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Observer synthesis for a class of MIMO non triangular nonlinear
systems

M. Triki'2, M. Farza', M. M’Saad!, T. Maatoug?, B. Dahhou®*

Abstract— A high gain observer is proposed for a class of
nonlinear systems involving some uncertainties. In the absence
of the uncertainties, the considered class of systems becomes
a canonical form that characterizes a class of uniformly
observable systems and the observation error exponentially
converges to zero. In the presence of uncertainties, it is shown
that the observation error can be made as small as desired by
appropriately specifying the design parameter of the observer
gain. Two main contributions are worth to be emphasized: the
first one is related to the structure of the considered class of
systems which does not assume a complete triangular structure.
That is, each block may contain nonlinearities which depend
on the whole state. The second one lies in the simplicity of
the observer gain design since its calibration is reduced to the
choice of a single design parameter. More specifically, it involves
a design function that has to satisfy a mild condition which is
given. Different expressions of such a function are proposed.
Of particular interest, it is shown that high gain observers
and sliding mode like observers can be derived by considering
particular expressions of the design function. An example with
simulation results is given for illustration purposes.

keyword : Nonlinear systems. High gain observers. Slid-

ing mode observers. MIMO systems.

I. INTRODUCTION

The need to study the observer design problem for nonlin-
ear dynamical systems is, from a control point of view, well
understood by now. The list of references herein covers part
of the recent works done in that area ([11], [12], [13], [17],
(101, [8], [16], [14], [3], [1], [6], [7], [15], [4], [9]). In this
paper, one aims at designing a high gain observer for a class
of nonlinear uncertain systems satisfying some regularity
assumptions. The general framework of this observer design
is based on the contributions given in [2], [6], [9]. The gain
of the proposed observer is issued from the resolution of
a constant Lyapunov algebaric equation and it is explicitly
given. Its tuning is achieved through the choice of a single
parameter whatever the dimension of the considered system
is.

More specifically, one exhibits a state observer for nonlinear
systems which are diffeomorphic to:
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where the state z = . e R", with zF =
2
o
sy
. GJR”"“,xfE]Rp’“,z':l,...,/\k,kzl,...,q,
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an:Zpk)\k:n with pr > 1 and A\ > 2; the
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q A
1,...,qand2pk:p;A= , A =
k=1 A,
0 I, 0 o,
0 0 L |67 ’
Pk
0 0 0 Ca
Cr = [I, 0 ... 0] and the nonlinear function
¢! (u, @)
2 (u.2) )
field p(u,z) = . € R" ¢"(u,z) =
©?(u, )
@ (u, )
5 (u, )

€ IR™ where for k = 1,...,q, the element

5, (o)
©¥(u,r) € RP* has the structural dependence on the states:
eforl <i< )\, —1:

k k 1.2 k-1 .k .k k
oi(u,x) = @f(u,xt .2 a) xs, Ly
k41 k42
N A 5D, )
o for i = \p:
k k 1.2
@Ak(uvx):(»o)\k(uaw , L 7"’7mq) (3)

The function £(t) is a completely unknown function. Many
components of this function are zero since its structure can
be described as follows:



E(u,x) = € R" with

&1(t)
e =0fork=2,...,q.
0511 =0fori=1,..., A\ — L.
e &), = &(t) where £(t) is an unknown bounded function

i.e.
In>0; VE>0; le@®)] <n 4)

Notice that in the absence of uncertainties, the class of
considered systems generalizes that considered in [15] in
two directions. Firstly, the output ¥ of each sub-block k
is not a scalar as in [15] but belongs to IRP*. Secondly,
unlike in [15]where the nonlinearity intervening in the last
equation of each sub-block, namely <p’§\k (u, x), assumes the
same triangular state dependence as the previous variables of
the same sub-block, i.e. gp’ik (u, x) satisfies (2) with ¢ = A,
a more general state dependence (3)is assumed in this paper.
Moreover, it has been also shown in [9] that in the case
where no uncertainty is considered, the class of systems the
authors considered is diffeomorphic to system (1) with ¢ = 1
which means that in [9], all the output belong to the same
block. In the case where the uncertainties are considered,
system (1) includes the class of systems considered in ([4]).
In fact, many systems involving unknown inputs can be put
under form (1) and this allows to design nonlinear observers
that simultaneously estimate the state variables as well as the
unknown inputs as shown in [5].

This paper is organized as follows. In section 2, the observer
design is given and a full convergence analysis is detailed. It
is shown that the observation error exponentially converges
to zero in the absence of uncertainties, and can be made
as small as desired in the presence of uncertainties. The
latter result is achieved by appropriately specifying the
design parameter involved in the observer gain. In section
3, different expressions of the observer design function are
proposed giving rise to different observers. Simulation results
are given in section 4 to illustrate the effectiveness of the
proposed observer design.

II. OBSERVER DESIGN

As generally used in the high gain observer methodology,
one assumes that system (1) satisfies the following Lipschitz
assumption:

Assumption /: ¢(u,x) is a globally Lipschitz nonlinear
function with respect to x uniformly to w.
Before giving a candidate observer, one introduces the fol-
lowing notations:
e Let Ay (0) be the diagonal matrix defined by:

1

. 1
Ak(e) = dlag (ka7mlpk7"‘7wm[pk) (5)

where 6 > 0 is a real number and one defines d; which
indicates the power of 0 as follows:

q
o, = 207k ( IT - 1))
i=k+1 (6)
for k=1,...,q—1
d0g =1
Notice that for any £k =1,...,¢ — 1, one has
1)
Ek = (M1 — 1)0k+1 @)

Since A, > 2, the J,’s constitute a decreasing sequence of
positive real numbers, i.e.

§1>60>...25,>0 3
It is easy to show that the following identities hold:
o ALOALATO) = 04,
A (0)Cy, = Cy
e Let S; be the unique solution of the algebraic Lyapunov
equation

(©))

Si + AL Sy + Sp Ay = CFCy (10)

where Ay, and C}, are defined in system (1). It can be shown
that the explicit solution of (10) is symmetric positive
definite for every € > 0 and in particular, one has

SilckT = (Cvlzklpkv .- '7CZ:ka:)T

o V¢k € RP*, let Kj(€F) € IRP* be a vector of smooth
functions satisfying:

TR > e an

A candidate observer for system (1) is described by the
following dynamical system:

i* = AP+ " (u, ) — 0% A1 (0) S, L CF Ky (Cret) (12)

for k=1,...,q with
it i
7?2 ik
« &= e R, ik = ) e R™, 3k ¢
z9 -

R i=1,.. A k=1....¢Y m=n

k=1
o &% = 2% (output injection) for k =1,...,q.
o B =dFifi#L
o eF =gk — gk,

o The function K}’s satisfy condition (11).

e u and y are known inputs and outputs of system (1).
Indeed, one can establish the following fundamental result.

Theorem 2.7/: Assume that system (1) satisfies assump-
tion (1), then:
VM > 0; 36y > 0; VO > 6g; INg > 0; Jug > 0;
3By > 0 such that for k € {1,...,q}: [|2*(t) — 2F ()| <
Aoe Hot||2(0) — z(0)|| + Ben for every admissible control



u s.t. Essup|lu(t)] < M where 7 is the upper bound
of |le]| given in (4) . Moreover, Ay is polynomial in 6,
elim o = +oo and elim By = 0.

Proof of Theorem (2.1): set the estimation error e(t) =
#(t) —x(t) and let e*(t) be the k'th subcomponent of e(t) .

For writing convenience and as long as there is no ambiguity,
one shall omit the time ¢ for each variable. One has:

¢ (u, )
L(0)S, 'CF Ky, (Cre®) — &*

eb = Apef 4 oF(u, i) —

0 A, (13)

where v is an admissible control such that |jull.c < M,
M > 0 is a given constant. For k =1,--- ¢, set

e" = Ay(0)e (14)
From equation (13) and using identities (9), one gets:
& = 0% A — 0% S CF K (Creb)
+ Ap(0)(O*(u, ) — o*(u, ) — Ap(0)Z8 (15)
Set
Vi(e¥) = 072016k g, 6" (16)

where the o7’s are some reals that shall be specified later

and let V(e Z Vi.(€%) where S = diag(Sy,---,Sy), be
the candidate Lyapunov function. One has:
Vk = 29_2UfékTSkék
= 209201k G A ek — 209201 0T ¢ (Ce®)
k A
+ 207270 SN (0) (0" (u, &) — PP (u, )
— 2072016k AL (0)EF

Using the algebraic Lyapunov equation (10), one gets:

Vi = —0% 200k g gk 4 gon—20T gk o oy gk
_ 296k—20f (Ckék>TKk(Ckék)
+ 20720 LA (0) (0 (u. ) — " (u, 7))
— 20721 5 AL(0)

Using property (11) satisfied by the function K}, one obtains:

Vk: S _96;€—20']fékTSkék =+ eék—QU]fékTC;{Ckék
20% 201 (Ce") " e
+ 20727 S AL(O) (M (1, 7) — ¢ (u, )
207201 k" S Ay (0)e*
6p—20F kT o Sk 8r—20F kT AT ~ Sk
= Q%% e Spet — 6% 1e” O Cge
+ 20727 S AL(0) (M (1, 7) — ¢ (u, )
— 207216 5 AL(0)E
< 0%,
+207275 || Sy ||| Ak (0) (0" (u, 7) — o (u, )]
k
+2077710 || Spe® ||| Ak (0)2" |
< =0V +
+2 \/ maa: Vv Vi Z ok H 901 ) ) Pi (u l‘))”
k Ak, 17
24/ AE Vk90k+ D)o
where A\¥ is the maximum eigenvalue of S, oF = o +
(1 — 1)) and a1 is the Kroneker symbol, i.e ak 1 =1if
k =1 and 0 otherwise.
Therefore,
Vk < — 0% Vi
q
+ 2000/ Moo V Vi ZZZx’“ e

=1 [=1 j=1

Qg 17
+ 24 Ww\/‘/'1<;90,€_~_()\1 s,

3%“

where pi=sup{ ;x € R"and ||u|loo < M} and

i (u,z) =0, Xl = 1 otherwise.

Now, one has

Vk < —Qaka
q
+ \/AifWWkZZZx 07 o |1
i=1 [=1 j=1
ap1m
+ 7n(lf\/vkoo.k+ )\1 1
< 0V
q
ot VYV
+ MooV Vi N
"y ZZZ S
ap1m

+ maa: m

90k+(>\1 1



where AL . is the minimum eigenvalue of S;.
Thus,

Vi < —(\/ 95"‘Vk)2 + 2pkps V006V
q
DRI N
i=1[=1 j=1
/ v Qg 17
+2 /\]fnax Vk901+()\1 1)1
Amaz (S
where pg = )m

Please notice the last term appearing in the right hand side of
the last inequality is to be dropped for k& # 1. As a result, the
real of appearing in the denominator of this term is replaced
by oi.

The remaining of the proof is as follows. One firstly assumes
that the reals 0{“, k = 1,...,q are chosen such that the
following conditions are satisfied:

0=0f>07>...>0f (17)

if x;*/ =1 then ¢! —a’f—i’“—@<_1 (18)
bi 2 2~ 2

ok + (A — 1)dy, is constant for k =1,...,¢q (19)

Then, one shall shows that such a choice is possible and
provides a set of o7’s satisfying such conditions.

Now, suppose that condition (18) holds and assume that 6 >
1. Then, one gets:

Vk <
=1 =1 j=1
o Qg
mam Vkeg T(h—1)61
q N
< —(VORVR)? 4 20prps0 IOV D VO,

=1 j=1
Qg 17
2y Mnaa VY o sy

Now, set V;* = 0%V}, for k = 1,--- ,q and V* =

q
>
. k=1
Notice that

<OV

oV < V* (20)

Then,

qg N
/R N RVAT A S RVATA

=1 j=1
/ n
k .
24/ Aaa V Vi goi+(Ai—1)6;
—Vk* + 2/\knpku59_% \/ Vk* VvV
& ey n
24/ Aaa V Vi goi+(A1—1)d1

—Vi 4 2\ knprpst 2V

; U
T NOLRRYATA TR,

Vi

IA

IN

IN

< (VO +2Pk/t5\/mzzze z 95zwm 5 (
< exp

Hence,
Vo< —(1-2nPpust )V
/ n
+ 2 )\max\/veai_,'_()\l_l)él
where p = max{pg,1 < k < ¢} and M\pox =
max{\f 1<k <q}.

Using (20), one gets

V < —0(1 = 2n2ppus62)V + 2/ Amas V'V

00’ Jr(/\l 1)51
This leads to:

IR

2 \% )\mamn

+9(1 — 2n2pu59*%)90%+0\171)51

Vie(t)) < exp(

2y

and therefore one obtains for k =1,...,¢:
—0(1 — 2n2ppgh=2) —
: t] VV(E©)

n 2V Amaz
0(1 — 2n2pp59—%)90i+(>\1—1)61

(22)

On one hand, from the definition of V' and Vj (equation
(16)), one has

(23)

On another hand, from the definition of &* (equation (14)),
one has:

]| < lle* |} < oD% le¥| (24)

Finally, from the definition of V}, and according to (17) and
(5), one has

(v V(é) < v )‘maa:HéH < v )‘mazHeH

(25)



Combining (22), (23) and (24), one gets:

(5] < gotrOw—ns VAmas
a VAmin
—0(1 — 2n%push =3
“’“’p< T 2%) (@)
2v A mac ot +(Me—1)0%
+ 1
Vmin 0(1 — 2n2ppugh=3)goi+Ca—1o
_ gt Ow-1s, YAmar
VAmin
—0(1 — 2n%pusf=°
eop (=2 e
i 27 Amaz 9_0;1+"§k
VAmin 0(1 = 2n2pugh=2)
_ gu-1s YAmaz
—0(1 —2n2push—*
eap (=2 e
2 Amaﬂ? 1
L 2V Amas 06

VAmin 0(1 — 2n2pugf=2)
The last equality comes from property (19) satisfied by the
af’s. The parameters \g, g and By of the theorem are hence:

p1—1)3 V Amaz o = —0(1 — 2n2pps3%)
V /\min ’ 2

2y Amaz 1

VAmin (1 — 2n2pugh=2)
To end the proof of the theorem, one shall exhibit a set of
reals o’f satisfying conditions (17), (18) and (19).
Before providing the set of o;’s, one firstly notes that
according to the state dependence given by (2) and (3), the
case where X?; =1,k1 €{l,...,qtand j € {2,..., A},
occurs if and only if one of the following three situations is
met:

Ao

Bo

o k>1and i takes any value in {1,..., A}

e k=landie{1,...,\;} with ¢ >j.

o k<landi= )\
Now, for k = 1,...,q and i = 1,..., Ag, let us define the
ok’s as follows:

of = o (i—-1)0
where o = —(A\p — 16+ (A =15 (27)

and the d;’s are given by (6). According to (27), one has:

o 0 . .
aé—af—?k—% ot +(j—1)0 —of — (i —1)6y
%
2 2
= —(N=1d+ (G —1)
0
+(>\k—1)5k—(i—1)5k—§—*

0
2

1 1
Ak —i— 5)6k +G =N 3)028)

Let us now check condition (18) by considering the three
cases listed above.

e k> [ and ¢ takes any value in {1,...,\z}:

Please notice that since k& > [, one has k > 2. Equality (28)
becomes:

5k 51 3 5[
;- 5—5—5 < =)0k =5
o O
= A — 10 — —— —
e =10k =5 =5
Ok Ok—1
< A=D1 — — — 2
< (A —1)dk 5 5 (29)
The last inequality results from (8).
Using (7), one obtains
6 1) §
djmof-g -5 < —5 <3 (30)
ek=1landie{l,...,\x} with i > j:
Equation (28) specializes as follows:
é 1) .
O’é-—o’f—?k—é = (J—i—1)d
1
< b <0, <3
o k<landi=\:
Equation (28) becomes:
o O O 1
Ué—Uf—E—g = —5 tU-A-35)a
O]
- 2 2 = 2

To end the proof of the theorem , one has to check property
(17). It is easy to check from (27) that of = 0. Thus, it
remains to show that

ol —oh >0 for k=1,...,q—1

(31)
On one hand, one has:
U’f = —(A—1)0p + (A —1)0q

On another hand, one has:

Ufﬂ = —(Me+1 — D1 + (M — 1)1
)
= —?k + (A1 = 1)ds
This leads to
)
Uf“ — U]f = _Ek + (A = D)ok = (A — 5)0k >0

III. SOME PARTICULAR DESIGN FUNCTIONS

Some particular expressions of the design function K, that
satisfy condition (11) shall be given. It will be shown that
each of these expressions yields a well known observer.
Indeed, one has:

e The usual high gain design function given by

Ky(ef) =p e} (32)

. . o 1 .
where p is a positive scalar satisfying p > —. Notice

that the function K}, is bounded as soon as e7 is.



e The design function involved in the actual sliding mode
framework

Ki(e¥) = p sign(et) (33)

where p is a positive scalar and ’sign’ is the usual
signum function. It is worth mentioning that the re-
quired property (11) holds in the case of bounded input
bounded state systems for relatively high values of
p. However, this design function induces a chattering
phenomena which is by no means suitable in practical
situations.

e The design functions that are commonly used in the
sliding mode practice, namely

Ki(eh) = ptanh(koet) = p tanh(koet) 34)

where tanh denotes the hyperbolic tangent function and
p and k, are positive scalars. One can easily show that
the design function (34) satisfies the property (11) for
relatively high values of k,. More particularly, recall

that one has lin%r tanh(ko.e¥) = sign(ek).
to —+00

1V. EXAMPLE

Consider the following dynamical system

1 = mg — tanh(z)
iy = a3+ e(t) — 24— sin(xs)
i3 = w4— a3 —tanh(ws) (35)
iy = w5+ 32/(1+23) + cos(z4)
i5 = —mxg*sin(xre) — a3
T
y = (21 x3)

where the uncertainty term £(t) is given by €(t) = 2cos(t).
It is clear that system (35) is under form (1) with A\; = 2 and
A2 = 3. An observer of the form (12) can be hence designed
for the estimation of the state without any prior knowledge
on the expression of the uncertainties. Please notice that one
has §; = 2(Ay — 1) = 4 according to (6).

Simulation results corresponding to the non measured state
variables are given in figure 1. This clearly shows the ability
of the observer in providing accurate state estimates as the
curves of x5 and %o become quickly superimposed in spite
of different corresponding initial conditions. Indeed, these
simulations have been carried out using the following initial

conditions z;(0) = 1 for the model and &, = &3 = 1,
Z; = —1 for observer. The value of the design parameter 6
was set to 8.

V. CONCLUSION

A high gain observer for a large class of nonlinear MIMO
systems has been proposed in this paper. Unlike previous
works related to high gain observer design, a complete
triangular structure is not assumed. Moreover, the gain of the
proposed observer involves a well defined design function.
The latter provides a unified framework for the high gain
observer design, namely classical high gain observers and
several versions of sliding mode like observers are obtained
by considering particular expressions of the design function.
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