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A VARIATIONAL APPROACH TO A STATIONARY FREE BOUNDARY PROBLEM
MODELING MEMS

PHILIPPE LAURENCOT AND CHRISTOPH WALKER

ABSTRACT. A variational approach is employed to find stationary solutions to a free boundary problem mod-
eling an idealized electrostatically actuated MEMS device made of an elastic plate coated with a thin dielectric
film and suspended above a rigid ground plate. The model couples a non-local fourth-order equation for the
elastic plate deflection to the harmonic electrostatic potential in the free domain between the elastic and the
ground plate. The corresponding energy is non-coercive reflecting an inherent singularity related to a possible
touchdown of the elastic plate. Stationary solutions are constructed using a constrained minimization problem.
A by-product is the existence of at least two stationary solutions for some values of the applied voltage.

1. INTRODUCTION

Microelectromechanical systems (MEMS) play a key role in many electronic devices nowadays and in-
clude micro-pumps, optical micro-switches, and sensors, to name but a few [17]. Idealized electrostatically
actuated MEMS consist of an elastic plate lying above a fixed ground plate and held clamped along its
boundary. A Coulomb force induced by the application of a voltage difference across the device deflects
the elastic plate. It is known from applications that a stable configuration is only obtained for voltage dif-
ferences below a certain critical threshold as above this value the elastic plate may “pull in” on the ground
plate.

In a simplified and re-scaled geometry when presupposing zero variation in transversal direction (see
Figure 1), the stationary problem can be described as finding the plate deflection u = u(x) € (—1,00) on
the interval I := (—1, 1) according to

Botute) — (r+ alldsull}, ) B2ule) = X (10w, u(@)) P + 0, u(@) ), we T, (L)

u(*1) = dyu(E1) =0, (1.2)
along with the electrostatic potential 1) = ¢ (x, z) satisfying
PP +07 = 0, (x,2)€Qu), (1.3)
1+=2
Y(x,2) = T+’ (x,2) € O(u) (1.4)

in the region

Qu) :={(z,2) e I xR : =1 < z<u(z)}
between the two plates. In equation (1.1), the fourth-order term S0%u with 3 > 0 reflects plate bending
while the linear second-order term 707u with 7 > 0 and the non-local second-order term al|d,u||7 ( I)aiu
with a > 0 and

1
-l = [ 10, ds

account for external stretching and self-stretching forces generated by large oscillations, respectively. The
right-hand side of (1.1) is due to the electrostatic forces exerted on the elastic plate with parameter A > 0
proportional to the square of the applied voltage difference and the device’s aspect ratio € > (0. The
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FIGURE 1. Idealized electrostatic MEMS device.

boundary conditions (1.2) mean that the elastic plate is clamped. According to (1.3)-(1.4), the electrostatic
potential is harmonic in the region ©2(u) enclosed by the two plates with value 1 on the elastic plate and
value 0 on the ground plate. We refer the reader e.g. to [6, 14,17] and the references therein for more details
on the derivation of the model.

A crucial feature of the model is the singularity arising in the term 9, (x, u(x)) of (1.1) when u(z) =
—1(duetot)(z,—1) = 0and ¢)(z, u(z)) = 1), i.e. when the elastic plate touches down on the ground plate.
The strength of this instability is in some sense tuned by the parameter A and it is thus expected that solutions
to (1.1)-(1.4) only exist for small values of A\ below a certain threshold. Obviously, the stable operating
conditions of MEMS devices and hence the existence of stationary solutions are of utmost importance in
applications. Questions related to the pull-in threshold were the focus of a very active research in the recent
past, however, almost exclusively dedicated to the simplified small gap model obtained by formally setting
€ = 01in (1.1)-(1.4). This reduces the problem to a singular nonlinear eigenvalue problem for v of the form

1
o 7( |2 )82 - A I, 15
subject to the boundary conditions (1.2) with explicitly given electrostatic potential
142

For detailed results on the small gap model we refer the reader to [6, 15] and the references therein in
which also higher dimensional counterparts are investigated. Roughly speaking, in the one-dimensional
(and two-dimensional radially symmetric) fourth-order small gap model with clamped boundary conditions
and a = 0 it is known [15] that there is a threshold A, > 0 such that there are (at least) two solutions to
(1.5) for A € (0, \«), one solution for A = A, and no solution for A > \,.
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A similar result one might expect also for the free boundary problem (1.1)-(1.4) with € > 0. A first step
in this direction was made in [12, Theorem 1.7], where the following result was shown for a = 0:

Proposition 1.1. Letra = 0.

(i) There is As > 0 such that for each X € (0, \s) there exists a solution (Ux, V) to (1.1)-(1.4) with
Uy € H*(I) satisfying —1 < Uy < 0in I and ¥y € H*(QU,)). The mapping X + (\,U)
defines a smooth curve in R x H*(I) with Uy — 0in H*(I) as A — 0.

(il) There are e, > 0 and \. : (0,e.) — (0, 00) such that there is no solution (u, ) to (1.1)-(1.4) for

€ (0,e4) and A > Ac(e).

Actually, (Uy, Uy) for A € (0, \s) is an asymptotically stable steady state for the corresponding dynamic
problem. The proof of part (i) of Theorem 1.2 is based on the Implicit Function Theorem and readily extends
to the case a > 0. For part (ii) one may employ a nonlinear variant of the eigenfunction method involving a
positive eigenfunction in H*(I) associated to the fourth-order operator 392 — 79?2 subject to the clamped
boundary condition (1.2). For further use we now state the extension of Proposition 1.1 (i) to a > 0.

Theorem 1.2. Let a > 0. There is As(a) > 0 such that for each A € (0, \s(a)) there exists a solution
(Ux, V) to (1.1)-(1.4) with Uy € H*(I) satisfying —1 < Uy < 0in I and ¥y € H?*(QU))). The
mapping X\ — (X, Uy) defines a smooth curve in R x H*(I) with Uy — 0in H*(I) as A\ — 0.

Theorem 1.2 in particular ensures the existence of stationary solutions for small values of A. However,
it leaves open the question whether multiple solutions exist for such values of A which is a remarkable
feature of the simplified small gap model as pointed out above. The purpose of the present paper is to give
(partially) an affirmative answer. More precisely, we shall prove herein:

Theorem 1.3. For each p > 2 there are \, > 0, u, € H*(I), and v, € H*(Q(u,)) such that (u,,,) is
a solution to (1.1)-(1.4) with A = \,. Both u, = u,(x) and 1, = 1,(z, z) are even with respect to x € I
and —1 < u, < 0in I. Moreover, \, — 0 as p — oo and u, # Uy, for all p > 2 sufficiently large.

Theorem 1.3 provides multiple solutions to (1.1)-(1.4) for small values of A and is derived by a variational
approach. It relies on the observation that (1.1) is the Euler-Lagrange equation of the total energy £ given
by £(u) := & (u) — A€ (u) with mechanical energy

B 1 a
Em(u) = 02l ry + 5 (7 + S0l ) ) 100l

and electrostatic energy
£.(u) ;:/ (210ut0ul? + 000 ?) d(z. 2)
Q(u)

where the electrostatic potential 1, is the solution to (1.3)-(1.4) associated to the given (sufficiently smooth)
deflection u. Note that £ is the sum of terms with different signs. The possible pull-in instability thus
manifests in the non-coercivity of the energy £, and due to this a plain minimization of the total energy is not
appropriate. In fact, using Lemma 2.7, it is not difficult to check that £ is not bounded from below for A > 0
and we therefore take an alternative route and minimize the mechanical energy &,,, constrained to (certain)
deflections u with fixed electrostatic energy . (u) = p. Each minimizer u,, of this constrained minimization
problem together with the corresponding electrostatic potential b, := ,,, then yields a solution to (1.1)-
(1.4) for the corresponding Lagrange multiplier A = \,. Though lacking a continuity property with respect
to p > 2, the observation that £.(Uy) — 2 as A — 0 while A, — 0 for & (u,) = p — oo yields
multiplicity of of solutions to (1.1)-(1.4) for small values of A in the sense that there is at least a sequence
Aj — 0 of voltage values for which there are two different solutions (u;, ;) (i.e. p = j in Theorem 1.3)
and (Uy,,¥y;) (i.e. A = ); in Theorem 1.2). Note that, by taking a different sequence p; — oo with
pj # j,» we obtain different solutions (u,,,,,) — since the electrostatic energies differ — but with possibly
equal voltage values. We conjecture that, as in the simplified small gap model, the solutions constructed in
Theorem 1.3 actually lie on a smooth curve.
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To prove Theorem 1.3 we first solve in Section 2 the elliptic problem (1.3)-(1.4) for the electrostatic
potential ¢» = v, for a given deflection u and investigate then its dependence and that of the corresponding
electrostatic energy &, (u) with respect to u. Some technical details needed regarding continuity and dif-
ferentiability properties of £, and the right-hand side of (1.1) are postponed to Section 4. The constrained
minimization problem leading to Theorem 1.3 is studied in Section 3.

2. SOME PROPERTIES OF THE ELECTROSTATIC ENERGY AND POTENTIAL

We first focus on the elliptic problem (1.3)-(1.4) and investigate its solvability and properties of the
corresponding electrostatic energy.

We shall use the following notation. To account for the clamped boundary conditions (1.2) we introduce,
fors > 0andp > 2,

{ve Wi(I); v(£l) = 0,v(£1) =0}, s> ; )
Wy p(I) = {veW;(I); v(£1) =0},
Wy(I), s< =,

and write H,(I) := Wy p(I). Similarly, Hj,(Q(u)) := {v € H'(Q(u)); v =0 on 9Q}. Fors > 1 we
set
S*i={ue H)(I) : u>—-1 on I}, K={ue H)(I) : =1 <u<0on I},
and given u € S* we define
1+2 —
bz, 2) = 4 LU @.1)
1 for (x,2) € Q0)\ Qu),

with Q(0) = I x (—1,0). Note that, if u € K, then the function b, belongs to H*(£2(0)) NC(£2(0)) which
allows us to define B,, € H~1(2(0)) (i.e. the dual space of H}(€(0))) by setting

(By, V) := 7/ [£20:b4 0,9 + 0:0,0.9] d(z,2), € Hp(Q(0)) . (2.2)
Q(0)
2.1. Electrostatic potential. We first recall the existence and properties of weak solutions to (1.3)-(1.4)
for u € K which follow from [7, Theorem 8.3] and the Lax-Milgram Theorem.
Lemma 2.1. Given u € S%, there is a unique weak solution ,, € H'(Q(u)) to (1.3)-(1.4) such that
Py — by € HL(Quw)). If, in addition, u € K, then 1), — b, satisfies the variational inequality

/ (€210, (6 — bu)2 + 0 (e — b)[?) (s 2) — 2(Bus e — bu)

Q(u)

2.3)

g/ (210,02 +10.9?) d(x,2) — 2(Bu, 0)
Q(u)

forally € H5(Q(u)).

Replacing ¥ € H},(Q(u)) in (2.3) by £ — b, where  is an arbitrary function in H'(Q(u)) satisfying
& — by, € H},(Q(u)), one easily obtains the following consequence:

Lemma 2.2. Letu € K'. Forall ¢ € H'(Q(u)) such that ¢ — b, € Hi,(Q(u)) there holds

/ (21060 + 10:90al?) d(z,2) < / (210,612 +10.£12) d(z, =) - 2.4)
Q(u) <

2(w)

We collect additional properties of v,, in the next result when u is assumed to be more regular.
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Proposition 2.3. Let o € [0,1/2). If u € S*~%, then the weak solution 1, to (1.3)-(1.4) belongs to
H?=%(Q(w)). In addition, if u € K=, then

14z < Yu(z,2) < 1, (x,2) € Qu), (2.5)
Opthu(z,u(z)) = =0 (v, u(x)) Opulx), =zel, (2.6)
O:tpu(z,ulz)) = 0, zel. 2.7

Proof. That ¢, € H* *(Q(u)) for u € S?~° follows from Corollary 4.2 proved in Section 4. Next,
if w € K27, then owing to the non-positivity of u, the functions (z,2) + 1 + z and (z,2) + 1 are a
subsolution and a supersolution to (1.3)-(1.4), respectively, and (2.5) follows from the comparison principle.
To obtain (2.6), we simply differentiate the boundary condition 1, (x, u(x)) = 1, € I, with respect to
x. Finally, (2.7) is a straightforward consequence of the boundary condition ¢, (z,u(z)) = 1, x € I,
and (2.5). O

Thanks to the continuity of the normal trace of the gradient from H?~*(Q(u)) to H(=2%)/2(I) for
a € [0,1/2) [8, Theorem 1.5.2.1], the regularity of the solution v, € H?~%((u)) to (1.3)-(1.4) for
u € S%~% provided by Proposition 2.3 gives a meaning to the right-hand side of (1.1). We introduce the
function g by

9(u)() = 2|Oathu(, u(@)) 2 + et u(@)) 2, wel, we ST, 2.8)
and observe:
Proposition 2.4. If o € [0,1/2), then g € C(S?*~*, H°(I)) for all o € [0,1/2).
Proof. This is proved in Corollary 4.2. 0

2.2. Electrostatic energy. We now study the properties of the electrostatic energy
Euw) = [ (0l +0.0) d(w2) . we S, 9)
Q(u)
where 1, € H'(Q(u)) is provided by Lemma 2.1. Alternatively, we may write for u € K*

Eu(u) = / (62102 (u — ) + 102 (thu — b)) d(z, 2)
Q(u)
dz

1 2
_ _ < 2
(Bt =0+ [ (14 Gl £

We first establish a monotonicity property of &, similar to [10, Remarque 4.7.14].

(2.10)

Proposition 2.5. Consider two functions uy and uz in K' such that u; < ug. Then Ec(ug) < Ec(uq).
Proof. Consider £ € H'(2(uy)) such that £ — b,, € H,(Q(uq)) and define

) &(xyz) for (x,2) € Qur),

&(x,z) =

1 for (z,2) € Qu2) \ Quq) .

Note that this definition is meaningful since Q(uq) C Q(u2). Since by, (z, u1(x)) = by, (z, uz(x)) = 1 for
x € I, the previous construction guarantees that £ € H' (2(us3)) with

€ — by, € HH(Qu2)) and VE = 1g(,) VE . (2.11)
We now infer from Lemma 2.2 and (2.11) that

) < [ (108 +19:4) a2

- / (210,617 + 10.€7) d(z, ).
Q(u1)
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The above inequality being valid for all ¢ € H' (Q(uy)) satisfying &€ — b,, € H1(2(u1)), in particular for
& = 1y, , we conclude that &, (u2) < E.(uq). O

We next turn to continuity and Fréchet differentiability of the functional &,.
Proposition 2.6. If o € [0,1/2), then €. € C(K') N CH(S?%) with 0,E.(u) = —g(u) for u € S?~°.

Proof. Step 1: Continuity. Let (u,),>1 be a sequence in K and v € K! such that u,, — win H'(I).
We first observe that, for all n > 1, ¢y, — by, € H}5H(Q(uy)) is a weak solution to

5285 (Yup — bu,) + 33 (Yu, = bu,) = —Bu, , (z,2) € Qun), (2.12)
while the convergence of (u,,),,>1 toward u in H'(I) entails that

Jim |[Bu, = Bulla-1(0q) =0, (2.13)

where 2(0) = I x (—1,0). Next, denoting the Hausdorff distance between open subsets of 2(0) by dg,
see [10, Section 2.2.3] for instance, we realize that

dpr (Qun), Au)) < Jun = ullLomy
and deduce from the continuous embedding of H!(I) in L. ([) that

li_>m A (2(un), Qu)) =0. (2.14)

Since ©(0) \ ©(u,,) has a single connected component for all n > 1, it follows from (2.12), (2.13), (2.14),
[18, Theorem 4.1], and [10, Corollaire 3.2.6] that

wUn - bUn, — Yy — b, in H})(Q(O)) . (2.15)

1 2 1 2
€ dz € dz
li 1+ —|0un | = 1+ —|0,ul?
nbnéo1<+3|“|)1+un /1<+3|u|>1+u
thanks to the continuous embedding of H!(I) in L (I), we may pass to the limit as n — oo in (2.10) for
U, and use (2.13) and (2.15) to complete the proof.

Therefore, since

Step 2: Differentiability. Consider u € S?>~“ and v € Hj%_a(l ). Owing to the continuous embedding
of H2=*(I) in Lo (I), u + sv still belongs to S?~ for s € R small enough and the map s +— E.(u + sv)
is thus well-defined in a neighborhood of s = 0. We then argue as in the proof of [12, Proposition 2.2] with
the help of a shape optimization approach (see [10], for instance) to show that this map is differentiable at
s = 0 with

d 1
Eﬁe(u + sv) o [1 g(u)v dz .

Consequently, & is Gateaux-differentiable with derivative 9,&.(u) € £ (H} *(I),R). Moreover, since
g € C(8?7%, Ly(I)) by Proposition 2.4, the Gateaux-derivative 9, is continuous as a mapping from
52=to £ (H}, “(I),R). The claim follows from [19, Proposition 4.8]. O

We next derive additional properties of £, and, in particular, the following lower and upper bounds which
have been established in [3, Lemma 7] and [12, Lemma 5.4], respectively.

Lemma 2.7. Foru € K1,

bode ! 9 9 dx
2§/_1TU($)§S€(U)S/_1(1+E|azu(z)|)T’u,(;ﬂ)
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Proof. We recall the proof for the sake of completeness. We first deduce from (1.4) and the Cauchy-
Schwarz inequality that, for x € I,

1 (u(ru(@) =z, -1)2 1 u(z) 2
Lt u(z) 1+ u(z) T 1tu() (/1 0:9u(, 2) dz)

g/ (Outba(, 2))? ds .

-1
Integrating the above inequality with respect to x € [ readily gives the first inequality of Lemma 2.7. We
next infer from Lemma 2.2 with £ = b,,, the latter being defined in (2.1), that

Ee(u)§/ (£%102bu)? +10:bu]?) d(z, 2)
Q(u)

1+ 2)? 1
< 52(78zu1:2+7 d(zx, z),
foo [ T r e + (] e
from which the second inequality of Lemma 2.7 follows. 0

Finally we recall the existence of a non-positive eigenfunction of the linear operator 39 — 792 €
L(H?} (1), Lo(I)) along with some of its properties.

Lemma 2.8. (i) The linear operator fOL—192 € L(H} (1), L2(I)) has a non-positive eigenfunction
o1 € HE(I) N C>([—1,1]) associated to a positive eigenvalue 1. Moreover, 1 is even and it
can be chosen such that ¢1 < 0in I with ming_y 31 = —1
(ii) Given p € (2,00), there is n, € (0, 1) such that E.(n,¢1) = p andn, — 0 as p — 2.

Proof. Part (i) follows from [13, Theorem 4.7], which is a consequence of the version of Boggio’s principle
[2] established in [9, 13, 16]. As for part (ii), note that np; € Kt forn € [0,1) and

J(n) := Ee(npr) > /_1 %Zl(x)

by Lemma 2.7. We infer from Proposition 2.5 and Proposition 2.6 that .J is a non-decreasing and continuous
function on [0, 1) with J(0) = 2. In addition, ¢, reaches necessarily its minimum —1 at some zo € I and
thus satisfies 1 (o) = —1 and dz1(zo) = 0. Therefore,

, nelo1), (2.16)

0<1+pi(2) <1001l |z — 2o as o — o,

which implies that (1 + ¢1)~! ¢ Ly (I). This property along with (2.16) entails that J () — oo as n — 1.
Recalling the continuity of J, we have thus shown that [2, co) equals the range of J. The existence of 7,
for each p € (2, 00) such that E.(n,¢1) = p now follows. That 5, — 0 as p — 2 is a consequence of the
fact that (2.16) implies J(n) = 2 if and only if n = 0. O

3. A MINIMIZATION PROBLEM WITH CONSTRAINT

Recall that, for u € H? (I), the mechanical energy &, is given by

I} 1 a
Em(u) = S102ul}, ) + 5 (7 + 5 100ullE, ) 190l -

Our goal is now to minimize &, on the set
A, = {ueKk?; u isevenand & (u) = p}
for a given p € (2, 00). Note that A, is non-empty as it contains 7,1 according to Lemma 2.8. We set

= i " >
n(p) ulenjpf (u) =0

and first collect some properties of the function p — u(p).
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Proposition 3.1. The function i is non-decreasing on (2, 00) with

lim pu(p) =0 and poo := lim p(p) < co.
p—2

p—r00

Proof. Let p € (2,00). Since 1,01 € A, is an eigenfunction of the linear operator 39; — 792 associated
to the eigenvalue (47 and since 775 < 1, a straightforward computation gives

0 < pu(p) < Em(nppr) < mpEm(n) -
Since &, (1) is finite, n, € (0,1), and 77, — 0 as p — 2 by Lemma 2.8, we readily obtain

lim 1u(p) =0 and 0 < pip) < Em(p1) - 3.1

Let us now check the monotonicity of . To this end, fix 2 < p1 < p andv € A,,. Forall ¢t € [0, 1], the
function tv belongs to K2, and Proposition 2.5 and Proposition 2.6 imply that the function h : [0,1] — R,
defined by h(t) := E.(tv), is continuous and non-decreasing with h(0) = 2 and h(1) = p2. Since
p1 € (2,p2), thereis t; € (0,1) such that h(t;) = py, thatis, t;v € A,, . Consequently,

1(pr) < Eml(t1v) < Enlv).

As v was arbitrarily chosen in .A,,,, the above inequality allows us to conclude that z1(p1) < p(p2). Thus, p
is a non-decreasing function on (2, co) which is bounded from above by &, (¢1) according to (3.1). It then
has a finite limit oo € [0, En(¢1)] as p — oc. O

We next show the existence of u, € A, such that
Em(up) = pnlp) , (3.2)
that is, u,, is a minimizer of &,, in A,.

Proposition 3.2. For each p € (2,00), there is at least one solution u, € A, to the minimization prob-
lem (3.2).

The first step of the proof of Proposition 3.2 is a pointwise lower bound for functions in .A,,.

Lemma 3.3. Given p > 2 and v € A, assume that there is K > 2/p such that ||02v|| 1,1y < K. Then

—1.

Y R
Proof. Thanks to the continuous embedding of H? (1) in C*([—1,1]), the function v reaches its minimum
m at some point z,,, € [—1, 1]. Since &.(v) = p > 2and v € K?, we realize that v # 0 and m € (—1,0) so
that x,,, € I. Therefore, 9, v(z,,) = 0 and we may assume that z,,, € [0, 1) since v is even. Using Taylor’s
expansion and Holder’s inequality, we find, for z € I,
|l — 2, |3/ 2

oe) =m— [ (y=2)o2uly) dy < mo+ TR0kl

<m+ K|z —an)*?. (3.3)
Next, since v € Ap, we infer from Lemma 2.7 and (3.3) that
1 1 1
dx dx dx
=E&.(v) > ] —>2 . 34
v=e0z [ m = o 22 T 09
If 2., € [1/2,1), then z,,, — (pK)~2 > 0, and it follows from (3.4) that
T, -2
o> 2/ dz > 2(pK) ,
tm—(pi)-2 Lt m+ K|z —2m32 7 1+m+ K(pK)=?
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hence m > p~3K 2 — 1 as claimed. If x,,, € [0,1/2), then z,,, + (pK) ™2 < 1, and we deduce from (3.4)
that

Tm+(pK) 72 dz 2(pK)~?
p=2 > ;
. l+m+ K|z —2,32 ~ 1+m+ K(pK)~3
and the same computation as in the previous case completes the proof. 0

Proof of Proposition 3.2. Let (ux)r>1 be a minimizing sequence of &, in A, satisfying
k+1

#p) < Emlur) < ——nlp) - (3.5)
A first consequence of Proposition 3.1 and (3.5) is that ||0%u H%z(l) <4/ forall k > 1. Together with
Lemma 3.3 (with K = (2/p) + 24/ i/ 3) this property ensures
> % -1,

8p(B + toop?)

Also, owing to (3.1), (3.5), and Poincaré’s inequality, the sequence (uy)x>1 is bounded in HI%(I) and thus

relatively compact in C* ([—1, 1]). Consequently, there are u € H# (1) and a subsequence of (uy)x>1 (not
relabeled) such that

0> ug(x) ze[-1,1, k>1. (3.6)

ur — u in CH[~1,1]),

3.7
up —u in HH(I). G7)
Combining (3.6) and (3.7) we conclude that
B
0>uzx) > —~ -1, zec[-1,1],
(=) 8p(B + Hoop?) =11
hence u € K2. We then infer from Proposition 2.6 that
Ee(u) = lim E.(uk) =p,
k—o00
and sou € A,. Since
Em(u) < 1ikminf5m(uk) < u(p)
—00
by (3.5) and (3.7), we deduce that &,,(u) = u(p) so that u is a minimizer of £,, in A,. O

Theorem 3.4. Consider p € (2,00) and let w € A, be an arbitrary minimizer of &y, in A,. Then
u € H}/(I) and there is N, > 0 such that

Bou(z) — (7‘ + aHquH%Z(D) O2u(r) = =\, (52|6$1/1u(ac, u(z))* + |8Z1/1u(x,u(x))|2) (3.8)

for x € I, where 1, € H?(Q(u)) denotes the associated solution to (1.3)-(1.4) given by Lemma 2.1 and
Proposition 2.3. Furthermore,

8tioe (VB + €2 /lio)

VB(p—2)
Proof. Letu € A, C K? be a minimizer of &,,. Recall from Proposition 2.6 that the derivative of & is
given by

0< A\ <

(3.9)

(Oue(u), V) = f/ gw)y9dz, e HHI),

-1
with g(u) € Lo(I) while clearly

OuEn(u).0) = [

—1

1
(ﬁagu 029 + (7 + al|dpul3, 1)) Do azﬂ) de, 0eH3().
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Since u solves (3.2) and g(u) is non-negative, [20, 4.14.Proposition 1] implies that there is a Lagrange
multiplier \,, € R such that

(OuEm (1), 0) = A (Oube(u), V), 9 € Hp(I). (3.10)

We may then combine (3.10) and classical elliptic regularity to conclude that u € H,(I) solves (3.8) in a
strong sense. In addition, taking ¥ = w in (3.10) gives

1

BIO2ull2, 1) + Tl10wull2, 1y + allOaullL, 1) = —a / ug(u) do G.11)

hence A\, > 0 since g(u) is non-negative and u is non-positive and different from zero.
We are left with the upper bound (3.9) on A,,. On the one hand, multiplying (1.3) by (14 u), — (14 2),
integrating over 2(u), and using

we obtain from Green’s formula that
0= / [52amwuaz (T +u)tpu) + 010y (14 u)021by — 1)} d(w, 2)
Q(u)

=/ [(1+ ) (e2|0aul® + 10:00ul?) + 2VuOathy Opu] d(z,2) — 2,

whence

/‘[Mﬂm%ﬁﬂ@%ﬁ+¥%@%@wd@wzz—&w- (3.12)
Q(u)

On the other hand, we multiply (1.3) by ut,, and integrate over (). Using again Green’s formula along
with the values of u and 1), on the boundary of (), we find

0=— / [52&5%&5 (uthy) + 0.1y (uazlﬂu)} d(z, 2)
Q(u)

1

—2 [ w@)du@) (e u@) o+ [ @)oo u(w) do
== /Q( : [t (€210 u]? + 102000 |?) + 2000t )] d(w, 2)
+ /71 w(@) [0:1pu(z, u(w)) — £20pu(x) Optbu(x, u(z))] da .

Combining (3.12) with the above identity and (2.6) we end up with

—/ u(z) (14 €*0u(z)]?) O (z,u(z)) do = E.(u) — 2. (3.13)

-1
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Now it follows from (3.2), (3.11), (3.13), Jensen’s inequality, the bounds —1 < u < 0, and the non-
negativity (2.7) of © +— 0,1, (x, u(z)) that

4pp) = BllOZullL, 1) + Tl0aullZ, 1) + alldwullL, )

— / (@) (1+ [0,u(@)) 0:0u(w, u@) do

- (/11 (@) (14 &2[0pu(@)]?) 0sthu(w, u(z)) dz>

B / lu(z)| (14 ®|0,u(z)|?) da

-1
(Ee(u) —2)°
=u g 52”81“”%2(1)

We finally observe that £ (u) = p as u € A, while

1 1
.l =~ [ wduds < [ jo2ulde < VB2l <20 22
—1 —1
since u € K2 solves (3.2). Therefore,
VB(p - 2)?
2 (\/B + 62\/u(p))

which gives (3.9) after using Proposition 3.1. U

4ulp) = A

Proof of Theorem 1.3. Clearly, Proposition 3.2 and Theorem 3.4 imply that for each p > 2 there are A\, > 0,
u, € HH(I), and ¢, € H?(Q(u,)) such that (u,,v,) is a solution to (1.1)-(1.4) with A = \,. We recall
that A — (A, Uy) defines a smooth curve in R x H*(I) starting at (0, 0) according to Theorem 1.2 so that
Ec(Ux) — 2 as A — 0 due to Proposition 2.6. Consequently, since E.(u,) = p and A, — 0 as p — oo, we
realize that u, # Uy, for large p. Finally, since u,, is even and uniquely determines 1),,, it readily follows
that ¢, = ¢, (z, z) is even with respect to z € 1. O

4. REGULARITY OF SOLUTIONS TO (1.3)-(1.4)

In this section we provide the technical proofs of Proposition 2.3 and Proposition 2.4 that were post-
poned. That is, we shall improve the regularity of the weak solution v,, to (1.3)-(1.4) given in Lemma 2.1
for smoother deflection u and prove continuity properties of the function g defined in (2.8). In order to do
so we introduce the transformation

142

Tu(x,2) = (ac, TTu@ u(x)) . (x,2) € Qu),

mapping €2(u) onto the fixed rectangle 2 := I x (0, 1). We then transform the elliptic problem (1.3)-(1.4)
for 1, in the variables (z, z) € Q(u) to the elliptic problem

Lo®,=fo in Q, ®,=0 on 90, @.1)
for ®,,(x,n) = b, o T, ' (x,n) — 1 in the variables (x,n) = T,,(z, z) € €2, where the operator L, is given
by
Oz u(x)
1+ u(x)

et lQ <1aiuquc))>2 - ff“ufi)

1 2,,2 2
+ P Opu(@)? o

— 22 920 — 922
L,w =" Oiw —2e*n 0+ u()? )

0, 0pw +

4.2)

Opyw
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and the right-hand side f,, is given by

Fulwm) =™ [&c < Ouulz) ) - ( a””“(z))ﬂ . () eQ. (4.3)

1+ u(x) 1+ u(x
The goal is then to obtain uniform estimates for ®,, in the anisotropic space
X(Q):={we H(Q); o,w € H'(Q)}

in dependence of deflections u belonging to certain open subsets
S S 1 1
Sy(k) = {u eWyp);u>~1+rk in I and ”u”W,f,D(T) < E}

of W p(I), where p > 2, s > 1/p, and x € (0, 1). Note that the closure of S;(x) in W 5 (I) is

—S . 1
Sh(x) = {u eWyp(l);u>—1+kin I and |juflw: 1) < _}

TR
and S° = U,.¢(0,1)S5 (k). More precisely, we shall prove the following result regarding the problem (4.1):

Proposition4.1. Ler o € [0,1/2), v € (o, 1/2), k € (0,1), and u € Eg_”‘(n). There is a unique solution
®, € X(Q)N H?*77(Q) to (4.1) which satisfies

1Pullx ) + 1 Pull a2+ () < c1(k) 4.4

for some positive constant ¢1 (k) depending only on g, o, v, and k. In addition, the distribution q,, defined
forv € C§°(Q) by

(Gud) = - A 0u®u(,m) — U (2)0y P (1)) D20, ) (1)
T /( U ()90, . ). 7) ) (4.5)

with U := 0, In (1 4+ ), belongs to the dual space H=*(2) of H*(2), and there is co(k) depending only
on g, o, and K such that

lGull o () < c2(k) . (4.6)

Furthermore, if (uy)n>1 is a sequence in ?3%“(&) converging weakly in H*>=%(I) toward u € gzia(m),
then

P, — &, in X(Q)NH>V(Q) 4.7
and (¥, )n>1 converges strongly to ®,, in H'(Q).

The proof of Proposition 4.1 requires several steps which will be given in the next subsection, the actual
proof of Proposition 4.1 being contained in Subsection 4.2. From Proposition 4.1 we may in particular
derive more regularity for the solution 1, to (1.3)-(1.4) and the continuity of the function g defined in (2.8)
as stated in the next corollary.

Corollary 4.2. Given o € [0,1/2) and u € S?=%, the corresponding solution 1, to (1.3)-(1.4) belongs to
H?=%(Q(u)). In addition, g € C(S*~*,H° (1)) forall o € [0,1/2).

As already indicated, Proposition 2.3 and Proposition 2.4 are now consequences of Corollary 4.2 which
is proved in Subsection 4.2.
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4.1. Auxiliary Results. The starting point for the proof of Proposition 4.1 is the solvability of the Dirichlet
problem for £, in H—1(Q) for u € 52 (r) and in L(€) for u € ?i(ﬁ) with p > 2.
Lemma4.3. Lera € [0,1/2), p > 2, and x € (0,1).
(i) Givenu € ?i_a(n) and h € H=(Q) there is a unique weak solution ® € H}(Q) to
L,2=h in Q, =0 on 0. 4.8)
Moreover, there is c3(k) depending only on €, o, and k such that
[l mr @) < es(®)Ihll g5 @) - (4.9)
(i) Givenu € ?i(m) and h € Ly(Q) there is a unique solution ® € H} () N H2(Q) to (4.8).

Proof. The proof of Lemma 4.3 (i) is similar to that of the first statement of [5, Lemma 2.2] thanks to the
continuous embedding of H2~%(I) in WL (I). Next, Lemma 4.3 (ii) follows from the second statement
of [4, Lemma 6]. ]

We next provide continuity properties with respect to « and h of the solution ® to (4.8).

Lemma 4.4. Let o € [0,1/2) and k € (0,1). Consider sequences (un)n>1 in ?370‘(&) and (hp)n>1 in
H~Y(Q) such that
Up —u in H*~*(I) and h, — h in H(Q).
Denoting the solution to (4.8) with (wy,, hy,) by ®,, and that of (4.8) by ® there holds
®, = in H'(Q).

Proof. Letn > 1 and ¥ € H}(Q). Setting U,, := 9, In (1 + u,,), the weak formulation of (4.8) for ®,,
reads

52/ [0:®y, — nU,0p®,] 0,0 d(,n)
Q
_ 2 # 2 2772

—52/ [Un02®r — U0y @] 9 d(z,m) = f/ hy® d(z,n) . (4.10)
Q Q

Owing to the compactness of the embedding of H2~%(I) in WL (I), there is a subsequence (uy, )k>1
of (un)n>1 such that (uy,, )r>1 converges toward u in WL (I) as k — oo. This implies in particular that
(Uny)k>1 and (U2, )k>1 converge, respectively, toward U := 9, In (1 4 u) and U? in Lo (1). Furthermore,

it follows from (4.9) and the boundedness of (h;,),>1 in H~(Q) and that of (uy),>1 in 57 % (k) that
(®,,)n>1 is bounded in H},(Q2). We may therefore assume that (®,,, )x>1 converges weakly toward some
U in H},(€2). Combining the previous weak convergences we realize that all terms in (4.10) converge and
letting ny, — oo in (4.10) shows that W is a weak solution to (4.8). According to Lemma 4.3 (i), ¥ coincides
with the unique solution ® to (4.8). This, in turn, implies the convergence of the whole sequence ((I)n)n21
and completes the proof. 0

We next derive additional estimates on the solution to (4.8) for some specific choices of the right-hand
side h and begin with the case h € Lo (€2).

Lemma 4.5. Ler o € [0,1/2), v € (a,1/2), k € (0,1), u € ?;ﬂl(fﬁ), and h € L2(Q). The unique
solution ® to (4.8), given by Lemma 4.3 (i), belongs to X (2) N H2~¥(X2), and there is c4(k) depending
only on g, o, v, and k such that

1@llx () + 12l 2 @) < cal®)[[hll Lo - 4.11)
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Furthermore, the distribution q, defined for ¢ € C§°(2) by
@) = — [ (0e0n) = U @)0,2(a,1)] 0:0(z.1) )

+ [ W0@)0.0, (. m0(z,n) d(a.n) @12)
)
with U := 0, In (1 + u), belongs to L2(Q2), and there is c5(k) depending only on €, o, and k such that
lall o) < es(®)l[All Lo - (4.13)

Proof. Step 1: We first assume that u € gz_a(n) N WZ(I) for some p > 2. Clearly, there is &’ € (k,1)

such that v € ?i(m’). Thus, by Lemma 4.3 (ii), the solution ® to (4.8) belongs to H(Q2). Set ¢ := 0;®
and w := 0,0, ®. We multiply (4.8) by ¢ and integrate over (2 to find

/ h¢ d(z,n) = 52/ 85@87274) d(z,n) — 2{—:2/ nUw( d(z,n)
Q Q Q

1
+/ {72 + 52772U2} ¢2 d(z,n) + 52/ 7 [U2 - (%CU] C0p® d(z,n) .
ol(l+u) Q
Using the identity
23 92 _ 2
5 0,00, d(z,n) = /Qw d(z,n)
from [8, Lemma 4.3.1.2 & 4.3.1.3] we deduce

2 2
o= el + || =T (@14

Fa(@) L+ u L2(92) 2

with
R = 2 / (0,U — U)8,®02® d(x,7) , (4.15)
Q
Ry = /hgd(az,n). (4.16)
Q

Introducing the trace y(z) := 0, ®(z, 1) for € I, we infer from Green’s formula and U (£1) = 0 that

= /,1(81U = Uy dw — /Q@U = U*)(0,2) d(x, 1)

1
= / (0.U — Uy do + /Q U?(9,®)? d(z,n) + 2 /Q Uwdy,® d(z,n)

—1

— / (0,U — U?)y? da + /Q U?(9,®)? d(z,n)

-1
- 2/ Udy®(w —nUC) d(z,m) + 2/ U?n0, ®0;® d(z,n) .
Q Q

Using once more Green’s formula, we end up with
1
Ry = / 0,U~? dx + 2/ Udy®(w —nUC) d(z,n) . 4.17)
-1 Q

Since o € [0,1/2), H'=(I) is an algebra and it follows from the fact that u € gi_a(n) and the Lipschitz
continuity of 7 + (1 +7)~!in [k — 1, c0) that

1
1+u

< ¢(r)

10xU | zr-o(1y < ellU||m-a(ry < cl|Ozull a-a(n <
H1=o (1)
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while the continuity of pointwise multiplication (see [1, Theorem 4.1 & Remark 4.2(d)])
1
HY?(I)-HY(I) — H*(I), 0<a<v< 5
gives
HVQHHQ(I) < CHVHHU?(I)HVHHV(I) .
Since the trace operator maps H*(£2) continuously in F/°~1/2(T) forall s € (1/2, 1] by [8, Theorem 1.5.2.1]

and since the complex interpolation space [LQ(Q), H},(Q)] coincides up to equivalent norms with

(2v41)/2
ng+1)/2(Q) we further obtain

H,YZHHQ(I) < CHan(I)HHl(Q)Ha (I)HH(2u+1)/2(Q)

3+2v)/2 1-20)/2
< cllay @5 1ol iy -
We now combine the above estimates, (4.17), Young’s inequality, the continuous embedding of H2~%(I)
in WL (I), and (4.9) to obtain, for § € (0, 1),

1 2
Bl < 10U -0y 92 gy + 5 10 = UCHE e + 200ty 190213
(3+2v)/2 1-2v)/
< ()0, 510 110 <I>H<Lz<n
2

1
+§HW—77U§H%2(Q) +CH51UH%%(1) HaU(I)H%Z(Q)

1
1+u

< 6]|9y ‘I)”Hl(sz + ¢(k,)[|0y ‘I)HL2 @ T35 Hw UUC||L2 Q) -

Since
100 @l 1) < 19® Lo + lwllzo(@) + <122
< 1030l + o = 10y + 0wl |5
Ul Lo(0)
+Il+ulle.a
(1) 14w La(Q)
S 18n@ll o) + llw = nUClla0) + (k) |7 (4.18)
+ullp,@
and
10,®l1 a0y < ea () 1bll 10
by (4.9), we further obtain
1 ¢ P
2 2
|R1| < <25 + 5) lw —=nUCl7, @) + c(x)d H T+l + ¢(k, 5)||h”H51(Q) .
Choosing § € (0,1/4) such that ¢(x)d < 1/(2€?), we conclude that
1 P
2
[Ba| < Jlw =nUClTu0) + 53 |11 Tl + (Rl -1 q) - (4.19)
Next, by Cauchy-Schwarz’ and Young’s inequalities,
|Ro| < 1+ ull bl ‘— << 2 + (k)| hI7 (4.20)
- oo 2 — L2(Q2) * N
14w La(Q) 4|1+ u La(Q) 2()
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We then infer from (4.14), (4.19), and (4.20) that

¢
1+u

2

< () (1121 g + 1)) < eI )
La(Q) P

£l 0o+ |
Using once more that u € ?370‘(&) together with (4.9) and the definition of w and (, we finally obtain
Qe X(Q) with |0, g10) < c(k)]hl @) - (4.21)

Therefore, recalling the definition (4.12), the regularity of v and ® and (4.8) allow us to write

e2q = ?02® — 20, U0,® = h + 2e*nUw — { s+ U | ¢ —e2nU%0,® (4.22)

1
(1+u)
and it follows from (4.21) and the continuous embedding of H?~(I) in W1 (I) that the right-hand side of
the above identity belongs to Lo(£2) with

HQ||L2(Q) < c(®)|Pll Lo - (4.23)

Since

N0, U0y® = 0, (nU0y®) — nUw
and pointwise multiplication

Hp (@) - Hp(Q) — Hp " (9)
is continuous [1], we deduce from (4.21) and the continuous embedding of H2~(I) in W1 (I) that

[(z,n) = 00, U0,®] € H™"(Q) with [[n0,U0y®|| ;- (o) < (k)| Lo -
This last property together with (4.21), (4.22), and (4.23) entails that & € H 2”’(Q) with
@I 2+ () < c(B)||PllLoy0) -

We have thus shown that Lemma 4.5 holds true for u € gz_a(n) NWZ(I) withp > 2.

Step 2: Let now u € §§_a(f<a). Classical density arguments ensure that there is a sequence (uy, ), >1 such
that u,, € W#(I) for each n > 1 and

lim ||un - ’U,HHzfa([) =0. (424)

n—r00

Furthermore, owing to the continuous embedding H2~(I) in WL (I) and the convergence (4.24), we may

assume that u,, € Fi_a((l + k)/2) for each n > 1. Denoting the solution to (4.8) with u,, instead of u by
®,,, it follows from the analysis performed in Step 1 that ®,, € X () N H>~7(Q) satisfies

@nllx@) + 1®nllzz-—v @) < c(B)lh]Ly @) - (4.25)

Owing to the compactness of the embeddings of H2~% () in H*({)), Lemma 4.4 together with (4.24) and
(4.25) imply that

®, — ® in H'(Q) and &, —~® in X(Q)NH>Q),

where ® € H1 () is the weak solution to (4.8) which also belongs to X () N H27(£) and satisfies
(4.25). 0

We next consider the case where the right-hand side A of (4.8) is less regular but is a derivative with
respect to x.
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Lemma 4.6. Let o € [0,1/2), ay € [0,1/2), v € (a,1/2) N [a1,1/2), K € (0,1). Letu € S5 (k) and
suppose that h € H=*(Q) is of the form

h(z,m) = Ozh1(2)ha(n), (x,m) €Q, withhy € H™*'(I) and hy € H'(0,1) . (4.26)

Then the unique solution ® to (4.8), given by Lemma 4.3 (i), belongs to X (2) N H?>~V(Q) and there is
c6(k) depending only on €, o, a1, v, and k such that

14

x(@) + 1@l g2+ (@) < cs(®)||Pallgi-ar ) 1h2llm10,1) - (4.27)

Moreover, the distribution q defined in (4.12) belongs to H—“1(Q) and there is c7(k) depending only on €,
o, o, and k such that

gl -1 (ry < cz(B) Pl gr—er () P2l 0,1y - (4.28)

Proof. The proof of Lemma 4.6 follows closely that of Lemma 4.5, the main difference being the analysis
of the terms involving h.

Step 1: We additionally assume that u € W7 (I) for some p > 2 and that h; € H'(I). In that case the
solution ® to (4.8) belongs to H?() according to Lemma 4.3 (ii). We then proceed as in the proof of
Lemma 4.5 and observe that (4.14) as well as the estimate (4.19) on 1, defined in (4.15), are still valid. To
estimate >, defined in (4.16), we argue differently. We use twice Green’s formula to get

Rgz/hg@zhﬁg@ d(z,n)
Q
1

1
= / h2(1)0zh1 (2)0, @ (2, 1) do — / h2(0)0zh1(2)0,®(z,0) dz — | 0ph10,h20,® d(x,n)
-1 —1 Q

1 1
= ha(1) / ) Ozhi(x)0,®(x,1) do — ha(0) / ) Ozhi(x)0y®(x,0) do + /Q h10yh20,0,® d(z, 1)

—/0 h1(1)0yh2(n)0, ®(1,7) d77+/0 ha(=1)0yha(n) 0y ®(—1,7) dn .

Recalling that ®(1,7) = ®(—1,n) = 0 forn € (0, 1) due to (4.8), we realize that the last two terms on the
right-hand side of the above identity vanish and thus

1 1
Ry — h2(1)/ Do ()0, D, 1) dar — h2(0)/ Do ()9, D, 0) dx—i—/ 110y 20,0y d(, )
—1 —1 Q

Using again the notation U = 0, In (1 + ), w = 0,0,®, and ( = 8,27<I>, we deduce from the continuity of
the trace operator from H' () to H*(I) and the continuous embedding of H'~1(I) in Lo (I) that
| Ro| < [ha(D|0zhl| -1 (1) 109 ®( Dl e (1) + [h2(O)[[|02ha || -0 (1) 18 (- 0) | e (1)
+ 1l 10nh2ll Lo @l o)
L2(9)> .
L2(9)> .

+ ek, ) 1Al Fp—ea 1y I h2llFp 0,1 (4.29)
La(Q)

< cllhallzro,1) 1Pl mr-e(n) <|3n‘1)|H1(Q) + [lw = nUC Lo + 19zull Lo (1)

‘H—u
Since

[0n @[ L) < ()l o1 () < el®)lhahallLa@)
by Lemma 4.3 (i), we deduce from (4.18) that

(Ra| < cw) Il pr—es oy Thell o) <||h1h2|L2<m o= U ey + H

1+u

Young’s inequality finally gives
2

¢
ol < llo =10l o0+ | 5
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for 6 € (0, 1). Choosing ¢ appropriately small in (4.29), we derive from (4.14), (4.19), and (4.29) that
2

< () (1012 -2y + 11 s iy 2 B o)

—1
D

¢
o — nUC e + H—

1+u L2(Q)

< e(®) 1[Iz -ox 1y 12l 0.1y -
Therefore, since u € Fg_a(n), we conclude as in the proof of Lemma 4.5 that ® belongs to X (£2) with

2] x @) < c(&) Pl gr-ar P2l H10,1) - (4.30)
Recalling the definition (4.12) and arguing as in the proof of (4.23), we infer from (4.8) and (4.30) that

le%q = hll L,y < e(m)1Pall e (o lh2ll 1y - (4.31)
On the one hand, the regularity (4.26) of h ensures that h € H~%1({2) and we deduce from (4.31) that

gl zr-a1 () < (Bl gr-er (pyllh2ll m1(0,1) - (4.32)
On the other hand, arguing as in the proof of Lemma 4.5, we obtain from (4.29) that
€z, N0z n v wi N0z n H-v(Q) = C\K LIH>=e1 (1) [I12||HY(0,1) »
() = 00, U0, @] € H"(Q) with  [[n0:U8p®[ - () < c(r)|[ ]| (|||

while the regularity (4.26) of h and the choice of v > «; entail that h € H~"(2). We combine these facts
with (4.30) and (4.32) to conclude that ® € H?77 () satisfies

P[] 2 (0) < c(B)l[ha ]l rr-e1 @yl Pl 0,1) -

We have thereby established Lemma 4.6 for all functions u € ?3‘”‘(5) and h € H~1(Q) satisfying (4.26)
under the additional assumption that v € W} (I) and hy € H'(I).

Step 2: We now consider u € ?3_0‘(&) and h € H"(Q) satisfying (4.26). Classical approximation
arguments guarantee that there are sequences (u,,),>1 in W3 (I) and (hq 5,)n>1 in H'(I) such that

lim HunquHzfa(]) = hm ||h1,n*h1||H1*a1(]) :0
n—roo n—roo
We then proceed as in the second step of the proof of Lemma 4.5 to complete the proof of Lemma 4.6. [J

4.2. Proof of Proposition 4.1 and Corollary 4.2. We are now in a position to complete the proof of
Proposition 4.1 by considering the particular right-hand side f,, of (4.1) given in (4.3). For the remainder

of this subsection, we set
O
U(l’):zﬁ, xel,
1+ u(x)
so that

fulz,m) = 5277 [GEU(.Z‘) - U(w)Q] , (z,m) eq.

Proof of Proposition 4.1. Letu € Fi_a(n). We handle the cases v = 0 and v € (0, 1/2) separately.
Case 1: a = 0. In that case, u € H?(I) from which we readily infer that

fu € Ly()  and [ fullL, < c(r) .

Fix v € (0,1/2). It follows from Lemma 4.3 and Lemma 4.5 with h = f,, that (4.1) has a unique solution
®, € X(Q) N H?>7V(Q) which satisfies (4.4). Moreover, the distribution g,, defined by (4.5) belongs to
L2(9) according to Lemma 4.5, and (4.6) follows from (4.13).

Now, if (uy, )n>1 is a sequence in F; (k) converging weakly in H2(I) toward u € §§ (k), the compactness
of the embedding of H?(I)in WL (I) entails that ( f,, ),>1 converges weakly toward f,, in Lo({2). Hence,
due to Lemma 4.4, (®,,, ),,>1 converges weakly toward ®,, in H*(Q). Since (®,,, ),>1 is actually bounded
in X ()N H?77(Q) by (4.4), the above convergence can readily be improved to (4.7). The compactness of
the embedding of H*~¥(Q2) in H'(12) finally guarantees the strong convergence of (®,,, ),>1 toward ¥,
in H1(Q).
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Case 2: a € (0,1/2). In that case the space H'~%(I) is an algebra so that both U and U? belong to
H'=%(I). Introducing
fi(z) :=¢&? {U(x) 7/ U? (") dz'] , xel,
0
we realize that

fuw,n) =n0e fr(x)  with [|fil|gr-e < (k)
for some positive constant ¢(x) depending only on €, «, and . Fix v € (o, 1/2). We infer from Lemma 4.3
and Lemma 4.6 with h = f, and a1 = « that (4.1) has a unique solution ®, € X () N H>7¥(Q)
which satisfies (4.4). Also the distribution ¢, defined in (4.5) belongs to H~*(€2) by Lemma 4.6, and (4.6)
follows from (4.28). Finally, the proof of the continuity property stated in Proposition 4.1 is the same as in
the previous case o = 0. O

Finally, we may apply the information gathered on the equation (4.1) for ®,, to the problem (1.3)-(1.4)
for v, and prove Corollary 4.2.

Proof of Corollary 4.2. Leta € [0,1/2)andu € S?~°. Since H?~%(I) embeds continuously in C'([—1, 1])
there clearly is some # € (0,1) such that u € S2~%(k). Let ®,, and 1, be the unique solution to (4.1) and
respectively (1.3)-(1.4) and recall that

Yu(,2) = Pu(x,m) +1

for (x, z) € Q(u) and (z,n) € Q with (x, 2) = (2, —1 + (1 + u(z))n). Straightforward computations then
give

Robu(x,2) = 03Pu(w,n) — 10U (2)0y @y (x, 1) — 21U ()00, ®u(z,m)
+0°U ()20, @y (2, 1) + U (2)*0p @y (z,n) + 1 [U* = ,U] (2)
1 U U
8zazwu(x7 Z) = Tu(z)azanq)u(x7n) - U%lf()x)ag@u(% 77) - %;E()x) [1 + Gntbu(x, 77)] 5
Ppu(,2) = —— P, (a1 |

(L +u(@)> "

where U := 0, In (1 + u). Tt readily follows from the regularity of « and Proposition 4.1 that 9,.0,1,, and
921),, both belong to La(2(u)). As for 921),, it also reads

with
ru(,n) = =20U(2)020,®u(z,n) + n°U(2)?0; (., n) + nU (x)*0p®u(z,n)
su(z,n) =0 [U(2)* = 0:U(x)]
for (xz,n) € €, the distribution ¢, being defined in (4.5). The regularity of v and Proposition 4.1 imply
ry € L2(£2) while the distributions ¢,, and s,, both belong to H~%(2). Consequently, ¥, € H>~*(Q(u)).
As for the continuity of g recall that g(u) may be written alternatively as
1+ &2|0,u(z)]?
g(u)(w) = W
Let (uy)n>1 be any sequence in S5~ *(x) with u,, — w in H2>~(I). Then, for each s € (0,1/2), the
convergence (4.7) and the compactness of the embedding of H*(2) in H'~*(£2) imply that

On®y, — 0y®, in H'75(Q)

10, @y (z, )*, z€l.

and thus, according to [8, Theorem 1.5.1.2],
@y, (1) = 9@y (-, 1) in HY?73(I) .



20 PH. LAURENCOT & CH. WALKER

Since pointwise multiplication
HY“=(I)- H'™*(I)- HY*=5(I) - H/?73(I) — H(I)

is continuous for each o € [0,1/2 — 2s) according to [1, Theorem 4.1 & Remark 4.2(d)], we conclude
that g(u,) — g(u) in H°(I) and thus the continuity of g : S5~ “(xk) — H?(I) for all o € [0,1/2) as
s € (0,1/2) is arbitrary. O
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