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Abstract

We study the long time behaviour of the speed of a particle moving in R? under the influence of
a random time-dependent potential representing the particle’s environment. The particle undergoes
successive scattering events that we model with a Markov chain for which each step represents a
collision. Assuming the initial velocity is large enough, we show that, with high probability, the
particle’s kinetic energy E(t) grows as t3 when d > 5.

1 Introduction

Our goal in this paper is to make progress on the rigorous analysis of the stochastic acceleration of a
classical particle moving through a random time-dependent potential. The full problem can be described
as follows. A particle moves in R, and its position g(¢) obeys the following law of motion:

G(t) = — Z AVV (q(t) — ri,wt+ ¢:),  a(0) = qo, G(0) = vo. (1.1)

Here V € C* (Rd, Tm) is a real valued potential which is bounded and of compact support in its first

variable in the ball of radius % centered at the origin.

The frequency vector w € R™ is fixed, so that the particle moves under the influence of a potential
Vi(g(t) — ri,wt + ¢;) that is quasi-periodic in time, when it is close to the scattering center r;. The
scattering centers r; € R? are a countable and locally finite family of (random or deterministic) points
that satisfies a “finite horizon” condition, that we shall not explicitly describe. The phases ¢; and the
coupling constants \; are i.i.d random variables in T™ respectively R.
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Such a particle undergoes successive scattering events (also refered to as collisions) when crossing one
of the balls of radius % centered on the r;, and executes a uniform straight line motion otherwise. When
the potential V' is time-independent, the particle’s kinetic energy is preserved in the scattering events and
is therefore uniformly bounded in time. We are interested in the case when V does depend on time, in
which case the kinetic energy is expected to grow in time. This is the phenomenon known as “stochastic
acceleration”. It has been extensively studied by various authors in a variety of models (see for example
[GRO9], [Stu66] and [Eij97]) and has been the subject of some controversy concerning the precise rate of

growth. We refer to [ADBLP10] for further background.

In [ADBLP10] and [Agul0], the above model was analysed numerically and partial arguments were
given to argue that, asymptotically in time (d > 2),

E(lg)l1) ~ ', E(lla®)l) ~,

where the expected value is with respect to the (A;, ¢;) and to an initial distribution of particle velocities.

In this paper, we shall consider a simplified model for the particle’s motion, in which its possible
recollisions with the same scatterer are ignored. Within that framework, we give a complete and rigorous
analysis of the asymptotic behaviour of ||§(t)|| corroborating the t'/> law above for d > 5 (Theorem 2.1).

The model is described in detail in Section 2. It treats the successive scattering events as independent,
leading to a Markov chain description for the particle’s momentum and position at each scattering event.
We therefore establish that the t'/5 law is indeed obtained from successive random scattering events
with a smooth potential. The numerics in [ADBLP10] suggests this behaviour is not altered by possible
recollisions but we do not prove this here.

Our work relies first of all on the analysis of the single scattering events for a high energy particle
that was given in [ADBLP10] and [Agul0]. This yields a sufficiently sharp description of the transition
probabilities of the Markov chain at high momenta to allow us to control the asymptotic behaviour of
the energy of the particle in this Markov chain dynamics. For that purpose we then adapt techniques
developed in [DKO09] in the context of a related problem on which we shall comment below.

The paper is organised as follow. In Section 2 we introduce the model that we consider and we describe
the behaviour of the kinetic energy by a Markov chain where each step corresponds to a passage trough
a scattering region. In Section 3, we state a technical result (Theorem 3.1) for a class of Markov chains
which includes the one described in Section 2 and we show how it implies our main result, Theorem 2.1.
In Section 4, we show that correctly rescaled and under some technical conditions, each Markov chain of
this class converges weakly to a transient Bessel process (see Theorem 4.1). This Averaging Theorem is
a key element of the proof of Theorem 3.1. Sections 5, 6 and 7 contain the three steps of the proof of
Theorem 3.1. An appendix concludes this paper with in particular the proof of Theorem 4.1.

Acknowledgments. The authors thank B. Aguer, M. Rousset, T. Simon and D. Dereudre for helpful
discussions. This work is supported in part by the Labex CEMPI (ANR-11-LABX-0007-01).

2 The Markov chain model

The solution (g(t),q(t)) of (1.1) can be viewed as a stochastic process on the probability space generated
by the (\;, i, ¢;). To each trajectory (q(t), ¢(t)) one can associate a sequence (tn, Un, bn, 74, s Ai,, , Di,, )ieN-
Here t,, is the instant the particle arrives at the n-th scattering region with incoming velocity v, = ¢(t,,);
74, 1s the n-th scattering center visited by the particle, )\; and ¢;, are, respectively the associated
coupling constant and phase; by, is the impact parameter (Figure 1). More precisely, we have

v 1 1
n= e =r e b0, <}



Figure 1: A particle at time t,, arriving with velocity v,, and impact parameter b,, on the n-th scatterer,
centered at the point r;, .

The change in velocity experienced by a sufficiently fast particle at the n-th scattering event can be
written

Un41 = Un + R(Una bna ¢in 3 )\in,) (21)
where, for all v € R? b € R? with v-b =0, and (¢,\) € T™ x R,

R(v,b, ¢, \) = —A /O+OO At VV (q(t), wt + ¢); (2.2)

here ¢(t) is the unique solution of

q(t) = =AVV(q(t),wt +¢), q(0)=b~— 4(0) = v. (2.3)

We will always suppose the potential V' satisfies the following hypothesis:

Hypothesis 1. V € C>®(R%, T™) is bounded and of compact support in its spatial variable in the ball of
radius 1/2 at the origin. The potential V' and all its derivates are bounded, and we write

0 < Vinaz == [|[V|]oo < +00.

Moreover, (w-Vg)V #0.

Equation (2.1) determines vy,41 in term of vy, by, ¢s,, Ai,. To determine t, 41, by, Nivyys Pinsss
one would need to solve a geometric problem which consists in finding the location r;,,, of the next
scatterer visited by the particle. We shall present and study a simplified model of the dynamics in which
this problem is eliminated. For that purpose note first that, once the particle leaves the n-th scatterer,
it travels with a constant velocity ||v,4+1|| over a distance ¢,, before meeting the n + 1-th scatterer.



Hence t,11 = t, + ”Ueﬁ, where we ignored the duration of the scattering event itself. Furthermore
Gn+1 = Gn + Vn+1(tnt1 — t) where g, = q(tn).

Starting from this description of the dynamics and ignoring possible recollisions, we now model the
solution (¢(¢),q(t)) of (1.1) by a coupled discrete-time Markov chain in momentum and position space
as follows. Each step of the chain is associated to one scattering event. Thus, starting with a given initial
velocity vg > 1, we define iteratively the velocity v,, and the time ¢,, just before the n-th scattering event
through the relations:

Un4+1 = Un +R(’Un;’in)
[vnall
n+1 = ({n + UnJrl(thrl - tn)7
where

Here the random variables b,, are chosen independently at each step of the Markov chain and follow
a uniform law in B(0, %) conditionally to b, - v, = 0. The variables \,, and ¢,, are also sequences of
independent random variables and identically distribued in [—1, 1] and T™ respectively.

Finally, note that we have added a very last simplification to this Markov chain by replacing the
random variables ¢,, by the mean distance ¢ between two scatterers successively visited by the particle.
In this way the geometric problem associated to the distribution of the scatterers in the space is completely
eliminated.

This Markov chain provides a simplified but still highly non-trivial model for the original dynamical
problem given in (1.1). Note that the momentum change undergone by the particle during collisions is
entirely encoded in the momentum transfer function R(v,b, ¢, A) (see (2.2)) in both the original problem
and the above Markov chain. The main simplifications in (2.4) come from the fact that we ignore
geometric considerations (the spatial distribution of the r;) as well as possible recollisions.

To state the main result of this paper, we introduce trajectories (q(ﬁ))telR+ where for all n € N,
q(tn) = qn is a solution of (2.4) and for all t € [ty t;41]
q(t) = q(tn) + (t = tn)vnt1. (2.6)

Theorem 2.1. Suppose d > 5. Then for all v > 0 and vo € R?, there exist c(v) > 0 depending on v and
C(vo,v) > 0 depending on both vy and v such that

1 1 1
lim P (Vt > —— c()t5 7" < ||4(®)|] < C(vo, l/)t3+”> =1 (2.7)
llvol|—+o0 [[voll

The proof of Theorem 2.1 is given in Section 3 where the role of the condition d > 5 will be explained.
In order to establish this theorem, we have to analyze the behaviour of the first equation of (2.4),

Un41 = Up + R(Una "in)a (28)

for vy, large. For that purpose, we need to understand the behaviour of the momentum transfer R(v,,, k,,)
n (2.2). Using first order perturbation theory, we can write (see [ADBLP10)),

P 1, wt _3
Rl = =20 [ aywv (b4t e+ o) 0 (1),

with b-v = 0. As V is sufficiently smooth, we have the following expansion for K € N, (v, k) = (v,b, ¢, ) €
R4 x T™ x R with b- v = 0:
K k)
al®(e, K e v
Ro.r) = 3 LG oy rr), o=

=l loll”



with

aW(e, k) = _)\/Jroo dy VV (b +(y — %)e,qﬁ) :

— 00

Note that e - a(!) (e, k) = 0. Then, if we look at the energy transfer

AE(v,5) = % (v + R(v, 1)) — 0?) | (2.9)
we have
L 8O (e,
AE@w>=§jﬁﬂ%¢l+ommrb*» (2.10)
=0

where 3®) = e-aV) =0 and V) = e-a®. Consequently, the first term in (2.10) is equal to 0 and
AE(e, k) ~ |Jv||~1. The following theorem (see [ADBLP10]) describes the average energy transfer during
a unique collision.

Theorem 2.2. For all unit vectors e € R%, a(l)(e) = 0 = a?(e). Moreover, for all v € R?

AN () B -5 A D? -3
AE(v) = ol +O([[ol| "), (AE(v))? = THE +O([[vl| ™),
where d—3
B=——-D?
2
and —
22 -
2= 2 [ o [ dandds lao — abl1" 100V (00, )01 Vat ) > 0
d JTm R2d

where Cy is the volume of the sphere of radius % in R, In particular, for all unit vectors e € R? and

foralll =1,2,3,

BO() =0, B=5M(e), and D* = (BM(e))? > 0.

Theorem 2.2 and (2.9) yield

3 (o3 (1))

A”Un”g = 357(11) + [[on| 2

+ Oo (JlvalI™1) + O (|Jvnl| %) - (2.11)

Here Allv,[|* = |[vng1]]* — |Jvn|[* where (vy,)y, is the stochastic process defined by (2.8) and Og (||va]| ™)
designates a term of O (||v,||~!) with zero average. Introducing

|[vnl|? (1) 1/B 1 1 1
S 1571 P O DOV I P B S 2.12
¢ sp 0 wn= poady=g(pty)=5d-2 =5 (2.12)

and using (2.11), we obtain the discrete Markov chain with values in R

§n+1:§n+wn+€ln+00 (E;%)vLO(&:%), (2.13)

with (wp,) = 0, (w2) = 1. To understand the behaviour of the system’s kinetic energy, it remains therefore
to study the Markov chain (&,),,, a task we turn to in the following sections. In particular, Theorem 3.1
is a technical result valid for a class of Markov chains including (,,),, defined by (2.13).



3 Strategy of the proof

We start with a remark that explains the origin of the condition d > 5 in Theorem 2.1. Note that under
Hypothesis 1, a global solution of (2.3) always exists. Nevertheless, the integral in (2.2) may not converge.
Indeed, it is conceivable that for given v = ¢(0), the solution satisfies ||¢(t)|| < 3 for all ¢ > 0 large. In
other words, the particle may not leave the scattering region after having entered it: it is trapped. In
this case the integral in (2.2) may not converge. As shown in [ADBLP10], and as is intuitively obvious,
this will not happens if ||v| is large enough (meaning v > 12|\ |[VV||, see [ADBLP10]). The particle
will then exit the scattering region after a finite time of order ||v||~!. We will show below below that for
d > 5 (this means v > 3 in (2.12)), the Markov chain (2.12) is transient. This implies an initially fast
particle never slows down so that there is no trapping and the chain is well defined.

We will consider a slightly more general class of Markov chains, which may be of interest on its own,
and which is defined as follows. Let (wg)ren be a family of bounded, i.i.d. real random variables, with
zero mean and whose variance equals 1:

E(wy) =0, Ew}) =1, IM > 1, |w| < M. (3.1)

We will denote their common probability measure by u. Let F : R} x [-M, M] — R} be a measurable
function satisfying the following properties:

Hypothesis 2. 3y e R,0 < (- < &4, a >0, 8 > 1, such that F is continuous on [{_,+oo[X[—M, M|
and, for all &€ > &4,

F(Ew)=€+w+ g +Gol&,w) + Gi(6,w), (3.2)
and where the functions Gy and G1 are such that, for large &,
sup [Go(&,w)| = O (677) and sup|G1(&,w)| = O (¢77) (3.3)
with a > 0 and > 1. Moreover, E (Gy(&,-)) = 0.

We will study the asymptotic behaviour of the Markov chains

Eot1 = F(&k,wr), & >0, (3.4)

Note that the Markov chain described by (2.13) satisfies Hypothesis 2. The following result is the main
technical ingredient for the proof of Theorem 2.1.

Theorem 3.1. Suppose v > % Then

(i) For all0 < p <1, for all v > 0, there exists & > &4 such that for all & > &, we have
1 1—v 1 14+v
P(VkeN, (o+#}) <& < (co+h?) ) >1-p,
(i) For all v > 0, we have

lim P (Vk €N, (go + k%)H <& < («fo + k%)HU) — 1.

Eo—+o0

This asymptotic behaviour can be anticipated from the following observation. Let us consider the
special case where F' is of the form (3.2) for all £ > 0 (and not only for large &) and drop the two last
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Figure 2: Tlustration of (3.5) with different values of v. Mean of 500 simulations of a Markov chain (£x)g.

errors terms, i.e F(§) =+ w+ % This is possible if 2,/7 > M, as is easily checked. In that case, one
readily finds that
A2

Rl =&+ 27+ Wi + 2wp (§k+l) +£—2,
k

&k
so that
E(& 1) = E(&) + (27 +1) +7°E(§).
It follows that, for all k > 2,

gl

1
G+ 2y +DE<EE) <G+ 2y +1+4 - Ty
75

k. 3.5
Ty (35)
It shows that, indeed, E(£7) behaves as k in this simple case. Of course, this information on the second
moment of & does not imply the statement of the Theorem 3.1, even in this case. Conversely, the
statement of the Theorem 3.1 does not allow to draw conclusions on the moments of &, since we have
no control on the trajectories on a set of small probability.

Another way to anticipate the asymptotic behaviour of & is to notice that the Markov chain

2
Skv1 =& +wp + —
&k
can be thought of as a time discretized version of the stochastic differential equation satisfied by a Bessel
process R; of dimension 2y + 1:

~y
dR; =dB; + =-dt
t ¢+ Rt ’

where B; is a standard Brownian motion and v > —21. It is of course well known (see [RY99]) that

R ~ /(27 + 1)t when v > —%. In Section 4, a rigorous version of this observation constitutes the first
step of the proof of Theorem 3.1. Indeed, we introduce a family of rescaled processes R and then show
that the R{ converge, as ¢ — 0, to a Bessel process with R(0) = 1 (Theorem 4.1). We note that the



transience and recurence of various time and space discretized versions of the Bessel process are discussed
in [Alell] and [CFR09] but no results on their asymptotic behaviour are obtained there.

Observe that in Hypothesis 2 no assumption is made on the behaviour of the chain when £ < £_. Such
information is unavailable in the application we have in mind as we already indicated, and it is therefore
important to see what can be said without it. Clearly, one cannot hope to obtain general results valid
for all ~, without such additional information. Indeed, if ~ is too small, the trajectories will reach the
region ]0, &4 ] with probability one, and the asymptotic behaviour of the chain will then depend crucially
on the behaviour of F' in that region. This can be seen for example when v = 0, and F(§,w) = £ +w, for
all £ > ¢_. In that case, we are dealing with an ordinary random walk for £ > £_, which is recurrent. If
then €& > M and F(§,w) = 0 for all £ < £_, it is clear that, with probability 1, limg_ 400 & = 0 (and
E(£,) — 0). On the other hand, if F(¢,w) = |€4w], V&, w, then E(&) ~ k'/2 and lim sup,, £, = 400, with
probability 1. In short, when + is small, the chain is recurrent and one needs a “non-trapping” condition
of the trajectories in the region [0, £4] to ensure the asymptotic behaviour of &, is still of the form k'/2.

Once we have Theorem 3.1, we can show Theorem 2.1.

Proof of Theorem 2.1. Theorem 3.1 ii) and (2.12) yield that for all v > 0

_ 1w 7
, “a ol s e =1 Sl s
lim P(Vn>0;(3D) 3 —— +n2 < tn <@BD)" 3| —— +n2 =1.
. ( >0 60) (1) it~ < oyt (12
(3.6)
Furthermore, by (2.4) we have, for all n > 1,
tn = fz ||’UjH_1, to =0. (37)
j=1

Combining (3.6) and (3.7), straightforward estimates show that for all v > 0, the following bounds on ¢,
hold,

6 6
lim P (Vn > 2 a()tn™ <n < Cylvg, )t ”1) =1 (3.8)

58
l[vo | —+o00 "

Here ¢1(v) > 0 and C;(vg,v) > 0 are two positive constants depending only on v and (v, ) respectively.
This implies, by part i) of Theorem 3.1, that for all v > 0

1—v 14v
lim P (Vn > 2; co(W)tn™ < |G(tn)] < Cg(vo,l/)t,i_"l) =1 (3.9)

llvoll =00

Then, as for all t € (tp_1,tn], ¢(t) = ¢(tn) (see (2.6)), it follows from (3.9) that

¢ ~ ,
lim P (Vt > o cw)ts < [lqt)] < C(vo,u)té+v) =1. (3.10)
U1

llvol|—=+00

Using (3.6), this result is easily extended to all ¢ > 1/]|vo]|.
O

The rest of this paper is devoted to the proof of Theorem 3.1. The strategy is the following. We will
consider, in Section 4, a family of Markov processes R, = €&, indexed by ¢ = & ! We show that after
an appropriate rescaling of the time variable, the limit of this new family as ¢ — 0 is a Bessel process

d+1
of dimension 2y +1 = % when v > 1 (d > 5 in the initial problem). This yields Theorem 4.1. The

proof of this averaging theorem is given in Appendix A. In Section 5, implementing a strategy developed
in [DKO09] for a similar problem, we define an auxiliary process 1y € Z and corresponding stopping times



T¢ such that, roughly, &, ~ 27 (see Figure 3). In other words, the increments of the process (1), are

+1, and Aty = 7941 — 7¢ is the time the process (£,), needs to double or half its value. In Section 6, we

use Theorem 4.1, properties of the Bessel process and the Porte-Manteau Lemma to show that, provided
1

v > 3 and 1o is large enough, (n¢)¢ is a submartingale. We then control A7,. Basically, we show

(Proposition 5.1) that there exists 4 > 0 such that
ne ~ pl +no, and Ary ~ 2%,

In Section 7, we use the results of Sections 5 and 6 to conclude the proof of Theorem 3.1.

We end this section with a further comment on [DK09]. The authors of that paper study a similar
model, in which however the force does not derive from a potential. In other words, it is not irrotational.
In that case they show that, provided ||¢(0)|| is large enough, and for d > 4,

@l ~ 72, la@®)] ~ 2,

with high probability. Note that the energy growth is faster here than when the force derives from a
potential as in our case: it grows as t2/3 as compared to t2/° in the latter situation. This faster growth
allows the authors of [DK09] to show the spatial trajectories of the particles do not self-intersect, so that
recollisions do in fact occur only with very low probability. This in turn allows them to control the growth
of ||g(¢)||. The situation under study in this paper is very different. As argued and shown numerically
in [ADBLP10], the slower growth of the energy when the force does derive from a potential leads the
particle to turn on a short time scale, so that self-intersections of the trajectory do occur and the growth
of ||q(t)]|, as t, is slower than the power t/° one could naively expect. In fact, the numerics of [ADBLP10)
indicates ||q(t)|| ~ ¢t. We will come back to this aspect of the problem in a further publication.

4 A scaling limit

Let e, > 0, to be fixed later. We introduce ¢ = 551, and define, for € < &4,
R: = €&,.
Note that R§ = 1, independently of . It then follow from (3.2) that RS satisfies
R 11 = G(e Ry, wy)
where, for x > RS =&,
Gle,z,w) = &+ ew + 2y~ + TGS (z,w) + P T1G5 (z,w),
where G{; and Gf are such that

sup |G5(z,w)| = O (z7) and sup |G5(z,w)| =0 (z77),
weN weN

with o > 0 and 8 > 1. Moreover, E (G§(z,-)) = 0.

We then construct a continuous time process by linear interpolation, as follows. For n € N, t,, = ne?

and for t € [tn, tnt1],
t —t t—t
n+1 Re + 62 nR;er

2 n

RE(t) =

€

Theorem 4.1. Fiz T € RY. If v > 1/2, the processes (Rg);cjo,r) converge weakly, as € — 0, to the
Bessel process of dimension 2y + 1, and with initial condition 1.



The condition on v guarantees that the limiting Bessel process is transient, does not explode in finite
time and does not reach zero. This is an important element of the proof which is given in Appendix A.

In addition, we will need the following result.

Lemma 4.2. Let v > —%, and let R be a Bessel process of dimension 2y + 1 with R(0) = 1. Let, for
a_ <1<ay,

To o, =inf{t >0]| R(t) fla,a4[}, To. =inf{t >0|R(t)<a-}, T

at

a4 = ll’lf{t Z 0 | R(t) > a+}.
(i) Then, for all T >0,
0<P(To_ 0, >T) <1
(i) If in addition v > %,
1-2v
a_ -1
a172'y . a£rf2'y

P(T, >T,,)=

In order not to break the flow of the main argument, the proofs of Theorem 4.1 and Lemma 4.2 are
given in Appendix A.

5 An auxiliary process

Let L > 0, n € Z and define the intervals .J,, = [27 — L,2" 4+ L]. We consider the subset N := [J, J,
of R} and we will study how the Markov chain (&), visits successively N7, by introducing an auxiliary
process (1y € Z), and corresponding stopping times 74, so that &, € J,,, (see Figure 3). We start with a
technical remark. Note that in Hypothesis 2, £; can always be replaced by a larger value. It turns out
to be convenient to work under the following further condition on &,: £, > % Under this hypothesis,
one easily checks that

VEk > &+, §kr1 € €k — Crrys §k + Chry) (5.1)
Me  MP
where Cyry = 2M +C W +C W, C > 0. This expresses the rather obvious fact that, for large enough
gl Y

&k, the step size of the random walk is small compared to &.

Let us now define the process (n¢)¢en precisely. First, set
Ny =min{n € N | 2" > 2max{&y,Cam~}} > 1, (5.2)

where the last inequality follows from the observation that M > 1 (See (3.1)). In view of (5.2), one can
choose L satisfying Cpry < L < 27+71 from which it follows that, for all n,n" > n4, n # 7/, we have
JyNJy = 0. Note that, in view of (5.1), the process &, cannot jump across one of these intervals without
visiting it. In this way, for all ¢, ny11 = n¢ £ 1,as we will see.

We are now in a position to define the process 7y, and the associated stopping times 7, recursively, as
follows. We restrict ourselves to initial conditions £y for which there exists an integer ng so that &y € J,,,
with no > n4. Note that if & is not in such an interval, by Lemma 6.1 we can control the time that the
procces spend before entering in J,,. Then, define 79 = 0 and

mo=inf{k > 70 | & € Jpg—1 U o1}

We define
m =mno + 1, if 571 S Jn0+17 and 1 =" — 1, if 571 S Jnofl.

10



V fk

Figure 3: (&)y visiting M. Here, np41 =1, — 1.

We then proceed recursively. Suppose that, for some ¢ € N, 79,19, 71,11, - - - T¢, ¢ have been defined, with
&re € Iy, for all 0 <k < 0. If 9y = 04, we define 7941 = 74 and 7¢41 = 77¢. Otherwise we define

To41 = inf{k > Ty | &L € Jmfl U Jerl},
Ney1=mne+1,if &y € Jpyq1, and mep1 =me —1,if &5 € Jy—1.

We will show in this section that the process (n¢)¢ is asymptotically a submartingale, with high
probability, and that ny ~ pf, for some p > 0 (see Proposition 5.1 (ii)). In Section 6, we will combine
this result with estimates on the dwell times 7,41 — 7¢ between successive visits of the original process &g
to N1, which we show to be of order (27¢)2 ~ 221/  to conclude that

70 ~ 22 and hence &, ~ T
(See Proposition 6.2 (ii)&(iv) for a precise statement.) It will then remain, in Section 7, to interpolate

between the stopping times 7, to obtain Theorem 3.1.

Note that the sequence (7¢); is increasing, and we have the following dichotomy: either the sequence
(7¢)¢ is strictly increasing, limy_, oo 70 = 400, and V¢ € N, 1y > n4, or 3L, € N and T, > 0 so that
70 =T, and ny = 14, forall ¢ > L,.

There is no reason to think the process 7, is still a Markov process, specifically () describe the
behaviour of (£) on interval:

]P’(WJrl = + 1|77€ =1nMN-1 =1 + 1) =P (57’[+1 S ‘]77:|:1|§7'[ c J777 57_[71 c Jn:l:l)
7& P (§Te+1 € Jn:l:1|§fr[ S ‘]77) .

Actually, it depends on if &, is rather on the left than on the right of J,,.

To control its asymptotic behaviour, we will show it is, with high probability, a submartingale, if 79
is sufficiently large, and control its jump probabilities P(ne+1 =n¢ £ 1 | n¢,...,n0). (See Proposition 5.1
(i).) We note that the transience of the chain (), is essential in the arguments of this section; it is, as
we shall see, ensured by the condition that v > % The main properties of the process 7, are summarized
in the following proposition.

Proposition 5.1. (i) Suppose v > % For all § > 0 there exists 1 > ny such that for all £ € N* and

for almost all 105 M5 - -5 =1 = Ny Me > ﬁ7 we have
P (o1 =ne £ 1ne, ... .mo) — p=| <6, (5.3)
2y—1
wherep+:2231f2?}27>% and p_ =1—pg.
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(i) For all0 < p <1 and for all § > 0, there exists n. > ny so that for all ng > n.
P (|ne — pl —no| < (€ +m0),VL €N) > 1 —p,
where = 2py —1 > 0.
(iii) For all 0 < p <1, there exists n. > n4 so that for all ng > 1.,

IP(VEEN,WE%)Zl—p.

We start with two preliminary observations. First, in what follows our notation will not distinguish
between on the one hand the random variable P (A|ng, ..., 1), viewed as a function on the underlying
probability space or on N1 and on the other hend the values it takes at points in N‘*!, also denoted
by (ne,...,m0) € N1, Second, we will often make use of the following useful property of the process &,
which is a consequence of its Markovian nature:

. inf P(A € Filép-1) <P(A € Ff|gp—1 € I,C € Fr_2) < sup P(A€ Fflés_1), (5.4)
k—1 Er—1€1

where I is an interval, Fj_o is the sigma-algebra generated by the &..,0 < k/ < k — 2 and .7:,;" the
sigma-algebra generated by the &, k' > k.

Proof. (i) Let no,m1,...,n¢ > n4+. We then have

P (et =mne+ 1ne,....m0) = Z P (et =ne+1ne, ... mos 70 =ig,..., 71 =141)
0<iy <+ <ig
xP (1o =tgy..., 71 =141 | Ney-.,7M0) - (5.5)
Here and in what follows, the values of 7o, ..., and of the multi-indices i; are restricted to values for

which the set on which we condition has non-zero probability. Introducing, for all ¢ € N and for all
n> N+

Tr.i(n) = inf{k > 0[&4p > 27 — L} and 7_;(n) = inf{k > 0§, <271 + L},
we can write, for all ng,m1,...,m¢ > N4+, and for all 0 < iy < --- < iy,
P (nes1 = ne + 1 ne, ... m0; 70 =gy .., T = 11)

=P (115,(ne) <7 iy(ne)|0es - sm05 Te =gy, T = 1)
=P (ryi,(e) <7 iy ()&, € Tngr- - 610 € Ty &0 € Tngs Te =g, ..., 11 =11). (5.6)

It then follows from (5.4) and the homogeneity of the process & that

inf P(7y,0(ne) < 7—,0(ne)l0) = . b P (743, (ne) < 73, () i)

EOG']’H[ e e
<P (m4,0,(ne) < =iy (ne)|&iy € Tngs -5 &y € Iy 60 € Ings Te =g,y ..., T1 = 11)

< sup P (74 4,(ne) < 7 i(me)|&i,) = sup P (74 0(me) < 71— 0(me)[&0) -
§iy€Jn, §0€Jn,

Inserting this into (5.6) and using the result in (5.5) finally yields

. lg P (14 0(ne) < 7—0me)60) <P (Mev1 =ne + e, ... mo) < ESH? P (74 0(ne) <7 0(ne)l&0) . (5.7)
0=, 0€Jy,
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We will now use the Porte-Manteau Theorem again to conclude the argument. For ease of notation, we
shall write 74(n) = 74+ ,0(n) in what follows. Let n > ni and & € J,. We consider the set E¢(n) defined
as follows:

Ee(n) = {1+(n) < 7-(n); & =&},
so that
gglanP(u(n <7-(n)|é = =£ignP(E5(77)), gsgﬁﬁ”(u(n <7-(n)|é = —ESIZ]P(Ef( n)) -

(5.8)
Noting that
Ee(n) = {vk <7 (n), & > 2" + L; & = &},

one sees, with the notation of Section 4 (R = 5— and € = fal), that, provided § € J,,

£ 1 1>
E¢(n) > {Vk <74 (n), Bj, > 5o-(n); R = 1},

2"+ 2L

2n—L°
17 — +00. Let n. > 14, to be chosen later, as a function of § in (5.3). Let n > n,; it then follows that

where o_(n) = Note that o_ is a decreasing function of its argument which tends to 1 as

1 1

50-(n); Bo =1} 5 {Vk <7y (n), B, > So-(n.); Bg = 1}.
In order to apply the Porte-Manteau Theorem, we need to replace the stopping time 74 (n) of & by an
appropriately chosen stopping time of the continuous time process R¢(t) introduced in Section 4. We
will proceed in two steps. First we replace 74 (1) by a stopping time 75 for the discrete time process Ry,
which is defined as follows:

E¢(n) > {Vk <7¢(n), Ry >

7¢ = inf{k > 0|R}, > 204 (14)},

ne _ L
2

2m — [,
all n > 0y, so that for all n > n,, and for all £ € J,,,

where o () = is also decreasing and tends to 1 as 7, — 400. One checks that 7§ > 74.(n), for

1
50-(n.); B = 1}.

We next consider two stopping times 7’7 and T for the continuous time processes (R°(t)),, defined as
follows

1
Ee(n) > {9k < 74.(n), Bi > 50-(n.); R = 1} > {¥h < 75, R >

1
T{ =inf{t > 0|R*(t) =204+ (n.)} and T¢ =inf{t > 0|R°(t) = 50_(77*)}.
It then follows from the definition of (R®(t)), by linear interpolation of the (Rj )i between the times ¢}, =
ke?, and the fact that 75 is an integer that (75 —1)e? < T% < 752, so that $o_(n.) < R (5 — 1)e?) <
204 (n.) and R® (15€?) > 20 (n.). Hence
1 1
{vt < 75% R°(t) > §J,(n*); RE(0) =1} D {Vt <T%, R°(t) > QU,(U*); R°(0) =1}.

Finally, we may conclude that, for all n > 7, and for all £ € J,,, with e = ¢!

P(E¢(n) >P <Vt <T%, RE(t) > %U,(n*); R(0) = 1) . (5.9)

We will now apply the Porte-Manteau Theorem to get a lower bound on the right hand side of this
inequality. For that purpose, we first remark that, for all € and n, > 74,

P (w < T, R > %o_(n*); RE(0) = 1) _P (\# < T R > %o_(n*); RE(0) e]%, g[) ,
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RE(t)

20(n)

Figure 4: The linear interpolation of the (Ry), between t; and ¢4 yields that T'¢ happens before e275.

because P (R(0) €]2,1[U]1,L) = 0. The set {¢ € C([0,T],R4)|Vt < Ta,, @(t) > $0_(n.); ©(0) €
13, Z[} where T,, = inf{t > 0|¢(t) = a4}, is open. Hence the Porte-Manteau Theorem together with
Theorem 4.1 and Lemma 4.2 imply

1 1-2vy 1
lim inf P (w < TS, RE(t) > —U(n*)) >P(Vt< T, Rt)>a ) =P(Th, <Ty )= g,
e—0 2 a_ T _a v
(5.10)
where we use the notation of Lemma 4.2 with a_ = 20_(n.), a = 20, (n.) and where (R(t)), is a Bessel

process of dimension 2 + 1 and initial condition R(0) = 1. Since o4 (n.) — 1 when n, — +oo, there
exist 7, large enough, depending only on ¢ and L, so that,

22v-1 _1q

) 1
P(Ta+<Ta,)2p+_§a where p+:m>§,

since y > % It then follows from (5.10) that there exists £ so that

e<€

1
inf P <w <TE R(H) > 50(77*)> >pp -4,
Combining this with (5.7), (5.8) and (5.9), we obtain

inf P (ne1 = ne + 1ne, .. .m0) > py — 9,
nNe>1n

where 7 = max{7.,log, (671 + L)}. This is the desired lower bound on the jump probability of the process
e-

To control the upper bound in (5.7), we proceed in the same manner. First, for all £ € J,, ¢ = &1,

A )
+ CRE =1}

Ee(n) = {Vk <74(n), & > 271 + L; & = £} € {Vk < 74(n), R}, > S o

1
ATk <o (n), B > 53 B =1},
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Now, let 7. > 74, to be chosen later, and let n > 7).. Consider the stopping time 7§ = inf{k > 0| R} >
201 (N h 01 (M) = — 2
G+(71«)} where 6.4 (i)s) 2 + I,

readily checks that 75 < 7 (n) and hence

. Note that ¢4 is increasing and converges to 1 when 7, — +00. One

1 1
{Vk < 74+(n), R}, > 5 Ry =1} C{Vk < 7L, R}, > 5 Ry =1}
~ 1
c{vt<Ti, R°(t) > X R#(0) = 1},
where T = inf{t > 0| R*(t) = 254 ()} and (7§ — 1)e? < T% < 752, Finally, we have
~ 1
Ee(n) C {Vt <T%, R°(t) > 5 R#(0) =1}. (5.11)

Set a4 = 264 (7). Now, we can again use the Porte-Manteau Theorem and Theorem 4.1, because the
set {¢ € C([0,T],Ry) |Vt < Ta,, p(t) > 1; p(0) = 1} where Tz, = inf{t > 0](0) = 1,(t) = a4} is
closed. This leads to

- 1 1
limsup P (Vt <TS, RE(t) > 5) <P <Vt >Ts, R(t) > 5) (5.12)

e—0

where (R(t)), is as before a Bessel process of dimension 2y + 1 and initial condition R(0) = 1. Defining
a_ = %, and using Lemma 4.2, we have

22v—1 _1q

P (Vt < Td+, R(t) > %) = P(T&7 > T;hr) = (513)

922v—1 _ dr%'
It follows from (5.12) and (5.13) that there exists & depending on ¢ so that
~ 1
sup P (Vt <TS, RE(t) > —) <py+6.
e<é 2

Combining this with (5.7) and (5.11), we see there exists 77 > 74 so that
sup P (e+1 = ne + 1 ne, ..., m0) < py+ +0,
Ne>n

which is the desired upper bound.

(ii) Let 0 < 6 < g and 0 < p < 1. We first write down the Doob decomposition (see [EK86]) of 7
explicitly:
ne =mo + Me + Ay,

where
¢ ¢

My=Y " (nj —EMmjj-1,-...m)), and Ag=> (E(n;ln-1,....m0) = nj-1)-

j=1 j=1
As is well known, and easily checked, M, is a martingale with respect to the natural filtration induced
by the process 7y, a fact we will use below. Now,

L

| ne = (o + p€) 1< My |+ | (B (j[ni—1,- - m0) = nj—1) — p] | -
j=1

It then follows from part (i) of the Lemma that, for all § > 0, there exists 77 > 14 so that,

- 1)
Ve e N, (ng_l, ceyMo >N = e — (no + pl) |<| My | +§€) . (5.14)
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Figure 5: A typical trajectory of 7y, on Fy,, as defined in (5).

Now, for any L > 0, define
]
Fr ={|M, < §£,V£ > L}.

Then, on Fp,, and provided no > n+ L > ny + L, so that np_1,...,n0 > 7, one has
| — (o + pL) |< 0L,

so that in particular 7y, > n9 > 7 + L. This in turn implies that n; > 7, for all 0 < j < 2L. We can
therefore apply (5.14) for all L < £ < 2L to conclude that on F,, and provided 19 > 7+ L > n4 + L, one
has

b}
| 1e = (10 + ) [<| M | +5€ < 6. (5.15)

Proceeding recursively, one then concludes that (5.15) holds on Fi,, for all L < £. For 0 < £ < L, one has
from (5.14) that

| e — (o + pl) |[<| Mo | +g£ < 2L +4¢.
Hence, if we choose 19 > %, we can conclude that,

VO<L< L[ ne— (no+ pl) |< 6(no + £).
From this, and (5.15), we conclude that, for all § > 0 and all L > 0, if

2L
no > N = max{7 + L, 7},

then
PV eN,|ne— (no+ pl) |[< 6(no +£)) = P(FL). (5.16)

It remains to show that, given ¢ and p, there exists L so that

P(Fr)>1-p
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to conclude the proof. For that purpose, let us introduce the quadratic variation of My,

4
D? = Z(Mi — M;_1)%

i=1

The Burkholder inequality (see [KS91]) then says that, for all £ € N, exists a constant C' > 0

14 4
£ ( (1)) < CEDY)

The definition of the 7, and of the martingale M, immediately imply that, with probability one, |M, —
M;y_1| <2, for all £. This implies immediately that E(D}) < 4¢2. Hence, by the Tchebychev inequality,

P |M|>§€ <P |M—|>§e <i04£2—i
0757) = 0 M 7 ) = 5t T i
where C is a numerical constant. It then follows that
5 C
P(FL)>1- P(| M, —0)>1—-——.
(Fi) > 1= Y B(M| > 50> 1
>L
Choosing L = %, the result now follows from (5.16).
(iii) This is an immediate consequence of (ii). O

6 Estimates on the dwell times 7, — 7/_;

As explained in the introduction of Section 5, having obtained the asymptotic behaviour of 7y, we now
need to control the stopping times 7, and show that with high probability they behave, roughly, as
Ty~ gie ~ 227 We turn to this task in this section, the main result of which is stated in Proposition 6.2
(i1)&(iv). For that purpose, we will first estimate the dwell times 7, — 7,—1 (Proposition 6.2 (i)&(iii)).
Roughly speaking, this is the time the process needs to move from &, | to either 2&;, | or to %fnfl. As
we will see in Lemma 6.1, the latter can be estimated from above and from below using Theorem 4.1,
together with the Porte-Manteau Theorem and Lemma 4.2 (ii), a task we now turn to.

Let us define, for all ng € N, for all b_ < 1 < by, and for all » > 0, the stopping time

Kno = mf{k‘ eN | €n0+k ¢]b_T, b_;,_T[}. (61)

If &y &lb_r,byr|, Ky, = 0. Otherwise, K,, > 0: ng + K,, — 1 is then the last instant that the
process is still inside the interval |b_r,bor[. The following lemma gives the bounds on K, that we shall
be needing.

Lemma 6.1. Suppose Hypothesis 2 holds and that v > 1/2. (i) There exists & > €4 and 0 < q— < 1, so
that, for all m € Ny, for all ng € N,

sup sup P (mr* < Ky, | &) < q™ < 1.
7284 Eng €]b_m,byr|

i1) Let b, b/, be such that b_ < b_ <1<V, <by. Then there exists £, > and 0 < g1 < 1 so that,
+ + + + +
for all ng € N,
sup sup P(Kny 7% | &ny) < gy <1 (6.2)
P2E. £ €V T,b) 7
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Proof. (i) We first treat the case with m = 1. Let r > 0, &, €]b_r, brr[. The homogeneity of the Markov
chain implies it is enough to consider ng = 0. Consider the set

{Ko>r?}={V0 <k <7 & €lb_rbyr[} = {Vtx <e?r® R(ty) €leb_r,ebyir[}.
where we used the notation of Section 4. Since (by7)~! < e < (b_r)7!, it follows that

b_ b b_ b
(Ko > 1} © (vt < 02, B () €=, 1 © {9 < 20, B (0) €], 1,
+ 0- + 0-

where 7' = 31-. Now choose 7 > (b_v/T)~! so that €2 < T. Then, if K satisfies tz < 2T <tz ,, we
+

have T' < t ;. Since R*(t) is constructed by linear interpolation between the R°(t;), we can then conclude
that

b_ b b_ b b_ b
{Vt, < 2T, R°(ty,) €]—, —[} C {V¢t < T, R°(t) €]—, —[} C {Vt < T, R°(t) € [—, =]},
by b by b by b
so that b b
Vr > (b_VT) ™' V& €lb_r,byr], P{Ko>r?}) <PVt <T,R(t) e [ b—+]). (6.3)
+ —
The set {p € C([0,T],R,) | Vt € [0, T],0(t) € [Z—;, Z—f]} is closed, so we can apply the Porte-Manteau
Theorem, together with Theorem 4.1 to conclude that
b_ b 1
e, >0,V <eo, PV ST R € [, b—*]}) <q-=51+40), (6.4)
+ —

where ¢_ :=P(Vt € [0,T],R; € [Zb’—;, z—f]}) By Lemma 4.2, _ < 1 so that ¢_ < 1. It then follows from
(6.3) and (6.4) that

Vr > & = max{(b_VT)™}, (b_e.) "}, V& €lb_r,byr, P{Ko>r?}) <q_ <1.

This proves (6.1) for m = 1.

It remains to show the case m > 1. This will follow from the Markov property of the chain, as follows.
We write A =]b_7,byr[. Let us introduce K, = [r?|, where |-] denotes the integer part. First note that

P(Kny > mK. | &ny) = Pllagr1 €A, &ngtmi. €A | &ny)

= H:;Blnz'[i*l/ IED(d&m-i-sK,,(—i-i | £n0+sK*+i—1)

Engt+sKat+i€A

HT:B1 / Lk, (d§n0+(5+1)K*ﬂ§n0+5K*)7
Eng+(s+1)K, EA
(6.5)

where

Lk (Ay) = / / /
Eng+(s+1)Kx €AV En 1 (s+1) K, —1EA EngtsKx+1€EA

ISP (A g skt | Enotsicatio1)P(Aéngtsk,t1 | Enotsk. = Y)
= ]P(gnoJr(erl)K* € Aa§n0+sK*+i €A 1<i<K, | §n0+sK* = y)a

which does in fact not depend on s, nor on ng, because the Markov chain is homogeneous. Now remark
that, when A = A, and y € A, one finds

LK* (Aay) = ]P)(Kno > K. | gno = y)
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It then follows from (6.5) and from (6.1) for m = 1 that, for all m € N,
P(Kp, > mK, | &) < ¢
This completes the proof of (i).

(ii) The argument is analogous to the first part of (i). Again, because of the homogeneity of the chain,
it is enough to prove the result for ng = 0. Let & €]b”_r, 0/, r[C]b_r,byr[. We then have

{Ko<r?} = {3k<r’ & A}
1 b_ b
(< B0 Al
c {3t 0., R A D

where we set T' = l/%?' The set {p € C([0,T],R,) | 3t € [0,T], p(t) ¢]ZT:, l%[} is closed, so we can apply
the Porte-Manteau Theorem, together with Theorem 4.1 and Lemma 4.2 to obtain (6.2) with

1 3 B b_ b
q+:§(1+q+), G+ =P(3t €[0,7T], Ry ¢]b7ab7+[})<1'
- b

O

To state the main result of this section, we introduce “good” sets where the dwell times are suitably
controlled and that we will show to be of high probability. Let ng > 14,0 > 0 be given, as well as two
increasing sequences (k:éi) of positive integers, with 0 < k, < /. Define furthermore the sequence

ap = 22[0=0mo+(u=0)(1=1=k; )| g—bk; (6.6)

Then we introduce

G1={VleN,[n—pl —mnol <l +mno)} = NeG1(0),
Gy = {Vf ENy, v —10-1 < /{3211227”’1} = ﬂgGQ(f),
Gs = {Vg e N,, 3 — k[ <k<UlTp—Trp 1> az} = ﬂeGg(E) and G =G NGNGs.

If weset 6 =0, and k, =0, k;il =1, and use (6.6), then one can easily check that on G, 7y ~ 22#¢ and
& 21 this mean that &7, ~ +/T¢ which is the power law we are trying to establish. But in that case,
we cannot hope to prove a suitable lower bound on P(G). To do so, we need to make the set G a little
bigger, by taking § > 0 and choosing suitable growing sequences két. This will allow us to show P(G) is
close to 1 in the following proposition, using Proposition 5.1 and Lemma 6.1, and at the same time to
get suitable bounds on 74 in function of 227 ~ &2,

Proposition 6.2. (i) Y0 < p < 1, and for all 6 > 0, 377 > ny so that ¥Yno > 7 and for all sequences
(k) )een, we have

+oo ot D

P(Gl N GQ) >1-— p_l71 — 5, (67)

=1
where p_ is defined in Lemma 6.1 (i).
(i) Let 0 < 0 < 1, 0 < p < 1. Then there exists 5 >0 so that, for all0 < 8§ < § and ki = 20(64m0)  there
exrists n such that, Vng > 1,

;1
{G1,YteN, 77" < 522W} D G1NGsy

o1
P (Gl,w eN, 777 < 522"4) >P(G1NGy) >1—p.
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(1i) YO < p < 1, V6 >0, 37 > n4 so that for all no > 7 and for all sequences 0 < k; < {, one has

+oo _
P(G1NG3) >1-Y g} — g,
=1

where ¢4 is defined in Lemma 6.1 (i3).
(iv) Y0 < p <1,V >0, 3n>ng so that for all ng > 7

{Gl,w S N,Te > ae} D G1NGs
]P)(levg € NaTZ 2 ae) 2 P(Gl N GB) 2 1 2

provided k, = min{d({ + o), ¢} and ay is given by (6.6).

(6.8)

We point out that, in order to get a sharp upper bound on the 7, — 7¢—1 in part (i) of the lemma, one
would like to take the k; small, or at least bounded, in the left hand side of (6.7). But this estimate is
useful only if the kj are large for all ¢ and tend to +o0o as £ — 4o00. This is indeed needed for the sum

in the right hand side to converge to a small number.

Proof. (i) First note that it follows from Proposition 5.1 (ii) that, for all 0 < p < 1 and all § > 0, there

exists 7, > 1y so that, for all ng > 7., P(G1) > 1 — £. Hence

P(GyNGa) >1— g —P(G1NGS).

Now,
+00 +o0 +oo
P(G1NGS) <D P(Ga(0)°NG1) <Y P(Ga(0)° NGi(l = 1)) <3 P(G2(0)°|Ga (L — 1))
=1 /=1 /=1

and, for all £ € N,,

PGa(0Gr (€ ~1) < sup  P(Ga(O) |nir}

Ne—1€1p—1
where we used the observation that G1(¢ — 1) = {ny—1 € I;_1}, where
Ty = [no(L = 6) + (1 —6)(€ = 1),mo(1 +6) + (n+6)(£ - 1)].
Now, proceeding as in the beginning of the proof of Proposition 5.1,
P(Ga(€)°ne—1) = P10 — Te—1 > kf ;2271 | me—1)
= ZIP’ (1 — Te-1 > kb 221 g, g = i) P(ro—1 =i | pe—1).

We have, for all i, ¢ and n,_1,

P(Tg — Tr—1 >k’z;122m’1 | No—1,Te—1 = 1)

= P(inf{kl&r #2771 + L, 274 — L[} > k7 220 | & € T,y o1 =)

< sup P(nf{k|& iy, g)27 7 4 L2700t — L[} > kf 22700 | &)
&i€Jn, 4

< sup P(inf{k|&p @270 2m P} > k22 | ),
&i€dn,_y
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(6.9)

(6.10)

(6.11)

(6.12)



where we used (5.4). We now remark that inf{k|¢; ) ¢]27-171 27-1H1[} = K; where K; is defined
in (6.1), with b_ = 3, by = 2 and r = 27%-1. It therefore follows from Lemma 6.1 (i) and from what
precedes that, provided 27 > &,, we have for all n,_; > 7,

. ki
P(Tg —Ty—1 > k2‘7122772—1 | No—1,To—1 = 1) < p Tt

Using this in (6.10), we find that, for all 7 > log, &.,

) kF
P(G2(0)[me—1) = P(7e — o1 >k 2°" ne—r) < p 7,

which, when inserted into (6.9)-(6.11), yields the result provided 7 > max{n.,logs &, }.
1) Let 7 > 0,0 < p < 1. Let 0 > 0. On G1 N Ga, a simple calculation usin = 0) yields
(ii) Let © > 0,0 1. Let § >0. On G1 NG imple calculati ing k" = 2°(+m0) yield

14
= ZTk ey < (22,u _ 1)7122[(1—%%5)’004‘(#-{-%5)@]-
k=1

Introducing A
0= (5—30) "min (2up, 20 — 7" ((1 — ) logy |22 — 1| — 1)),

it now easily follows that, if § < 3, and ng > n4, then, on G; N G, Tél_ﬁ < %22’7’5, which is the desired
estimate. To see it occurs with high probability, we use (6.7) to check that there exists 77 > 74, depending
on § and p, so that, for all g > 7, one has

P(GiNG2) >1—p.
(iii) As in (i), we argue that, for all 0 < p < 1 and all § > 0, there exists 1, > n4 so that, for all ng > 7.,

P(GiNG3) >1— g - gp(cg(e)mcl(e DN-NGy(l—k; —1)). (6.13)

For ease of notation, we introduce, for £ — &k, <k </,
Ga(k,0) ={m — 1 < ag}, and Gs5(k,0) = Ga(k,£)NG1(k—1).
Remarking that

G3(0)° ={Vl—k; <k<Llmp—Tpo1 <ar}= ”i:z_k; Gy(k, ),

and introducing
G5 (k) = ﬁ:;le—k; Gs(k',0),
we can then write
P(G3(0)°NG1(L—1),....,Gi({ —k; —1)) = P(mi:e_k; Gs(k,0))
ky —1
= | I B(Gs(t—k.0)IG5 (¢~ k.0) | B(Gs(t — k7 . 0)).
k=0
(6.14)
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Now, for £ — k, < k' < ¢, we have

P(Gs (I, 01G5 (K,0)
=P(Ga(K', 0)|G1(K — 1), G5 (K, 0))P(G1(K' —1)|G5 (K, £))
< P(Ga(K, 0)|G1 (K —1),G5 (K, 0))
< P(ATp < aglni—1 € Iy—1,G5 (K, 0))
< sup P(ATy < ag|nrr—1, Mk —2, - - Mo~ 1> A1 < ag,. .., ATe—k; < ay), (6.15)

o nj€lj
k] —1<j<k’

where we introduced A7; = 7; — 7;_1. As before, we write

P(ATr < ap|nir—1, kr—2, - - - Mok —15 A1 < ag, ..., A'reik; < ap)
= E P(A7y <ag|77kr_1,77k/_2,...né_k;_l,Tk/_l :ik’—la'-'aTg_k;_l :ié—k;—l)
0<ij—ij41<as
X P(Thr—1 = ipr—1, ... Tk 1= ié—k;—llnk/—l’ M =25+ Mg g 1 AT < ag,. .., ATZ—k[ < ay).
(6.16)

It remains to estimate
P(ATir < ap|nir—1,Mkr—2, - - - Mgty —10 Th' =1 = Tkl — 1y Tk 1= ié—k[—l)'
For that purpose, we make the observation that
{nk’—l; Nk! =2y« - - n@—k;—l’Tk'—l =1, ’Té—kz—l = ié—k;—l} = {gik’—l S J”]k’fﬂc}

where
C= {T]k/,Q, .. 'nlfkgfl’Tklfl > g1 — 1,.. .,7’2716271 = Zlfkgfl}'

Indeed, on the set where &, , € Jy,,_, and 7pr_1 > ipr—1 — 1, we do have 7 1 = i 1. Hence
P(ATk/ < ag|’l7k/_1, N/ —25 -+ - 'nﬂ—kZ—l’ Ti'—1 = ik’—la R 7T€—k;—1 = ié—k;—l)
. 0, o —1 i, 1
= P(inf{t|&,,_,+¢ @2"% 7"+ L,2" " — L)} < agl,,_, € T, C)
< sup P(inf{t|&,, ,+¢ g2t L 2wt L) < aelé,, ) (6.17)

Eik/71 e'Iﬁk/71

where we use the observation that C' € F;, | 1, and (5.4). We now wish to use Lemma 6.1 to conclude.
For that purpose, first note that, there exist 0 < b_ < 1 < b4 so that for all r > 27+,

1
§T+L<b,r<r<b+r<2T—L.

Clearly, one can think of b_ as being close to % and of by as being close to 2. With the notation of (6.1),
and 7 = 2"*'~1 one has

Kik’71 < inf{t|£ik,7l+t ¢]2mk’7171 + L’277ik/71+1 o L[},
so that

P(inf{t|§ik/71+t ¢]2mk/71_1 + L72mk/71+1 - L[} < al|§ik/—1) < ]P)(Kik/—l < a’e|§ik/—1)'
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Recalling that ¢ — k, < k' </, one checks readily that
Qyp S T2,

so that (6.2) implies, there exists 7). so that, for all ng > 7., for all g1 € Iy 1 and forall &;,, | € J

Mt — 17
P(inf{tl&,, .+ @271 + 1,20 — L} < alli,, ) < P(Ks,_, <adé,_,)
<P(K;, <&, )
<qp <1, (6.18)
provided b"_, ¥/, are chosen so that
bor<bV r<r—L<r+L<V+r<byr,

for all » > 2™ which is always possible. (One should think of ¥, as being close to 1.) Inserting

(6.15)-(6.18) into (6.14) yields
P(G3(0)°NGy(f—1),...,Gi(f—k; —1)) < ¢,

provided 19 > 7 = max{n., M. }. Inserting this in (6.13) yields (6.8).
(iv) This is now an immediate consequence of (iii). O

7 Proof of Theorem 3.1

(i) Let p>1and 0 < v < 1. Let 0 < ¥ < v. It then follows from Proposition 6.2 that, there exists 6 and
71 so that, for all 0 < § < § and for all ny > 77, one has

P(G) Z 1 - D

where G = G1 NGy N G5 and where k} = 22000+ k= = min{d(no + £), £}. Note that G' depends on 1
and 4. In addition, on G, the following inequalities hold for all £ € N,:

1ne — pul —nol < 6(€+mno),
- 1
1-0 < _2277[
sy ,
0> ap = 22(1=Fm0+ (=) =1k, g —k;

Since (27 +72 Y7 < 20=P)mo +T€%, one easily infers from the first two inequalities that, on G, provided
0 < min{g, v}, one has for all 79 > max{7, (2(# — §))~1}, and for all ¢,

1\ 1—70
(2’70 + T;) < o, (7.1)

Similarly, using the first and third inequality above, one shows that on G, provided § < min{é, U}, one
has for all g > max{7, (2(2 — 6))~'}, and for all ¢,

1\ 1+7
2 < (2770 +T€é) . (7.2)

We are now ready to conclude the proof. By the definition of the stopping time 7y, and using that
e > New1 — 1, as well as (7.1)-(7.2),we have for all k € [1; To41]

1-0 1+
l (2"70 + k%) S +

1 9Me+1 < 2772*1 +L< Ek < 2772+1 - L< 29M¢ <2 (2770 + k%)

1
4
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Finally, remarking that
92 = (2M)mw < (2% + k%)
one obtains the result if one chooses 77 large enough so that

v+ - <.

AT )

(ii) This is an immediate consequence of (i).

A Appendix

In this Appendix we prove Theorem 4.1 and Lemma 4.2. Recall that we consider a family of continuous
and piecewise linear stochastic processes (t — R¢(t),t € [0,2T]) defined as follows. For each 0 <
€ < €4, where g, < 1

0<e<ex

Re(tn) = €&n, tn = ne’,

tha1 — ¢ t—t,
RE(t) = T RE(ta) + = R (bnsn), € [t tura)

Here (&,),, is defined in (3.4). Note that the initial value R(0) = 1 is independent of ¢ and non-random.
Each realization of the process (R(t)),co o] belongs to
C:=(C([0,2T]: Ry), [[ - [[oo) -

Let B(C) designate the Borel sets of C.

The method used in the proof of Theorem 4.1 is standard. It is in particular described in [GR09]. It
can be decomposed in 3 steps.

Step 1 For each n > 1, we introduce the process X¢ which is R® stopped at =1 or at n (see (A.1)). We
show that the process X° admits convergent subsequences as ¢ — 0 by showing it is precompact.

Step 2 We show the limits of the converging subsequences are solutions of the martingale problem associ-
ated to a Bessel process in dimension 2y + 1, stopped at n~! or 1. As the latter is well-posed, we
conclude that the limits have the distribution of the preceding stopped Bessel process and that it
is not only the subsequences which are converging but the entire family.

Step 3 We show that the convergence result still holds when we delete all the stopping times, which means
we tak 7 — 4o00. The transience of the Bessel process in dimension strictly larger than 2 is an
essential ingredient in this part of the proof.

Proof of Theorem 4.1.

Step 1: Precompactness of the stopped proccess Let n > 1 and . = (né;)~1, then for all
0<e<ey n ! >ef,. Weintroduce for all 0 < e < e, the stopping time

% :=inf{t € [0,T]; R°(t) & (n~",m)} (A.1)
with the convention inf{()} = 27". We then introduce the stopped process

Vi€ [0,27], X°(t) = RE(tAT°).

-1

In other words, once X¢ reaches 1 or n~! it stays constant. The assumption ¢, = (n&y)~! guarantees

that for all n, &, = LR°(t,) > &,.

e
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Introduce

A f(x) = a*(2) " (2) + b°(2) f'(2) + (f, 2),

where
af(z) = + 541—2 +2°E (G5 (z,w)?) + e*°E (G1(2,w)?) + *T°E (G1 (z,w)), (A.2)
b (z) = 62% + PR (Gy (2, w)), (A.3)
K
c(f,x) = Z ™ (z)E ((sw + 52% + MG (2, w) + EﬁHGf(x,w)) ) + O (Jlef*), (A.4)
n=3
and

D;={feC(n " m)nC>((n",n), lim A°f(z)=0}.

z—nEl

Then we have the following lemma.

Lemma A.1. The operator (A%, D%) is a core for the infinitesimal generator of the stopped proccess
(X=(tn)) -

See [SV79] and [Man68] for the proof.

Hence, as for all f € DS, the process (f(XE (tn)) — Z;:Ol A f(Xe (t]—)))nEN is a martingale, it is easy
to check by (A.2)-(A.4) and (3.3) that for all f € D2 there exists a constant 0 < Cy < +0o depending

only on f such that the process (f (X®(t,)) — Cfty), is a sub-martingale. As well, for all § > 0 there
exists € such that for all € < € we have
P(IX*(t;) — X°(tj-1)| > 6) =0,
and then
127
lim ]P)(|X8(tj) - Xa(tj_1)| > (5) =0, (A5)
e—0 4 1
i=
which assure by Theorem 1.4.11 of [SV79)], the precompactness of the family (t — X<(¢), t € [0,T1])
This yields the existence of decreasing functions ¢ : (0,e.) — (0, &) such that

O<e<es’

(t S XPO@), te o, 2T]) (s XP(t), t € [0,2T)),

0<e<ex

where the symbol — refers to convergence in distribution.

Step 2: Convergence and limit Introduce

= {t€[0,2T); X*(t) & (n".n)}

with the convention inf{(}} = 2T. As it evolves in the compact [0,2T], the sequence (7¢) is also

O<e<ex
tight, however the limit of a subsequence (T‘”(E))OQQ* converging is not a stopping time.

Theorem A.2. The processes (X?(t A T%))cig o7 are solution of the martingale problem associated to
the infinitesimal generator (L, D) where
1 d2 v d
Li=-—+-——
2 da? + x dx
and

D, := {f eC(tm)ne=((m~tm); lim Lf= 0}'

z—nEl
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Note that (£,C*°(R)) is the infinitesimal generator of a Bessel process of dimension 2y + 1. The
condition on D,: lim,_,,+1 Lf(x) = 0 yields that the Bessel process stays constant once it reaches the
points n*!. We call the points n*! as being adhesif (see [Man68]).

We introduce (R(t));¢(o 27 @ Bessel process of dimension 2y 4 1 such that 2(0) =1 and

7o=inf {t € [0,2T]; R(t) & ("', n)}
with the convention inf{Q} = 27". Then (R(t A 7)),c(o 27 IS generated by (£, Ds) (see [Man68]).

te|

te
As martingale problems associated to Bessel processes are well-posed, this theorem implies that all

the (X¥(t A 7%))sc0,27) have the same distribution which is the one of (R(t A T)),c(927)- In particular 7
and the 7% have the same distribution.

Proof of Theorem A.2. The process

Rrris
€ 5 tn/\ v € €
M7 ) = £ (X701 (o)) - > Ay (x70)

is a FX w(s)—martingale for all f € Df(a). Nevertheless, for all f € D, it is only a submartingale. By Doob
decomposition (see [EK86]) we can write

M7 (t,) = Martf© (t,) + 059 (t,,) (A.6)

where (Mart;’f(g)(tn)) isa ffw(i)—martingale and (Of(s) (tn)) is deterministic and tend to 0 as e — 0.

Then, applying the Representation Theorem of Skorohod (see [Bil95]), there exist a probability space
(Q,f, I@) and processes

(t S XPE@),t e [0, 2T]) . and (X“"(t))

0<e<ex te[0,27]

respectively of same distribution than (t — X#(©)(¢),¢ € [0, 271),..... and (X?(1)1eqo,2r there exists

also 7# stopping time for X¥ with the same distribution than 7% and such that

— 0, P-a.s.
e—0

sup ‘X“’(t AFP) — XPE) (A7)
te[0,27)

Lemma A.3. i) Let 0 <t1 < to < 2T, then for all f € D, we have

LtQAq'—‘PJ_l

ti (220 (120 (e ) ) = 1 (090 (1225 0o ) - w20

.t AT
J=l 2 ()2 ]

to AT¥

= [ (X220 7)) — 1 (X200 79)) - /

Lf ()N(“’(s)) ds, P-a.s.
tINT?
ii) The limit process (M}p(t))t,

toAT¥

i3 = (X2 7)) —/

tINTP

Lf ()N(“’(s)) ds
is a ]:tj(w -martingale.
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Proof. i) X% is time-continuous as limit of X®(¢) which are time-continuous. Then, for all f € D,

tAT?

£(Zoens) - g (200 (150 )| <t (52 (r7) =X <L1;A(—)J>}
e () -2 ()
P

— 0
e—0

— a.S.

» 3 nre )
We have, now to control J;tQAA; Lf (XW(S)) ds — EL w[?;iﬁ AP f (X<P(8)(tj)) for all f € D,.
AT =l
ta AFP ~ L%Jfl _
’/ o rf (X“’(s)) ds— Y aOy (X“”(E)(tj)) ‘
BT =107
to AT B Ltﬁ(t’):;]_l 5
<[ er(xe)as-eer Y o ()
LINT? .t AFP
J*I. v ()2 J
125711 ] 25711 )
o2 Y L (X)) - Y Lr (809
j:Ltl/\F‘/’J j:Ltl/\?‘pJ
2(2)2 »(e)?
51 51
; 1 )£ (o)
0| Y L (XOw) - X A (379).
=12 =l

The first term tends to 0 when ¢ — 0 as an approximation of the integral. The second term tends
to 0 as ¢ — 0 too because of the convergence almost sure of X#(¥) to X¥. For the third term, we
use [SV79] and show that for each f € D,

1

A?Cf— Lf
p(e)

e—0

2

uniformly on the compact subsets of [n~1, 7].
ii) We have to show that for all 0 < s < ¢t < 2T and all 0 < s1 < -+ < 84 < s, we have, for all
application ¢ € C° (RY),
E ((Mf(t/\%“”) —M}"(s/\%“’)) & (Xv(sl AFP), - ,X%@(sdwv))) = 0.

For that we use point ii) of Lemma A.3, (A.6) and conclude with the Dominated convergence
Theorem.

O

Then Theorem A.2 is obtain by returning to (Q2, F, P).
By Theorem A.2 the two stopping time 7 := inf{t € [0,T]; R(t) € (n~%,n)} and 7% have the same

distribution, we’ll write 7 for both.

We end this step with the following corollary.
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Corollary A.4. The family of processes (t — X°(t A1), t € [0,2T)) converge weakly to (R(t A T))ye0.277-

0<e<ex

Proof. We have to check that for all ¢ : C ([0,27] : R;+) — R continuous and bounded,
: ®(e) =
Eh_%IE(gb(X (t/\T)))fE(R(t/\T)).

For that we use the tightness of (t = X¥©(t A T),t € [0, 2T])O<€<E in a reductio ad absurdum. O

O

Step 3: Suppression of the stopping times For the moment, we have the following weak conver-
gence
(t—=R(ANTEAT), t€[0,2T)goee. — (R(EA T))te[o,zT] .

In this last step, we want to delete all the stopping times in order to expand the convergence to the
whole family (R®)_.. We will use the transience of the Bessel process for d > 2 (here d refers to the
dimension of the Bessel process) and then deleting the stopping times remains to make n — +oo.

Proposition A.5. Lety > 1, then (t — R°(t), t € [0,T))gcoc.. — (R(t))sef0,1)-

Proof. For d > 2 (which means v > 1), the transience of the Bessel process (R(1))1epo,2r) Yields that
P(Vt €[0,2T]; 0 < R(t) < +o0) =1,

and then, lim, , P (7 =2T) = 1. Let a decreasing subsequence ¢ : (0,e,) — (0,e,) such that
(T‘/’(a))0<€<€* converge weakly to 7¢(0) (which is not a stopping time), it’s easy to show that P (7‘ < T‘/’(O)) =
1 and then

lim P (770 <oT) = 1.

n—+oo

As 790 = lim, o 7%(®), we can deduce that for all p > 0, there exist 7. > 1 and &(n,) > 0 such
that for all n > 7. and € < €(5.), we have P (T‘P(g) >T) > 1—p. From that, we can deduce that for all
¢:C([0,T]:R;4) =R

[E (0 (R790)) = 6 (R())| < 2li6lloep + [E (& (RO A 79 A 7)) = 6 (R( A7)

But by Theorem A.2
E (¢> (RW) (- ATPE A T)) — $(R(- A T>>) o0 0.
Then, there exists 1. > 1 such that for all n > 7., for all ¢ : C ([0,T] : R4) — R,

lim lim E (¢ (R“’(E)(J) ! (R(.))) =0. (A7)

p—0e—0

Now, assume that R® doesn’t converge weakly to R, then there exist ¢ : C([0,7]:Ry) — R and a
decreasing subsequence 9 : (0,e,) — (0,¢,) and there exists § > 0 such that

E (o (RY90) - 6 (R())| > &
As 7909 is tight, it admits converging subsequences 7¢(¥(¢)) and (A.7) implies that

E (6 (R*()) = ¢ (R())) =m0 0,

which is a contradiction and then ends the proof of both Proposition A.5 and Theorem 4.1. O
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O

We remark that the condition v > % just appears in the last step, in order that the Bessel process
(R(t))se(0,7) does not reaches 0 or explodes in finite time. If v < 1 then the Bessel process is reccurent
and we are not able to delete the stopping times with this method.

In the proof of Theorem 3.1, we need some estimation of exit time for a transient Bessel process. In

particular, we need to know the probability for a Bessel procces starting at 1 to reach 2 before %

Lemma 4.2 Let v > —%, and let R be a Bessel process of dimension 2y + 1 with R(0) = 1. Let, for
a_ <1<ay,
To o, =inf{t>0| R(t) dla_,ar[}, To_ =inf{t >0|R(t) <a_}, T

at

—inf{t > 0| R(t) > ay}.

(i) Then, for all T >0,

0<P(To_a, >T) <1 (A.8)
(i) If in addition v > %,
1-2v 1
P(T, >T,, )= —
- + a1772'y _ a£rf2'y

Proof. (i) See [Man68], [RY99] or also [EK86].

(ii) This is readily shown using the Optional Stopping Theorem, as follows. Consider the process M (t) =
R(t)'=27. Note that 1 — 2y < 0 for v > % but since for these values of « the Bessel process is almost
surely positive (see [RY99]), M () is well defined. Considering

TM = inf {t > 0|M(t) = ai—QV} and T = inf {t > 0|M(t) = al_%} .

it is clear that P (Ta+ < T,L) =P (T_{rw < Ti”). By the Ito lemma, it is easily checked this is a local
martingale. It then follows from the Optional Stopping Theorem that

E(M(TY ATM)) =1. (A.9)
On the other hand,
E(M (TP ATM)) = a2 (TM < TM) + 072 (1 - P (T¥ < TM)). (A.10)
From (A.9) and (A.10), we then obtain
1-2y
P(TM < TM) = 7@1?;7 - a;Q’Y,
which yields the desired result. O
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