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This paper studies the influence of boundary conditions on a fluid medium of finite depth. We determine the frequencies and the
modal shapes of the fluid. The fluid is assumed to be incompressible and viscous. A potential technique is used to obtain in three-
dimensional cylindrical coordinates a general solution for a problem. The method consists in solving analytically partial differential
equations obtained from the linearized Navier-Stokes equation. A finite element analysis is also used to check the validity of the
present method. The results from the proposed method are in good agreement with numerical solutions. The effect of the fluid
thickness on the Stokes eigenmodes is also investigated. It is found that frequencies are strongly influenced.

1. Introduction

Flow modeling in confined domains leads mostly to Stokes
models [1]. The use of this model in the field of microflu-
idics and nanofluidics [2, 3] and in the understanding the
movement of microorganisms [4] currently in full swing. This
recent years, several authors have focused on the modal anal-
ysis of this model. We can cite in particular the aspects related
to problems arising from geophysics. These studies highlight
the existence of slow wave or Stoneley waves [5-7]. Other
authors [8, 9] have focused on the dynamic aspects in the con-
text of fluid-structure interaction. The numeric aspects for
coupled (or not) modal problem were discussed in [10-12].
The theory of potential flow of viscous fluid was intro-
duced by [13]. All of his work on this topic is framed in terms
of the effects of viscosity on the attenuation of small ampli-
tude waves on a liquid-gas surface. The problem treated by
Stokes was solved exactly using the linearized Navier-Stokes
equations, without assuming potential flow, and was solved
exactly by [14]. Reference [15] has identified the main events
in the history of thought about potential flow of viscous fluids.
The problem of Stokes flow in cylindrical domain has been
investigated by several authors. References [16, 17] studied

Stokes flow in a cylindrical container by an eigenfunction
expansion procedure without the compressibility effect.

Potential flows through different kinds of geometry have
been studied by many investigators for several applications.
For example in vascular fluid dynamics, [18] presented the
role of curvature in the wave propagation and in the develop-
ment of a secondary flow. Reference [19] has studied the flow
and pressure dynamics of the cerebrospinal fluid flow. Three-
dimensional CSF flow studies have also been reported [20].

The knowledge of Stokes eigenmodes in a three-dimen-
sional confined domain, in a square/cube [10], or in any
bounded domain could provide some insight into the under-
standing or analysis of turbulent instantaneous flow field in a
geometry as simple as, for instance, the driven cavity.

This paper deals with analytical and numerical modeling
of three-dimensional incompressible viscous fluid using the
potential technique and the finite element method. The ana-
lytical formulation is based upon a convenient decomposition
of the velocity field into two contributions [9-21]: one is
related to the scalar potential and the other is the vector
potential.

The rest of the paper is organized as follows. In Section
2, we write the linearized Navier-Stokes equation, a simple



representation for the velocity field in terms of the potential.
The implementation of analytical solutions is discussed in
detail. Section 3 describes boundary condition treatment for
modeling Stokes eigenmodes. Section 4 investigates the case
of fluid-solid interaction. Section 5 is completely devoted to
the analytical and numerical results. Finally, the paper is
ended by some conclusions.

2. Governing Equations

From conservations of mass and momentum and assuming
that the fluid is viscous and incompressible, the motion of the
fluid flowing in the cylindrical waveguide in the absence of
body force is governed by

Pw = -Vp(r,0,2) + Vv (r,0,2), M

V.-v(r,0,z)=0, (2

in which v(r,0,2z) = {v,, vy, vz}T(r, 0, z) is the fluid velocity
vector, p(r,0,z) is the fluid pressure, p is the density of the
fluid, and v and 5 = pv are the kinematic and dynamic fluid
viscosity, respectively.

The obtained equations of motion are highly complex and
coupled. However, a simpler set of equations can be obtained
by introducing scalar potentials ¢, ¥, and y, known as the
Helmholtz decomposition. The Helmholtz decomposition
theorem [22] states that any vector v can be written as the sum
of two parts: one is curl-free and the other is solenoidal. In
flow fields, the velocity is thereby decomposed into a potential
flow and a viscous flow. In other words, the velocity v can be
decomposed into the following form:

v=Vp+Vx(ye,)+VxVx(xe,), 3)

where e, is the unit vector along the z direction. Substituting
the above resolutions into (1) and (2), after some manipula-
tions, the equation for the conservation of mass (2) becomes
the Laplace equation:

V¢ (r,0,2) = 0, (4)

and the equation for the conservation of momentum (1)
becomes the Helmholtz equations

Vzw(r,e)z)_lwzo)
v ot 5)
10y (r,6,2)

v? ,0,2) - ———>——2 =0,

x(r6:2) v ot

where V? = (9%/0r”) + (1/r)(0/0r) + (1/r*)(0*/06°) + (3°/
0z?) is the Laplacian operator in polar coordinates, and time
dependence has the form exp(jwt). The pressure can be pre-
sented by

-,
p=-p5 (6)

Thus, the Navier-Stokes equations are reduced to formula-
tions (4), (5), and (6). Of course, it does not mean that

in any case such a decomposition of fluid’s velocity field
gives considerable simplifications in solving the problem
because boundary conditions for stresses are not separated.
The vibrations are harmonic, with constant angular frequency
w; as a result all potentials components and pressure will
depend on time only through the factor exp(jwt).

Applying the method of separation of variables, the
solution of the equations for potentials, associated with an
axial wave number k,, radial wave number k,, and cir-
cumferential mode parameter n, after considerable algebraic
manipulations, can be shown to be

8= (A1, (k) + B, (k)] { S )|

@)
S ot

v =[cJ, (k,r) + DY, (k,7)] {Zi’; ((Z(g))}

(8)
i

x = B, (k) + FY, (k,7)] {z;‘; ((ZZ))}

)

fat)

J, and Y, are Bessel functions of the first and second kind
of order n. I, and K, are modified Bessel functions of
the first and second kinds of order n. n and k, are the
azimuthal and axial wavenumbers. n = 0,1,2,..., whereas
k, is found by satisfying the symmetry boundary condition
on the z = 0 and z = [ Note that the velocity field
v has components that are symmetric or antisymmetric in
0 and z. Following standard practice, the solutions with
symmetric (antisymmetric) axial velocities are called the
antisymmetric (symmetric) axial modes, respectively, with
k? and k] denoting the corresponding eigenvalues. Thus, we
have k} = (m — )/l and k = mn/l im = 0,1,2,...).
However, the azimuthal modes corresponding to cos(nf) and
sin(n0) are really the same, due to periodicity in the azimuthal
direction; that is, there is no distinction in the values of » for
the two families. A, B,C, D, E, and F are unknown coeflicients
which will be determined later by imposing the appropriate
boundary conditions. The radial wave number k,, is related
to the axial wave number k, by

K=o -k

v o w= jvocz, (10)

where j = v/~1. In the end, the pressure can be obtained by
insertion of (7) into (6),

p =na’ [AL, (k,r) + BK, (k,r)] cos (n0) cos (k,z). (1)



Using (3) and taking into account (7), (8), and (9), the
fluid particle velocities in terms of the Bessel functions can
be written as

v, = {AIr'l (k,r) + BK. (k,r) - chq (k,r) - ;DYn (k,r)

+ I BT (kyr) + K.Y () |
x sin (n0) cos (k,z),

Vg = {;AIH (k,r) + ;BK,, (k,r) - C]:l (kwr)

' k,
=D (kyr) + 2 [B1, (k) + 7, (k)] |
x cos (nf) cos (k,z),
v, = {kyEJ, (k,r) + ky FY, (k,r) = kAL, (k.r)

—k,BK,, (k,r) } sin (1) sin (k,z) .
(12)

In the following section we consider a fluid with different
boundary conditions.

3. Boundary Conditions and

Frequency Equation
First we define I'; (r = R,), as the inner boundary of the fluid
region, and I, (r = R,), as the outer boundary. We begin

the analysis of frequency equation for imposing the no-slip
boundary conditions.

3.1. Stokes Eigenmodes in the Case of “No-Slip-No-Slip” Bound-
ary Conditions. The no-slip hypothesis of fluid mechanics
states that liquid velocity at a solid surface is equal to the velo-
city of the solid surface. Hence the no-slip boundary condi-
tion can be written as

(1) the velocity is equal to zero at I}:

v, =vg=v,=0, (13)
(2) the velocity is equal to zero at I:

v, =vg=v, =0. (14)

Combining these boundary conditions with (12) yields for
each mode number (1, m) the following linear system:

[M,] {x} = {0},

where [M,]isa6 x 6 matrix whose components a;; are given
in Appendix A. For a non-trivial solution, the determinant of
the matrix [M,] must be equal to zero

det[M,] = 0. (16)

{x}={ABCDEF}, (15)

The roots of (16) give the natural frequencies w of the
cylindrical oscillations. Figure 16 in Appendix D shows ana-
lytical calculation of eigenvalues o and using (10) we obtain
the natural frequencies w [rd/s].

3.2. Stokes Eigenmodes in the Case of “No-Slip-Normal
Stress-Free” Boundary Conditions. The pressure and velocity
boundary conditions on the free surface are both formulated
from the dynamic constraint of continuity of normal momen-
tum flux across the free surface. The component of the stress
tensor in the outward normal direction is therefore

a~n:{—p1+;7[Vv+(Vv)T]}, n=0, 17)

in which I is a unit tensor. By applying this condition on I}
we obtain

Opr = 0ppg = 0pz = 0. (18)

Combining these boundary conditions and (14) yields for
each mode number (1, m) the following linear system:

[M,]{x}={0}, {x}={ABCDEF", (19

where [M,]isa6 x 6 matrix whose components b;; are given
in Appendix B. For a nontrivial solution, the determinant of
the matrix [M,] must be equal to zero

det [M,] = 0. (20)

The roots of (20) give the natural frequencies w of the
cylindrical oscillations.

3.3. Torsional, Flexural, and Breathing Stokes Eigenmode. The
results presented in (16) and (20) are a general natural fre-
quencies equation. For some simpler modes, the abovemen-
tioned method can be simplified. For example, we have the
following.

3.3.1. Torsional Stokes Eigenmode. The torsion mode vibra-
tion is such a mode in which the scalar components of the
velocity {v,, v,} are zeros and only the circumferential velocity
vy is independent of 0. This condition is achieved if ¢ = 0
and y = 0. Through (3) this gives for the nonvanishing com-
ponents of displacement and stresses:

0
vy=-=. 1)

Thus, the general solution for y must be constructed from
the set

y(r,z) = [C]o (kwr) + DY, (kwr)] sin (k,z). (22)

In this case the boundary conditions equations (13) and
(14) become

vg=0 atr=R,,
(23)
vg=0 atr=R,.
Then, (15) becomes
[T]{x} = {0}, {x}={C D}". (24)

[T]isa2 x 2 matrix whose components are calculated using
Appendices A and B. Solving det[T] = 0 gives the torsional
modes.



3.4. Longitudinal Stokes Eigenmode. Another simpler mode
vibration is called longitudinal mode vibration in which vy =
0 and {v,,v,} are independent of 6. This means that the
motion is confined to planes perpendicular to the z-axis,
which can move, expand, and contract in their planes. The
solution for the displacement field and stress vector follows
from (3) and (17):

_9 . x
T ke or
v, = -k, + kiX,
82(/5 o azx (25)
R FEAE R &

d
G, =1 {—Zkzg—(f (k- K2) a—’r‘} .

Thus, the general solution for ¢ and y must be con-
structed from the set:

¢ = [AIO (kzr) + BYO (kzr)] sin (kzz) ’
X = [E]O (kwr) + FY, (kwr)] cos (k,z).

In this case the boundary conditions equations (14) and
(18) become

0,=0,=0 atr=R,,
(27)
v,=v,=0 atr=R,.
Then, (19) becomes
[L]{x} = {0}, {x}={ABEF}. (28)

[L]isa4 x 4 matrix whose components are calculated using
the Appendices A and B. Solving det[L] = 0 gives the longitu-
dinal modes.

3.4.1. Flexural and Breathing Stokes Eigenmodes. The mode
shape n = 1 is called flexural mode vibration in which
all components of the displacement are nonvanishing and
depend on 7, 0, and z. The mode shape n > 2 is called breath-
ing mode vibration in which all components of the displace-
ment are non-vanishing and depend on r, 6, and z.

In the following we will introduce the interest of the
fluid-structure interaction and we will study the influence of
viscosity on the eigenmodes of an elastic solid. For this, the
inner boundary of the fluid region I is represented by an
elastic wall.

4. Fluid-Structure Interaction

Fluid-structure interaction problems have long since
attracted the attention of engineers and applied mathematics.
The most important applications of this theory, are probably,
structural acoustics [23], vibrations of fluid-conveying pipes
[24, 25], and biomechanics. As these problems are rather
complicated, some simplifications are typically adopted to

facilitate their solving. In particular, it is quite typical to
ignore viscosity effects (especially in structural acoustics) or
to use local theories of interaction, such as the one referred
to as thin layer or plane wave approximation.

4.1. Governing Equations of Elastic Media. The wave motion
in an isotropic elastic medium is governed by the classical
Navier’s equation:

—pwu=pVu+(A+p)VV-u, (29)

where p, is the density, A, p are the Lamé constants, and
u(r,0,z) = {u,, uy, uz}T(r, 0, z) is the vector displacement of
particles.

The obtained equations of motion are highly complex and
coupled. However, a simpler set of equations can be obtained
by introducing scalar potentials @, ¥, and ®, known as the
Helmbholtz decomposition such that

u=V0+Vx(¥e,)+VxVx(Qe,). (30)

Substituting (30) into (29) leads to three sets of differential
equations

2 4

VO (r,0,z) - v—?CD (r,0,2) =0,
o
2 4

V2 (r,0,2) - =¥ (r,6,2) = 0, (31)
cr

2 4
[0

Ve (r,0,z) - v_® (r,0,z) =0,
cr

2

where ¢, = /(A +2u)/p, and ¢ = /u/p, are the compres-

sional and shear wave velocities in the solids, respectively.
Applying the method of separation of variables, the solution
of the equations for potentials, associated with an axial wave
number k,, radial wave number (kg, ky), and circumferential
mode parameter », after considerable algebraic manipula-
tions, can be shown to be

®© = [al, (ker) + bK,, (ker)] sin (n6) cos (k,z),
¥ = [cI, (kyr) + dK,, (kyr)] cos (n0) cos (k,z),  (32)

0 = [el, (kyr) + fK,, (kyr)] sin (n0) sin (k,z) .

The radial wave number (kg ky) is related to the axial
wave number k, by

2 4 2 4

=Tk, K=k (33)
L cr

and a, b, ¢, d, e, and f are unknown coeflicients which will
be determined later by imposing the appropriate boundary
conditions.



Using (30) the scalar components of the displacement
vector u in cylindrical coordinates can be expressed by

obd n 00
=— - -Y+k,—,
S P T or
n v nk (34)
= —@ —_— — _z ,
Y r or " r
u, = —k,® - ks, 0,

and the radial and tangential stresses are given by Hooke’s law
as

2 4
Yo ou

5= A2y,
i ¢ ‘Mar

Ooug Uy lau}
s o] o 10U ] (35)
6 #{E)r r 700

s {aur . auz}
=M% Tor |
4.2. Boundary Condition and Frequency Equation. We define
I, (r = R,) as the boundary contact between the fluid region

and the solid region and I, (r = R,) as the outer boundary.
The relevant boundary conditions can be taken as follows.

(1) The normal components of the solid stresses must be
zero on the interface I

5, =%=%,=0. (36)

(2) Kinematic boundary condition (velocity must be
continuous) on the interface I}:

v, = jwu,, Vg = jwuy, v, = jou,. (37)
(3) Dynamic boundary condition (normal stresses must

be continuous) on the interface I:

Opp = er’ 0,9 = Zre’ Oz = z:rz' (38)
(4) On the interface T, at the outer cylinder the normal

stress is equal to zero:

GVT

=0,§=0,,=0. (39)

Combining these boundary conditions with (34)-(35) and
taking into account (7)-(9) and (32) yields for each mode
number (1, m) the following linear system:

M] {y} = {0}, (40)

where {y} = {ABCDEFabcdef}T and [M] is an
twelfth-order operator matrix, which is given in Appendix C.
For nontrivial solution, the determinant of the matrix M must
be equal to zero:

det [M] = 0. (41)

This equation indicates a relationship between the
dynamic fluid viscosity #, density of the fluid p, and the elastic
constants. The roots of (41) give the infinite natural frequen-
cies w.

o

Fluid domain

g

F1GURE 1: Configuration of the viscous oscillations of a cylindrical
incompressible fluid of length I in circular cylindrical coordinate
system (7,6, z). R, and R, are the inner and outer radius of fluid
domain, respectively.

Fluid domain

FIGURE 2: Geometry of fluid domain.

5. Analytical, Numerical
Results and Validation

Numerical calculations were performed on the example of the
hollow cylinder (Figures 1, 2, and 3) with [ = 0.15[m], and
different dimensions such as the inner radius R; = 0.07 [m]
and the outer radius R, = 0.09 [m] of fluid domain are used.
The fluid used in the hollow cylinder for which density of
920 [kg-m_3] and dynamic’s viscosity of 0.1 [Pa-s] is assumed.
The following values of parameters of the the elastic solid
are in contact with a viscous liquid were assumed: p, =
1150 [kg/m’], », = 0.48, E = 3-10° [Pa], and the inner radius
of elastic solid R, = 0.068 [m].

With the derived eigenfrequency equations, natural fre-
quencies w,,, = Im(vocflm j) for each pair of (n,m) are cal-
culated in the software Mathematica. m and »n denote the
mode in axial and azimuthal (propagating clockwise around
the vortex) direction, respectively. To validate the analytical
results, the natural frequencies and mode shapes are also
computed using Comsol Multiphysics FEM Simulation Soft-
ware. The natural frequencies are computed directly from



Fluid domain

Solid domain

FIGURE 3: Geometry of fluid-solid interation model. R, and R, are
the inner and outer radius of solid domain, respectively.

Axial wavenumber m

—e— No-slip-no-slip
—s— No-slip-normal stress-free
—+— Normal stress-free-normal stress-free

FIGURE 4: Variations of flexural eigenmode for different boundary
conditions.

1 2 3 4 5 6 7

Axial wavenumber m

—e— No-slip-no-slip
—=— No-slip-normal stress-free
—=— Normal stress-free-normal stress-free

FIGURE 5: Variations of breathing eigenmode for different boundary
conditions.

1 2 3 4 5 6 7
Axial wavenumber m
—e— No-slip-no-slip

—=— No-slip-normal stress-free
—=— Normal stress-free-normal stress-free

FIGURE 6: Variations of torsional eigenmode for different boundary
conditions.

TaBLE 1: Natural frequencies w [rd/s] for various mode shapes in the
case of “no-slip-no-slip” boundary conditions.

No. (n,m) Present FEM Mode shape
1 (0,0) 2.694 2.694 Torsional
2 0,1) 2.742 2.742 Torsional
3 (1,1) 2.755 2.755 Flexural
4 2,1) 2.800 2.800 Breathing
5 (3,1) 2.882 2.882 Breathing
6 0,2) 2.885 2.885 Torsional
7 (1,2) 2.900 2.900 Flexural
8 (2,2) 2.948 2.948 Breathing
9 (4,1) 3.000 3.000 Breathing
10 (3,2) 3.030 3.030 Breathing
11 (0,3) 3.124 3.124 Torsional
12 (1,3) 3.140 3.140 Flexural
13 (4,2) 3.147 3.147 Breathing
14 (5,1) 3.153 3.153 Breathing
15 2,3) 3.189 3.189 Breathing
16 (3,3) 3.271 3.271 Breathing
17 (5,2) 3.299 3.299 Breathing
18 6,1) 3.341 3.341 Breathing

(24) for torsion vibration. For longitudinal vibration, (28) can
be used to determine the corresponding natural frequencies.

Tables 1 and 2 show the comparison of the first 18
natural frequencies and the corresponding mode shapes of
viscous fluid by FEM and the present method (see (16) and
(20)). For example in the case of “no-slip-normal stress-free”
boundary conditions, in the first 18 natural frequencies, four
correspond to flexural vibration (n = 1), nine to breathing
vibration (n > 2), four to torsional vibration, and one to
longitudinal vibration. The very good agreement is observed
between the results of the present method and those of
FEM and the relative difference ((FEM-Present)/Present) is
<1%. This shows that the algorithm implemented in Comsol



(@) (n,m)=(0,1)

(®) (n,m) =(0,2)

FIGURE 7: The torsional modal shapes of (1, m): streamlines of components of velocity field.

@) (nm)=(11)

(b) (n,m) = (1,2)

F1GURE 8: The flexural modal shapes of (1,): streamlines of components of velocity field.

Multiphysics [26, 27] software for numerical computation is
highly reliable and accurate. This algorithm is based on the
UMPFPACK method [28]. Is the attention to use the numerical
formulation in future for more general geometries.

Tables 1 and 2 and Figures 4, 5, and 6 show that natural
frequencies are very sensitive to the nature of the boundary
conditions. It is seen that the effect of the free surface is very
interesting and decrease the frequency of a fluid confined in
arigid cylinder.

Figures 7, 8, and 9 show, respectively, the two modal
shapes of the torsional, flexural, and breathing vibrations. The
modal shape can be regarded as the mode (1, m), where n is

the modal number in the circumferential direction and m is
the modal number in the axial direction. The modal shapes
are not in order with the parameters n and m. This feature of
cylindrical vibration is different from that of beam vibration
in which the order increases with the modal parameter.
Therefore in the vibration of the cylinder, one should be
careful to find the right mode of the vibration.

In this paper, the effects of boundary conditions and of
cylindrical parameters on the natural frequencies of cylindri-
cal viscous fluid are presented with the present method. In
these studies, investigations are carried out to study the effects
of circumferential mode #, axial mode 1, and fluid thickness



(@) (n,m)=(2,1)

(b) (n,m) =(2,2)

FIGURE 9: The breathing modal shapes of (2, m): streamlines of components of velocity field.
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1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

Circumferential wavenumber n

—— m=0 —— m=3
—m=1 —=— m=4
—— m=2

FIGURE 10: Variations of the natural frequencies w for different values
m with the mode m with the mode n.

e = R, — R, on the frequencies. Influence of viscosity on the
natural frequencies of an elastic solid is also investigated.

First, one investigates how the natural frequencies vary
with the axial mode m. Figure 10 shows that the natural
frequencies increase as the axial mode m increases except
when m = 0. This value of m corresponds to 2D problem of
viscous oscillations.

Secondly, one investigates how the frequencies vary with
the fluid thickness. Figures 11, 12, and 13 show that the fluid
thickness has a strong influence on the natural frequencies.

Thirdly, one investigates how the dense fluid (added
mass) affects the natural frequencies. Tables 3 and 4 show
the coupled and uncoupled natural frequencies varying with
circumferential and axial mode (n,m). As n increases, the

50

40
30
20

ij

0

1 2 3 4 5 6 7 8 9 10
Axial wavenumber m

—— e=0.02
—— e =0.015

—=— e =0.01
—o— e = 0.005

FIGURE 11: Variations of the torsional eigenmode (n = 0) w for
different fluid’s thickness e with the mode m.

difference between the coupled and uncoupled natural fre-
quencies increases. Figures 14 and 15 show that the presence
of fluid has no influence on the modal shapes of an elastic
solid.

6. Conclusion

We have presented an analytic solution for the Stokes eigen-
modes of a viscous incompressible cylindrical fluid. Using
the Helmholtz decomposition for the velocity field, we obtain
an eigenvalue problem for w. The analytical results are in
very good agreement with FEM results. This analytic method
clearly distinguishes between the potential and rotational
components and the contributions of each to various flow
variables can be analyzed if one wishes so. The present
solution is for cylindrical viscous fluid and is not limited to
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FIGURE 12: Variations of the flexural eigenmode (n = 1) w for

different fluid’s thickness e with the mode 1.
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Axial wavenumber m

—— e =0.02
—— e =0.015
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FIGURE 13: Variations of the breathing eigenmode (n = 2) w for
different fluid’s thickness e with the mode m.

a cylindrical shape. The same scalar potentials can be used to
obtain stokes eigenmodes in the case of a spherical geometry.
Finally, a knowledge of the stokes eigenmodes of viscous fluid
is likely to be of use in performing a dynamic analysis by
modal projection method.

Appendices
A.

The matrix M; in (16) is defined as follows:

app G Gy Ay G5 G

dy1 Gy Gy Gy Gps Oy
ap 0 0 ass az (A1)

Ay Qgp Qg3 Qg Qg5 Qg '

as1 G5y Q53 Qs Qss dsg

g1 Ay 0 0 ags age

TaBLE 2: Natural nfrequencies w [rd/s] for various mode shapes in
the case of “no-slip-normal stress-free” boundary conditions.

No. (n,m) Present FEM Mode shape
1 (1,1) 0.889 0.889 Flexural

2 (0,0) 0.898 0.898 Torsional
3 2,1) 0.908 0.908 Breathing
4 0,1) 0.946 0.946 Torsional
5 (0,1) 0.951 0.951 Longitudinal
6 (3,1) 0.984 0.984 Breathing
7 (1,0) 0.990 0.990 Flexural

8 (1,2) 1.087 1.087 Flexural

9 (0,2) 1.089 1.089 Torsional
10 (2,2) 1.1070 1.1070 Breathing
11 (4,1) 1.1073 11073 Breathing
12 (1,1) 1.113 1.113 Flexural
13 (3,2) 1171 1171 Breathing
14 (2,0) 1.251 1.251 Breathing
15 (5,1) 1.271 1.271 Breathing
16 (4,2) 1.281 1.281 Breathing
17 (0,3) 1.327 1.327 Torsional
18 (1,3) 1.337 1.337 Flexural

TaBLE 3: Uncoupled natural frequencies w [rd/s] for various mode
shapes of elastic solid.

No. (n,m) Present FEM Mode shape
1 (2,0) 0.952 0.952 Breathing
2 (3,0) 2.693 2.693 Breathing
3 (4,0) 5.157 5.157 Breathing
4 (4,1) 7.145 7.145 Breathing
5 3,1) 7.389 7.389 Breathing
6 (5,0) 8.326 8.326 Breathing
7 (5,1) 9.431 9.431 Breathing
8 2,1) 11.456 11.456 Breathing
9 (6,0) 12.190 12.190 Breathing
10 (6,1) 13.035 13.035 Breathing
11 (5,2) 14.379 14.379 Breathing
12 (4,2) 14.700 14.700 Breathing
13 (6,2) 16.504 16.504 Breathing
14 (7,0) 16.739 16.739 Breathing
15 (7,1) 17.500 17.500 Breathing
16 (3,2) 18.005 18.005 Breathing
17 (7,2) 20.270 20.270 Breathing
18 (1,1) 20.289 20.289 Flexural
where

an = I:l (szl) > ap = K:l (sz1)>

a3 = _R%]" (ku/Rl) >



(a) w=10.952

(b) w=17.389

(c) w=11.456

(d) w=20.289

F1GURE 14: The modal shapes (1, m) of elastic solid without fluid: the colours pertain to the displacement filed.

ay = —Riyn (k,R,),

a5 = kZ]:l (kv/Rl) >
n
) = R_lln (szl) >

y3 = _]:1 (kal) >

nk

A5 = R_lz]n (kl//Rl) >

az = _kzIn (szl) >

ass =k J, (ky R, ) »

1

ay = kY, (k,R,),
n
Gy = R_lKn (szl) >

Ay = _lel (kuxR1) >
nk

e = R_len (kal) >

as = _szn (szl) >

Gz = kﬁlYn (kyR,),

a4 = I; (szz) >

g = K:, (szz) >

Gy3 = _R%]n (kaz) >

n
Uk,

A5 = kz]y,: (kaz) >
as) = Rﬂzln (szZ) >
as3 = —],,, (kaz) >

k
ass = nR_:]n (ky/Rz) >

Y, (k,R,),

as = k.Y, (k,R,),
n

a5y = R_Kn (szZ) >
2

as, = Y, (k,R,),

k
asg = ”R—:'Yn (kyR,).



TABLE 4: Coupled natural nfrequencies w [rd/s] for various mode

shapes.

No. (n,m) Present FEM Mode shape
1 (0,1) 0.535 0.535 Torsional
2 (1,1) 0.566 0.566 Flexural

3 2,1) 0.645 0.645 Breathing
4 (0,2) 0.678 7145 Torsional
5 (1,2) 0.699 0.699 Flexural

6 (2,0) 0.702 0.702 Breathing
7 (3,1) 0.749 0.749 Breathing
8 (2,2) 0.760 0.760 Breathing
9 0,1) 0.780 0.780 Longitudinal
10 1,1) 0.813 0.813 Flexural
11 (3,2) 0.854 0.854 Breathing
12 (4,1) 0.872 0.872 Breathing
13 (0,3) 0.917 0.917 Torsional
14 (3,0) 0.924 0.924 Breathing
15 (1,3) 0.935 0.935 Flexural
16 (4,2) 0.978 0.978 Breathing
17 (2,3) 0.988 0.988 Breathing
18 (5,1) 1.019 1.019 Breathing

g1 = _kzIn (szZ) >

ags = ky I, (kyR,) »

gy = _szn (szZ) >

ags = kY, (ko R,) .

(A.2)
B.
The matrix M, in (20) is defined as follows:
by by by by bis by
by by by by by by
M, = by by, byz by bis by ’ (B.1)

where

bll =N [ZIr’l, (szl) - ‘len (szl)] >

b, =1 [ZK: (k,R;) — “an (szl)] >

2
bis = % [ (ke Ry) = RJ, (g Ry )|
1
2
by, = % [Y, (k,R,) - R,Y; (k,R,)].
1

bjs = 2’7kz]r’l, (kal) >

bis = 2’7sz: (kal) >

2nn

by, = % [R,I (k,R) - I, (k.R,)] .
1
2nn

by, = % [R,K] (k,R,) - K, (k,R,)].

by = - [2) (kyRy) + K, (R

by =1 [ZY: (kv/Rl) + ki/Y" (k‘/’Rl)] ’

2nnk,
bs = 0% (R (k) - 1, (k.R))]
1
2nnk, )
b26 = [RlKn (szl) -K, (szl)] >

R}
by, = _2’1kz1r,1 (szl) >

by, = _2’7sz:1 (szl) >

nk,

by = URI Ju (kV/Rl)’
k

by, = ’7; 2y, (k,R,),

C.

The operator matrix M in (41) is defined as follows:

A B
M= ,
CD
[0 0 0 0 0 07
0 0 0 0 0 O
0 0 0 0 0 O
A= ,

bl 1 blZ bl 3 b14 bl 5 bl 6
b21 b22 b23 b24
L b31 b32 b33 b34 b35 b36 A

)
[
NS
(=)}

¢7 G G9 G0 G G2
Q7 G8 Q9 Q10 Qu Q12
G7 Gg Go Gl G G2
C7 CGg C9 CG10 G G2

Gy Gg Go Gio G Gz

| G667 Gs %9 C6 10 G611 G612 J

(B.2)



(a) w=10.702

(b) w=0.749

(c) w=0.645

(d) w=0.813

F1GURE 15: The modal shapes (1, m) of elastic solid with fluid: the colours pertain to the displacement filed.

apn
a1
as)
€01
€11
€21

an
)
as
€02
C12
€22

G7 8

Cg7 Cgs

_ | Q7 Gs
b= 0 0
0 0

0 0

a3
3
0
€03
13
€23

Ay
o
0
Clo4
C14
C24

a5
5
ass
€05
Ci1s
‘125

A6
e
ase
€06
Cie
‘126

G9 G0 G111 G2

C9 CGg10 G311 S812

o

0
0
0

0 o G2
0 0 0
0 0 0
0 0 0

>

(C1)

" /\v?oc4
¢y =2u | I, (koRo) + Wln (koRo) | »
i
" Av?(x‘l
ag =2u | K, (koRy) + WKH (koRy) | »
L
2un
Cg = % [In (kyRy) — Ron,; (k‘I’RO)] >
0

2un
G0 = % [Kn (kyRy) — ROK:L (k‘I’RO)] >
0



aqn = zlf‘kzlr,;’ (k\yRo) >

c1p = 2uk, K (k‘yRo)

Q7 = 2;;0” [R I (kan ) (ktDRo)] >

2un
Gg = M [ROK (koRy) — K, (kcho)] >
Qo = U [k\zyln (kyRy) — 21:1, (k‘PRO)] >
Q= H [k\zyKn (kyRy) — 2K:l’ (k‘PRO)] >

2unk
2[RI, (kyRo) = I, (kyRo)]
0

2 nk
e [RO (kyRy) - K,, (kyRy)]

On =

Q=
Gy = _Zﬂkzlr’, (koRyg) s

Gg = _2!"sz:1 (k<DR0)>

I, (kyRo)

pnk,
C9 = R,

pnk
G = R_ZK; (kao) >
0

iy = —p (kg +K2) I (kyR,),

G =4 (k\zy + ki) K;; (kgRy),
2 4
In (kCDRl):| >

Gy =24 [I: (koR,) +
L

2 4
[

c48=zy[ ! hal) + K, (@R)]

2un
Cy9 = % [In (kyR,) — RII:; (k\le)] >

1

C =
410 R
%

Ci11 = Zﬂkzlr,;’ (k\yR1) >

G2 = ZP‘sz: (k‘le) >

2un
& = o [Ral, (koRy) = 1, (koR))]

1

Csg =

Go = U [k\zyln (kyR;) - 21:1, (k\le)] »

G = H [k\zyKn (kyR,) - ZK: (k\le)] >

2un
K, (kyR,) - RiK, (kyR))]

2“” [RK (koR,) - K, (koRy)],

G =

C1p =

2unk,
2 (R (kyR) - 1, (R Ry)),
1

= 28 (R (ko) ~ K, (o)),

1

Co7 = _Zﬂkzlf: (k®R1))

Cos = —Zﬂszr,l (k<I>R1) >

;mk
= kyR
Coo = R, ( v )
ynk
C10 = R_ZK:; (k‘PRl)’
1

G =Y (k\zy + ki) Ir,1 (kyRy),
G120 = —H (k\zy + ki) Kr,; (kyRy),
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wx n,
C9 =~ R1 (k‘I’R )

va’n
G =" R, K (k\PR)
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G = szsz:z (k‘I’Rl) >

n
Cg7 = V‘XZR_In (k®R1)’

1

n
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1
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nk
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1

k
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1
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<—det[M;] for (n,m) = (1, 1)

50 100 150

First order value a = 159.205

200

FIGURE 16: Analytical calculation of eigenvalues .

Clo3 = ZWR% [T (kyRy) = Rol, (Ky Ry )]
Coa = 2;1}% [Y,, (k,R,) - R,Y! (k,R,)]
cos = 21k, J,, (kyRy),

G = 21k.Y;) (k,R,),

Gy = an% [R,I] (k,R,) - I, (k.R,)],
Gy = 27,1% [R,K. (k,R,) - K, (k,R,)]
cis =120 (kyRy) + ko), (Ky R, )]
cna = -n[2Y,) (k,R,) + K, Y, (k,R,)],
Cius = 2;7”R—% [R,I (k,R,) — I, (k,R,)].,

nk
Gie = 217R_2z [RZK:; (k.R,) - K, (szz)] >
2
€21 = _271kzIr’¢ (szz) >
Cl22 = _2’1sz;’1 (k,R,),

k
C23 = UnR_:]n (kaz) >
k
Cl24 = ’lnR_:Yn (ka2)>
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D.

See Figure 16.

(C2)
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