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Abstract

This paper presents a model for the market making of options on a liquid stock. The
stock price follows a generic stochastic volatility model under the real-world probability
measure P. Market participants price options on this stock under a risk-neutral pricing
measure O, and they may misspecify the parameters controlling the dynamics of the
volatility process. We first consider that there is a risk-neutral agent who is willing
to make markets in an option on the stock, with the aim of maximizing the expected
terminal wealth at maturity. Using standard tools in optimal stochastic control, we
provide analytical expressions for the optimal bid and ask quotes of the market maker.
We then assume that the agent is risk-averse, and perturb the linear utility function
by adding a variance term. In this setting, analytic approximations of the optimal bid
and ask quotes are obtained. In the case where the stock price process follows a Heston
model, Monte Carlo simulations are used to compare the optimal strategy to a ”zero-
intelligence” strategy, and to highlight the effects of some parameters’ misspecification
on the performance of the strategy.
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1 Introduction

Market makers act on the market by providing liquidity on specific securities. Their role
consists in continuously setting bid and ask quotes on instruments of their own choosing.
Market makers play a fundamental role, in that they provide liquidity to other market
participants, typically to impatient agents who are willing to cross the bid-ask spread. The
profit made by a market making strategy comes from the alternation of buy and sell orders,
and its targeted gain per trade should depend on the accumulated inventory, a market risk
potentially causing significant losses.

In the recent literature, several works focus on the problem of market making on stocks
through the use of a stochastic optimization method. Inspired by the seminal paper [Ho
and Stoll(1981)], [Avellaneda and Stoikov(2008)] addresses the problem of high frequency
market making of a stock. In this model framework, the stock price is modelled as a Wiener
process at the intraday timescale, and the market maker seeks the optimal quotes in order
to maximize an exponential utility function. More recently, |Guéant et al.(2012)Guéant,
Lehalle, and Fernandez-Tapia|] deals with the problem of optimally using limit orders when
liquidating a portfolio. In |Guéant et al.(2013)Guéant, Lehalle, and Fernandez-Tapia], a
similar approach is used to deal with the problem of market making with inventory risk. In
[Fodra and Labadie(2012)] [Fodra and Labadie(2013)], the approach proposed in [Avellaneda
and Stoikov(2008)] is generalized to the case where the process modelling the stock price has
a drift term and the volatility is stochastic.

The issue of model ambiguity has been addressed in [Cartea et al.(2013)Cartea, Donnelly,
and Jaimungal| or [Nystrom et al.(2014)Nystrom, Aly, Mohamed, and Zhang|, to account
for the fact that the dynamics followed by the stock price and/or the arrival rate of market
orders may be misspecified. The conclusion is that, as the uncertainty increases, the market
maker has to adapt her quotes in order to reduce her inventory.

In this paper, we address the problem of market making in options. Despite its importance,
this subject has received little theoretical attention. The only reference we are aware of
is [Stoikov and Saglam(2009)], where a mean-variance framework is proposed for optimal
market making in options in the case of a complete market. In our framework, the volatility
of the stock is stochastic, and our goal is to determine the optimal market making strategy
on options in the setting of a generic stochastic volatility model.

The paper is organized as follows: In Section [2 we specify the joint dynamics of the spot
and its instantaneous volatility under both the historical and pricing measures. Section 77
presents various realistic models for the order flow and market impact function. In Section
[, the market maker is risk neutral and aims to maximize the expectation of her wealth
at the maturity date of the option, whereas Section [5| tackles the more challenging case
of a risk-adverse market maker in a mean-variance framework. Finally, Section [0 presents
a numerical study of the performance of the optimal strategy, and of the effects of model
misspecification.



2 Model setup

Consider a financial market living on a stochastic basis (2, F,F, P), where the filtration F =
{Fi,t € Rt} satisfies the usual conditions, and where P denotes the real-world probability
measure. Under P, the spot process S has the following dynamics:

ds

B~ + o()aw?, (21)
t

dyy = ap(y)dt + bp(y)dWw >, (2.2)

where W) and W® are two (P, F) Wiener processes such that d (W, W(2)>t = prdt.
The functions ag, bg satisfy sufficient conditions to ensure the existence of a strong solution

to (2.2)) satisfying, VT > 0:
T
E” (/ a(yt)th) < +o0,
0

E? (/OT (aF(we) + 0% (we)) dt) < +o00.

Suppose that a european option with maturity 7" and payoff function h(St) is traded in the
option market. Let the quantity Cp be defined as:

C7><t7 St, yt) =E” (h(ST>|-7:t) . (2-3)

Although Cp is not the option price - since P is not the pricing measure - introducing this
notion will prove useful.

Market participants price options under the probability measure Q. To make the model as
general as possible, we shall allow, as discussed e.g. in |Jena and Tankov(2011)], for mis-
specifications of the parameters characterizing the volatility dynamics.

Let r denote the risk-free rate. Under the pricing measure Q, the process S evolves as
follows:

d X

% = rdt+ o(y,)dW,; D) (2.4)
t

dy, = ar(y)dt + by (y)dW;, (2.5)

where W*(1) and W*® are two (Q, F) Brownian motions such that d<W*’(1),W*’(2)>t =
prdt. Again, the equation (2.5 is supposed to have a unique strong solution satisfying

VT > 0:
E< </0T a(yt)th> < +o0,
5 ( /0 " (@) + B (w) dt) < too.
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The consensus, and therefore, observed option price Cg is then given by
CQ(t, St, yt) = €7T(T7t)EQ(h(ST>’.Ft>. (26)

A market maker is an agent who publishes bid and ask quotes around the option mid-price
Co, meets market orders when they match his quotes, while trading continuously in the
stock for delta-hedging purposes. At a given time ¢, this market maker sets an ask price C}'
and a bid price C? such that:

ng = OQ<t7St7yt> + 5t+7
Of = CQ<t7Stayt) - 6;7

where §,,6;” > 0. The way the parameters §,",d, influence the probability of being hit by
a market order and therefore, the inventory, is made precise in Section [3]

Below are some notations which will be used in the rest of the paper:

e ¢, denotes the option inventory held by the market maker at time ¢.

g2, 1s the stock inventory held by the market maker at time ¢.

X, is the market value of the cash and stock position held by the market maker at
time t.

Col(t, Si,y4) is the mid-price of the option at time ¢.

Ay = A(t, Sy, y¢) is the option’s delta at time ¢.

o W, denotes the wealth of the market maker at time ¢.

In order to ease notations, X will be also called the cash process. Thanks to the infinite
liquidity assumption made on the stock, this abuse of notations is legitimate.

The arrival of market orders matching the quotes of the market maker are modeled by two
independent Poisson processes: N7 for buy orders consuming the ask quotes, and N~ for sell
orders consuming the bid quotes. Therefore, the dynamics of the process ¢; can be described
as follows:

dg1s = dN; — dN;". (2.7)
Due to the continuously adjusted inventory in stock, there holds g2, = —¢1:4A;, and therefore:
dQth = —Atqut — thdAt — d <q1a A>t = _Atht_ + Ath:_ — thdAt' (28)

The cash process X evolves according to the arrival of market orders as well as continuous
trading in the stock, and has the following dynamics:

dXt = (Cg(t, St, yt) + 5:_)dNt+ — (CQ(t, St, }/;) — 5;)dNt_ + C_IthSt, (29)
so that the wealth of the market maker at time ¢ is given by
We = Xi+qColt, St, y1)- (2.10)

The market maker’s strategy is to provide liquidity in order to maximize the expected utility
of the terminal wealth. In order to formulate the optimization problem, a crucial step is to
choose a model for the intensities of the processes N* and N~



3 Intensity of arrivals of market orders

Recent researches have studied the market order flow in order to estimate the probability of
execution of limit orders. In |Omura et al.(2000)Omura, Tanigawa, and Uno|, the authors
point out that the execution probability of limit orders is affected by the liquidity on the
opposite side of the order book, and also the bid-ask spread. |[Lo et al.(2002)Lo, MacKinlay,
and Zhang| uses survival analysis in order to estimate the conditional distribution of limit-
order execution times as a function of different variables such as the limit price, the order
size, and current market conditions (volatility, bid-ask spread). In particular, the authors
proved empirically the seemingly natural fact that, the larger the distance between the mid-
quote price and the limit price, the longer the expected time-to-execution.
For the sake of simplicity, we will assume that the probability of execution of a limit order
depends only on its distance to the mid-price, in such a way that the intensities A™ and A\~
are decreasing functions of 4t and §~ respectively. More precisely, the following hypothesis
will be enforced throughout the rest of this paper:
Vot, 67 >0,

NT) = e A () = s

<B+(5+)ﬁ) <B+(5*)B)

where A, B > 0, v > 1, and [ is a positive parameter characterizing the market impact
function on the option marketT]

4 Optimization problem for a risk-neutral market maker

Generally speaking, the market maker seeks to maximize the expected utility of the terminal
wealth at maturity T, and the optimal distances (6;%7 657*’15) solve the following problem:

(0L Ore) = ATQSUP{aj,(s;}EP(U<XT +q.rh(ST))|Se = 8,90 =y, @10 = @1, Xy = ).

where U is the utility function. In this section, the market maker is risk-neutral, hence the
utility function U is linear:

U(T, Sr,yr,qur, Xr) = Xo+ quoh(St), (4.1)

where

T T T
Xr = / (Col(t, Si,ys) + 6, )dN;" — / (Col(t, Sy, ;) — 6, )N, + / q2.4dS;.
0 0 0

In this section, the problem associated with the linear utility function is addressed. The cases
corresponding to § = % (square root market impact) and 5 = 1 (linear market impact) are

studied separately, and the optimal bid and ask quotes are provided analytically in each case.

LA heuristic derivation of this functional form is provided in Appendix



In order to solve the optimization problem, a stochastic control approach is used. The value
function of the market maker can be defined in the following way:

u(t, 5,9, 1,%) = Supy g+ 5 yeay B (Xr + qurh(S0))|S = 5,00 = ¥, a1 = @1, Xo = @),
where A = RT x Rt denotes the set of admissible values for the controls.

Introducing the differential operators Ly, Lo
0 1 0? 0 1 0? 02
£1 = /Lstﬁ —+ U (yt)StQ@ + aR(yt)a_y + §b?%(yt>a_y2 + prR<yt) (yt>St658
2 2 2

0 10 0 0
Ly = %CJQ,t,uSt + 5@6137150(.%)253 + m%,ﬂz(yt)stz + awayQZtU(yt)StbR(yt)pRa

we let ug be the solution of the Hamilton-Jacobi-Bellman (HJB) equation:
(875 + [,1 + ,CQ)U() + SuP{(éj,é;)eA} (J+ ((5;-) + J- (5;)) = 0, (42)
where the functions J* and J~ are defined as follows:

‘]+(5;’_) - )\+(6t+) (uo(tﬂg?yach,t* - 173;15* + (CQ + 5:_)) - UO(ta 3797(11,15*,331&*)) 9
‘]_(515_) - A_(5t_> (UO(t787y7QI,t* + ]-71-157 - (OQ - 615_)) - U’O(tv S7yaq1,t*7xt*)) )

and ug satisfies the terminal condition
uO(T7 S7y7q17x) = x+Q1h(S)

A deep result in [Pham(2007)| implies that, if ug is smooth, finite and has polynomial growth
at infinity, then the value function u is equal to ug. Hence, our approach will be to solve the
HJB equation, and prove that it satisfies the finiteness, smoothness and growth conditions
of [Pham(2007)].

4.1 The case = % (square root market impact)

The intensities of arrivals of market orders are as follows:

$AT(6F) = sand A(67) = —A4

A A
(B+(51)?) (B+(6-)%)"

where A, B >0 and v > 1.

4.1.1 Analytic solution

Proposition 4.1. Let My(t,s,y) = Co(t,s,y) — Cp(t, s,y) + nE}, , (ft (u Su,yu)Sudu>.

The optimal controls (5;*715, 527*7,5) of the market maker at time t are given by:

VEME(t, s, y) + B(2y — 1) — vMy(t, s,y)
2v—1 ’

+ —
5L,*,t -



~ VPME(L, s, y) + B(2y — 1) + yM(t, s, y)

52,*,t - 2,y _ 1 : (44)

Moreover, the value function is given by:

T
wolt, 5,1, 01, %) = & + Oo(t, 5,9) + a1 (cw, sy) — uEF., ( / Alu, S, yu>sudu))  (45)
t

where

T
HO(ta S7y) = Et,s,y (/ JO(ua Su7yu)du)
t

and:

Jolt,s.y) = X*(55,.,) <¢ V2M§ + B(2y — 1) + My(y — 1))

2y —1

A (07,) (WMS tBEy =)+ Moll - W) .

2v —1
Proof. Since the utility function is linear, the solution is sought under the form:
u(t,s,y,q1,x) = x+60p(t,s,y)+qbi(t,s,y). (4.6)
Let then fy = JT. Using , the function f; can be rewritten as:
for(87) = NT(OT)(0T + Mo(t, s,y)),

where My(t,s,y) = Co(t,s,y) — 01(t,s,y).
In order to determine 52*775 = ArgMaz ;~0y fo7(z), the derivative of f is computed:

AT(T) ~ ((5+)2 (1—279) — 29Mp (¢, 5,y) 6" + B) .

UGN = S

The function (f;")" vanishes at the points z; and z3:

o TAMo— VPME By - 1) —yMo+ V/PMg + B(2y — 1)
! 2y —1 ’ 2 2y —1 '

Since v > 1 and B > 0, there holds:

VM| < (/MG + B(2y — 1),

which implies that ] < 0 and 23 > 0.



Recall here that 1 — 2y < 0. Therefore, f;" reaches its maximum on RT at z3. It follows

that:

st — V2ME + B(2y — 1) — v M,
Lyt — 27 -1

and:

(4.7)

V2ME + B(2y — 1) + My(y — 1)
J07.) = XL (“ T |

Let now f, = J~. As above, f; can be rewritten as:

fo(07) = A(67)(6 = Mo(t,s,y)).
and its derivative is given by:

(f)(67) = % (1= 27) (5)2 + 29Mab~ + B)

The function (f; )" vanishes at the two points:

Mo — /MG + B(2y — 1) o YMo+ /9?M§ + B(2y — 1)
! 27 —1 ’ 2 2y —1 ’

and, using the same reasoning as before, it can be proved that x; < 0 and x; > 0. Hence,
there holds:

- = Mo+ VVEME + B(2y — 1)
L,*7t - 2,_)/ _ 1

and

(4.8)

fo o) = A (5.4 (WQMOZ + B(2y — 1) + My(1 — 7)) |

2y -1
Finally, using (.7) and (@.8), Jo(t,s,y) = fo (61 ,,) + fo (01.,) can be written as follows:

VMG + B2y — 1) + My(y — 1))

Jo(t,s,9) = AT(0F,.4) < P

FX(67.,) (WM& R w) '

and it is straightforward to see that .Jy is independent of ¢;.

Equation (4.2)) becomes:
(O + L1+ Lo)u+ Jo(t,s,y) = 0.
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This equation is solved by separately cancelling its constant and linear part in terms of ¢y,
leading to the following equations:

(0) : (at + '61)90 + JO(tv S>y) = 07
(1) . (@ + £1)91 — At,uSt = 0.

The function 6y, satisfying the terminal condition 6;(T,s,y) = h(s), is given by the the
Feynman-Kac formula

T
01(t.5.4) = EL., (1(Sr) ~ EL, [ BuSudu)
t

The quantity My(t,s,y) can now be computed:

T
My(t,s,y) = Colt,s,y) —Cp(t,s,y) + pEfS’y(/ A,S,du).
t

As for 6, given the terminal condition 6y(T, s,y) = 0, it is given using Feynman-Kac formula,
by:

T
Oo(t,s,y) = By sy (/ Jo(u, Su,yu)du) .
t

t,s,y
solution of the HJB equation (4.2)). Finally, proceeding as for Theorem 3.5.2 in [Pham(2007)],
we prove that the verification theorem holds (see Appendix for details), so that ug is
indeed equal to the value function. O

As a conclusion, ug(t, s,y, q1,x) = z+60o(t, s,y)+q (Cp(t, s,y) — uET, (ftT AuSudu)) is the

4.1.2 Interpretation of the strategy

The quantity Cp(t,s,y) represents the expected payoff of the option under the historical
probability measure P. In addition, the quantity:

T T
/’LEZ,Ds,y (/ A(u7 S’LU yu)Sudu) = Efs’y (/ A(U, Su7 yu)dsu)
t t

represents the cost of delta-hedging the option when there is a trend in the dynamics of the
underlying. Thus, the indifference price for the option under the probability measure P is

Cp(t,s,y) — nET (ftT A(u, Sy, yu)Sudu>, and the quantity:

t,s,y

T
My(t,s,y) = Colt,s,y) — (Cp(t,s,y) — ,uEZ’Ds,y (/ A(u,Su,yu)Sudu))
t

is naturally interpreted as the difference between the option price under the risk-neutral
probability @ and its indifference price under the historic probability P.



Let the functions f, g be defined by:
v+ /2t + B2y - 1)

VP +B2y-1) -z

By simple differentiation, it can be shown:
MLt (M) = v AEMZ + B(2y — 1) + v M, -
2Lt o) = > 0,
OMy 2y—1 /M +B(2y-1)
Dier _ g (Mp) = 1Mo = VM + B2 =)
Mo 2y—=1 /M2 +B(2y-1)

It follows that the bid distance o7 , , = f (Mp) is an increasing function of M, while the ask
distance 6}, , = g(Mo) is a decreasing function of My. Indeed, if My increases, it becomes
more rational for the market maker to sell the option. Thus, she decreases both her bid
quote (0, , increases) and her ask quote (07 ,, decreases). In this way, the ask quote is
more likely, and the bid quote, less likely to be executed.

Following the same reasoning, if M, decreases, it becomes more profitable to buy the option.
Thus, the market maker increases both her bid quote (0, , decreases) and her ask quote
(07, increases).

In the particular case where M = 0, the market price of the option is equal to its indifference
price under P. In this case 0 ,, = 07, , = \/25771. This means that the bid quote C? and
the ask quote Cf are symmetric around the mid-price Cg, and the market maker makes no
directional bets.

It is also interesting to study the impact of the parameters on the bid-ask spread. Re-
. . . — 2 -
call that the bid-ask spread Sy . is simply o7, , + 52“7*7]&, so that Sp . = 2~ WQM;];F_I?(QW =3
Differentiating with respect to the variable v yields:
OSpt _ 2(B(2y — 1) + yMg)

oy (27 = 1) V72M§ + B (27— 1)

This means that the bid-ask spread Sy, ., is a decreasing function of the parameter . Indeed
when 7 increases, the intensity of arrivals of market orders decreases and the probability of
execution of a quote at a distance d from the mid-price decreases. Consequently, the market
maker contracts her bid-ask spread and places her quotes closer to the mid price. Moreover,
the spread Sy . increases with the parameter B, and does not depend on A. It can also
be noticed that Sg . ¢ is an increasing function of |M|, which means that the market maker
widens her spread when the gap between the indifference price and the market price becomes
significant.

4.2 The case § =1 (linear market impact)

The intensities of arrivals of market orders are now given by:

>\+(5+) = ﬁ and Ai((si) = ﬁ

The optimization problem is solved similarly to the previous case.
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4.2.1 Analytic solution

Proposition 4.2. Let S = £, and My(t, s,y) = Co(t, s,y)—Cp(t, s,y)+unE], , <ftT AuSudu>.

The optimal controls ((53*, 07, are:

B —yMy(t,s,y)\*
5t = i 4.9
fo = (PR (4.9)
_ B+ yMy(t,s,y)\"
Opee = < po— , (4.10)

and the value function is:

T
Uo(t&%%ﬁ) = T+ 80<t78ay) + q1 (C’p(t,s,y) EZDsy </ AuSudu)) ) (411)
t

where
T
Oo(t,s,y) = Ei sy (/ Jo(u, Su,yu)du)
t
and:
A -1 .
¥ (B (]’\y/[o(lt)s,y)%v T+ (B— C) ( MO(Ii S y)) Zf Mo(t,S,y) E] — 00, _8]7
_ A(y=1)7 AQQ—y)" :
Jo(t,s,y) - ¥ (B— ]’\Zo(t s L (=) (B—H\%(t sy 1 Zf MO(tasay) < [_878]7
_(_—y) (B(+M0)(t )1 + 5 BY (M()(t S y)) Zf MO(t757y) € [Sa —|—OO[

The proof of Proposition [4.2] is essentially identical to that of Proposition [£.1] For the
sake of completeness, it is given in Appendix (8.2)).

4.2.2 Interpretation of the strategy
Similarly to the approach used in (.2 the following derivatives are computed:

a5L>|<1E 8

T — _—1 <0
87\[0 ’7—1 {Mo<s}t = V)
aég*t Y

L = 1 _sv > 0.
M, N1 WMo==SE =

The results are qualitatively identical to the case g = %, that is, the distance 52,“ of the
ask-quote to the mid-price is a decreasing function of the mispricing term M, and the dis-
tance d; , , of the bid quote to the mid-price is an increasing function of the mispricing term
M.

11



Now, the expression for the spread Sp.; = 07, , + 0, , is:

BoaMoltsn) if  Af(ts,y) < —S,

SL,*,t = 32_191 if MO(tv Svy) € [_878]7
%Ogt’s’y) if My(t,s,y) > S,
so that
Mo(tsly B if My(t, s,y) < =S,
8‘?’” = -G %2 it My(t,s,y) € [-S,S],
K M it Mo(t,s,y) > S.

(y—1)2

Again, Sy .4 is a decreasing function of the parameter v, as in the case f = 3

5 Optimization problem for a risk-averse market maker

In order to risk-manage her strategy, the market maker may want to solve a different opti-
mization problem for the optimal distances (5t o OFF ) Typically, a mean-variance approach
would seek to maximize the expected wealth at maturity while keeping its variance under
control.

In this section, the variance of final wealth is going to be approximated in such a way that
the HJB equation retain its analytical tractability.

Under the assumption that 61,6~ < Cg, we can write:

T T T
XT ~ / OQ(U, Su, yu)de — CQ(U, Su, Yu)dNu_ -+ / q2,udSu‘
t t 0

so that the conditional variance at time ¢t of Xp is

T T
V(XglFy) ~ B ( / 3, ) (N + A7) du+ / qiuAia%yu)Szdum).
t t

Moreover, there holds (using similar notations)

V(aurh(Sr)|F) ~ E7 ( [ G2sim) 05+ x0) dum),

t

and:

T
COU(XTa q1,Th(ST)|E> ~ _EP (/ OQ(U, Sluyu)cp(ua Suu yu) (A: + A;) du|ft>
t

As a consequence, Var (X + q; rh(Sr)|F;) can be approximated by E7 <ftT (. Vu+T.) du\]—}),

where:

T, = (C4+E” (h*(Sr)|F) —2CoCp) (AL, + AL.) -
Vi = Afo*(y)St.

12



u

A final approximation consists in replacing the quantities A\ and A, which depend on ¢§;

and 0, , by )\Zu = A*(éz*ju) and A\, = )‘7(52,*,1;)-
The stochastic control problem we consider is now introduced. The value function u€ of the
market maker is defined as follows:

(O (tu $,Y,41, Z‘) = Sup{(5;75:r)eA}EZ?5,y7q1,x (He(t7 T7 ST7 yr, 1, XT)) )

with H€ given by:

T
H(t,T,St,yr, 110, Xv) = X+ qrh(Sr) — 6/ (¢ Vu+T,) du.
t

Let ug be the solution of the following HJB equation:
(O + L) ug + sup{w;’éj)eA}JE((S;, &) = e(dd,Vi+T,), (5.1)
where as in Section | £ = £ + L5 and J¢ = J ¢ + J ¢ with
JHOT) = ANOT) (usts 5,y qre- — 1w + (Co +07)) —ug(t, s,y qra-, @)
J7T) = A (67) (ug(t,s,y,qlvt— + 1,2~ — (Cg —07)) — ug(t, s,y,qut—,xt—)) )

Again, if uf is smooth, finite and has polynomial growth, it coincides with the value function

uG

The optimal spreads (5,7, 4,

*,t

) solve the optimal control problem:

(5:—157 5;15) = ATgSUp{g;F’g;}EP (H€<t7 T7 STJ yr, ql,T7 XT)|St =S =Y, ql,t = {1, Xt - I) )

)

and the cases = % and f =1 are now studied.

5.1 The case § = % (square-root market impact)
5.1.1 Analytic approximation
We state and prove the

Proposition 5.1. The optimal controls (5:t,§;t) can be approrimated at the first order in
the penalization parameter € by (5;t, 3:@) defined as

A —yMT 2(M+)2 4+ B(2y—1
' 2y —1
. M- 2(M-)2+ B(2y—1

where the quantities M (t,s,y,q1) and M~ (t,s,y,q) are given by

MJr(taSaya(h) = MO(tasay)+€Ml<t7say7Q1)7
M_(tvsvyaq1) = MO(tvs7y)+€M2(t7Say>q1)7
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and

Ml(t> S5, Y, ql) = _93(t7 $7y) + (1 - QQI)94(t7 37?/),
MQ(t7 S, Y, QI) = _93(t7 S, y) - (1 + QQI)H4(t7 S, y)u

T
04(t,57y) = _Efs,y (/ Vudu) y
t

T
93(t7 S7y) = _2EZ,Ds,y </ 94(’&, Su, yu) ()‘—’_(5;*,11) - )‘_(527*,11)) du) :
t

with

Moreover, there holds

|5::t - 8:t| = 0(62) )
16,4 — 0vy| = O(€?) .

Proof. Let uf be the solution of the HJB equation (5.1). Under the assumption that € ~ 0,
a singular perturbation technique can be performed with respect to the parameter e:

+o0

U’S(t? S7y7q17x) - I'—i-ZGkUk(t,S,y,ql). (54)
k=0

If ¢ = 0, then the utility is obviously linear. This implies that u)(¢,s,vy,q,z) = z +
vo(t, s,y,q1) = uo(t,s,y,q, ) where uy is the function defined in (4.5). Therefore, it is
assumed that vy has the following form:

UO(t787y7ql) = 90(t787y) +QI01(t787y>‘

Since the utility function contains a constraint on the square of the option inventory ¢, v;
is assumed to have the following form:

’01<t, S, Y, Q1) = 92(t7 S, y) + Q193(t7 S, y) + q%64(t7 S, y)
In order to solve the HJB equation, the jump terms J¢ and J ¢ have to be calculated.
Let f* = J™¢ The function f* writes

f+(5+) = )\+(5+)(U(t,s,y,q1 - 1,1’ + (C+ 5+)) - u(ta Sayachal'))a
= )‘+(5+) <5+ + MO(t7 Svy) + eMl(ta $Y, Q1) + €2R+(t7 5, Y, q1)> )

where:

Ml(ta 573/;‘]1) = Ul(ta $,Y,q1 — 1) - "11<t7573JaCJ1)7
= _03(t7 Syy) + (1 - 2q1)94(ta S, y)v

14



and:

+o0

R+(t7 5, Y, QI) - Z 6k_2 (Uk (ta $,Y,41 — 1) — Uk <t7 S, Y, QI)) :
k=2

Let M*(t,s,y,q1) = Mo(t, s,y)+eMi(t, s,y,q1). Inorder to determine 6,7, = ArgSupg>oyf*(2),
the derivative (f*)’ is computed:

AT(0T) 5 ((5+)2 (1 —27) —2v (M+ (t,s,y) + R (t, sy, ql)) N B) )

(fF) (") = Bt @)

The function (f7)" has two zeros x” and 3

—y (M* + ERY) = \J7? (M* + @R + B(2y - 1)

+ _ <0

71 2y — 1 ’
—y (M* + ER¥) 4 /72 (M+ + @RV 4 B(2y - 1)

ry = 7y 1 > 0.

Hence, 0, = x5, and a Taylor expansion yields:

—YMT 4+ \/72(M+)? + B(2y — 1)
2v —1

5:t = + O<62)

or else

2 Mo M-
o5, = 0f. +el - 1 M, + Bl +O(62).
’ ” 2y -1 VPMG + B(2y — 1)

It will be useful to write f7(d;,) as the sum of f;"(d},,) plus a perturbation term: noticing
that fT(z) = ff (z)+eXT(x)Mi(t, s,y,q1)+O(€*) and using a Taylor expansion, the following
obtains:

f+(§:t) = f+(6z,*,t) + (f+)/(62—7*,t)<5::t - 52_,*,15) + O(((;:t - 52—,*,15)2) )

Mo M
— + 5+ +€>\+ 5+ M +el| — 7 01
Jo (07,.0) (07.0) M ( VEMZ + B(2y — 1)

1+

%7—_1 ) (f7)(0f.0) +O() .
Using that (f*)'(x) = (f¢")'(z) + O(e) and (f¢)' (67 ,,) = 0, there holds:
FR@) = f500.) +eA (0f, )M+ O(e").

Similarly, let now f~ = J—¢. Using the form of the value function suggested in (5.4)), the
function f~ can be written as

f707) = M)t s.y,q+ Lz —(c—07)) —ult,s,y,q1, 7)),
= >‘_(5_) (5_ - (Mﬂ(tv Svy) + EMQ(t7S7y7q1) + EzR_(tv Sv?/an)))
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where

MQ(ta S, Y, QI) = - (Ul(tv S, Y, 41 + ]-) - Ul(tv S, Y, QI)) )
= —0s(t,s,y) — (1 +2q1)04(t, 5, y),

and

+o0

R_(t7 S, Y, ql) = - ZGIC_Q (Uk (ta S, Y, 41 + 1) — Uk (t) S, Y, QI)) :
k=2

The quantity M~ (t, s,y,q1) = Mo(t, s,y) + eMs(t, s,y,q) is introduced to simplify the no-
tations. Standard computations yield that

UVE) = P (-2 @R (4 + R 5+ B).

Thus, (f~)" vanishes at the points

(M~ +ER7) = /42 (M~ + @R + B(2y - 1)

1= 2y —1 ’

- ’Y(M_+€2R_)+\/’}/2 (M~ 4 eR-)* + B(2y — 1)

1’2 - .
2y -1

Since x; < 0, z; > 0 and v > 1, then 0,, = ArgSup,>0y [~ (z) = x5 . It follows that:

YM™ + \/¥2(M~)2+ B(2y — 1)
2v—1

Oyt + 0(62) .

Using again a Taylor expansion with respect to ¢, the last relation yields:

2 Mo M.
0o, = Op,,te|l——M+ 10 +0(é).
’ ” 2y -1 VEMZ + B(2y - 1)

The quantity f~(d,;) can be written as the sum of fy (7 ,,) plus a perturbation term.
Indeed, since:

f (@) = fola)—eX (a)Ma(t, s,y,q1) + O(¢%),
it follows that
F6) = 0.0+ () (600,000, —065,,)+0((6,,—61.,.)°),

2
n e ~2 Mo M,
o (0744) (O o) Mz (27_1 T PMET B2y - 1)

16
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Recalling that (f7)'(z) = (fg)'(z) + O(e) and (f; ) (91, ,) = 0, the previous equation be-
comes:

F(6) = fo (0. —eN (65, )M+ O(€%) .

Using the above approximations for f*(8;,) and f~(d;,), the quantity J*(d,,,0,,) = f~(d,,)+
f1(07,) can be written as

‘]6(5*_,t7 5:75) = f(;_((sz_,*,t) + 6M1A+(52_,*,t) + fO_ (527*,t) - EMQ/\_ (52,*,t) + 0(62) )
= Jo(fsi*,ta 52*7;:) +e (Ml/\+(5}:*,t) — MaA™ (557*,:5)) + 0(62) )

Rearranging the expression for J¢(d, , 5;,) in powers of € yields

*,t
J(0, .05 = Jolt,s,y) +edi(t,s,y,q1) + O(€%),
Where Jl(tv S, Y, ql) = Jl,O(t7 S, y) + QIJI,I(t7 S, y) and

J170(t7 S, y) = )\+(5£*,t)(_93 + 04) — A7 (527*,7&)(_03 - 94)a
J171(t7 S7y) = —20, (>‘+(52_,*7t> - )‘_(6;,*,15)) ’

The HJB equation (5.1)) is now rewritten in increasing powers of €. The zero' order term
leads to the equation:

(O + L1+ Lo)(x + 00 + qi6h) + Jo(t,s,y) = 0
with the final conditions
00(T,s,y) =0, 601(T,s,y) = h(s).

The functions 6y, 6; are then easily calculated:
T
O(t,s,y) = Cp(t,s,y) —nEL,, (/ A(u, Sy, yu)SudU) :
t

T
Oo(t,s,y) = Eisy (/ Jo(u, Sy, yu)du> :
t
The first order term yields the following equation:
(0 + L£)(02+ b5 + ¢i02) + Ni(t,s.y) = ai,Vi+ T,

and the terms of this equation are now sorted by their orders in ¢;. The second order term
in ¢; provides the following equation for 6,:

(O + L1)04(t,5,y) = Vi

Using the final condition 04(7T,s,y) = 0, it can be deduced that:
O0u(t,s,y) = —ET

T
. (/ Vudu> .
¢

17



The function 63 is calculated using the first order term in ¢;:
(at + £1)63(t7 S, y) + Jl,l(tv S, y) = 07

and since it also satisfies the final condition 65(7, s,y) = 0, it follows that:

T
93(t737y) = Efg,y (/ Jl,l(“’a Suayu)du) .
t
Finally, the function 6 solves:
(O + L1)02(t, 8,y) + J1o(t, 5,y) =T

subject to the final condition 05(7T,s,y) = 0. Using again the Feynman-Kac formula, the
following is obtained:

T
02(1:’ S, y) = EZ,)s,y </ (‘]1,0 - T) (U, Su, yu>du> :
t

As before, a verification theorem can be used, once it is proven that v is smooth, finite and
satisfies a polynomial growth condition. O
5.1.2 Interpretation of the strategy

The effect of the mispricing term M, on the optimal bid and ask distances remains the same
as in the case without inventory constraints (¢ = 0), since

dét, 86+, oM+
*, — *, — /M+
oM, — onron dWMT) <0
D6 96, OM-
b = +9 f(M™) > 0.

oM, OM—- OM,

The new feature here is the dependence of the distances 3*_ , and &f , on the inventory g¢;.

In order to study this dependence, the partial derivatives of 5; . and &f , with respect to the
variable ¢; are computed:

LT 260, (t "(M*) <0
aql = —4€ly 7573/)27_19 ) )
as;t v

—= = —2e04(t "(M~

aql € 4( ,S’y)Q’}/—lf( )>07

It can be deduced from the expressions above that, when the option inventory ¢; increases,
the market maker posts more aggressive ask quotes and more conservative bid quotes in or-
der to reduce her inventory. Thus, the market maker, being risk-averse, adjusts her quoting
policy in order not to accumulate a large inventory, thereby avoiding being too exposed to
market moves.

18



The bid-ask spread of the market maker is S, ; = 5*_ .+ &,Jf ¢~ Using a Taylor expansion, S, ;
can be approximated as follows:

2M2 + B(2v —1 M,
Sop = VMG £ By =) gy o (M, + M)
2y —1 2y —1 VEMZ + B(2y - 1)
v Moy
= S;.;+e —204 + 2 —0s — 2¢,0
Lt 27_1[ 4 \/72M02+B(27—1)< 3 a1 4)

The term (Ms — M) is a positive quantity that increases the bid-ask spread. Indeed, having
a constraint on the variance of her final wealth, the risk-averse market maker requires a
bigger margin in order to compensate the risk. Therefore, the bid-ask spread is widened.
The next term depends on ¢; and My, its effect on S, ; is not straightforward to interpret.
It is easier to see the effects of ¢; directly on 5*_ , and Sj .

5.2 The case § =1 (linear market impact)
5.2.1 Analytic approximation

Proposition 5.2. The optimal controls (5,‘&, d,4) of the market maker can be approvimated
at the first order in ¢ by (6, 3;) defined as

*,09

_ + S,Y, y
Sth — n ’YM»yf(? - ql) Zf MJr(t, S, y) S 87 (55)
" 0 if M*(t,s,y)>S,
2 0 Zf Mi(t,s,y) S _87
o, = tspat) e o 5.6
,t { B+"/M’Y_(§7 Yhq1) Zf M (t, S,y) Z -S ( )

and the approximation error is of order 2 in €:
|(§:_t - 5:t| = 0(62) )
|5*_,t - 5*_,t| = 0(62) :

The proof, similar to that of Proposition [5.1} is omitted.

5.2.2 Interpretation of the strategy

The effect of the mispricing term M, on the optimal bid and ask distances remains the same
as in the case without inventory constraints (¢ = 0), indeed:

0L _ v <0
oM, N v—1 (Mr=sh =
ag*_t Y

I ley—>_sy > 0.
3M0 Y= 1 (M7==5} =
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The proxies 5*_ , and Sj , of the optimal distances depend on the inventory ¢;. Their first
derivatives with respect to the variable ¢; can be computed explicitly:

(‘)S+t g

= 2ely(t —1 <0
aql € 4( ’S’y)’}/_l {M+<S§} =Y,
a&:t v
—= = —2el(t ——liy->_s1 > 0.
aql 64(757y)7_1 {M=->-8} =

The first derivatives highlights the effect of the option inventory ¢; on the distances 5*_ , and

(ij ;- Indeed, if ¢; increases, the market maker lowers her bid and ask quotes, seeking to cut
down her option inventory.

6 Numerical Simulations

In this section, Monte Carlo simulations are performed in order to test the performance of
the market making strategies previously characterized. It is supposed in this section that
the spot process follows a Heston model under P:

ds
Tt pdt + /gd W,
t

dy, = kp(Or — y)dt + np/ydW,?
where d<VV(1)7 W(2)>t = pprdt.

Market participant evaluate options using Q, under which the spot process S has the
following dynamics:

ds,
St
dyy = k(0 — y)dt + n/gedw;?

where d (WU W& = pdt.
The functions ag, bg and o are:

= rdt + /g dW;

ar(ye) = kr(Or — 1),
br(y:) = 1RVYr,
U(yt) = \/Ea

The term Cg(t, s,y) is the option price in the Heston model (see [Heston(1993)]). The term
Cp = EP((Sr — K)T|F) can be computed explicitly as explained in Appendix (?7?).

The first part of the numerical study is devoted to the comparison between the optimal strat-
egy and a zero-intelligence strategy, in the case of a linear utility function. In the second
part, the effect of the misspecification of the parameters is studied.
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The numerical simulations are specified as follows: the traded option has a maturity equal
to 3 Months (7" = 0.25) and a strike equal to 100 (K = 100). We simulate 1000 Monte
Carlo paths of the spot and instantaneous variance (S;, v¢)o<i<r} starting from Sy = 100
and vy = 0.04. It is assumed that there are 6 trading hours per day, and that the market
maker refreshes the quotes every 5 minutes. This means that there are 12 x 6 = 72 points
per day. Since there are approximately 64 business days in a 3 months period, this amounts
to 64 x 72 = 4608 points per simulated path. At each point, the quantities Cq(t, s,y) and
Cp(t,s,y) are computed using a Fast Fourier Transform method. This simulation task is
numerically consuming and was performed using the computing cluste at Ecole Centrale
Paris.

For each simulated path, the optimal market making strategy is used from the inception
date (¢ = 0) until the maturity date of the option (¢t = T').

6.1 Comparison with a zero-intelligence agent

The implied volatility ¥;(K,T) of the call option is defined as usual by Co(t, S, y) =
Pgs (t, 5, 2:(K,T)), where Pgg denotes the Black-Scholes call price formula. In addition,

let Jpg = 2LestbSIETD) 16 he Black-Scholes vega of the option. In this subsection, we
%

suppose that there is an agent who places equidistant bid and ask quotes denoted by C’%I,t
and C%;, respectively:

%I,t - CQ(ta St> yt) + 5Z1,t7
C%I,t - CQ(ta St> yt) - 5ZI,t7

where 077, = 0.005 x ¥pg. In other words, the "zero-intelligence” agent attempts to earn
0.005¢ g for each trade.

The assumption here is that (kg,0r,nr, pr) = (k1,07,01, pr) = (4,0.04,0.5,—0.4) (no mis-
specification). Besides, the historical drift x4 and risk-free rate r are both zero. The results
of the numerical simulations are summarized below:

http:/ /www.mesocentre.ecp.fr
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Figure 1: Statistics for g = 0.5

] — Zero Intelligence Agent

— Zero Intelligence Agent

1
1500

3 Our Agent § Our Agent
: B W R e T S °
e ’ o Final szotlUDn II'IVEF:::; o 500 o ’ Final wea:hoo e o
(a) Final value of ¢; (b) Final value of Wealth
Figure 2: Statistics for g =1

Cases Median | Mean Std | Skewness | Kurtosis
B = 3 and with optimal quotes 23.00 | 38.42 | 58.66 0.98 0.63
g = % and with zero-intelligence 1.00 0.80 | 19.05 -0.14 -0.02
£ =1 and with optimal quotes 29.00 | 72.94 | 114.14 1.52 1.94
£ =1 and with zero-intelligence 1.00 1.13 | 19.90 -0.07 0.00

Table 1: Statistics on final option inventory ¢ r
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Cases Median | Mean Std | Skewness | Kurtosis
b= % and with optimal quotes 356.89 | 379.64 | 176.13 0.72 9.38
B = % and with zero-intelligence 21.34 | 25.01 | 116.44 0.82 11.05
£ =1 and with optimal quotes 144.54 | 154.90 | 187.97 0.75 12.24
£ =1 and with zero-intelligence 17.60 23.32 | 121.75 0.86 11.51

Table 2: Statistics on final wealth Wy

The numerical simulations show that the strategy using the optimal quotes performs better
than the zero-intelligence strategy.

6.2 Effect of the misspecification of parameters

In this section, the effect of parameter misspecification in the case of a linear utility function
is addressed.

6.2.1 Misspecification of the parameter p

Monte Carlo simulations are performed using the following parameters: (u, kg, 0r, Mg, pr) =
(0,4,0.04,0.5,—0.4) and (7, k;, 07,1, pr) = (0,4,0.04,0.5,—0.9). The statistics of 1000 sim-

ulations are given below:

200
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Figure 3: Statistics for g = 0.5
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Figure 4: Statistics for § =1

Cases Median | Mean Std Skewness | Kurtosis
B=72and pp=p; | 23.00 | 3841 | 58.66 0.97 0.62
b= % and pr # pr 42.50 57.30 | 165.14 0.19 -1.16
B =1and pgr = pr 29.00 | 72.942 | 114.13 1.51 1.93
B =1and pgr # pr || 105.50 | 112.38 | 699.43 -0.049 -1.48

Table 3: Statistics on final option inventory ¢ r

In order to interpret these results, it is convenient to use [Forde and Jacquier(2009)], where
an approximation of the implied volatility for the Heston model is derived:
K 1 )

og() + (37 - 3597 T lostig )+ 0wl )*) ) 61

The approximation (|6.1]), valid for small maturities and log-moneyness, points out the effect
of the parameter p on the option price when T" ~ 0. Indeed, at the first order in log(sﬁt), the
implied volatility ¥, (K, T) is an increasing function of p if K > S; and a decreasing function

1
L Llem

4 yo

(K, T) = @(1

if K < S;. Consequently, in each simulation, the evolution of the moneyness (log(%)) of

the option determines the quantity Cp(t, s, y) — Co(t, s,y) and influences the aggressiveness
of the quotes on either the bid or the ask side. It can be noticed that the distribution of the
option inventory ¢;(7) at the maturity date 7" is more spread out in the case where pg # p;.

Cases Median | Mean Std Skewness | Kurtosis
8= % and pr = pr || 356.89 | 379.63 | 176.13 0.72 9.38
B =3 and pr# pr || 33158 | 584.06 | 772.01 1.29 2.01
B =1and pgr = pr 144.54 154.90 187.97 0.74 12.24
B =1and pr # p; | 102.22 | 1485.31 | 3780.57 1.20 1.26

Table 4: Statistics on final wealth Wr.
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The statistics show that the final wealth in the case where pr = —0.4 and p; = —0.9 is on
average higher than in the case where pr = p; = —0.4. Indeed, the quoting policy of the
market maker is adapted in order to benefit from the misspecification of the parameter p.

6.2.2 Misspecification of the parameter 6

Monte Carlo simulations are performed using the following parameters: (u, kg, 0r, Mg, pr) =
(0,4,0.04,0.5,—0.4) and (r, k7,07, m7, pr) = (0,4,0.0625,0.5, —0.4).
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Figure 5: Statistics for § = 0.5
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Figure 6: Statistics for § =1
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Cases Median | Mean Std Skewness | Kurtosis
b= % and 0 = 0; 23.00 38.42 58.66 0.98 0.63
b= % and 0r # 0; || -90.50 | -73.81 68.76 1.22 1.45
b =1and 0 =0; 29.00 72.94 | 114.14 1.52 1.94
B =1and fg # 607 || -693.00 | -636.17 | 204.57 1.51 2.52

Table 5: Statistics on final option inventory ¢ 7.

Since O < 07, we have Cp(t, Sy, y:) < Co(t, S, y;). The market maker posts aggressive ask
quotes and conservative bid quotes. Therefore, she should be more likely to finish with a
short option position, a fact that is confirmed by the simulations.

Cases Median | Mean Std Skewness | Kurtosis
b= % and O = 0; || 356.89 | 379.64 | 176.13 0.72 9.38
b= % and O # 0; | 856.03 | 972.96 | 504.59 1.26 1.91
B =1and g =10; 144.54 154.90 187.97 0.75 12.24
B =1and 6 # 0; || 3029.61 | 3737.93 | 2834.59 1.18 1.26

Table 6: Statistics on final wealth Wr

The final wealth in the case where the parameter 6 does not have the same values under P and
Q (6r = 0.04,60; = 0.0625) is in average higher than in the default case (g = 6; = 0.04). The
numerical simulations support the results of the theoretical study and show experimentally
how the optimal strategy enables the market maker to take advantage from the parameter
misspecification.

6.2.3 Misspecification of the parameter 7

In this subsection, Monte Carlo simulations are performed using the following parameters:
(i, kr,Or, MR, pr) = (0,4,0.04,0.5,—0.4) and (r, k7, 07,11, pr) = (0,4,0.04,0.7, —0.4). The
statistics of 1000 simulations are given below:
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Figure 8: Statistics for § =1

It can be seen through the approximation that the effect of the parameter n on the
implied volatility (K, T") of the option depends on its moneyness. Thus, at the first order
in log(sﬁt), if p < 0, an increase of the parameter 7 increases the option price if K < .S;, and
decreases it if K > S;. Therefore, the aggressiveness of the quotes of the market maker on
either the bid or the ask side of the order book depends on the path followed by S in each
simulation.
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Cases Median | Mean Std Skewness | Kurtosis
b= % and nr = 1y 23.00 | 38.42 | 58.66 0.98 0.63
8= % and ng # Ny 48.00 | 57.00 | 58.72 0.34 -0.83
B =1and ng =n; 29.00 72.94 | 114.14 1.52 1.94
B=1and ng # n; 38.50 | 86.20 | 105.06 1.13 0.19
Table 7: Statistics on final option inventory ¢ 7.
Cases Median | Mean Std | Skewness | Kurtosis
b= % and ng =nr || 356.89 | 379.64 | 176.13 0.72 9.38
B=1andng#n | 25115 | 25049 | 227.15 | 0.22 2.98
B=1and ng =n; || 144.54 | 154.90 | 187.97 0.75 12.24
B=1landnr#mn | 3457 | 81.90 | 269.94 |  0.44 2.27

Table 8: Statistics on final wealth Wr.

The interesting point here is that the final wealth Wr in the case ng # n; has a lower
average and a higher standard deviation than in the case ng = n; (for both g = % and
B =1). This observation may seem, at first glance, counter-intuitive, since the misspecifica-
tion of a parameter should give the opportunity to benefit from price inefficiency. However,
there is a simple explanation to this result: increasing the parameter 1 under the pricing
measure also increases the volatility risk of the option. Since this risk is not hedged out,
the variance of the final wealth Wy increases, thereby curbing the profit of the market maker.

7 Conclusion

In this paper, we have proposed a framework for the study of option market making. Using
a stochastic control approach, we have derived analytic expressions for optimal bid and ask
quotes in the case of a risk-neutral market maker. The risk-adverse case is also considered, in
a mean-variance framework, and we have used a singular perturbation technique in order to
provide approximations for the optimal quotes. Finally, using Monte Carlo simulations, we
have provided some numerical evidence for our theoretical findings, and studied the impact
of parameters misspecification.
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8 Appendices

8.1 Intensity of arrivals of market orders

In order to determine the form of the functions A™ and A\, we need to specify the distribu-
tion function of the size of market orders and also the market impact following the execution
of a market order.

Let fy denote the density distribution of the size of market orders in absolute value of their

cash amount. Several studies proved that this density decays as a power law (see [Avellaneda

and Stoikov(2008)). We will suppose here that fy, can be well fitted by a power law density:
vLY

Vo >0, fy(z) = Tro (8.1)

From a practical point of view, there is a strictly positive lower bound for x which corre-
sponds to the option price xz,. Nevertheless, it is supposed here that the density fy is
positive for 0 < z < xp.

On the other hand, market impact has been studied by different authors in the econo-
physics literature, and it is widely accepted that the change in price AP following a market
order of size V can be written as follows:

AP = KV (8.2)

There are two values of 8 which are supported by different researchers: § = 1 which cor-
responds to a linear market impact and § = % which corresponds to a square root market
impact.

The probability that a bid quote (respectively ask quote) placed at a distance 6~ (respectively
d1) from the mid price gets executed is equal to the probability that a sell market order
(respectively buy market order) triggers a market impact which is higher or equal to §—
(respectively 0T). Suppose as in |[Avellaneda and Stoikov(2008)] that the arrival rate of
market orders is constant and equal to F'. Then, for § > 0:

M) = Fx P(AP >0),

)
= p>
FXP(V_K),

- rer(v= ().

= F/<+Oo Jy(z)de,



Therefore, the intensity of order arrivals can be written as A(§) = g where A = FK %LV,

(BF)
1
B=LKAand C = 1.

As regards the parameter 7, several empirical studies show that v > 1, see e.g. |Gopikr-
ishnan et al.(2000)Gopikrishnan, Plerou, Gabaix, and Stanley| (v = 1.53), [Maslov and
Mills(2001)] (v = 1.4) or |Gabaix et al.(2005)Gabaix, Gopikrishnan, Plerou, and Stanley]|

(v = 1.5).

8.2 Solution of the HJB equation with linear impact and linear
utility

The utility function U given in (4.1)) is linear. Therefore, we make the following Ansatz for

u:

u<t757y7QI7x) = x+00<t7suy)+QI91(t757y)u (83)

Let fo© = J7T, this function represents the jump part due to the execution of the ask quote.
Using (8.3), the function f;" can be written explicitly as:

fo(6F) = XY (07 + Mo(t,s,y))
where My(t,s,y) = Co(t,s,y) — 01(t,s,y).

In order to determine 0} ,, = ArgMaz.>0yfy (x), the derivative of the function fg is
computed:

Yt = 5o

- B+ 6+ (6+(1_V)+B_7M0(t787y))7

If My(t,s,y) > %, then V 6* >0, (f)'(6%) <0, and then (5;*’15 = 0.
If My(t,s,y) < %, the function (f;7)’ changes sign on [0,+o0o[ and gets null at z7 =

%W. Using the sign of (f") on [0, 27| and [z, +-00], it can be deduced that §} , , = 2+

In conclusion, §; , , can be determined as follows:

(SJF B_IYMO(t7S»y) -
Lt N - 1 ,
and: i
A(y=1)7— . B
fF6E,.) = eyt L Molt,s,y) <2 5.4)
" 2 Mo(t,s,y)  if Mo(t,s,y) > ©

The same approach can be applied to the function f; = J~. Indeed, using the form of
the value function suggested in (8.3), the function f; can be written as follows:

fo(07) = A(07)(07 = Mo(t, s,9)).
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The derivative of f; writes:

U167 = 2813057 + (B4 Mot 5,9))

If My(t,s,y) < =2, then V5~ >0, (f;)(67) < 0 and therefore §; ,, = 0. On the other
/y 17
hand, if My(t,s,y) > —%, it can be proved that 0, ,, =2~ = BiyMo(tsy),

v—1
Consequently, o, , , writes:

_ B+’)/M0(t,8,y> "
5L,*,t = )

v—1
and: -
A(l—~)7— . B
fi (0. = e s y) 2 Y (8.5)
h _ﬁMﬁ(tvsﬂy) it Mo(t,s,y) < -
In order to simplify the notations, the following quantities are introduced: § = % and

J(](t, S, y) = f(;r(ézr,*,t) + f(; (52,*,15)'
The equation (4.2)) becomes:

H: (at + £1 + £2) (ZE + QO(tJ S, y) + QIel(ta S7y)) + J0<t7 S, y) =0
The terms of the HJB equation are sorted by powers of ¢;:

(0) : (@ + 61)90 + J()(t, s,y) = 0,
(1) : (8,5 + El)el — /.LAtSt = O,

Using the final conditions and applying the Feynman-Kac formula yields:
T
0r(t,s,y) = Cp(t,s,y) — nEL,, (/ A(u, Sy, yu)SudU) :
t
T
Oo(t,s,y) = Eisy (/ Jo(u, Sy, yu)du> .
t
Based on these results, the quantity My(¢,s,y) can be deduced:
T
MO(t7 S, y) = CQ(ta S, ?J) - Cp(t, S, y) + MEZ?s,y (/ A(”) Su7 yu)Sudu) )
t

and ug(t, 8,v,q1,x) = x + 0o(t,s8,y) + @ (C’p(t, s,y) — nEL,, (J;T A(u, Sy, yu)Sudu)> is the
solution of the HJB equation (4.2]).

The function ug coincides with the value function if it is smooth, finite and has a quadratic

growth.
In order to prove the quadratic growth of ug, we start by studying the function 6g:
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o If My(t,s,y) € [-S,S], then:

T+l

( B)—(v—l) < (B- Mg(t,s,y))_w_l) < (LB)—(v—l)
v g

Tl gy ~a-1) < (X =1 gy

(——=B)"" < (B+ Mo, s,y))" T < (——B)"",
v v

Then IM > 0 such that |Jy(t,s,y)| < M.
o If My(t,s,y) > S, then:

A(y =11 A

E},, (1Jo(w, Su, ya)|) < S BrSy B

Efy (IMo(u, Su ya)l)

o If My(t,s,y) < —S8 then:

A _17—1 A
0= A e (Mow, S w)])

Efy (10w, Suyy)l) < T(B-syp B

We assume here that the traded option is a call or a put, then 3C% > 0, E (|My(t,s,y)]) <
Ch(1 + s). It follows that 3CY > 0, such that |0y(t,s,y)| < C5(1+ s). Using the following
relation Va,b € R, ab < %, we can prove that 3CY’ > 0 such that:

|U0(t, $,Y,41, .CL’)| < Cé” (1 + xz? + 52 + y2 + q%)

which implies that ug is finite and has a quadratic growth.

Recall here that 6, is the solution of the equation (0, + £1)0 + Jo(t, s,y) = 0 with the final
condition 6y(T,s,y) = 0. Since the function Jy is continuous (Jp is at least C*%Y) then
6y is smooth. Consequently, the function ug is also smooth and it coincides with the value
function.

8.3 Solution of the HJB equation with linear impact in the mean-
variance framework

Let u¢ be the solution of the HIB equation ({5.1). Under the assumption that € ~ 0, a
singular perturbation technique is performed with respect to the parameter e:

“+00

ue(t785y7Q17x) = $+Z€kvk(tasay7Q1)a
k=0

Given the form of the utility function, the following Ansatz on vy and v; is made :

Uo<t7573/7Q1) = HO(t y)+q101( y)
vi(t,s,y,q1) = Oa(t,5,9) + @0s(t, 5,9) + ¢70a(t, 5,9),
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In order to solve the HJB equation, the Jump terms J™¢ and J ¢ have to be calculated.
Let f* = J¢, the function f* writes:

f+(6+) = )‘+(5+)(u(t73ay>€h - 1,1‘ + (C+ 5+)) - U(t, S7yaq1ax))7
)\+(6+) (6+ + MO(t7 S7y) + GMl(ta 5, Y, QI) + €2R+(t7 S, Y, Q1)) )

Let M*(t,s,y,q1) = Mo(t,s,y,q1) + eMi(t, s,y,q). By differentiating f*, it can be shown
that:
AT(6T)

(f+)/(5+> - B+5+ (5+ (1 _7> + B _IYMJF (t7 57%(11) _'752R+(t737y’€h)) )

In order to determine 0,, = ArgMax ;>0 f " (x), two cases should be distinguished:

o Mt (t,s,y,q1) + R (t,s,9,q1) > S: In this case, V 6T > 0, (f)/(6%) < 0, then the
function f* is decreasing on the interval [0, 4-00[ and 4,7, = 0.

o Mt (t,s,y,q1) + R (t,5,9,q1) < S: The function (fT)" changes its sign on [0, +00]
and gets null in z:

x+ = B - 2l (M+(t737y7q1) + €2R+(ta Say,Ch)).

v—1

Since v > 1 then 0;, = .

In conclusion, 0,7, writes:

5t = (B_'V(M—i_(ta&y#h)+€2R+(t>57y7Q1)))+
*t
; v—1

Using Taylor expansion, it follows:

5*—:75 = 52_,*,t - 67 i 1M1(t7 S, Y, q1)]-{M++52R+SS} + 0(62) .

In order to solve the HJB equation, it is useful to write f*(d;,) as the sum of f;" (97, ,) plus
a correction that depends on the parameter €. Indeed, we have:

@) = fif(@) +exT(@)Mi(t,s,y,q1) + O(€*)
then, through the use of Taylor expansion, one can write:
f+(5::t> = f+(5z,*,t) + <f+)/(5z_,*,t)(5::t - 52_,*,15) + O(<5:t - 52_,*,15)2) )
= fo (67 .0) +eXT (0, )My — €(f+)/(5£*,t)#Mll{Mﬂe?RKS} +0(e).
Since (f7)'(z) = (f)'(x) + O(e), the last equation becomes:
fH05) = fo07.,) +eM <)‘+(5Z*,t> - #(f(;r)'(fﬁ,*,t)1{M++e2R+§8}) +0(€%),
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It can be recalled at this stage that (f5)'(07.,) = %A*(O)l{MDS}.
Notice that if My € [min (S,S — eM; — €2R*Y) ,max (S, S — eM; — eR*)], then | E2He\*(0)| =
O(€). This means:

) B —~M,
iV 6Ea) = =N (Olprsariss + 00,

and then:
f+ (5:t) = fJ(éz,*7t) + EMl (t7 SJ y7 QI))‘+<6I+,,*,t> + O<62) :

On the other hand, the optimal bid distance 0, ; can be determined similarly. Let f~ =
J7¢, then the function f~ writes:

f_(d_) = >\_<5_)(U(t, S, Y,q1 + 17 Tr— (C - 5_)) - U(t, 5, Y,41, l’)),
= )‘_<5_) (5_ - (Mﬂ(tv S, y) + EMQ(t7 5 Y, QI) + EZR_(tu $Y, QI))) :

Let M~(t,s,y,q1) = Mo(t,s,y) + eMs(t, s,y,q ). Differentiating f~ yields:
A(67)

(Y6 = 5

(5_ (1 - ’7) + B+ IYM_ (t> 5 Y, ql) + ’762R_(ta $Y, QI)) :

Afterward, it can be seen that if M~ +e>R~ < —&, then 0, = 0, whereas if M~—+eR™ > -8,

— B+7M_(t’s)y7Q1)+’yE2R_(t757y)q1) _ 5—
- ~y—1 — Yt

then (f~)" changes its sign on [0, +-00[ and gets null in z~
So, the quantity o, , writes:

0., = (B+7(M_(t757y7Q1)+62R_(ta87y7Q1)>)+
*t
) ,y _ 1

Using again the Taylor expansion, we obtain:

5;t = 52,*,:5 + G%Mﬂta S, Y, Q1>1{M—+52R—273} + 0(62) .

Once again, we aim to write the quantity f~(0,,) as the sum of f; (6, ,,) plus a correction
term due to the parameter e. First, we use the relation:

f (@) = fo(z)—ed (z)My(t, s,y,q1) + O(€?),

and then, based on Taylor’s expansion, we obtain:

F700) = F 0.0+ () 0ra) (0 =00, + 000, —01..)°)
= fo (6p.)) —eA (6. )Mz + E(f_)/<5L,*,t)%M21{M+€2RZ5} +0(€%).

The relation (f7) (z) = (fy)'(z) + O(¢) implies:
F05) = fo (0. +eMat, s,y q1) (—A‘(éL,*,Q + %(f&)’(%,*,tﬂwmza) +0(e).
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We have also (fy)'(07.,) = (%)\*(O)) liamp<—sy- Following the same method, it can
be shown that if My € [min(—8, -8 — eMy — #R™), max(—S,—8 — eM, — ¢*R™)], then
| ZEM0 A=(0)| = O(e). Therefore, it can be deduced that:

e B+~M, . _
(fo)(0p.s) = TOA (0)1iar-4e2r-<—s3 + O(e).

and:
fﬁ (5;1‘/) = f(;((slj,*,t) - €M2(t7 $Y, ql)/\i((sl:*,t) + O<€2> )

Now that the terms f*(d),) and f~(d;,) are computed separately, the term J(d;,,d, ;) =
FH(05,) + f(65,) is deduced:

‘](6*_,157 5:1&) = f(?_((s—L‘_,*,t) + €M1A+(5;*,t> + fO_ (6[_1,*,t) - GMQ/\_((SZ,*,t) + 0(62) )
= ‘]0(6;,*,ﬁ 52,*,1%) + EMl(t7 59, Q1))‘+(5Z*,t) - €M2(t7 5 Y, Q1))‘_ (52,*,1&) + 0(62) )

The terms of J(d,,,0;,) are classified according to their power in e:
J((S»:tué:t) = Jﬂ(tasay> +€J1(ta87y7q1) +O(€2) )
where Ji(¢, 5,9, ¢1) = Jio(t,5,9) + @1J1.1(t, s,y) and:

Jio(t,s,y) = X070, ) (=04 04) = A" (0,,) (=03 — 04),
Jl,l(ta Say) = _294 ()\+(5z_,*,t) - A_(dz,*,t)) )

The HJB equation can be separated into several terms according to the order of the parameter
€. By nullifying the term of order 0 in ¢, it can be obtained that:

(O + L1+ Lo)(x+ 00+ @161) + Sy = 0,
with the final conditions:
0(T,s,y) =0, 6(T,s,y) = h(s).

The functions 6y and 6; are equivalent to those found in the case of a linear utility function
without inventory constraints, thus:

T
Ou(t.5.y) = Cplt,s,y) — iy ( / Ausudu)
t

T
90(75, Say) = Et,s,y (/ JO(“;'Suayu)du) )
t
The term of order 1 in € leads to the following equation:
(O + L1+ L2) (02 + 103 + ¢504) + Ji (L, s,y) = GV +T,
with the final conditions:

92(T7 S? y) = 07 93(T7 S? y) = 07 94(T7 S?:y) = 0'
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The functions 6s, 03 and 6, are:
T
O5(t, s,y) = Efs’y </ (Jio—T) (u, su,yu)du) ,
¢

T
93(ta S, y) = Efs,y(/ Jl,l(ua Su, yu)du)7
t

T
04(t,s,y) = —Ef&y(/ V.du).
t

It can be demonstrated, as it was done in the case f = %, that the function u¢ is smooth,
finite and has polynomial growth. Besides, u¢ can be approximated at order 1 in € by
a(t,s,y,q,x) =z +vo(t,s,y) + evi(t, s,y, q1).

Remark:

The optimal ask quote 6,7, can be approximated at order 1 in € by (i'f .

5+ _ B_7M+(t787y7QI) *
*,t ’y_l .

Indeed, if M*(t,s,5) € [Min (S — R*,S), Mar (S — R*,S)], then |EM v _

O(€?) and consequently:
]5; - 5:,t‘ = 0(52) )

Similarly, it can be seen that if M~ € [Min (-8, -8 — €2R™), Max (-8, -8 — ¢2R7)], then
|B—ny“_]‘1£| = O(€?). Thus, the optimal bid quote ¢, can be approximated at order 1 in e by
Opy
5_ . B+ ’7M7 *
*t T /y . 1 )
and the approximation error is at order 2 in e:

’5;15 - 5;,t| = 0(62)

8.4 Verification theorem in the case of linear utility

It is sufficient to prove that ug, the solution to the HJB equation (4.2)), is finite, smooth and
has a polynomial growth.
By using the concavity of the square root function, we obtain:

2A (2v — 1) | M| + +/B(2v — 1).

¢ <z

Under the simplifying assumption that the traded option is a call or a put, then 3 C; > 0
such that:

max (Cp(t, Say)7CQ(t7$>y)) < 01(1 + St)
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and we also have |A(t,s,y)] < 1. It follows that IM; > 0, Vu < T, |Mo(u, Sy, yu)| <
M;(1+ S,). Using this result, we can state that:

|Et,s,y (JO(U7 Su: yu))| S Et,s,y |J0(U, Sua yu)| )

24 ) ((27 — 1) (My + My S, D) 4 /B(2y — 1)) ,

<
-~ B(2y-—1

and then:

24 B et _ 1
0o (t < — M T —t MS;—— | .
|0(’S’y)|—Bv (( 1+ 27_1>( )+ MS, . )

Since obviously

[uo(t, 5,y a1, 7)| < || + |0o(t, 5,9)] + lar| (Cp(t, 5, ) + e T™0) |

then 3C5 > 0 such that

luo(t, s,y, q1, )| < Cy (142 + 5" +y° 4+ 4i) ,

which proves that ug is finite and has a quadratic growth.

Moreover, ug is smooth since it is a combination of smooth functions.

Let us now prove that g coincides with the value function. Let then 6 = (67,0%) be an
admissible control process, and consider the following processes:

dg; = dN[—dNtJ“,

dX; = (Colt, St ye) + 0, )AN,” — (Colt, Si, Yi) — 0, )AN, + qa,4dSy,
d_St
S,
dy, = ap(y)dt + bp(y)dW,?,

= pdt + o(y)dW,Y,

where N~ and N7 are Poisson processes with intensities A= and A1 respectively, where
V7 > 0:

XF=AHOE), AT = A,
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Let ty = TA{T > 1,]5: — s| > n} A {lyr —y| = n}A{|NS = NJ| > n}A{|N; = N7 | > n}.
Since ug is smooth, we have:

tn

Uo(tny Sty Ytns @ty s Xt, ) = Uo(t, 8,Y, qu, ) + / (O + L1+ Lo) uo(T, Sry Yry G1.7, T )dT

T=t
tn Ou ou. ou
S o(y)dWD £ Z oy )aW @ — Z g A_S.o(y.)dW D
. 88 U<y ) T + ay R(y ) T (91: qi, U(Z/ ) T

t’VL
+ / )\+(5+) (UQ(T, Sty Yrs q1,7'* - 17 Tr— + CQ + 5+) - U'O(Tv Sty Yr, q1,7'*7$7'*)) dr

=t

tn
+/ AT(07) (wo(7, sr,yr, 1o + Lwe- = (Co = 07)) = wo(T, 87, Yr, 1,0 =) ) d

=t

tn
+ / )\+(5+) (UO(T7 ST? 3/7-7 Q1,7-— - 17 Lr— + CQ _'_ 5+) - U’O(T7 ST7 y‘H QL‘I'_?:ET_)) de

=t

t’VL
+ / )\_(5_) (U(Tv Sty Yz, (h,r + 17 Lr— — (CQ - 6_)) - U’(Ta Sty Yr, q1,T*7$T*)> dM»r_

=t

where M™ and M~ are the compensated processes associated to N™ and N~ respectively.
Using the polynomial growth of u and the fact that the functions A* and A~ are bounded,
one can argue as in [Pham(2007)| that the local martingales in the previous equation are
martingales. Thus, by taking expectations on both sides of the last equation, we obtain:

ln

E (uo(tn, Sty Ytns Qb Xt,)) = wolt, $,y,q1, ) + E (/ (Op + L1+ Lo) ug(T, 57, Yo, ql,T,a:T)dT)

=t

=t

ln
+ E (/ >\+(6+) <u0(7-7 SrsYrs Q1= — 1; Tr— + CQ + 5+> - U()(T, Sty Yrs Q1,r—7$7—)) dT>

tn
+F (/ A(07) (o7, Sy Yr, qro- + Lz- — (Co = 07)) — uo(T, 57, Yy 10— T1-)) dr)

Using again the polynomial growth of ug, we can deduce that ug is integrable on [0, ¢,], and
the dominated convergence theorem yields that

limp oo B (wo(tn, Sty Yt Gt X)) = E (uo(T, St yr, 1.0, X7))

and the equation becomes:
T
E (uo(T, St,yr, 1.1, X7)) = uo(t, 8,9y, q1,¢) + E (/ (0r + L1+ L2) uo(T, Sry Yr,s qLT,xT)dT)
T=t
T
+ E (/ )\+(6+) (UO(Ta Sty Yr, q1,7'* - L Tr— + CQ + 6+) - Uo(T, Sty Yr, ql,T77w7'7)> d7—>
T=t

T
+ E (/ )\7(67) (UO(Ta Sty Y, q1,r— + 1,%7-7 - (CQ - (57)) - UO(T, Sty Y7, Q1,T77x7'7)) dT) .
T=t
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Recalling that wg is the solution of the HIB equation (4.2), we have for (6, ,4; ) € A:
(at + £1 + £2> Up + /\+(6+) (U()(T, SryYr Qi r— — ]-7 Tr— + CQ + 6;_) - Uo(T, Sty Yr, ql,T_wT‘r—))
+ /\_(5_) (Uo(T, Sty Yy q1,r— + 1,ZET— - (CQ - 615_)) - UQ(T, S, Yr, Q1,T_7x7'_)> < 07
which means that E (U(T,Sr,yr, i1, X1)) < uo(t,s,y,q,z) and then u(t,s,y,q1,x) =
SUP(J—,H)EAE (U(T7 ST? Yr,aq1,T, XT)) < U()(t, 5,Y,41, I)

In addition, since ug solves ([4.2)), then for (6; ,6;") = (d;,,d;,) we have:

(67410 57,07 8707 57,07
E (U(T 5 ) yé“* gt X )>) = up(t, 5,y.41, 7).

— s+
and then ug(t, s,y, ¢1,x) < S“p(a;,éj)eAE <U(T S (5°37) ygt o) qi X((S 3¢ )) =u(t,s,y,q, ).

Finally, we conclude that ug(t, s, vy, q1, ) = u(t, s, y, qi, ).
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