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1 Notation and loop equations

1.1 Introduction to the problem

In this section we remind the general formalism (for simplicity, we try to keep the same
notation as the one developed in [1]) used to write the loop equations for the Gaussian Beta
ensembles. The Gaussian Beta Ensembles are defined by the following partition function:
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We will define x = g to match the convention of [1]. Note that our coupling constant is
2
— oz

written 7" instead of g as used in [1]. The potential is quadratic and is given by V' (z) = %-.



The hermitian case is recovered as usual for kK = 1 (or § = 2 with our convention). We
also define the free energy (note the conventional minus sign in the following definition):

F=—-InZy (1.2)

The general purpose in the study of matrix models is to determine the large N asymptotic
of integrals of the form (1.1). In the case of hermitian matrix models (and to some extent for
B =1or 8 =4), there are several methods to obtain it but most of them fail to extend to the
general  case. For example, the orthogonal polynomials strategy [11] has not been general-
ized to the general 5 case so far. Other method like tridiagonalization of the matrix by the
householder algorithm and connection with stochastic differential equations [14, 17, 18] are
possible but become rapidly inefficient to get subleading orders of the large N expansion.
However universality results for local statistics (universal in the sense that they do not de-
pend on the potential V' (z)) have been proved to hold for general beta using and therefore it
appears important to understand better the Gaussian case for which results are usually eas-
ier to derive. The strategy used in [1] is to solve the so-called “loop equations” by using an
adaptation of the topological recursion for general beta. Historically, the topological recur-
sion has been developed to solve the hermitian matrix models loop equations and was later
adapted to any spectral curve. This situation is nicely understood (See [2] for the general
theory) and many geometric or combinatorial identities have been derived (or re-derived)
with this formalism. The situation is different regarding S-ensembles. Indeed, as we will
see later, loop equations for S-ensembles can be derived in the same way as the hermitian
case but an important simplification arises only when 8 = 2. Solving the loop equations for
arbitrary  and a general potential V' (z) still remains an open question although some at-
tempts were tried [4, 5, 8-10]. In our case, since the model is Gaussian the situation is much
easier and the loop equations can be solved recursively. However as we will see the recursive
solution is mostly formal since the computations rapidly become tedious and hide the com-
binatorial aspects of the correlations functions. In [1] some conjectures were proposed and
we plan to prove pieces of them in this paper. Eventually we believe that understanding
properly the Gaussian case is essential since recent universality results (in the bulk or at the
edge of the spectrum) [12, 13, 15, 16] prove that the Gaussian case can be used to describe
local statistics arising for any potential V' (x). We will now introduce the correlation func-
tions, the large N expansion and remind the conjecture proposed by Witte and Forrester.

1.2 Correlation functions

For an arbitrary potential V(x), it is standard to define the following functions:
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with the convention that @Q(z) = <%W> The index ¢ stands for the “con-
nected” or “cumulant” part. As usula_li the bracket notation corresponds to taking the
average relatively to the measure defined by (1.1). Note that in the definition of P, 1, the
cumulant part only applies to the last n'™ variables but not to the first one. The func-
tions Wy (x1,...,z,) are known as correlation functions. In particular Wi(x) is usually
called the resolvent or the one-point function. Moreover, in many articles the notation is
extended to n = 0 by defining Wy = F' = —In Zy. When V (z) is polynomial, the functions
Poi1(z;21, ..., 2,) are also polynomial functions in their first variable, a key observation

to solve the topological recursion in the hermitian case.

In the Gaussian case, the situation simplifies greatly because we have:

Q1($) =N
Qn+1(z,x1,...,2p) =0, Vn >1 (1.4)

N
Indeed, V'(z) = x and therefore Q1 (z) = <Z 1> = N. For n > 1, Q41 vanishes because
i=1

the cumulant part makes it zero by symmetry.

1.3 Loop equations

It is known for general potentials V(x) (See [6]) that the previous functions satisfy the
so-called loop equations (we denote I = {z1,...,2,_1}):

Wi(x)? — %V’(m)Wl(m) + <1 _ i) W)+ Wz, 2)+ Y01(x) =0 (1.5)

T
and Vn > 1:
!
N‘;(x) oW (a) + (i _ 1) 34 Wi (. T) = Wipsn (2, 2, 1)
N
+ Z Wi g1 (@, HWo_ g (2, I\ J) + ?Qn(% I)

JCI,J¢{0,1}

1 (e T\ {zY) — W1 (T

et ox; T —

These equations can be easily derived with infinitesimal transformations or with a suitable
integration by parts. A direct observation shows that the case k = 1 (i.e. = 2) is special
since the coefficient in front of 9, W,,(x, I) vanishes.

1.4 Large N expansion

1
N
at large N. In particular this situation is expected when the potential V' (x) has only one

In many cases, it can be proved that the correlation functions have a series expansion in

minimum around which the eigenvalues are expected to accumulate. In other cases, the sit-
uation may not be as nice and the % expansion is also known not to reproduce the complete
asymptotic expansion of the correlation functions (See [7, 16]). We will not say more about



these aspects here and refer the reader to the standard literature about this issue. We just
mention here that this issue is mostly irrelevant for the Gaussian case since it has been
proved recently [15] that in the Gaussian case there exists a large N expansion of the form:

00 2—n—I
Wotoron) =3 () VRO )

T
=0
= N 2mn=l 2=2n—1 (1)
Qn(x;xlw"yxn—l) = Z ? \/E Qn (l‘l,...,.Tn)

=0

F = i (N%/EY_Z FO (1.7)
=0

In particular we have both even and odd powers of N in the expansion whereas in the

hermitian case only even powers appear. The structure of the loop equations implies that

each W,(ll) is a polynomial in (\/E — ﬁ) of degree [ with the upper half of its coefficients

only determined by V().

2 Solving recursively the loop equations in the Gaussian case

2.1 Initialization: spectral curve
We now focus on the Gaussian case and we project the loop equation (1.5) to its leading

WOy = 1 (m Va2 - 4T) (2.1)

2
which gives the standard semi-circular law. We introduce the following notation:

order in % We get:

y(z) =V'(z) - QWI(O) (z) = Va2 — 4T | y*(x) = 2® — 4T (2.2)

Note that this equation is independent of x and therefore corresponds to the usual spectral
curve of the Gaussian Hermitian matrix model.
2.2 Rewriting of the loop equations

In order to have more compact notations we define:

he k- \/IE (2.3)

Let us now project the loop equations (1.5) to the various powers of the series expansion

in % Remembering that the functions Qgg ) () vanish for g > 0 we get:

(@)W (z) = ho, W (z) (2.4)
and Vg > 2:
g—1
y(@)W @) = S WP @)W @) + ho, WD (@) + Wy (@) (2.5)
p=1



Equation (2.4) gives Wl(l)(a:) while (2.5) taken at g = 0 gives WQ(O) (x,z) but not the com-
plete function WQ(O) (z1,22). Note that equation (2.5) is only useful to determine Wl(g +2) (x)
from the knowledge of WQ(g ) (z,2) but the opposite way would not determine W2(g ) (x1,2)
but only its diagonal part WQ(k) (x,x).

The expansion of (1.6) gives the following set of equations (n > 1 and g > 0):

y(m)W(g)(x I) = ho, W@*U(x 0+ w9 (@, 1)
(9) N 9
+ZZ”/\€JID|)+1 S CRAWIEDY oz, (Wn_l(m—\xz) , Wn_1(1)> (2.6)

xr—x
JCI p=0 i€l t

with the notation ' on the double sum indicating that the terms (J = (,p = 0) and

(J =1,p = g) should be discarded. Moreover we use here the convention that W;& and
Wn_Z) are identically zero. We clearly see that the equations only involve h = \/k — ﬁ
but not directly & itself. In particular it means that we have the symmetry x — %, a well-
known fact in the matrix models literature. Finally, we observe that (2.5) is a special case

of (2.6) with n = 1 so that we can conveniently regroup them under the same notation.

2.3 Observation for the derivatives of y(x)

From the definition of the function y(z) (2.2), we have:

/ z 1" AT (3)
T — , x —_— = s €T = 2.7
y'(x) OB ) Y () L (2.7)
and more generally:
Vn>2:y"(x)= with R, (x) a polynomial of degree n-2 (2.8)

y(x)@n=b

The polynomials R,,(z) satisfy the following recursion:
Vn>1: Ryiq(x) = (2* —4T)R. (x) — (2n — 1)z R, (z) with Ry(z) = « (2.9)

Note that we have a special case when passing from R;(z) to Raz(x) because the leading
term cancels (that is why the degree of Ry(x) is 0 and not 2). It is then straightforward
to prove by induction that:

1. Vn>2: R,(x) is a polynomial of degree n — 2
2. R, (z) is even when n is even and R, (x) is odd when n is odd

3. The leading coefficient of R,,(z) is given by 27'(—1)"*!n!

n—2
4. If we denote R, (z) = >_ a,(gn)xk the coefficients of the polynomials, then the non-zero
k=0

coefficients are determined by:

VO<k<n—1:a"" =(k-2n)al", — 4Tk +1)a)", (2.10)
with the convention that a( ) =0 and ain)l =0

These properties are useful to compute the first correlation functions more efficiently.



2.4 Computation of the first correlation functions

In the Gaussian case the loop equations (2.5) and (2.6) can be solved recursively because
they do not imply any unknown functions (that would not be the case for a general potential

)

where some unknown Q%g functions would appear). In order to illustrate the conjectures
proposed in [1] we present here the first correlation functions. In the rest of the paper we

will denote y for y(x) and y; for y(x;) to shorten formulas:

(1) h(1 T
e 2.11
W@ =5 (5 - 5) (211)
(0) 1 Tr1x9 — 4T Yy1y2 — x1x9 + 4T
Wy (x1,20) = — =— 2.12
2 (71,22) 2(v1 —x2)?  2(x1 — 22)*Y1Y2 2(x1 — x2)%y1y2 ( )

We observe that if we introduce f(z1,22) = x1290 — 4T we get y = f(x,x) so that
WQ(O) (z1,x2) is regular at x; = x2 and we obtain:

Wi (z,2) = (2.13)

@%‘ ~

From the loop equations, it is also easy to observe that the correlation functions
W7(LO) (x1,...,xy,) do not depend on k and are therefore identical to the standard hermitian
ones. The next orders are:

2
+ T T
‘ﬂmx:hﬂ—$+x+
1 ( ) y;l y5 2 y5 2 2
O () s (L 2T 22+ 6T a(x?+307)
4% (x)—5h< - ! o or =
21 : 3+ 4T
W?EO)($17372,$3) = (331x2 + 331:3.Té—|;)x2g;5 + )
Y192Y3
20(32% +47)

(0) _
Ws(x,x,x) = 5 (2.14)
Y
and
1
RV
47t ( — 1536 21222374 + 640 (mlxgacg + perm) + 640 (1‘?1‘2 + perm))

Wio) (z1, 22, 23, 24) = [ — 12288 77 (1536 (z7 + perm) — 4096 (z122 + perm))

+713 (288 ($1$2$3$2 + perm) — 64 (mlxgxg + perm) — 64 (:vrfx; + perm) — 64 (x1x2x§xi + perm)

—96 (xfx%xg + perm))

+77 (48 rizizizd — 48 (w?xgxgm + perm) — 8 (x?xgxg + perm) — 8 (ﬁ’x%x%m + perm) + )

+T(8 (a3 x3x32] + perm) + 6 (i adahry + perm))] (2.15)
The word “perm” indicates that we include all other terms needed to obtain a symmetric

polynomial in (x1, 22,23, x4). The evaluation at coinciding points is:

24T (3z* 4 18 T2 + 8T?)

W (@, 2, 2, z)

14

Y

(4) o 3723+ 92Tz 37z* +123T2* + 2177
Wii(z) = 1 | - 10 11
y y
o [ 2323 +180Tx  23z* + 454T 2 + 17672 21T (x® 4+ T)
+h* [ - + +

2410 2yl y!l



(1) _ z(z? +18T)  x? +4T
Wy (z,z) = h ( 5 + 50

T(20T +212%) ., (98Tx? 4+ 3872 + 8z* 83 + 45T
10 +h 10 o 9
y Y Y

Wi (2, 2) = > (2.16)

We recover here the results presented in [1] in which the authors proposed the following
conjecture:

Conjecture 2.1 (From [1], page 9) For 1 < 2 even we have:

l l l
0oy [F) B e B B

ll 1( )+Pll($) LPIZH(@")

2.17
y3z 2 y3lfl ! y3l*1 ( )

where degxP; =l—1forj=1,3,...,1—1 and deng]l- =l forj=24,...,l and degggPll_s_1 =
[ —2. Forl>1 odd we have:

Pi(x ) Pé(x)} -2 [Pé(fﬂ) Pi(x )]
+ +h - +-th
y3l ySZ—l ySl—Q y3l 1

Pl@) , Pl

Wil >hl[ gz T T ] (2.18)

where the polynomials have degxP} =1—1forj=13,...,01 and dengJl- =1 for j =
2,4,...,14+ 1. Moreover, the polynomials involved in both formulas are either even or odd
functions of x according to their degree. Furthermore, the leading term in the x — oo
expansion of Wi(z) is of order x=2=1 for all 1 > 0.

In their article, the authors presented computations up to | = 6 supporting their
conjecture. In this article we prove that the conjecture holds for certain coefficients and we
propose a generalization to all correlation functions Wél) (x1,...,2y) evaluated at coinciding
points x1 = --- = x,,.

3 Main theorem and generalization of the conjecture

First from the loop equations (2.6) a straightforward induction shows that the functions
W(g )(a:l, ...,xy) are polynomials in % of degree g and are either even or odd functions of
h relatively to their degree. Therefore we introduce the following definition:

Definition 3.1 For k > 1, we define w ) to be the coefficient of order h9=%" of

e
Wég)(x,...,x). The index r goes from 0 to £ when g is even and from 0 to gT_l when
g s odd. In other words we have:

e When g is even:

Wi (z) = mwi)(z) + 192w () + -+ BPwl?)_y(z) + i) (@)

1,9
Wi (2, 2) = hgwg?g(x)mg 20 (@) + - + WPl (x) + wi) ()

Wi (@,...,x) = Wwl)(@) + K20 (@) + -+ Pl (@) +w(z) (3.1)



o When g is odd:

Wi(z) = Wwl(@) + 920l (@) + - + hwl?)_ ()
Wi (,x) = Bwi(x) + W20 (@) + -+ hwl)_ (z)

Wég) (x,...,2) = hgw,(f())(:zr) + hg_Qw,(f%(:E) + hw,(c?;fl(:n) (3.2)

We can now state our generalized version of the conjecture:

Conjecture 3.1 Forn > 1 and for g > 0 and g even:

P ) P£?§<x>>+hﬂ Pi() Pé?i(ac))

(9) — B9 L
w, (fEa (RN ‘T) =h y5"+39’7 y5n+3g76 y5"+39*7 y5n+3976

P(g) (z) P(g) (z) P(g) (z)
2 n,g—1 n,g—2 n,g+1
+oth <y5n+3g7 451396 + yprt39—6 (3.3)

where deg(Pg(_gg1

deg(PT(f}) = 2n+g—4. Moreover, the polynomials are even or odd functions of x according
to their degree. Forn > 1 and for g > 1 and g odd:

P POG) ) o ( Pie)  PG) )

(g) — g )
Wy (@, ..., x) = h <y5n+3g—7 + y5n+39—6 yonH8g—T T Bnt3g—6

(9) @
—i—h( P () n Pn,g+1( )) (3.4)

y5n+39—7 y5n+39—6

(z)) =2n+ g —4, for all j even: deg(ng)) =2n+4g—2 and for all j odd:

where for all j even: deg(PT(l?j)) =2n+ g — 2 and for all j odd: deg(PT(f’}) =2n+g—
3. Moreover, the polynomials are even or odd functions of x according to their degree.
Moreover, the polynomials are even or odd functions of x according to their degree.
Eventually we have at x — oco:

1

Note that the last part of the conjecture is equivalent to prove that the leading co-

efficient of the polynomials Pflf’j) and Pr(lf]j) n

x — oo of formulas (3.3) and (3.4) shows that we are two orders above the one claimed

, are opposite. Indeed, a trivial expansion at

in (3.5). The first order is canceled by the condition on the leading coefficients of the
polynomials and the second one vanishes trivially from the parity of the functions.

Unfortunately, we were not able to completely prove our conjecture with elementary
means. Our best results are the following:

Theorem 3.1 The conjecture holds for wg?o) (x), w%) (x), w% (x) for any g > 0 as well as

(9)

k.g
and Forrester for the leading, subleading and last coefficients of the h expansion of Wl(g) (z).

for any w,”/ (x) with k > 1 and g > 0. In other words, we proved the conjecture of Witte



Moreover we prove the asymptotic part of the conjecture at x — oo:

Theorem 3.2 The asymptotic expansion at x — oo of the functions W,gg) (z,...,x) are of
the form:

1
W9 (z,...,.2)=0 <x3n+29—2> (3.6)

The proofs of the two theorems are given in the next sections and in appendix A we il-
lustrate the validity of the conjecture with the computation of the first correlation functions.

4 Proof of theorem 3.2

From the definition, it is clear that Vg > 1, the functions WT(Lg ) (x,xa,...,x,) have a series
expansion at x — oo starting at least at O (;12) Let us start with the general loop equations
(2.6) and let us take the asymptotic expansion at = oo. Since all correlation functions

WT(LQ)(CC, T1,...,Tn_1) are of order at least = O () at infinity and because y(z) = z+O(1)

we observe that the order O((%) only gets two contributions and we have:

T—r00

n—1
lim 2?W9 (21, w1) = = Y 0e, W (21, ... 2no1) (4.1)
=1

Let us now focus on the expansion of Wl(g ) (x) at © = co. The last equation for n = 2 gives:
B) W(g) 1
Vo e C : Wz(g) (z,x1) "= 11;2(%) +o0 <332> (4.2)
The first loop equation can be rewritten as:

g—1
y(@)W (@) = S WP @)W (@) + ho, W (@) + Wy (@) (4.3)
p=1

We want to prove the expansion for Wl(g) (z) by induction on g. Let us assume that

for p < g — 1 we have Wl(p)(:r) = O(WIH) as wanted. From (4.2) we get that
(9—2)

W2(gf2)(x,m) =0 (W) =0 (x—ég) All terms in the sum of (4.3) are by in-

duction of order O (ng%) while the derivative term is of order O (x%g) Dividing by

y(x)gives that Wl(g) (x) is at least of order O (ITlﬂ) We also note that only terms in

h, W _1)(x) + WQ(g =2 (x,z) contribute in the leading order of the expansion at x — oo
of ng) (). Since the induction initializes nicely for Wl(l)(a:) and Wl(g) () (see explicit
formulas) we get the following theorem: For all g > 1 we have:

Tr—00 1
ng)(x) = O(x29+1>

(9)
WZ(g)(l‘,ﬂSl) z—00 O, W)™ (1) +o (12> (4.4)



Combining both results implies:

(9) (. ) "2 !
From (4.1), a trivial recursion on n (with g fixed) gives:
T—00 1

Indeed, at each step we gather a factor x% from the first variable and an additional

derivative relatively to one variable that increases the degree by 1. Therefore the exponent
must be proportional to 3n. The initialization of the induction is provided by Wl(g ) and
leads to the previous formula.

5 Proof theorem 3.1

5.1 The case of w,(f;(:c)

The terms w,(ﬁg;(as) correspond to the limit when 7 — 0 of the correlation functions:

w) (@) = lim w9z, ... x) (5.1)

These terms correspond to the hermitian case for which many results are known. In
particular, the structure proposed in the conjecture has been known for a long time and
can be easily recovered by standard results regarding the topological recursion described
in [2] for the spectral curve y?> = 22 — 4T. The main challenge is thus to prove that the
structure remains valid for higher order in A.

5.2 The 19 order in Wl(g)(ac)

First we prove the properties for the A9 order of Wl(g ) (z), that is to say with our notation
for w% (z). The strategy is the following: we observe that the loop equation (2.5) projects

into the highest order in A like:
1 . % -
wif(@) = —— |2y V(@) + 3 i@ (@) (5.2)

In particular, note that the term WQ(g -2 (x, z) cannot provide any contribution here because
its degree in A is at most 7972, Now the previous equation gives a recursive way to compute
(9) ( _1(_1

wyg(z) from the knowledge of leO) () = 3 (m - ﬁ . Let us prove by induction on
(9)

g that the properties presented in the theorem hold for wy (z). First we observe that it

holds for wg}()) (x) thus initializing the induction (note that Wl(o) () never appears in the
loop equations in the double sum so we do not need it to perform the recursion). Then
inserting the desired form of w% (x) with £ < g — 1 into (5.2) leads to:

P (z) = —a(3g - 5)PYY V(@) + («* — 4aT)PSV ()

g—1
+3 PR (@) P P (@) + PE ()P (@)
p=1

,10,



P (x) = —x(39 )PV (@) + (2 —41) PGV (2)

+ Z PR ()P () + PR (@) PP () (5.3)

It is then straightforward to see that the claimed degrees for Pl(f]l) (z) and Pl(:qz) (z) match
properly with the r.h.s. to give respectively g —1 and g. The parity of the polynomials also
follows directly from the one arising in the r.h.s. (one needs to split into cases g even or g
odd to write it properly but no problem arises here). The claim regarding the leading coef-

ficients of the polynomials is a little more subtle. We denote by pg?% and pg‘g the leading co-

efficients of respectively Pl(f]l) and P1(,gz)- Looking at the leading coefficients of (5.3) leads to:

g—1
Pt = —Bg =5t + (g — DV + > el + ol
p=1
P = —Bg—pi% ) + api% Y + Zpl %" + p{lpi (5.4)

If we assume by induction that pgkl) + png) =0 for all K < g— 1 then summing the last two

equations gives pg‘f]% + pﬁ‘@ = 0. Hence we have proved here that the main theorem holds

for wgg) (x).

5.3 The 79 order in W2(g) (x, x)

In order to prove the results for wé‘i]g (x) we first need to take the general loop equation
(2.6) at coinciding points x; = x93 = --- = x,. We know from their definition that the
correlations functions Wég ) (x1,...,xy) are symmetric functions in x1, . .., z, and that they
are regular at x1 = --- = x,,. We get:

y(x)W(g)( 1) = fa( W o= 1>(g;,...,a;))+W§i§2>(x,x,...,x)

. (n—1)
+ Z Z WO (@)W @)+ (W) ... 2)(5.5)
JCI p=0
where the notation (81 ,S )1> (x,...,7) means that we must take twice the derivatives of

(1,0 mp) T/Vr(lg_)1 (1,...,xy) in its first variable x1 and then evaluate it at coinciding
points 1 = - -+ = x,, = x. In particular for n = 2, (5.5) leads to:

h _ _ 1 _ 1 "
Y@ Wy (2,2) =30, (Wi (@,2) v @,z ap2d W3 (@, )W (g W (@)

(5.6)
Taking the coefficient in A9 gives:

y(ulf) () = 10 (wlly )+2Zw” 7@+ el @) 6)

7
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Since we know the properties for wf& (z) from the last subsection, we get a recursive

relation that determines wg‘f]g (x) from the lower cases wgfg (x) with k < g—1. We note also
that the properties stated in the theorem hold for WQ(O) (x,2) = ﬁ hence initializing our
induction. Inserting the desired form and the knowledge about w% (x) into (5.7) gives: (we
mention here that according to 2.3 we have the following observations: y(r)? = 22 — 47T,

’ . x _ . 4r
oy O
%) () %P&%‘%H%Pé?;” ()

+2 Z (PR @) PG (@) + (27 = AT) PR (@) P (w))

1 ’ 1 "
+59(3g — (4 +32")P{Y (1) - B¢ — Da(a® —AT)P(Y (2) + 5 (=" —4T)P{3 ()
-1
Sgac 2 — AT 1y < _, _,
P @) = 2P V(@) + S5 =P @) + 230 (PR @PYS " (@) + PR @) P (@)
p=0
1 ’
1539 — 2)(4g + (39 — Vo) P%) (2) — (3¢ — 2)a(e” —4T)P{Y (x)
1 ”
+5 (@ —4T)P) (x) (5.8)

We remind here that a prime means a derivative relatively to z. Similarly to the
previous case, it is straightforward to observe that the degree and parity properties extend
from the cases k < g — 1 to g by using the results for Pl(p )(az) and Pl(g) (z). The leading
coefficients are again a little more subtle. Indeed the leading coefficients in = of (5.8) gives:

(3g+1) g + 1 (g1 .
piy = ===V ol )+22 (P25 + 1)

+5939 —1)piy — (39 — 1)91?%’% + (2) 5

1
39 (9-1) , 9 (9-1 <
pé{q = —?pgﬂ ) 2 291 ) 22
p=
(9 9=D@=2) ) ;o

39 —2)(g — Vpyq + 5 D1

9)
2

(P17 + o)

—
w
NS
[
[\
~—
—
w
S
|
—_
~—
o
~
—

Then one observes the identity :

S0lg— 1)~ (39— g+ 39lg— 1) = 3 (39~ 2)Bg — 1) ~ By~ 2)(g ~ 1) + 59—~ (g~ 2)

so that the last lines of each quantity are opposite. Hence the induction gives pgg} + pg % 0

concluding the proof for the w% (x).

5.4 The 7972 order in Wl(g) (x)

The loop equation for n = 1 is given by:

g—1
(@)W (@) =S WP @)W @) + Y (@) + Wy (2, ) (5.10)
p=1

— 12 —



Taking order #9~2 in the previous equation gives:

wi’)(z) = 23" whw P (@) + iV (@) + wlly P (@) (5.11)

(k)

From the last section, we know that the desired properties hold for wy(x) and wgf) ().
Therefore the previous equation gives us a recursive way to get w% () from the lower cases
wgkz) (x) with £ < g — 1. The recursion holds for wglz) () = 0 as well as wg (x) = wg?()) ()
that are known cases. A straightforward computation gives:

g—1
. . L
P @) = 2) (PR @)PS " @) + PR@PY @) + (0~ 41 PG (x)
p=2
+(3g —5)ePy V(@) + P ()
g—1
P @) = 2) (PR@PS ™ @) + (22 - aT) PR @) PG () + (a2 = 4T) P ()
p=2
+(3g — 4)2PY Y (2) + PP (2) (5.12)
1,4 2,2

From the last set of equations, it is then easy to observe from the knowledge of Pl(ﬁ) (x),
Pl(g) (x), PQ(? (z) and Pz(,kz) () that an easy recursion on g will lead to the fact that Pl(%) (x)
and Pl(?4) (z) satisfy the expected conditions on their degree, parity and leading coefficients
as stated in the conjecture. The induction goes in the same spirit as before and presents

no difficulty. Therefore we conclude that the desired properties hold for wgf’Q) (x).

6 Limitation of our strategy

The strategy involved in our previous proofs is to use the loop equations only at coinciding
points 1 = --- = x, = = and to use a recursive way to prove our conjecture. In general
the loop equations (2.6) at coinciding points are:

n

g
n—1 (p) (9—p) n—1 (9)
+ Z( ; )Wﬁjﬂ(:c,...,x)wng'g(x,...,m)+2(afwng_l)l( (6.1)

|

Y)W (.. x) = Z&x (W(g_l)(:c, . ,ZL‘)) + Wrg‘i_f)(x,:c, ceey )
1

In the double sum, we exclude as usual the terms (j,p) = (0,0) and (n—1, g). Note here that

we have used the symmetry of the functions W,(Lg 71)(1:1, ..., Tp—1) in order to rewrite the

term involving h. At this point it is tempting to define f,Sg) (z) = T(Lg) (z,...,x) and hope

that previous equation will lead to a nice induction. Unfortunately this is not true when

n > 3 because the term (8%W7§g_)1)| cannot be rewritten easily with qug ) (). Indeed,
the second derivative of fég_)l(w) would imply terms like (&-BjWT(Lg_)l)‘( : that become

problematic when ¢ # j. For n = 1 and n = 2, these terms are no longer problematic and

,13,



we could hope to derive results for these cases (that in particular recover the conjecture of
Witte and Forrester). Unfortunately, equation (6.1) contains the term W,(L‘i_f) (r,z,...,x)
that increases the value of n thus prohibiting a simple recursive approach for every order
in h. However as we proved in this article the conjecture holds for highest and lowest
orders in A and there is little doubt that it should hold for the middle ones. A possible
approach could be to consider the full correlation functions W,gg ) (1, ...,xy,) and propose
a general form that we could insert into the loop equations and that we could prove by in-
duction. This strategy looks tedious because the proposed form should be precise enough
to contain our conjecture but general enough to be proved by induction. Moreover the
computations proposed in appendix A show that the coinciding point limit is very singular
and prevented us to guess a general formula for W,gg)(xl, ..., Tp). Another possible ap-
proach could be to use the expansion at x — oo and insert it in a clever way into the loop

equations to get information about the problematic term (8%W7§g_)1> ’ . Eventually a
T,...,T

last possible way to prove the conjecture could be to propose a formula for every derivative
(8}1 ... 0n WT(Lg )) and prove them by induction. In this approach, the difficult step

[(z,....x)

is no longer becomes to go from (k, p) with k < n and p < g to (n, g) for which (6.1) applies
nicely but to find a way to get the derivatives of Wég ) (x,...,x) from the loop equations.
The author would be very happy to work with anyone interested with this problem.

A TIllustration of the conjecture: computation of the first correlation
functions

In this section we illustrate our conjecture with the computation of the first correlation
(9)

functions Wy’ (z1,...,x,) as well as their limit at coinciding points x; = -+ = z, = .

We find:
W2(1) (iL‘l, 332).

W (. ) h [xm + AT 2323 +4T2? — ATz 39 — 33125 — 3272 + 16723
1,42) = & -
? 20 yiy3 (21 — 72)%y173

+x§x§ + 4T3 — ATx 29 — 32329 — 3272 + 16Txf] (A1)

(1 — 22)%ylyo '
which non trivially gives:
2 2
+18T)  x? +4T
Wi (e, 2) = h (-~ A2
2 (fL‘, J:) 2y7 + 2y6 ( )

The limit at coinciding points is non trivial and comes from the fact that:
P(xy,10) = w323 + 4T3 — ATz 139 — 30309 — 3272 + 16T 2% = P(x,2) = —2y(z)* (A.3)
W2(2)(a:1, x2). We have also:
A(z1,22) o  Plz1,22) Q(z1,22)
— e t R o 4 3,6 3
Y192 Y1y (@1 — x2) yrys (21 — x2)
 Qw2,m1) n S(z1,22)
yiys (1 — 22)3  yiyz(z1 — a2)

Wi (w1, 22) =

. (A.4)
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with:
A(Il, $2) =

P(x1,22) =

Qx1,m2) =

S(l}l,Iz) =

T(5 {E15$2 + 5231%25 + 41714:022 + 4.T12CL‘24 =+ 3:0133323)
+T2 ( — 52 £E13{Ij2 — 52 x1x23 — 52 x12m22 + 43:14 + 41724)

+T3( — 16212 — 16222 + 208 xm) +3207*
g otm? + 5 1wt — 62, %®

+T(6 $14 + 6%24 — 81’1$23 — 8:513322 + 40 $12$22)
+7%(— 8821° — 882, + 32012 ) + 1927

4 2 3 3 2 a4, 3 5
=3z x2" + T2 22 — 5 T T +§$12¢2

+T( — 43:14 + 41:13962 +12 x12x22 + 8x24 — 32 x1x23)

+T2( M pims 42412 + 483522) —6aT?

7 8 4 4 8
?xl T2 +7.’L’1 o' —10x1 22" — 1021 22

+3 $19£E23 + 31‘131729 -6 $16IE26
+T( — 36 $12£L'28 — 36 ZE182322 + 128 1'14ZE26 + 128 x16x24 — 7371751123 — 71‘13$27

+13 21 %20 + 13 2122° — 268 x15x25)

72 ( 15621 zs — 156 21227 + 38821 Cxa? + 388 21 %22% + 411 ® + 4 20°

1284213 2° + 28431 %25 — 320 x14x24)

— 3376 21 20° — 3376 1% 22" 4+ 16 2122° — 16 22° — 16 21° + 16 21 22 + 2912 $13m23)

47! (12160 212m5° + 33922, + 3392 20" — 371221 2,% — 3712 x13x2)
+T° ( — 10240 21 — 10240 25> + 2048 a:lxg) +12288T° (A.5)

Note that A(z,x) oc y(z)?, P(x,z) < y(x)8, Q(z,r) oc y(z)® and S(z, ) o y(z)'?

W3(1) (ar:l, T, $3).

W( )($1,$2,5L‘3) = h[

Q111(z1, 2, 3) Qio0(x1, z2,23)
Y Y5Y3 yiysys (@1 — 3)3 (22 — 23)3
Q101(z1, 22, 3) Qo1 (1,2, x3)
yiySys(er — x2)3(z2 — 23)%  yysys (21 — 0)? (21 — 3)3

(A.6)

with polynomials ) given by:

Qlll -

Q110 =

2 3 3 3 3 2 3 2 3
T1 X2 w3” + X1 T2 3" + X1 w2 w3
+T 8112x22x32 +2 2712511231'3 + 2:111:11231,'32 + 2x13x2x32 + 2 33121121}33
+2x@a’ws® + 201w ws 4+ 221 %05 + 221720 + 2 $23$33)
+T2( — 8.’[22$32 — 82:123022 — 8$12I32 — 32 1‘1IQ2I3 — 32 13113223‘32 — 32 $12CCQ.CC3
—32 m1m33 — 32 m1x23 — 32 x13x3 — 32 x2x33 — 32 x23x3 — 32 x13m2>
+7° (224361363 + 224 w3 + 224 w122 — 64317 — 64327 — 643032) +640T" (A.7)
+2 3,’1333‘24.1334 + 2.%141’233334 — 33313.%231’35 — $14$241’33
+7T( —18 5E23J336 — 18 x13x36 — 63013038 + 48 x1x23m35 + 24 J}14.T23£E32 — 18 1’11’24$34

2 3 4 3 3 3 8 4 4 2 2 5 4 4
+6x1 22" x3” — D21 w2 x3” — 6xoxs” — 121 w2 x3 + 361 22" x3” — 18 1 X223
3 5 3.2 4 2 6 2 .6 4 5 2 4 3
—|—48 xr1 " x2x3” + 6%1 X2 T3 — 48 T1 23 — 48 r1xr2 T3 + 6:1’2 xr3 — 12 Tr1 T2 I3
3 4 2 7 4 2 3 2 7 2 7 4 5
+24 21 20 3" + 28 1oz’ — 121 w2 w3” + 181 w3 + 18 22 w3 + 621 x3 )

+T2 (88 $2x36 + 48 $24£L‘33 — 32 ZL‘37 + 48 ZE142333 — 72 $22£L‘35 — 48 ZL‘231'34 + 48 $12$24ZE3

,15,



+48 m14x22x3 — 48 x1x24x32 — 48 m14x2x32 + 48 x1x23x33 — 144 x12x22x33
+168 l‘ll‘221’34 + 168 1’121‘21‘34 + 48 $131’21’33 — 288 1311:21‘35
—72 $12$35 + 88 x1x36 — 48 56131234)

+T3 (96 27121'33 — 96 1‘131,'32 — 96 x13m22 + 96 x22x33 — 96 $12$23 — 96 m23:v32

—32 $14.T3 — 32 33‘24.133 — 32 l‘14I2 — 32 .131.1324 —+ 64.@13332333 + 64 1’13}2333‘3
—256 m1w2x33 + 224 I2I34 + 224 1,’11334)

+7 (384 122° — 3841225 + 384 ox3° + 384 z125> + 384 21 w0 — 384 11225
1024 25% + 256 21° + 256 20> — 256961302303)
+7° (2048 25 — 102421 — 1024 25 ) (A.8)

and
Q101(71, 72, 73) = —Q110(71, 73, 72) and Qo11(71, T2, 73) = Q110(73, T2, 71) (A.9)
@111 is a symmetric polynomial and we have:

Quui(z,z,z) = ylx)*(3z* + 50T2% 4 40T?)

Quio(x, xo, x3) —  22(216T% — 12222 + 212%) (A.10)
(x — x3)3 (29 — 23)3 22,2300

We can obtain similar limits for Q191 and Qp11 so we find:

324 + 50722 + 4072  z(32* 4+ 160722 + 35472)

(1) _
Wy (x,x,x) =h ST 2

(A.11)

We checked our conjecture for all correlation functions required to obtain W1(5) (). As
one can see from the previous example, taking coinciding points 1 = --- = x, = x is

highly non trivial and increases the power of y(z) at the denominator quite substantially.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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