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An Analytic Geometry Approach to Wiener System
Frequency |dentification

Fouad Giri, Member, |IEEE, Youssef Rochdi, and Fatima-Zahra Chaoui

Abstract—T his paper addresses the problem of Wiener system
identification. The underlying linear subsystem is stable but not
necessarily parametric. The nonlinear element in turn is allowed
to be nonparametric, noninvertible, and nonsmooth. As Wiener
models are uniquely defined up to an uncertain multiplicative
factor, it makes sense to start the frequency identification process
estimating the system phase (which is common to all models). To
thisend, aconsistent estimator isdesigned using analytic geometry
tools. Accordingly, the system frequency behavior ischaracterized
by a family of Lissajous curves. Interestingly, all these curves are
candidatesto modelling the system nonlinearity, but the most con-
venient oneisthe less spread of them. Finally, the frequency gain
isin turn consistently estimated optimizing an appropriate cost
function involving the obtained phase and nonlinearity estimates.

Index Terms—Frequency identification, Lissajous curves, non-

linear block-oriented systems, system identification, Wiener sys-
tems.

I. INTRODUCTION

HE Wiener model consists of alinear dynamic subsystem

followed in series by a nonlinear element (Fig. 1). Most
of previous identification methods were developed supposing
that the nonlinearity is a polynomial of known degree and the
linear part is a transfer function of known order, see e.g., [11],
[13]15], [17], [19]. As the intermediate signal «(t) is not
accessible for measurement (and may even be of no physical
meaning), the system output then turns out to be a bilinear
(but fully known) function of the unknown parameters (those
of the nonlinearity and those of the linear subsystem). Such
bilinearity has been coped with following different approaches.
First, the iterative optimization method consists in computing
aternatively the parameters of the linear subsystem and those
of the nonlinear subsystem. When optimization is performed
with respect to one set of parameters, the other set isfixed. Such
aprocedure is shown to be efficient provided that it converges,
e.g., [17]. But, convergence can not be achieved except under
restrictive conditions, e.g., [20]. In [3], a separable nonlinear
optimization solution is suggested. It consists in expressing a
part of the parameters (namely, those of the linear subsystem)
in function of the others, using first order optimality conditions.
The dimension of the parameter space is thus reduced making
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Fig. 1. Wiener model structure.

easier the optimization problem. Frequency-type solutions have
also been proposed, seee.g., [6]. Theideaisto apply repeatedly
asineinput u(t) = Uicos(wyit) with different amplitudes Uy,
and frequencies wy.. Then, exploiting the polynomial nature of
the nonlinearity, the input-output equation can be solved with
respect to the unknown parameters.

Nonparametric nonlinearities have also been dealt with using
different approaches. In[7]-{10], theidentification problem was
dealt with using stochastic tools. But, the nonlinearity is sup-
posed to be invertible and smooth. In [1] a frequency method
is proposed for noninvertible nonlinearities. It consists in ap-
plying repeatedly sine input signals and operating a discrete-
Fourier transformation of the obtained (steady-state) periodic
output signals to estimate the frequency gain G(jwy) (for dif-
ferent frequencies) and the nonlinearity. Unfortunately, the pro-
posed estimators (phase, gain and nonlinearity) are not consis-
tent in general asthisispointed outin[2]. A stochastic solution
has been proposed in [12], where the linear subsystem coeffi-
cients are first estimated using a least-squares type algorithm
and the obtained estimates are used to recover the nonlinearity
f(x) at any fixed x. The consistency is established supposing
that thelinear subsystemisMA with known and nonzeroleading
coefficient. The nonlinearity was assumed to be continuouswith
growth not faster than a polynomial. In [5], a recursive iden-
tification scheme is proposed for Wiener systems including a
dead-zone preload nonlinearity. There too, consistency is only
achieved supposing the linear subsystem to be MA with known
and nonzero leading coefficient. More recently, a semi-para-
metric identification approach has been presented in [16]. The
impulse response function of the linear subsystem is identified
via the nonlinear least squares approach with the system non-
linearity estimated by a pilot nonparametric kernel regression
estimate. The linear subsystem estimate is then used to form
a nonparametric kernel estimate of the nonlinearity. The price
paid isthat the impul se response function istruncated to afinite
order which, in effect, amounts to suppose the linear subsystem
to be MA.

In this paper, a new frequency-domain identification scheme
is designed for Wiener systems involving possibly noninvert-
ible and nonsmooth nonlinearities. The identification purpose
is to estimate the system nonlinearity f(-) and the system
phase and gain (ZG(jwe), |G(jwi)|), for a set of a priori
chosen frequencieswy, (k = 1,...,m). Asamatter of fact, the



estimation of the linear subsystem (gain and phase) is much
more complex in the case of noninvertible nonlinearities. The
complexity arises from the fact that the (unavailable) internal
signal (x(¢)) cannot be uniquely reconstituted from the output
signal. Consequently, the system cannot be uniquely modelled
i.e., any couple of the form (G(s)/K, f(Kz)) (K # 0)
is a possible model. It is readily seen that al these models
have the same phase (modulo 7). A consistent estimator is
designed using analytic geometry tools. Its key feature is the
characterization of the system frequency behavior (within
the set {w1,...,wy}) by afamily of static Lissajous curves.
Interestingly, the curves correspond precisely to the functions
S Uk |G(jwi)|z) and f(=Uy |G(jwi)|7) and these are
nothing other than the nonlinearities associated with the par-
ticular models (G(s)/K, f(Kz)) and (—G(s)/K, f(—Kz))
with K = Uy |G(jws)|. A particularly important fact isthat the
nonlinearities f (U |G(jwi)| z) and f(=Uy |G(jwi)| x) are,
less or more, spread versions of f(z) and f(—z), respectively.
The couple of models that involve the less spread nonlinearity
will prove to be the most judicious choice (in regard of gain
estimation). One more crucial feature of our solution is that
attention is explicitly paid to the compatibility between phase
estimates and nonlinearity estimate. The above compatibility
and spreadability requirements will prove to be essentia to
guarantee the consistency of the whole identification scheme.

The paper is organized as follows: the identification problem
is stated in Section |1; geometric characterization of the system
frequency behavior is developed in Section I11; this characteri-
zation isused in Section 1V to design the identification scheme;
Section V gives complementary analytical expressions; con-
cluding remarks and reference list end the paper.

Il. IDENTIFICATION PROBLEM STATEMENT

1) System Description: We are considering nonlinear sys-
tems that can be described by the Wiener model of Fig. 1 where
G(s) denotes the transfer function of the linear subsystem
and f(-) is amemoryless nonlinear function. Anayticaly, the
Wiener model is described by the equations

x(t) = g(t) u(t)
y(t) = w(t) + o(t) with w(t) = f (z(t))

@
@

where g(t) = L~ Y(G(s)) isthe inverse Laplace transform of
G(s); the symbol '+ refers to the convolution operation; (%)
and y(¢) are the system input and output, respectively. These
are accessible to measurement while the internal signals «(¢)
and w(t) are not. The equation error »(¢) is a random signal
that accounts for external noise. It is supposed that:

i) G(s) isasymptotically stable because system identifica-
tion is carried out in open loop and;

i) for any T > 0 and any time-sequence {¢;} such that,
ty —tr—1 > T (foral k), onehas. {v(;)} isastationary
ergodic sequence of zero-mean independent random vari-
ables. Ergodicity allows the substitution of arithmetic av-
erages to probabilistic means, making simpler the forth-
coming developments.

The frequency domain identification method we are

developing necessitates the application of sine signas,
u(t) = Ucos(wt), for a set of a priori chosen amplitudes

and frequencies (U, w) € {(Uk,wi);k=1,...,m}. In steady
state, the resulting internal signal is

def

z(t) = U|G(jw)| cos (wt — p(w)) with p(w) = —ZG(jw).

With these notations, it is supposed that f(-) is defined on all
intervals —Uy, |G(jwi)| < z < Ui |G(jw)| and fallsin the
following class of functions:

Assumption Al:

a If f(-) is even then, f(0) should be known and
FHf(0) = {0}

b) If f(-) is not even then, there should exist —1 < oy <
o1 < 1 such that f(-) is invertible in the intervals
[Uon |G(jwk)| , 01 Up |G(]wk)|] (k‘ S {1, - ,m}), i.e.,
onehas, forall x € [ooU |G(jwi)|, o1 Uk |G(jwr)|] and
al z € [-Uk [G(jwi)|, Uk |G(wr)]: f(z) = fz) =
xr = zZ.

Without loss of generality we suppose that |G(jwi)| # 0,
for al k. Indeed, if |G(jwi)| were zero (for some k) then
z(t) would be null and the output y(¢) would in turn be
null (up to noise). Except for assumption Al, the system
is arbitrary. In particular, G(s) and f{-) are not necessarily
parametric and the latter is allowed to be nonpolynomial,
noninvertible and nonsmooth. Note that Part b of Assumption
Al is not too restrictive because the sizes of the intervals
(ooUk |G(Jwi)|, 01U |G(jwy)|) ae unknown and may be
arbitrarily small (i.e., o4 may betoo close to o).

2) ldentification Purposes We am at designing an
identification scheme that is able to provide a model es-
timate (é(jw), f(x)) representing well the system when
this is excited by sinusoidal inputs with the characteristics
(U,w) € {(Ug,wr); k=1,...,m}.

3) Model Multiplicity: The complexity of the identification
problem mainly comes from the fact that the internal signal
z(t) is not accessible for measurement. This in particular
implies model multiplicity. Indeed, any couple of the form
(G(s)/K, f(Kz)) (K # 0) isapossiblemodel. This naturally
leads to the question: what particular model should we focus
on? This question will be answered later in Section IV-B. At
thispoint, let usjust note that, aslong asthe phaseis concerned,
al models are similar to either (G, f) or (G, f), depending
on the sign of K, where

G™(s)

def

Y as), @)Y fw). ®

Therefore, we begin the identification process designing a
phase estimator. The main design ingredients are developed in
Section Il1.

1. GEOMETRIC CHARACTERIZATION OF THE
SYSTEM FREQUENCY BEHAVIOR
All along this section, the Wiener system is excited by a
sine input signal «(¢) = U cos(wt) where (U, w) is any fixed
couple belonging to the set {(Uy,wi);k=1,...,m}. Using
the models (G, f) and (G~ f7), the resulting internal signals
are respectively defined by the equations

() =U |G(jw)|cos (wt—p(w)) and w(t)= f (x(1)) (49
2~ (1) =U|G(jw)| cos (wt—p(w)—m)and w(t)= f~ (x (1)).
(4b)



w(t)

> Xy(t)

Fig. 2. Example of closed-locus.

A. Characterization of the Curves (cos (wt — o(w)), w(t))
and (— cos (wt — p(w)), w(t))

The aim of this subsection is to establish key properties that
characterize the parameterized curves (cos (wi — p(w)) , w(t))
and (— cos (wt — ¢(w)), w(t)). First, notice that sine signals
that oscillate at the same frequency as cos (wt — ¢{(w)) are of
the form:

X (t) = cos(wt — 1) (59)
where € IR isarbitrary and I R denotes the set of real num-
bers. It is readily seen that

cos (Wt — p(W)) = Xp)(t)
—cos (wt — @(w)) = X(,o(w)-i-ﬂ”(t)' (5b)

Now, let C,; be the parameterized locus constituted of all
points of coordinates (. (¢), w(t)) (¢ > 0). AS x (¢) and w(¢)
are periodical, with the same period 7(T" = 27 /w), the curve
Cy: turns out to be an oriented closed-locus. Furthermore, C
and Cy.~ are symmetric with respect to the w-axis, a property
that will be useful in the forthcoming development. In general,
Cy. is constituted of one or several loops, (see e.g., Fig. 2). In
the particular case where w(¢) isasinesignal, C, isastandard
Lissgjous curve and may present different shapes, e.g., an el-
lipse, acircleor aline ([18]). The only characteristic of C,, that
isof interest, for the present study, isits geometric area, denoted
A(1)). Recall that the geometric area of asimple (oriented) loop
ignorestheloop orientation and, so, isalwayspositive. Thisisto
be distinguished from the algebraic area that may be positive or
negative, depending on the loop orientation sense. In the case of
amulti-loopslocus, the global geometric area equal s the sum of
the geometric areas of the different single loops. Fig. 2 shows
an oriented closed-locus composed of two loops. For the sake
of simplicity, these are supposed to be circles of radius ». The
geometric area of the whole locus equals 27 while its alge-
braic areais null. Now, we are ready to introduce the following
definition.

Definition 3.1: The closed-locus C. is said to be static if its
geometrical areais null (A(y) = 0). Then, C, looks like a
standard curve (not a closed locus). Inversely, Cy; is said non-
static (or memory) when A(y) # 0.

Proposition 3.1: Consider the Wiener system described
by ()—(2) and Assumption Al, excited by sine inputs
w(t) = Ucos(wt) with (U,w) € {(Uk,wi);k=1,...,m}.
Then, one has:

1) dl curves Cuypne (B =
Wi, ..., wy) are static;
2) forany h and any w, the curve C', ()42~ IS Symmetric to
Co(w)+(2h+1)= With respect to the ordinate axis (w-axis).
O

0,£1,42...,w =

Proof:
1) From (2), (4) and (5a)—(5b), it follows that:

w(t) = f (U]GGw)] e (t))
= 7 (UGG Xyt () -
Since f(-) and f~(-) arefunctions (in the standard sense),

it follows that C',(,,) and C (.4, are static curves. The
result also holds for C(.)4r+ (for @l h) since

if hiseven

X () (t)
i if b is odd. 6)

plw (1) =
Xp(w)+h () {Xs@(w)-ﬁr(t)

2) Recal that C,.)4n- is condtituted of the points
(cos (wt — p(w)) ,w(t)) and Cue)thtnx IS the set
of points (—cos (wt — p(w)),w(t)). The above points
have the same w-value but opposite abscissas.

[

Proposition 3.2: Consider the problem statement of Proposi-

tion 3.1. If Cy, is static for some 4/, then one has, for all §

S UG(jw)| cos(8))

= J (U|G(Gw)| cos (§ = 2( — ¢ (w))))
ST UG (Gw)| cos(8))

= /7 (U|GGw)|cos (§ = 2(¢ — p(w)))) -

Proof: From (4a)—(4b) one has, for al ¢

w(t) = f (U]G(jw)| cos(wt — p(w)))
=7 (U |G(w)| cos(wt — ¢(w))) -

On the other hand, if C,;, is stetic then there exists afunction
g(+) such that

w(t) = g(cos(wt — 1)) (7
then, one has for all ¢

JUG(jw)|cos(wt — p(w))) =g (cos(wt — 1)) (82)
ST (U G(w)| cos(wt — p(w))) =g (cos(wt — 1)) (8D)

Furthermore, it can be easily checked that, for al ¢

Cos <w <t+%> —1&) = cos <w <T—t+g) —w) 9
w w
where T = 27 /w. Then, one gets that, for all ¢
(o e(+2) )
:g<cos <w <T—t+%) —¢)>

which, together with (8a8)—(8b), yields (for al ¥)

(viaateos (v (14 2) - o) )
=f <U |G(jw)| cos <w <T— t+ %) - <p(w))>
= (~vatoncos (w e+ 2) o)) )



e <_U|G<jw>|cos (w <T —t %) B “7(“))) '

These, respectively, give

JU|G(jw)|cos (wt + 1 — p(w)))
= f(U|G(jw)| cos (T — wt + 1 — p(w)))
= f (U]G(jw)| cos (wt — 9 + p(w)))
ST (UG (jw)| cos (wt + 9 — p(w)))
= /7 (U|G(jw)| cos (T — wit + ¢ — p(w)))
= 7 (FUIG(w)| cos (wt — o + p(w))) -

These expressions establish Proposition 3.2 with 8 = wt +
1 — o(w). Ast isarbitrary and the cosineis periodic, the above
expressions hold for all 8 [ |

Proposition 3.3: Consider the problem statement of Propo-
sition 3.1 and suppose that C'; is stetic. Then, one has the fol-
lowing properties:

1) if the function f- is not even, then: v — o(w) = A, for

someh = 0,+1,+2,...;

2) if thefunction f(-) iseven, then: y—p(w) = hror (x/2)+

hm, forsomeh = 0,+1,+2,....
O
Proof: Let usintroduce the following notations:

2{p —p(w)) =6(w) + 2h7 (10)
with0 <é(w) < 2rand h =0,4+1,£2,.... (11)

Then, using Proposition 3.2, it follows that, for all
¢ € [0,2m):

F (UG (jw)| cos(8)) = f (U|G(jw)| cos (8 —6)).  (12)
Case 1. f(-) is not even. Using Assumption Al (Part
b), the function f is invertible in the subinterval
(ooU |G(jw)|, U |G(jw)|). Then, from (12) it fol-
lows that for any 6 € (0, 2r) such that cos(8) € (o9, 01),
one has

cos(f) = cos(f — 6{w)). (13)

Now, it can easily be checked that if 6(w) # 0, then for all

6 ¢ (0,27r)—{%w),7r+%w)}:

cos(f) # cos(f — 6(w)). (14)
But this clearly contradicts (13). Hence, §(w) = 0.
Case 2. f(-) iseven. Letting ¢ = /2 in (12), one gets
F(0) = f(U|G(w)|cos ((/2) — 6(w))). Then, it fol-
lowsfrom Assumption A1 (part a) that cos(7/2)—6(w)) =
0,i.e

§(w) = —2iror §(w) =7 — 2im (15)
for some integer 7+ = 0,41,+2.... This, together with
(10) implies that, either v — ¢ = (h — )T or¢p — ¢ =
(w/2)(h — i)

[ |

Proposition 3.4: Consider the problem statement of Propo-

sition 3.1. If Cy; is static then there is a unique function g(-),

such that: g{cos(wt —1))) = w(t), vV t. More specificaly, for al
z € [-1,41]

[ PG )
9(z) = {f (U |G(jw)] 2)

for someinteger A O
Proof: The fact that C,, is static guarantees the existence
of a g(-) such that

if p — o(w) = 2hr
if p — o(w) =7 + 2hr

¥ t.

g (cos(wt —9)) = w(t), (16)

The uniqueness of g(-) is now proved separating the two cases
pointed out in Assumption Al.
Case 1: the function f(-) is not even. Using Proposition
3.3 (part 1) it follows that > — ¢(w) = hm, for some
h =0,4+1,+£2,.... Then (16), implies
g ((—1)h cos (wt — @(w))) =w(t),Vt. a7)
Comparing (17) with (4a) yields
g ((=1)" cos (wt — p(w))) = f (U |G(jw)| cos (wt — p(w)))
which impliesthat, for al vV z € [—1,+1]

g(z) =f(U|G(jw)| z) if h is even
g(z) =7 (U|G@Hw)|z) if his odd.

(18)
(19)

Hence, Proposition 3.4 holds in Case 1.
Case2: f(-) iseven. Using Proposition 3.3 (Part 2), it fol-
lows that:

v —plw) =kr orw—go(w):g—f—knr (20)
forsomeh = 0,41, 42,.. .. Let usshow, by contradiction,

that the second solution in (20) can not hold. Assume that,
for some integer &

b —plw) = g + k. (1)
It follows from (16) that:
g ((—l)k sin (wt — cp(w))) =w(t), Vt. (22

Again, comparing (22) and (4a), one gets
g9 ((=D)Fsin (wi — p(w))) = [ (U|G(jw)| cos (wt — p(w))).
This can be rewritten in amore compact form, letting
g ((=D)¥sin(8)) = f (U |G(jw)|cos(8)),

Substituting ¢ + 7 to ¢ in (23) implies that, for all ¢

(for all 6).
(23

g(—(-1sin(9)) = f (~U [Gljw)lcos(6)).  (24)



As f iseven, it follows, comparing (23)—24), that g, in turn,
is even. Then, one gets from (23) that:

FU|G(jw)| cos(8)) = g ( 1 — cos? (9)) (for all §).
(29)
v/1—cos?(#), it follows

Using the variable change z =
from (25) that, V = € [—1, +1]:

9(2) = f (UGG VI=22).

Let us check that such asolution g(-) isnot admissiblein the
sense of Assumption Al (part @). Indeed, one readily gets from
(26) that

(26)

9(0) = FU|G(w)))- @7)
On the other hand, it follows from Assumption A1l (part a)
that:

f(@) = f(0) =z =0.

Since |G(jw)| # 0 (for dl w € {wy,...,wy}) it follows
from (27)—«(28) that g(0) # f(0). This clearly showsthat g(-)
does not satisfy assumption Al (part @) and, so, is hot admis-
sible. Hence, the solution (21) must be discarded. Then, inview
of (20), one necessarily has: 1> — ¢ = km. Therest of the proof
issimilar to Case 1. Proposition 3.4 is established [ |

(29)

B. Estimation of the Parameterized Curves

Propositions 3.3 and 3.4 are quite interesting. The first
shows that p(w) = — < G(jw) can be recovered (modulo
7) by just tuning the parameter +» until the closed-locus C,,
becomes static. Due to Proposition 3.4, the obtained static
curve is precisely the graphical plot of either f(U|G(jw)|z)
or f(=U|G(jw)|z). Now, the main issue is that the locus
Cy depends on the signal w(¢) which is not accessible for
measurement. This is presently coped with making full use of
the information at hand, namely the periodicity (with period
27 /w) of both X, (¢) and w(t) and the ergodicity of the noise
w(t). Bearing these in mind, the relation y(¢) = w(t) + v(¢)
suggests the following estimator:

def

N
wit, N) = %Zy(t—l—kT); tefo,T) (29
k=1

where T' = 2r/w and N isasufficiently large integer. Specifi-
caly, for afixed timeinstant ¢, the quantity (¢, N') isthe mean
value of the (measured) sequence {y(t + kT );k = 0,1,2,...}.
Then, an estimate @,.7 ~ of Cy issimply obtained substituting
w(t, N) to w(t) when constructing Cy,. Accordingly, @,.‘ N
turns out to be the parameterized locus including all points
(xy(t), (¢, N)) (t > 0). These remarks lead to the following
proposition:

Proposition 3.5: Consider the problem statement of Proposi-
tion 3.1. Then, one has:

1) w(t, N) convergesin probability to w(t) (as N — o0).
2) Cy, N convergesin probability to Cy, (as N — oo) i.e., for
alt>0

i Oce(8), @8 N)) = O (8), w(®)) (wp.1). (30)

3) Consequently, if ¢ = @(w) + hr then limy_.o Cy v iS
static (w.p.1).

4) Inversely, if limy o0 éw,N is static for some ¢, then one
of the following statements hold w.p.1:

a) ¥ = ¢(w) + 2h7 (forsomeh = 0,+1,4+2,+£3...)
and the mapping cos(wt — ) — (¢, N) coincides
withthecurveof thefunction f (U |G(jw)| z) forz €
[—1,+1].

b) = ow) + w + 2hmr (for some
h = 0,£1,42,43,...) and the mapping
cos(wt — 1) — w(¢, N) coincides with the curve of
- (U|G(Gw)|z) for z € [—1, +1].

O

Proof: From (2) one getsthat, for al ¢ € [0,T)

y(t) = wit) + v(b). (31)

Then, using the fact that w(¢) is periodic with period T, it

follows from (31) that, for al ¢ € [0,7") and all integers k:
y(t + kT) = w(t) + v(t + kT), whichin turn implies that:

N N
o(t, N)= % > y(t+kT) =w(t)+% > w(t+kT). (32)
k=1 k=1

Since {v(t;)}, with ¢, = ¢t + kT, is zero mean and ergodic,
the last term on the right side vanishesw.p.1 as N — oc. This
proves Part 1 of the proposition. To prove Part 2, notice that,
using the fact that both x . (¢) and w(¢) are periodic (with period
T), one has:

(yp(t+ KT), y(t + kT)) = (x4 (1), w(t)) + (0,v(t + kT)) .

Averaging both sides (with respect to k) gives

| N
<~’% (t), v Z y(t+ kT))
k=1
= (zy(t), w(t)) + <O, % Z v(t + k'T)) . (33
k=1

Again, the last term on theright side vanishesw.p.1as N —
00, for the same reasons as above. This proves Part 2 of the
proposition. Part 3 is a consequence of Part 2 and Proposition
3.1. Part 4 follows from Part 2 using Proposition 3.4 [ |

Remark 3.1: Inthelight of Proposition 3.5 (Part 4) it is seen
that, for sufficiently large N, all curves belonging to the family
{é@(wk),m k=1,...,m} arestatic and any one of themisa,
more or less, spread version of al the others. The same remark
applies to the family {C‘n(wk)%N; k=1,... ,m}.



IV. FREQUENCY IDENTIFICATION METHOD
FOR WIENER SYSTEMS

A. Graphical Phase Estimation (GPE)

Proposition 3.5 and Remark 3.1 suggest the following phase
estimator:

GPELl. Apply the input signal «(t) = U cos(wt)
to the nonlinear system of interest for (U,w) €
{(U1,w1)...,(Um,wm)}.
GPE2. Get a recording of the output %(#) over a suffi-
ciently large interval of time 0 < t < NT. Generate
the continuous signals (¢, N — 1) and (¢, N) using
(29). Compute the 7.5 [0,7] norms, i.e.:||w(N)|, =

1/2
(fo w(t,N)th) and [[(N)— (N —1)], =

T, . . s ,\1/2
(Ji (@t Ny = (¢, N))*dt) . Choose a threshold
0 < e < LI (Jo(N) — (N = Dl,/[é(N)]l,) < e
then go to Step GPE3. Otherwise, increase the value of ¥
and repeat Step GPE2 starting from the beginning.
GPES. Plot the (closed) parameterized curve Cy v =
{(cos(wt — ), w(t, N)),0 <t <NT}, for different
values of ¢ until a static curve is observed. Let * de-
note the first value of + such that C, n is static. Then,
$n(w) = ¢* isthe estimate of either p(w) or p(w) + 7.
GPE4. Repeat the above steps for al (U,w) €
{(U1,w1)...,(Un,wn)}. Check that each curve is a,
more or less, spread version of the others. If, for some w,
one gets a curve that is not coherent with those obtained
previously, then take ¢ (w) = 9* + © where ¢* isasin
GPES.

Itisworth noting that the correction (by ) in the step GPE4
ensures that the phase estimator ¢n(w) focuses either on
plw) = —/G(jw) (fordl w € {wy...,wp})oronp(w)+w
(for all w). Infact, it does not matter to know which oneisbeing
focused on. The main point is that the estimator focuses either
on G(s) or on G~ (s) (but not on both). This remark together
with the results of Proposition 3.5 guarantee the consistency
of the estimator ¢y (w). This is formalized in the following
theorem:

Theorem 4.1: Consider the problem statement of Proposi-
tion 3.1. The phase estimator ¢ (w), defined by the procedure
GPE1-GPE4, is consistent in the sense that one has w.p.1, ei-
ther limy .~ ¢ (w) = p(w) (foral w) or limy_ . Ppn(w) =
¢(w) + = (for dl w). O

B. Graphical Nonlinearity Estimation (NLE)

_Let us consider the family of (static) curves IA‘% N =

Cjy(w).n constructed in the phase estimation procedure
GPE1-GPE4. In the light of Proposition 3.5 and The-
orem 4.1, it is clear that, for any fixed couple (U,w) €
{(U1,w1)...,(Un,wm)}, the curve I', y converges in
probability to (the graphical plot of) either f (U |G(jw)| z) or
;= (U|G(jw)| z) (where—1 < 2 < 1). Therefore, aconsistent
estimate of either f (U |G(jwi)lz) or f~ (Uk|G(jwi)| z)
can be recovered from the curve IA‘%N (k = 1,...,m).
The question is: what use can be made of an estimate of

(f (Ux |G(jwr)|2) or = (Uk |G(jwi )| 7))?

¢ (k) with k=1.5>1
Less spread

f()=x"

3 - .

f(kx) with k=0.5<1

More spread
2 - -
1
0 \ /
-2 -1.5 -1 -05 0 05 1 15 2

Fig. 3. Example of anonlinearity and its spread versions.

This question is answered exploiting model multiplicity
pointed out in Section I1. Specifically, the above functions are
nothing other than the nonlinearities of the particular couple of
models

G(s)
Ui |G (jwr)]
G~ (s)
Ui |G (jwr)]

M (U, wy) = < , f (Uk |G(jwk)|$))

M_(Uk;wk)déf < . (Uk|G(jwk)|$)>

respectively. That is, for any & € {1,...,m]}, the curve
f% ~ converges (in probability) to the nonlinearity of either
MUy, wi) or M~ (U, ws) (it does not matter to know which
one). Then, it makes sense to limit the identification to the
model family {M (U, wi), M~ (Ui, wi); k=1,...,m}. But,
what particular model of this family should one focuses on?

To answer such a question, notice that the functions
f(Uk|G(jwi)z) and  f(=Ux|G(jwi)|x) are more or
less spread versions of f(z) and f(—z), respectively.
Specificaly, f (Ui |G(jwi)|z) is more spread than f(z)
if Uk|G(jwk)| < 1. Otherwise, f(Uk|G(jwk)|x) is less
spread than (and so it is a concentrated version of) f(x).
The same remark applies to f (—Uy |G(jws )| z) compared to
f (—x). Asthefunctions of interest, namely f (Uy, |G(jwy )| ©)
and f (—Uy |G(jwi)| x), are al defined in the same interval,
i.e, —1 < z < 1, itisjudicious to focus on the couple of
models that involve the less spread (or, equivaently, the most
concentrated) nonlinearity (see Fig. 3).

Let (M(U,w),M~(U,w)) denote such couple where
(U,w) € {(Ur,w1) - .., (Up,wp)}. For convenience, the cor-
responding elements are, respectively, denoted (G(s), f(z))

and (6‘(5),7‘ (sc)), ie

1 — def —
TG ¢

TG 2), T (z) Y F(—=)

G Y (34)

def

flz)'= (39



where z € [—1,+1]. Focusing on (M(U,w), M~ (U, w)) will
prove to be the most convenient choice when it comes to esti-
mating the gains | G(jw)| (w € {wr, ..., wm}).

Ontheother hand, as f (U |G(jw)| =) istheless spread func-
tioninthefamily { f (U |G(jwi)|2), k= 1,...,m}, onenec-
essarily has

U |Gljui)l <U|GGD)| (k=1,...,m).  (36)
Finally, recal that /G(jw) = /(G(jw) and LG (jw) =

/G~ (jw), for dl w. That is, the estimator defined by GPE1-
GP4, is still convenient in the sense that q@N(w) converges in
probability to 5(w) 2 —/G(jw) foral w € {wy, ... ,wm} or
it convergestop(w)+, for all w. Taking these remarksinto ac-
count, we propose the following algorithm to get a nonlinearity
estimate fx(+):

NLEL . Consider the family of static curves T, y

C*(;N(w _n» constructed in the phase estimation proce-

dure C>§PE1-GPE4. Select the most concentrated (i.e.,

less spread) curve and let @ dencte the corresponding

frequency.

NLE2 . Let g(z) (with z € [—1, +1]) be the function in-

duced by the static curve 'z v .

NLE3. If g(-) is not even, then take fn = g.

NLEA4 . If ¢(-) iseven, conclude that (within [—1, +1])

R g(x) if g(0) = f(0)
fn(z) =

g ( 1— xz) otherwise.

def

Remark 4.1: The fact that f(0) is known (Assumption A1,
part a) has been used in Step NLE4. The estimate f thus ob-
tained may correspondtoeither f or f , depending on the phase
estimate ¢ (w). Thisis made precise in the following theorem
which is a direct consequence of Proposition 3.5 and Theorem
4.1.

Theorem4.2: Consider the problem statement of Proposition
3.1. Thenonlinearity estimator NLE1-NLE4, isconsistent inthe
sense that one has w.p.1: R

a) if imy_os on(@) o(w) then imy_ o0 fr(z)
flx), foradl Vo € [-1,+1];
if limy o0 dn (@) = (@) + 7 then limy o fr(z)
f (o), fordlVz e [-1,+1].

b) =
O
Remarks 4.2:

1) Inthe case wherethismay be of interest, apolynomial rep-
resentation can, a afterward, be given to the nonlinearity
fn(z) interpolating a number of points selected on the
curve I’z .

2) In [1], model rescaling (34)—35) has also been used to
cope with the estimation of the nonlinearity. However, it
was suggested there that w may be chosen arbitrary. Doing
50, the gains |G(jwy.) | can not be consistently estimated as
explained in Section IV-C.

C. Gain Modulus Estimation

ThephaseestiAmatequ‘)N(wk) (k=1,...,m)andthenonlin-
earity estimate f obtained previously will now be used to get
estimates é(jwk)‘ of the gains [G(jwi)| (k € {1,...,m}).
To keep simple the forthcoming presentation, it is temporarily

assumed that fv = f, on{we) = P(wi) = —LG(jwy) (for
alk € {1,...,m}) and v(¢) = 0 (no noise). In the proce-
dure GPE1-GPES, the Wiener system has been excited by the
family of signals u(t) = Uy cos(wit) (k = 1,...,m). Using
the model (G(s), f(z)), the Wiener system signals can be ex-
pressed as follows:

y(t) = w(t) = f (|Gjwr)| Uk cos(wit — Bw)))

withp(wy) = —/G(jwg). Onthe other hand, it readily follows
from (34) and (36) that:

U |GUwe)| €1 (k=1,...,m).

(37)

(39)

If f were invertible, then the internal signal z(t)
7wt |Gjwn)| Ur cos(wrt — plwi)) would be
available and, o, |G(jwy)| would be easily recovered. The
situation becomes much more problematic when £ is not in-
vertible. Nevertheless, the gains |G(jwy.)| can still be uniquely
determined if the system nonlinearity satisfies, in addition to
Assumption A1, the following assumption:

Assumption A2: If f is even then, there exist 0 <
oy < op < 1suchthat, foral & € {1,...,m}, dl z €
[06Uk |G(jwi)] 01Uk |G(jwr)|] and @l z € [0, Ux |G(jwe)],
onehas: f(z) = f(z) = =z = 2.

Remark 4.3: Let f be any function satisfying Assumptions
A1-A2. The following properties hold:

1) If f is even then it is invertible a = 0 and f(0)

is known (Assumption Al, Part a). Furthermore,
one gets from Assumption A2 that, for al %, the
branch of f corresponding to the (unilateral) interval
[0, U |G(jwr)|] 1s localy invertible on the subintervals
z € [oUr |G(jwr)|, o Uk |G(jwr)|]. For instance, the
function f(z) = z* satisfies both Assumptions A1 (Part
a) and A2, the numbers (¢}, o/ ) are then arbitrary.
It has already been noticed that f is aless or more spread
version of f. Therefore, f also satisfies Assumptions
A1-A2. More precisely,

a) in the case where f is even, replace in Assumption

A2, the intervals [—Uy |G (jw )|, Uk |G(jwy)|] and
[0, U [GGjwn)[] by [~Ui |G|, Uk [Gljer)]]
and [0, Uy |G(jws)|], respectively;

2)

b) in the case where [ is not even, re
place in Assumption Al (Pat b) the
intervals [—Uk |G(jwk)| y Uy |G(jwk)|]
and [0l [GGiwi)| o1 Ui |G e )]
by [_Uk|G(jwk)JJ Ule(]wk)H and

[coUsk |G(jw)| , 01Uk |G(jwy)|] , respectively.
Now, it will be shown that, under Assumptions A1-A2, the
gain |Gjwe)| (k€ {l,...,m}) can exactly be estimated

using the following algorithm, where k € 1, ..., m:
‘G(jwk)’ = arg 0§ar£(11n/Uk) Jr () (399)
T
To(a) / [wi(t) — T (alk cos(wit — Blwi)))]dt.
t=0
(39h)

Proposition 4.1: Consider the optimization problem defined
by (39a)—(39b) in presence of the constraint (37), where f satis-
fies Assumptions A1-A2 (asthisis made precise in Remark 4.3
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(part 2)). Then, for al k, J(«) has a unique global minimum
at ‘é(jwk)‘ = |G(jws)| O

Proof: It isreadily seen from (39b) that .J;. (|G (jws)|) =
0, whichmeansthat |G(jwy.) | isaglobal minimum. Let usshow
that such a minimum is unique. To this end, let o denotes any
real such that Ji.(a) = 0. It follows from (37) and (39b) that,
for amost al ¢ € [0,77]:

f (|@(jwk)| Uy, cos (wit — P(wi)))

= f (aUy cos (wxt — B(wy))) -

On the other hand, it is obvious that for al ¢ € [0, 7] such
that oy < cos(wit — @(wi)) < ag, one has

(40)

ooUs |§(]wk)| < |§(]wk)| Uy cos(wkt —@(wk))

<o1U |G(jwr)]| - (41a)

Similarly, for al ¢ € [0, T] such that o) cos(wit — p(wi)) <
o}, one has

ooUk |Gljwe)| < |G(jwk)| Uk cos(wit — B(wy))

<o U |G(jwr)]| - (41b)
Now, let us distinguish between the two cases pointed out in
Assumptions A1-A2.
Case 1. f is even. Using Assumptions Al (Part
a and A2 and Remark 4.3 (part 2), it follows
from (40) that: |@(jwk)|Uk cos (wrt —plw)) =
aly cos (wit — @(wy)), for al ¢ such that (41b) holds.
This readily gives o = |G(jwy)|.
Case 2. f is not even. Using Assumption Al
(part b) and Remark 4.3 (part 2), it follows
from (40) that |@(jwk)|Ukcos(wkt—¢(wk)) =
aly cos (wrt — @(wy)), for al t such that (41a) holds.
Thisimpliesthat a = |G(jws)|.

Hence, uniqueness of the global minimum of J,(-) is proved

inall cases [ |

Remark 4.4:

1) A crucia feature that makes the optimization problem
(39a)—(39b) well posed is that the function f is de-
fined for all possible values of its argument, i.e,
|G(jwr)| Uk cos (wit — p(we)) with ¢ € [0,7] and
k = 1,...,m. Indeed, (38) ensures that the above argu-
ment belongs to [—1, 1], which is an interval of definition
of f. Accordingly, the minimum search in (39a) is limited
totheinterval 0 < o < (1/Ug).

2) It is important to note that the above well posedness
(of the optimization problem (39a-b)) is a direct con-
sequence of our choice to focus on the particular

models (G(s), f(z)) and (6*(3),7‘(@) that in-

volve the functions f(z) < 7 (U |G(jw)|x) and

T o) s (=U |G(jw)|x) which are most concen-
trated (less spread) on [—1, 1] [see (34)—36)].

3) While the proposed optimization-based approach is
largely inspired from [1], it isworth noting that the spread
requirement (applied when selecting the models (G, f)
and (G, f)) is entirely new. Indeed, it is suggested in

[1] that the function (here denoted f) involved in (39b),
can be arbitrarily chosen (see Assumption A3.1 in that
paper and subsequent comments). If we did so, there
would be no guarantee that al arguments of interest, i.e.,
|G(jwr)| U cos (wit — B(wy)), belong to the definition
interval [—1,1]. Then, the minimum search interva in
(39a-b) may not include the global minimum, |G (jws)|,
for some values of k.
Proposition 4.1 is now used to build up aconsistent estimator
of the gains |G(jwy.)| in presence of not necessarily null noise
v(t). Then, (37) becomes

(42a)
(42b)

y(t) =w(t) + ()
w(t)=7f (|G(jwk)| Uy cos(wyt —@(wk))) .
Given the estimates fy and ¢n (wi) (k€ {1,...,m}), of

the nonlinearity and phase, Algorithm (39a-b) suggests the fol-
lowing gain estimator:

éN(jwk)‘
= argogarél(lfl/w) i, v (@) (433)
Ji n(a)
e T A N 2
d:f/ [u?(t,N) —fn (aUk cos (wkt — Q)N(wk)))} dt
t=0
(43b)
where w(¢, N) is defined by (29), i.e.
N
. dey 1
w(t, N) = > uk(t+ kT). (43c)

k=1

Theorem 4.3: Consider the Wiener system described
by (1)<(2) and suppose that the involved nonlinearity sat-
isfies Assumptions A1-A2. Let the system be excited by
the same input signals as in procedure GPE1-GPE4, i.e,
u(t) = Ugcos(wgt) (k = 1,...,m). The system can aso be
modelled by (G, f), defined by (34)—(35), and the nonlinearity
£ inturn satisfies Assumptions A1-A2 [as this is made precise
in Remark 4.3 (part 2)]. Then, the gain estimator (43a)—(43c)
is consistent i.e, ’G*N(jwk)’ converges in probability to
|G(jwi)|, a8 N — oc. O

Proof: In view of Proposition 4.1, it is sufficient to show
that J, n~(«) converges in probability to Ji(a) as N — oo.
To this end, note that, by Proposition 3.5 (Part 1), w(¢, N') con-
verges in probability to w(t), foral ¢ € [0,T], (as N — o).
Furthermore, it was shown in Theorems 4.1 and 4.2 that one of
the following statements holdsw.p.1, as N — oo:
i) dn(wr) convergesto g(wi) = —/G(jwy) (for all k)
and fx convergesto f. R
i) ¢n(wi) convergesto g(wx) + m (for al k) and fn con-
vergesto f .

In the light of these remarks, it is readily seen comparing
(39b) and (43b) that J n () actually converges in probability
to J(a)as N — oo [

Remark 4.5:

1) Since (43b) has a unique minimum, this can be found

graphically plotting Jx () against « € [0,1/Uy].



35

time

Fig. 4. Output y(¢) obtained over three periods withw = w; = 0.27 rad/s
(simulation of Section IV-D-I).

2) The gain estimator in [1] was only considered in the ab-
sence of noise and, even in this case, no formal conver-
gence analysis has been given. The absence of formal anal-
ysis in that paper can be explained by the shortcoming
pointed out in Remark 4.4 (part 3).

D. Smulation Results

1) ldentification in Presence of Discontinuous Nonlinearity:
Thegraphical identification method described previously isnow
illustrated considering a Wiener system characterized by

_ 40-3)
SRR R ey
f(x) =sign{z) (abs(z) +1).

Note that G(s) involves a large phase variation, due to
its nonminimum phase feature. The nonlinearity f{-) is a
preload with an abrupt discontinuity at x = 0. According to
the proposed identification method, the system is excited by
6 sinusoids of the form w(t) = Uy cos(wit) (k = 1,...,6),
where the couples (Uy,ws) are given the vaues of Table I.
The output is disturbed by a zero-mean noise v(¢) randomly
uniformly distributed in [—1,+1]. Fig. 4 shows the (steady
state) output signal, %(¢), obtained with w = w; = 0.27 rad.
The phase estimator GPE1-GPE4 is first applied to get phase
estimates ¢ (wy). The way in which the estimator operates
is illustrated here for wy = 0.27 rad/s. First, the average
output w(¢, N) is generated according to (29) (with N = 30)
and used to construct the parameterized closed-locus C‘V,.‘ N =
{(cos(wit — ), w(t,N));0 <t < NT} (T =2xw/wy) for
different values of 1. The curves corresponding to four values
of 4y are shown by Fig. 5. It is seen that a static curve is
obtained for ¢* = 0.49 rad. Then, it is concluded that
dn(w1) = ¥* = 0.49 rad which, infact, is ngthing other than
olw) = —/G(jwr). The phase estimates ¢ (wy) obtained
for the different frequencies w;, (k = 1,...,6) are given by
Tablel. Notice that they al correspond to p(wy) = — /G (jwy ).

The static curves Ty, v = €, v Obtained for the

én(
different w;’'s are plotted in Fig. 6. A rapid inspection of

(449)
(44b)

Fig.5. CurvesC,  obtainedwithw, = 0.27 rad/s and N = 30 for severa
values of ¢ (simulation of Section IV-D-I).

these curves shows that the less spread (most concentrated)
one of them is that corresponding to @ = w; = 0.2x rad.
Following Section IV-B, we will focus on the particular models



TABLE |
NUMERICAL VALUES OBTAINED IN SIMULATION OF SECTION IV-D-|

k 1 2 3 4 5 6
Uy 2 2 2 2 2 2
@ (vad/s) 0.271 0.87 m 1.6n 2n 2.5n
=/ . 0.5 0466 | 0449 | 0392 | 0355 | 0314
G|
_ 45(]‘0)]‘) 0.494 1.730 | 2.034 | 2.699 | 2999 | 3.276
(rad)
: 0.490 1.734 | 2.026 | 2.689 | 2990 | 3275
Py ()
(rad)
‘G(ja)k )‘ 0.505 | 0.470 | 0455 | 0400 | 0365 | 0.320

Fig. 6. Curves 'z = CA'&,N(E)YN obtained for the frequencies w;, (k

1,...,6) (smulation of Section IV-D-I).

(G(s), 7)) and (G (5),7 (x)), defined by (34435)
which, presently, are characterized by:
1— 3

_ 4 (1-2)
T T2 (1 )
f(z) =sign(z) (abs(7.96x) + 1)

and (@7(5),?_(3:)) (—G(s), f(—z)).Accordingtothees-
timation procedure NLE1-NLE4, the nonlinearity estimate fn
it defined by the particular static curve 'z, def CA'%N@LN. Itis
easily checked that, for this example, fN coincideswith f. The
compatibility between the phase estimates, on one hand, and the
nonlinearity estimate, on the other hand, is thus guaranteed just
as this was predicted by Theorem 4.2. Recall that, in practical
situations, it does not really matter which model, (G(s), f(x))
or (C‘(s),?‘(x)), is actually being identified.

Given the estimates ¢ (w;) and f, the estimator (43a-c)
is resorted to get estimates ‘é(jwk)‘ of the frequency gains
|G(jwy)|. This is illustrated by Fig. 7 which shows the cost
function J; () plotted against « € [0,(1/Us)] for wy =
w rad, Uz = 2. It is seen that the global minimum is achieved
for « = |G(jws)| = 0.455 which is very close to the true

gain value. Table | gives the gain estimates thus obtained for
different frequencies and shows that the quality of estimation is

10

Fig. 7. Plotof J, n(a) forws = w rad (simulation of Section IV-D-I).

quite satisfactory. Hence, the consistency of the whole identifi-
cation method is confirmed, despite the presence of significant
noise amplitude (Fig. 4) and nonlinearity discontinuity (44b).

2) ldentification of Non-Invertible Nonlinearity: In this sub-
section we only focus on phase estimation for a specific Wiener
system involving a not invertible nonlinearity. By the way, it
will be shown, using the considered example, that the method
proposed in [1] is unable to recover the true value (modulo )
of the phase, while our method will be ableto do it. The consid-
ered Wiener system is characterized by

10
(L2s+1)

The system output is disturbed by azero-mean noise v(t) that
is randomly uniformly distributed in [—0.5, +0.5].

As f(z) is even, it follows from Assumption Al (part &)
that f(0) must be known. That is, the fact that f(0) = 0 can
be used in the identification process. First, the phase estimator

GPE1-GPE4 is applied to get an estimate of the phase p(w) =
—/G(jw) for w = 7 rad/s. To this end, the system is excited
by the signal «(¢) = 2cos(wt). Fig. 8 shows the closed-locus
C,.n obtained with different values of ¢ and N = 30. Ac-
cording to GPE1-GPE4, the phase estimate ¢> ~(w) isthat vaue
of ¢ that leads to a static curve. Inspecting Fig. 8, it is readily
seen that there are two possible valuesfor ¢y (w), namely +f
0.3612 rad and ¢35 = 1.9321 rad. The second value is dis-
carded asit leads to a nonadmissible nonlinearity because then
f(0) # 0. Therefore, we let ¢y (w) = 0.3612 rad. Asthe true
vaue of the phaseis ¢(w) = —4tan=1(1.2) = —3.5042 rad
it follows that o(w) — dn(w) = 7 i.e, py(w) equals p(w)
modulo 7. Hence, the obtained phase estimateis consistent. The
corresponding static curve ', v s, (. n then gives the
estimate fx which presently corresponds to f(z) = f(—=z).
But, as f iseven, one has f(—z) = f(z).

Let us now apply the method proposed in [1] to get a phase
estimate for the same frequency i.e., w = mrd. Accordingly, the

estimate of o(w) 2 — /G (jw) isgiven by the rule

Im (Y(zw)))
Re (Y (iw))

G(s) = - and f(z) = —2”. (45)

d(w) = —=¢

1
an”! <

2



Fig. 8. Curves C',, ~ obtained for several values of ¢» (simulation of Sec-
tion IV-D-II).

11

where Y denotes the Fourier (Discrete) Transform of a filtered
and sampled version of the system output signd (¢) and ¢ is
any integer (generally the first one) such that Y (iw) # 0. Inthe
present case

11
y(t) ==(t)* = —5 — 5 cos (2wt — 7.008)

= R cos (2wt — 0.725)
2 2
where the noise effect has been ignored for simplicity and also
there is no need to signal filtering and sampling. This clearly
shows that the unique possible choice of the integer i is: = 2.
Furthermore, it is readily seen that V' (2w) = —0.25¢77%-7 =
0.25¢7(m=0.725) which implies the following phase estimate:
¢(w) = —ltalfl

Im (Y(2w))\ 1
=—1.208 rad.

N

It is readily seen that $(w) — ¢(w) = —1.208 + 3.5042 =
0.7308 x 7 rad. Thisisclearly different from zero (modulo ).
The phase estimate is thus biased. This counter example shows
that the phase estimator obtai ned using the approach proposedin
[1], isnot consistent in all situations. Conseguently, the nonlin-
earity and the frequency gains cannot be consistently estimated
based on such phase estimator, see [2] for more details.

V. PRACTICAL ISSUES

A. Useful Analytical Expressions

1) Analytical Evaluation of the Geometric Area: Let
A(p, N) denote the geometric area of the curve Cy . It
follows using Proposition 3.2 and (9), that:

T
AWW):/ “A’<T—t+2£,N)—U7(t,N)‘ %‘dt
0 w
T
_2r w<T—t+2f,N)_w(t,N)‘
0 w
X [sin(wt — )| dt. (46)

This provides us with an analytical rule for static fea
ture recognition, namely C, v is static if A(y, N) = 0.
Now, using Proposition 3.5 it follows that if A(w, N) = 0
(for a sufficiently large value of N) then, one has either
¥ = @(w) or = ¢(w) + 7. In the first case, the mapping
cos(wt — ) — (¢, N) gives an estimate fy of f otherwise
the mapping corresponds to f—. The smaler Ay, N) the
better the estimation quality is. Procedure GPE1-GPE4 can
then be reformulated as a problem of optimizing the nonlinear
function A(+, N'). As the problem is one-dimensional and the
domain search is well defined (namely [0, 7]), the minimum
can be determined graphically. To illustrate this analytical
way by simulation, consider the simulation conditions of Sec-
tion 1V-D-I. Let us focus the illustration on w = 0.27 rad.
The corresponding function A(w, V) is plotted versus v in
Fig. 9(a). Itisseenthat A(w, N) actually hasaglobal minimum
1* intheinterval [0, 7). Specifically, ¥* = 0.492 rad, and this
is precisely the value obtained in Section 1V-D-I.



Fig. 9. (@) Plot of A(v, N) vse, for 0 < ¢ < 7 for the Wiener system of
Section 1V-D-I. (b) Plot of vs A(¥, N) vs#, for 0 < ¢ < = for the Wiener
system of Section IV-D-II.

Now, let us consider the Wiener system of Section IV-D-II,
which involves a noninvertible nonlinearity. We aim at esti-
mating the phase for w = 7 rad/s. The corresponding function
A(yp, N) is represented (versus ) in Fig. 9(b). It is seen that
A1), N) actually has a global minimum in the interval [0, 7).
Thisis achieved at * = 0.367 rad which is very close to the
phase estimate obtained earlier in Section IV-D-II.

2) Analytical Evaluation of Sgnal Spread: Let us consider
the family of (static) curves I, y = Cs v (Urw) €
{(U1,w1)...,(Un,wn)}, constructed in GPE1-GPE4. Let
ar(zr) (=1 <z < 1) denote the function induced by the static
curve IA‘% ~. It was noticed in Section 1V-B that each function
gx(z) is amore or less spread version of the functions f or
/. According to the estimation procedure NLE1-NLE4, the
estimate of the nonlinearity is that function g («) that presents
the smallest degree of spread. Doing so, one recoversthe largest
part of the system nonlinearity (f or f7). In the simulation
of Section IV-D-I, this was easily recognized using the plots
of IA‘% ~ (Fig. 6). The spread degree can also be evaluated
analytically using the following measure ([4]):

= f_
f_ lgr(x

2|9‘1c(5!7| dx
) da .

(47)
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The larger S the more spread is the function gi(x). Ac-
cording to the procedure NLE1-NLE4, the best estimate for
the system nonlinearity isthat function g (=) with the smallest
value of S.

B. Practical Implementation Issues

The implementation of the proposed identification method
can only be performed with digital means. This necessitates
signal sampling and numerical approximations of involved
mathematical expressions.

1) Sgnal Sampling and Noise Effect: Input signal sampling
is easily handled as the used signals are sinusoidal. The output
signal is a periodic signal (with period T = 27 /w) corrupted
with noisei.e., y(t) = w(t) + v(t). Nevertheless, the noise ef-
fect is readily filtered thanks to the averaging (29). Indeed, it
is seen from Proposition 3.5 (Part 1) that the average output,
namely (¢, N'), does converge in probability to w(¢) whatever
t. This particularly holds for w(#) at the sampling time instants
t = kTs(k = 0,1,2,...) where T, denotes the sampling pe-
riod which, presently, is chosen of the form T, = (T/M) =
(2r /Mw) for someinteger M > 1. Furthermore, theaveraging
(29) isan algebraic operation that is easily realisable using dig-
ital means.

The consistency of @w(¢, N) implies that related sampling
issue is equivalent to the sampling of w(#). As this is a pe-

riodic signal it can be approximated by w(t) ~ wr(¢) def
:{L ; Wed™t (the W,,’s denote its Fourier coefficients).

The sampling period should satisfy the Shannon condition
(1/Ts) > 2(Lw/2m) or, equivalently, M > 2. That is, the
number M of samples in the time interval [0,7] must be at
least twice the number N of selected harmonics.

Remark5.1: A similar discussion of periodic signal sampling
ismadein [1]. More elaborate results on periodic signals sam-
pling can be found in [21] and reference list therein.

2) Numerical Version of the Phase Estimation Part: For dig-
ital implementation purpose, a numerical version has to be de-
veloped for the identification method. While algebraic expres-
sionsaredigitally implemented just substituting sampled datato
continuous signals, the implementation of integral expressions
relays on numerical approximations (like rectangle or trape-
zoidal methods). In the rest of this subsection, we will focus
on developing anumerical version for the phase estimation part
(GPE1-GPE4). The other identification method parts (nonlin-
earity and frequency gain modulus) can be handled similarly.

First, the 7.5[0, T] norms involved in the step GPE2 are ap-
proximated asin usual practice, e.g.

M1 12
[&(N)lag = <Ts > ?«?f(kTsaN)2> -
k=0
Then, step GPE3 should read: 'Plot the
(closed) parameterized curve Connr s
{(cos(wkT: — ), w(kTs,N)),k=0,.... M — 1}

with M = T/T,'. As the sampling time KT is substituted
to the continuous-time ¢, the obtained curve, Cy. y a7, iS NO
longer a continuous line. Nevertheless, the consistency of the



discrete curve C., v as is still guaranteed because w(kT,, N)
is consistent. Specifically, one hasw.p.1, for al &

(cos(wkTy — o), w(kT,, N))

- (COS(Wk'Ts - w)a w(kTs)) :

N—oc

The phase estimate obtained in step GPE3 is then

denoted ¢y a(w) and its quality depends partly
on the accuracy with which the discrete curve
{(cos(wkTs — ), w(kTs,N)),k=0,...,M -1}

approximates the continuous line
{(cos(wt — ), w(t, N)),0<t < T}, It is clear
that, {W(kTs, N);k=0,....M—1} tends to

{w(#, N);0<t<T}when M — oo (i.e, when T, — 0).
Then, the result of Proposition 3.5 (Part 4) guarantees that

N, (W) N p(w) or p(w) + .
Step GPE4 applies exactly as in the continuous-time case.
Now, let us go back to step GPE3 which involves static curve

recognition. It has been pointed out (Section V-A-1) that such

recognition can be performed using expression (46) to evaluate
the geometricarea A(+, N') of thecurve. Thenumerical version
of such expression is

M-1

>

k=0
— ) (kTs, N)| |sin(wkTs — )| .

27Ty P

" <T — kT, + 2—,N)
w

Ad(waNaM) =

(46a)

Note that the time T — kT, + 2(y/w) in the right side
of (46) must be a multiple of the sampling period 7.
As T = MT; and w = 2x/T, one readily gets that
T — kT, 4+ 2(¢/w) = (M —k+ (M /7)) T,. This sug-
gests that > should be of the form ¢ = m(x/M) (m being
integer). Doing so, the problem at hand turns out to be the
minimization of the quantity A,(m(x /M), N, M) with respect
to m. The minimum search can be performed graphically as
explained in Section V-A-1. According to the step GPE3, such
minimization task determines the true phase ¢(w) (modulo )
up to an error bounded by 7 /M. That is, the larger the number
M of data samples the better the phase estimation accuracy is.

V1. CONCLUSION

In this paper, a frequency-domain solution has been devel-
oped to deal with Wiener system identification. Unlike most pre-
vious works, the system nonlinearity is not necessarily required
to be (globally) invertible and smooth. The main component of
the proposed identification method is the consistent phase esti-
mator GPE1-GPE4 described in Section 1V-A. The design of
this estimator essentially relays on the geometric findings of
Section Il which are original features of this work. The main
outcome of such investigation is that the Lissgjous curves C,

are al nonstatic except for 1 = ¢ + kw. Inversely, when Cy; is
static then it correspondsto f(-) orto f~(-) or to (more or |ess)
spread versions of these. The focus has been made on the couple
of models (M (U,w) ,M~ (U, w)) that involvetheless spread
(i.e., most condensed) nonlinearities. This choice has proved to
bejudiciousin regard to gain estimation. The fact that the non-
linearity estimation is coupled with the phase estimation guaran-
teesthe compatibility of the corresponding estimates. The above
compatibility and spread facts are new features in this work.
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