [12] for virtual
control with variational coupling conditions. A third emerging area is the coupling of
equations across dimensions, for example the blood flow in the artery can be modeled
by a one dimensional model, but in the heart, it needs to be three dimensional, see
for example [15]. All these techniques have become known in the domain decompo-
sition community under the name heterogeneous domain decomposition methods, a
terminology sparked by the review [36], and the literature has become vast in this
field.

We are interested in this paper in the second situation, where the motivation
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for using different equations comes from the fact that we would like to use simpler,
less expensive equations in areas of the domain where the full model is not needed,
and we use as our guiding example the advection reaction diffusion equation. We
are in principle interested in the fully viscous solution, but we would like to solve
only an advection reaction equation for computational savings in part of the domain.
Coupling conditions for this type of problem have been developed in the seminal
paper [23], but with the first situation described above in mind, i.e. there is indeed
a viscous and an inviscid physical domain, and the coupling conditions are obtained
by a limiting process as the viscosity goes to zero, see also [24], and [3, 8] for an
innovative correction layer, and [6] for the steady case.

Dubach developed in his PhD thesis [13] coupling conditions based on absorbing
boundary conditions, and such conditions have been used in order to define heteroge-
neous domain decomposition methods in [18]. A fundamental question however in the
second situation described above is how far the solution obtained from the coupled
problem is from the solution of the original, more expensive one on the entire do-
main. A first comparison of different transmission conditions focusing on this aspect
appeared in [19]. In [20], coupling conditions were developed for stationary advec-
tion reaction diffusion equations in one spatial dimensions, which lead to solutions
of the coupled problem that can be exponentially close to the fully viscous solution,
and rigorous error estimates are provided. The coupling conditions are based on the
factorization of the differential operator, see also [29], and the exact factorization can
be used in this one dimensional steady case. We study in this paper time dependent
advection reaction diffusion problems, where the exact factorization of the differential
operator can not be used any more, due to the non-local nature of the factors, and
new ideas are needed in order to obtain better coupling conditions than the classical
ones developed for situation one, where the domains are really physically different.

We present in Section 2 our new factorization algorithm. In Section 3 and 4 we
give a detailed error analysis of our algorithm, and prove asymptotic error estimates
when the viscosity is becoming small. In Section 5 we present numerical experiments
which show that our theoretical error estimates are sharp, and that the new factor-
ization algorithm gives approximate solutions which are one order of magnitude more
accurate in the viscous region than the best heterogeneous domain decomposition
methods known from the literature.

2. A new coupling algorithm based on factorization. We now explain how
the factorization technique that led to coupling conditions of excellent quality for one
dimensional problems in [20] can be used to obtain a new coupling algorithm for
evolution problems which we will call factorization algorithm.

2.1. Model problem. We consider the time dependent advection reaction dif-
fusion equation

Lagu := Opu — V@iu +adu+cu = f in (—L1,L2) x (0,7),
Blu(—Ll, ) = g1 on (O,T), (2 1)
BQU(LQ, ) = g2 on (O,T), )
u(z,0) = h in (L1, La),

where a is the velocity field, v > 0 is the viscosity, and ¢ > 0 is a reaction term.
The B;, j = 1,2 are suitable boundary operators, representing Dirichlet or absorbing
boundary conditions. We consider the following choice of these operators, depending
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on the sign of the advection term a,

B B
a>0| Id|0:+ad,+c (2.2)
a<0]| Id Id

In the case a > 0, the flow is given at the inflow boundary, and an absorbing boundary
condition is prescribed at the outflow boundary. This can be compared to the situation
of the tail of a wing, where the flow goes from the complicated model region into the
simplified model region. For negative a, the flow is prescribed at the inflow and outflow
boundary, which can be compared to the situation of the front of the wing, where the
flow goes from the simplified model region into the complicated model region, and a
boundary layer forms.

We assume that the initial data h is compactly supported in (—L1,0). The forcing
term f is compactly supported in (—L1, La) x (0,7}, and the boundary values g; and
g2 are compactly supported in (0, 7] . Regularity and compatibility conditions on the
data need to be enforced to have a sufficiently regular solution, see Section 3.

2.2. The new algorithm based on factorization. Using Nirenberg’s factor-
ization, we can factor the advection-diffusion operator into a product of two evolution
operators in opposite x directions,

71/(92 + a@z +c+ 8,5 = *I/(ax + 73+(8t)) (893 + ,Pf(at)) (HlOd COO)

This factorization has been used to design absorbing boundary conditions and paraxial
equations for hyperbolic problems, see [2]. For parabolic problems, Nataf and coau-
thors [29, 34] computed approximations of u via a double sweep, and also obtained
transmission conditions for Schwarz domain decomposition methods [35], which led
to the new class of optimized Schwarz methods, see [17] for an overview. The same
factorization can also be used to obtain incomplete LU preconditioners [21, 22], and
is the underlying mathematical structure of the recently developed sweeping precon-
ditioner [14]. We now use this factorization to define our new factorization algorithm:
we define two subdomains, 1 = (—L1,0) and Q5 = (0, L), and want to couple the
advection-diffusion equation in 2; with an advection equation in 25, defined by the
transport operator L, = 0; + ad, + ¢. Our goal is to obtain a coupled solution which
is as close as possible to the fully viscous solution of the original problem.

We start with the case a > 0, where according to (2.2) the exterior boundary
condition is L,u(La, ) = g2. Suppose there exists a decomposition L,q = Zmaﬁa
with £, a transport operator propagating to the right, and Ema a transport operator
propagating to the left. The original problem

Lomalau = f in Q x (0,7),

u(=L1,-)=g1  on(0,7),

Lou(Lz,) =gz on (0,7),

u(-,0)=h in Q
can then be solved by introducing u,,, := L,u, and solving the two problems
LinaLatiga = f in Q x (0,T),
Uad(—L1,-) = g1 on (0,7,
Latqd(0, ) = tma(0,-) on (0,7,
Uad(+,0) = h in Qy,

Lomatima = f in Qa x (0,7),
uma(L27 ) = g2 on (Oa T)a
Uma(+,0) = Lou(-,0) in Qo

(2.3)
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which leads to usq = u|q,. Unfortunately, the exact factorization L,q = Emaﬁa is
expensive, but we can use an approximation with a remainder,

2

Log = a—é(,cmaza ~R) with R = (8 + )2 and Loma = & — ady + ¢ + % (2.4)

The viscous solution u satisfies £, Lou = a? f /v+Ru, and the algorithm correspond-
ing to (2.3) is

a2 £aduad = f in Q1 X (Oa T)a
Lonalma = — Ru in 0,7),
U Vf+ U m dlg X ( ) uad(th'):gl on (O,T),
uma(LQ’ ) = g2 on (O’T)’ Eauad(oa ) = uma(oa ) on (OvT)v
uma(,O):f(,O)qudih in 927 Uad(',()):hin Ql.

Since w is unknown to evaluate the remainder, we approximate it by solving an ad-
vection equation, and our new factorization algorithm is

Louk = fin Qy x (0,7T),

uf(0,-) = ub7'(0,-) on (0,7),

a

uf(-,0) = hin Qg,

a

2
ﬁmaufm = a—f +Ru§ in Q9 x (0,7),
124

uk (L2, ) = g2 on (0,T), (2.5)
uF o (-,0) = f(-,0) + vd2h in Qs

Loguk, = fin Q; x (0,7),
’LLZd(—Ll, ) = g1 on (OaT)a
‘Causd(oﬂ ) = ufna(o’ ) on (OaT)v
usd(~,0) =h in Qq,

where we start with a given initial guess ug 4(0,4) = gg 4~ We will prove well posedness
of this algorithm in Section 3, and give precise error estimates when v is small, which
show that the new factorization algorithm gives one and a half orders of magnitude
better solutions in the viscous subregion than the best other coupling algorithms from
the literature.

When a < 0, we have the factorization with remainder in reverse order, L,q =
2 (LaLma—R), and now the operator £, propagates to the left, and L, to the right.
The viscous solution u satisfies L, Lmau = a®f /v + Ru, and introducing u, := L,au,
the algorithm corresponding to (2.3) is

Loquaa = fin Q x (0,T),
Uad(—L1,-) = g1 on (0,7),
ua(LQ’ ) = ‘Cmau(LQa ) on (O’T)a ﬁmauad(o, ) = ua(O, ) on (O,T),
Ua(+0) = Lmqu(-,0) in Oy, Uaa(,0) = h in Q.

2
Loty = %erRu in Qs x (0,7),

Since u is unknown to evaluate the remainder and the boundary conditions, we approx-
imate it again by solving an advection equation, and our new factorization algorithm
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becomes
Loul = fin Q x (0,7),
ug(La,-) = g2 on (0,7),
ul(-,0) = h in Q,

£au = —f—i—Ru in Qs x (0,7),

W(La,) = Lyl (La.-) on (0,7) (26)
u§(~,0) = Emau}l(~,0) in Qo,

Loduaq = f in Q1 x (0,7T),

Uad(—L1,-) = g1 on (0,T),

Lumatad(0,-) = u2(0,-) on (0,T),

uad(-,()) = hin Qq,

where one could also directly compute Lmqul(Le,-) = 295 + (2¢+ a?/v)g2 — f(La,-)
and Lpaul(-,0) = f(-,0) — 2ad,h + a®*h/v. There is no iteration for a < 0 in the
algorithm, because the boundary condition go at x = Lo in the first step can not be
updated naturally from the viscous solution u.q in €2;. We will study this algorithm
in detail in Section 4, and show that it gives an order of magnitude better solutions
in the viscous subregion than the other coupling algorithms from the literature.

2.3. Well-posedness results for advection reaction diffusion problems.
We work in the usual Sobolev spaces in time and space, H*(0,7T") and H*(Q) for Q C R,
H#(Q x (0,7)) in the hyperbolic case, and the anisotropic spaces H™*(2 x (0,7")) in
the parabolic case. For clarity, we will add an index defining time or space in the
Sobolev space, for instance HY = H*(0,T). We introduce for any domain 2 C R the
anisotropic Sobolev spaces (see [28])

H™(Q x (0,T)) = L*(0,T; H"(Q)) N H*(0,T; L*(2)). (2.7)
If wis in H™*(Q x (0,7)), then for any integer j and k, we have
o ok W i k
9 v r_r_q_(LL Lt
507 9k € H*(Q2 x (0,T)), where =5 1 (r + S). (2.8)

We introduce the space V™* of traces of functions in H™*(Q2x (0,T)) for the half-space
=R~ (and similarly for Q = RT). Denoting by fi the trace of the k-th derivative
in time on the initial line, x € R™, and by g; the trace of the j-th derivative in space
on the boundary = =0, t € (0,T), the trace space V™* is defined by

Vs = {(f:95) € Tcumy HP(Q) x T,y HS(0,T),
Pk = (S_k_ﬁ)a szf(r_j_%)a

0% a. 5 . 2.9

at%<o>—a;3k<o>, ii+E<1-(1+D), 29
ol _ 9%y e g

7 Vo) = G )P <o, itd 4= 1-d(ha D).

THEOREM 2.1 ([28]). For positive real numbers r and s such that 1—1(++1) >0,

the trace map

k u
wm {1 e 0 3 G 00 | (2.10)
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is defined and continuous from H™*(Q x (0,T)) onto V™*.

We start with well-posedness results for the advection equation, by stating a
general result, applicable to £, in Q or Qs, and L,,, in 5. To this end, we introduce
O = (x1,x2) and consider

Lyv:=0w+b0v+nv=pin O x (0,T). (2.11)

Let M, be the spatial part of the operator Ly, i.e. Ly, = 0; + Myp. We denote the
boundary point where the flux enters the domain by x~, the other boundary point
by z*, and define the characteristic time 7(x) := inf{t > 0,s.t. z —at ¢ O}. If b > 0,
r” =z and 7(z) = *52, and if b < 0, 27 = x2 and 7(x) = *5*2. Note that 7
is a continuous function of . We therefore equip (2.11) with initial and boundary

conditions
v(,0)=h, v(xz",)=g. (2.12)

The following well-posedness result can be found in [31].

THEOREM 2.2. Ifp € L*(O x (0,T)), g € L*(0,T) and vy € L*(O), then the
transport problem (2.11,2.12) has a unique weak solution v € L;t, given by (the
characteristic function of w in R? is denoted by 1,,)

’U('Ta t) = h(.’L‘ - bt)e_nt1t<'r(m) + g(t - T(:E))e_m—(m)lt>'r(z)

t 2.13
+ / p(x — bt —s),s)e” ") ds, (2.13)
(

t—7 ()t
If for some v > 0 we have h € HY(0), g € HY(0,T) and p € H"(O x (0,T)), with
the compatibility conditions
k-1 ‘
dfg(0) = O (=M 0 p) (@7, 0) + (—My)*h(z7) for 0<k<y—1, (2.14)
§=0
thenv € HY(Ox(0,T)) andv(z™,-) € H?(0,T). Furthermore, we have for 0 < k <~
the estimates

1
moFvls  + BlIOe V5 < CIoFplEs, + I0FoC,0)IE: + Plldfgl,.  (215)
Similarly, we also use well-posedness results for the advection reaction diffusion equa-
tion

Lagu := Opu — V@iu +adu+cu = f in O x (0,7),
Blu(zla ) = g1 on (OvT)a
2.16
Bau(zz,) = g2 on (0,7), (2.16)
u(z,0) = h in O,

with boundary operators according to (2.2). We define M4 to be the spatial part of
the operator Lyq, i.e. Log = 0 + Myg.
3 3
THEOREM 2.3. For v > 0, let f € H*7(O x (0,T)), g1 € H;H‘*, g2 € H:Jr“
for negative a, and g € HZ_Z for positive a, h € H271(O), with the compatibility
conditions for 0 < k <~y — % and 0 < k' <~y — % for negative a given by
k—1 ‘
1< <2, dfgi(0) = (~Maa)*h(a;) + O (~Maa) 077 f)(25,0),
j=0
(2.17)



and for positive a the second compatibility condition is replaced by

k-1

df g2(0) —v > (= Maa) 0F “1702 (25, 0) — vd? (— Maq)*
7=0

’

h(x2) = OF f(22,0),
(2.18)

then problem (2.16) has a unique solution u in H>*O+DYT1(O x (0,T)).

Proof. Existence and regularity results are well-known for Dirichlet boundary con-
ditions on both sides, see [28, 31], so we do not consider the case of negative advection
further. In [31] more precise results with error bounds in v for the hyperbolic equa-
tion (see Theorem 3.3) can be found. In the case where a > 0, due to the absorbing
boundary, we need to modify the proof on the right boundary, and we use a Fourier
transform in time. A weak solution is obtained by a variational formulation, like in
[30, 4] for instance. The regularity is obtained as follows: we first modify the bound-

ary condition in (2.16) on the right at & = xo to Dirichlet data g» € H,;H%. Because

of the compatibility conditions on the left, and imposing symmetric compatibility

conditions on o on the right, there is a unique solution & € H>+1-0+1)(0 x (0, T)),

see [28]. The difference v = u — @ is solution of the homogeneous case of equation

(3.1), but the boundary condition on the right becomes L, (u — @) = ¢2 := g2 — Lo .
1

By the regularity results above, ¢ is in H;Y ~ 1. To estimate v, we will make use of the
Fourier transform. We extend all functions by 0 in R_, and smoothly into (7', +00),
and define

1
_27TR

(w) e~ Wly(t) dt.

Since the initial value vanishes, the equation is Fourier transformed in time to
Loaad := —v0%0 + adyd + (¢ + iw)d = 0 on O x C.

This is for each w an ordinary differential equation, with characteristic roots

Ap(w) = i(a—i— a? +4v(c+iw)), A_(w) ! (a —v/a? +4dv(c+iw)), (2.19)

2v o
with Re(A;) > 0 and Re(A_) < 0. The general solution is
Dz, w) = Ly (W)eMT + 0 (w)er".
Using the boundary conditions, we then get the solution

€A+ (x—z1) _ ek, (x—z1)

’lA)(SC,w) = ‘?2(60) VA%_G)\+(I27I1) N2 e (@a—w1)’ (220)

where we have used the relation ¢+ iw + alx = v(\+)2. The value at x = 3 can be
equivalently written as

e~ Ay =A)(z2—z1) _ |

A2 ((i_l)ze—uwxqm—m) _ 1)

0(r2,w) = G2(w) (2.21)

In order to estimate the regularity of v(x2,-), we need to estimate the multiplicative
factor on the right for large w. We can see from (2.19) that Ay (w) ~ —A_(w) ~ /2.
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Therefore |0(x2,w)| ~ éjib;)

; 1
~ #‘ . Since g2 € H, ™ *, we conclude that v(zz,-) €

3
H;Y "% Then v is solution of the advection-diffusion equation with Dirichlet boundary
conditions, and the data has sufficient regularity to conclude. O

3. Properties of the factorization algorithm for positive advection. We
consider the advection-diffusion equation in Q = (—Lq, Ls) with Dirichlet bound-
ary condition on the left, and absorbing boundary condition given by the transport
operator on the right (see [26]),

Logu = Opu — v02u + adyu+cu = f in Q x (0,7),
U/(_Ll) ) = g1 on (O?T)) (3 1)
[’au(LQa ) = 92 on (OvT)a -
u(-,0) = h in €.

We suppose in this section that f and g; are compactly supported in (0,7, that h
is compactly supported in ©; = (—L1,0), and that for each ¢ the function f(-,t) is
compactly supported in 2. We further assume that the boundary condition at Lo is
absorbing, that is go = 0. Therefore the compatibility conditions are satisfied to any

order on both ends of the interval 2, and for f € H%’%(Q x (0,T)), h € H;Tl, and
13 13

g1 € H}, u is defined in H= 7 (Q x (0,7)).

3.1. Well-posedness. The remainder R for computing u¥,, in the new factor-

ization algorithm (2.5) contains two time derivatives, which lead to an important loss
of regularity at each iteration. We will however see that the error order in v can
not be improved further after two iterations, and hence we only study the first two
iterations in detail. We start with the well-posedness of the algorithm.

Algorithm (2.5) starts with an initial guess ggd as boundary condition for wu,.
We assume that ¢, € H} and is compactly supported in (0,7]. Using that f €
H*(Q9 x (0,T)), that h vanishes in €, and that the compatibility conditions at
x =0, t = 0 are satisfied, the solution of

Lot = fin Qs ug(0,7) = gag, a(-,0) =0
satisfies ul € H4(Qq x (0,7)).

The right hand side for the modified advection equation in (2.5) is then f} , =
%f +Rul € H*(Qs x (0,7T)), and solving

Lol = fr in Qs wul (Ly,)=0, ul,(-,0)=0,

ma ma

the compatibility conditions at x = Lo are again satisfied to any order, which implies
that ul,, € H*(Q2 x (0,T)) and ul ,(0,-) € H*(0,T). The latter then becomes the
right boundary data for the advection diffusion problem in €2y,

Eaduclzd = f in Qla urlzd(ile ) =41, Eauclzd(oa ) = u'}na(ov ')7 utlzd('v 0) = h.

We have seen already that the compatibility conditions on the left are satisfied, and
on the right, at the corner (0,0), with the regularity of u},,, the condition u. ,(0,0) —

ma’

vd2h(0) = £(0,0) holds, since both sides of this equality vanish. Since f € H2:3 (2 x
(0,7)), h € Hy?, g1 € H?, and ul,,(0,-) € H?, we obtain ul, € H= % (4 x (0,T))
and ul,(0,-) € H?, and at the corner (0,0), we have for g}, := ul,(0,)
9aa(0) = 1(0),  dtgaq(0) + Maah(0) = £(0,0),
07 44(0) = M3ah(0) = 0, £(0,0) = Maaf (0,0).
8
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We now start the second iteration with the computation of u2, using u(0,-) = g}, =
ul,(0,-) € H?. Since h is compactly supported in Q, M? h(0) = MER(0) = 0, and
(3.2) are appropriate compatibility conditions to compute u2 € H3(Qz x (0,7)). We
define the new right hand side

2
ne = —f+Rul € H'(Q x (0,1)),

ma
and compute the solution of

LinaUzy, = fra in Qo w2 (Lo,)) =0, u2,(-,0)=0.
We thus obtain u2,, € H'(Qs x (0,7)) and u2,,(0,-) € H(0,T). The last step of the
second iteration is to compute uZ, solution of

ﬁaduid = f in Ql’ utlzd(ile ) =91, ﬁautlzd((L ) = uiﬂa(ov ')7 ullzd('v 0) = h’a

and we need only to satisfy a compatibility condition on the left, which implies that
u2, € H21(Q x (0,7)).

3.2. Error estimates for the factorization algorithm. We present now
asymptotic error estimates for small viscosity v when u, the viscous solution of
(3.1), is approximated by (u¥, u¥), the solution obtained by our new factoriza-
tion algorithm (2.5). We define the error quantities e := u? —u, e¥, = vk, — u,
ek i=uk —L.u:=uF  —una, and suppose that all our data is C* in all variables.
The error equations are

k _
Loek = —vd?u in Q, Lmaek,, = ReF in Q, fkadei"ii ()) 1_ éh’
65(0,-) 26551(0,-), e]':na(LQa') =0, adk 1,. = k,
ek(. 0) =0 ek ( 0) =0 ‘Caead(o’ ) ema(oa )’
al\” ) mal\ ) esd(.,o)zo,

(3.3)
with €2,(0,-) := g%, — u(0,-). We need more precise estimates than those provided
by Theorems 2.2 and 2.3. First, we state precisely the initial conditions for all the
equations involved: the parabolic problems in €2 and Q; will use

OFu(-,0) = (~Maa)*h and  9ful,(-,0) = (—Maa)*h,
the forward hyperbolic problem in Q9 uses
O (+,0) = (~=Ma)*h =0,
and the backward hyperbolic problem in 5 uses

k—1
afufna(" 0) = Z(_Mma)jaf_l_jfvem('a 0) + (_Mma)k“ma,o = 0.

§=0
The solution of the exact backward hyperbolic problem in 25 has as initial condition

k—1
afuma('; 0) = Z(mea)jatkili]fma('; 0) + (7Mma)kuma,0 = Oa
5=0
9



from which we infer the initial values for the errors such that

oFel ,(,0) =01in Qi, Ofel(-,0) =0 and dfe,,(-,0) = 0 in Qy. (3.4)

t “ma

We start with estimates for the solution of the advection-diffusion equation (3.1)
with vanishing initial data and vanishing boundary data g;. A first lemma gives
results for the problem with go = 0, based on energy estimates, and a second lemma
gives estimates where only the right-hand side f is non-zero.

LEMMA 3.1. Suppose that a > 0, and that h vanishes identically in 2, g1 and g
vanish on (0,T), and that f is in C§°(Q2 x (0,T]). Then there is a positive constant C
such that for any v > 0, and any k < v, the solution uy of (3.1) satisfies the estimates

10FurlZ, + 108 (Lo, s + v OsulBa < CIOFfIZ: . (35)
vofotunlls , < 108 fle . (3.6)

Proof. Since the compatibility conditions are satisfied, u; is in H°°, and the initial
value of OFu; vanishes as well. We start with k = 0: multiplying the equation by wu;
and integrating over (1, taking into account that u; vanishes at —L; gives

1d

5 lmC DIz + el Dz +vloeua (- )]Ze

+ gu%(Lg,t) — v(u10zu1)(La, t) / f(z, t)us(x, t)de

Using the boundary condition at Lo yields

1d

v
SPTALI® iz + EU?(LM)) +elur()N1Z2 + vldwu (-, 817

a uc
+(§+ Yu?(La, t) /fxtulzt)
and by Cauchy-Schwarz and Young’s inequality we obtain
c 1
/Qf(fcvt)m(w,t)dx <lual Dl 1£C D1z < 5lluCOl7s + 5 1FC DN

Integrating in time over (0,7), and dropping the first term which is positive, we
obtain, since the initial data vanishes, the inequality

1
clunlfs, + 200 3s | +allua(Lz, I3 < <11z

which proves (3.5) for k = 0. To prove (3.6), we multiply the equation by —d2u; and
integrate in x,

V[ OFu (5 0)ll7z — (Grua (1), Oua (1)) — a(@aur (1), Bun (-, 1))
—c(ur (1), Ohur (-, 1) = —(f (1), Orua (-, 1)).

An integration by parts leads to

a
v ur (- )Zz I e BlIZz + ellaur (D72 = [0 (1) (G + 500

+ Cul)("t)]fil = _(f('at)’aiul('at))'
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By the boundary conditions, the boundary terms become
1
a(0pu1)*(—La,t) + E(atul + cuy)?(La,t) > 0.

We can now integrate in time and use Cauchy-Schwarz and Young’s inequality to
obtain

1
vloRul2: < —IFI2s

The estimates with the time derivative are obtained by applying the equation to OFu.
d

LEMMA 3.2. Assume that a > 0. Then there are constants v > 0 and C > 0 such
that for v < 0, and for any g2 € C§°((0,T)), the solution ug of (3.1) with zero data
h, f and g1 satisfies for all k <~ the inequalities

Vo € [~Ly, Lo, [|0fua(x,-)llz2 < Cvllgall s, (3.7)
3 1
10Fusllr2, < CvE|gallyy, N10:0fuslr2, < CvE|gallmy,

1070 uall 2

z,t

< Cv2 gl g

Proof. We use a Fourier transform argument as in the proof of Theorem 2.3, and
rewrite (2.20) as

e~ —A)(@+L) _q

v ((32)2e- O r) @t — 1)

g (7, w) = go(w) M @12 (3.8)

A

Now we search for estimates in v that are uniform in w. We have for the roots A+ the
estimates

|)‘*/A+|<15 RG(AJr*A*) Za/% |>‘+| Za/l/.

The numerator in (3.8) is bounded by 2. A lower bound for the denominator is
obtained by writing [vA%| > i—2 together with

AN 2
1- (2= ) e~A+=2-)(L2+L1)
"

2

Aol mReOu AN (L4 L)) 5 | pm8(LatDn),

>1-—
s

Inserting these estimates into (3.8) gives

1

ReXj (z—L2)
)le 1 — e—2(L2+Ly)

v, .
2 |92 (w

jaaz,w)] < =

Since 1/|1 — u| < 2 for p < 1/2, for v sufficiently small so that e~ (F2+E1) < 1/2, we
have for any w,

. v eAs (2 .
a2z, W) < — |Ga(w)|e M) < O |ga(w)]. (3.9)

By Parseval’s identity, we obtain

luz(@, M r2ry) < OV ||l92llL2(ry)- (3.10)
11



Modifying now go to vanish in [T + €, 00), the solution in (0,7) remains unaffected
by causality and for any positive e,

luz(x, )ll20,1) < Cv [|g2ll22(0,7+¢)-
Since € is arbitrary, we conclude that
luz(, ) z2(0,r) < Cv g2l L2(0,1)-

From (3.9) we also obtain for all w

|g2(w)|* < CV? |ga(w)]?.

R Cv?
i)l < i

We thus obtain
3
luzllzz, < Cv? g2l L2

For the derivative in space, we compute

. . A+e>‘+(I+L1)7A,e>‘*(I+L1)
aIUQ(fE,W) = 92((»0)V)\2+6A+(L2+L1)_VA%GA,(L2+L1)
—(Agp—=2_)(@+Ly) _q

A
€
Ay

S A+ (z—Lo)
R (S P e |
+

For small v, we therefore get as before

4 4
|8ac'&2(zﬂw)| < —|§2(w)| 6R6A+(17L2) < -

eRe/\+(z*L2)
- Vl)\+| a ’

|92(w)]
which gives ||81&2||%2(QX]R) < CV||§2||%2(R), and using the same arguments as before,

1
[0zuzl 2, < Cv2|gall 2.

ot T

In the same way we find that

1
[07usl 2, < Cv™2||gal| 2.

ot

d

THEOREM 3.3. Let a > 0. Then there exist positive constants C' and U such that
for anyv < 0, and for any set of data h € C§°(Q), f € C (2% (0,TY]), g1 € C*((0,T))
and go =0, if U is the solution of the transport equation

LU=finQx(0,T), U(-0)=h U(-L,-) =g, (3.11)
then the solution u of the advection-diffusion equation (3.1) satisfies the estimate
10— D)+ 198w — V) (L. )3 + v1050a(u— D) (3.12)
21002 (u— V)3, < Cr (080203
Hence u also satisfies the estimate
|0Fuls +10Fu(La. )3 + 1080sull3s (3.1)
0k | < CUNIRyaya + 112 ae + lgnlpe)
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Proof. Since the data is compactly supported, the compatibility conditions are
automatically satisfied, so that the solutions of the parabolic and hyperbolic equations
are in C5°(2 x (0,77). The estimates (3.12) follow directly from Lemma 3.1, using
that u — U is solution of the advection-diffusion equation in € with right hand side
v92U, and zero initial and boundary conditions on the left. The boundary condition
on the right also vanishes, £,(u—U) = —f(La,) = 0, since f is compactly supported
in Q. We define now By, = HfH?{:t + Hh”i[ﬂ’j + ||g1|\§{tk, and use for U the hyperbolic

estimates (2.15) in O = ,
105U, , + 95U (L2, 125 < CB..
Next, from the advection equation, we deduce that
a0, U =—(0y +e)U + f, and a*0?U = (0; + ¢)*U + (a0, — (0; + ) f,
so that
||afaIUH%i’t < CBpya, Hatkai[]”%i,t < UByya,
and from (3.12) we obtain

10F (u— U)13 + 110F (u — U)(La, )35 < Cv* B,

|00z (u ~ V)|, < CvBisa, k02— D)3, < CBus.
Writing u =u — U + U gives

o7 ullZz , + 10 u(Le, )Z; < C(Bi + v Brsa),

|10F0zullF2 | < C(Bir1 +vBita), [0f07ull72, < CBiyo.

Therefore there is a new constant C' and o such that for v < 7, (3.13) holds. O

We now present an improved estimate for the solution of the modified advection
problem in Q.

THEOREM 3.4. Let a > 0. Then there exist positive constants C' and U such that,
for v <0, and for any set p compactly supported in Qg x (0,T], the solution v of the
initial boundary value problem with modified advection

Lonev = p in (0,L2) x (0,7,
U(L27') = 0 on (OaT);
v(,0) = 0 n (0,Ls)

satisfies the estimate

aLog
10800, )12 < o (10500, )25 + =2 [0 p(La. s + vlioFply ). (314

Proof. We first extend p by 0 on (T',4+00). As in Theorem 2.2, v can be obtained
using the method of characteristics,

t
o0.0) = | e Pl =)
max(t—
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where ¢ = ¢ + a?/v. Integrating by parts, and denoting by d; the characteristic
derivative, i.e. di¢p = 0;¢ — a0, ¢, we obtain

1 0 for t < Lo/a,
U(Ovt) = 7(p(05t)7 L L2 2/
€ \—— p(La,t —22)e = fort > La/a
I
I
t ~
- / dip(a(t — o), a)e_c(t_")da).
max(t—%,O)
111
The norm of the first term is [|Z[| 2 = ||p(0,-)||z2, and the norm of the second term

can be estimated as

2 oo Ly, _gsL2 —2ELs/a 2
110 = [, 7P (et = 2067 % it < =20/ (Lo, ) 3.

For the norm of the third term, we get

L

= t ) 2
1113, = / (/ dip(a(t — 0),0)e =) dO’) dt
¢ 0 0
“+o00 t 2
N —&(t-0)
+/ﬁ (/t_ﬁdtp(a(t o),0)e do) dt,

and using the Cauchy—Schwarz inequality, we obtain

400 t
2 2
[111]|7, < / / (dsp)? ),a)claclt—i—/2 /t—ﬁ(dtp) (a(t—a),a)dadt)
+

a

Lo
<g | @wrenaa < Lol (3.15)

which finally leads to the estimate

C P !
100,125 < 5 (W00, ) + e Ip(La, )l + ol )

(V)

. __a
Since ¢ > —, we get
v

_gala
lv(0, )17z < Cv*(Ip(0, )17z + €77 [lp(La, )Tz + vlIpllF: )

on the enlarged time interval (0,4o00). Using that the extension is vanishing for
t > T + e gives the estimate (3.14) for £ = 0 for any €, and thus on (0,7). Applying
(3.14) to OFv gives then the general result. O

THEOREM 3.5. Assume that a > 0, and let By := HfH?{ft + Hthg + Hgl”?{f

Then there exist positive constants C' and U such that, for any data h € Ce& (), f €
Ce (2% (0,T)), g1 € C§°((0,T]) and g2 = 0, and for any initial guess g°; € C5°((0,T])
and any v < U, the approximation from the new algorithm (2.5) satisfies the error
bounds

lu—ublZs, < OBs +10%l2s).  lu—ulal3a, < CV3(Bs + lgullls) (3.16)
lu— 2|2, < OBy + 20l ), llu—u2all2s < CvP(Bs + vllglallle).
(3.17)
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Proof. We start with the proof for the first iteration of the new algorithm (2.5),
with the initial guess g°,, which gives €? ; = g%, —u(0, -) in the algorithm (3.3) satisfied
by the errors:

Advection: The error e} is solution of an advection equation in s with right
hand side —vd2u. Since the initial conditions vanish as described in (3.4), the hyper-
bolic estimate in Theorem 2.2 gives

107 eallZs , + 10Feq(La,)lIT; < CWAIOFOFulT2 | + lleqallfry)-

a

We bound ||egd||Htk by ||ggd||Htk + [[u(0, )|l ¢~ From (3.13), for small v, [|0Fu(0,-)]2,
(by the trace theorem) and [|9f02ul|2, are bounded by CBj.2, which gives
x,t

|07 eall7z , +110Feq(La, )7z < C(v*Bryatleallfe) < C(v?Braa+ I gaallfs + Brsa)-
(3.18)

This equation gives for £ = 0 and small v the first estimate in (3.16).
Modified advection: Let pl(0,) := (9;+c¢)%eL(0,-) = (0y+c)?e?,. We estimate

OFel —at x = 0 using Theorem 3.4,

0Feb, (0, )25 < CoA(IBERA 0, l2s + €2 909 (Lo, )2 + wlokpLl )
< OVP(|Qalyn + 2B 0L Loy )3 + vOFpL s ). (319)
For the last term on the right, we obtain
10 pallz , = 10FpallZs , + 10:0FpallZs , + 105 pallZs |

< C(||p(11|\§{k+1(o,T;Lg) + Haxp¢11||§1k(o,T;Lg))

< Cllleallzrers(o,rsz2) + 10weallzpreorizz))-
Since Lye} = —vdzu, we get dyel = — < (vOiu+(d+c)ey), and hence ||zl || vz 0,712y <
CWl0Full gr+2(0,r;02) + el mr+s(0,r;2))- Using (3.18), we finally obtain

107 pallss , < CO*Bras + lleqallyyess + V2 100ullpess o1,12))-

We use now (3.13) which gives H@gu”?qkﬁ(o 1.2y < CBps and return to (3.19).
From the hyperbolic estimate (3.18), we see that [|0fel(La,-)[|2, and ||0fel|3.
t x,t

a a
are bounded by the same quantity, and hence we can also use the same bound for
al

_ 2
e 2 0 ph (L, )12 and v|oFph|2, |

197 €30 (0, |7z <C(2[legallFnes +v° Brs). (3.20)

Advection-diffusion: e, is solution of the advection-diffusion equation with
non-zero data only on the right. Therefore, applying Lemma 3.2 in ; with g» =
el..(0,-), we obtain

ma
lekall2z | < OV leha(0. )22

Using (3.20) with k = 0 for the last term, we obtain

lekall2s | < OV (1 eall%s + 2 Bs) < OV (Bs + lalll%y): (3.21)
15



This equation gives the second estimate in (3.16), but we will also need to estimate
the value of el; at x = 0. Using (3.7) we get

107 eaa(0, )72 < CV2(|07 epq(0,-)]72,
which gives by (3.20) again
197 €qa(0, |7z <CV* (v Bris + lleqall Fnes). (3.22)
In particular, we have
IR €aa(0,)lI72 < Cv* (v Br + Jleqall7rs )- (3.23)

We now prove the error estimates for the second iteration:
Advection: We again use the hyperbolic estimates for e2. Since the initial values
are also vanishing, we obtain as in (3.18) the estimate

IOR2I2s + 1082 (L, Y2 < COABuga + ka0 )3, (3:24)
Inserting (3.22) we get
1082 (Lo 12 + 195212, | < COABiga + v (" Bigs + [ ullZs5))
< CVQ(Bk-H’) + V2||€2d||i,tk+s) (3.25)
< Cv*(Bgys + V2||92d||§{tk+3 + 12 Bys).

The last estimate with k = 0 gives the first result in (3.17).
Modified advection: Defining p? := Re2 = (9; + c¢)%e2, we obtain using (3.25)

10803 (L, )3 + 19852132 , < Cv* (B + 1eallZas). (3.26)
We estimate e2,, at © = 0 by Theorem 3.4,
_pala
200,132 < oAU, )3 + e > [p2 (Lo )2 + B3 ). (3:27)
As in the first step, the term at the boundary x = L is absorbed in the volume term,
and p2(0,-) = Rel,(0,-), which can be estimated by (3.23). To estimate the term
HpiHH; ,» we proceed as in the first iteration, to obtain
||p§|\§{;t < C(”eEH%IS(O,T;L%) + VQH(?zuH%IZ(O,T;Li))
< C(||€§|\§{3(0,T;Lg) +17By)
< CV3(By + 1y %p). (3.28)
Inserting (3.23) and (3.28) into (3.27) we get
6200, V122 < Cv2(A (2 By + [lelullgs) + 12 (Bs + 12 elgll%e))
< CVP(By + vl|ey -
Advection-diffusion: €2 is solution of the advection-diffusion equation with

data only on the right. Therefore, applying Lemma 3.2 in Q; with g = €2 (0, ), we
obtain

le2all3s < OV €200, )35 < OV (Bs + vlledllfe).
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4. Properties of the factorization algorithm for negative advection. We
consider now the advection-diffusion equation for a < 0 in Q = (—Lq, Ly) with Dirich-
let boundary conditions on both sides,

Loqu = Oyu — VOt + adyu + cu f in Q% (0,7),

U(—Ll, ) = 1 in (O,T),
u(Ly,-) = ?2 in (0,7), (41)
u(-,0) = h in Q.

We suppose again that f and (g1, 92) are compactly supported in (0,77, and that h
is compactly supported in ; = (—L1,0), and that for each t the function f(-,¢) is
compactly supported in Q.

4.1. Well-posedness of the factorization algorlthm For u}, suppose that
f e H¥*3(Q x (0,T)), go € H¥*3(0,T), h € H¥ (), and that the compatibility
conditions (2. 14) are satisfied. Then we have a unique solution u in W34 (Qy x
(0,T)). For u2, using the previous result, we have f —Rul € H*% (0, x (0,T)), and
Lomaul € H*3(Qy x (0,T)). Therefore the traces at # = Ly and ¢ = 0 are in H'*4
and compatible Thus (2.6) defines a unique u2 in H'*3(Qy x (0 T)). Furthermore
u2(0,-) € Hi(0,T). For ugq, Theorem 2.3 applies with v = 5 and (2.6) defines

a unique Ugg in H21 (@1 x (0,7)). Finally for u, using the regularity assumptions
above, u € H20+D+1(Q x (0,T)) with v = L.

4.2. Error estimates for the factorlzatlon algorithm. We need a further
lemma in order to obtain our asymptotic estimates.

LEMMA 4.1. Suppose a < 0, and let g € L?(0,T). Then there exists a constant
C > 0, such that for all v > 0 the solution v of

Logv = 0 in Q1 x (0,7T),
’U(*Lla') = 0 n (OvT)a (4 2)
(0 — ady + (£ +))v(0,:) = g n (0,7), '
’U(',O) = 0 m Ql,

satisfies the a priori estimate

loll2s , < Cvllgl2,.

Proof. Multiplying the equation by v, integrating on (—L1,0) and using the
boundary condition at x = —L; yields
1d _laleg O 72— v0,v(0,t)v(0 7.=0
5 7100 BlIZz = 5 v*0,) + v[0:0(, D)7z = v0:0(0,8)0(0,1) + cl|v(-, 1) 72 = 0.
Inserting the boundary condition at x = 0 we obtain
ld 2 Vo2 |al 2
2 + —v7(0,¢ — 0,t
5 IWCDIE + 20 + (G + 700200

[ 0av (- )lI72 + cllo( D172 = —a()v(0,1).

v
lal

Using the inequality v|g(t)v(0,t)|/|a] < Zzg?(t) + ‘%vQ(O,t) and integrating on the

= I_
time interval (0,T") gives for all ¢ € (0,T)

2 v? tz
vl < 1 [ )
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We can now prove our main theorem for negative advection.

THEOREM 4.2. Suppose a < 0. Then there are positive constants C' and v such
that for any h € C§°(Q), f € C (2 % (0,T1), 91,92 € C°((0,TY)), and for any v < b,
the solution obtained by the new factorization algorithm (2.6) satisfies the estimates

lu =gz, < CV|O3ull Lz (4.3)

lu— ttaallzz , < Cv*([ullgzz + 1, 0) 2 + 1kl ms + 107u(La, )llcz),  (44)
which implies that

flu— U}zHLZ Sv, lu— uad”Li,t Sz

.t ™

Proof. We define the errors el := ul — u, eqgq = taq — u, and €2 := u2 — L,,qu.
b) Y a a

a a

Since Lyqu(-,0) = f(-,0) — 2ad,h + a*h/v + vd2h, the equations for the error are

Eadead =0in Ql,

Loel = —vd%u in Q, Lqe2 =TRel in Q, ead(—L1,) =0
o L i, B
1/. — 2¢. — ]2 mata ) — Ca\Yy ")
e (+,0) =0, es(+,0) vdzh, eon(-10) = 0.

We now analyze each of the three solves separately:
First advection equation in 5: With Theorem 2.2, we find that the error e
satisfies for £k = 0,1 and 2 the estimate

1
a

0keblZs , + lall kel (0,13 < © (akaulls +lokeh(-0)I3) . (45)
The case k = 0 yields the first result of the theorem. We further compute
orel(-,0) = —vd2h,  0%el(-,0) = v(ad, + c)d>h — vd2dsu(-,0),
with dyu(-,0) = f(-,0) — (ad,h + ch — vd2h), so that
10ceq (- OIZ2 < v?lllmz,  107eq(0)I* < v2(1f (013 + lIAl7s).
We thus obtain for Rel = (¢ + d;)%e} the estimate
IReallze, < Cv*(lulzzz + 1£C50) 17z + I1RlF)- (4.6)

Second advection equation in 5: Using again Theorem 2.2, we obtain the
estimate

ez (0. )17z < CUIR eqllzz , +V2lIRIZ: + | £maca(L2,)Z2)-

To evaluate L,qel(La,-), we observe that w(La,:) = ug(L2,-), so that we have
Lmaet(La,) = —adyel(La, ) = vO?u(La, ). Therefore, using (4.6), we get

leg (0 )17z < Cv*(llullfzz + I 0Ez + hllFs + 107u(Le, )1Z2). (4.7)
Advection-diffusion equation in Q;: With Lemma 4.1 we obtain

leadllZs | < Cr212(0, 3.
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F1c. 5.1. Left: contour plot for the right hand side in space and time. Right: initial condition
a>0

We can thus conclude using (4.7).
It remains to estimates ||07u(Lz, )|l 12 and [|03ul|£2(0,x (0,1))- If the data is com-
pactly supported, there is only one boundary layer, at © = —L;, and (see [31])

u(t,z) = U(t,z) + eV (10) + O(v),  (note a < 0).

Here, U is the solution of the advection equation in €2 with data g, at * = Lo. The
norm of J,u, though not bounded in the entire interval €2, is bounded in €5, since

2 a(z+L1)/v|2 _ @ 2aLy/v _ _2a(La+L1)/v w 2aLl4 /v
lldze 122 (0 (e e )~ 5oge ,

) T 93 2u3

which tends to zero as v goes to zero, because a < 0. Similarly the value at Lo is
bounded. O

5. Numerical Experiments. We use a Crank-Nicolson scheme for the advection-
diffusion equation and an implicit upwind scheme for the advection equation. We
discretize Q := (—1,1) with N = 64000 points, which leads to a spatial step Az =
3.125 x 107° and the time step At = Az. We choose c =1, g1 =¢2 =0, T = 1 and
the right hand side, shown in Figure 5.1 on the left, is

f((E, t) = f1(t)f2(l',t),
f1(t) = (sin*(4m(t — to)) + sin* (27 (t — t0))/2)X¢>10,  to = 0.1,
fg(x t) _ 67100932/4 Jrefmo(mft/z;fo.z;)2 + 67100(I+t/2+0.4)2.

5.1. Positive advection. We choose a = 1, with the initial condition, shown
in Figure 5.1 on the right,

up(x) = 67100@710)2, with zo = —0.6.

Figure 5.2 shows first snapshots in time of the right hand side, and then of the viscous
solution (3.1) and the solution obtained by the factorization algorithm (2.5) after one
and two iterations when v = 1073, We see that in the first iteration the solution
ul, is very close to the viscous solution. This solution is improved with the second
iteration when wu, is also improved.
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F1c. 5.2. From left to right: snapshots at time t = 0.25, 0.5 and 0.75. First line: right hand
side. Second line: solution of Algorithm (2.5) at iteration k = 1. Third line: solution of Algorithm
(2.5) at iteration k =2

Figure 5.3 shows the L? space-time error as a function of the viscosity becoming
small for the factorization algorithm (2.5) and gives a comparison to algorithms from
the literature. These algorithms solve an advection-diffusion equation Lyquqeq = f
in 7 and an advection equation L,u, = f in 9, and use for a > 0 either non-
variational transmission conditions 0 teq(0, -) = Ozue(0, -) and ueq(0, -) = u4(0, -), see
[13, 23], or variational transmission conditions v9,.q(0, -) = 0 and uq4(0, -) = ua(0, -),
see [23, 24]. We see that the variational transmission conditions do not need an
iteration in this case, one can first solve advection-diffusion, and then advection. The
error is however O(v2) in the viscous region ;. With only one iteration of the
factorization algorithm, the error is O(ug), and with two iterations we get O(v*),
both corresponding to our theoretical results in Theorem 3.5. The non-variational
transmission conditions also give an error (9(1/%), as good as with one iteration of
the factorization algorithm, but one needs to iterate and choosing a good relaxation
parameter to ensure convergence is not easy; we chose heuristically 6 = Wl\ﬁ in our
computations. In the inviscid subregion {2, the error of all methods is O(v), only the
initialization step in the factorization algorithm has an error of O(1), as predicted by
Theorem 3.5.
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Fic. 5.3. Errors for a > 0 as the viscosity becomes small for our factorization algorithm
compared to other coupling algorithms from the literature. Left: ||[u —uqql| 2 . Right: ||u—uql| 2 ,
x, T,
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Fi1c. 5.4. Errors for a < 0 as the wviscosity becomes small for the factorization algorithm
compared to other coupling algorithms from the literature. Left: ||[u —uqql| 2 . Right: ||u—uql| 2 ,
x, T,

5.2. Negative advection. We now consider a negative advection example, a =
—1, with initial condition

up(z) = 67100@710)2, with z¢g = 0.5.

Figure 5.4 shows the L? space-time error between the viscous solution and the solution

of the factorization algorithm (2.6), and also a comparison to the errors of the other
coupling algorithms from the literature; the variational coupling conditions for a < 0
are —v0yuad(0, +) + aueqd(0, ) = auy(0, ), and the non-variational ones are uqq(0, ) =
uq(0, -). Once again the error in £y is O(v) for each algorithm, since each algorithm
solves the same advection equation in (23. However the factorization algorithm solves
then a second advection equation which provides a better boundary value for the
advection-diffusion problem in §2; and thus can provide an error O(?), whereas the
other algorithms only give an approximation O(v) in ;.

6. Conclusions. We introduced a new algorithm to solve advection diffusion
problems with pure advection approximation in a subregion. We call this algorithm
factorization algorithm, because it is based on a factorization of the underlying op-
erator. We proved rigorous error estimates that show that our new algorithm gives
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solutions that are closer to the fully viscous solution of interest than other coupling
algorithms in the literature. Our numerical experiments indicate that our estimates
are sharp, an issue we are currently investigating using multiscale expansions.
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