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❆♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ ❙■❘✿ ❆ st❛t✐st✐❝❛❧ ♠❡t❤♦❞ ❢♦r

❞✐♠❡♥s✐♦♥ r❡❞✉❝t✐♦♥ ✐♥ ♠✉❧t✐✈❛r✐❛t❡ r❡❣r❡ss✐♦♥

❙té♣❤❛♥❡ ●✐r❛r❞

▼✐st✐s t❡❛♠✱ ■◆❘■❆ ●r❡♥♦❜❧❡ ❘❤ô♥❡✲❆❧♣❡s✳

❤tt♣✿✴✴♠✐st✐s✳✐♥r✐❛❧♣❡s✳❢r✴˜❣✐r❛r❞

✶ ❙❧✐❝❡❞ ■♥✈❡rs❡ ❘❡❣r❡ss✐♦♥ ✭❙■❘✮

✶✳✶ ▼✉❧t✐✈❛r✐❛t❡ r❡❣r❡ss✐♦♥

▲❡t Y ∈ R ❛♥❞ X ∈ R
p✳ ❚❤❡ ❣♦❛❧ ✐s t♦ ❡st✐♠❛t❡ G : R

p → R s✉❝❤ t❤❛t

Y = G(X) + ξ ✇❤❡r❡ ξ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ X✳

• ❯♥r❡❛❧✐st✐❝ ✇❤❡♥ p ✐s ❧❛r❣❡ ✭❝✉rs❡ ♦❢ ❞✐♠❡♥s✐♦♥❛❧✐t②✮✳

• ❉✐♠❡♥s✐♦♥ r❡❞✉❝t✐♦♥ ✿ ❘❡♣❧❛❝❡ X ❜② ✐ts ♣r♦❥❡❝t✐♦♥ ♦♥ ❛ s✉❜s♣❛❝❡ ♦❢
❧♦✇❡r ❞✐♠❡♥s✐♦♥ ✇✐t❤♦✉t ❧♦ss ♦❢ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ Y ❣✐✈❡♥
X✳

• ❈❡♥tr❛❧ s✉❜s♣❛❝❡ ✿ s♠❛❧❧❡st s✉❜s♣❛❝❡ S s✉❝❤ t❤❛t✱ ❝♦♥❞✐t✐♦♥❛❧❧② ♦♥ t❤❡
♣r♦❥❡❝t✐♦♥ ♦❢ X ♦♥ S✱ Y ❛♥❞ X ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳

✶✳✷ ❉✐♠❡♥s✐♦♥ r❡❞✉❝t✐♦♥

• ❆ss✉♠❡ ✭❢♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✮ t❤❛t dim(S) = 1 ✐✳❡✳ S =s♣❛♥(b)✱ ✇✐t❤
b ∈ R

p =⇒ ❙✐♥❣❧❡ ✐♥❞❡① ♠♦❞❡❧✿

Y = g(btX) + ξ

✇❤❡r❡ ξ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ X✳

• ❚❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ p✲✈❛r✐❛t❡ ❢✉♥❝t✐♦♥ G ✐s r❡♣❧❛❝❡❞ ❜② t❤❡ ❡st✐♠❛t✐♦♥
♦❢ t❤❡ ✉♥✐✈❛r✐❛t❡ ❢✉♥❝t✐♦♥ g ❛♥❞ ♦❢ t❤❡ ❞✐r❡❝t✐♦♥ b✳

• ●♦❛❧ ♦❢ ❙■❘ ❬▲✐✱ ✶✾✾✶❪ ✿ ❊st✐♠❛t❡ ❛ ❜❛s✐s ♦❢ t❤❡ ❝❡♥tr❛❧ s✉❜s♣❛❝❡✳ ✭✐✳❡✳
b ✐♥ t❤✐s ♣❛rt✐❝✉❧❛r ❝❛s❡✳✮

✶



✶✳✸ ❘❡♠✐♥❞❡r

▲❡t X1, . . . Xn ❜❡ n ♣♦✐♥ts ✐♥ R
p ❞✐✈✐❞❡❞ ✐♥t♦ h ❝❧❛ss❡s Cj ✱ j = 1, . . . , h✳

• ❊♠♣✐r✐❝❛❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①

Σ̂ =
1

n

n∑

i=1

(Xi − X̄)(Xi − X̄)t, ✇❤❡r❡ X̄ =
1

n

n∑

i=1

Xi.

• ❲✐t❤✐♥✲❝❧❛ss ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✏♠❡❛♥ ♦❢ ❝♦✈❛r✐❛♥❝❡s✑

Ŵ =

h∑

j=1

nj

n
Σ̂j ,

✇❤❡r❡ Σ̂j ✐s t❤❡ ❡♠♣✐r✐❝❛❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ ❝❧❛ss j ❛♥❞ nj =❝❛r❞(Cj)✳

• ❇❡t✇❡❡♥✲❝❧❛ss ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✏❝♦✈❛r✐❛♥❝❡ ♦❢ ♠❡❛♥s✑

B̂ =

n∑

i=1

nj

n
(X̄j − X̄)(X̄j − X̄)t, ✇❤❡r❡ X̄j =

1

nj

∑

Xi∈Cj

Xi.

• Σ̂ = B̂ + Ŵ

• ▲❡t btX t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r ♦♥ t❤❡ ❛①✐s b✳ ❚❤❡♥✱ ✈❛r(btX) =
bt❝♦✈(X)b✳

✶✳✹ ❙■❘

■❞❡❛✿

• ❋✐♥❞ t❤❡ ❞✐r❡❝t✐♦♥ b s✉❝❤ t❤❛t btX ❜❡st ❡①♣❧❛✐♥s Y ✳

• ❈♦♥✈❡rs❡❧②✱ ✇❤❡♥ Y ✐s ✜①❡❞✱ btX s❤♦✉❧❞ ♥♦t ✈❛r②✳

• ❋✐♥❞ t❤❡ ❞✐r❡❝t✐♦♥ b ♠✐♥✐♠✐③✐♥❣ t❤❡ ✈❛r✐❛t✐♦♥s ♦❢ btX ❣✐✈❡♥ Y ✳

■♥ ♣r❛❝t✐❝❡✿

• ❚❤❡ s✉♣♣♦rt ♦❢ Y ✐s ❞✐✈✐❞❡❞ ✐♥t♦ h s❧✐❝❡s Sj ✳

• ▼✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ✇✐t❤✐♥✲s❧✐❝❡ ✈❛r✐❛♥❝❡ ♦❢ btX ✉♥❞❡r t❤❡ ❝♦♥str❛✐♥t
✈❛r(btX) = 1✳

• ❊q✉✐✈❛❧❡♥t t♦ ♠❛①✐♠✐③✐♥❣ t❤❡ ❜❡t✇❡❡♥✲s❧✐❝❡ ✈❛r✐❛♥❝❡ ✉♥❞❡r t❤❡ s❛♠❡ ❝♦♥✲
str❛✐♥t✳

✷



✶✳✺ ■❧❧✉str❛t✐♦♥

✶✳✻ ❊st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡

●✐✈❡♥ ❛ s❛♠♣❧❡ {(X1, Y1), . . . , (Xn, Yn)}✱ t❤❡ ❞✐r❡❝t✐♦♥ b ✐s ❡st✐♠❛t❡❞ ❜②

b̂ = argmax
b

btΓ̂b s✉❝❤ t❤❛t btΣ̂b = 1. ✭✶✮

✇❤❡r❡ Σ̂ ✐s t❤❡ ❡♠♣✐r✐❝❛❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❛♥❞ Γ̂ ✐s t❤❡ ❜❡t✇❡❡♥✲s❧✐❝❡ ❝♦✈❛r✐❛♥❝❡
♠❛tr✐① ❞❡✜♥❡❞ ❜②

Γ̂ =

h∑

j=1

nj

n
(X̄j − X̄)(X̄j − X̄)t, X̄j =

1

nj

∑

Yi∈Sj

Xi,

✇❤❡r❡ nj ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s ✐♥ t❤❡ s❧✐❝❡ Sj ✳

❚❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✶✮ ❤❛s ❛ ❝❧♦s❡❞✲❢♦r♠ s♦❧✉t✐♦♥✿ b̂ ✐s t❤❡ ❡✐❣❡♥✈❡❝t♦r
♦❢ Σ̂−1Γ̂ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡✳

✶✳✼ ■❧❧✉str❛t✐♦♥

❙✐♠✉❧❛t❡❞ ❞❛t❛✳

• ❙❛♠♣❧❡ {(X1, Y1), . . . , (Xn, Yn)} ♦❢ s✐③❡ n = 100 ✇✐t❤ Xi ∈ R
p ❛♥❞ Yi ∈ R✱

i = 1, . . . , n✳

• Xi ∼ Np(0,Σ) ✇❤❡r❡ Σ = Q∆Qt ✇✐t❤

✕ ∆ =❞✐❛❣(pθ, . . . , 2θ, 1θ)✱

✕ θ ❝♦♥tr♦❧s t❤❡ ❞❡❝r❡❛s✐♥❣ r❛t❡ ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡ s❝r❡❡♣❧♦t✱

✸



✕ Q ✐s ❛♥ ♦r✐❡♥t❛t✐♦♥ ♠❛tr✐① ❞r❛✇♥ ❢r♦♠ t❤❡ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ♦♥
t❤❡ s❡t ♦❢ ♦rt❤♦❣♦♥❛❧ ♠❛tr✐❝❡s✳

• Yi = g(btXi) + ξ ✇❤❡r❡

✕ g ✐s t❤❡ ❧✐♥❦ ❢✉♥❝t✐♦♥ g(t) = sin(πt/2)✱

✕ b ✐s t❤❡ tr✉❡ ❞✐r❡❝t✐♦♥ b = 5−1/2Q(1, 1, 1, 1, 1, 0, . . . , 0)t✱

✕ ξ ∼ N1(0, 9.10−4)

✶✳✽ ❘❡s✉❧ts ✇✐t❤ θ = 2✱ ❞✐♠❡♥s✐♦♥ p = 10

❇❧✉❡✿ Yi ✈❡rs✉s t❤❡ ♣r♦❥❡❝t✐♦♥s btXi ♦♥ t❤❡ tr✉❡ ❞✐r❡❝t✐♦♥ b✱
❘❡❞✿ Yi ✈❡rs✉s t❤❡ ♣r♦❥❡❝t✐♦♥s b̂tXi ♦♥ t❤❡ ❡st✐♠❛t❡❞ ❞✐r❡❝t✐♦♥ b̂✱
●r❡❡♥✿ b̂tXi ✈❡rs✉s btXi✳

✶✳✾ ❘❡s✉❧ts ✇✐t❤ θ = 2✱ ❞✐♠❡♥s✐♦♥ p = 50

❇❧✉❡✿ Yi ✈❡rs✉s t❤❡ ♣r♦❥❡❝t✐♦♥s btXi ♦♥ t❤❡ tr✉❡ ❞✐r❡❝t✐♦♥ b✱
❘❡❞✿ Yi ✈❡rs✉s t❤❡ ♣r♦❥❡❝t✐♦♥s b̂tXi ♦♥ t❤❡ ❡st✐♠❛t❡❞ ❞✐r❡❝t✐♦♥ b̂✱
●r❡❡♥✿ b̂tXi ✈❡rs✉s btXi✳

✶✳✶✵ ❊①♣❧❛♥❛t✐♦♥

Pr♦❜❧❡♠ ✿ Σ̂ ♠❛② ❜❡ s✐♥❣✉❧❛r ♦r ❛t ❧❡❛st ✐❧❧✲❝♦♥❞✐t✐♦♥❡❞ ✐♥ s❡✈❡r❛❧ s✐t✉❛t✐♦♥s✳

• ❙✐♥❝❡ r❛♥❦(Σ̂) ≤ min(n − 1, p)✱ ✐❢ n ≤ p t❤❡♥ Σ̂ ✐s s✐♥❣✉❧❛r✳

✹



• ❊✈❡♥ ✐❢ n ❛♥❞ p ❛r❡ ♦❢ t❤❡ s❛♠❡ ♦r❞❡r✱ Σ̂ ✐s ✐❧❧✲❝♦♥❞✐t✐♦♥❡❞✱ ❛♥❞ ✐ts ✐♥✈❡rs✐♦♥
②✐❡❧❞s ♥✉♠❡r✐❝❛❧ ♣r♦❜❧❡♠s ✐♥ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❝❡♥tr❛❧ s✉❜s♣❛❝❡✳

• ❚❤❡ s❛♠❡ ♣❤❡♥♦♠❡♥♦♥ ♦❝❝✉rs ✐❢ t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ X ❛r❡ str♦♥❣❧② ❝♦rr❡✲
❧❛t❡❞✳

■♥ t❤❡ ♣r❡✈✐♦✉s ❡①❛♠♣❧❡✱ t❤❡ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡r ♦❢ Σ ✇❛s pθ✳

✷ ❘❡❣✉❧❛r✐③❛t✐♦♥ ♦❢ ❙■❘

✷✳✶ ❘❡❣✉❧❛r✐③❡❞ ❙■❘

• ❲❡ ♣r♦♣♦s❡ t♦ ❝♦♠♣✉t❡ b̂ ❛s t❤❡ ❡✐❣❡♥✈❡❝t♦r ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❧❛r❣❡st
❡✐❣❡♥✈❛❧✉❡ ♦❢ (ΩΣ̂ + Ip)

−1ΩΓ̂✳

• Ω ❞❡s❝r✐❜❡s ✇❤✐❝❤ ❞✐r❡❝t✐♦♥s ✐♥ R
p ❛r❡ ♠♦r❡ ❧✐❦❡❧② t♦ ❝♦♥t❛✐♥ b✳

=⇒ ❚❤❡ ✐♥✈❡rs✐♦♥ ♦❢ Σ̂ ✐s r❡♣❧❛❝❡❞ ❜② t❤❡ ✐♥✈❡rs✐♦♥ ♦❢ ΩΣ̂ + Ip✳
=⇒ ❋♦r ❛ ✇❡❧❧✲❝❤♦s❡♥ ❛ ♣r✐♦r✐ ♠❛tr✐① Ω✱ ♥✉♠❡r✐❝❛❧ ♣r♦❜❧❡♠s ❞✐s❛♣♣❡❛r✳

✷✳✷ ▲✐♥❦s ✇✐t❤ ❡①✐st✐♥❣ ♠❡t❤♦❞s

• ❘✐❞❣❡ ❬❩❤♦♥❣ ❡t ❛❧✱ ✷✵✵✺❪✿ Ω = τ−1Ip✳ ◆♦ ♣r✐✈✐❧❡❣❡❞ ❞✐r❡❝t✐♦♥ ❢♦r b ✐♥ R
p✳

τ > 0 ✐s ❛ r❡❣✉❧❛r✐③❛t✐♦♥ ♣❛r❛♠❡t❡r✳

• P❈❆✰❙■❘ ❬❈❤✐❛r♦♠♦♥t❡ ❡t ❛❧✱ ✷✵✵✷❪✿

Ω =

d∑

j=1

1

δ̂j

q̂j q̂
t
j ,

✇❤❡r❡ d ∈ {1, . . . , p} ✐s ✜①❡❞✱ δ̂1 ≥ · · · ≥ δ̂d ❛r❡ t❤❡ d ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s
♦❢ Σ̂ ❛♥❞ q̂1, . . . , q̂d ❛r❡ t❤❡ ❛ss♦❝✐❛t❡❞ ❡✐❣❡♥✈❡❝t♦rs✳

✷✳✸ ❚❤r❡❡ ♥❡✇ ♠❡t❤♦❞s

• P❈❆✰r✐❞❣❡✿

Ω =
1

τ

d∑

j=1

q̂j q̂
t
j .

■♥ t❤❡ ❡✐❣❡♥s♣❛❝❡ ♦❢ ❞✐♠❡♥s✐♦♥ d✱ ❛❧❧ t❤❡ ❞✐r❡❝t✐♦♥s ❛r❡ ❛ ♣r✐♦r✐ ❡q✉✐✈❛❧❡♥t✳

• ❚✐❦❤♦♥♦✈✿ Ω = τ−1Σ̂✳ ❚❤❡ ❞✐r❡❝t✐♦♥s ✇✐t❤ ❧❛r❣❡ ✈❛r✐❛♥❝❡ ❛r❡ t❤❡ ♠♦st
❧✐❦❡❧② t♦ ❝♦♥t❛✐♥ b✳

• P❈❆✰❚✐❦❤♦♥♦✈✿

Ω =
1

τ

d∑

j=1

δ̂j q̂j q̂
t
j .

■♥ t❤❡ ❡✐❣❡♥s♣❛❝❡ ♦❢ ❞✐♠❡♥s✐♦♥ d✱ t❤❡ ❞✐r❡❝t✐♦♥s ✇✐t❤ ❧❛r❣❡ ✈❛r✐❛♥❝❡ ❛r❡
t❤❡ ♠♦st ❧✐❦❡❧② t♦ ❝♦♥t❛✐♥ b✳

✺



✷✳✹ ❘❡❝❛❧❧ ♦❢ ❙■❘ r❡s✉❧ts ✇✐t❤ θ = 2 ❛♥❞ p = 50

❇❧✉❡✿ Pr♦❥❡❝t✐♦♥s btXi ♦♥ t❤❡ tr✉❡ ❞✐r❡❝t✐♦♥ b ✈❡rs✉s Yi✱
❘❡❞✿ Pr♦❥❡❝t✐♦♥s b̂tXi ♦♥ t❤❡ ❡st✐♠❛t❡❞ ❞✐r❡❝t✐♦♥ b̂ ✈❡rs✉s Yi✱
●r❡❡♥✿ btXi ✈❡rs✉s b̂tXi✳

✷✳✺ ❘❡❣✉❧❛r✐③❡❞ ❙■❘ r❡s✉❧ts ✭P❈❆✰❘✐❞❣❡✮

❇❧✉❡✿ Pr♦❥❡❝t✐♦♥s btXi ♦♥ t❤❡ tr✉❡ ❞✐r❡❝t✐♦♥ b ✈❡rs✉s Yi✱
❘❡❞✿ Pr♦❥❡❝t✐♦♥s b̂tXi ♦♥ t❤❡ ❡st✐♠❛t❡❞ ❞✐r❡❝t✐♦♥ b̂ ✈❡rs✉s Yi✱
●r❡❡♥✿ btXi ✈❡rs✉s b̂tXi✳

✷✳✻ ❱❛❧✐❞❛t✐♦♥ ♦♥ s✐♠✉❧❛t✐♦♥s

Pr♦①✐♠✐t② ❝r✐t❡r✐♦♥ ❜❡t✇❡❡♥ t❤❡ tr✉❡ ❞✐r❡❝t✐♦♥ b ❛♥❞ t❤❡ ❡st✐♠❛t❡❞ ♦♥❡s b̂(r)

♦♥ N = 100 r❡♣❧✐❝❛t✐♦♥s✿

P❈ =
1

N

N∑

r=1

cos2(b, b̂(r))

• 0 ≤ P❈≤ 1✱

• ❛ ✈❛❧✉❡ ❝❧♦s❡ t♦ ✵ ✐♠♣❧✐❡s ❛ ❧♦✇ ♣r♦①✐♠✐t②✿ ❚❤❡ b̂(r) ❛r❡ ♥❡❛r❧② ♦rt❤♦❣♦♥❛❧
t♦ b✱

• ❛ ✈❛❧✉❡ ❝❧♦s❡ t♦ ✶ ✐♠♣❧✐❡s ❛ ❤✐❣❤ ♣r♦①✐♠✐t②✿ ❚❤❡ b̂(r) ❛r❡ ❛♣♣r♦①✐♠❛t❡❧②
❝♦❧❧✐♥❡❛r ✇✐t❤ b✳

✻



✷✳✼ ■♥✢✉❡♥❝❡ ♦❢ t❤❡ r❡❣✉❧❛r✐③❛t✐♦♥ ♣❛r❛♠❡t❡r

log τ ✈❡rs✉s P❈✳ ❚❤❡ ✏❝✉t✲♦✛✑ ❞✐♠❡♥s✐♦♥ ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡r ❛r❡ ✜①❡❞
✭d = 20 ❛♥❞ θ = 2✮✳

• ❘✐❞❣❡ ❛♥❞ ❚✐❦❤♦♥♦✈✿ s✐❣♥✐✜❝❛♥t ✐♠♣r♦✈❡♠❡♥t ✐❢ τ ✐s ❧❛r❣❡✱

• P❈❆✰❙■❘✿ r❡❛s♦♥❛❜❧❡ r❡s✉❧ts ❝♦♠♣❛r❡❞ t♦ ❙■❘✱

• P❈❆✰r✐❞❣❡ ❛♥❞ P❈❆✰❚✐❦❤♦♥♦✈✿ s♠❛❧❧ s❡♥s✐t✐✈✐t② t♦ τ ✳

✷✳✽ ❙❡♥s✐t✐✈✐t② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡r ♦❢
t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①

θ ✈❡rs✉s P❈✳ ❚❤❡ ✏❝✉t✲♦✛✑ ❞✐♠❡♥s✐♦♥ ✐s ✜①❡❞ t♦ d = 20✳ ❚❤❡ ♦♣t✐♠❛❧ r❡❣✉❧❛r✲
✐③❛t✐♦♥ ♣❛r❛♠❡t❡r ✐s ✉s❡❞ ❢♦r ❡❛❝❤ ✈❛❧✉❡ ♦❢ θ✳

• ❖♥❧② ❙■❘ ✐s ✈❡r② s❡♥s✐t✐✈❡ t♦ t❤❡ ✐❧❧✲❝♦♥❞✐t✐♦♥✐♥❣✱

• r✐❞❣❡ ❛♥❞ ❚✐❦❤♦♥♦✈✿ s✐♠✐❧❛r r❡s✉❧ts✱

• P❈❆✰r✐❞❣❡ ❛♥❞ P❈❆✰❚✐❦❤♦♥♦✈✿ s✐♠✐❧❛r r❡s✉❧ts✳

✷✳✾ ❙❡♥s✐t✐✈✐t② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✏❝✉t✲♦✛✑ ❞✐♠❡♥s✐♦♥

d ✈❡rs✉s P❈✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡r ✐s ✜①❡❞ ✭θ = 2✮ ❚❤❡ ♦♣t✐♠❛❧ r❡❣✉❧❛r✐③❛t✐♦♥
♣❛r❛♠❡t❡r ✐s ✉s❡❞ ❢♦r ❡❛❝❤ ✈❛❧✉❡ ♦❢ d✳

✼



• P❈❆✰❙■❘✿ ✈❡r② s❡♥s✐t✐✈❡ t♦ d✳

• P❈❆✰r✐❞❣❡ ❛♥❞ P❈❆✰❚✐❦❤♦♥♦✈✿ st❛❜❧❡ ❛s d ✐♥❝r❡❛s❡s✳

✸ ❆♣♣❧✐❝❛t✐♦♥ t♦ r❡❛❧ ❞❛t❛

✸✳✶ ❊st✐♠❛t✐♦♥ ♦❢ ▼❛rs s✉r❢❛❝❡ ♣❤②s✐❝❛❧ ♣r♦♣❡rt✐❡s ❢r♦♠
❤②♣❡rs♣❡❝tr❛❧ ✐♠❛❣❡s

❈♦♥t❡①t✿

• ❖❜s❡r✈❛t✐♦♥ ♦❢ t❤❡ s♦✉t❤ ♣♦❧❡ ♦❢ ▼❛rs ❛t t❤❡ ❡♥❞ ♦❢ s✉♠♠❡r✱ ❝♦❧❧❡❝t❡❞
❞✉r✐♥❣ ♦r❜✐t ✻✶ ❜② t❤❡ ❋r❡♥❝❤ ✐♠❛❣✐♥❣ s♣❡❝tr♦♠❡t❡r ❖▼❊●❆ ♦♥ ❜♦❛r❞
▼❛rs ❊①♣r❡ss ▼✐ss✐♦♥✳

• ✸❉ ✐♠❛❣❡✿ ❖♥ ❡❛❝❤ ♣✐①❡❧✱ ❛ s♣❡❝tr❛ ❝♦♥t❛✐♥✐♥❣ p = 184 ✇❛✈❡❧❡♥❣t❤s ✐s
r❡❝♦r❞❡❞✳

• ❚❤✐s ♣♦rt✐♦♥ ♦❢ ▼❛rs ♠❛✐♥❧② ❝♦♥t❛✐♥s ✇❛t❡r ✐❝❡✱ ❈❖2 ❛♥❞ ❞✉st✳

●♦❛❧✿ ❋♦r ❡❛❝❤ s♣❡❝tr❛ X ∈ R
p✱ ❡st✐♠❛t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❤②s✐❝❛❧ ♣❛r❛♠❡t❡r

Y ∈ R ✭❣r❛✐♥ s✐③❡ ♦❢ ❈❖2✮✳

✸✳✷ ❆♥ ✐♥✈❡rs❡ ♣r♦❜❧❡♠

❋♦r✇❛r❞ ♣r♦❜❧❡♠✳

• P❤②s✐❝❛❧ ♠♦❞❡❧✐♥❣ ♦❢ ✐♥❞✐✈✐❞✉❛❧ s♣❡❝tr❛ ✇✐t❤ ❛ s✉r❢❛❝❡ r❡✢❡❝t❛♥❝❡ ♠♦❞❡❧✳

• ❙t❛rt✐♥❣ ❢r♦♠ ❛ ♣❤②s✐❝❛❧ ♣❛r❛♠❡t❡r Y ✱ s✐♠✉❧❛t❡ X = F (Y )✳

• ●❡♥❡r❛t✐♦♥ ♦❢ n = 12, 000 s②♥t❤❡t✐❝ s♣❡❝tr❛ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛✲
r❛♠❡t❡rs✳ =⇒ ▲❡❛r♥✐♥❣ ❞❛t❛❜❛s❡✳

■♥✈❡rs❡ ♣r♦❜❧❡♠✳

✽



• ❊st✐♠❛t❡ t❤❡ ❢✉♥❝t✐♦♥❛❧ r❡❧❛t✐♦♥s❤✐♣ Y = G(X)✳

• ❉✐♠❡♥s✐♦♥ r❡❞✉❝t✐♦♥ ❛ss✉♠♣t✐♦♥ G(X) = g(btX)✳

• b ✐s ❡st✐♠❛t❡❞ ❜② ✭r❡❣✉❧❛r✐③❡❞✮ ❙■❘✱ g ✐s ❡st✐♠❛t❡❞ ❜② ❛ ♥♦♥♣❛r❛♠❡tr✐❝
♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ r❡❣r❡ss✐♦♥✳

✸✳✸ ❊st✐♠❛t❡❞ ❢✉♥❝t✐♦♥ g

❊st✐♠❛t❡❞ ❢✉♥❝t✐♦♥ g ❜❡t✇❡❡♥ t❤❡ ♣r♦❥❡❝t❡❞ s♣❡❝tr❛ b̂tX ♦♥ t❤❡ ✜rst ❛①✐s ♦❢
r❡❣✉❧❛r✐③❡❞ ❙■❘ ✭P❈❆✰r✐❞❣❡✮ ❛♥❞ Y ✱ t❤❡ ❣r❛✐♥ s✐③❡ ♦❢ ❈❖2✳

✸✳✹ ❊st✐♠❛t❡❞ ❈❖2 ♠❛♣s

●r❛✐♥ s✐③❡ ♦❢ ❈❖2 ❡st✐♠❛t❡❞ ✇✐t❤ ❙■❘ ✭❧❡❢t✮ ❛♥❞ r❡❣✉❧❛r✐③❡❞ ❙■❘ ✭r✐❣❤t✮ ♦♥ ❛
❤②♣❡rs♣❡❝tr❛❧ ✐♠❛❣❡ ♦❢ ▼❛rs✳

✸✳✺ ❊①t❡♥s✐♦♥s

• ❑❡r♥❡❧ ❙■❘✳ ❚❤❡ ✉s✉❛❧ ❞♦t ♣r♦❞✉❝t btX ✐s r❡♣❧❛❝❡❞ ❜② ❛ ❦❡r♥❡❧✳
❲✉✱ ❍✳ ▼✳ ✭✷✵✵✽✮✳ ❑❡r♥❡❧ ❙❧✐❝❡❞ ■♥✈❡rs❡ ❘❡❣r❡ss✐♦♥ ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥s t♦
❈❧❛ss✐✜❝❛t✐♦♥✱ ❏♦✉r♥❛❧ ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ ❛♥❞ ●r❛♣❤✐❝❛❧ ❙t❛t✐st✐❝s✱ ✶✼✭✸✮✱
✺✾✵✕✻✶✵✳

❤tt♣✿✴✴✇✇✇✳❤♠✇✉✳✐❞✈✳t✇✴❑❙■❘✴

• ❙♣❛rs❡ ❙■❘✳ ■♥tr♦❞✉❝t✐♦♥ ♦❢ ❛ L1 ♣❡♥❛❧t② ♦♥ b t♦ ♦❜t❛✐♥ s♣❛rs❡ ❛①❡s✳
▲✐✱ ▲✳ ❛♥❞ ◆❛❝❤ts❤❡✐♠✱ ❈✳ ✭✷✵✵✻✮✳ ❙♣❛rs❡ ❙❧✐❝❡❞ ■♥✈❡rs❡ ❘❡❣r❡ss✐♦♥✱ ❚❡❝❤✲
♥♦♠❡tr✐❝s✱ ✹✽✭✹✮✱ ✺✵✸✕✺✶✵✳

✾



✸✳✻ ❘❡❢❡r❡♥❝❡s ♦♥ t❤✐s ✇♦r❦

• ❇❡r♥❛r❞✲▼✐❝❤❡❧✱ ❈✳✱ ●❛r❞❡s✱ ▲✳ ❛♥❞ ●✐r❛r❞✱ ❙✳ ✭✷✵✵✽✮✳ ❆ ◆♦t❡ ♦♥ ❙❧✐❝❡❞
■♥✈❡rs❡ ❘❡❣r❡ss✐♦♥ ✇✐t❤ ❘❡❣✉❧❛r✐③❛t✐♦♥s✳ ❇✐♦♠❡tr✐❝s✱ ✻✹✱ ✾✽✷✕✾✽✻✳
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