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We study the problem of estimating the one-point specification probabilities in non-necessary
finite discrete random fields from partially observed independent samples. Our procedures are
based on model selection by minimization of a penalized empirical criterion. The selected esti-
mators satisfy sharp oracle inequalities in La-risk.

We also obtain theoretical results on the slope heuristic for this problem, justifying the slope
algorithm to calibrate the leading constant in the penalty. The practical performances of our
methods are investigated in two simulation studies. We illustrate the usefulness of our approach
by applying the methods to a multi-unit neuronal data from a rat hippocampus.

AMS 2000 subject classifications: Primary 62M40; secondary 62M45.
Keywords: Model Selection, Penalization, Slope heuristic, Discrete random fields.

1. Introduction

The main motivation for our work comes from neuroscience where the advancement
of multichannel and optical technology enables researchers to record signals from tens
to thousands of neurons simultaneously [TSMI10]. The question is then to understand
the interactions between neurons in the brain and their relationships with the animal
behavior [SBSB06, BKMO04].

Following [SBSB06], we model interactions between neurons by discrete random fields.
A discrete random field is a triplet (S, A, P) where S is a discrete set of sites, possibly
infinite, A is a finite alphabet, and P is a probability measure on the set X'(S) = A® of
configurations on S. Given a random field (S, 4, P), we define the one point specification
probabilities of P as regular versions of the following conditional probabilities,

Vie S,\Ve e X(S),  Pys(z) = P(x(i)|z(j), j € S/{i}).

The specification probabilities are important in the applications as they encode the condi-
tional independence between the sites, see for example [BM09, BMS08, CT06a, GOT10,
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RWL10, LT11]. The main goal of this paper is to provide good estimators of the specifi-
cation probabilities, assuming that the configurations are only observed on a finite subset
Vi € S. Consider i.i.d. random variables X;., = X1, ..., X,, with common distribution
P, the data set is given by (X;(J))i=1,....n; jeva,- Following [BM97, BBM99, BMO01], we
use a penalized criterion to select a subset Vc Vi with cardinality O(logn) and show
that the empirical conditional probabilities ﬁi|\7 satisfy a sharp oracle inequality (see
Section 2 and Theorems 3.2 for details).

In most of the applications, the support V, of P;g (i.e., the minimal set V, C S such
that Py, = P;s) is the object of interest and the literature focus on the estimation of
Vi, see [BM09, BMS08, CT06a, GOT10, RWL10] for example. This approach requires
in general strong assumptions on the random field, e.g., it is assumed that the data is
generated by an Ising model with restrictive conditions on the temperature parameter
[BM09, GOT10, RWL10]. In particular, [BM09, BMS08, RWL10] assumed that the set S
is finite and that all the sites are observed, i.e that Vj; = S. When V), does not contain
V., the meaning of the estimators in these papers is not clear. [CT06a] considered S = Z<
but assumed that V, is finite. Finally, [GOT10, LT11] worked with infinite sets of sites
and without prior bounds on the number of interacting sites but required a two-letters
alphabet A and some assumptions on P that the practitioner cannot easily verify. These
restrictions are severe in practice, e.g., in neuroscience, and cast doubt on the theoretical
support for application of these methods. Our approach does not suffer from these draw-
backs. In particular, the alphabet size |A| can be larger than 2, P does not need to be
an Ising or Potts model, and some configurations on V}; can be forbidden. Furthermore,
V. can be infinite and therefore not contained in V.

The second result of the paper is a proof of the slope heuristic for the estimation of
one-point specification probabilities in discrete random fields. The slope heuristic was
introduced in [BMO07] for Gaussian model selection and has been theoretically studied
only for very few specific models [BM07, AM09, Ler12, Lerll, AB10, Saul3]. Our proof
technique is novel and sheds new lights on this phenomenon.

The paper is organized as follows. Section 2 presents the framework and some notations
used all along the paper. Section 3 introduces our estimators and the oracle inequalities
that they satisfy. In Section 4, the bias for Gibbs models is computed and Section 5 is
devoted to the slope heuristic. Section 6 illustrates the results of previous sections using
two simulation experiments and in Section 7 our methods are applied on a neurophys-
iology data set. The proofs of the main theorems are postponed to the Appendix. The
methods of this article can be adapted to the Kiillback loss; the interested reader can
find these developments in Section D of the appendix.

2. Setting

Let (S, A, P) be a discrete random field, i.e. a triplet where S is a discrete set, A is a
finite set, with cardinality | A| and P is a probability measure on X' (S) = A°. Let Vi, be a
finite subset of S with cardinality M > 3 and let + € S denote a fixed site so that we will
often omit the dependence on i of some quantities when there is no confusion. For any
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z € X(S) and any V C Vi, let X(V) =AY, v =|V|, (V) = (z(j))jev. Let X1,..., X,,
be ii.d random variables with distribution P. The empirical probability measure Pis
defined for any z € X(S) by P(z) = 2 37| 11x, s}, where 1;x, _,3 = 1 if X}, = z and
0 otherwise. The measures P and P define probability measures on X (V) by the formulas

P(x(V)) = fyeX(S);y(V):m(V) df’(y(S)), P(x(V)) = ZyeX(S);y(V):z(V) P(y). Hereafter,
Q always denotes either P or P. For any V C Vi, 2 € X(S), let Q;y (v) = Q((‘Y\U{{ z}} if
Q(V\{i}) #0, |A|~! otherwise. Let also

Pis(x) = Px(i)|z(S\ {i}))

be a regular version of the conditional distribution of P. For any function f : X(S) — R,

let
I7lg = \//f e

The observation set is X1.,,(Var) = (X1(J), ..., Xn(4))jevy, - Algebraic computations show

~ 1 <&
vy S X(VM)a P(y) = E Z 1{Xi(VM):y}7

and for any V C Vi, P(z(V)) = 2oy X (Van)iy (V)= (V) P(2(V)) can be computed from
the data set. Hence, for V' C Vi, the empirical probability F;y is an estimator of Pjs.
The Lo p-risk of }31-“/ is defined by ’
Pythogoras relation (see Proposition B.11)

‘ -~

N 2
Pi|V — P“SH . We can decompose the risk via
P

2 ~ 2 2
Pi|V_Pi|SHP = ‘ s Pi\vHP-i-HPﬂv—PusHP-

~ 2
The random term ’ . PilVHP is called the wariance and the deterministic term

HP“V — Pi\SHfD is called the bias. Let s > 3 be an integer and let
Ve ={V CVar, v<s}, Ny =Card(Vs).

An oracle is a set V,, € V, that minimizes the risk, i.e.,

and the minimal rlsk is called oracle risk. We will show in the next section that we can

obtain an estimator V such that the risk of P, o 7 is close to the oracle risk.

PllSH = min P‘SH

Vevs
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3. Model Selection Results

Let start with a concentration inequality for the variance term of the risks.

Theorem 3.1. LetQ € {P,ﬁ} and let V € Vs. Then, for alld > 1 and all0 <n <1,

7 (]

Comment: The bound can be integrated to give the following control

e ||

for some absolute constant C. This control depends on the approximation properties of

~ 2 6 |A|"  4log(26) = 9log(20)? 1
v — P, — < - .
Py — Py, > T ((1+8n) I e <5 (B

~ A’U—l
Pav - Pas][,| = v = Pl + 22—,

2
P

V through the bias HPZ-|V - Pi\SHfD and on the variance via the upper bound |A[*~!/n.
Our goal now is to find a subset V' that balances these two terms. This is precisely the
aim of the following result.

Theorem 3.2. Let

2 |A|v71
S + pen(V) 5, where pen(V) > 12———.

ﬁi|V‘

Vevs

?zarg min {—‘
n

There exists a constant k = k(|A|) such that, with probability larger than 1 — 51,

~ 2 8 . 2 (log(stc?))Q
’ Pys = Pyg |, < (1 T log((g)) Jinf, {||Pils —Pvl[p+ PeH(V)} TR
(3.2)
Comments:

e The bound can be integrated and yields

E||

for some absolute constant C; and a constant Cy depending only on | A|. Therefore,
1% optimizes the bound given by Theorem 3.1, up to the residual (slog(M))? term,
among all the subsets of V;.

e Enlarging the number of observed sites makes the control over all subsets in Vs
harder, leading to a (slog M)? loss in the rates. On the other hand, it is helpful to
reduce the bias as will be shown in the next section.

e A very interesting feature of this result for the applications is that it holds without
restrictions on P and the size of A or S in (S5, A4, P).

~

Pis = Pyp

2 . 2 |A]PT! (slog M)?
P:|<Cl‘}g]fjs{||PiS_PiVHP+ . }+Czn,
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4. Computation of the bias

To complete the study of our estimator, it remains to understand the bias HPi‘ s — Py H?D
We present two important examples where explicit upper bounds can be obtained.

4.1. The Ising Model

Let S = Z% and let (Ji.j)(i,j)es> be an interaction potential, which is a collection of real
numbers such that for any i #j € S, J;; =0, J; ; = J;,; and

B = s_upZ|Ji7j| < oo .
€S jes
The parameter 1/5 is also called the temperature parameter in the physic literature

where the model was initially introduced, see [Geo88]. The Ising model is the triplet
(S, A, P), where A={—1,1} and P is given by its specifications by

e2jes Jiie()z(5) 1

Pijs(z) = e ies Jeav () | o= jes J12W20) | | 4 o 2% es Jus(@2(@)

It follows from Theorem 4.5 in [LT11] that
|Pys = Pavllp < sup |Pys(a) — Pyv(z)| < Cs > [ijl -
zeX(S) jgv
Rates of convergence can be obtained from this bound and our model selection theorem.

For example, let do(4,7) = max{|ix — ji| : & € {1,...,d}}, assume that slog M =
O((logn)?) and that there exists constants r and 7’ such that Y jesid (i) >k | Jigl S KT

and 2. |JZ* il < e™"'%, where J;; denote the rearrangement of the J; ; by decreasing
absolute values. Then, for any ¢ € Vs, denoting by «; the largest real number such that
{j €Z:dw(i,j) <n%} C Vi, we have

B { ’ (logn)*

2
Ps — PHVH } <o o, (mw + n_+1>
P n
Other consequences of this bound obtained under different assumptions on the (J; ;)i jes
are discussed in Section A.3.

_ . 27/
( QTN G T og e )

< Csn

4.2. The Gibbs model

Assume that A is a finite set of real numbers in [~1,1], S = Z? for some d > 1. Let

((J(k) i) (inenin) €SHH >k>0 € [0 RE*+1 be a collection of real numbers such that

DS

k>0 (4,i1,...,i5) €ESH+1

7

=0 < o0.
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For any x € X(S) and ¢ € S, denote by

k
DED DD DR | £
k>0 (iy,...,ix) €Sk (=1

Suppose that the conditional probabilities can be written in the following way:
() Ji(x)
Daea €@
The triplet (S, A, P) is called a Gibbs model, Ising models are special instances of Gibbs

models where for all k > 2 and all (j1,...,Jk) € Sk, Jijr,jr = 0. For any £ < M, denote

by (Jf¢ n)n=1,...m¢ the rearrangement of the J; 1)1

consider the followmg assumption.

VeneN, S|, < pe T @)

r>n

Pys(z) =

_i, by decreasing absolute values. We

for some constant v and « > 0. Under Assumption (J), we can build a set V with

cardinality v < W/M log n such that the bias term is upper bounded by

(log n)/@+e)

2 )
1Pis = Pavllp < Capmial | —Zg—=+> X Tiir. i,
nv & 2>14q,...10€8:3551; ¢V
(4.1)
The bound (4.1) is proved in Section A.3. From Theorem 3.1 and v < m logn,
for some absolute constant C,
. 2 A v—1 C
=[P -] s -l
P n | A|n 7eFog [ATTF2a)

2ay
2ay+(1+2a) log |A]?

2} < Copin <logn> Z Z

<V iy,...1p€8:355i;¢0

Therefore, for some constant C, g 4| and rate 6 =

i

5. Slope heuristic

0

1015000000

P’LlV

The slope heuristic was introduced in [BMO07]. Let

V = arg min
Vev,

Py ; + pen(V)} . (5.1)

The heuristic states that there exist a minimal penalty pen,,;, and a complexity measure
(to be defined) satisfying the following properties.
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SH1 When pen(V) < (1 —n)pen,,;,(V), the complexity of V is as large as possible.
SH2 When pen(V) = (1 + n)pen,,;,(V), the complexity of V' is much smaller.
SH3 When pen(V') = 2pen,;,(V), the risk of V' is equivalent to the oracle risk.

The purpose of this section is to justify this heuristic. We will show some theoretical
2

]3“‘/ — Pyv|| . as a complexity measure for
P

V and as a minimal penalty. It may be useful for the intuition to make the following

approximation nAy /|A|Y &~ C although it is only proved in Theorem 3.1 that E[Ay ] <

C|A|”/n. For example, this explains why it’s natural to consider Ay as a measure of

complexity. The following theorem gives some theoretical grounds justifying SH1.

evidence for the slope heuristic using Ay =

Theorem 5.1. Letr >0, € > 0. Let V be defined by (5.1) and assume that

. 2
P (vv €V, 0<pen(V) < (1—1) ‘ By — PNHIS> >1—e

Then, for all § > 2, with probability larger than 1 — e — 2671,

Comments:

~

PP,

17 (log(NZ4))*
(2 Z“’} R

~ 2
Fijy — Pz‘\VHﬁ —2|[Pys —Pz'lvui} 3

2
_ > sup {1 ‘
P vey, n

e Let us give some intuition on this result. Agebraic computations, see (A.9), show
that V' minimizes, up to centered remainder terms, the quantity

~ 2
| Pis — Pi|VHf:> + pen(V) — ‘ Pyv — Py 5 (5.2)

We assume in Theorem 5.1 that pen(V) = (1 — n)Ay, thus V minimizes the bias
minus nAy. When the bias term decreases with V', as in the models presented in
Section 4 and when nAy /|A|” = C, both terms decrease with V' and the minimum
is achieved for V = Var. Thus V maximizes the complexity Ay .

e Theorem 5.1 makes this statement more precise, showing that this result actually
holds when, for V = V};, both the bias and the logarithmic remainder term are
negligible compared to the variance part of the risk.

Let us now turn to the associated optimal penalty theorem which proves SH2 and SH3.

Theorem 5.2. Leté > 5, ro >1r1 >0, € >0 and assume that

pen(V)

Fiyv = Py

PvWev, 1+r)< S <(4rm)|>1-¢ (5.3)

s
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Let V be defined by (5.1). For all V in Vs, let p¥ = infyex vy, p(vy)zo Pz(V)) and
assume that, for some ¢ <1,
_olog(nN;d)

inf p‘f >egTft—7,
Vev, n

Then, there exists an absolute constant C such that, with probability larger than 1 —
5571 —¢, for all V in Vs, for alln > 0,

I=m) A1 —C(l+r)e) ‘ ~ |2 ~ 12 = 6 (log(N2§))?
Ps—P-| < ’Pi iyl H 20BN 5y
A+n)V (ra+C(A+rg)e) I8~ HalvVilp = |79 Vile "y n (5-4)
Comments:
e In this theorem, following [AM09], the main task is to show that
~ 2
Ay ~ ‘ Py - PWHP. (5.5)
When (5.3) holds with 7y = r9 = r, then
~ 2
pen(V) = (1 +7’)AV ~ AV +7r ’ Pz|V —PllvHP

From (5.2), V minimizes the sum of the bias and r times the variance. The com-
plexity should thus be much smaller, which proves SH2 for pen,;,(V) = Ay.
Theorem 5.2 shows that the complexity of the selected model, that is bounded by
the risk, is actually upper bounded by the supremum between the oracle risk and
the remainder term, at least when ¢ is small enough.

e Take then ry = ry = 1, that is, a penalty equal to

2
pen(V) = 2pen,;, (V) ~ Ay + ‘ b

131'|v —PuvH

Then (5.2) shows that V minimizes an approximately optimal criterion, and 131.“7
satisfies an oracle inequality that is asymptotically optimal, which proves SH3.
Inequality (5.4) makes this result more precise, showing that the oracle inequality
is indeed asymptotically optimal when the oracle rate of convergence is larger than
the remainder term. Moreover, in this case, the rate of convergence of the leading
quantity in the oracle is driven by the supremum of the rates n and .

Theorem 5.2 cannot be used directly to build an estimator since the complexity is un-
known. Nevertheless, Theorem 3.1 shows that Ay is upper bounded by KOy, with
Oy = |A|*"1/n and some constant K that may not be optimal. This suggests to con-
sider penalties of the form K©y, for some K that has to be optimized. To achieve this
goal, [AMO09] proposed the following algorithm.

~

1. For all K > 0, denote by V(K) the model selected with pen(V) = KOy.



Oracle inequalities for specification probabilities estimation 9

2. Find K, such that 9‘7( K) is very large for K < Kyn and much smaller for
K > K/Ipin' N
3. Select V = V(2K min)-

This algorithm is based on the slope heuristic. Indeed, assume that pen,;, (V) = Ko®y
for some unknown Ko. Then, Kni, shall be close to K because we observe a jump of
the complexity ©p around Kn,inOv as expected by SH1, SH2. Therefore, V', chosen by
2K minOv =~ 2pen,;, (V) shall be optimal from SH3. We did not prove that this algorithm
improves the choice of K in theory but the simulation study of the next section presents
examples where it does in practice.

6. Simulation studies

In this section, we illustrate the results obtained in previous ones using simulation exper-
iments. All the simulations were implemented by a set of MATLAB® routines that can
be downloaded from www.princeton.edu/~ dtakahas/publications/LT11routines.zip.
Let S ={1,---,9} and A = {—1,1}. For the first simulation, we consider an Ising model
(S, A, P), with one-point specification probabilities given by

1

Vr e X(S),  Pysl®) =17 exp(—2Y ;¢ Jijr(D)z(4))’

where the JifS are given by Jl,g = J175 = —J2)5 = Jl,g = J279 == Jg’ﬁ = —J4,7 ==
—Jsg = —J78 = Js,8 = 0.5. The rest of J;;’s are equal to zero. For each ¢ € S, the pair
of sites (i,j) where j € V; is shown in Figure 1A. For the first experiment, we study
the site ¢ = 9 and its interaction sites. We simulate independent samples of the Ising
model and compare the performances of the model selection procedures given by (1) the
penalty given in Theorem 3.2 (theoretical), (2) the same penalty, but using the slope
algorithm described in Section 5 to calibrate the constant in front of |A[*~!/n, and (3)
the Loo-risk method with slope heuristic proposed in [LT11]. The performances of the
estimators are measured by the logarithm of the ratio between the risk of the estimated
model and the oracle risk. Figure 1B shows the median value of the risk ratio calculated
for 100 independent replicas. The maximum number of allowed interacting sites was set
to s = 5. The simulations were done for increasing sample sizes n = 10, 25, 50, 75, 100,
150, 200, 300, 400, 500.

For the second simulation, we consider a Gibbs model (S, A, P), with one-point condi-
tional probabilities given by

1
1+ exp(—2 ngs Jijz(i)z(j) + Zkes Zjes Jijra(i)z(j)z(k)) .
The non-null pairwise interactions are given by —Jos = Ji9 = J36 = Jsg = 0.5, and

the three-way interactions are specified by Ji 25 = J129 = —Ja78 = 0.5. The rest of
Jij’s and Jy;1’s are equal to zero. For each 7, the interacting neighborhood V; is shown

Ve e X(S), Pijs()
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in Figure 1C. We show the results for i = 9. We compute the risk ratio as in the first
experiment (Figure 1D). The simulations are done for increasing sample sizes n = 10, 25,
50, 75, 100, 150, 200, 300, 400, 500 (Figure 1D). Observe that in both experiments the
slope heuristic improves the performance of the model selection, allowing to recover the
oracle even for data set as small as 50 in our examples. For this example, any method
that uses the Ising model to estimate the parameters has a non-null bias and therefore
the risk will be strictly larger than the oracle risk. Further simulations are shown in the
Appendix (Section C).

A

@

©
(@]

o

& weaitheoretical %
— slope .

L sup

log risk ratio
N
]
—_—
log risk ratio
N

e .eutheoretical %

\ - slope
o 0

0 100 200 300 400 500 0 100 200 300 400 500
Sample size (n) Sample size (n)

o

Figure 1. Simulation study. (A) Representation of the interacting pairs of the Ising model
used in the first simulation experiment. The numbering of the sites increases from the top left
to the bottom right.(B) Performance of the model selection for the first experiment. Plot of
the log risk ratio for the model selection procedure using K = 2 (dotted red line), optimizing
the constant using the slope heuristic (solid blue line), using the Loo-risk method with slope
heuristic (dashed yellow). (C) Representation of the interacting neurons of the Gibbs model used
in the second simulation experiment. The colored regions represent the three-way interactions.
(D) Performance of the model selection for the second experiment. The legend is the same as in

(B).

7. Application to multi-unit neuronal data

In this section, we illustrate the usefulness of the proposed methods on experimental
data set. In neuroscience, it is conjectured that the set of interacting neurons represents
different animal behaviors [SBSB06]. Modifications of the graph of interacting neurons
for different tasks have been repeatedly shown [SBSB06]. Nevertheless, if this hypothesis
has any validity, we expect the set of interacting neurons to be the same when the same
task is performed. We used our method here to test this hypothesis, which seems to be
less verified in the literature.

The data set used contains multichannel simultaneous recordings made from layer CA1
of the right dorsal hippocampus of a Long-Evans rat during open field tasks in which the
animal chased randomly placed drops of water while on a elevated square platform. It
was downloaded from http://crens.org/data-sets/hc/he-2/about-he-2. Details about the
recording technique and experimental set up can be found at the website or in [KM].
The spiking data set used is ec016.430.res.1, ec016.430.res.2, ec016.430.res.3, ec016.430.res.4,
€c016.430.res.5, ec016.430.res.6, ec016.430.res.7, ec016.430.res.8. The full data set con-
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tains a total of 55 isolated neurons. For the analysis, we kept only the 11 neurons that
showed more than 30000 spikes during the experiment. The data set was sampled at
20kHz. We binned the data with non-overlapping bins of size 10ms. If there was at least
one spike in the bin, we coded it as +1, otherwise we coded as —1. The spiking activity
of the 11 neurons was recorded for 106.8 minutes. To ensure independence of the obser-
vations, we subsampled the data using one observation at each 500ms, which is an order
of magnitude larger than a typical decay of correlation (when the correlation becomes
zero) between neurons in time. We then splitted the data into two parts, one sample for
the first half of the experiment (n = 64099, first 53.4min) and another sample for the
second half of the experiment (n = 64099, second 53.4min).

We computed our estimators of the interacting neurons and calibrate the constant in
front of the penalty with the slope algorithm described in the end of Section 5. For each
site, the maximum number of allowed interacting sites was s = 3. Figure 2 shows the
results obtained for the first and second parts of the experiment. We clearly see that
the interacting neuronal sites remained stable, with only one pair of interaction that
changed between the two data sets. This result, together with those in the literature
showing changes in interacting neighborhoods for different behaviors, corroborates the
hypothesis that the set of interacting neurons can be related to specific animal behavior.

First half Second half

Figure 2. Representation of the interacting neuronal sites for the first half and second half of
the experiment. The edges between sites indicate the interacting pairs. The dotted orange edges
indicate the interactions that differed between both conditions. Observe that the interactions
are represented by a graph for convenience of visualization, but for our method the interactions
are not restricted to pairwise interaction as shown by our theoretical results and in Figure 1D.
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needed in the proofs of the main results. The second part provides additional simulation
results. The last one is devoted to the extension of all our results to the Kiillback loss.
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Appendix A: Proofs

A.1. Proof of Theorem 3.1:

Let 0 > 0 to be chosen later and let () denote either P or P. We decompose the risk as
follows

‘ Py — Pz‘\VH; = Y QaV/ii}) (ﬁuv(ﬂf) - Pi|v(ff))2

zeX (V) ‘A|

_ Z Q(V/{i})) (]31,“/(56)—H\V(@)2

A
zeX(V), Qx(V/{i}))<0(|Al[*n)~! 4]

) 5 QD) () - v )’

zeX(V), Q(z(V/{i}))>0(|A['n)~*
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~ 2
As the cardinal of X(V) is |A|" and <Pi|v(x) — PZ-‘V(x)) < 1, the first term in this
decomposition is upper bounded by #n~!. Hence

‘;:%Jr 3 Qz(V/{i})) (P| P|v) (A1)

zeX(V), Qz(V/{i}))>6(|A[*n)~* =

~

Py — Py

Hereafter in the proof of Theorem 3.1, we denote by
X0V)={zeX(V): Q(V/{i})) > 0(A"n)~"}.

It comes from Lemma B.1 that

Pyl - yo Pel/i) e )—Pi|v(x))2
TV Al
. 2
s (‘P(x(V))— \+Pl|v )]( z(V/{i}) V/M)))D
e |AlP(z(V/{i}))

P

<
|A| 4 ‘
zeX?(V/{i})

Pla(V/{i}))

zeX?(V)

(Pa(v/tiy) - Pawv/ii)) )

From Lemma B.1, we also have

|Pa(v) = P@(V)|+ Pyv(@) |(Pa(V/{i}) - Pa(V/{i}))|
AIP((V/{i})) |

|13i|v(33) — Py (2)] <
Hence
Pa(V)) - P(fc(V))\ + (Pyy (@) + Py (x)) ‘ (ﬁ(x(V/{z})) - P(x(V/{z’}))) ‘

By (z)— Py (2)] < ‘ —
|A|\/P(z(v/{i}))P(fF(V/{i})

Thus,

_PilijD _ % — Z Pla(V/{i}) (ﬁi\v(x) - PZ-|V(1:))2

zeX?(V) |A‘

is smaller than

> (|Pav) — P@w)| + By @)+ Pav @) |(Pav/iin) - Pew/am)|)
ATPGV/D)

zeX?(V)

Pa(V)) - Pla(V))) P(V/{i}) - P@(V/{i})
<2(Z (P(v)) <<>>)+2 > (P(v/iin) <</{}>>))’

weXO (V) P(x(V/{i})) et P(x(V/{i}))
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We use Theorem B.8 with b = /0~1|A|"n, for all z > 0, for all n > 0, we have, with
probability larger than 1 — 2e™7%,

‘ﬁi|V_Pi|VH2 < Q+£ ((1+77)

@ n |4

Take 0 = 8| A|"/22n~3/2, we obtain

‘ ﬁﬂv - Pz'\VH < LA ((1 +1)
Q|4

Using ab < na® + (4n)~1b?, we finally get

A.2. Proof of Theorem 3.2:

AP 4z 32A|”a:2>
)

nn Onn

2
+—+

S|AIY dx 6lA|Y 22
o ¥ )

Py — Pyy

—

6 |AlY 4z 92
< — | (1+8 — 4+ — .
Q~ [4] (( e Ton

The theorem follows from the slightly more general following result.

Theorem A.1. Let K > 1 and let

D 2 A v—1
Pi|le3 + pen(V)} , where pen(V) > GKL,

V = arg min ¢ — ’
VeV, n

Then, there exists a constant k = k(|A|, K) such that for all § > 1, with probability larger
than 1 — 61,

Moreover, when K > 2, there exists a constant k = k(|A|, K) such that, with probability
larger than 1 — 671,

Proof. For Q € {P,ﬁ}, let (.,.)g be the scalar product associated to the Lo g-norm
l.llo- Let V and V’ in the collection V,. We have

~

Pis = Pyp

LT BT

n

2 . 2
< ng, {I2is = Bavlf - pentv)} 4

5 [P 8 Y : (log(N26))?
Fas = ||, < (1 * 1og(5)) Juf {[1Pss = Pav [, + pen(V) } + 505000

(A.3)

é' Y Pa(VuV))Py(x)
zeX(VUV)
— Z WEV@)HV(I) (ﬁi|V’Pi‘V>13'
zeX (V)
X Pawuvyrve = ¥ S e )~ e

z€X(VUVY) zeX(V)
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Hence, for all V, V' in V,,

~ 2 ~ ~ 2
’ Py 5= ||P¢\v||213 +2 (Pi\V - Pi|V7-Pi\V)}3 + ‘ Py — Pz'|V’ 5
2 = 2 2 2
= 1P l5+ [P = Pav | = (I1Pav (I = 1Pav 1) (A.4)
) _
A Yo (P@(VUV)) = P(VUV) Py ().
zeX(VUV')
Moreover, from Pythagoras relation see Proposition B.11, we have
15 = Pav [ = [ Paslp = 1Pav -
By definition of ‘A/, we have, for all V in Vs,
5 2 . 5 2
[Pasls ~ [Buo [+ pen®) < 12usl% ~ [P [ + penv)
Hence, for all 0 < v < 1, from (A.4),
~ 2 2 - 2
V’ Pis = Pyp||, = ‘ Pis = Pyp |, +v HPZ-W — P,
is smaller than
9 ~ 2 ~ . 2 ~ 2
|1Pus = Pav 3 + pen(V) = [Py = Py | - (Pen(V) 1B = Pio |, - || PWHP)
5 5 2 2
+(Iewlis = 1wl = |Piell, + 2o )
2 ~ ~ ~
trg X (PEVUv) = PE uv)) () - P(). (A.5)
zeX(VUV)
We have also,
5 5 2 2
1w lls = 1 Pav ]l = |[Pw | + | P
1 5 o o
= X (PG UDD) - P U/ (Pl @) - Plp@)
zeX((VUV))

Let 0 < n < 1,8 > 1 and assume that, Ny > 2. Let Q% be the intersection of the following
events:

2 6 AlY 13log(2N,0)?
A<<(1+877)| | + 0g(4 )>}
P n n*n

Q‘f:{VVGVS, <7l

ﬁw Y
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~ 2 6 |A]"  13log(2Ns6)?
Py —P H <’ (a .
1% Vi, S 4] <( +8n) o + ey

QS = {vv € Vs,

5+ Pl

o = {w.v e V2, [Pyl - Pvil [ Pav

<2|| Py — Py

}P n 3n

(A.6)

2 2
,l08(N29) | log(NZ9) } |

Py (v) — Py ()

2 2
2B 2] log(NEd) }
n 3n

Q=S v ev? N (Pa(V uv)) - P(Vuv)
zeX(VUV)

< HPi|V — Py

(A.7)

Theorem 3.1, Lemma B.10 and union bounds give that
c 4
P((@)) <.
0
For all V, V' in V, and all £ > 0, on Q°, we have

Pi‘v/(l‘) — Pl‘v(l'

) 2
Al +HP1'|VH13

2 Y (P@(VuV'))-PEVuV))
TEX(VUV)

12w 5 = 1Pave I3 + Py

2 _¢§ 2 16 log(N2§

Pt 1 3n
From (A.5), we deduce that, on Q%, for all 0 < £ < 7,

=]

~

Pys — P,

2
07| p < (1+&)[|Pys — Pi|v}|fv +pen(V)

- (pen<V> C )4t 'A'ﬁ>

Al n
1/81+v) o 2 16 os( N2
” ( A (log(2N40))* + < ¢ + 1)1 g(NscS)).

Take at first 0 < £ < v and 0 < 7 sufficiently small to ensure that (1+v)(1+n)3 < K to
obtain (A.2). To obtain (A.3), choose v = 1 and 1 > 0 sufficiently small to ensure that
(1+n)? < K/2 and £ = (log(N25))~*. We conclude the proof, saying that the inequality
is obvious when § < 4, and, when § > 4,

14 (logN26)~' ) 2(log N2§)~! -1 2(log 6) 1 < 8

1— (log N2§)—1 1 — (log N2§)~1 — 1—(logd)~1 — logd’
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A.3. Proof of the bias control

A.3.1. Discussion on the Ising model

In this section, we discuss some consequences of the bound given on the bias term in the
Ising model, under additional assumptions on the Ji” ;S

1. Assume that the set of j € S such that J; ; # 0, N is finite and that N; C V.
The bound (A.3) implies that, when log,(n) > |N;],

. “ Hz } _ o (log(m) log(M))* 2Vil (log(n) log(M))*

+C < Cja N
- 8= < il -
2. Assume that there exist constants r and 7’ such that M = n" and, for any k € N,
Zj>k| J| < e then

P
11\% P

2
5 |7 log(n)* o
E“PZ’S_PWHP}SC2 n 0o S il | 4n e
JEVm
2
e | [ S 1al] +utim

JEVM
A.8.2. Proof of the bound on the bias in the Gibbs case

In order to bound the bias term ||Pi\s — Pi\VHfm we still use the inequalities

[Pis = Piv |l p < [[Pis — Piv|

< sup |Pyjs(z) — Pys(y)|
z,yeX (S):x(VU{i})=y(VU{i})

Now, we will build an approximation set V = Ue BLAl N and bound the bias of Py,
using the inequality for any v < |V,

|Ji() @)
JZ 21
<V 4q,...50€S:3551, €Ny ZGX(S
> > © 3 @) R
< Jz i1yt + ©581 500500 + 1— e—’ye
L<v gy .10 €5:355i; ¢V i1,...00€Var:3551,; NG

Let N, denote the union of the K, ¢-tuples i1, ..., %, such that (‘]'*,Z,T)T:L---,KZ are indexed

K2

by the { (i,71,...,%0),8.t.(41,...,i¢) € Ng }. Mg has a cardinality smaller than K¢ and by
assumption (J), we have

70

TR

< Be K (A.8)

>

il,...i(€o:3j;i1‘¢Vg
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Now, let us fix some v > 0 and let K, =1+ LV€*2*‘X log nJ for any ¢ < (vlogn)'/(3+e)
and K, = 0 when ¢ > (ulogn)l/(2+("). In particular, K, > v¢~2 %logn when ¢ <
(vlogn)t/ 2+ hence, from (A.8), for any 1 < £ < (vlogn)'/2+®) we have

$ B

f)

J SR —
T (1=e)n¥

1,00 €Var: 35515 €N ( )

RPN 7]

Therefore, the bias term is upper bounded by

)

1,015 es00

IN

1
Ca,,7,14] % + >

£2>114y,...10€8:35;1;¢0

125 — Pav 7

Moreover, V has cardinality upper bounded by

(Vlogn)l/(2+a) (ulogn)l/(2+a> Jlogn 1424
Z (K, < Z (E—i— g1+ga ) < 5 vlogn .
(=1 =1

A.4. Proof of Theorem 5.1:

Let us introduce, for all V in V,

L(V)= HPi\vHi - HPz'|vH§3 + % Z (P(x(V)) - P(xz(V)))Pyv ().
zeX (V)

By definition of ‘7, we have, for all V' in Vg,

~

2 ~ —~ 2
1Pusls = [|Byo || + pen(®) < 1 Pus 7 = || v || + pen(v).

Hence from inequality (A.4) in the proof of Theorem 3.2, we have, for all V in Vs,

Pis _Pi|\7‘

Pi|\7_Pi|\7

i + (pen(‘A/) - ] ;) ~L(V)

N 2
< || Pys — Pi|VH§> + <P€n(V) - ‘ Py — PiVHﬁ> — L(V). (A.9)

~ 2
Let Qpen = {O <pen(V)<(1-r) ’ Py — P,»|VH13} and let aninpen = Q3N Q%N Qpen,

where Q3 and Q§ are respectively defined in (A.6) and (A.7). It comes from Lemma B.10
and our assumption on pen(V) that P((€2;, pen)®) < € + 2561 Moreover, on Q9 ..,
we have, for all n > 0,

~ 2 2 16 log(N2§
L(V) LV <) Lnllpis = Pl (5 1) RE)

Pys — Py

3n
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2

2 ‘

Pis — Pi\\A/H

(1_77)‘ p Pio — Pyw

~ 2 16 log(N2%5
§(1+77)||PHS*PHVH§_,*T Pi|V—Pi|VH +<+1) log(N.9)

P n 3n

We conclude the proof choosing n = 1.

A.5. Proof of Theorem 5.2:
Let
Jsuv - Py

an{VVGV&G+TQIEWme;gpmﬂqg(l+mw

2
~ (>
P

let Q0.0 = Q3NQGNQpen, where QF and QF are respectively defined in (A.6) and (A.7). It

comp
comes from Lemma B.10 and our assumption on pen (V') that P((Q° )€) <e+267 1.

min pen
0 we have, from (A.9), for all > 0,

Moreover, on ;1 pens

2

2 —~ 2 ~
Pz'\s—PuvHPHl‘Puv—Pm?HPHHm) (\ Pyp —

Pi\\?_Pi\V

Py

N—

(1—77)‘ 13_’ P
2
P
N 2 17 log(N26
Py — PWH ) + ( + 1) log(NV;0)
P n 3n

< (1+77)HP1'|S—P1'|VH33+T2‘

Py — Pi\VH

2
B

+(1+r2)<’

Py *Pi|vH - ’
Let C be the constant given by Lemma B.5 and let

It comes from Lemma B.5 that P(Q,) > 1 — §~'. Moreover, on Qcomp N 2, we have,
from (A.9), for all 0 < n < 1,

—~ 2
m:{W%v& Py —Pov|,

2
P

SC&‘

2 ~
_ Pi\V_Pi\VH }
P

R

2 2

(=) |[Pis = Pyg |, + i =+ 10e) By - B |, <
2 = 2 6log(N2§
< (L4 ||Pys = Pyv |3 + (r2 + C(1 +12)e) ‘ Py — PWHP n n(n‘). 0

Appendix B: Probabilistic Tools

Lemma B.1. Letx in X(S), let V be a finite subset of S and let Q, R be two probability
measures on X (V) such that R(x(V/{i})) > 0. We have

Q(V)) - B(V)) + Quv (2) (Rz(V/{i})) — Q(=(V/{i}))

Qijv(z) — Ryjv (z) = R(z(V/{i}))
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The lemma immediately follows from the fact that Q;v (z)Q(z(V/{i})) = Q(z(V)) and
Ry (z) = R(z(V))/R(x(V/{i}))-

We recall the bound given by Bousquet [Bou02] for the deviation of the supremum of the
empirical process.

Theorem B.2. Let Xq,..., X, be i.i.d. random variables valued in a measurable space
(A, X). Let F be a class of real valued functions, defined on A and bounded by b. Let
v? =supscz P[(f — Pf)?] and Z = sup;c z(P, — P)f. Then, for all x >0,

p (Z >E(Z) + \/i(qﬂ + 26E(2))x + ?) <e . (B.1)

n

Bousquet’s result is a generalization of the elementary Benett’s inequality.

Theorem B.3. Let Xy,..., X, be i.i.d. random variables, real valued and bounded by b.
Let v? = Var(X1) and X, =n~' 3" (X; —E(X)). Then, for all z >0,

_ 22
P (Xn >y bx) <e ™" (B.2)

n 3n

B.1. Concentration for Slope with quadratic risk
The aim of this section is to prove the following result.
Theorem B.4. Let (S, A, P) be a random field and let V' be a subspace in V. Let

X(V)={zeX(V), P(x(V)) #0} and let p¥ = inf,cx vy P(z(V)).
|P(@(V))=P(z(V))|

Let Z = sup ey (v T Peoy - For all 6 > 1, with probability larger than 1 — 61,
42 1 204 1 2log(d log (6
Z < 64v/2 log<g>+ov81 <g>+ Og‘(/)+2og(v).
npY P~ np— P np’ npV

Let us state an important consequence of Theorem B.4.

Lemma B.5. Assume that infycy, p¥ > e 2n"1tlog(nNd). There exists an absolute
constant C such that, with probability larger than 1 — 61, for all V in V,,

|

2

~

Py *Pi|vH

~

2
- ’ Pyv *PuvH

P P’

~ 2
- Pi\V*PﬂVH ’ SC'E’
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Proof: Let V in V; and let X/(V) = {z € X(V), P(x(V/{i})) # 0}. We have

“ ]3i|v - Pﬂv”l - ‘ ]3,»|V - P”VHj:
< IG;V) P(x(V/{i}));HP(x(V/{i}m (ﬁi|V<33) B H_W(w))z
P(x if)) — Pl i = 2
= xESXu/I()V) - <V/§3(};Z>(V/€'§))(V/{ D) HPi|V - Pz'|vHP

We take a union bound in Theorem B.4 and we obtain, since infy ¢y, p¥ > e 2n~!log(nN,6)
that there exists an absolute constant C' such that

Bla(V/{i}) - Pe(V/{i})]
WeVs s P((V/{i}) = e

In the remainder of this section, we state the results necessary to prove Theorem B.4.

Proposition B.6. Let P be a probability measure on X(S) and let V be a finite subset
of S. Let X'(V) ={z € X(V), P(x(V)) # 0} and let p¥ = inf e x: vy P(z(V)).

Let Z = sup,¢c xr (v w. For all § > 0, with probability larger than 1 — 4§71,

21og(6) N 210g(6)

\%4

Z <2E(Z) + ey
np_ np_

Proposition B.6 is a straightforward consequence of Bousquet’s version of Talagrand’s
inequality, that we apply to the class of functions F = {(P(z(V))) 1,0}
The second proposition let us compute this expectation.

Proposition B.7. Let P be a probability measure on X(S) and let V be a finite subset
of S. Let X'(V) ={x € X(V), P(x(V)) # 0} and let p¥ = inf ey P(x(V)).

E sup <

pY pY

PE(V) = P\ _ say2 10g<16> L1021 g(m)

npY.
Proposition B.7 was proved in [LT11].

B.2. Concentration of the variance term in quadratic risk

The aim of this section is to prove the following concentration result, that is at the center
of the main proofs.
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Theorem B.8. LetV be a finite subset of S. Letb > 0 and let X*(V) = {z € X(V), P(z(V)) > b2 }.
For all x > 0, n > 0, we have,

( AlY 4z 32b%2?
< 3|7 -
P> Pa(V)) < (e

TzEXP (V)

>1—e "

Proof: Let us first recall the following consequence of Cauchy-Schwarz inequality.

Lemma B.9. Let I be a finite set and let (b;)icr be a collection of real numbers. We
have
2
Zb? = ( sup Zaibi> .
el (ai)ier, 3ier i <1 ey

Proof: The lemma is obviously satisfied if all the b; = 0. Assume now that it is not
the case. By Cauchy Schwarz inequality, we have, for all collection (a;);e; such that

Zie] azz <1

() sy

iel iel el iel
. .. 7. 2 2 _ N —
Moreover, consider for all i in I, a; = b;/1/>;c; b7, wehave ., af = land ), ; a;b; =

\/m , which concludes the proof.

Let us now introduce the following set.

zEXD(V) TEX(V)

Let P and P, be the following operators, defined for all functions f, by P, f = £ 1" |
and, for all functions f in L'(P), by Pf = [ f(z)dP(z). Using Lemma B.9 with
X°(V) and

a1
B{’/ =< f: Xb(V) — R such that f = Ii{'r}, where ai <lo,.
2 P(z(V)) 2
f
I

%:ﬁ@w»—P@w»:u%_m<qu>
P(z(V))

we obtain,

(P(v)) - P@(v))” ( (P P”f
sup n — s

TEXL(V) feBy,

The functions f in BY, satisfy

2 0473 T su #
Va(fX) < Pff= 3 e PE0) <Ll < sup —mes <

TzEX(V)
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From Theorem B.2, we have then, for all > 0, for all z > 0,

P( sup (PnP)f>(1+77)]E< sup (PnP)f> + 27;Z?+(;+1)b:c> < e %,

JeBy, feBy

From Cauchy-Schwarz inequality, we have then

]E(sup (Pn—P)f> < |E (sup (Pn—P)f>

feBY feBy

) . (Pt - Pay)’)

zeX(V), P(z(V))#£0 P(z(V/{i}))

B Var(1x(vy=z(v)) |AlY
- b nPa(V/(i)) \/7

2€X(V), P(x(V))#0

We have obtain that

Alv 2 1 1\b
P sup(Pn—P)f>(1+77)\/| | +”m+<+>x <e "
feBy, n n 3 n/)n

Since B%} is symmetric, SUp ye b, (P, — P)f > 0. We can therefore take the square in the
previous inequality to conclude the proof of the Theorem.

B.3. Concentration of the remainder term in the quadratic case
Let us now give some important concentration inequalities.

Lemma B.10. Let V, V'’ be two subsets in Vs. For all § > 0, we have, with probability
larger than 1 — 6,

T2 (P UV - PV UV (P (@) - Phy (o)
zeX((VUVY))
<2||Pyv — Pyve||, 21°gn(5) + 1051(15). (B.3)

% ST (Ba(V V) - P(VUV)) (Pyv(z) — Py (2))
| zEX(VUVY)
log(d) | log(é)

2 ———. (B4
P n + 3n (B4)

< ||Pijv = Pipv
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Proof of Lemma B.10: Let f; be the real valued function defined on X ((V UV”)/{i})

by
fr= Z (PiQIV(m) ~ Py (33)) Leqvovy /i)
zeX((VUV))
fo= Y0 (Bav(@) = Pyyi(@) Lvovy.
zeX((VUVY))
We have

h= > La(vovi in D ( iv (@) — Pﬁw(xb)) :
zeX((VUV’)/{i}) beA
f1 is upper bounded by max,cx(vuvy/{i}) Zb€A< Z‘V(xb) Pizlv,(xb)) < |A]. f2 is
upper bounded by maxgexvuv) |P|V z) — Py (x | Since, for all  # 2’ in X((V U
VIO, LaqvovngipLer(vuvey /gy = 0, we have

Var(f1(X)) = > Plz((V UV /{i})) (Z ifv () i2|V’(xb)>

zeX((VUV’)/{i}) beA

<l Y PV UV Y (P - )

zeX(VUV)/{i}) beA
2 .
<44 > (Pyv(x) = Pyyi(2)” Pla(V UV’ /{i}))
zeX(VUV)

= 4|A|2 ||Pz‘\v - Pi|V/ i,

Since, for all z # 2" in X(V U V'), 1,cvuvi)le(vuvyy = 0, we have

Var(o(X) < Y. (Pyv(a) = Py () POV UV') < A | Pyy — Py
zeX((VUVY))

o

Inequality B.3 is therefore a consequence of Benett’s inequality, see Theorem B.3. We
obtain Inequality B.4 exactly with the same arguments.[]

Pythagoras relation
Let us give here Pythagoras relation that we used several times.

Proposition B.11. Let (S, A, P) be a random field, let i in S and let V be a subset of
S and let | be a function defined on X (V). Then, the following relations hold

/GX(S)f(x(v))PiIS(x)dP(m(S/{i}» 2/ f(@(V)Pyy (z)dP(z(V/{i}))

reX (V)

:/ fx(V) Py (x)dP(x(S/{i})).
zeX(5)
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In particular, we have

. 2 N 2
Py — Pi|SHP = ‘ Py — Pi|VHP + || Py —Pz'|sHi-

1Py = Pislly = | Pusllp = = |1Pav 5

Proof: The first inequality comes from the following computations. For all z in X' (V)
and y in X(S/V), let (V) @ y(S/V) be the configuration on X (S) such that (z(V) &
y(S/V))(j) = «(j) for all j in V and (z(V) @ y(S/V))(4) = y(j) for all j in S/V. By
definition of the conditional probabilities P;y (z), we have

/ i TV DPis@P (S i)
- / F (V) dP((V/{i}) / Pys(2(V) © y(S/V)dP(y(S/V)[2(V)
zeX (V)

yeEX(S/V)

_ / F(@(V)) Py (2)dP(x(V/{i})).
zeX (V)

The second inequality is a straightforward consequence of the first one. For the third one,
we apply the second inequality to f(z(V)) = Py — Py, we have

/ f(@(V) Py s(2)dP(x(S/{i})) = / f(@(V))Pyy (z)dP(x(S/{i})).
TEX(S) z€X(S)

Thus,

~

Py —Pys|> = | £@(V) + Py — Pys|| % = 1 £ @)% + || Pav — Pys| 5 +

% </ex(3) Fa(V) Py (2)dP(=(S/{i})) _/

zeX(S)

For the last inequality, we use the second one with f(z(V)) = Py (x), we have

f(x(V))Pis(w)dP(x(S/{i}))>

e 2
Py — PiIVHP + [Py = Pys|l7-

1By — Bys|2 = [Pav |2+ | Pasl = 2 / F(@(V))Pys(a)dP(z(S/{i}))
|A‘ zeX(S)

2 .
= | Pav s+ l1Pas] ~ 4] /xex(s) f@(V)) Py (x)dP(x(S/{i}))

= [Pav I + 1Paslz = 2| Puvlz = I1Pasls = 1 Pavl7
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Appendix C: An example of oracle and slope
heuristic

In this section we give an example of the interacting sites chosen by the oracle for the
Ising model used in the first simulation study considered in Section 6. This allows the
reader to compare the generating model (Figure 3A) and the models chosen by the oracle
(Figure 3B) and by the slope heuristic (Figure 3C) when n = 25. Observe that even with
this small n, the oracle and the slope heuristic seems to be able to identify some of the
main interactions. We illustrate in Figure 3D how the complexity of V;,7 = 9, changes
when increasing constant K in the slope heuristic described in Section 5. The black point
indicates the constant K, corresponding to the minimal penalty pen,;, and the red

cross indicates the constant 2K ,;, which specifies 17(2Kmin).

A B

O
@)

Complexity
o
(9]

0 L \
0 0.5 1

Constant

Figure 3. Comparison of the chosen models. (A) Representation of the interacting pairs of the
Ising model used in the first simulation experiment. The numbering of the sites increase from
the top left to the bottom right. This figure is the same of Figure fig:NewSimulationRiskRatioA.
(B) Representation of the interacting pairs for the oracle. The solid and dashed lines indicate,
respectively, the interactions that exist and doesn’t exist in the generating model. (C) Repre-
sentation of the interacting pairs for the model chosen by the slope heuristic. The legend is the
same as in (B). (D) Graph showing the change in complexity when the constant K is increased.
The black point indicates Kmin and the red cross indicates 2Kmin.
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Appendix D: Results for Kiillback loss

The purpose of this section is to show that the methods developed in the paper can be
adapted to study the oracle approach with Kiillback loss. This risk function is natural
in information theory and therefore interesting in our applications in neuroscience. We
postponed this section in appendix in order to avoid redundancy in the paper. We keep
the notation of the paper except that we denote a = |A|.

The logarithmic loss of a non-negative function f is defined on X'(S) by

Lo(f) = /log(f( >)dc2< )

The Kiillback loss of the estimator 13“‘/ is then defined by
K(Pys, Pijv) = Lp(Pyv) — Lp(Pys).
The Kiillback risk is decomposed in a variance term and a bias term thanks to the relation

K(Pys, Pyv) = (LP(?i\V) - LP(Pi\V)) + (Lp(Pyv) — Lp(Pys))

) ) z Pys(x)
= Z P( (V))log( B x)> /dP log<Pz‘|v($))

zeX (V)

= K(Pyv. Pyv) + K(Pys, Pyv).

Let A > 100, 6 > 1 and let

- log(2a° N,
Vo = {V € Vs, Vo € X(S), P(z(V)) = 0 or P(a(V)) > AM } . (D)
log(2a° N6
Ve = {V €V, Vo € X(8), P(x(V)) = 0 or P(x(V)) > A% } . (D.2)
Let p, > 0, and let
Vs Ap, = {V € Vs, Vo € X(S), Pyy(x)=0or ﬁiw(x) > pa } . (D.3)
VA, ={v eV vee x(8), Py(@) =0or Pyy(@) zp. ). (D)

The idea of the sets V, A p, is that we restrict the collections of sets V' to those where the
possible configurations are sufficiently observed. The main advantage of the sets Vs A .
is that the conditions can be verified in practice. In order to illustrate why we introduced

e

o A p.» let us give the following weak non-nullness assumption.
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NN There exists p, > 0 such that, for all finite subsets V', for all sites i, and for all x

in X(V),
P(e(V)) = O or Pyy(x) > p.

We have (see [Mas07] Proposition 2.5 p20)

S M S
N=Sck < () <me
et (2 o
k=0
Hence, log(a®Nsd) < s(log(aM)) + log §. We have

nP(z(V)) elogn—slog(p, ")
Alog(2a°Ngd) — A(slog(aM) + log(d))

— +090,

if logn)~ts < s, = (logp; 1)t and Alog(Mé) = O(n®), where a < o, = 1 —s,. In that

case, for all n > n(py), Vs = Vizli = Vi’z)\%.

D.1. Oracle properties in Kiillback Loss
Our first result is a sharp control of the variance term of the Kiillback risk.
Theorem D.1. Let (S, A, P) be a random field, let A > 100, 6 > 1, s > 0. Let V, 5 be

the collection defined in (D.1). Then, with probability larger than 1 — 5=, for all V in
Vs n, for all n > 0, we have

> P(z(V))log (1}V(x)> <5 ((1+n)3CZ+ <1+64> 410g(2Ns5)>.

zeX (V) Py (x) n2A m
5 P, v 4\ 4log(2N,
> P(x(V))log (@) §4<(1+n)3a+(1+i>%<5)>.
TEX (V) By () n n?A nn

Let VS(ZK be the collection defined in (D.2). Then, with probability larger than 1 —§1, for
all V' in Vs(ii, for all m > 0, we have

Py () a? 64 \ 4log(2Ns9)
> P(x(V))log<A >§5<(1+n)3n+<1+n2A>)'

zeX(V) iv (@) e
~ Igi‘v(x) za’ 64 1\ 4log(2N,0)
wE;V)P(x(V))Iog (Pz-v(x)> <4 ((1 +1) —+ <1 + 772A> — ) .

Comments:
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e The variance part of the Kiillback risk is controlled as the variance part of the
Lo risk. We only have to restrict the study to the subset Vs o of Vs where all the
possible configurations are sufficiently observed. This restriction is not important
when s << n, and our result holds also without restriction on the random field.

As in the previous section, we want to optimize the bound on the Kiillback loss given
by Theorem D.1 among V, s. We introduce for this purpose the following penalized
estimators.

V= agmin{ - 3 ﬁ(x(V))log(ﬁW(x)) +pen(V) b . (D.5)
VEVs A zeX (V)

Vioy = argmin { — > P(a(V))log (Pyv () ) +pen(V) ¢ (D.6)
vevZ,. | eex(v)

The following theorem shows the oracle properties of the selected estimator when the
penalty term is suitably chosen.

Theorem D.2. Lets > 0,0 > 1, p. >0, A > 100 and let Vs o, and VS(’Q[)LP* be the

collections defined in (D.3) and (D.4). Let K > 1 and let V and ‘7(2) be the penalized
estimators defined in (D.5) and (D.6) with

v

pen(V) > 9K%.

Then, we have, for all n > 0, with probability larger than 1 — 3571,

1—n9 = .
o T]KP(Pi\57Pi|\7) < el { Kp(Pis, Pyv) + pen(V) }+(210g” +

CA,p*7K log(NSQ(S)
n n

Also, for all n > 0, with probability larger than 1 — 361,

1—mn ~ . Crp..K log(IN26)
mKP(Pi\s,Pin) < Ve\lzzl?fjp {KP(PHS,Bw)+PGH(V)}+<210gn+ . .
Comments:

e We use the same kind of penalty as in the Ly case. This is not surprising because
the variance parts of the risks were controlled in the same way.

e We do not optimize the bound obtained in Theorem D.1 among all the sets in Vs a.
We have to restrict ourselves to Vg a ,,. However, the constant Cj ,, g has the
form p;'Cy k. Therefore, we can choose p, = (logn)~! and optimize the result
asymptotically.

e We optimize the bound among all V,; under the weak Gibbs assumption NN.
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D.2. Slope heuristic in the Kiillback case

The purpose of this section is to give the equivalent of Theorems 5.1 and 5.2 in the case
of Kiillback loss.

Theorem D.3. Lets>0,6>1,e>0,7r>0,p. >0, A>100 and let Vs A p., Vi?j)\7p*
be the collections defined in (D.3) and (D.4). For all V in Vs, let

pa(V)= > Pla(v)log (P i > .

zeX (V) Py ()

Let V be the penalized estimator defined in (D.5) with a penalty term satisfying
P(VV €Vsap., 0<pen(V) < (1—r)p2(V))>1—e
Then, we have, with probability larger than 1 — 25~ " — ¢,

~ log(N26
pa(V) > max {rpy(V)—2K(Pys, Pijv) } — log(V;9) (4logn +
VEVsA,py n

3
2D,
Let ‘7(2) be the penalized estimator defined in (D.6) with a penalty term satisfying

8,M,ps?

P (vv eV® 0 <pen(V)<(1- r)p2(V)) >1-—e

Also, we have, with probability larger than 1 —25~! — ¢,

2
log(N9) <4 logn + > >
n 2.

p2(Vigy) > max {rp2(V) — 2K (Pys,Pyv) } —

Comments:

e Theorem D.3 states that, when the penalty term is smaller than pa(V), the com-

plexity p2(V) is as large as possible. This is exactly SH1, with pen,;, (V) = Ay =
p2(V).

Theorem D.4. Lets > 0,6 >1,¢>0,r, >0,ry >0, p. >0, A > 100 and let
Vo Ap.s ngp* be the collections defined in (D.3) and (D.4). For all V in Vs, let pa(V)
be the quantity defined in Theorem D.3. Let V be the penalized estimator defined in (D.5)
with a penalty term satisfying

P(VV €Vsnp., 1+r)p(V) <pen(V) < (1+7r)p2(V))>1—ce.

Then, there exists an absolute constant C' such that, for all n > 0, with probability larger
than 1 — 2671 — ¢,
5 log(NZ9)

Cl ( 1‘57 ilr/) <_ Vv VlllerY { B ( ’L|S7 Zl‘/) } —|— ( 2 Og(n) 1,72,p ) -
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where
(I=n)A (7"1 -C(1+ 7‘1)1\*1/2)

L= (1+n)V (7‘2 +C(1+ TQ)A_l/Q) ’
Let 17(2) be the penalized estimator defined in (D.6) with a penalty term satisfying

P(wev?, .

(1471)p2(V) < pen(V) < (1 + 7"2)p2(V)) >1—e

Also, there exists an absolute constant C' such that, for all n > 0, with probability larger
than 1 — 2671 — ¢,

log(NZ9)

P i p C 1572,Px
CLK(IDZ‘\S7P¢“7(2)) < inf {K(PiISaPi|V)}+ (210g(n)+ r1,72,p > ’

vev?) . 7 n

(D.8)

Comments:

e Let us take A = 100 V log(n). Take at first r; and r slightly larger than 0 and
therefore a penalty slightly larger than pen, ;. Then (D.7) implies that, when n is
sufficiently large Cp, > 0, hence

m(7) < K(Pis. Pig) < 651, ot

VEVs A, py

~ C, log(N?26
K(PiS,Pi|V)+<210g(n)+ 71;;2710*) Og(né ))
<< sup K(Pyv,Pyy).
VEVS,A,I)*

This justifies SH2.
e Take now r; and 75 equal to 1, so that the penalty is equal to 2pen
can take C, — 1 in (D.7). This justifies SH3.

Then, we

min*

D.3. Proof of Theorem D.1:

Let V in V, A or V‘EQI)\ and let us define

. <Jizlv(x)> m) = %

p(V)= Y P()lo

z€X(V) Py (x)

From Lemma D.8 and we have

(Pa(v/{i) ~ Pav/(i))

10
n(V) < 3 xe%(:v) P(z(V)) 9 xEX%:/{i}) Ple(V/i})

5 (P(m(v)) _ Js(x(v)))Q (P(a:(V/{i})) - 13(ac(V/{i}>))2
D D (S R TP SN PV |
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Let Vi, = V or V/{i}. On the event ,,05(0) defined in Lemma D.7, thanks to Lemma D.7,

we have

1 1 14+2A1/2 2/n
sup ————-x< sup —————— < sup <
zex(Vi) VP(x(Vy)) — zex(vi) VP (Vi) — zex(v) \/ﬁ(a?(V*)) \/Alog(Qasté)

As this quantity is not random, the same bound holds on €p,04(6)°. We can apply The-
orem B.8 to get that, for all z > 0, for all n > 0, with probability larger than 1 — 2¢™%,

4z 12822
nm  nn3Alog(2aNsd) )

44 v
n(V) <5 ((1+n)32++

23 a’ 4z 12822
V)<= ((Q+n)P—+— .
p2(V) < 6 (( ) n + nn + nn?Alog(2a® Nyo) >

We use a union bound to obtain that, for all V" in V, 5 or Vs(ii, with probability larger

than 1 — 6,
44 av 4 128 log(2N,0)
< = 3 — ) =)
nV) < ((1+n) - <n+n3/\> -

s (4 128) log(2N55)>
- ST

n

n A
D.4. Proof of Theorem D.2:

Let us first decompose the selection criterion as follows.

= > Pla(v))iog (Pyv (@) ) + pen(V) = K(Pys, Pyv) + pen(V) = pi(V) = pa(V) + L(V)

cex(V)
+ / dP(x(S) log <P;(m)> . (D.9)

In the previous decomposition, we have

V)= Y P@(v))log (PN(“)> .

2E€X(V) E\V(I)
= P(z 0 EW(I)
plV)= 2 PlelV))los <sz(x)> |
~ 1
L) = ¥ (Pav) - Pav))os (5 ).

zeX(V)
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We deduce from (D.9) and the definition of V' that, for all V' in Vo Apas

~ ~ ~

K(Pys, Byg) < K(Pys, Pav)+pen(V)—pa(V)—(pen(¥) — pa(P) — po(P) )+ L(V)~L(V).

(D.10)
Let Qpro5(0) defined in Lemma D.7. Let n > 0 and let Q1 2(9) be the event, for all V'
in Vs ap,

v 64 \ 4log(2N,4)
< 34 ) I\ s )
pl(V)—5<(1+77) n+(1+n2A> m )

v 64 \ 4log(2N,9)
< 34 il Iebd=) Sl A I
pz(V)4<(1+77) n+<1+€2A> p

Let Q(0) be the event, for all V', V' in V, 5 5.,

log(N26
(L(V) = LV )liq,, 60 < 1(E(Pis, Piv) + K(Pis, Pive)) + % (

3
4logn + ) .
2np.

Let Q@ = Qprop(9) N Qp1,p2(0) N QL(S). It comes from Lemma D.7, Theorem D.1 and
Lemma D.10 that P(Q2¢) < 3d. Moreover, on €2, we have, for all V in Vg 4 .,

o~ ~ ~ —~

pi(V) +p2(V) + L(V) = L(V) < pen(V) +0(K(Pys, Pipv) + K(Pys, Py )

log(N26) 3 64
——=—= | 41 1+ ——+ ).
+ o ogn+2np*+ +(K—1)2/3A

Hence, on €,

1—n9 ~ log(N26) 3 64
—K (P, P.5) < K(Pjg, P; V)+———2—= | 41 14+ ——mrr |-
1+ n ( i|SH Z‘v) = ( i|S> 1|V)+pen( )+ n ogn + an* + 1+ (K — 1)2/31\

We deduce from (D.9) and the definition of ‘7(2) that, for all V' in VS(?AP*,

~

K(Pys Pyg, ) < K(Pys, Pyv)+pen(V)=pa(V) = pen(Via)) = p1(Va)) = p2(Vio) ) +L(V)~L(Via).

(D.11)
Let Qpr05(0) defined in Lemma D.7. Let n > 0 and let 91(,21)4,2(6) be the event, for all V
in Vi?/)&,p*
64 \ 4log(2N,9)
< 1 3 1+ —=— ) ———|.
() <5 (et (14 5n ) FES

pa(V) §4<<1+n)3“ i (1+64) 410g<2N5>)

e2A nm
Let Q(L2)(5) be the event, for all V, V/ in V)
log(N26) 3
n 2np« )

$,A,ps?

(L(V) = L(V') 1,000 < (K (Pys, Pyv) + K(Pys, Pyvr)) + 4logn +
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Let Q@ = Qprop(0) N Qfﬁzﬁ(é) N Q(L2)(5). It comes from Lemma D.7, Theorem D.1 and

Lemma D.10 that P(Q(®)) > 1 — 35. Moreover, on Q(?), we have, for all V in VS(’QKVP*,

p1(Viay) + p2(Vizy) + L(V) = L(Via)) < pen(Via)) +n(K(Pys, Pyv) + K(Pys, Py, )

K2

log(N?29) 3 64
—= 2 2| 4] 1 .
+ o ogn+277p*+ +(K—1)2/3A
Hence, on Q)
1—n ~ log(N26) 3 64
mK(Pi\S,PﬂV(z)) < K(Pus,Pi\v)‘i‘Pen(V)‘i‘T 4logn + e +1+ (K~ 12534

D.5. Proof of Theorem D.3:

Let Qpe,, and Qﬁ;)n be the events, for all V in Vs a ,., 0 < pen(V) < (1 —r)p2(V) and for
all V in Vii{mw 0 < pen(V) < (1 —r7)p2(V). It comes from (D.10) that, on Qpen, for all

Vin Vsap.,

K(Pys, Pyp) = p2(V) < K(Pys, Pyv) = rpa(V) + L(V) = L(V).
It comes from (D.10) that, on Qfen, for all V in V'3 |

K(Pys, P-|‘7(2>) *pQ(‘/}(Q)) < K(Pyg, Pyv) —rp2(V) + L(V) — L(‘7(2))-

Let Qpr0b(6) be the event defined on Lemma D.7 and Qr(d) be the event, for all V,
V'in Vg pp., for all 7 > 0

(L(V) = L(V')) < n(K(Pys, Pyv) + K (Pys, Pyv)) + 4logn +

log(N26) 3
n 2nps )

From Lemmas D.7 and D.10, we have P(Q,,0,(6) N Q£ (8)) > 1 — 2§ and, on Qpep(d) N
Qr(6) N Qper, we have, for n =1,

~ log(N26) 3
n 2. )

—p2(V) <2K(Pys, Pyy) —rp2(V) + 4logn +

Let Q(LQ)((S) be the event, for all V, V' in V) for all n>0

s,A,ps?
o 2
(L(V) ~ (V1)) < (K (P, Pav) + K (Pys, Pyv) + 2800=0) ( 2529* ) |

4logn +

From Lemmas D.7 and D.10, we have P(Qpq0,() N Q(LQ)(é)) >1—2§ and, on Qp05(6) N
Q(Lz) (6) N 91(126)71, we have, for n =1,

log(N;6) 3

n . )

—p2(Vig)) < 2K (Pys, Pyv) — rpa(V) + (4logn +

).
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D.6. Proof of Theorem D.4:

Let Qpen be the event, for all V in Vs p ., (1 4+ 71)p2(V) < pen(V) < (14 r2)p2(V). It
comes from (D.10) that, on Qpen, for all V in Vg o .,

~ ~ ~

K(Pys, Pyp) +rip1(V) + (1 + 1) (p2(V) = pr(V))
< K(Pys, Pyv) +12p1(V) + (1 +72)(p2(V) = p1 (V) + L(V) — L(V)

Let Qp,05(0) be the event defined on Lemma D.7 and Qy,(d) be the event, for all V, V'
in Vs A p., forall n >0,

(L(V) = L(V")) < n(K(Pys, Pyv) + K(Pys, Pyv')) + 4logn +

log(IN26) 3
n 2nps )

From Lemmas D.7 and D.10, we have P(Q,,0,(6) N Q£ (8)) > 1 — 26 and, on Qpep(d) N
Qr(6) N Qpen, we have, from Lemma D.9, for all V' in Vs 4 ,.,

1 (V) — pa(V)] < prm.

We obtain that, for all V' in Vs A 5.,

C(1+m) N
\/K)M(V)

C(1+mr2) log(N26) 3
< . : _— = ——=—= | 41 .
< (L+n)K(Pys, Pyv) + (7“2+ 7 )p1(V)+ - ogn + 2,

Let Ql(fe)n be the event, for all V in VS(?/{J)*, (14+71)p2(V) <pen(V) < (14 r9)p2(V). It

comes from (D.10) that, on Ql([,%)m for all V' in Vs(ii’p*,

K(Pis, Py, ) + rp (Vi) + (1+711) (p2(Vigy) = 11 (Vo))
< K(Pys, Pyv) +rm2p1(V) + (1 +72)(p2(V) = p1(V)) + L(V) — L(‘/}(Q))

(L =n)K(Ps, Pyp) + (7“1 -

Let Qpr0() be the event defined on Lemma D.7 and Q(Lz)(é) be the event, for all V, V/
in V' forall n > 0,
v)
20ps )

S, A\ps?
From Lemmas D.7 and D.10, we have P(Qpq0,(6) N Q(LZ)((;)) >1—26 and, on Qpre,(5) N
Q(LQ) (0) N Qpen, we have, from Lemma D.9, for all V' in v

8,A,px?

o 2
(L(V)— L(V") < (K (Pys, Pyv) + K(Pis, Piyv)) + % (

4logn +

Ip1(V) —p2(V)] < (V).

<
\/Kpl
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We obtain that, for all V' in v

s,A,py?
C(l+r ~
(1- n)K(Pﬂs,P”f/(z)) + (T1 - (\/K1)> p1(V(2))
C(1+m9) log(N26) 3

D.7. Basic tools for Kullback Loss

Let s be an integer larger than e. Let V; be the collection of subsets of V' with cardinality
smaller than s. Let N, be the cardinality of V,. Let @ be a site in V. Let us first give
an elementary lemma on Kiilback losses. It is a slightly sharper version of Lemma 6.3 in
[CTO6D].

Lemma D.5. Let P, Q be two probability measures on a finite space A such that, for
all a in A, |P(a) — Q(a)| < nQ(a), with n < 1/3. Then

(-3) 5 e = Trom ()< (6 F) 5w

Proof: Let us first prove the following inequality, that is valid for all < 1/3.

_ 2 — = < < _ 2 - — = .

It comes from the Taylor expansion.

2 )tk 2 2 1
log(1+x):x—%+ ugx—%+% nkzm_x2<2_31n>'
k>3 >0 (L—mn)
x? (—1)kt+1gh 2?2y 1 n
1 1 = —_ - - > _—_—— — k: — 2 —
og(l+x)==x B +kz>3 3 >x 5 3 ];)n Tr—T <2+3(1—77)>

We deduce from this inequality and the equality

a) — a a) — a 2
> p P00 _ 5 (P Q)

acA ) a€A
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that
s (G) < S e (3-3) 2 Gy e
=y P QR (L 2] (3- 1))
a€A
Zroms(5) 2 o - (1) T 6
- ;4 (P(a)Q—aC)?(a)) (; B g - ‘SEZ; B 1’ %+ Z))

D.8. Basic Concentration Inequality
Let us now give an elementary concentration results derived from Benett’s inequality.

Lemma D.6. Let § > 1. With probability larger than 1 — 6=, for all (V x x) €
(Vs x X(5)), we have

2P(xz(V))log(2a® Nsd) N log(2a®N6)
n 3n '

|P(V) - Pla(v)| < J

Proof: Let V in V, and z in X(V'), we have from Benett’s inequality, for all ¢ > 0,

P (‘P(x(V)) - ﬁ(m(V))‘ > M + 3;) <2t

We have Var(1y, ;) < P(x(V)). Hence, we conclude the proof with a union bound.
We deduce from Lemma D.6 the following typicality results.

Lemma D.7. Let A > 100. Let Q,r00(5) be the following event,

{v(vm €V, x X(S), |Pla(v)) - Pa(v))| < \/ 2P(@(V))log(2aNed) | log(2a°N,0) } |

n 3n

We have P(Qprob(8)) > 1—3871 and, on Qprop(8), for all V in Vs and all x in X(S) such

that loz(2a° N6
Pla(v) > AREETNL0)

We have

P(xz(V))log(2a°Nsd) < 2P(a:(V))'
n - A
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On Qprop(0), for all V in Vs and all  in X(S) such that

Pla(v)) > AEEETD),
We have
|P@(V) - Pa(v))| < 2\/ P <x<V>>12g<2a8Ns<5> . QP(xiV))'
Py () — 131|v(x)‘ < %Pi\v(z)

Proof: When P(z(V)) > AM, we have

log(2a®N6)

10g(2a N.9) P(V))log2a*Ns3) _ P(x(V)
3n 3F\/ , and \/ = ’

n VA

This gives the first inequalities, as v/2+(3v/2A) ™! < 2. We also have, since P(x(V/{i})) >
P(x(V)),

[PtV - Plavy )| < 2y PEVDoR0N0) 2P

n

From Lemma B.1, we have

~ P(a(V)) = P(a(V))| + Pyv (2) | Pa(V/{i})) — P(x(V/{i }))
‘<
- Pla(V/{i}))

~ log(2a®N9) ~
Py (z) — Pi|V(CC)’ <2 wP(V/{i}) ( Py () +Pi\v(l’)) :

We just prove that
Ple) (1200 5 14 2A-1/2
Piyy () =\1oanm , hence Py (z) < \/Pi ~1-2A-1/2 W

Therefore,

< log (2a®N,9)
~1-2A"1/2 z(V/{i}))

v (@) — Py ()]

< log(2a’ N;4)
~1-2A"1Y2\ nP(x(V))
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Let u? = n~!log(2a*N,d). On Qprob, we have

D U u? 2 u?
Pa(V)) < P(V) + 2 VPRV + ' = (VRGO + 25 )+ 35,

Since P(z(V)) > Au?, we deduce that

P<x<v>>z< A—&-%) u2:<A+152_ 6A3—1>u2_

Since A > 2, we deduce that

Pla(v)) - Pa(v))] < (\/5 + ¢ = )wmm) < 2uy/P(a(V)).
3

5 6A—1
At =5

From the same inequality, we also obtain
~ 2P(x(V 2P(x(V
Plav) - Plav))] s o < 2PEL),

Since P(z(V/{i})) > P(x(V)), we prove with the same arguments that

[PtV - Pty iy < o PV RN 2P0 )

From Lemma B.1, we have

|P@(v)) = P(V)| + Py (@) [Pa(V/{i}) = Pla(V/{i})|
P(e(V/{iD) |

~ ‘

Pyv(x) — Pyv ()

IN

Hence,

~ log(2a® No) ~
Pyv(a) = Pav(a)| < 2| 2o (VP @) + Pv(@)

If\/Pyyv > ﬁiw, we deduce that

log(2a* Ny0) Py (x)
nP(z(V/{i}))

Py (z) = 131|V(95)‘ < 4\/

Otherwise, we have

4 2\ 5 log(2a°Ns6) \ =
(1 - ﬁﬂ) Pyy(z) < (1 —4 TWW) Py (z) < Pyv(z).
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Since A > 100, we obtain ]37;|V(x) < 2P,y (x). We deduce that

z(V/{i})) Pz(V))

1+\f h P|v \/>z|v

D.9. Control of the variance terms in Kiillback loss:

Py (@) — Pyy(a) <2(1+f)\/10g( NPy (@) _ o4 1 3y 08 N) by ()

The following Lemma gives an important decomposition of the Kiillback loss.

Lemma D.8. Let A > 100 and let V; a, Vg A be respectively the collection of subsets V
in Vs such that, for all x in X(V),

log(2a°N,9)

P(z(V) =0, or P(z(V)) > A -
and the collection of subsets V' in Vs such that, for all x in X(V),

log(2a®N6)

P(z(V) =0, or P(z(V)) > A p

Let Qprob(9) be the event defined on Lemma D.7. On Qprop(6), for all V in Vs o, we have

~

(Pa(v/{i) ~ Pav/(iy))

>

zeX (V/{i})

n <2 Y

zeX (V)

Plz(V/{i}))

(Plv/in) - Pav/i)
PL(V/Ti)) |

7
3 Do

zeX(V/{i})

(]

p2(V) <
zeX (V)

Proof: From Lemma D.7, for all V' in V, 5 or VSA, for all 2 in V', we have | P;y (), E‘V(x)| <
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V11A~1 P,y (z). Hence, from Lemma D.5,
Py (z)
(V) = P(x(V))1 ( - )
P xe;V) Py ()
1 5v/11 (Pyv(z) — Py (z))?
- 14+ — P(x(V/{i =
s2< +3¢K>w§m (x(V/{i}) )
p(V)= > Pa(V))log (}ileExi)
zeX(V) VT
1 @ 5 T (PzIV(*T) PzIV(x))2
< ( i ) xem)P( (VAN =)
From Lemma B.1, we have
_ |P@(V) = P@(V)| + Py (@) [Pa(V/{i}) = Pla(V/{i})|
Py () = Py (@) < RO
_ [P - Pav)| + P (@) | Peiin) - Pewiin)
= P((V/{i})) '

The second inequality gives that p; (V') is smaller than

(Plv/i) - Pav/i))

—~ 2
ST (Pav) -Pav))
: (H M) ze;m POV P P(x(V/{i}))
S G - PE)
C1- \/1;1 TeX (V) P(z(V))
SVIT (Pav/iin) - Plav/i))

* (1 - m) wex%{i}) PE(V/()
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We also have

(Pa(v) ~ Pa(v))) + Piv @) Py @) P(V/ () - Pa(v/iih)
P(V/{i))P(V/{i})

, Pav(@ + Py @) [PV/iD) - PtV ip)| [Pa(v) - Pl
P@(V/{ip)Pa(V/{i})

3(P(V) - Pa(vV)) + 2By (2) + Py ()? (P(v/(i}) -~ Pla(v/{i}))

2P((V/{i}) P(x(V/{i}))

(Pi\V(I) - ]31‘|V(55))2 <

<

Hence,

3
(V) < 5
! 2 xe%(:x/) P(z(V))
S S U D) (Puvlo) + Pavia))?
zEX(V) P(z(V/{i})) Py (x)

is smaller than

2

(P@(v) - Pa(v))) T (Plav/tiy) - Pav/i))
+l2+4/= > : :
P(a(V)) i) P(a(V/{i})

25

zeX(V)

D.10. Concentration for the slope heuristic in the Kiillback case

Lemma D.9. Let A > 100 and let Vs o and VS(QI{ be respectively the collection of subsets
V' in Vs such that, for all z in X(V),

log(2a® N,9)

P(z(V) =0, or P(z(V)) > A ;

and the collection of subsets V' in Vs such that, for all x in X(V),

P(z(V) =0, or P(z(V)) > Aw.

Let Q,,05(0) be the event defined on Lemma D.7. On Qp,r05(0), there exists an absolute
constant C' > 0 such that

C

Ip1(V) —p2(V)] < ﬁpl(‘/)
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Proof: We use Lemmas D.5 and D.7. On Qp,04(0), we have

1 7V11 (Pyy (z) — P,

z _ V- z i z) Z\V(m))Q
5 (1 VA ) IE;V)P( (V/{i})) B ()

1 @ . ; (Piyjv () — ]31‘|V(3?))2
m(V) <3 <1+ 3\“)%%;)13( (V/{i}) P (o) :

1 _Lm _ E _ é " i (Pi|V(x)_ﬁi|V(x))2
2(1 3ﬂ><1 A><1 \&) > P(V/i}) B ()

zeX (V)
. B o ﬁiw(ﬂ?)
<pa(V) = EG;V)P( (V))log <R|v(m)>
1 5v/I1 11 1 Py (@) = Py (x)?
<3 <1 + M) <1 + A) (1 + \/X> IG;V)P(Q:(V/{@})) B ) )

D.11. Concentration of L(V)-L(V’)
The following Lemma let us control the remainder term in the oracle inequality.
Lemma D.10. Let§ > 1 and let Vs 5 p, be the subset of Vs p of the sets V' such that,

for all x in X(V, Pyy(z) =0 or ISZ-W(:E) > pi. With probability at least 1 — 6, for all
V.,V in Vs ap., for alln > 0, we have,

> (P(VUV)) - P@(VUuV’)log ( Py (z) >

zeX(VUV’) Py ()

log(N2§ 3
<n(K(Pys, Pyv) + K(Pys, Pyvr)) + % (4logn * 2np ) .

Let Vs(iim* be the subset of Vs(zj)\ of the sets V' such that, for all x in X(V, Pyy(z) =0

or Py (z) > p.. With probability at least 1 —0, for all V,V' in VS(?R’p*, for alln >0, we
have,

> (Plalvuv) - PV UV log ( Py (@) )

zeX(VUVY) Pijy (@)

log(N2§
<n(K(Pys, Pyyv) + K(Pys, Pyv)) + % (4logn +

v)
2np. )
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Proof: Let us first write

~ / _ x / o P2|V(x)
zex%':uV')(P(x(V oY )) P( (V wY ))1 . (PiV'(I) )
Bz "Ny — Pl / Pyvove(x)\ Pyvuy ()
< 2 (Felvuv)) - Pl uv) (oo (B ) e (5) )
Let us now write V, for V or V’/. We have
ST (P@(VUV)) = P(a(VUV'))log (W)

zeX (VUV’)

Py (x)
= (P, —P) > log ('U La(vuviy
)

ceX(VUV' Pyv. (z)

The function f: X(VUV’') = R, z — log (%) is upper bounded on €, (9)

by 2logn. Since it is not random, the bound also holds on Q,,,(0)¢. Let us evaluate its
variance

Var(f(X)) < PfP= Y P(x(VUV’))(log(P“VUV'(x)>>2

ceX(VUVY) Pyv. (z)
Let us recall also here the following Lemma see [Mas07], Lemma 7.24 p 275 or [BS91])

Lemma D.11. For all probability measures P and Q, with P << Q,

%/(dP/\dQ) <1og (%))2 <K(P,Q) < %/(dPVdQ) (log (jg))g.

Since Py, (z) > 2131-“/* (2)/3 > 2p./3, we deduce that

Var(f(X)) < piK(Puvuv’»PiW*)

Applying Benett’s inequality to f, we obtain that, with probability 1 — 2e~¢,

Pyvuy () \/ 6 t 2tlogn
P, —P log [ VOV g v | < o 2K (Pavov Py )~ :
| : ex(;uvf) * ( Py, (z) {=(vuvay 28 Fipvov |V*)n + n

We conclude the proof with a union bound and the classical inequality 2ab < na?-+n~1b%.
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