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2 ✇❤♦s❡ s❡t ♦❢ ❣r✐❞
♣♦✐♥ts ✐s hZ2 ✇❤❡r❡ h = 1/r ✐s t❤❡ ❣r✐❞ s♣❛❝✐♥❣✳

❚❤❡ ❝♦♠♠♦♥ ♠❡t❤♦❞s t♦ ♠♦❞❡❧ t❤❡ ❞✐❣✐t✐③❛t✐♦♥ ♦❢ t❤❡ ❣r❛♣❤ C(g) ❛t t❤❡
r❡s♦❧✉t✐♦♥ r ❛r❡ ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ ❡❛❝❤ ♦t❤❡rs✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❛ss✉♠❡ ❛♥
♦❜❥❡❝t ❜♦✉♥❞❛r② q✉❛♥t✐③❛t✐♦♥ ✭❖❇◗✮✳ ❚❤✐s ♠❡t❤♦❞ ❛ss♦❝✐❛t❡s t♦ t❤❡ ❣r❛♣❤ C(g)
t❤❡ h✲❞✐❣✐t✐③❛t✐♦♥ s❡t

D❖(g, h) = {(kh,
⌊

g(kh)

h

⌋

h) | k ∈ Z ❛♥❞ kh ∈ [a, b]}

✇❤❡r❡ ⌊·⌋ ❞❡♥♦t❡s t❤❡ ✢♦♦r ❢✉♥❝t✐♦♥✳ ❚❤❡ s❡t D❖(g, h) ❝♦♥t❛✐♥s t❤❡ ✉♣♣❡r♠♦st
❣r✐❞ ♣♦✐♥ts ✇❤✐❝❤ ❧✐❡ ✐♥ t❤❡ ❤②♣♦❣r❛♣❤ ♦❢ g✱ ❤❡♥❝❡ ✐t ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❛s ❛
♣❛rt ♦❢ t❤❡ ❜♦✉♥❞❛r② ♦❢ ❛ s♦❧✐❞ ♦❜❥❡❝t✳ Pr♦✈✐❞❡❞ t❤❡ s❧♦♣❡ ♦❢ g ✐s ❧✐♠✐t❡❞ ❜②
✶ ✐♥ ♠♦❞✉❧✉s✱ D❖(g, h) ✐s ❛♥ ✽✲❝♦♥♥❡❝t❡❞ ❞✐❣✐t❛❧ ❝✉r✈❡✳ ❖❜s❡r✈❡ t❤❛t ✐❢ g ✐s ❛
❢✉♥❝t✐♦♥ ♦❢ ❝❧❛ss ❈1 s✉❝❤ t❤❛t t❤❡ s❡t {x ∈ [a, b] | |g′(x)| = 1} ✐s ✜♥✐t❡✱ t❤❡♥ ❜②
s②♠♠❡tr✐❡s ♦♥ t❤❡ ❣r❛♣❤ C(g)✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝♦♠❡ ❞♦✇♥ t♦ t❤❡ ❝❛s❡ ✇❤❡r❡
|g′| ≤ 1✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐♥ t❤✐s ❛rt✐❝❧❡✱ ✇❡ ♠❛❦❡ ♥♦ ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ s❧♦♣❡ ♦❢
t❤❡ ❢✉♥❝t✐♦♥ g✳

■♥ t❤❡ s❡q✉❡❧ ♦❢ t❤❡ ❛rt✐❝❧❡✱ ❢♦r ❛♥② ❢✉♥❝t✐♦♥ f : [a, b] → R✱ L(f) ❞❡♥♦t❡s t❤❡

✶❆❝t✉❛❧❧②✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❛ s❡♠✐✲❧♦❝❛❧ ❡st✐♠❛t♦r ❞❡♣❡♥❞s ✉♣♦♥ s♦♠❡ ❝❤♦✐❝❡ ♠❛❞❡ ✐♥ ✐ts
❞❡✜♥✐t✐♦♥ ✭s❡❡ ❚❤❡♦r❡♠ ✶✮✳

✷



❧❡♥❣t❤ ♦❢ t❤❡ ❣r❛♣❤ C(f) ❛❝❝♦r❞✐♥❣ t♦ ❏♦r❞❛♥✬s ❞❡✜♥✐t✐♦♥ ♦❢ ❧❡♥❣t❤✿

L(f) = sup
a=x0<x1<···<xn=b

n
∑

i=1

√

(xi − xi−1)2 + (f(xi)− f(xi−1))2

✇❤❡r❡ t❤❡ s✉♣r❡♠✉♠ ✐s t❛❦❡♥ ♦✈❡r ❛❧❧ ♣♦ss✐❜❧❡ ♣❛rt✐t✐♦♥s ♦❢ ❬❛✱ ❜❪ ❛♥❞ ♥ ✐s
✉♥❜♦✉♥❞❡❞✳

✷✳✷ ▲♦❝❛❧ ❡st✐♠❛t♦rs

▲♦❝❛❧ ❧❡♥❣t❤ ❡st✐♠❛t♦rs ✭s❡❡ ❬✺❪ ❢♦r ❛ s❤♦rt r❡✈✐❡✇✮ ❛r❡ ❜❛s❡❞ ♦♥ ♣❛r❛❧❧❡❧ ❝♦♠✲
♣✉t❛t✐♦♥s ♦❢ t❤❡ ❧❡♥❣t❤ ♦❢ ✜①❡❞ s✐③❡ s❡❣♠❡♥ts ♦❢ ❛ ❞✐❣✐t❛❧ ❝✉r✈❡✳ ❋♦r ✐♥st❛♥❝❡✱
❛♥ ✽✲❝♦♥♥❡❝t❡❞ ❝✉r✈❡ ❝❛♥ ❜❡ s♣❧✐t ✐♥t♦ ✶✲st❡♣ s❡❣♠❡♥ts✳ ❋♦r ❡❛❝❤ s❡❣♠❡♥t✱ t❤❡
❝♦♠♣✉t❛t✐♦♥ r❡t✉r♥s ✶ ✇❤❡♥❡✈❡r t❤❡ s❡❣♠❡♥t ✐s ♣❛r❛❧❧❡❧ t♦ t❤❡ ❛①❡s ❛♥❞

√
2

✇❤❡♥ t❤❡ s❡❣♠❡♥t ✐s ❞✐❛❣♦♥❛❧✳ ❚❤❡♥ ❛❧❧ t❤❡ r❡s✉❧ts ❛r❡ ❛❞❞❡❞ t♦ ❣✐✈❡ t❤❡ ❝✉r✈❡
❧❡♥❣t❤ ❡st✐♠❛t✐♦♥✳

❚❤✐s ❦✐♥❞ ♦❢ ❧♦❝❛❧ ❝♦♠♣✉t❛t✐♦♥ ✐s t❤❡ ♦❧❞❡st ✇❛② t♦ ❡st✐♠❛t❡ t❤❡ ❧❡♥❣t❤ ♦❢ ❛
❝✉r✈❡ ❛♥❞ ❤❛s ❜❡❡♥ ✇✐❞❡❧② ✉s❡❞ ✐♥ ✐♠❛❣❡ ❛♥❛❧②s✐s✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐t ❤❛s ♥♦t t❤❡
❝♦♥✈❡r❣❡♥❝❡ ♣r♦♣❡rt②✳ ■♥ ❬✶❪✱ ❑✉❧❦❛r♥✐ ❡t ❛❧✳ ✐♥tr♦❞✉❝❡ ❛ ❣❡♥❡r❛❧ ❞❡✜♥✐t✐♦♥ ♦❢
❧♦❝❛❧ ❧❡♥❣t❤ ❡st✐♠❛t✐♦♥ ✇✐t❤ s❧✐❞✐♥❣ s❡❣♠❡♥ts ❛♥❞ ♣r♦✈❡ t❤❛t s✉❝❤ ❝♦♠♣✉t❛t✐♦♥s
❝❛♥♥♦t ❣✐✈❡ ❛ ❝♦♥✈❡r❣❡♥t ❡st✐♠❛t♦r ❢♦r str❛✐❣❤t ❧✐♥❡s ✇❤♦s❡ s❧♦♣❡ ✐s s♠❛❧❧ ✭❧❡ss
t❤❛♥ t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ s✐③❡ ♦❢ t❤❡ s❧✐❞✐♥❣ s❡❣♠❡♥t✮✳ ■♥ ❬✻❪✱ ❛ s✐♠✐❧❛r ❞❡✜♥✐t✐♦♥ ♦❢
❧♦❝❛❧ ❧❡♥❣t❤ ❡st✐♠❛t✐♦♥ ✐s ❣✐✈❡♥ ✇✐t❤ ❞✐s❥♦✐♥t s❡❣♠❡♥ts✳ ❆❣❛✐♥✱ ✐t ✐s s❤♦✇♥ t❤❛t
t❤❡ ❡st✐♠❛t♦r ❢❛✐❧❡❞ t♦ ❝♦♥✈❡r❣❡ ❢♦r str❛✐❣❤t ❧✐♥❡s ✭✇✐t❤ ✐rr❛t✐♦♥❛❧ s❧♦♣❡s✮✳ ❚❤✐s
❜❡❤❛✈✐♦r ✐s ❡①♣❡r✐♠❡♥t❛❧❧② ❝♦♥✜r♠❡❞ ✐♥ ❬✷❪ ♦♥ ❛ t❡st s❡t ♦❢ ✜✈❡ ❝❧♦s❡❞ ❝✉r✈❡s✳
▼♦r❡♦✈❡r✱ t❤❡ ♥♦♥✲❝♦♥✈❡r❣❡♥❝❡ ✐s ❡st❛❜❧✐s❤❡❞ ✐♥ ❬✼✱ ✽❪ ❢♦r ❛❧♠♦st ❛❧❧ ♣❛r❛❜♦❧❛s✳

✷✳✸ ❆❞❛♣t❛t✐✈❡ ❡st✐♠❛t♦rs✿ ❉❙❙ ❛♥❞ ▼▲P

❆❞❛♣t✐✈❡ ❧❡♥❣t❤ ❡st✐♠❛t♦rs ❣❛t❤❡r ❡st✐♠❛t♦rs r❡❧②✐♥❣ ♦♥ ❛ s❡❣♠❡♥t❛t✐♦♥ ♦❢ t❤❡
❞✐s❝r❡t❡ ❝✉r✈❡ t❤❛t ❞❡♣❡♥❞s ♦♥ ❡❛❝❤ ♣♦✐♥t ♦❢ t❤❡ ❝✉r✈❡✿ ❛ ♠♦✈❡ ♦♥ ❛ ♣♦✐♥t ❝❛♥
❝❤❛♥❣❡ t❤❡ ✇❤♦❧❡ s❡❣♠❡♥t❛t✐♦♥✳ ❯♥❧✐❦❡ ❧♦❝❛❧ ❡st✐♠❛t♦rs✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♣r♦✈❡
t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦♣❡rt② ♦❢ ❛❞❛♣t✐✈❡ ❧❡♥❣t❤ ❡st✐♠❛t♦rs ✉♥❞❡r s♦♠❡ ❛ss✉♠♣t✐♦♥s✳
❆❞❛♣t✐✈❡ ❧❡♥❣t❤ ❡st✐♠❛t♦rs ✐♥❝❧✉❞❡ t✇♦ ❢❛♠✐❧✐❡s ♦❢ ❧❡♥❣t❤ ❡st✐♠❛t♦rs✱ ♥❛♠❡❧②
t❤❡ ▼❛①✐♠❛❧ ❉✐❣✐t❛❧ ❙tr❛✐❣❤t ❙❡❣♠❡♥t ✭▼❉❙❙✮ ❜❛s❡❞ ❧❡♥❣t❤ ❡st✐♠❛t♦rs ❛♥❞ t❤❡
▼✐♥✐♠❛❧ ▲❡♥❣t❤ P♦❧②❣♦♥ ✭▼▲P✮ ❜❛s❡❞ ❧❡♥❣t❤ ❡st✐♠❛t♦rs✳

❉❡✜♥✐t✐♦♥ ❛♥❞ ♣r♦♣❡rt✐❡s ♦❢ ▼❉❙❙ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✾✱ ✶✵✱ ✷❪✳ ❊✣❝✐❡♥t
❛❧❣♦r✐t❤♠s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❢♦r s❡❣♠❡♥t✐♥❣ ❝✉r✈❡s ♦r ❢✉♥❝t✐♦♥ ❣r❛♣❤s ✐♥t♦
▼❉❙❙ ❛♥❞ t♦ ❝♦♠♣✉t❡ t❤❡✐r ❝❤❛r❛❝t❡r✐st✐❝s ✐♥ ❛ ❧✐♥❡❛r t✐♠❡ ❬✾✱ ✶✶✱ ✶✵❪✳ ❚❤❡
❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥ ▼❉❙❙ ✐s ♥♦t ✉♥✐q✉❡ ❛♥❞ ❞❡♣❡♥❞s ♦♥ t❤❡ st❛rt✲♣♦✐♥t ♦❢ t❤❡
s❡❣♠❡♥t❛t✐♦♥ ❛♥❞ ♦♥ t❤❡ ❝✉r✈❡ tr❛✈❡❧ ❞✐r❡❝t✐♦♥✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦♣❡rt② ♦❢
▼❉❙❙ ❡st✐♠❛t♦rs ❤❛s ❜❡❡♥ ♣r♦✈❡❞ ❢♦r ❝♦♥✈❡① ♣♦❧②❣♦♥s ✇❤♦s❡ ▼❉❙❙ ♣♦❧②❣♦♥❛❧
❛♣♣r♦①✐♠❛t✐♦♥✷ ✐s ❛❧s♦ ❝♦♥✈❡① ❬✶✷✱ ❚❤✳ ✶✸ ❛♥❞ t❤❡ ♣r♦♦❢ ✸❪✿ ❣✐✈❡♥ ❛ ❝♦♥✈❡①

✷❚❤♦✉❣❤ t❤❡ ❞✐❣✐t✐③❛t✐♦♥ ♦❢ ❛ ❝♦♥✈❡① s❡t ✐s ❞✐❣✐t❛❧❧② ❝♦♥✈❡①✱ ✐t ❞♦❡s ♥♦t ♠❡❛♥ t❤❛t ❛
♣♦❧②❣♦♥❛❧ ❝✉r✈❡ r❡❧❛t❡❞ t♦ ❛ ❝♦♥✈❡① ♣♦❧②❣♦♥❛❧ ❝✉r✈❡ ✈✐❛ ❛ ▼❉❙❙ s❡❣♠❡♥t❛t✐♦♥ ♣r♦❝❡ss ✐s ❛❧s♦
❝♦♥✈❡①✳

✸❚❤❡ ❤②♣♦t❤❡s✐s ♦♥ t❤❡ ❝♦♥✈❡①✐t② ♦❢ t❤❡ ▼❉❙❙ ♣♦❧②❣♦♥❡ ✐s ♥♦t ❛ss✉♠❡❞ ✐♥ t❤❡ st❛t❡♠❡♥t

✸



♣♦❧②❣♦♥ C ❛♥❞ ❛ ❣r✐❞ s♣❛❝✐♥❣ h ✭❜❡❧♦✇ s♦♠❡ t❤r❡s❤♦❧❞✮✱ t❤❡ ❡rr♦r ❜❡t✇❡❡♥ t❤❡
❡st✐♠❛t❡❞ ❧❡♥❣t❤ Lest(C, h) ❛♥❞ t❤❡ tr✉❡ ❧❡♥❣t❤ ♦❢ t❤❡ ♣♦❧②❣♦♥ L(C) ✐s s✉❝❤ t❤❛t

|L(S)− Lest(S, h)| ≤ (2 +
√
2)πh. ✭✶✮

■t ♠✉st ❜❡ ♥♦t✐❝❡❞ t❤❛t t❤❡r❡ ❡①✐sts ❛ ✇r♦♥❣ ✈❡rs✐♦♥ ♦❢ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥
✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✹✳ ❊♠♣✐r✐❝❛❧ ▼❉❙❙ ♠✉❧t✐❣r✐❞ ❝♦♥✈❡r❣❡♥❝❡ ❤❛s ❛❧s♦ ❜❡❡♥ t❡st❡❞
✐♥ ❬✷✱ ✶✺❪ ♦♥ s♠♦♦t❤ ♥♦♥❝♦♥✈❡① ♣❧❛♥❛r ❝✉r✈❡s✳ ❚❤❡ ♦❜t❛✐♥❡❞ ❝♦♥✈❡r❣❡♥❝❡ ❤❛s
♦r❞❡r ✶ ❛s ✐♥ t❤❡ ❝♦♥✈❡① ♣♦❧②❣♦♥❛❧ ❝❛s❡✳ ◆❡✈❡rt❤❡❧❡ss ▼❉❙❙ ♠✉❧t✐❣r✐❞ ❝♦♥✈❡r✲
❣❡♥❝❡ ❤❛s ♥♦t ❜❡❡♥ ♣r♦✈❡❞ ✉♥❞❡r t❤❡s❡ ❛ss✉♠♣t✐♦♥s✳ ❆♥♦t❤❡r ✇❛② t♦ ♦❜t❛✐♥
❛♥ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❧❡♥❣t❤ ♦❢ ❛ ❝✉r✈❡ ✉s✐♥❣ ▼❉❙❙ ✐s t♦ t❛❦❡ t❤❡ s❧♦♣❡s ♦❢ t❤❡
▼❉❙❙s t♦ ❡st✐♠❛t❡ t❤❡ t❛♥❣❡♥t ❞✐r❡❝t✐♦♥s ❛♥❞ t❤❡♥ t♦ ❝♦♠♣✉t❡ t❤❡ ❧❡♥❣t❤ ❜②
♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ ❬✶✻✱ ✷✱ ✶✼❪✳ ❚❤❡ ❡st✐♠❛t✐♦♥ ✐s ✉♥✐q✉❡ ❛♥❞ ❤❛s ❜❡❡♥ ♣r♦✈❡❞
t♦ ❜❡ ♠✉❧t✐❣r✐❞ ❝♦♥✈❡r❣❡♥t ❢♦r s♠♦♦t❤ ❝✉r✈❡s ✭♦❢ ❝❧❛ss C2 ✇✐t❤ ❜♦✉♥❞❡❞ ❝✉r✈❛✲
t✉r❡ ✐♥ ❬✷❪✱ ♦❢ ❝❧❛ss C3 ✇✐t❤ str✐❝t❧② ♣♦s✐t✐✈❡ ❝✉r✈❛t✉r❡ ✐♥ ❬✶✼❪✮✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡

♦r❞❡r ✐s ❛ O(h
1

3 ) 1
3 ✐♥ ❬✶✼❪ ❛♥❞ t❤✉s✱ ✇♦rs❡ t❤❛♥ ✭✶✮✳

▲❡t C ❜❡ ❛ s✐♠♣❧❡ ❝❧♦s❡❞ ❝✉r✈❡ ❧②✐♥❣ ✐♥✲❜❡t✇❡❡♥ t✇♦ ♣♦❧②❣♦♥❛❧ ❝✉r✈❡s γ1
❛♥❞ γ2✳ ❚❤❡♥✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ♣♦❧②❣♦♥✱ t❤❡ ▼▲P✱ ✇❤♦s❡ ❧❡♥❣t❤ ✐s ♠✐♥✐♠❛❧
❜❡t✇❡❡♥ γ1 ❛♥❞ γ2✳ ❚❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ▼▲P ❝❛♥ ❜❡ ✉s❡❞ t♦ ❡st✐♠❛t❡ t❤❡ ❧❡♥❣t❤
♦❢ t❤❡ ❝✉r✈❡ C✳ ❆t ❧❡❛st t✇♦ ▼▲P ❜❛s❡❞ ❧❡♥❣t❤ ❡st✐♠❛t♦rs ❤❛✈❡ ❜❡❡♥ ❞❡s❝r✐❜❡❞
❛♥❞ ♣r♦✈❡❞ t♦ ❜❡ ♠✉❧t✐❣r✐❞ ❝♦♥✈❡r❣❡♥t ❢♦r ❝♦♥✈❡①✱ s♠♦♦t❤ ♦r ♣♦❧②❣♦♥❛❧✱ s✐♠♣❧❡
❝❧♦s❡❞ ❝✉r✈❡s✱ t❤❡ ❣r✐❞✲❝♦♥t✐♥✉❛ ▼▲P ❛❧❣♦r✐t❤♠ ✭●❈✲▼▲P✮ ♣r♦♣♦s❡❞ ✐♥ ❬✶✽❪
❛♥❞ t❤❡ ❆♣♣r♦①✐♠❛t✐♦♥ ❙❛✉ss❛❣❡ ▼▲P ✭❆❙✲▼▲P✮ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶✾❪✳ ❋♦r ❜♦t❤
♦❢ t❤❡♠✱ ❛♥❞ ❢♦r ❛ ❣✐✈❡♥ ❣r✐❞ s♣❛❝✐♥❣ h✱ t❤❡ ❡rr♦r ❜❡t✇❡❡♥ t❤❡ ❡st✐♠❛t❡❞ ❧❡♥❣t❤
Lest(C, h) ❛♥❞ t❤❡ tr✉❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❝✉r✈❡ L(C) ✐s ❛ O(h)✿

|L(C)− Lest(C, h)| ≤ Ah

✇❤❡r❡ A = 8 ❢♦r ●❈✲▼▲P ❛♥❞ A ≈ 5.844 ❢♦r ❆❙✲▼▲P✳
❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❛s ❡st✐♠❛t♦rs ❞❡s❝r✐❜❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ❛r❡ ❛❞❛♣t✐✈❡✱ t❤❡

❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠s r❡❧② ♦♥ str♦♥❣ ❤②♣♦t❤❡s❡s✱ t❤❡ ♣r♦♦❢s ❛r❡ ❞✐✣❝✉❧t t♦ ❡s✲
t❛❜❧✐s❤ ❛♥❞ ♦❢t❡♥ ✐♥❝♦♠♣❧❡t❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ st✉❞② ♦❢ t❤❡ ▼❉❙❙ ✐♥
❬✶✺❪ s❤♦✇s t❤❛t t❤❡ ▼❉❙❙ s✐③❡ t❡♥❞s t♦ ✵ ❛♥❞ t❤❡✐r ❞✐s❝r❡t❡ ❧❡♥❣t❤ t❡♥❞s t♦✇❛r❞
✐♥✜♥✐t② ❛s t❤❡ ❣r✐❞ st❡♣ t❡♥❞s t♦ ✵✳ ❚❤❡r❡❜②✱ ♦♥❡ ❝♦✉❧❞ ❛s❦ ✇❤❡t❤❡r ❝♦♠❜✐♥✲
✐♥❣ ❛ ❧♦❝❛❧ ❡st✐♠❛t✐♦♥ ✇✐t❤ ❛♥ ✐♥❝r❡❛s✐♥❣ ✇✐♥❞♦✇ s✐③❡ ❛s t❤❡ r❡s♦❧✉t✐♦♥ ❣r♦✇s
✇♦✉❧❞ ❣✐✈❡ ❛ ❝♦♥✈❡r❣❡♥t ❡st✐♠❛t♦r ✉♥❞❡r ♠♦r❡ ❣❡♥❡r❛❧ ❛ss✉♠♣t✐♦♥s ❛♥❞✴♦r ✇✐t❤
s✐♠♣❧❡r ♣r♦♦❢s ♦❢ ❝♦♥✈❡r❣❡♥❝❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s ❡①♣❧♦r❡ t❤✐s q✉❡st✐♦♥✳

♦❢ t❤❡ t❤❡♦r❡♠ ❜✉t ✐t ❛♣♣❡❛rs ✐♥ t❤❡ ♣r♦♦❢✳
✹❚❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✶✮ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✐s (2εDSS +

√
2)πh ✇❤❡r❡

εDSS ✐s ❛ ❜♦✉♥❞ ❢♦r t❤❡ ❍❛✉s❞♦r✛ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❛ r❡❛❧ str❛✐❣❤t s❡❣♠❡♥t ❛♥❞ ✐ts ❞✐s❝r❡t✐③❛✲
t✐♦♥✱ ❡①♣r❡ss❡❞ ✐♥ t❤❡ ✉♥✐t ❣✐✈❡♥ ❜② t❤❡ ❣r✐❞✲s♣❛❝✐♥❣ ❛♥❞ ✐t ✐s r❡❧❛t❡❞ t♦ t❤❡ ❝❤♦r❞ ♣r♦♣❡rt②
♦❢ t❤❡ str❛✐❣❤t ❧✐♥❡s ❡st❛❜❧✐s❤❡❞ ❜② ❘♦s❡♥❢❡❧❞ ❬✶✸❪✳ ❆❝❝♦r❞✐♥❣❧②✱ ✐♥ ❬✶✷❪✱ ✐t ✐s s❛✐❞ t❤❛t ✧t❤❡
✬❝❧❛ss✐❝❛❧✬ ✈❛❧✉❡ ♦❢ εDSS ✐s ✶✧✳ ❆ ❢❡✇ ♠♦♥t❤ ❧❛t❡r✱ ✐♥ ❬✶✹❪✱ t❤❡ ❛✉t❤♦rs ❝❤♦s❡ t♦ ❡①♣r❡ss t❤❡
s❛♠❡ ❝♦♥st❛♥t εDSS ✐♥ ❛❜s♦❧✉t❡ ❧❡♥❣t❤ ✉♥✐t✱ s♦ t❤❡② ❝❧❛✐♠ t❤❛t ✧✐ts ✬❝❧❛ss✐❝❛❧✬ ✈❛❧✉❡ ✐s 1/r✧
❜✉t t❤❡② ❢♦r❣♦t t♦ ✉♣❞❛t❡ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ♠❛❥♦r✐③❛t✐♦♥✳ ❆❢t❡r✇❛r❞✱ t❤❡ ♠✐st❛❦❡
♣r♦♣❛❣❛t❡❞ t♦ ❬✷❪ ❛♥❞ ❧❡❞ t♦ ❛♥ ❡rr♦♥❡♦✉s ❝♦♥❝❧✉s✐♦♥✳

✹



✷✳✹ ❙❡♠✐✲❧♦❝❛❧ ❧❡♥❣t❤ ❡st✐♠❛t♦rs

❚❤❡ ♥♦t✐♦♥ ♦❢ s❡♠✐✲❧♦❝❛❧ ❡st✐♠❛t♦r ❛♣♣❡❛rs ✐♥ ❬✸❪✳ ❍❡r❡✱ ✇❡ ❣✐✈❡ ❛ s❧✐❣❤t❧②
❞✐✛❡r❡♥t ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤✐s ♥♦t✐♦♥✳ ❆t ❛ ❣✐✈❡♥ r❡s♦❧✉t✐♦♥✱ ❛ s❡♠✐✲❧♦❝❛❧ ❡st✐♠❛t♦r
r❡s❡♠❜❧❡s ❛ ❧♦❝❛❧ ❡st✐♠❛t♦r✿ ✐t ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ✈✐❛ ❛ ♣❛r❛❧❧❡❧ ❝♦♠♣✉t❛t✐♦♥✱
❡❛❝❤ ♣r♦❝❡ss♦r ❤❛♥❞❧✐♥❣ ❛ ✜①❡❞ s✐③❡ s❡❣♠❡♥t ♦❢ t❤❡ ❝✉r✈❡✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐♥
t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ s❡♠✐✲❧♦❝❛❧ ❡st✐♠❛t✐♦♥✱ t❤❡ ♣r♦❝❡ss♦rs ♠✉st ❜❡ ❛✇❛r❡ ♦❢ t❤❡
r❡s♦❧✉t✐♦♥ ♦♥ ✇❤✐❝❤ t❤❡ s✐③❡ ♦❢ t❤❡ s❡❣♠❡♥ts ❞❡♣❡♥❞s✳

▼♦r❡ ❢♦r♠❛❧❧②✱ ❛ ♣❛tt❡r♥ ♦❢ s✐③❡ N ✐s ❛ ❞✐s❝r❡t❡ ❢✉♥❝t✐♦♥ ❢r♦♠ [0, N ]∩Z t♦ Z✳
❚❤❡ ❞✐❛♠❡t❡r ♦❢ ❛ ♣❛tt❡r♥ ω ✐s t❤❡ r❡❛❧ ‖ω‖ =

√

N2 + ω(N)2✳ ❲❡ ❞❡♥♦t❡ ❜② PN

t❤❡ s❡t ♦❢ ♣❛tt❡r♥s ♦❢ s✐③❡N ❛♥❞ ❜② P t❤❡ s❡t ♦❢ ❛❧❧ ♣❛tt❡r♥s✿ P =
⋃

N>0 Z
[0,N ]∩Z✳

❆ s❡♠✐✲❧♦❝❛❧ ❡st✐♠❛t♦r ✐s ❛ ♣❛✐r (H, p) ✇❤❡r❡

• H : (0,∞) → N
∗ ❣✐✈❡s t❤❡ s✐③❡ ♦❢ t❤❡ ♣❛tt❡r♥s ❣✐✈❡♥ ❛ ❣r✐❞ s♣❛❝✐♥❣ h ❛♥❞

lim
h→0

H(h) = +∞, ✭✷✮

lim
h→0

hH(h) = 0, ✭✸✮

• p : P → [0,∞) ❣✐✈❡s t❤❡ ❡st✐♠❛t❡❞ ❢❡❛t✉r❡ ✭❤❡r❡✱ t❤❡ ❧❡♥❣t❤✮ ❛ss♦❝✐❛t❡❞ t♦
❛ ♣❛tt❡r♥✳

▲❡t g : [a, b] → R ❜❡ ❛ r❡❝t✐✜❛❜❧❡ ❢✉♥❝t✐♦♥✳ ❆t ❛ ❣✐✈❡♥ ❣r✐❞ s♣❛❝✐♥❣ h ❝♦rr❡s♣♦♥❞✲
✐♥❣ t♦ ❛ r❡s♦❧✉t✐♦♥ r✱ t❤❡ ❞✐❣✐t✐③❛t✐♦♥ DO(g, h) ♦❢ t❤❡ ❝✉r✈❡ C(g) ✐s s❡❣♠❡♥t❡❞ ✐♥
Nr ♣❛tt❡r♥s ω1, . . . , ωNr

♦❢ s✐③❡ H(h) ❛♥❞✱ ♣♦ss✐❜❧②✱ ❛ r❡st ω∗ ✇❤♦s❡ s✐③❡ ✐s ❧❡ss
t❤❛♥ H(h)✳ ❚❤❡♥✱ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❝✉r✈❡ C(g) ✐s ❡st✐♠❛t❡❞ ❜②

LSL(g, h) = h

Nr
∑

i=1

p(ωi).

❲❡ ❝❛♥ s❡❡ t❤❛t t❤❡ ♣❛tt❡r♥s ♦❢ ❛ s❡♠✐✲❧♦❝❛❧ ❧❡♥❣t❤ ❡st✐♠❛t♦r ❤❛✈❡ ❛ ❞✐s❝r❡t❡
s✐③❡ t❤❛t t❡♥❞s t♦ ✐♥✜♥✐t② ❛s t❤❡ r❡s♦❧✉t✐♦♥ ❣r♦✇s t♦ ✐♥✜♥✐t② ✭❊q✉❛t✐♦♥ ✷✮ ✇❤✐❧❡
t❤❡✐r tr✉❡ s✐③❡ t❡♥❞s t♦ ③❡r♦ ✭❊q✉❛t✐♦♥ ✸✮✳ ❯♥❞❡r t❤❡s❡ ❝♦♥str❛✐♥ts✱ ❛♥❞ ❛ ❝♦♥✲
str❛✐♥t ♦♥ t❤❡ ❢✉♥❝t✐♦♥ p✱ ✐t ✐s ♣r♦✈❡❞ ✐♥ ❬✸❪ t❤❛t t❤❡ s❡♠✐✲❧♦❝❛❧ ❧❡♥❣t❤ ❡st✐♠❛t♦rs
❛r❡ ♠✉❧t✐❣r✐❞ ❝♦♥✈❡r❣❡♥t ❢♦r ❢✉♥❝t✐♦♥s ♦❢ ❝❧❛ss C2✳

❚❤❡♦r❡♠ ✶ ✭❬✸✱ Pr♦♣✳ ✶❪✮✳ ▲❡t (H, p) ❜❡ ❛ s❡♠✐✲❧♦❝❛❧ ❡st✐♠❛t♦r s✉❝❤ t❤❛t

max {p(ω)− ‖ω‖ | ω ∈ Pk} = o(k) ❛s k → +∞.

❚❤❡♥✱ ❢♦r ❛♥② ❢✉♥❝t✐♦♥ g ∈ C2([a, b]), t❤❡ ❡st✐♠❛t✐♦♥ LSL(g, h) ❝♦♥✈❡r❣❡s t♦✇❛r❞
t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❝✉r✈❡ C(g)✳ ❋✉rt❤❡r♠♦r❡✱ ✐❢ t❤❡ t❡r♠ o(k) ✐♥ t❤❡ t❤✐r❞ ❤②♣♦t❤❡s✐s

✐s ❛ ❝♦♥st❛♥t ❛♥❞ H(h) = Θ(h− 1

2 )✱ t❤❡♥ L(g)− LSL(g, h) = O(h
1

2 )✳

■♥ t❤❡ ❛❜♦✈❡ t❤❡♦r❡♠✱ t❤❡ ❤②♣♦t❤❡s✐s st❛t❡s t❤❛t t❤❡ ❢✉♥❝t✐♦♥ p ❛♣♣❧✐❡❞ t♦ ❛
♣❛tt❡r♥ ω ♠✉st r❡t✉r♥ ❛ ✈❛❧✉❡ ❝❧♦s❡ t♦ ✐ts ❞✐❛♠❡t❡r✳ ❚❤✐s ❤❛s ❧❡❞ ✉s t♦ ❞❡✜♥❡ ❛
s✉❜❢❛♠✐❧② ♦❢ t❤❡ s❡♠✐✲❧♦❝❛❧ ❧❡♥❣t❤ ❡st✐♠❛t♦rs t❤❛t ✇❡ ♣r❡s❡♥t ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳

✺



✷✳✺ ❙♣❛rs❡ ❧❡♥❣t❤ ❡st✐♠❛t♦rs

❚❤❡ ♥♦t✐♦♥ ♦❢ s♣❛rs❡ ❡st✐♠❛t♦r ✐s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✹❪✳ ❚❤❡② ❛r❡ ❛ s✉❜❝❧❛ss ♦❢ t❤❡
s❡♠✐✲❧♦❝❛❧ ❡st✐♠❛t♦rs ❢♦r ✇❤✐❝❤ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ❛ ♣❛tt❡r♥ ❧❡♥❣t❤ ✐s ❡①❛❝t❧② ✐ts
❞✐❛♠❡t❡r✳ ❍❡♥❝❡✱ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❣✐✈❡♥ ❜② t❤❡ ♣♦✐♥ts ✐♥s✐❞❡ ❛ ♣❛tt❡r♥✱ ❜✉t ✐ts
❡①tr❡♠✐t✐❡s✱ ✐s ❞✐s❝❛r❞❡❞✳ ❚❤✐s ❥✉st✐✜❡s t❤❡ ♥❛♠❡ ❣✐✈❡♥ t♦ t❤✐s ❝❧❛ss ♦❢ ❡st✐♠❛t♦rs✳

❆s s❡♠✐✲❧♦❝❛❧ ❡st✐♠❛t♦rs✱ s♣❛rs❡ ❡st✐♠❛t♦rs ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❜② ❛ s♣❛rs✐t②
❢✉♥❝t✐♦♥ H : ]0,+∞[→ N

⋆ t❤❛t ✈❡r✐✜❡s t❤❡ t✇♦ ❛ss❡rt✐♦♥s

lim
h→0

H(h) = +∞ ❛♥❞ lim
h→0

hH(h) = 0.

❋♦r ❛♥② ❢✉♥❝t✐♦♥ g : [a, b] → R ❛♥❞ ❛♥② ❣r✐❞ s♣❛❝✐♥❣ h = 1/r✱ t❤❡ ❞✐❣✐t✐③❛t✐♦♥
DO(g, h) ♦❢ t❤❡ ❝✉r✈❡ C(g) ✐s s❡❣♠❡♥t❡❞ ✐♥ Nr ♣❛tt❡r♥s ω0, . . . , ωNr−1 ♦❢ s✐③❡
H(h) ❛♥❞ ❛ ❧❛st ♣❛tt❡r♥ ωNr

✇❤♦s❡ s✐③❡ ✐s ❧❡ss t❤❛♥✱ ♦r ❡q✉❛❧ t♦✱ H(h)✳ ❚❤❡
s♣❛rs❡ ❡st✐♠❛t♦r ✇✐t❤ ♣❛r❛♠❡t❡r H ♦❢ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❝✉r✈❡ C(g) ✐s ❞❡✜♥❡❞ ❜②

LSp(g, h) = h

Nh
∑

i=0

‖ωi‖2.

❙♣❛rs❡ ❡st✐♠❛t♦rs ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦♣❡rt✐❡s✳

❚❤❡♦r❡♠ ✷ ✭❬✹❪✮✳ ▲❡t H ❜❡ ❛ s♣❛rs✐t② ❢✉♥❝t✐♦♥ ❛♥❞ g : [a, b] → R ❛ ▲✐♣s❝❤✐t③
❢✉♥❝t✐♦♥✳ ❚❤❡♥✱ t❤❡ ❡st✐♠❛t♦r LSp ❝♦♥✈❡r❣❡s t♦✇❛r❞ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❝✉r✈❡ C(g)✳
❋✉rt❤❡r♠♦r❡✱

• ✐❢ g ✐s ♦❢ ❝❧❛ss C2

L(g)− LSp(g, h) = O(hH(h)) + O

(

1

H(h)

)

,

• ✐❢ g ✐s C2 ❛♥❞ ❝♦♥❝❛✈❡✱

L(g)− LSp(g, h) = O(h2H(h)2) + O

(

1

H(h)2

)

,

• ✐❢ g ✐s C2 ✇✐t❤ ❡✈❡r②✇❤❡r❡ str✐❝t❧② ♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡ ❛♥❞ h
1

2 = o(hH(h))✱

L(g)− LSp(g, h) = O(h2H(h)2) + O(h).

❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ✇✐t❤ s❡♠✐✲❧♦❝❛❧ ❛♥❞ s♣❛rs❡ ❡st✐♠❛t♦rs✱ t❤❡ ♣❛tt❡r♥ s✐③❡
✐s ❝♦♥st❛♥t ❢♦r ❛ ❣✐✈❡♥ r❡s♦❧✉t✐♦♥✳ ❚❤✐s ✐s ✐♠♣♦rt❛♥t ❢♦r ❛♥ ❛❧❣♦r✐t❤♠✐❝ ♣♦✐♥t
♦❢ ✈✐❡✇✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐t ❞♦❡s ♥♦t r❡❛❧❧② ♠❛tt❡r t♦ ♣r♦✈❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞
❊q✉❛t✐♦♥s ✭✷✮✱ ✭✸✮ ❝♦✉❧❞ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ ♠❡❛♥s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱
✐t ❤❛s ❜❡❡♥ ♣r♦✈❡❞ ✐♥ ❬✶✺❪✱ ✉♥❞❡r s♦♠❡ ❤②♣♦t❤❡s❡s✱ t❤❛t t❤❡ ❛✈❡r❛❣❡ s✐③❡ ♦❢ t❤❡
♠❛①✐♠❛❧ ❞✐❣✐t❛❧ str❛✐❣❤t s❡❣♠❡♥ts ♦❢ ❛ ❝♦♥t♦✉r ✈❡r✐❢② ❡qs✳ ✭✷✮ ❛♥❞ ✭✸✮✳ ❚❤✐s
❧❡❞ ✉s t♦ ❞❡✜♥❡ ❛ ♥❡✇ ❢❛♠✐❧② ♦❢ ❧❡♥❣t❤ ❡st✐♠❛t♦rs t❤❛t ✐s ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♥❡①t
s❡❝t✐♦♥✳

✻



✸ ◆♦♥✲❧♦❝❛❧ ❡st✐♠❛t♦rs

❲❡ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ ❝❧❛ss ♦❢ ❧❡♥❣t❤ ❡st✐♠❛t♦rs t❤❛t ❛✐♠s t♦ ❣❛t❤❡r s♣❛rs❡ ❡st✐✲
♠❛t♦rs ❛♥❞ ❛❞❛♣t✐✈❡ ❡st✐♠❛t♦rs✳ ❚♦ ❞♦ s♦✱ ✇❡ ♥❡❡❞ t♦ r❡❧❛① t❤❡ ❤②♣♦t❤❡s✐s ♦♥
t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❝♦❞❡s ωi ❜② ❛❧❧♦✇✐♥❣ ✈❛r✐❛❜❧❡ ❧❡♥❣t❤s✳ ❲❡ ♥❡❡❞ ❛❧s♦ t♦ ❛❧❧♦✇
✈❡r② ❧❛r❣❡ ♣❛tt❡r♥s ✇❤❡♥ t❤❡ ❝✉r✈❡ ✐s ❝❧♦s❡ t♦ str❛✐❣❤t s❡❣♠❡♥ts✳

✸✳✶ ❉❡✜♥✐t✐♦♥

❲❡ r❡❝❛❧❧ t❤❛t ❢♦r ❛♥② ♥♦♥✲③❡r♦ r❡❛❧ ♥✉♠❜❡r α✱ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ♠❡❛♥ ♦❢ ♣❛r❛♠✲
❡t❡r α✱ ♦r α✲♠❡❛♥✱ ♦❢ ❛ ✜♥✐t❡ s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs (xi)

n
i=0 ✐s ❞❡✜♥❡❞

❜②

Mα((xi)
n
i=0) =

(

1

n

n
∑

i=0

xi
α

)
1

α

.

❋✉rt❤❡r♠♦r❡✱ M+∞((xi)
n
i=0) = sup((xi)

n
i=0) ❛♥❞ M−∞((xi)

n
i=0) = inf((xi)

n
i=0)✳

❋♦r ❛♥② α, β ∈ R✱ ♦♥❡ ❤❛s✺

α < β =⇒ Mα((xi)
n
i=0) ≤ Mβ((xi)

n
i=0).

❲❤❡♥ σ ✐s ❛ ♣❛rt✐t✐♦♥ ♦❢ s♦♠❡ ✐♥t❡r✈❛❧ I✱ ✇❡ ✇r✐t❡ Mα(σ) ❢♦r t❤❡ α✲♠❡❛♥ ♦❢
t❤❡ σ s✉❜✐♥t❡r✈❛❧ ❧❡♥❣t❤ s❡q✉❡♥❝❡✳ ❲❡ ❛❧s♦ ✇r✐t❡ cv(σ) ❢♦r t❤❡ ❝♦❡✣❝✐❡♥t ♦❢
✈❛r✐❛t✐♦♥ ♦❢ t❤❡ σ s✉❜✐♥t❡r✈❛❧ ❧❡♥❣t❤ s❡q✉❡♥❝❡✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ❝♦❡✣❝✐❡♥t ♦❢
✈❛r✐❛t✐♦♥ ✐s t❤❡ r❛t✐♦ ♦❢ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ t♦ t❤❡ ❛r✐t❤♠❡t✐❝ ♠❡❛♥ ❛♥❞ t❤❛t
1 + cv(σ)

2
= M2(σ)

2/M1(σ)✳
❲❡ ❛r❡ ♥♦✇ ❛❜❧❡ t♦ ❣✐✈❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♥♦♥✲❧♦❝❛❧ ❡st✐♠❛t♦rs✳ ❆♥

■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ✐s ❣✐✈❡♥ ❋✐❣✉r❡ ✶✳

❉❡✜♥✐t✐♦♥ ✶ ✭P❛tt❡r♥ ❢✉♥❝t✐♦♥✮✳ ▲❡t I ❜❡ ❛ ❝❧♦s❡❞ r❡❛❧ ✐♥t❡r✈❛❧✳ ▲❡t α, β ∈ R✳

• ❆ ♣❛tt❡r♥ ❢✉♥❝t✐♦♥ ♦♥ I ✐s ❛ ❢✉♥❝t✐♦♥ t❤❛t ♠❛♣s ❛ r❡s♦❧✉t✐♦♥ r t♦ ❛ ♣❛rt✐t✐♦♥
♦❢ rI ∩ Z✳

• ❆♥ α✲♣❛tt❡r♥ ❢✉♥❝t✐♦♥ ✐s ❛ ♣❛tt❡r♥ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t

lim
r→+∞

Mα(A(r)) = +∞, ✭✹✮

• ❆♥ (α, β)✲♣❛tt❡r♥ ❢✉♥❝t✐♦♥ ✐s ❛♥ α✲♣❛tt❡r♥ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t

Mβ(A(r)) = o(r) ❛s r → 0. ✭✺✮

❉❡✜♥✐t✐♦♥ ✷ ✭◆♦♥✲❧♦❝❛❧ ❡st✐♠❛t♦r✮✳ ▲❡t g : I → R ❜❡ ❛ r❡❝t✐✜❛❜❧❡ ❢✉♥❝t✐♦♥ ❛♥❞
A ❜❡ ❛♥ α✲♣❛tt❡r♥ ❢✉♥❝t✐♦♥ ♦♥ I ✭α ∈ R✮✳ ❚❤❡ ♥♦♥✲❧♦❝❛❧ ❧❡♥❣t❤ ❡st✐♠❛t✐♦♥
✇✐t❤ ♣❛r❛♠❡t❡r A ♦❢ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❝✉r✈❡ C(g) ❛t t❤❡ r❡s♦❧✉t✐♦♥ r✱ ❞❡♥♦t❡❞
LNL(g,A, r)✱ ✐s ❣✐✈❡♥ ❜② t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ♣♦❧②❧✐♥❡ (P r

a )a∈A(r) ❞❡✜♥❡❞ ❜② P r
a =

(a, ⌊rg(a)⌋ /r)✳
✺
R = R ∪ {−∞,+∞}✳

✼



❋✐❣✉r❡ ✶✿ ◆♦♥✲❧♦❝❛❧ ❡st✐♠❛t✐♦♥ ❛t t✇♦ r❡s♦❧✉t✐♦♥s✳ ❚❤❡ r❡❞ ♣♦✐♥ts ❛r❡ t❤❡ ✈❡r✲
t✐❝❡s ♦❢ t❤❡ ♣♦❧②❧✐♥❡ ✇❤♦s❡ ❧❡♥❣t❤ ②✐❡❧❞s t❤❡ ♥♦♥ ❧♦❝❛❧ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❝♦♥t✐♥✲
✉♦✉s ❜❧❛❝❦ ❝✉r✈❡ ❧❡♥❣t❤ ❛t t❤❡ ❣✐✈❡♥ r❡s♦❧✉t✐♦♥s✳

❆ ♥♦♥✲❧♦❝❛❧ ♠✉❧t✐❣r✐❞ ❧❡♥❣t❤ ❡st✐♠❛t♦r ✐s ❛ ❢✉♥❝t✐♦♥ t❤❛t ♠❛♣s ❛ r❡❝t✐✜✲
❛❜❧❡ ❢✉♥❝t✐♦♥ g t♦❣❡t❤❡r ✇✐t❤ ❛ r❡s♦❧✉t✐♦♥ r t♦ ❛ ♥♦♥✲❧♦❝❛❧ ❧❡♥❣t❤ ❡st✐♠❛t✐♦♥
LNL(g,Ag, r) ✇❤❡r❡ Ag ✐s s♦♠❡ α✲♣❛tt❡r♥ ❢✉♥❝t✐♦♥✳ ■❢✱ ❜❡s✐❞❡s✱ Ag ✐s ❛♥ (α, β)✲
♣❛tt❡r♥ ❢✉♥❝t✐♦♥ ❢♦r ❛♥② g ✭β ∈ R✮✱ ✇❡ s❛② t❤❛t E ✐s ❛♥ ▼✲s♣❛rs❡ ♠✉❧t✐❣r✐❞
❧❡♥❣t❤ ❡st✐♠❛t♦r✳

■♥ ♦t❤❡r ✇♦r❞s✱ ❛t ❛ ❣✐✈❡♥ r❡s♦❧✉t✐♦♥ r✱ ❛ ♥♦♥✲❧♦❝❛❧ ❡st✐♠❛t♦r ✭◆▲❊✮ s♣❧✐ts
❛ ❞✐s❝r❡t❡ ❝✉r✈❡ ✐♥ ♣❛tt❡r♥s ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ ♣❛tt❡r♥ ❞✐s❝r❡t❡ s✐③❡s t❡♥❞
t♦ ✐♥✜♥✐t②✱ ✐♥ ♠❡❛♥✱ ❛s r t❡♥❞s t♦ ✐♥✜♥✐t②✳ ❆ ▼✲s♣❛rs❡ ❡st✐♠❛t♦r ✐s ❛ ♥♦♥✲❧♦❝❛❧
❡st✐♠❛t♦r ✇❤♦s❡ ♣❛tt❡r♥s ❤❛✈❡ ❛❜s♦❧✉t❡ s✐③❡ t❡♥❞✐♥❣ t♦ ✵✱ ✐♥ ♠❡❛♥✱ ❛s r t❡♥❞s
t♦ ✐♥✜♥✐t②✳

❍❡r❡ ✇❡ ❞❡t❛✐❧ t❤❡ ✐♥❝❧✉s✐♦♥ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ♥♦♥✲❧♦❝❛❧ ❡st✐♠❛t♦rs ❛♥❞
t❤❡ ❡st✐♠❛t♦rs ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳

▲♦❝❛❧ ❡st✐♠❛t♦rs ❚❤❡ ♣❛tt❡r♥s ❛ss♦❝✐❛t❡❞ t♦ ❛ ❧♦❝❛❧ ❡st✐♠❛t♦r ❤❛✈❡ ❛ ❝♦♥✲
st❛♥t s✐③❡ t❤❛t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ r❡s♦❧✉t✐♦♥✳ ❚❤❡r❡❜②✱ t❤❡ ❧♦❝❛❧ ❡st✐♠❛t♦rs
❛r❡ ♥♦t ♥♦♥✲❧♦❝❛❧ ❡st✐♠❛t♦rs ✭t❤✐s ❥✉st✐✜❡s t❤❡ ♥❛♠❡ ❣✐✈❡♥ t♦ t❤❡ ❝❧❛ss ♦❢ ❡st✐✲
♠❛t♦rs ✐♥tr♦❞✉❝❡❞ ✐♥ t❤✐s ♣❛♣❡r✮✳

❙❡♠✐✲❧♦❝❛❧ ❛♥❞ s♣❛rs❡ ❡st✐♠❛t♦rs ❚❤❡ s✉❜✐♥t❡r✈❛❧✲❧❡♥❣t❤ s❡q✉❡♥❝❡ ❢♦r s♣❛rs❡
❡st✐♠❛t♦rs ✐s (H(h), . . . , H(h), rem) ✇❤❡r❡ rem ≤ H(h)✱ H(h) t❡♥❞s t♦ ✐♥✜♥✐t②
❛♥❞ hH(h) t❡♥❞s t♦ 0 ❛s t❤❡ ❣r✐❞ s♣❛❝✐♥❣ h t❡♥❞s t♦ ✵ ✭✐✳❡✳✱ r → +∞✮✳ ❚❤✉s✱ ✐t
✐s ♣❧❛✐♥ t❤❛t t❤❡② ❛r❡ ▼✲s♣❛rs❡ ❧❡♥❣t❤ ❡st✐♠❛t♦rs✳ ❆s ❛ ♠❛tt❡r ♦❢ ❢❛❝t✱ ▼✲s♣❛rs❡
❡st✐♠❛t♦rs ❛r❡ ❞❡r✐✈❡❞ ❢r♦♠ s♣❛rs❡ ❡st✐♠❛t♦rs ❜② r❡♣❧❛❝✐♥❣ t❤❡ ✜①❡❞ s✐③❡ ♣❛t✲
t❡r♥s ❛♥❞ t❤❡✐r ❧✐♠✐t ♣r♦♣❡rt✐❡s ❜② ✈❛r✐❛❜❧❡ ♦♥❡s ✇✐t❤ ✐♥ ♠❡❛♥ ❧✐♠✐t ♣r♦♣❡rt✐❡s
✭t❤❡ ✬▼✬ ✐♥ ▼✲s♣❛rs❡ st❛♥❞s ❢♦r ♠❡❛♥✮✳

■♥ t❤❡ ❝❛s❡ ♦❢ s❡♠✐✲❧♦❝❛❧ ❡st✐♠❛t♦rs✱ ✐t ✐s ❛❧s♦ tr✉❡ t❤❛t t❤❡ ❞✐s❝r❡t❡ s✐③❡ ♦❢ ❡❛❝❤
♣❛tt❡r♥ t❡♥❞s t♦ ✐♥✜♥✐t② ❛♥❞ t❤❛t t❤❡✐r ❛❜s♦❧✉t❡ s✐③❡ t❡♥❞s t♦ ✵✳ ◆❡✈❡rt❤❡❧❡ss✱
t❤❡ s❡♠✐✲❧♦❝❛❧ ❧❡♥❣t❤ ❡st✐♠❛t♦rs ❛s ❞❡✜♥❡❞ ✐♥ ❬✸❪ ❞♦ ♥♦t ❡①❛❝t❧② ❝♦♠♣❧② t♦ t❤❡
r✉❧❡ ❣✐✈❡♥ ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❧❡♥❣t❤ ✐♥ ❉❡✜♥✐t✐♦♥ ✷ ❢♦r t✇♦ r❡❛s♦♥s✳

✽



❋✐rst❧②✱ t❤❡② ✇✐t❤❞r❛✇ t❤❡ ❧❛st ♣❛tt❡r♥ ✐❢ ✐t ❤❛s ♥♦t t❤❡ ❡①♣❡❝t❡❞ s✐③❡✱ H(h)✳
❙❡❝♦♥❞❧②✱ t❤❡ r❡s✉❧t ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ❜❛s❡❞ ♦♥ ❛ ♣♦❧②❧✐♥❡
❜❡❝❛✉s❡ ♦❢ t❤❡ ❧❡♥❣t❤ ❢✉♥❝t✐♦♥ p ✭❡✈❡♥ ✐❢ ✐t ✐s ❛s②♠♣t♦t✐❝❛❧❧② t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡
❤②♣♦t❤❡s✐s ♦❢ ❚❤❡♦r❡♠ ✶ ✐s s❛t✐s✜❡❞✮✳ ❚❤❡♥✱ str✐❝t❧② s♣❡❛❦✐♥❣✱ t❤❡ s❡♠✐✲❧♦❝❛❧
❡st✐♠❛t♦rs ❛r❡ ♥♦t ♥♦♥✲❧♦❝❛❧ ❡st✐♠❛t♦rs t❤♦✉❣❤ t❤❡② ❛r❡ ✈❡r② ❝❧♦s❡ t♦ t❤❡♠ ✭❛♥❞
t♦ ▼✲s♣❛rs❡ ❡st✐♠❛t♦rs✮ ✇❤❡♥ ❚❤❡♦r❡♠ ✶ ❛♣♣❧✐❡s✳

▼❉❙❙ ❜❛s❡❞ ❡st✐♠❛t♦rs ❚❤♦✉❣❤ ✐t ❤❛s ♥♦t ❜❡❡♥ ♣r♦✈❡❞ ✐♥ t❤❡ s❛♠❡ ❢r❛♠❡✲
✇♦r❦ ♥♦r ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✱ ✐t ✐s ❧✐❦❡❧② t❤❛t ▼❉❙❙ ❜❛s❡❞ ❧❡♥❣t❤ ❡st✐♠❛t♦rs ❛r❡
♥♦♥✲❧♦❝❛❧ ❡st✐♠❛t♦rs✱ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ❧❡♥❣t❤ ♦❢ ❛ ▼❉❙❙ ✐s ❡st✐✲
♠❛t❡❞ ✇✐t❤ ✐ts ❞✐❛♠❡t❡r ✭❛s ✐t ✐s t❤❡ ❝❛s❡ t❤❡ ❉●t❛❧ ❧✐❜r❛r② ❬✷✵❪✮✳ ■♥❞❡❡❞✱ ✐♥ ❬✶✺❪
✐t ✐s s❤♦✇♥ t❤❛t✱ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ●❛✉ss ❞✐❣✐t✐③❛t✐♦♥ ❛♥❞ ❢♦r ❝♦♥✈❡① s❤❛♣❡s
✇✐t❤ C3 ❜♦✉♥❞❛r✐❡s ❛♥❞ ❡✈❡r②✇❤❡r❡ str✐❝t❧② ♣♦s✐t✐✈❡ ❝✉r✈❛t✉r❡✱ t❤❡ ❛✈❡r❛❣❡ ❞✐s✲
❝r❡t❡ s✐③❡ ♦❢ ❛❧❧ ✹✲❝♦♥♥❡❝t❡❞ ♠❛①✐♠❛❧ s❡❣♠❡♥ts ❞❡✜♥❡❞ ♦♥ ❛ ❞✐s❝r❡t❡ ❜♦✉♥❞❛r②
✐s ❜❡t✇❡❡♥ ❛ Θ(r

1

3 ) ❛♥❞ ❛ Θ(r
1

3 ln(r))✳ ❖✉r ❡①♣❡r✐♠❡♥ts✱ ❡✈❡♥ ✇✐t❤ t❤❡ ❞❛♠♣❡❞
s✐♥✉s♦✐❞s s1✱ s2 ❛♥❞ t❤❡ ❢r❛❝t❛❧ ❢✉♥❝t✐♦♥ f ✭s❡❡ ❙❡❝t✐♦♥ ✹✮✱ s✉❣❣❡sts t❤❛t t❤✐s
❜♦✉♥❞ ❝♦✉❧❞ ❜❡ ✈❛❧✐❞ ❢♦r ❛♥ ▼❉❙❙ s❡❣♠❡♥t❛t✐♦♥ ♦❢ ❛ ❞✐s❝r❡t❡ ❢✉♥❝t✐♦♥ ❣r❛♣❤✳
❚❤✐s ❤②♣♦t❤❡s✐s ♠✉st ♥♦✇ ❜❡ t❤❡♦r❡t✐❝❛❧❧② ❝♦♥✜r♠❡❞✳ ❖♥ t❤❡ ♦t❤❡r s✐❞❡✱ ✐t ✐s
♣❧❛✐♥ t❤❛t ❛ ▼❉❙❙ ❜❛s❡❞ ❡st✐♠❛t♦r ✐s ♥♦t ❛ ▼✲s♣❛rs❡ ❡st✐♠❛t♦r✳ ❋♦r ✐♥st❛♥❝❡✱
✇✐t❤ ❛♥ ❛✣♥❡ ❢✉♥❝t✐♦♥ ✐t ✉s❡ ❛ s✐♥❣❧❡ ♣❛tt❡r♥ ❛t ❛♥② r❡s♦❧✉t✐♦♥✳

✸✳✷ ❈♦♥✈❡r❣❡♥❝❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❣✐✈❡ s♦♠❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ t❤❡ ♥♦♥✲❧♦❝❛❧
❧❡♥❣t❤ ❡st✐♠❛t♦rs ❛r❡ ❝♦♥✈❡r❣❡♥t ❢♦r ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥s✳ ▼♦r❡♦✈❡r✱ ❚❤❡♦r❡♠ ✸
❣✐✈❡s ❛ ❜♦✉♥❞ ♦♥ t❤❡ ❡rr♦r ❛t r❡s♦❧✉t✐♦♥ r ❢♦r ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥s ✇❤♦s❡ ❞❡r✐✈❛t✐✈❡
✐s k✲▲✐♣s❝❤✐t③ ♦♥ ❛♥② ✐♥t❡r✈❛❧ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡✐r ❞♦♠❛✐♥ ✭k > 0✮✳

◆♦t❛t✐♦♥s ■♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ❛rt✐❝❧❡✱ ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s✳
I = [a, b] ✐s ❛♥ ✐♥t❡r✈❛❧ ♦❢ R ✇✐t❤ ❛ ♥♦♥✲❡♠♣t② ✐♥t❡r✐♦r ❛♥❞✱ ❢♦r ❛♥② r > 0✱ Ar✱
r❡s♣✳ Br✱ ✐s t❤❡ s♠❛❧❧❡st✱ r❡s♣✳ ❧❛r❣❡st✱ ✐♥t❡❣❡r ✐♥ rI✳
g : I → R ✐s ❛ ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥ ✇❤♦s❡ ❞❡r✐✈❛t✐✈❡ ✐s ❞❡♥♦t❡❞ g′ ✭❢r♦♠ ❘❛❞❡✲
♠❛❝❤❡r✬s t❤❡♦r❡♠✱ g ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❛❧♠♦st ❡✈❡r②✇❤❡r❡✮✳
❚❤❡ ❢✉♥❝t✐♦♥s ga✱ gr✱ gb ❛r❡ r❡s♣✳ t❤❡ r❡str✐❝t✐♦♥s ♦❢ t❤❡ ❢✉♥❝t✐♦♥ g t♦ t❤❡ ✐♥t❡r✲
✈❛❧s [a,Arh]✱ [Arh,Brh]✱ [Brh, b] ✇❤❡r❡ h ✐s t❤❡ ❣r✐❞ s♣❛❝✐♥❣ ✭h = 1

r ✮✳

❲❡ ❛❧s♦ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ ϕ : R → R ❜② ϕ(x) =
√
1 + x2✳ ❚❤✉s✱ ♦♥❡ ❤❛s

L(g) =
∫

[a,b]
ϕ ◦ g′✳

❋♦r ❛♥② ♣❛tt❡r♥ ❢✉♥❝t✐♦♥ A ♦♥ I ❛♥❞ ❛♥② r > 0✱ ✇❡ ✇r✐t❡ Mα✱ r❡s♣✳ cv✱ ✐♥st❡❛❞
♦❢ Mα(A(r))✱ r❡s♣✳ cv(A(r))✱ ✇❤❡♥ t❤❡r❡ ✐s ♥♦ ❛♠❜✐❣✉✐t②✱ t❤❡ ♥✉♠❜❡r ♦❢ s✉❜✐♥✲
t❡r✈❛❧s ✐♥ t❤❡ ♣❛rt✐t✐♦♥ A(r) ✐s ❞❡♥♦t❡❞ Nr

A ❛♥❞ ✇❡ ❞❡✜♥❡ t✇♦ ♣✐❡❝❡✇✐s❡ ❛✣♥❡
❢✉♥❝t✐♦♥s✱ grA ❛♥❞ ⌊grA⌋✱ ✇❤♦s❡ ❣r❛♣❤s ❛r❡ r❡s♣❡❝t✐✈❡❧②

✲ t❤❡ ♣♦❧②❧✐♥❡ ❧✐♥❦✐♥❣ t❤❡ ♣♦✐♥ts
(

aih, g(aih)
)Nr

A

i=0

✲ t❤❡ ♣♦❧②❧✐♥❡ ❧✐♥❦✐♥❣ t❤❡ ♣♦✐♥ts
(

aih,
⌊

g(aih)
h

⌋

h
)Nr

A

i=0

✾



❋✐❣✉r❡ ✷✿ ❚❤❡ t✇♦ ♠❛✐♥ ♣❛rts ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ❡rr♦r✿ t❤❡ ❝✉r✈❡ g ✭✐♥ ❣r❡❡♥✱
s♦❧✐❞✮ t♦ ✐ts ❝❤♦r❞ grA ✭✐♥ ♠❛❣❡♥t❛✱ ❞♦tt❡❞✲❞❛s❤❡❞✮ t❤❡♥ t❤❡ ❝✉r✈❡ ❝❤♦r❞ t♦ t❤❡
❝❤♦r❞ ⌊grA⌋ ✭✐♥ ❜❧✉❡✱ ❞❛s❤❡❞✮ ♦❢ t❤❡ ❞✐❣✐t✐③❡❞ ❝✉r✈❡ D❖(g, h) ✭❜❧❛❝❦ ♣♦✐♥ts✮✳

✇❤❡r❡ (ai)
Nr

A

i=0 = A(r)✳
❋✐❣✉r❡ ✷ s❤♦✇s t❤❡ t❤r❡❡ ❢✉♥❝t✐♦♥s g✱ grA✱ ⌊grA⌋ ♦♥ ❛ s✉❜✐♥t❡r✈❛❧ ♦❢ A✳

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸ ❝❛♥ ❜❡ s♣❧✐t ✐♥ t❤r❡❡ ♣❛rts✳ Pr♦♣♦s✐t✐♦♥ ✶ ❣✐✈❡s
❛ ❜♦✉♥❞ ♦♥ t❤❡ ❡rr♦r ❞✉❡ t♦ t❤❡ ✐❣♥♦r❛♥❝❡ ♦❢ t❤❡ ❡①❛❝t ❛❜s❝✐ss❛s ♦❢ t❤❡ ❝✉r✈❡
❡①tr❡♠✐t✐❡s✳ Pr♦♣♦s✐t✐♦♥ ✷ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✸ ❡✈❛❧✉❛t❡ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥
t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❝✉r✈❡s C(gr) ❛♥❞ C(grA) ❢♦r ❛ ❣✐✈❡♥ ♣❛tt❡r♥ ❢✉♥❝t✐♦♥ A ✉♥❞❡r
❞✐✛❡r❡♥t ❛ss✉♠♣t✐♦♥s✳ ●✐✈❡♥ t✇♦ ♣❛tt❡r♥ ❢✉♥❝t✐♦♥s A ❛♥❞ B✱ Pr♦♣♦s✐t✐♦♥ ✹
❡✈❛❧✉❛t❡s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❝✉r✈❡s C(grA) ❛♥❞ C(⌊grB⌋)✳
❚❤❡ r❡❛s♦♥ t♦ ✉s❡ t✇♦ ❞✐st✐♥❝t α✲♣❛tt❡r♥ ❢✉♥❝t✐♦♥s A ❛♥❞ B ❝♦♠❡s ❢r♦♠ t❤❡
♥❡❡❞ t♦ ❞❡❛❧ ✇✐t❤ ♥♦♥✲❧♦❝❛❧ ❡st✐♠❛t♦rs ❛s ▼❉❙❙ t❤❛t ♣r♦❞✉❝❡ ♣❛tt❡r♥s ✇❤♦s❡
❛❜s♦❧✉t❡ s✐③❡ ❞♦❡s ♥♦t t❡♥❞s t♦ ③❡r♦ ✉♥❧✐❦❡ ▼✲s♣❛rs❡ ❡st✐♠❛t♦r ♣❛tt❡r♥s✳

❋r♦♠ t❤❡ ▲✐♣s❝❤✐t③ ❤②♣♦t❤❡s✐s ♦♥ g✱ ✇❡ ❞❡r✐✈❡ ✐♠♠❡❞✐❛t❡❧② ❛ ❜♦✉♥❞ ♦♥ t❤❡
❡rr♦rs ❞✉❡ t♦ t❤❡ ❧♦ss ♦❢ t❤❡ tr✉❡ ❧❡❢t ❛♥❞ r✐❣❤t ❡①tr❡♠✐t✐❡s ♦❢ t❤❡ ❝✉r✈❡ C(g)✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ❋♦r ❛♥② k✲▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥ g✱ ✇❡ ❤❛✈❡

L(ga) + L(gb) ≤ 2ϕ(k)h.

Pr♦♦❢✳ ❙✐♥❝❡ g ✐s k✲▲✐♣s❝❤✐t③✱ t❤❡ s❧♦♣❡ ♦❢ ❛♥② ❝❤♦r❞ ♦❢ C(g) ✐s ❧❡ss t❤❛♥ k ✐♥
♠♦❞✉❧✉s✳ ■t ❢♦❧❧♦✇s t❤❛t t❤❡ ❧❡♥❣t❤ ♦❢ ❛♥② ♣♦❧②❧✐♥❡ ✜tt✐♥❣ C(g) ♦♥ ❛ s✉❜✐♥t❡r✈❛❧
[c, d] ♦❢ [a, b] ✐s ❜♦✉♥❞❡❞ ❜② ϕ(k)(d− c)✳ ❚❤❡♥✱ ❛❝❝♦r❞✐♥❣ t♦ ❏♦r❞❛♥✬s ❞❡✜♥✐t✐♦♥
♦❢ ❛r❝ ❧❡♥❣t❤✱ ✇❡ ❣❡t

L
(

g|[c,d]
)

≤ ϕ(k)(d− c) ✭✻✮

✇❤❡r❡ g|[c,d] ❞❡♥♦t❡s t❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ g t♦ t❤❡ ✐♥t❡r✈❛❧ [c, d]✳ ■♥

♣❛rt✐❝✉❧❛r✱ L(ga) ≤ ϕ(k)(Arh − a) ≤ ϕ(k)h ❛♥❞ L(gb) ≤ ϕ(k)(b − Brh) ≤
ϕ(k)h✳

❲❡ ♥♦✇ ❧♦♦❦ ❛t t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❧❡♥❣t❤ ♦❢ C(gr) ❛♥❞ t❤❡ ❧❡♥❣t❤ ♦❢
t❤❡ ♣♦❧②❧✐♥❡ C(grA)✳

✶✵



Pr♦♣♦s✐t✐♦♥ ✷✳ ❋♦r ❛♥② ♣❛tt❡r♥ ❢✉♥❝t✐♦♥ A s✉❝❤ t❤❛t M+∞(A(r)) = o(r) ❛s
r → +∞ ❛♥❞ ❛♥② ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥ g✱ ✇❡ ❤❛✈❡

lim
r→+∞

L(grA)− L(gr) = 0.

Pr♦♦❢✳ ❋♦r ❛♥② ❢✉♥❝t✐♦♥ f ❞❡✜♥❡❞ ♦♥ ❛♥ ✐♥t❡r✈❛❧ J ❛♥❞ ❛♥② ♣❛rt✐t✐♦♥ σ ♦❢ J ✱ ✇❡
♥♦t❡ Lσ(f) t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ♣♦❧②❧✐♥❡ ✐♥t❡r♣♦❧❛t✐♥❣ f r❡❧❛t❡❞ t♦ t❤❡ ♣❛rt✐t✐♦♥
σ✳ ❘❡♠❡♠❜❡r t❤❛t✱ ❢r♦♠ t❤❡ ❏♦r❞❛♥✬s ❞❡✜♥✐t✐♦♥ ♦❢ ❛r❝ ❧❡♥❣t❤ ❛♥❞ t❤❡ tr✐❛♥❣❧❡
✐♥❡q✉❛❧✐t②✱ ✐❢ σ ❛♥❞ σ′ ❛r❡ t✇♦ ♣❛rt✐t✐♦♥s ♦❢ t❤❡ ✐♥t❡r✈❛❧ J ❛♥❞ f ✐s ❛ ❢✉♥❝t✐♦♥
❞❡✜♥❡❞ ♦♥ J ✱ t❤❡♥

σ ⊆ σ′ =⇒ Lσ(f) ≤ Lσ′(f) ≤ L(f).

▲❡t k > 0 ❜❡ ❛ ▲✐♣s❝❤✐t③ ❝♦♥st❛♥t ❢♦r g ♦♥ I✳ ▲❡t ε > 0 ❛♥❞ σ ❛ ♣❛rt✐t✐♦♥ ♦❢
I s✉❝❤ t❤❛t L(g)− Lσ(g) < ε/2✳ ❲❡ ❞❡♥♦t❡ ❜② n t❤❡ ♥✉♠❜❡r ♦❢ s✉❜✐♥t❡r✈❛❧s ♦❢
t❤❡ ♣❛rt✐t✐♦♥ σ✳ ❙✐♥❝❡ M+∞ = o(r) ❛s r → +∞✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ r❡❛❧ r0
s✉❝❤ t❤❛t

∀r > r0,
M+∞

r
<

ε

2(n− 1)(ϕ(k)− 1)
.

▲❡t r > r0 ❛♥❞ h = 1
r ✳ ❲❡ s❡t σ0 = (σ ∪ {Arh,Brh}) ∩ [Arh,Brh]✳ ■t ❝❛♥

❡❛s✐❧② ❜❡ s❡❡♥ t❤❛t

L(gr)− Lσ0
(gr) < L(g)− Lσ(g) < ε/2.

❲❡ s❡t σ0,r = σ0 ∪ A(r)✳ ❋✐rst❧②✱ ✇❡ ♦❜s❡r✈❡ t❤❛t

L(gr)− Lσ0,r
(gr) ≤ L(gr)− Lσ0

(gr) ≤ ε

2

❢♦r t❤❡ ♣❛rt✐t✐♦♥ σ0,r ✐s ✜♥❡r t❤❛♥ t❤❡ ♣❛rt✐t✐♦♥ σ0✳

❚❤❡♥ ✇❡ ❣✐✈❡ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ❢♦r Lσ0,r
(gr) − L(grA)✳ ▲❡t A(r) = (ari )

Nr
A

i=0✳

❋♦r ❛♥② i ∈ [1, Nr
A] ∩ Z✱ ❧❡t Rj

i ✱ 0 ≤ j ≤ ni ❜❡ t❤❡ ♣♦✐♥ts ♦❢ C(g) ✇✐t❤ ❛❜s❝✐ss❛s
✐♥ σ0,r ∩ [ari−1, a

r
i ] ✭t❤❡r❡❜②✱ t❤❡ ❛❜s❝✐ss❛ ♦❢ R0

i ✐s ari−1 ❛♥❞ t❤❡ ❛❜s❝✐ss❛ ♦❢ Rni

i ✐s
ari ✮✳ ❖❜s❡r✈❡ t❤❛t ni 6= 1 ❢♦r ❛t ♠♦st (n− 1) ✈❛❧✉❡s ♦❢ i ✭t❤❡r❡ ✐s ❛t ♠♦st n− 1
♣♦✐♥ts ✐♥ σ0 t❤❛t ❛r❡ ♥♦t ✐♥ A(r)✮✳

Lσ0,r
(gr)− L(grA) =

Nr
A
∑

i=1









ni
∑

j=1

d(Rj−1
i , Rj

i )



− d(R0
i , R

ni

i )





≤
∑

ni 6=1

(ϕ(k)− 1)h(ari − ari−1) ✭❢♦r g ✐s k✲▲✐♣s❝❤✐t③✮

≤ (n− 1)(ϕ(k)− 1)hM+∞

≤ ε

2
.

❚❤❡♥✱

L(gr)− L(grA) ≤ (L(gr)− Lσ0,r
(gr)) + (Lσ0,r

(gr)− L(grA))

≤ ε

2
+

ε

2
≤ ε.

✶✶



❲❡ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ str❛✐❣❤t❢♦r✇❛r❞❧②✳

❲❤❡♥ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ g ✐s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s✱ t❤❡ ♥❡①t ❧❡♠♠❛ ❣✐✈❡s ✉s ❛
❜♦✉♥❞ ♦♥ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❝✉r✈❡ C(gr) ❛♥❞ t❤❡ ❧❡♥❣t❤
♦❢ t❤❡ ♣♦❧②❧✐♥❡ C(grA)✳

Pr♦♣♦s✐t✐♦♥ ✸✳ ■❢ g ✐s k1✲▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❛♥❞ g′ ✐s k2✲▲✐♣s❝❤✐t③ ♦♥ ❡❛❝❤
✐♥t❡r✈❛❧ ✐♥❝❧✉❞❡❞ ✐♥ ✐ts ❞♦♠❛✐♥✱ ✇❡ ❤❛✈❡ ❢♦r ❛♥② ♣❛tt❡r♥ ❢✉♥❝t✐♦♥ A ❛♥❞ ❛♥②
r❡s♦❧✉t✐♦♥ r > 0

L(gr)−L(grA) ≤
k2(b− a)

2
hM1

(

A(r)
)

(

1 + cv
(

A(r)
)2
)

+(ϕ(k1)−1)Hδ(g) ✭✼✮

✇✐t❤ δ = hM+∞

(

A(r)
)

❛♥❞ Hδ(g) = max
∑

i wi ✇❤❡r❡ t❤❡ ♠❛①✐♠✉♠ ✐s ♦✈❡r ❛❧❧
♠✐♥✐♠❛❧ ❝♦✈❡r✐♥❣s✻ ♦❢ t❤❡ s❡t ♦❢ ♣♦✐♥ts ✐♥ [a, b] ❛t ✇❤✐❝❤ g ✐s ♥♦t ❞✐✛❡r❡♥t✐❛❜❧❡ ❜②
❝❧♦s❡❞ s✉❜✐♥t❡r✈❛❧s ♦❢ [a, b] ✇✐t❤ ❞✐❛♠❡t❡rs wi ≤ δ ❛♥❞ ♣❛✐r✇✐s❡ ❞✐s❥♦✐♥t ✐♥t❡r✐♦rs✳

Pr♦♦❢✳ ▲❡t A(r) = (ari )
Nr

A

i=0✳ ▲❡t D ⊂ [1, Nr
A] ∩ Z ❜❡ t❤❡ s❡t ♦❢ s✉❜s❝r✐♣ts i s✉❝❤

t❤❛t g ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ♦♥ (ari−1h, a
r
ih)✳ ◆♦t❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ ϕ ✐s ✶✲▲✐♣s❝❤✐t③

❛♥❞ t❤❡r❡❜② ϕ ◦ g′ ✐s k2✲▲✐♣s❝❤✐t③✳
❋r♦♠ t❤❡ ♠❡❛♥ ✈❛❧✉❡ t❤❡♦r❡♠✱ ♦♥ ❡❛❝❤ ✐♥t❡r✈❛❧ (ari−1h, a

r
ih)✱ i ∈ D✱ t❤❡r❡ ❡①✐sts

❛ r❡❛❧ tri s✉❝❤ t❤❛t
g(arih)− g(ari−1h)

(ari − ari−1)h
= g′(tri ).

❚❤✉s✱ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ r❡str✐❝t✐♦♥ ♦❢ C(grA) t♦ t❤❡ ✐♥t❡r✈❛❧ [ari−1h, a
r
ih] ✐s

√

(g(arih)− g(ari−1h))
2 + h2(ari − ari−1)

2 = h(ari − ari−1)ϕ
(

g′(tri )
)

✐❢ i ∈ D ❛♥❞
√

(g(arih)− g(ari−1h))
2 + h2(ari − ari−1)

2 ≥ h(ari − ari−1) ✐❢ i /∈ D✳

▼♦r❡♦✈❡r✱ ❢♦r ❛♥② i /∈ D✱ s✐♥❝❡ g ✐s k1✲▲✐♣s❝❤✐t③✱ ♦♥❡ ❤❛s ❜② ❊q✉❛t✐♦♥ ✭✻✮

L
(

g|[ar
i−1

h,ar
i
h]

)

≤ ϕ(k1)h(a
r
i − ari−1)

✻❆ ❝♦✈❡r✐♥❣ ❜② ❛ ❢❛♠✐❧② E ♦❢ s❡ts ✐s ♠✐♥✐♠❛❧ ✐❢ ♥♦ s✉❜❢❛♠✐❧② ♦❢ E ✐s ✐ts❡❧❢ ❛ ❝♦✈❡r✐♥❣✳

✶✷



❚❤❡♥✱

L(gr)− L(grA) ≤
∑

i∈D

∫ ar
ih

ar
i−1

h

ϕ ◦ g′(t)− ϕ ◦ g′(tri ) dt +

(ϕ(k1)− 1)
∑

i/∈D

h(ari − ari−1)

≤
∑

i∈D

∫ ar
ih

ar
i−1

h

k2 |t− tri | dt+ (ϕ(k1)− 1)Hδ(g)

≤
Nr

A
∑

i=1

k2h
2 (a

r
i − ari−1)

2

2
+ (ϕ(k1)− 1)Hδ(g)

≤ 1

2
k2h

2Nr
AM2

2 + (ϕ(k1)− 1)Hδ(g)

≤ 1

2
k2h(b− a)

M1
2 + V

M1
+ (ϕ(k1)− 1)Hδ(g)

✇❤❡r❡ V ✐s t❤❡ ✈❛r✐❛♥❝❡ ♦❢ A(r)

≤ 1

2
k2(b− a)hM1

(

1 + cv
2
)

+ (ϕ(k1)− 1)Hδ(g)

✇❤❡r❡ t❤❡ ♣❡♥✉❧t✐♠❛t❡ ✐♥❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ t❤❡ ✇❡❧❧ ❦♥♦✇♥ ❢♦r♠✉❧❛
V = M2

2 −M1
2 ❛♥❞ ❢r♦♠ t❤❡ r❡❧❛t✐♦♥

M1 =
1

Nr
A

Nr
A
∑

i=1

(ai − ai−1) =
1

Nr
A

(arNr
A
− ar0) ≤

1

hNr
A

(b− a).

■♥ t❤❡ ❛❜♦✈❡ ♣r♦♣♦s✐t✐♦♥✱ ♦❜✈✐♦✉s❧②✱ t❤❡ s❡❝♦♥❞ t❡r♠ ♦❢ t❤❡ s✉♠ ✐♥ t❤❡ r✐❣❤t
❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ✐♥❡q✉❛❧✐t② ✈❛♥✐s❤❡s ✐❢ g ✐s ❞✐✛❡r❡♥t✐❛❜❧❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ g ✐s
C2 ♦♥ I✱ t❤❡♥ g ❛♥❞ g′ ❛r❡ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ♦♥ I ❛♥❞ Hδ(g) = 0✳ ❚❤❡♥✱ t❤❡
❞✐✛❡r❡♥❝❡ L(gr)− L(grA) ✐s ❛ O

(

hM1(1 + cv
2)
)

✳
❲❤❡♥ g ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❡✈❡r②✇❤❡r❡ ❜✉t ♦♥ ✜♥✐t❡❧② ♠❛♥② ♣♦✐♥ts✱ Hδ(g) ✐s

❡q✉❛❧ t♦ nδ ✭❢♦r s♠❛❧❧ ❡♥♦✉❣❤ δ✮ ✇❤❡r❡ n ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✇❤❡r❡ g ✐s ♥♦t
❞✐✛❡r❡♥t✐❛❜❧❡✳ ❚❤✉s t❤❡ ❞✐✛❡r❡♥❝❡ L(gr) − L(grA) ✐s ❛ O

(

hM+∞

)

✳ ■♥❞❡❡❞✱ ❢♦r
❛♥② s❡q✉❡♥❝❡ ♦❢ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs (xi)✱

M1(1 + cv
2) =

M2
2

M1
=

∑

xi
2

∑

xi
≤
∑

xiM+∞
∑

xi
≤ M+∞

■♥ ❆✱ ✇❡ ❞❡t❛✐❧ t❤❡ ❝❛❧❝✉❧✉s ♦❢ Hδ(g) ❢♦r ❛ ❢r❛❝t❛❧ ❢✉♥❝t✐♦♥ ✇✐t❤ ✐♥✜♥✐t❡❧②
♠❛♥② ♣♦✐♥ts ✇❤❡r❡ g ✐s ♥♦t ❞✐✛❡r❡♥t✐❛❜❧❡ ✭✐♥✜♥✐t❡❧② ♠❛♥② ✐s♦❧❛t❡❞ ♣♦✐♥ts ❛♥❞
✐♥✜♥✐t❡❧② ♠❛♥② ❧✐♠✐t ♣♦✐♥ts✮✳

●✐✈❡♥ ❛ ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥ g ♦♥ ❛♥ ✐♥t❡r✈❛❧ I ❛♥❞ A,B t✇♦ ♣❛tt❡r♥ ❢✉♥❝t✐♦♥s
♦♥ I✱ ✇❡ ♥♦✇ ❧♦♦❦ ❛t t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ L(grA) ❛♥❞ L(⌊grB⌋) t❤❛t ✐s ❜❡t✇❡❡♥
t❤❡ ❧❡♥❣t❤ ♦❢ t✇♦ ♣✐❡❝❡✇✐s❡ ❛✣♥❡ ❢✉♥❝t✐♦♥s✳

✶✸



Pr♦♣♦s✐t✐♦♥ ✹✳ ▲❡t f1 ❛♥❞ f2 ❜❡ t✇♦ ♣✐❡❝❡✇✐s❡ ❛✣♥❡ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ♦♥
[c, d] ⊂ R ✭d > c✮ ✇✐t❤ ❛ ❝♦♠♠♦♥ ♣❛rt✐t✐♦♥ ❤❛✈✐♥❣ p st❡♣s✳ ❙✉♣♣♦s❡ t❤❛t e1 ≤
f1 − f2 ≤ e2 ❢♦r s♦♠❡ r❡❛❧s e1, e2✳ ❚❤❡♥

|L(f1)− L(f2)| ≤ ϕ′(k) p (e2 − e1)

✇❤❡r❡ k ✐s t❤❡ ❛r✐t❤♠❡t✐❝ ♠❡❛♥ ♦❢ t❤❡ s❡t {max(|s1,i| , |s2,i|)}pi=1✱ t❤❡ r❡❛❧s s1,i✱
s2,i✱ 1 ≤ i ≤ p✱ ❜❡✐♥❣ t❤❡ s❧♦♣❡s ♦❢ f1 ❛♥❞ f2 ♦♥ ❡❛❝❤ s✉❜✐♥t❡r✈❛❧ ♦❢ t❤❡ ❝♦♠♠♦♥
♣❛rt✐t✐♦♥✳

Pr♦♦❢✳ ▲❡t σ = (xi)
p
i=0 ❜❡ ❛ ❝♦♠♠♦♥ ♣❛rt✐t✐♦♥ ❢♦r f1 ❛♥❞ f2✳ ❲❡ ✇r✐t❡ mi

❢♦r xi − xi−1 ❛♥❞ s1,i✱ r❡s♣✳ s2,i✱ ❢♦r t❤❡ s❧♦♣❡ ♦❢ f1✱ r❡s♣✳ f2✱ ♦♥ t❤❡ ✐♥t❡r✈❛❧
[xi−1, xi]✳

❚❤❡♥

L(f1)− L(f2) =

p
∑

i=1

(ϕ(s1,i)− ϕ(s2,i))mi.

❋r♦♠ t❤❡ ♠❡❛♥ ✈❛❧✉❡ t❤❡♦r❡♠✱ ✇❡ ❞❡r✐✈❡ t❤❛t

L(f1)− L(f2) =

p
∑

i=1

ϕ′(s0,i)mi(s1,i − s2,i).

✇❤❡r❡✱ ❢♦r ❛♥② i✱ s0,i ❧✐❡s ❜❡t✇❡❡♥ s1,i ❛♥❞ s2,i✳
◆♦t❡ t❤❛t✱ ❢♦r ❛♥② i ≤ p✱

mi(s1,i − s2,i) = f1(xi)− f2(xi)− (f1(xi−1)− f2(xi−1)).

❚❤✉s✱ ❛s✱ ❜② ❤②♣♦t❤❡s✐s✱ e1 ≤ f1 − f2 ≤ e2✱ ✇❡ ❣❡t

−(e2 − e1) ≤ mi(s1,i − s2,i) ≤ e2 − e1.

❚❤❡r❡❢♦r❡✱

|L(f1)− L(f2)| ≤
p
∑

i=1

|ϕ′(s0,i)| |mi(s1,i − s2,i)|

≤ p(e2 − e1)M1

(

(ϕ′(|s0,i|))pi=1

)

≤ p(e2 − e1)ϕ
′(M1

(

|s0,i|
)p

i=1
)

≤ p(e2 − e1)ϕ
′(k)

✇❤❡r❡ t❤❡ ♣❡♥✉❧t✐♠❛t❡ ✐♥❡q✉❛❧✐t② ✐s ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❝♦♥❝❛✈✐t② ♦❢ t❤❡ ❢✉♥❝t✐♦♥
ϕ′ ♦♥ [0,+∞)✳

❚❤❛♥❦s t♦ t❤❡ ❢♦✉r ♣r❡✈✐♦✉s ♣r♦♣♦s✐t✐♦♥s✱ ✇❡ ❝❛♥ st❛t❡ ♦✉r t❤❡♦r❡♠ ♦♥ t❤❡
❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♥♦♥✲❧♦❝❛❧ ❧❡♥❣t❤ ❡st✐♠❛t♦rs✳ ❋✐❣✉r❡ ✸ ✐❧❧✉str❛t❡s t❤❡ t❤❡♦r❡♠
❤②♣♦t❤❡s❡s✳

✶✹



❚❤❡♦r❡♠ ✸✳ ▲❡t g : [a, b] → R ❜❡ ❛ k1✲▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥ ❛♥❞ A ❜❡ ❛ 1✲♣❛tt❡r♥
❢✉♥❝t✐♦♥✳
■❢ t❤❡r❡ ❡①✐st ❛ (1, β)✲♣❛tt❡r♥ ❢✉♥❝t✐♦♥ B✱ β ∈ [1,+∞]✱ ❛♥❞ ❛ r❡❛❧ ω s✉❝❤ t❤❛t
❢♦r ❛♥② r❡s♦❧✉t✐♦♥ r✱

r‖⌊grA⌋ − ⌊grB⌋‖+∞ ≤ ω ✭✽✮

t❤❡♥

✲ ✐❢ β = +∞✱ t❤❡ ♥♦♥✲❧♦❝❛❧ ❡st✐♠❛t✐♦♥ LNL(g,A, r) ❝♦♥✈❡r❣❡s t♦✇❛r❞ t❤❡
❧❡♥❣t❤ ♦❢ t❤❡ ❝✉r✈❡ C(g) ❛s r t❡♥❞s t♦ +∞❀

✲ ✐❢ g′ ✐s k2✲▲✐♣s❝❤✐t③ ♦♥ ❡❛❝❤ ✐♥t❡r✈❛❧ ✐♥❝❧✉❞❡❞ ✐♥ ✐ts ❞♦♠❛✐♥✱ ✇❡ ❤❛✈❡

L(g)− LNL(g,A, r) ≤
Sh (side error)

+ T hM1(1 + cv
2) + UHδ(g) (discretization error)

+ V
(

1
M1

+ 1
M ′

1

)

(quantification error)

✭✾✮

✇❤❡r❡

S = 2ϕ(k1),

T =
k2(b− a)

2
, M1 = M1

(

B(r)
)

, cv = cv
(

B(r)
)

,

U = ϕ(k1)− 1✱ δ = hM+∞

(

B(r)
)

❛♥❞ Hδ(g) = max
∑

i

wi ✇❤❡r❡

t❤❡ ♠❛①✐♠✉♠ ✐s ♦✈❡r ❛❧❧ ♠✐♥✐♠❛❧ ❝♦✈❡r✐♥❣s ♦❢ t❤❡ s❡t ♦❢ ♣♦✐♥ts ✐♥

[a, b] ❛t ✇❤✐❝❤ g ✐s ♥♦t ❞✐✛❡r❡♥t✐❛❜❧❡✱ ❜② ❝❧♦s❡❞ ✐♥t❡r✈❛❧s ✇✐t❤

❞✐❛♠❡t❡rs wi ≤ δ ❛♥❞ ♣❛✐r✇✐s❡ ❞✐s❥♦✐♥t ✐♥t❡r✐♦rs✱

V = (1 + 2ω)ϕ′
(

k1 +
1

M−1

(

A(r)
)

)

(b− a) ❛♥❞ M ′
1 = M1

(

A(r)
)

.

❋✉rt❤❡r♠♦r❡✱ ✐❢ B(r) ⊆ A(r)✱ t❤❡ t❡r♠ 1
M1

+ 1
M1

′ ✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢

❊q✉❛t✐♦♥ ✾ ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜② 1
M1

✳

Pr♦♦❢✳ ❲❡ ✇r✐t❡ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ L(g) ❛♥❞ L(⌊grA⌋) ❛s t❤❡ s✉♠ ♦❢ t❤r❡❡
t❡r♠s✳

L(g)−L(⌊grA⌋) =
(

L(ga) + L(gb)
)

+(L(gr)− L(grB))+(L(grB)− L(⌊grA⌋)) ✭✶✵✮

❊❛❝❤ t❡r♠ ♦❢ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✶✵✮ ✐s ♠❛❥♦r✐③❡❞ ❛s ❢♦❧❧♦✇s✳

• ❋r♦♠ Pr♦♣♦s✐t✐♦♥ ✶✱ ✇❡ ❤❛✈❡

L(ga) + L(gb) ≤ 2ϕ(k1)h ✭✶✶✮

❚❤✉s✱ L(ga) + L(gb) ❝♦♥✈❡r❣❡s t♦ ✵ ❛s r → +∞✳

✶✺



❋✐❣✉r❡ ✸✿ ❍②♣♦t❤❡s❡s ♦❢ ❚❤❡♦r❡♠ ✸✳ ❚❤❡ ♣❛rt✐t✐♦♥ r❡❧❛t❡❞ t♦ A(r) s♣❧✐t t❤❡
❞✐s❝r❡t❡ ❝✉r✈❡ ✐♥ ♣❛tt❡r♥s ✇❤♦s❡ ❛✈❡r❛❣❡ s✐③❡ ✐♥ ♣✐①❡❧s t❡♥❞s t♦✇❛r❞ ✐♥✜♥✐t②
❛s t❤❡ r❡s♦❧✉t✐♦♥ t❡♥❞s ✐ts❡❧❢ t♦✇❛r❞ ✐♥✜♥✐t②✳ ❆♥♦t❤❡r ♣❛rt✐t✐♦♥ ♦❢ t❤❡ ❝✉r✈❡✱
r❡❧❛t❡❞ t♦ B(r)✱ ❤❛s ♣❛tt❡r♥s ✇❤♦s❡ ❛✈❡r❛❣❡ ❛❜s♦❧✉t❡ s✐③❡ t❡♥❞s t♦✇❛r❞ ✵ ❛s t❤❡
r❡s♦❧✉t✐♦♥ t❡♥❞s t♦✇❛r❞ ✐♥✜♥✐t②✳ ❆ t✉❜❡ ✭✐♥ ❣r❛②✮ ✇✐t❤ ❝♦♥st❛♥t ❤❡✐❣❤t ❝♦♥t❛✐♥s
t❤❡ ❞✐s❝r❡t❡ ♣♦✐♥ts r❡❧❛t❡❞ t♦ t❤❡ ♣❛rt✐t✐♦♥s A(r) ❛♥❞ B(r)✳

• ❋r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✱ ✇❡ ❦♥♦✇ t❤❛t L(grB) ❝♦♥✈❡r❣❡s t♦✇❛r❞s L(g
r) ❛s r →

+∞ ♣r♦✈✐❞❡❞ β = +∞✳
❲❤❡♥ g′ ✐s k2✲▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ♦♥ t❤❡ ✐♥t❡r✈❛❧s ✐♥❝❧✉❞❡❞ ✐♥ ✐ts ❞♦♠❛✐♥✱
❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✸ ✇❡ ❤❛✈❡

L(gr)− L(grB) ≤
k2(b− a)

2
hM1

(

1 + cv
2
)

+ (ϕ(k1)− 1)Hδ(g). ✭✶✷✮

• ❋r♦♠ ❍②♣♦t❤❡s✐s ✭✽✮✱

‖⌊grA⌋ − ⌊grB⌋‖+∞ ≤ ωh.

❚❤✉s✱ ✇❡ ❤❛✈❡
−ωh ≤ grB − ⌊grA⌋ ≤ (ω + 1)h.

❙✐♥❝❡ g ✐s k1✲▲✐♣s❝❤✐t③✱ t❤❡ ♣✐❡❝❡✇✐s❡ ❛✣♥❡ ❢✉♥❝t✐♦♥ grB ✐s ❝❧❡❛r❧② k1✲

▲✐♣s❝❤✐t③✳ ▲❡t A(r) = (ai)
Nr

A

i=0✳ ❋♦r ❛♥② i ∈ [1, Nr
A]✱ t❤❡ ❛❜s♦❧✉t❡ s❧♦♣❡ ♦❢

⌊grA⌋ ♦♥ [ai−1h, aih] ✐s ❜♦✉♥❞❡❞ ❜② k1+1/(ai−ai−1)✳ ❍❡♥❝❡✱ t❤❡ ❛r✐t❤♠❡t✐❝
♠❡❛♥ ♦❢ t❤❡ ❛❜s♦❧✉t❡ s❧♦♣❡s ♦❢ ⌊grA⌋ ✐s ❜♦✉♥❞❡❞ ❜② k = k1+1/M−1

(

A(r)
)

✭t❤✉s k ≤ k1 + 1✮✳ ❚❤❡♥✱ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✹✱ ✇❡ ❞❡r✐✈❡ t❤❛t

|L(grB)− L(⌊grA⌋)| ≤ ϕ′(k)N(1 + 2ω)h

✇❤❡r❡ N ✐s t❤❡ s✐③❡ ♦❢ t❤❡ ♣❛rt✐t✐♦♥ A(r)∪B(r)✳ ❙♦✱ ✇❡ ❤❛✈❡ N ≤ Nr
A+Nr

B

❛♥❞ ✇❡ ♦❜s❡r✈❡ t❤❛t✱ ❢♦r ❛♥② I ∈ {A,B}✱

M1

(

I(r)
)

=
1

Nr
I

(Br −Ar) ≤ 1

hNr
I

(b− a).

✶✻



❚❤✉s✱ ✇❡ ❣❡t

|L(grB)− L(⌊grA⌋)| ≤ (1 + 2ω)ϕ′(k)(b− a)

(

1

M1
+

1

M ′
1

)

. ✭✶✸✮

■t ❢♦❧❧♦✇s ❢r♦♠ ❊q✉❛t✐♦♥ ✭✶✸✮ ❛♥❞ t❤❡ ❤②♣♦t❤❡s❡s t❤❛t L(grB) − L(⌊grA⌋)
❝♦♥✈❡r❣❡s t♦ ✵ ❛s r → +∞✳

❚❤❡r❡❛❢t❡r✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐s ❡st❛❜❧✐s❤❡❞ ♦♥❝❡ β = +∞✳ ▼♦r❡♦✈❡r✱ ❊q✉❛✲
t✐♦♥ ✭✾✮ ❞❡r✐✈❡s ♦❜✈✐♦✉s❧② ❢r♦♠ ❡qs✳ ✭✶✶✮ t♦ ✭✶✸✮✳

❇❛s✐❝❛❧❧②✱ ❚❤❡♦r❡♠ ✸ st❛t❡s t❤❛t ❛ ♥♦♥✲❧♦❝❛❧ ❡st✐♠❛t♦r ✐s ❝♦♥✈❡r❣❡♥t ❢♦r
▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥s ♣r♦✈✐❞❡❞ ✐t ✐s ♥♦t t♦♦ ❢❛r ❢r♦♠ ❛ ▼✲s♣❛rs❡ ❡st✐♠❛t♦r✳ ❲❡
❝❛♥ ❛❧s♦ ✐♥❢❡r ❢r♦♠ t❤✐s t❤❡♦r❡♠ t❤❛t ❛ ♥♦♥✲❧♦❝❛❧ ❧❡♥❣t❤ ❡st✐♠❛t✐♦♥ LNL(g,A, r)
❜② ❛ ▼✲s♣❛rs❡ ❡st✐♠❛t♦r ❝♦♥✈❡r❣❡s t♦✇❛r❞ L(g) ✇❤❡♥ A ✐s ❛ (1,+∞)✲♣❛tt❡r♥
❢✉♥❝t✐♦♥ ♦r ✇❤❡♥✱ ❢♦r ✐♥st❛♥❝❡✱ A ✐s ❛ (1, 1)✲♣❛tt❡r♥ ❢✉♥❝t✐♦♥✱ g ✐s ❞✐✛❡r❡♥t✐❛❜❧❡✱
✐ts ❞❡r✐✈❛t✐✈❡ ✐s ▲✐♣s❝❤✐t③ ❛♥❞ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ✈❛r✐❛t✐♦♥ ♦❢ A(r) ✐s ❜♦✉♥❞❡❞ ❛s
r → ∞✳ ▲❡t ✉s ♥♦✇ ❧♦♦❦ ❛t t❤❡ ♣♦ss✐❜❧❡ ♦♣t✐♦♥s ❢♦r t❤❡ ♣❛tt❡r♥ ❢✉♥❝t✐♦♥ B✳

❈❤♦✐❝❡ ♦❢ t❤❡ ♣❛tt❡r♥ ❢✉♥❝t✐♦♥ B ❆s ♠❡♥t✐♦♥❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❙❡❝✲
t✐♦♥ ✸✳✷ t❤❡ s❡❝♦♥❞ ♣❛tt❡r♥ ❢✉♥❝t✐♦♥ B ✐s ✐♥tr♦❞✉❝❡❞ s♦ ❛s t♦ ✐♥❝❧✉❞❡ ▼❉❙❙
❡st✐♠❛t♦rs ❢♦r ✇❤✐❝❤ ♣❛tt❡r♥ ❛❜s♦❧✉t❡ s✐③❡ ♥❡❡❞s ♥♦t t❡♥❞ t♦ ③❡r♦✳ ❋♦r ❡①❛♠♣❧❡✱
✐t ✐s ♣❧❛✐♥ t❤❛t ❢♦r ❛♥ ❛✣♥❡ ❢✉♥❝t✐♦♥ g ❞❡✜♥❡❞ ♦♥ [a, b]✱ ❛♥ ▼❉❙❙ s❡❣♠❡♥t❛t✐♦♥
✇✐❧❧ ♣r♦✈✐❞❡ ❛ s✐♥❣❧❡ ♣❛tt❡r♥ ♦❢ s✐③❡ Br − Ar ≈ (b− a)r✳ ◆❡✈❡rt❤❡❧❡ss✱ ❛❢t❡r ❛♥
▼❉❙❙ s❡❣♠❡♥t❛t✐♦♥✱ ✐t ✐s ❛❧✇❛②s ♣♦ss✐❜❧❡ t♦ ❛rt✐✜❝✐❛❧❧② s✉❜❞✐✈✐❞❡ t❤❡ ♦❜t❛✐♥❡❞
s❡❣♠❡♥ts ✐♥ ♦r❞❡r t♦ ❞❡✜♥❡ t❤❡ ♣❛tt❡r♥ ❢✉♥❝t✐♦♥ B✳ ❚❤❡♥✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛
str❛✐❣❤t ❧✐♥❡ s❡❣♠❡♥t ❡♥s✉r❡s t❤❛t ❍②♣♦t❤❡s✐s ✭✽✮ ♦❢ ❚❤❡♦r❡♠ ✸ ✐s s❛t✐s✜❡❞ ✭❛♥❞
t❤❡ ❝♦♥st❛♥t ω ❝❛♥ ❜❡ s❡t t♦ 1 ✐♥ ♦✉r ❞✐s❝r❡t✐③❛t✐♦♥ ♠♦❞❡❧✮✳ ❚❤❡r❡❜②✱ t♦❣❡t❤❡r
✇✐t❤ t❤❡ ❝♦♥st❛♥t ω✱ t❤❡ ♣✐❡❝❡✇✐s❡ ❛✣♥❡ ❢✉♥❝t✐♦♥ grB ♣r♦✈✐❞❡s ❛ t✉❜❡ ❛r♦✉♥❞ t❤❡
❞❛t❛ ♣♦✐♥ts ❛tt❛❝❤❡❞ t♦ t❤❡ ♣❛rt✐t✐♦♥ B(r) ✐♥ ✇❤✐❝❤ ♠✉st st❛② t❤❡ ❢✉♥❝t✐♦♥ ⌊grA⌋
t♦ r❡❧✐❛❜❧② ❡st✐♠❛t❡ L(g)✳ ❚❤✉s t❤✐s t✉❜❡ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❞❛t❛ ✜tt✐♥❣✳ ❋✐❣✉r❡
✸ ❣✐✈❡s ❛♥ ✐❧❧✉str❛t✐♦♥ ♦❢ s✉❝❤ ❛ s✐t✉❛t✐♦♥✳ ❆❧s♦✱ ✐t s❤♦✉❧❞ ❜❡ ♥♦t✐❝❡❞ t❤❛t ✐❢ ✇❡
❛ss✉♠❡ t❤❡ s❛♠❡ ❤②♣♦t❤❡s❡s ❛s ✐♥ ❬✶✺❪✱ C3 ❢✉♥❝t✐♦♥s ✇✐t❤ str✐❝t❧② ♣♦s✐t✐✈❡ ❝✉r✲
✈❛t✉r❡✱ ✇❡ ❝❛♥ t❛❦❡ B = A ✇✐t❤ t❤❡ ▼❉❙❙ s❡❣♠❡♥t❛t✐♦♥ s✐♥❝❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢
❛ str✐❝t❧② ♣♦s✐t✐✈❡ ♠✐♥✐♠❛❧ ❝✉r✈❛t✉r❡ ♦♥ [a, b] ❡♥s✉r❡s t❤❛t M+∞

(

A(r)
)

= o(r)✳
◆❡✈❡rt❤❡❧❡ss✱ ❡✈❡♥ ✇✐t❤ ✜♥✐t❡❧② ♠❛♥② ✐♥✢❡①✐♦♥ ♣♦✐♥ts✱ ✇❡ ❝♦✉❧❞ ♥♦t ❞✐r❡❝t❧② ❛♣✲
♣❧✐❡❞ ❚❤❡♦r❡♠ ✸ ✇✐t❤ B = A t♦ C3 ❝✉r✈❡s✳ ■♥❞❡❡❞✱ ✇❤❡♥ ❛ ▼❉❙❙ ✐s ♣❛rt✐t✐♦♥❡❞
✐♥ s✉❜s❡❣♠❡♥ts✱ t❤❡ ❧❡♥❣t❤ t❤❛t ❝♦♠❡s ✇✐t❤ t❤❡ ▼❉❙❙ ✭✐ts ❞✐❛♠❡t❡r✮ ✐s ♥♦t t❤❡
s✉♠ ♦❢ t❤❡ ❞✐❛♠❡t❡rs ♦❢ t❤❡ s✉❜s❡❣♠❡♥ts ❛♥❞ ✐t ✐s t❤❡ r♦❧❡ ♦❢ ✭✽✮ ✐♥ t❤❡ t❤❡♦r❡♠
❤②♣♦t❤❡s❡s t♦ ❜♦✉♥❞ t❤❡ ❞✐✛❡r❡♥❝❡ ✭✈✐❛ Pr♦♣♦s✐t✐♦♥ ✹✮✳ ❊✈❡♥t✉❛❧❧②✱ s✐♥❝❡ t❤❡r❡
❛r❡ ✐♥✜♥✐t❡❧② ♠❛♥② ✈❛❧✐❞ ❝❤♦✐❝❡s ♦❢ B ❢♦r t❤❡ ▼❉❙❙ ❡st✐♠❛t♦r✱ ❊q✉❛t✐♦♥ ✾ ❧❡❛❞s
t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞ ♦♥ t❤❡ ❡st✐♠❛t✐♦♥ ❡rr♦r ✭❢♦r t❤❡ ▼❉❙❙ ❡st✐♠❛t♦r✮✿

L(g)−LNL(g, r) ≤ inf
i

(

Sh+ T hM1,i

(

1 + cv,i
2
)

+ UHδi(g) + V
( 1

M1,i
+

1

M ′
1

)

)

✇❤❡r❡ t❤❡ ✐♥✜♠✉♠ ✐s ♦✈❡r ❛❧❧ 1✲♣❛tt❡r♥ ❢✉♥❝t✐♦♥s Bi s✉❝❤ t❤❛tM1,i = M1(Bi(r)) =
o(r) ❛s r → +∞ ❛♥❞ ✇❤❡r❡ cv,i = cv(Bi(r)) ❛♥❞ δi = hM+∞

(

Bi(r)
)

✳

✶✼



❲✐t❤ s♣❛rs❡ ❡st✐♠❛t♦rs✱ t❤❡ ♣❛r✐t✐♦♥ s✉❜✐♥t❡r✈❛❧ ❧❡♥❣t❤ s❡q✉❡♥❝❡ ♣r♦✈✐❞❡❞
❜② t❤❡ ♣❛tt❡r♥ ❢✉♥❝t✐♦♥ ✐s (H(h), . . . , H(h), rem) ✇❤❡r❡ limh→0 H(h) = +∞✱
limh→0 hH(h) = 0 ❛♥❞ rem ≤ H(h)✳ ❚❤✉s✱ t❛❦✐♥❣ B = A✱ ω = 0 ❛♥❞ β = 1 ❛❧❧
t❤❡ ❤②♣♦t❤❡s❡s ♦❢ ❚❤❡♦r❡♠ ✸ ❛r❡ s❛t✐s✜❡❞✳

❚❤❡♦r❡♠ ✸ ✐s t❡st❡❞ ♦♥ r❡❛❧ ❢✉♥❝t✐♦♥s ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳

✹ ❚❡sts

❚❤❡ t❡sts ❤❛✈❡ ❜❡❡♥ ♠❛❞❡ ✉s✐♥❣ t❤❡ ▼P❋❘ ❛♥❞ ●▼P ❧✐❜r❛r✐❡s t❤r♦✉❣❤ t❤❡
s❛❣❡ ❬✷✶❪ s♦❢t✇❛r❡✳ ❚❤❡ r❡s✉❧ts ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❚❛❜❧❡ ✶ ❛♥❞ ❚❛❜❧❡ ✸✳ ❍❡r❡✲
❛❢t❡r✱ ✇❡ ♣r❡s❡♥t t❤❡ t❡st❡❞ ♥♦♥ ❧♦❝❛❧ ❧❡♥❣t❤ ❡st✐♠❛t♦rs ✭◆▲❊✮ ❛♥❞ t❤❡ t❡st❡❞
❢✉♥❝t✐♦♥s✳

✹✳✶ Pr♦t♦❝♦❧

❚❤❡ t❡st❡❞ ◆▲❊ ❛r❡✿

• ❚❤❡ s♣❛rs❡ ❡st✐♠❛t♦rs ESp2 ❛♥❞ ESp3 ✇✐t❤

✶✳ ESp2✿ t❤❡ ❞✐s❝r❡t❡ ♣❛tt❡r♥ s✐③❡ ♦❢ r
1

2 ✇❤✐❝❤ ✐s ❣❡♥❡r❛❧❧② ♦♣t✐♠❛❧ ❢♦r
s✉❝❤ ❛♥ ❡st✐♠❛t♦r ✭s❡❡ ❬✹❪✮✱

✷✳ ESp3✿ t❤❡ ❞✐s❝r❡t❡ ♣❛tt❡r♥ s✐③❡ r
1

3 t❤❛t ❛♣♣r♦①✐♠❛t✐✈❡❧② ❝♦rr❡s♣♦♥❞s
t♦ t❤❡ ❛s②♠♣t♦t✐❝ ❛✈❡r❛❣❡ ❞✐s❝r❡t❡ s✐③❡ ♦❢ t❤❡ ▼❉❙❙ ♦♥ ❛ s♠♦♦t❤
❝✉r✈❡ ✇✐t❤ ♣♦s✐t✐✈❡ ♠✐♥✐♠❛❧ ❝✉r✈❛t✉r❡ ❬✶✺❪✳

• ❚❤❡ ▼✲s♣❛rs❡ ❡st✐♠❛t♦r Erand ✇✐t❤ r❛♥❞♦♠ ♣❛tt❡r♥ s✐③❡s ❡q✉✐❞✐str✐❜✉t❡❞
❜❡t✇❡❡♥ ✶ ❛♥❞ 2r

1

2 ✳ ❍❡♥❝❡✱ ❢♦r ❧❛r❣❡ ❡♥♦✉❣❤ r❡s♦❧✉t✐♦♥s✱ t❤❡ ❛✈❡r❛❣❡
♣❛tt❡r♥ s✐③❡ s❤♦✉❧❞ ❜❡ t❤❡ s❛♠❡ ❛s ESp2✳ ◆♦t❡ t❤❛t ❢♦r t❤❡ t❤r❡❡ ♣r❡✈✐♦✉s
◆▲❊✱ ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠ ✸ t❛❦✐♥❣ A = B✳

• ❚❤❡ ▼❉❙❙ ❜❛s❡❞ ❡st✐♠❛t♦r EDSS ✭t❛❦✐♥❣ t❤❡ ❞✐❛♠❡t❡r ❛s t❤❡ ♣❛tt❡r♥
❧❡♥❣t❤ ✕ s❡❡ t❤❡ ❝♦♠♠❡♥t ❛t t❤❡ ❡♥❞ ♦❢ ❙❡❝t✐♦♥ ✸✳✶✮✳

❚❤❡ ❝♦♠♣✉t❡❞ ❡rr♦rs ❛r❡ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❛♥❞ t❤❡ q✉❛♥t✐③❛t✐♦♥ ❡rr♦rs✳ ❚❤❡
❜♦✉♥❞s ❛♥❞ t❤❡ ❣r✐❞ s♣❛❝✐♥❣ h ❛r❡ ❝❤♦s❡♥ s✉❝❤ t❤❛t t❤❡ ❡rr♦r ♦♥ t❤❡ ❜♦✉♥❞s ✐s
♥✉❧❧✳ ❚❤❡♥ t❤❡ t♦t❛❧ ❡rr♦r ❝♦♠❡s ❞♦✇♥ t♦ t❤❡ s✉♠ ♦❢ ❜♦t❤ ❞✐s❝r❡t✐③❛t✐♦♥ ❛♥❞
q✉❛♥t✐③❛t✐♦♥ ❡rr♦rs✳

❚❤❡r❡ ❛r❡ ✜✈❡ t❡st ❢✉♥❝t✐♦♥s t❤❛t ✇❡ ❞❡s❝r✐❜❡ ♥♦✇✳ ❚❤❡ ✜rst t❤r❡❡ s❛t✐s❢②
t❤❡ str♦♥❣❡r ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ❢✉♥❝t✐♦♥ g ✐♥ ❚❤❡♦r❡♠ ✸ ✭t❤❡ ❢✉♥❝t✐♦♥ ❛♥❞
✐ts ❞❡r✐✈❛t✐✈❡ ❛r❡ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s✮✱ t❤❡ t✇♦ ❧❛st ❛r❡ ▲✐♣s❝❤✐t③ ❜✉t t❤❡✐r
❞❡r✐✈❛t✐✈❡s ❛r❡ ♥♦t✳

• ❚❤❡ ♥❛t✉r❛❧ ❧♦❣❛r✐t❤♠ ♦♥ t❤❡ ✐♥t❡r✈❛❧ [1, 2] ✇❤❡r❡ ✐t ✐s ✶✲▲✐♣s❝❤✐t③✱ ❝♦♥❝❛✈❡
❛♥❞ ♦❢ ❝❧❛ss C∞✳

✶✽



0.2 0.4 0.6 0.8 1

-0.02

-0.01

0.01

0.02

0.03

❋✐❣✉r❡ ✹✿ ●r❛♣❤ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ s1✳

0.2 0.4 0.6 0.8 1

0.1

0.2

0.3

0.4

0.05 0.1 0.15

-0.004

-0.002

0.002

0.004

0.006

0.008

❋✐❣✉r❡ ✺✿ ●r❛♣❤ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ s2✳

• ❚❤❡ ❢✉♥❝t✐♦♥

s1 :

{

x ∈ (0, 1] 7→ x4

25 sin
20
x ,

0 7→ 0

✇❤✐❝❤ ❤❛s ✐♥✜♥✐t❡❧② ♠❛♥② ✐♥✢❡①✐♦♥ ♣♦✐♥ts ✭❜✉t ♦♥❧② ✜♥✐t❡❧② ♠❛♥② ✐♥✢❡①✐♦♥
♣♦✐♥ts ♦♥ ❛♥② ✐♥t❡r✈❛❧ [a, 1]✱ a > 0✮✱ ✐s ✶✲▲✐♣s❝❤✐t③ ♦❢ ❝❧❛ss C1 ✭C∞ ♦♥ (0, 1]✮
✇✐t❤ ❛ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❞❡r✐✈❛t✐✈❡✳

❚❤❡ ❣r❛♣❤ ♦❢ s1 ✐s s❤♦✇♥ ❋✐❣✉r❡ ✹✳

• ❚❤❡ ❢✉♥❝t✐♦♥

s2 :

{

x ∈ (0, 1] 7→ x2

2 sin 1
x ,

0 7→ 0

✇❤✐❝❤ ❤❛s ✐♥✜♥✐t❡❧② ♠❛♥② ✐♥✢❡①✐♦♥ ♣♦✐♥ts✱ ✐s ✶✲▲✐♣s❝❤✐t③ ♦❢ ❝❧❛ss C1 ✭C∞

♦♥ (0, 1]✮✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐s ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✸ ❜✉t✱ ✉♥❧✐❦❡ t♦ t❤❡
❢✉♥❝t✐♦♥ s1✱ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ s2 ✐s ♥♦t ▲✐♣s❝❤✐t③ ♦♥ (0, 1]✳ ❚❤❡♥ t❤❡ ❜♦✉♥❞
♦❜t❛✐♥❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✸ ✐s ♥♦t ✈❛❧✐❞ ❢♦r t❤✐s ❢✉♥❝t✐♦♥✳ ◆❡✈❡rt❤❡❧❡ss✱ ♦♥❧②
♦♥❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ♣❛tt❡r♥ ❧❡♥❣t❤ ✭t❤❡ ✜rst ♦♥❡✮ ✐s ❝♦♥❝❡r♥❡❞ ❜② t❤✐s
r❡str✐❝t✐♦♥✳ ❚❤❡ ❣r❛♣❤ ♦❢ s2 ✐s s❤♦✇♥ ❋✐❣✉r❡ ✺✳

• ❚❤❡ ❢r❛❝t❛❧ ❢✉♥❝t✐♦♥s f1 ❛♥❞ f2 ❞❡✜♥❡❞ ♦♥ [0, 1] ❛s ❢♦❧❧♦✇s✳

❲❡ ❞❡♥♦t❡ ❜② 1J t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✐♥t❡r✈❛❧ J = [ 13 ,
2
3 ] ❛♥❞

❜② {·} t❤❡ ❢r❛❝t✐♦♥❛❧ ♣❛rt✳

❚❤❡♥✱ ❢♦r ❛♥② i ∈ {1, 2}✱ fi = limn→∞ fi,n ✇❤❡r❡

f1,0 : x 7→ 1

2
−
∣

∣

∣

∣

x− 1

2

∣

∣

∣

∣

, f2,0 : x 7→ 1

2π
(1− cos(2πx)),

✶✾



fi,1 : x 7→ 1

3
fi,0({3x})1J(x)

❛♥❞ ❢♦r n > 1✱

fi,n :

{

x /∈ J 7→ 1
3fi,n−1({3x}),

x ∈ J 7→ fi,n−1(x).

❆♥ ✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❣r❛♣❤s C(f1) ❛♥❞ C(f2) ✐s ❣✐✈❡♥ ❋✐❣✉r❡s ✻ ❛♥❞ ✼✳
❚❤❡ ❧❡♥❣t❤ ♦❢ C(fi)✱ i ∈ {1, 2} ✐s t❤❡ ❧❡♥❣t❤ ♦❢ C(fi,0)✳
❚❤❡ ❢✉♥❝t✐♦♥s f1 ❛♥❞ f2 ❛r❡ ✶✲▲✐♣s❝❤✐t③✳ ❚❤❡ ❢✉♥❝t✐♦♥ f1 ✐s ♥♦t ❞✐✛❡r❡♥✲
t✐❛❜❧❡ ♦♥ [0, 1] ❜✉t ✐t ✐s ♣❧❛✐♥ t❤❛t t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ f1 ✐s ❝♦♥st❛♥t ♦♥ ❛♥②
✐♥t❡r✈❛❧ ✐♥❝❧✉❞❡❞ ✐♥ ✐ts ❞♦♠❛✐♥✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ f2 ✐s ♦❢ ❝❧❛ss C1 ♦♥ [0, 1]✱
C∞ ❛❧♠♦st ❡✈❡r②✇❤❡r❡✱ ❜✉t ✐ts s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ✐s ♥♦t ❜♦✉♥❞❡❞✳ ❚❤✉s
❊q✉❛t✐♦♥ ✭✾✮ ♦❢ ❚❤❡♦r❡♠ ✸ ❞♦❡s ♥♦t ❛♣♣❧② t♦ f2✳ ❋✉rt❤❡r♠♦r❡✱ ✉♥❧✐❦❡ s2✱
t❤❡ ♥✉♠❜❡r ♦❢ ♣❛tt❡r♥s ✇❤❡r❡ t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ✐s ✉♥❜♦✉♥❞❡❞ t❡♥❞s
t♦✇❛r❞ +∞ ❛s t❤❡ r❡s♦❧✉t✐♦♥ ❣r♦✇s✳

1
9

2
9

1
3

2
3

7
9

8
9

1

1
18

1
6

❋✐❣✉r❡ ✻✿ ●r❛♣❤ ♦❢ t❤❡ ❢r❛❝t❛❧ ❢✉♥❝t✐♦♥ f1✳

1
9

2
9

1
3

2
3

7
9

8
9

1

1
9π

1
3π

❋✐❣✉r❡ ✼✿ ●r❛♣❤ ♦❢ t❤❡ ❢r❛❝t❛❧ ❢✉♥❝t✐♦♥ f2✳

❘❡♠❛r❦ ✶✳ ❚❤❡ ♣❛tt❡r♥ ❢✉♥❝t✐♦♥s ♦❢ EDSS ❢♦r t❤❡ t❡st❡❞ ❢✉♥❝t✐♦♥s ♦♥ t❤❡ t❡st❡❞
r❡s♦❧✉t✐♦♥s ❤❛✈❡ ♥♦t ❝♦♥tr❛❞✐❝t t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ▼❉❙❙ ❛r❡ ♥♦♥✲❧♦❝❛❧ ❡st✐♠❛✲
t♦rs✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❜♦✉♥❞s r1/3 ❛♥❞ r

1

3 log(r) ❢♦r t❤❡ ❛s②♠♣t♦t✐❝ ❛✈❡r❛❣❡
❞✐s❝r❡t❡ s✐③❡ ♦❢ t❤❡ ▼❉❙❙ ♦♥ ❛ s♠♦♦t❤ s♦❧✐❞ ❝♦♥t♦✉r ✇✐t❤ ♣♦s✐t✐✈❡ ♠✐♥✐♠❛❧ ❝✉r✲
✈❛t✉r❡ ✜t ♦✉r ❡①♣❡r✐♠❡♥t ✭s❡❡ ❋✐❣✉r❡ ✽✮✳

✹✳✷ ❖♥ t❤❡ t❤❡♦r❡t✐❝❛❧ ❜♦✉♥❞s

❚❤❡ t❡sts ❣❛t❤❡r❡❞ ✐♥ ❚❛❜❧❡ ✶ ❛✐♠ ❛t ❝♦♠♣❛r✐♥❣ t❤❡ t❤❡♦r❡t✐❝❛❧ ❜♦✉♥❞s ♦❜t❛✐♥❡❞
✐♥ ❚❤❡♦r❡♠ ✸ ✇✐t❤ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ✈❛❧✉❡s ♦❢ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❡rr♦r ❛♥❞ t❤❡

✷✵



10−1

100

101

102

103

104

100 101 102 103 104 105 106 107 108

log
s1
s2
f1
f2

0.3 r1/3

r1/3

r1/3 log(r)

❋✐❣✉r❡ ✽✿ ❆✈❡r❛❣❡ ❞✐s❝r❡t❡ s✐③❡ ♦❢ t❤❡ ▼❉❙❙ ♣r♦❞✉❝❡❞ ❜② EDSS ♦♥ t❤❡ t❡st❡❞
❢✉♥❝t✐♦♥s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r❡s♦❧✉t✐♦♥✳

q✉❛♥t✐③❛t✐♦♥ ❡rr♦r✳ ■♥ t❤❡ t❛❜❧❡✱ t❤❡ ❜❧✉❡ ✬✰✬ r❡♣r❡s❡♥ts t❤❡ t❤❡♦r❡t✐❝❛❧ ✉♣♣❡r
❜♦✉♥❞ ❛♥❞ t❤❡ ❣r❡❡♥ ✬✯✬ r❡♣r❡s❡♥ts t❤❡ ♦❜s❡r✈❡❞ ❡rr♦r ❢♦r t❤❡ r❡s♦❧✉t✐♦♥s ⌊1.5n⌋✱
n ∈ [1, 50] ∩ N✳

❉✐s❝r❡t✐③❛t✐♦♥ ❡rr♦r ❚❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❡rr♦r ❤❛s t✇♦ ♣❛rts✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡
♦♥❧② ❝♦♥❝❡r♥s t❤❡ ❢✉♥❝t✐♦♥ f1 ❢♦r ✐t ✐s t❤❡ ♦♥❧② ♦♥❡ t❤❛t ✐s ♥♦t ❞✐✛❡r❡♥t✐❛❜❧❡✳

❚❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ❜♦✉♥❞ ✐s

k2(b− a)

2
hM1(1 + c2v)

✇❤❡r❡ k2 ✐s ❛ ▲✐♣s❝❤✐t③ ❝♦♥st❛♥t ❢♦r t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ t❡st❡❞ ❢✉♥❝t✐♦♥✳ ❲❡
t♦♦❦✿

log s1 s2 f1 f2
k2 ✶ ✶✼ ∞ ✵ ∞

❙✐♥❝❡ k2 = 0 ❢♦r f1✱ t❤✐s ❢✉♥❝t✐♦♥ ✐s ♥♦t ❝♦♥❝❡r♥❡❞ ❜② t❤❡ ✜rst ♣❛rt ♦❢ t❤❡
❜♦✉♥❞✳ ❲❤❡♥ t❤❡ ❞❡r✐✈❛t✐✈❡ ✐s ♥♦t ▲✐s♣❝❤✐t③ ❝♦♥t✐♥✉♦✉s ✭k2 = ∞✮✱ t❤❡ ❜❧✉❡ ✬✰✬
♦♥ t❤❡ ♣❧♦t r❡♣r❡s❡♥t t❤❡ ✈❛❧✉❡s ♦❢ hM1(1 + c2v)✳

❙✐♥❝❡ Erand ❤❛s ♣❛tt❡r♥ s✐③❡s ❡q✉✐❞✐str✐❜✉t❡❞ ✐♥ t❤❡ ✐♥t❡r✈❛❧ [1, 2
√
r]✱ ❢♦r ❧❛r❣❡

❡♥♦✉❣❤ r❡s♦❧✉t✐♦♥s ✇❡ ❤❛✈❡

hM1(1 + c2v) ≈
1

r
×

√
r × (1 +

1

3
) =

4

3
r−

1

2

❛♥❞ t❤❡r❡❜②
k2(b− a)

2
hM1(1 + c2v) ≈

2

3
k2r

− 1

2 .

❚❤❡ ❝②❛♥ ❧✐♥❡ ♦♥ t❤❡ ♣❧♦ts ♦❢ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❡rr♦r ♦❢ t❤❡ ❢✉♥❝t✐♦♥s log✱ s1✱ s2
❛♥❞ f2 ✐s t❤❡ ❣r❛♣❤ ♦❢ r 7→ Γr−

1

2 ✇❤❡r❡ Γ = 2
3k2 ✭Γ = 4

3 ❢♦r s2 ❛♥❞ f2✮✳
■t ❝❛♥ ❜❡ s❡❡♥ ✐♥ ❚❛❜❧❡ ✶ t❤❛t t❤❡ ♦❜s❡r✈❡❞ ❡rr♦rs ❢♦r t❤❡ ❢✉♥❝t✐♦♥s log ❛♥❞ s1

❛r❡ ❧❡ss t❤❛♥ t❤❡ ✉♣♣❡r ❜♦✉♥❞s ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✸✳ ❙♣❡❝✐✜❝❛❧❧②✱ t❤❡ ♣♦✇❡r ✐♥
t❤❡ ♠❡❛s✉r❡❞ ❡rr♦rs ❛r❡ ❛❧♠♦st t✇✐❝❡ t❤❡ ❜♦✉♥❞s✱ ❛s ❢❛r ❛s t❤❡ r❡s♦❧✉t✐♦♥ ✐s ❜✐❣
❡♥♦✉❣❤✳ ❲❡ ❦♥♦✇ ❢r♦♠ ♦✉r ♣r❡✈✐♦✉s ✇♦r❦ ❬✹❪✱ t❤❛t ❝♦♥✈❡①✐t② ❛❧❧♦✇ t♦ ❞♦✉❜❧❡ t❤❡

✷✶



❉✐s❝r❡t✐③❛t✐♦♥ ❡rr♦r ◗✉❛♥t✐③❛t✐♦♥ ❡rr♦r ❚♦t❛❧ ❡rr♦r

▲
♦
❣
❛
r✐
t❤
♠

10−12

10−10

10−8

10−6

10−4

10−2

100

100 102 104 106 108 1010

Γ r−1/2

0.01 r−1

10−10

10−8

10−6

10−4

10−2

100

100 102 104 106 108 1010

Γ r−1/2

0.1 r−1

10−10

10−8

10−6

10−4

10−2

100

100 102 104 106 108 1010

1 2
5
x
4
si
n
(
2
0 x
✮

10−10

10−8

10−6

10−4

10−2

100

102

100 102 104 106 108 1010

Γ r−1/2

10 r−1

10−10

10−8

10−6

10−4

10−2

100

100 102 104 106 108 1010

Γ r−1/2

0.3 r−1

10−8

10−6

10−4

10−2

100

102

100 102 104 106 108 1010

1 2
x
2
si
n
(
1 x
✮

10−5

10−4

10−3

10−2

10−1

100

100 102 104 106 108 1010

Γ r−1/2

0.05 r−0.25

10−10

10−8

10−6

10−4

10−2

100

100 102 104 106 108 1010

Γ r−1/2

0.3 r−1

10−5

10−4

10−3

10−2

10−1

100

101

100 102 104 106 108 1010

❋
r❛
❝t
❛
❧
f
1

10−2

10−1

100

101

100 102 104 106 108 1010

Γ r−1/2 (1−log3(2))

0.9 r−1/2 (1−log3(2))

10−10

10−8

10−6

10−4

10−2

100

100 102 104 106 108 1010

Γ r−1/2

0.4 r−0.9

10−2

10−1

100

101

100 102 104 106 108 1010

❋
r❛
❝t
❛
❧
f
2

10−5

10−4

10−3

10−2

10−1

100

100 102 104 106 108 1010

Γ r−1/2

0.4 r−0.18

10−10

10−8

10−6

10−4

10−2

100

100 102 104 106 108 1010

Γ r−1/2

0.2 r−0.85

10−5

10−4

10−3

10−2

10−1

100

101

100 102 104 106 108 1010

❚❛❜❧❡ ✶✿ ❖❜s❡r✈❡❞ ❧❡♥❣t❤ ❡st✐♠❛t✐♦♥ ❡rr♦rs ❛♥❞ t❤❡♦r❡t✐❝❛❧ ✉♣♣❡r ❜♦✉♥❞s ✐♥
❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❡s♦❧✉t✐♦♥ r ❢♦r t❤❡ ◆▲❊ Erand✳ ❇❧✉❡ ❝r♦ss❡s✿ t❤❡ t❤❡♦r❡t✐❝❛❧
❜♦✉♥❞s ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✸✳ ●r❡❡♥ st❛rs✿ t❤❡ ♦❜s❡r✈❡❞ ❡rr♦rs✳ Γ✿ ❛ ❝♦♥st❛♥t
t❤❛t ✐s ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ❜♦✉♥❞s ✐♥ ❚❤❡♦r❡♠ ✸ ❛♥❞ ❢r♦♠ t❤❡ ❡①♣❡❝t❡❞ ❣❡♥❡r✲
❛❧✐③❡❞ ♠❡❛♥s ♦❢ t❤❡ r❛♥❞♦♠ ♣❛tt❡r♥ s✐③❡s ✭s❡❡ t❡①t✮✳

✷✷



❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❢ t❤❡ s♣❛rs❡ ❡st✐♠❛t♦rs✳ ❚❤✐s ❡①♣❧❛✐♥s t❤❡ ♦❜s❡r✈❡❞ ❞✐✛❡r❡♥❝❡
❢♦r t❤❡ ❧♦❣❛r✐t❤♠ ✭♣r♦✈✐❞❡❞ ✇❡ ❝❛♥ ❡①t❡♥❞ ♦✉r ♣r❡✈✐♦✉s r❡s✉❧t t♦ t❤❡ ▼✲s♣❛rs❡
❡st✐♠❛t♦rs✮✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ t❤❡ ❢✉♥❝t✐♦♥ s1 ❤❛s ✐♥✜♥✐t❡❧② ♠❛♥② ✐♥✢❡①✐♦♥
♣♦✐♥ts✳ ◆❡✈❡rt❤❡❧❡ss✱ ♦♥❝❡ t❤❡ ✜rst ❣r✐❞ st❡♣ ✐s ♣❛ss❡❞✱ ✐t r❡♠❛✐♥s ♦♥❧② ✜♥✐t❡❧②
♠❛♥② ♦❢ t❤❡♠✳ ❚❤✐s ❝♦✉❧❞ ❡①♣❧❛✐♥ t❤❡ ❣♦♦❞ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡✳ ■♥ ❛ ✇♦r❦ ✐♥
♣r❡♣❛r❛t✐♦♥✱ ✇❡ st✉❞② t❤✐s ✐ss✉❡ ❜② ❜r✐♥❣✐♥❣ ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ s❡t ♦❢ ✐♥✢❡①✐♦♥
♣♦✐♥ts✳

❖♥ t❤❡ ♣❧♦ts r❡❧❛t❡❞ t♦ t❤❡ ❢✉♥❝t✐♦♥s s2 ❛♥❞ f2✱ ✇❡ ❝❛♥ s❡❡ t❤❛t ❤❛✈✐♥❣ ❛♥
✉♥❜♦✉♥❞❡❞ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ❞r❛st✐❝❛❧❧② ❞❡❝r❡❛s❡s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡✱ ❡✈❡♥
❢♦r s2 ✇❤✐❝❤ ❤❛s ❛ ❜♦✉♥❞❡❞ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ♦♥ ❛♥② ❝❧♦s❡❞ s✉❜✐♥t❡r✈❛❧ ♦❢ ✐ts
❞♦♠❛✐♥ t❤❛t ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ✵✳

❘❡❣❛r❞✐♥❣ t❤❡ ❢✉♥❝t✐♦♥ f1✱ ✇❤✐❝❤ ✐s 1✲▲✐♣s❝❤✐t③✱ t❤❡ ❜♦✉♥❞ ❢♦r t❤❡ ❞✐s❝r❡t✐③❛✲
t✐♦♥ ❡rr♦r ✐s

(ϕ(1)− 1)Hδ(g)

✇❤❡r❡ δ = hM+∞✳ ❆♥ ✉♣♣❡r ❜♦✉♥❞ ❢♦r Hδ(g) ✐s ❝❛❧❝✉❧❛t❡❞ ✐♥ ❆✿

Hδ(g) ≤
15

4
δ1−log

3
(2)

❲✐t❤ Erand✱ δ = hM+∞ ≈ 1
r × 2

√
r = 2r−

1

2 ✭❢♦r ❡♥♦✉❣❤ ❧❛r❣❡ r❡s♦❧✉t✐♦♥s✮✳
❚❤✉s✱ t❤❡ ❜♦✉♥❞ ❢♦r t❤❡ ❢✉♥❝t✐♦♥ f1 ✐s ❛♣♣r♦①✐♠❛t✐✈❡❧②

15(
√
2− 1)

21+log
3
(2)

r−
1

2
(1−log

3
(2)).

❚❤❡ ❝②❛♥ ❧✐♥❡ ♦♥ t❤❡ ♣❧♦t ♦❢ t❤❡ ❡rr♦r ❢♦r t❤❡ ❢✉♥❝t✐♦♥ f1 ✐s t❤❡ ❣r❛♣❤ ♦❢ r 7→
Γr−

1

2
(1−log

3
(2)) ✇❤❡r❡ Γ = 15(

√
2− 1)/21+log

3
(2)✳

❚❤❡ ♣❧♦t r❡❧❛t✐✈❡ t♦ f1 s❤♦✇s t❤❡ ❣♦♦❞ ❛❝❝✉r❛❝② ♦❢ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ❢♦r t❤✐s
♥♦♥ ❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥✳ ▼♦r❡♦✈❡r✱ ✐❢ ✐♥st❡❛❞ ♦❢ t❛❦✐♥❣ δ = hM+∞ ✐♥ t❤❡
❜♦✉♥❞✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✇♦rst ❝❛s❡✱ ✇❡ t❛❦❡ δ = hM1✱ t❤❛t ✐s ✇❡ ❝♦✈❡r
t❤❡ ♣♦✐♥ts ♦❢ ♥♦♥ ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ❜② ♣❛tt❡r♥s ♦❢ ❛✈❡r❛❣❡ s✐③❡✱ ❜♦t❤ ♣♦✐♥t ❝❧♦✉❞s
♦✈❡r❧❛♣ ❛❧♠♦st✳

◗✉❛♥t✐③❛t✐♦♥ ❡rr♦r ❚❤❡ ✉♣♣❡r ❜♦✉♥❞ ❢♦r t❤❡ q✉❛♥t✐③❛t✐♦♥ ❡rr♦r ✐s ❞❡r✐✈❡❞
❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✹ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ ❥✉st ♥❡❡❞s ❜❡ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s✳ ❚❤✉s✱
t❤✐s ❜♦✉♥❞ ✐s ✈❛❧✐❞ ❢♦r ♦✉r ✜✈❡ t❡st ❢✉♥❝t✐♦♥s✳

❲✐t❤ t❤❡ ❡st✐♠❛t♦r Erand ✇❡ ❝❛♥ t❛❦❡ ❥✉st ♦♥❡ ♣❛tt❡r♥ ❢✉♥❝t✐♦♥ ✭A = B ❛♥❞
ω = 0✮✳ ❙♦✱ t❤❡ q✉❛♥t✐③❛t✐♦♥ ❡rr♦r ✐s ❜♦✉♥❞❡❞ ❜②

ϕ′
(

k1 +
1

M−1

)

(b− a)
1

M1

✇❤❡r❡ k1 ✐s ❛ ▲✐♣s❝❤✐t③ ❝♦♥st❛♥t ❢♦r t❤❡ t❡st❡❞ ❢✉♥❝t✐♦♥✳ ❚❤✉s✱ ❢♦r ❡♥♦✉❣❤
❧❛r❣❡ r❡s♦❧✉t✐♦♥s✱ t❤❡ ❜♦✉♥❞ ♦♥ t❤❡ q✉❛♥t✐③❛t✐♦♥ ❡rr♦r ❢♦r t❤❡ ❡st✐♠❛t♦r Erand ✐s
❛♣♣r♦①✐♠❛t✐✈❡❧②

ϕ′(k1) r
− 1

2 .

❋♦r k1✱ ✇❡ t♦♦❦

✷✸



log s1 s2 f1 f2
k1 ✶ ✵✳✼ 0.7 ✶ 1

❚❤❡ ❝②❛♥ ❧✐♥❡ ♦♥ t❤❡ ♣❧♦ts ♦❢ t❤❡ q✉❛♥t✐③❛t✐♦♥ ❡rr♦rs ✭❢♦r t❤❡ ✜✈❡ ❢✉♥❝t✐♦♥s✮

✐s t❤❡ ❣r❛♣❤ ♦❢ r 7→ Γr−
1

2 ✇❤❡r❡ Γ = ϕ′(k1)✳

❲✐t❤ t❤❡ q✉❛♥t✐③❛t✐♦♥ ❡rr♦r✱ t❤❡ r❡s✉❧ts ❢♦r ❛❧❧ t❡st❡❞ ❢✉♥❝t✐♦♥s ❛r❡ ❧❡ss t❤❛♥
t❤❡ ✉♣♣❡r ❜♦✉♥❞s ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✸✳ ❆❣❛✐♥ t❤❡ ♣♦✇❡rs ✐♥ t❤❡ ♠❡❛s✉r❡❞ ❡rr♦rs
❛r❡ ❛❧♠♦st t✇✐❝❡ t❤❡ ❜♦✉♥❞s✱ ❛s ❢❛r ❛s t❤❡ r❡s♦❧✉t✐♦♥ ✐s ❜✐❣ ❡♥♦✉❣❤✳ ❆s ✇✐t❤ t❤❡
❞✐s❝r❡t✐③❛t✐♦♥ ❡rr♦r✱ t❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❛ ♣r♦♣❡rt② ♦❢ ❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥s s❤♦✇♥
✐♥ ❬✹❪ ❢♦r t❤❡ s♣❛rs❡ ❡st✐♠❛t♦rs ❛♥❞ t❤✐s ♣r♦♣❡rt② ❝♦✉❧❞ ❛❧s♦ ❜❡ ✈❛❧✐❞ ❢♦r t❤❡
◆▲❊s ❛♥❞ ❢♦r ❛ ❧❛r❣❡r ❝❧❛ss ♦❢ ❢✉♥❝t✐♦♥s t❤❛♥ t❤❡ ❝♦♥❝❛✈❡ ♦♥❡s✳ ◆❡✈❡rt❤❡❧❡ss
t❤✐s ✐s ♥♦t tr✉❡ ✐♥ t❤❡ ✇♦rst ❝❛s❡✳ ❍❡r❡❛❢t❡r✱ ✇❡ s❤♦✇ ❛ ✈❡r② s✐♠♣❧❡ ❡①❛♠♣❧❡
t❤❛t ♣r♦✈❡s t❤❛t t❤❡ ❜♦✉♥❞ ❝❛♥♥♦t ❜❡ ✐♠♣r♦✈❡❞ ❢♦r ❛♥② r❡s♦❧✉t✐♦♥✳

▲❡t ✉s ❝❤♦♦s❡ ❛ r❡s♦❧✉t✐♦♥ r = 4k2✱ k ∈ N ❛♥❞ ✇❡ ❛ss✉♠❡ t❤❛t✱ ❛t t❤✐s
r❡s♦❧✉t✐♦♥✱ t❤❡ ♣❛tt❡r♥ s✐③❡ ✐s ❝♦♥st❛♥t✱ ❡q✉❛❧s t♦

√
r = 2k✳ ◆♦✇✱ ✇❡ ❞❡✜♥❡ t❤❡

♣❡r✐♦❞✐❝ ♣✐❡❝❡✇✐s❡ ❛✣♥❡ ❢✉♥❝t✐♦♥

vk,a = (1 +
a

k
)
1

k
v0(kx)

✇❤❡r❡ 0 < a ≪ 1 ❛♥❞

v0(x) = − 1

2π
arccos(cos(2πx)).

❋✐❣✉r❡ ✾ s❤♦✇s t❤❡ ♣❧♦t ♦❢ t❤❡ ❢✉♥❝t✐♦♥ v4,0.1 ♦♥ [0, 1]✳ ❊❛❝❤ ♣❛tt❡r♥ ✐s ❛ ❞✐❣✐t❛❧
str❛✐❣❤t s❡❣♠❡♥t ❛♥❞ t❤❡ q✉❛♥t✐③❛t✐♦♥ ❡rr♦r ✐s ♠❛①✐♠❛❧ ♦♥ ❡❛❝❤ s❡❣♠❡♥t ❢♦r
t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♦r❞✐♥❛t❡s ♦❢ t❤❡ ❞✐s❝r❡t❡ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ❝♦♥t✐♥✉♦✉s
❢✉♥❝t✐♦♥ ❛t t❤❡ ❧♦✇❡r ❡♥❞ ♦❢ t❤❡ s❡❣♠❡♥ts ✐s (1− 2a)h ≈ h ✭✇❤❡r❡ h ✐s t❤❡ ❣r✐❞
st❡♣✮✳ ❖♥ ❚❛❜❧❡ ✷✱ ✇❡ s❤♦✇ t❤❡ r❡❧❛t✐✈❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ q✉❛♥t✐③❛t✐♦♥
❡rr♦r ✭❊◗✮ ❛♥❞ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ✭❯❇✮ ✐♥ ❚❤❡♦r❡♠ ✸ ❢♦r s♦♠❡ ❢✉♥❝t✐♦♥s vk,a
✇❤❡r❡ a = 10−3✳

k 1 22 24 26 28 210 212

r 4 26 210 214 218 222 224

◗❊ ✸❡✲✶ ✻❡✲✷ ✶❡✲✷ ✸❡✲✸ ✾❡✲✹ ✷❡✲✹ ✺❡✲✺
∣

∣

∣

◗❊−❯❇
◗❊

∣

∣

∣ ✷❡✲✶ ✽❡✲✷ ✷❡✲✷ ✻❡✲✸ ✶❡✲✸ ✹❡✲✹ ✶❡✲✹

❚❛❜❧❡ ✷✿ ❘❡❧❛t✐✈❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ q✉❛♥t✐③❛t✐♦♥ ❡rr♦r ❢♦r t❤❡ ❢✉♥❝t✐♦♥ vk,a
✇✐t❤ a = 10−3 ❛♥❞ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ♣r♦✈✐❞❡❞ ❜② ❚❤❡♦r❡♠ ✸

✹✳✸ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ t❡st❡❞ ❡st✐♠❛t♦rs

❆ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t ❡st✐♠❛t♦rs ♦♥ t❤❡ ✜✈❡ t❡st ❢✉♥❝t✐♦♥ ❣r❛♣❤s ✐s
s❤♦✇♥ ❚❛❜❧❡ ✸✳ ❚❤❡ ▼❉❙❙✱ ❙♣❛rs❡ ❛♥❞ ▼✲s♣❛rs❡ ❡st✐♠❛t♦rs ❛r❡ t❡st❡❞ ♦♥
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❉✐s❝r❡t✐③❛t✐♦♥ ❡rr♦r ◗✉❛♥t✐③❛t✐♦♥ ❡rr♦r ❚♦t❛❧ ❡rr♦r
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❚❛❜❧❡ ✸✿ ❊st✐♠❛t✐♦♥ ❡rr♦rs ✐♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❡s♦❧✉t✐♦♥ r ❢♦r t❤❡ ❡st✐♠❛t♦rs
ESp2✱ EDSS✱ Erand ❛♥❞ ESp3✳ ❚❤❡ t❡st❡❞ ❢✉♥❝t✐♦♥s ❛r❡ log✱ s1✱ s2✱ f1 ❛♥❞ f2 ✭s❡❡
t❡①t✮✳
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−h
−2h
−3h
−4h
−5h
−6h
−7h
−8h
−9h

1
k

2
k

3
k 1

❋✐❣✉r❡ ✾✿ ❇❧✉❡ ✭✉♣♣❡r✮ ❧✐♥❡✿ t❤❡ ❣r❛♣❤ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ v4,0.1✳ ❘❡❞ ♣♦✐♥ts✿ ▼❉❙❙
❡♥❞ ♣♦✐♥ts ♦❢ t❤❡ v4,0.1 ❖❇◗ ❞✐s❝r❡t✐③❛t✐♦♥✳ ❘❡❞ ❧✐♥❡✿ ♣♦❧②❧✐♥❡ ✇❤♦s❡ ❧❡♥❣t❤ ✐s
t❤❡ ♥♦♥ ❧♦❝❛❧ ❧❡♥❣t❤ ❡st✐♠❛t✐♦♥ ♦❢ L(g)✳

t❤❡ ▲♦❣❛r✐t❤♠✱ t❤❡ ❞✉♠♣❡❞ s✐♥✉s♦✐❞s s1✱ s2 ❛♥❞ t❤❡ ❢r❛❝t❛❧ ❢✉♥❝t✐♦♥s f1✱ f2✳
❚❤r❡❡ ❡rr♦rs ❛r❡ s❤♦✇♥ ❢♦r t❤❡ t❡st✿ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❡rr♦r ✭❧❡❢t ❝♦❧✉♠♥✮✱ t❤❡
q✉❛♥t✐③❛t✐♦♥ ❡rr♦r ✭♠✐❞❞❧❡ ❝♦❧✉♠♥✮ ❛♥❞ t❤❡ t♦t❛❧ ❡rr♦r ✭r✐❣❤t ❝♦❧✉♠♥✮✳

❉✐s❝r❡t✐③❛t✐♦♥ ❡rr♦r ❚❤❡ ❉✐s❝r❡t✐③❛t✐♦♥ ❊rr♦r ✭❉❊✮ ✐s ❞✉❡ t♦ t❤❡ ❛♣♣r♦①✲
✐♠❛t✐♦♥ ♦❢ t❤❡ ❝✉r✈❡ ❜② ❝❤♦r❞s ✇❤♦s❡ ✇✐❞t❤ ✐s ❣✐✈❡♥ ❜② t❤❡ ♣❛tt❡r♥ ❢✉♥❝t✐♦♥✳
❚❤✉s✱ ❣❡♥❡r❛❧❧②✱ t❤❡ s❤♦rt❡r t❤❡ ✇✐❞t❤✱ t❤❡ s♠❛❧❧❡r t❤❡ ❉❊✳ ❚❤✐s ✐s ✐♥❞❡❡❞ ✇❤❛t
✇❡ ♦❜s❡r✈❡ ✐♥ ❚❛❜❧❡ ✸ ✇❤❡r❡ EMDSS ❛♥❞ ESp3✱ ✇❤✐❝❤ ❤❛✈❡ ❛ ♣❛tt❡r♥ s✐③❡ ❛✈❡r✲
❛❣❡ ♦❢ ❛❜♦✉t r

1

3 ✇❤✐❧❡ ESp2 ❛♥❞ Erand ❤❛✈❡ ❛ ♣❛tt❡r♥ s✐③❡ ❛✈❡r❛❣❡ ♦❢ r
1

2 ✳ ❚❤❡
❣♦♦❞ ♣❡r❢♦r♠❛♥❝❡ ♦❢ EMDSS ♦♥ t❤❡ f1 ❣r❛♣❤ ✇❤✐❝❤ ✐s ❝♦♠♣♦s❡❞ ♦❢ str❛✐❣❤t ❧✐♥❡
s❡❣♠❡♥ts ✐s ♥❛t✉r❛❧✳ ❈♦♥tr❛r✐✇✐s❡✱ ❛s ▼❉❙❙ ❛r❡ ❛❞❛♣t✐✈❡✱ ✇❡ ❝♦✉❧❞ ❡①♣❡❝t t❤❛t
EMDSS ♦✉t♣❡r❢♦r♠s ESp3 ♦♥ s1✱ s2 ❛♥❞ f2✳ ❙✉r♣r✐s✐♥❣❧② t❤✐s ✐s ♦♥❧② t❤❡ ❝❛s❡ ♦♥
t❤❡ ❣r❛♣❤ ♦❢ f2✳

◗✉❛♥t✐③❛t✐♦♥ ❡rr♦r ❚❤❡ ◗✉❛♥t✐③❛t✐♦♥ ❊rr♦r ✭◗❊✮ ❝♦♠❡s ❢r♦♠ t❤❡ ✈❡rt✐❝❛❧
❛❧✐❣♥♠❡♥t ♦❢ t❤❡ ❝❤♦r❞s ♦♥ t❤❡ ❣r✐❞✳ ❙♦✱ ❣❡♥❡r❛❧❧②✱ ❛ ♣❛tt❡r♥ ❢✉♥❝t✐♦♥ t❤❛t
♣r♦❞✉❝❡ ❛ s♠❛❧❧ ♥✉♠❜❡r ♦❢ ♣❛tt❡r♥s ②✐❡❧❞ t♦ ❛ s♠❛❧❧ ◗❊ ♦♥ t❤❡ ❝♦♥tr❛r② t♦ t❤❡
❉❊✳ ❚❤✐s ✐s ✇❤❛t ✇❡ ♦❜s❡r✈❡ ♦♥ t❤❡ ❡①♣❡r✐♠❡♥t✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♣r✐❝❡ ♦❢ t❤❡
❛❞❛♣t✐✈❡ ♥❛t✉r❡ ♦❢ EMDSS ✐s ❛ r❡❧❛t✐✈❡❧② ❧❛r❣❡r ◗❊✳

❚♦t❛❧ ❡rr♦r ❚❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ◗❊ ❛♥❞ t❤❡ ❉❊ ♦♥ t❤❡ t♦t❛❧ ❡rr♦r ❞❡♣❡♥❞s
♦♥ t❤❡ st✉❞✐❡❞ ❣r❛♣❤✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ t❤❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ◗❊ ✐s
♣r❡tt② ♠✉❝❤ t❤❡ s❛♠❡ ❢♦r t❤❡ ✜✈❡ ❢✉♥❝t✐♦♥s ❛♥❞ ❡❛❝❤ ◆▲❊ ✭✇✐t❤ ❛♥ ❡①❝❡♣t✐♦♥ ❢♦r
EMDSS ♦♥ t❤❡ ❧♦❣❛r✐t❤♠✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❉❊
✐♥❝r❡❛s❡s s✐❣♥✐✜❝❛♥t❧② ❢r♦♠ t❤❡ s♠♦♦t❤ ❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥ log t♦ t❤❡ ❢r❛❝t❛❧ ❢✉♥❝✲
t✐♦♥s ❢♦r t❤❡ ❢♦✉r t❡st❡❞ ◆▲❊✳ ❙✉r♣r✐s✐♥❣❧②✱ t❤❡ ❛❞❛♣t✐✈❡ ❡st✐♠❛t♦r ❤❛s r❡❧❛t✐✈❡❧②
❜❛❞ ♣❡r❢♦r♠❛♥❝❡s ♦♥ t❤❡ t✇♦ ❞✉♠♣❡❞ s✐♥✉s♦✐❞s ✇❤✐❧❡ ✐t ❤❛s t❤❡ ❜❡st r❡s✉❧ts ♦♥
t❤❡ ❢r❛❝t❛❧ f2 ✇❤✐❝❤ ✐s ❜✉✐❧t ❢r♦♠ ❛ s✐♥❡✳ ❲❡ ♥♦t❡ ❛❧s♦ t❤❛t t❤❡ s♣❛rs❡ ❡st✐♠❛t♦r
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ESp2 ❛♥❞ ✐ts r❛♥❞♦♠✐③❡❞ ❡q✉✐✈❛❧❡♥t✱ t❤❡ ▼✲s♣❛rs❡ ❡st✐♠❛t♦r Erand ❤❛✈❡ ❛❧♠♦st
t❤❡ s❛♠❡ r❡s✉❧ts ❢♦r t❤❡ ✜✈❡ ❢✉♥❝t✐♦♥s✳ ❊✈❡♥t✉❛❧❧②✱ ♥♦ ❡st✐♠❛t♦r ❣✐✈❡s t❤❡ ❜❡st
r❡s✉❧ts ♦✈❡r ❛❧❧ t❤❡ ❣r❛♣❤✳

✺ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ❛rt✐❝❧❡✱ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ ❛ ♥❡✇ ❝❧❛ss ♦❢ ❧❡♥❣t❤ ❡st✐♠❛t♦rs✱ t❤❡ ♥♦♥✲
❧♦❝❛❧ ❡st✐♠❛t♦rs ✭◆▲❊✮✳ ❚❤❡ ◆▲❊ ❣❛t❤❡r ❛❧❧ t❤❡ ♠✉❧t✐❣r✐❞ ❡st✐♠❛t♦rs ✇❤♦s❡
❞✐s❝r❡t❡ ❣r❛♣❤ ❧❡♥❣t❤ ❡st✐♠❛t✐♦♥ ✐s ♠❛❞❡ ✇✐t❤ ❛ ♣♦❧②❧✐♥❡ ✇❤♦s❡ ✈❡rt✐❝❡s ❜❡❧♦♥❣
t♦ t❤❡ ❞✐s❝r❡t❡ ❣r❛♣❤ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ ❧✐♥❡ s❡❣♠❡♥t
❞✐s❝r❡t❡ s✐③❡s t❡♥❞s t♦✇❛r❞ ✐♥✜♥✐t② ❛s t❤❡ r❡s♦❧✉t✐♦♥ ❣r♦✇s t♦ ✐♥✜♥✐t②✳ ❚❤❡ ◆▲❊
❝❧❛ss s❤♦✉❧❞ ❡♥❝♦♠♣❛ss t❤❡ ▼❉❙❙ ❜❛s❡❞ ❧❡♥❣t❤ ❡st✐♠❛t♦rs✳ ◆❡✈❡rt❤❡❧❡ss ✇❡
st✐❧❧ ♥❡❡❞ t♦ ♣r♦✈❡ ✐t ❢♦r♠❛❧❧②✳ ❲❡ ❤❛✈❡ ❛❧s♦ ❞❡✜♥❡❞ ❛ s✉❜❝❧❛ss ♦❢ t❤❡ ◆▲❊✱ t❤❡
▼✲s♣❛rs❡ ❡st✐♠❛t♦rs✱ ❢♦r ✇❤✐❝❤ t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ ❧✐♥❡ s❡❣♠❡♥t ❛❜s♦❧✉t❡ s✐③❡s
t❡♥❞s t♦✇❛r❞ ✵ ❛s t❤❡ r❡s♦❧✉t✐♦♥ t❡♥❞s t♦✇❛r❞ ✐♥✜♥✐t②✳ ❲❡ ♣r♦✈❡❞ t❤❛t ❛♥② ◆▲❊
❤❛s t❤❡ ♠✉❧t✐❣r✐❞ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦♣❡rt② ❢♦r t❤❡ ▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥s ❛s s♦♦♥ ❛s ❛t
❛♥② r❡s♦❧✉t✐♦♥ ✐ts ♣♦❧②❧✐♥❡ ✐s ❝❧♦s❡ t♦ t❤❡ ♦♥❡ ♦❢ s♦♠❡ ▼✲s♣❛rs❡ ♣♦❧②❧✐♥❡✳ ❚❤❡
❜♦✉♥❞ ♦♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ♦❢ s❡♠✐✲❧♦❝❛❧ ❛♥❞ s♣❛rs❡
❡st✐♠❛t♦rs ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✱ ✉♥❞❡r ✇❡❛❦❡r ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ❢✉♥❝t✐♦♥✳ ❚❤❡
❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ❝❛♥ ❜❡ ✐♠♣r♦✈❡❞ ✇❤❡♥ t❤❡ ❢✉♥❝t✐♦♥ ✐s ❝♦♥❝❛✈❡ ♦r ❝♦♥✈❡① ❛s ✐t
❤❛s ❜❡❡♥ s❤♦✇♥ ❢♦r s♣❛rs❡ ❡st✐♠❛t♦rs ✐♥ ❬✹❪✳ ❚❤✐s ♣♦✐♥t ✇✐❧❧ ❜❡ ❞❡✈❡❧♦♣❡❞ ✐♥ ❛
✇♦r❦ ✐♥ ♣r❡♣❛r❛t✐♦♥ ❬✷✷❪✳ ❲❡ ❤❛✈❡ ❛❧s♦ t♦ st✉❞② ❤♦✇ t❤❡ ♠❛t❡r✐❛❧ ♣r❡s❡♥t❡❞ ✐♥
t❤✐s ❛rt✐❝❧❡ ❜❡❤❛✈❡s ✇✐t❤ ❏♦r❞❛♥ ❝✉r✈❡s ♦❜t❛✐♥❡❞ ❛s ❜♦✉♥❞❛r✐❡s ♦❢ s♦❧✐❞ ♦❜❥❡❝ts
t❤r♦✉❣❤ ✈❛r✐♦✉s ❞✐s❝r❡t✐③❛t✐♦♥ s❝❤❡♠❡s ✭❛♥❞ ♠♦r❡ ❣❡♥❡r❛❧❧②✱ ✇✐t❤ ❛♥② ❣r❛♣❤ ♦❢
❛ ♦♥❡✲t♦✲♦♥❡ ✈❡❝t♦r✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥✮✳

❆ ❈❛❧❝✉❧✉s ♦❢ Hδ(f)

❲❡ ❝♦♥s✐❞❡r t❤❡ ❢r❛❝t❛❧ ❢✉♥❝t✐♦♥ f ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✶✳ ▲❡t E ❜❡ t❤❡ s❡t
♦❢ ♣♦✐♥ts ✐♥ [0, 1] ❛t ✇❤✐❝❤ g ✐s ♥♦t ❞✐✛❡r❡♥t✐❛❜❧❡✳ E ❝♦♥t❛✐♥s ✐s♦❧❛t❡❞ ♣♦✐♥ts
✇❤♦s❡ tr✐❛❞✐❝ ❞❡✈❡❧♦♣♠❡♥t ✐s ❝♦♠♣♦s❡❞ ♦❢ ✜♥✐t❡❧② ♠❛♥② ❞✐❣✐ts 0 ♦r 2 ❢♦❧❧♦✇❡❞
❜② ❛♥ ✐♥✜♥✐t❡ s❡q✉❡♥❝❡ ♦❢ ❞✐❣✐ts ✶ ❛♥❞ E ❝♦♥t❛✐♥s ❧✐♠✐t ♣♦✐♥ts ✇❤♦s❡ tr✐❛❞✐❝
❞❡✈❡❧♦♣♠❡♥t ✐s ✜♥✐t❡✱ ♠❛❞❡ ♦❢ ❞✐❣✐ts ✵ ♦r ✷ ❜✉t t❤❡ ❧❛st ✇❤✐❝❤ ✐s ❛♥② ❞✐❣✐t✳

❲❡ s❡t F (δ) = Hδ(f)✳ ❘❡❝❛❧❧ t❤❛t

F (δ) = max
∑

i

wi

✇❤❡r❡ t❤❡ ♠❛①✐♠✉♠ ✐s ♦✈❡r t❤❡ s❡t Eδ ♦❢ ❛❧❧ ♠✐♥✐♠❛❧ ❝♦✈❡r✐♥❣s ♦❢ t❤❡ s❡t E ❜②
❝❧♦s❡❞ s✉❜✐♥t❡r✈❛❧s ♦❢ [0, 1] ✇✐t❤ ❞✐❛♠❡t❡rs wi ≤ δ ❛♥❞ ♣❛✐r✇✐s❡ ❞✐s❥♦✐♥t ✐♥t❡r✐♦rs✳

❋♦r δ ≥ 1
9 ✱ t❤❡ s❡t {Ii}9i=1 ✇❤❡r❡ Ii = [ i−1

9 , i
9 ] ✐s ❛ ♠✐♥✐♠❛❧ ❝♦✈❡r✐♥❣ ♦❢ E

✇✐t❤ ✐♥t❡r✈❛❧s ✇❤♦s❡ ✐♥t❡r✐♦rs ❛r❡ ♣❛✐r✇✐s❡ ❞✐s❥♦✐♥t✳
❍❡♥❝❡✱ ❢♦r ❛♥② δ ≥ 1

9 ✱ ✇❡ ❤❛✈❡

F (δ) = 1. ✭✶✹✮

✷✼



❲❤❡♥ δ < 1
9 ✱ ❛♥② ♠✐♥✐♠❛❧ ❝♦✈❡r✐♥❣ ✐♥ Eδ ❝❛♥ ❜❡ s♣❧✐t ✐♥ t❤r❡❡ ♣❛rts✿ ❛ ♠✐♥✐♠❛❧

❝♦✈❡r✐♥❣ ♦❢ E ∩ [0, x1] ✇❤❡r❡ x1 ∈ [ 13 ,
4
9 )✱ ❛♥ ✐♥t❡r✈❛❧ t❤❛t ❝♦♥t❛✐♥s t❤❡ ♣♦✐♥t 1

2
❛♥❞ ❛ ♠✐♥✐♠❛❧ ❝♦✈❡r✐♥❣ ♦❢ E ∩ [x2, 1] ✇❤❡r❡ x2 ∈ ( 59 ,

2
3 ]✳

❋r♦♠ t❤❡ r❡❝✉rs✐✈❡ ❞❡✜♥✐t✐♦♥ ♦❢ f ✱ ♦♥❡ ❝❛♥ s❡❡ t❤❛t

Hδ(f|[0, 1
3
]) = Hδ(f|[ 2

3
,1]) =

1
3H3δ(f)

✇❤❡r❡ f|J ❞❡♥♦t❡s t❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ f t♦ ❛♥ ✐♥t❡r✈❛❧ J ✳

❚❤✉s✱ ❢♦r ❛♥② δ < 1
9 ✱

F (δ) = 2× ( 13 (F (3δ) + δ) + δ = 2
3F (3δ) + 3δ ✭✶✺✮

❇② s♦❧✈✐♥❣ t❤❡ r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥ ✭✶✺✮ ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❡q✉❛❧✐t② ✭✶✹✮✱ ✇❡ ❣❡t

F (x) =

(

2

3

)n

+ 3δ
n−1
∑

i=0

2i ✇✐t❤
1

9
≤ 3nδ <

1

3

=

(

2

3

)n

+ 3δ(2n − 1) ✇✐t❤ n = −⌊log3(δ) + 2⌋

❚❤❡r❡❢♦r❡✱

F (δ) ≤ 9

4

(

2

3

)− log
3
(δ)

+ 3δ

(

1

2
2− log

3
(δ)

)

≤ 15

4
δ1−log

3
(2).

◆♦t❡ t❤❛t log3(2) ✐s t❤❡ ❍❛✉s❞♦r✛ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ s❡t E✳

❘❡❢❡r❡♥❝❡s
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