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Abstract: In this work an observer for a class of delayed nonlinear triangular systems with
multiple and simple time-delay is proposed. The main feature of this observer is that it is easy to
implement because of its constant gain. First, the observer synthesis is presented for nonlinear
systems with variable time-delay and is extended for nonlinear systems with multiple time-delay.
The observer performance is evaluated through numerical simulations.
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1. INTRODUCTION delay nonlinear systems in triangular form is presented.
This paper is organized as follows. Section 2 is devoted
to preliminaries and the problem formulation. Section 3
describes the observer synthesis for a class of nonlinear
systems with a signal variable time-delay. An extension
of this observer for nonlinear systems with multiple and
variable delays is presented in Section 4. In Section 5 nu-
merical simulations are presented in order to evaluate the
observer performance and finally conclusions are discussed
in Section 6.

In the recent years time-delayed systems have been in-
vestigated extensively because of the delay phenomenon
is often encountered in various engineering systems such
as mechanical and electrical systems, communication net-
works, among others. The source of a time-delay may
be due to the nature of the system or induced into the
system due to the transmission delays associated to other
components interacting with the system. A time-delay may
be the origin of instability or oscillations in a system. For
this reason, many researchers are devoted to investigate
the different fields of automatic control for time-delayed 2 PRELIMINARIES AND PROBLEM
systems, such as stability, observability, controllability FORMULATION

and system identification, among others. For instance, in
Richard (2003), different control approaches for delayed
systems are presented.

The case of observer design for state estimation of nonlin-
ear systems is treated by many authors from a theoretical
and practical point of view, see for instance, Gauthier et al.
(1992), Gauthier and Kupka (1994), Targui et al.(2002), :
Farza et al. (2004). The observer synthesis for triangular i = fi(UyUr, @1, T1ry Toy Tory e ooy iy Tigy Tig1) (1)
nonlinear systems is related to the notion of uniform ob-
servability, for instance, the authors in Targui et al.(2002),

Consider the following non-linear delayed system:

'::Ul = fl(u7u77x17‘r17'7z2)
To = fQ(U,’U,—,—,.’El,l'lT,$Q,x27,$3)

propose a high-gain observer with constant gain for nonlin- In—1= Fr1 (U Ur, &1, Z1ry o Tty Bty Tn)

ear systems having a triangular structure and a single out- dn = fa (U, Ur, &, 27

put. In Targui et al. (2001), a generalization for multiple- y=n

output systems is presented. A lot of researchers, such as  \jere u(t) € R™ and y € R are the input and the output
Darouach (2001), Hou (2002), Wang et al. (2002), have a1 (1)

extensively investigated the case of observer synthesis for 2o (t)

delayed systems. For instance, in Germani et al. (2002), a  of the system. z(t) = } c R™ is the state vector.
chain of observation algorithms reconstructing the system :

state based on delayed measurements of the process output Zn(t)

is proposed. In Ibrir (2009), an adaptive observer for time-  Henceforth the next notations are used



l’lgt TEt%; X1+

xo(t — T(t Lo,

xr(t) =zt —7()) = : =| . | €eR",
Tp(t —7(1)) Tr

ur(t) = u(t — 7(¢)),
where 7(t) a known variable delay and z(t) = ¢(t) for
t < 7. ¢(t) is the initial condition belonging to a Banach
space and || - || represents the Euclidian norm of a vector.
System (1) can be written in the following form:

{ a(t) = flu(t),ur(t), 2(t), 2,(t)) (2)

y(t) = Cx(t)
where
fi(u, ur, 1, 217, 72)
fz(U, Ury L1, L17, L2, T27, 553)
f;:

fnfl(ua Ury L1y Llrye vy Tn—1,Tn—171, xn)
fn(u)uTaxvxT)

and C'is a (1 x n) matrix:

C=[1,0,...,0] (3)
The following assumptions are introduced:
Assumption 1 (A1). The functions f;; i =1,...,n are
globally Lipschitz w.r.t.  and x,, then 3 ¢ > 0 and V x(t),
y(t), z(t — 1), y(t — 7) € R™ such that:
1f (uyvury 2y 27) = fus ur, y, y0)|| < ell|lz =yl + llzr — y-])
Assumption 2 (A2). Assume that the functions f;(.),7 =
1,...,n — 1 satisfy.

af; .
o (w6 < B

i=1,...,n— 1,V € R"

I<a<a;=

(4)
Assumption 3 (A3). The variable delay 7(t) is bounded,
eg. 0 < 7(t) < Tmaa, it is differentiable and satisfies
T(t) <p < 1.
The following notations are employed:

e Ais a (n x n) matrix having the following form:

0 aq 0 ... 0
00 as ;
A= . 5
L, o)
0 ... 0 Ap—1
0 ... 0 0
where the functions a;; i« = 1,...,n — 1 are defined in

Equation (4) and each one satisfies Assumption (A2).

e S is a (n x n) constant symmetric positive-definite
matrix having the form:

s11 81 O 0

S1 Soa - 0
S=1o0 " : (6)

Sn—1

0 0 Sp—1 Snn

where s;; >0and s; <0;i=1,...,n;j=1,...,n— L

e Define the (n x n) diagonal matrix A, as
A, =diag [p,p*,...,p" ] (7)

where p is a strictly positive real number.

Lemma. (Targui et al.(2002)). There exist an n x n
constant symmetric positive definite matrix S having the
form given in Equation (6) and a strictly positive real
number 7 > 0, such that

AT#)S +SA—-2CTC < —nI; Vt>0 (8)
where A is given by Equation (5) and I is the (n x n)
identity matrix. The elements of S, i.e. 844,55, =1,...,n;
j=1,...,n—1, are given in function of a and [ defined
in Equation (4).

3. OBSERVER SYNTHESIS

Consider the following dynamical system:
&= f(u(t),ur(t),8(1), 2, (1) — A, S~ CT(C&(t) - y(%)

where S is given by Equation (6) and satisfies the prece-
dent Lemma; C' is given by Equation (3);

1
P
&(t) =
I
and .
5?17'
Tor

xn‘r

Z(t) and Z,(t) are the estimated state vectors, without
and with delay respectively; v and y are the input and
the output of the nonlinear system (1) respectively. The
matrix A, is given in Equation (7).
One now states the following:
Theorem 1. Suppose that system (1) satisfies As-
sumptions (A1)-(A3). Then, for p > p* with p* =

— 34
(1 — p)
for system (1). The observation error & = Z(t) — z(t) is
asymptotically stable for £(0), z(0) € R™.
Proof. Consider the observation error Z(t) = &(t) —x(t) =

CAmaz(S), system (9) is an asymptotic observer

I
T2
with Z; = &;(t) —x;(t); i =1,...,n.
Tn
€ Tir
. €2 . ZTor
Let o' = ], xl = . ; i=1,...,n—1, and
Z; Tir
Af
Afa
Af = } where,

Afn



fi(uvuTvxzvji7xi+l) - fi(u7u7'7x 7x77Ii+1)

Afi=<¢; i=1,....,n—1
fn(u7u77j}7i‘7') _fn(u)u‘l')x7m7'); Z:n
(10)
Fori=1,...,n—1 we have:

fi(U,UT,.’E,.’L'-,—) = fi(u7u7'7i.l7i.:—7xz+l)
- fl(ua UT,$ avaxi-‘rl)

+Af;

fi(u,u-,—,if?,ii'-,—) -

(11)
By applying the Mean Value Theorem:

fi(uau'm-%ai"r) - fi(u,uT,x,xT) = aiji+1(t) +Af;

ci=1,....n—1
(12)
. dfi Sioai &
where the functions a; = (U, Ury &' B2 AT i1+ 2541 )5
Li+1
t=1,...,n—1 verify (A2) with A € [0,1] and Af;; i =
1,...,n —1 are given in (10).

The dynamics of the observation error Z is deduced from
Equations (2) and (9):

flu,ur,z,2,) —A,STHCTCOF (13)
(12) and (13), the

i' = f(uvu'rvi'vfﬁT) -
By combining Equations (10),(11),
dynamics of the observation error is:

#(t) = (A —A,S71CTC)a(t)
)

+ Af(u(t), ur(t), 2(t), x(t), 2.(t), 27 ()

(14)
where A is an (n X n) matrix having the form given in
Equation (5).

Let Z = A, 'Z. It can be easily verified that A1 AA, = pA
and consequently

Z(t) = p(A— STICTOVE(t) + A A f(u, ur, &, w37, 27
Consider now the following Lyapunov-Krasovskii func-
tional:

A S) [t

V(z) =TSz + L’C()/ |17 (s)|[2ds
L—p t—7(t)

where c is the Lipschitz constant introduced in Assumption

(A1), Az (S) is the largest eigenvalue of S and p is a

constant introduced in Assumption (A3).
The time derivative of the functional V is:

V =2pz" (SA — CTC)x(t)

+C*““)H<Mfcﬁfﬁgﬂfwﬂﬁ@ﬂﬁ

+22(t) " SAT A (u, & (t), (1), 2 (1), 2. (1))
=pz(t)T(SA+ ATS — 20T )z (1)

Dot a2 - L2 1 - sapjate - 1)

+22(t)TSATAf (u, &(8), 2(t), 21 (1), (1))

By taking into account the precedent Lemma, the follow-
ing inequality arises:

V< —pnllz(t)|?
C)\ma:t C>\maz S . —
+ Dot g2 - Lo 4 gapjage - )P
+ 2||af( VESIIAL Af (u, &(1), 2(8), 27 (1), @+ (1))
By using the Lipschitz condition described in Assumption
(A1):
AT AF (u, 2(2), 2(t), 2 (t),
it follows that

zr ()] < ef[z()][+cl|z(t=T)]|

v < prlla(o)
+ DS oy - ZeeeS g ) jage - e
e e

since (O~ )| < SR+ 12~ )]), then

V< —pnl|2(0)| + m“(m<>w

+3cﬁ|wam2+'“[umsmm@7>ﬁ

1
() —
Tt results from Assumption (A3) that T(l)—u'u <0, then
: 4—3u _
V< ot I (Sl
(15)
4—3u
Let p* = ———cAmae(S). If p > p* then:
(1 = p) )
V < —a(p)llz(t)]? (16)

4—
with a(p) = pn — 1 3”6)\7,1%(5) and a(p) > 0, which
—p

results in V < 0, that means V'(¢) < V/(0). Because of
a(p)||z(t)]|* < =V, it follows that:

a(p) tjjgloo/o [2()I[*ds < V(0) = lim V(t)  (17)

It results that lim Z(t) — 0, moreover ||Z(¢)|| < p"||Z|]
t——+oo

and in consequence lim Z(t) — 0.
t——+oo

The observation error & = Z(t) — x(t) is asymptotically
stable for #(0),2(0) € R™ and then, system (9) is an
asymptotic observer for system (1). This completes the
proof.O0

Remark: If the time-delay in system (1) is constant, it
corresponds to say that 4 = 0 and from Theorem 1, it can
be easily deduced the following theorem:

Theorem 2. Suppose that system (1) satisfies Assump-

4

tions (A1)-(A3), then for p > p* with p* = —cApe2(5),
Ui

system (9) is an asymptotic convergent observer for system

(1). The observation error Z = &(t) —x(t) is asymptotically
stable for (0), z(0) € R™.

4. EXTENSION FOR SYSTEMS WITH MULTIPLE
TIME-DELAY

The observer design for a systems with multiple time-
delays is the same as the above presented strategy. The



only condition to preserve the same design is maintaining
the triangular structure of the system nonlinearity with
respect to each state of different time-delay. Consider the
following triangular system with multiple time-delays:

T1 :fl(xlvxiTaIQauéuT)
To = fQ(xlax Tax27x T,£C37’U,7’U,T)

T; = fi(mla ‘TlTaxQ,ZEQTa s 7xi7xi77mi+lau7u‘r)
xn 1= fn 1(x17x1T -axnflax(n_l)‘rwfnvua uT)
y =
(18)
where
t—Tl
t_TQ
7 = i=1,....,n
t—Tl
and
t—Tl)
(t —7'2)
u'(t) = .
u(t —7)

where 71 (t), 72(t), ..., 7(t) are [ known and bounded vari-
able time-delays, each one satisfies the following assump-
tion:

Assumptlon 4 (A4). The variable time-delay Tz( );

i = 1,...,1 is bounded, that means 0 < 7;(t) < 72,4
7 = 1,...,l7 it is derlvable and satisfies 7;(t) < p; < 1;
i=1,...,1L

System (18) can be written in the following form:

(50 [0
y(t) = Cux(t)
where
fi(zy, o' 2o, u,u”)
folxy, 27 2o, 27 23, u,u7)
f= :
fro1(zy, ', T, T g, u”)

fn(l’,(ET, u7uT)

and the matrix C' is given in Equation (3).
Consider the following dynamical system:
— A, STICT(C(t) - y(1))

Cé = f(u(t)vuT(t)’i'(t)a Czl‘r(t))
(20)

where S is a matrix having the form given in Equation (6)
and satisfies the precedent Lemma, C' is the matrix given in
#1(t) 7
i’Q (t) Li'?T
Equation (3), &(t) = and 272t —7)=| . |,

are the estimated state vectors, without and with time-
delay respectively, v and y are the input and the output
of system (18) respectively, and finally, the matrix A, is
given in Equation (7) with p > 0.

The following theorem is an extension of Theorem 1, for
the case of multiple time-delays.

Theorem 3. Suppose that system (18) satisfies Assump-
tions (A1)-(A4), then for p > p*

ma:vS
2+I+Z —u n( )

asymptotic observer for system (18). The observation error
T = &(t)—x(t) is asymptotically stable for #(0), z(0) € R™.
The proof is deduced by following the same steps of the
proof of the Theorem 1. Define & = & — z and T = A;li:.
The dynamics of Z(t) is:

#(t) = p(A - SCTC)E() + A, Af(uyur, 2, 37,2,

Consider the following Lyapunov-Krasovskii functional:

V(@) = 57 S% + Aman (S 21—u/ RO
2 t'rlt

where c is the Lipschitz constant introduced in Assumption
(A1), Amaz(S) is the largest eigenvalue of S and p;;
i=1,...,1l is a constant introduced in Assumption (A4).
The time derivative of V is:

with p*

, system (20) is an

V =20z (SA — CTC)Z(t) 4+ cAmaz (9)]|Z(1)]?

! .
1-— Ti t _
— Amax(9) D 1;4)”35(75—72‘”2
i=1 ‘

+22(1)TSAL S f (u, #(8), (1))

=pz(t)" (SA+ ATS — 207 C)(t)
l
_ 1
FdmanOIFOIPY 7
1 7i(t)
= Chmas(8) 3 Sl =l

+ 29?(t)TSAp_15f(u, 2(t),z(t))

Considering the precedent Lemma, it follows that

V< —pnl|Z@)]1® + cAmaa(S)]|2 (¢

l .
1-— Ti(t _
= M) 3 D 2
i=1 1= pi

+2|z(6) " S|I[|A, 0 f (u, (1), (1))
By using the Lipschitz condition described in Assumption
(A1):

l
1A, 18 f (u, 2(8), 2(O)] < el|z(®)]| + ¢ D ||zt —7)]

i=1

It results



+2¢/|S|[12()]17 + 2¢]|S]][[2 ()1 Y 1zt — )]

i=1
Since
l
_ _ 1
ZOlDIECEED]] < S (lllz( H2+Z|\xt*ﬂ %)
i=1
hence

V< —pnl|z(t)|]?
l

1
+C)\ma$(s)‘|j(t)||2z .
i:ll Hi
1—7(t), _ 2
_C)\max(S)ZTH (t =)l
i=1 ’

l
+ @+ Dell SO + IS ) NIz — )l

i=1
It follows that

V < —pllzO + Amaa (S)]12(

£l 2+z+z
Amae($) Y L (e — )|

i=1

_Mz

< 0, then

From Assumption (A4): #

7

l
. 1
VS(*pn+(2+l+Zl_
=1

(22)
1
1 mam(s)
Let p* = (2+1 .
et p* = (2+1+ ; — ;
For p > p* it results:
(23)

V< —€(p)llz(t)]”
l

where £(p) =

o — (2 T, YeAmaz(S) and

£(p) > 0, which results in V < 0, that means V' (t) < V(0).
Because of £(p)||Z(t)]|> < =V, it follows that:

2 < . M
(0) i _ / IE(s)Pds < V(0) — lim V(D) (24)
It results that . 115_11 Z(t) — 0, moreover ||z(¢)|| < p™||Z||
— T 00

and in consequence lim z(t) — 0.
t—+o0

The observation error & = Z(t) — x(t) is asymptotically
stable for #(0),2(0) € R™. Hence, system (20) is an
asymptotic observer for system (18). This complete the
proof.O0

5. SIMULATION EXAMPLE

Consider the following nonlinear system:

b = 22500+ costantt) - 2T

o m(t—T) ult—1 (25)
T2 = 1+x2(t—T)Jr =7

Y=z

The time-delay 7 is considered constant. It can be seen
that system (25) can be written in the form of system (1)

with f1 = 2x5(t) + cos(z2(t)) — m
f2:_lj_2x(i<;i)7_)—|—u(t—7') and C =[10].

Before applying Theorem 1, Assumptions (A1)-(A3)
should be verified for system (25). It is easy to check that
functions f;, i = 1,2 are Lipschitz, then Assumption (A1)
is verified. It remains to verify Assumption (A2).
According to Equation (4):

_O0h .
ay = e 2 — sin(z2(t)) (26)

It results that 1 < a; < 3 then Assumption (A2) is
satisfied with @ = 1 and 8 = 3. The elements of the
matrix S whose dimension is 2 x 2 are deduced from the

2.2
s
precedent Lemma. These elements verify |sq| > %
o
2

So9 > S—l(see Targui et al. (2002)). By taking s;; = 0,5,
s

and

the other elements can be deduced: s; = —2 and s9o = 9.

The time-delay is considered constant at 7 = 1.30. In this

simulation, the input u is given by the following equation
u(t) = 0,5+ 0,4sin(0, 2t + 20).

The observer equations are:

1 = 2@5(t) + cos(@a(t)) — M

- 18p(i1 - 1'1) (27)
i =~

— 4p* (31 — 1)

The initial conditions of the system (25) and the observer
(27) are:

2(t) (t)=0 fort e [—7,0]
(0) = 5 21(0) = 0; x2(0) =5; &2(0) = 5;

For this simulation, the tuning parameter p is set to 10.
The value of this parameter allows to adjust the conver-
gence time of the observer given in Equation (27).
Figures 1 and 2 show the states x;(t) and x9(¢t) and
their estimated values &1 (t), Z2(t); it can be seen that
after a brief period of time Z;(t) converge to z1(t). On

z1(t) =0; #1(¢()=0 fort e [-7,0]
{ “0 i



T
Sitmulation of x1

20 — — — Estimation of x1

L L L L
u] 0.0s 0.1 015 0z

Time:

Fig. 1. The state x; (solid line) and its estimated value &
(dashed line).

T T T T T T T T T
Simulation of x2
20 — — — Estimstion of x2 B

Tirme:

Fig. 2. The state x5 (solid line) and its estimated value Z
(dashed line).

Fig. 3. The error estimation e; and es.

the other hand the time profile z5(t) and Z2(t) are quite
similar. Figure 3 shows the errors estimations e; and e,
after a small time e; and ey converge to zero. It can be
appreciated that &2(t) converges very quickly to za(t).

6. CONCLUSION

In this work an observer for a class of delayed nonlin-
ear triangular systems was presented. The time-delay is
considered variable and it can be presented as a simple
or multiple time-delay in the states or in the input of
the system. The time-delay is supposed to be known and
bounded. The main feature of the proposed observer with
respect to others in the literature, is its simplicity. This
is because (due to its particular structure) the system is
treated in the original coordinates. Also, the observer gain
is constant and does not require to solve any additional
dynamical system. The observer is evaluated successfully
through a simulation example.
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