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Abstract

By using a coupling method, an explicit log-Harnack inequality with local geometry
quantities is established for (sub-Markovian) diffusion semigroups on a Riemannian
manifold (possibly with boundary). This inequality as well as the consequent L2-
gradient inequality, are proved to be equivalent to the pointwise curvature lower bound
condition together with the convexity or absence of the boundary. Some applications
of the log-Harnack inequality are also introduced.

AMS subject Classification: 58J65, 60H30.
Keywords: Log-Harnack inequality, Riemannian manifold, diffusion process.

1 Introduction

Let M be a d-dimensional connected complete Riemannian manifold possibly with a bound-
ary OM. Consider L = A+ Z for a C'-vector field Z. Let X;(x) be the (reflecting) diffusion
process generated by L with starting point « and life time {(x). Then the associated diffusion
semigroup F; is given by

Pof(z) :=E[f(Xe(x))lgcc@wn], t>0,f € By(M).

Although the semigroup depends on Z and the geometry on the whole manifold, we aim to
establish Harnack, resp. gradient type inequalities for P, by using local geometry quantities.

*supported in part by NNSFC(11131003) and Lab. Math. Com. Sys.
fCorresponding author: wangfy@bnu.edu.cn, F.-Y.Wang@swansea.ac.uk.



Let K € C(M) be such that
(1.1) Ricy := Ric - VZ > —K,

ie. for any v € M and X € T, M, Ric(X,X) — (X,VxZ) > —K(x)|X|*. Next, for any
Dc M, let
K(D):=sup K, D,={z€ M :p(z,D)<r}, r>0,
D

where p is the Riemannian distance on M. Finally, to investigate P; using local curvature
bounds, we introduce, for a given bounded open domain D C M, the following class of
reference functions:

(gD = {¢ € CZ(D) : ¢’D > 07 ¢‘3D\8M = 07 N¢’3M08D > 0}7

where N is the inward unit normal vector field of 9M. When OM = (), the restriction
No|ay > 0 is automatically dropped. For any ¢ € ), we have

cp(¢) = sup {5|Vol* — ¢Lo} € [0, 00).

The finiteness of cp(¢) is trivial since D is compact. To see that cp(¢) > 0, we consider the
following two situations:

(a) There exists z € 9D\ M. We have ¢(x) = 0 so that cp(¢) > {5|Ve|* —¢Lo}(x) > 0.

(b) When 9D \ OM = ), we have D = M. Otherwise, there exists 2 € M \ (D U M),
For any 2/ € D\ OM, let v : [0,1] — M \ OM be a smooth curve linking z and 2’.
Since 2’ € D but z ¢ D, there exists s € [0, 1] such that v(s) € 9D. This is however
impossible since 9D C OM and v(s) ¢ M. Therefore, in this case M = D is compact
so that the reflecting diffusion process is non-explosive. Now, let € D such that
¢(x) = maxp ¢. Since Nolgyr > 0 due to ¢ € €p, &(Xy) — ¢(x) — fot Lo(X)ds is a
sub-martingale so that

61) 2 Bo(X) 2 0(a) + [ BL6(X)ds, 120
This implies L¢(z) < 0 (known as the maximum principle) and thus,
en(6) > {5IV6f — 6Lo}(x) > 0
Theorem 1.1. Let K € C(M). The following statements are equivalent:
(1) (1.1) holds and OM is either empty or convex.

(2) For any bounded open domain D C M and any ¢ € €p, the log-Harnack inequality

Prlog f(y) —log(Prf(z) +1— Pri(z))

<ﬂ@wf< K(Dpwy) | cp(@)*(@K P — 1)
-2 1 — e ?KDe)T 2K (D)) 0(y)*

holds for strictly positive f € By(M).

), T>0 yeD, xe M,



(3) For any bounded open domain D C M and any ¢ € €p,

cp(@)2(e2KD)T _
IV Prf(z) < {Prf*— (pr)z}($)<1 _fe((g()(D)T n (¢)°( 1))

holds for all x € D, T > 0, f € %,(M).
If moreover Prl = 1, then the statements above are also equivalent to

(4) For any bounded open domain D C M and any ¢ € €p, the Harnack type inequality

K(D 2(2K(D)T _ |
Prf(y) < Prf(z)+ p(z,y) (1 ~ e(zK)(D)T + CS%@D(;MM,@,) ¢4)

)1/2 Pr(y)

holds for nonnegative f € By,(M), T > 0 and x,y € D such that the minimal geodesic
U(x,y) linking x and y is contained in D.

Remark (i) When K is constant, a number of equivalent semigroup inequalities are avail-
able for the curvature condition (1.1) together with the convexity or absence of the boundary,
see [8, 10] and references within (see also [3, 11] for equivalent semigroup inequalities of the
curvature-dimension condition). When OM is either empty or convex, the above result pro-
vides at the first time equivalent semigroup properties for the general pointwise curvature
lower bound condition.

(ii) When the diffusion process is explosive, the appearance of 1 — Pr1 in the log-Harnack
inequality is essential. Indeed, without this term the inequality does not hold for e.g. f =1
provided Prl < 1.

(iii) The following result shows that the constant 1/2 involved in the log-Harnack in-
equality is sharp.

Proposition 1.2. Let ¢ > 0 be a constant. For any x € M, strictly positive function [ with
IV f|(x) >0 and log f € CZ(M), and any constants C' > 0, the inequality

Prlog f(y) < log (Prf(z) + 1= Prl(z)) + cp(x,y)? (HLM * O<%>>

for small T > 0 and small p(x,y) implies that ¢ > 1/2.

Proof. Let us take v € T, M and ys; = exp,[sv], s > 0. Then the given log-Harnack inequality
implies that

C 1
12) Pogf) - log(Pf(a) + 1= P(e) £ oo (1o +o(3) )
holds for small s > 0. On the other hand, for any g € C*(M) with bounded Lg, one has

d
1. — —o = Lg.
( 3) dS sg‘sf() g



Indeed, letting X; be the diffusion process generated by L with X, = x, by [td’s formula
and the dominated convergence theorem we obtain

P, —_ sA¢() sAC(x)
lim 229 = 9@) —]E/ Lg(X,)dr = Elim - Lg(X,)dr = Lg(x).
s]0 S sl0 8§ 0 sl0 S 0

Combining (1.2) with (1.3) we obtain

Lf(z
(0:¥ 108 1)(a) = [ og (e) = Llog /(2) + (0, ¥ 1o 1)) — 2
1 cfvf”
Taking v = rVlog f(x) for r > 0 we obtain
2
(r —-1- %)]Vlogf(aﬁ)]2 <0, r>0.
This implies ¢ > 1/2 by taking r = 1/c. O

To derive the explicit log-Harnack inequality using local geometry quantities, we may
take e.g. D = B(y,1) :={z: p(y,2) < 1}. Let
Ky =0V K(B(y,1)), Koy =K(B(y,1+p(z,y))),
K, =0Vsup{ —Ric(U,U):U eT.M, [Ul=1, z€ B(y,1)},

b, = sup |Z].
B(y,1)

Then K(D,,)) = K.y and according to [7, Proof of Corollary 5.1] (see page 121 therein

with J, replaced by 1), we may take ¢(z) = cos W so that ¢(y) = 1 and
>(d+3 1
K(y) = I, + % 7 (by+ 5K = 1)) = en(0).

Note that when OM is convex, Np(-,y)|lons < 0 so that No|apran > 0 as required in the
definition of €p. Therefore, Theorem 1.1 (2) implies that

2 1 — e 2Kz yt 2Kx,y

(1.4) Plog f(y) <log{Pf(z)+1—Pl(x)}+ p(z,y)? ( Ky, . () (2t — 1))

holds for all strictly positive f € B, (M), z,y € M and ¢t > 0. As in the proofs of [6, Corollary
1.2] and [9, Corollary 1.3], this implies the following heat kernel estimates and entropy-cost
inequality. When P, obeys the log-Sobolev inequality for ¢ > 0, the second inequality in
Corollary 1.3(2) below also implies the HWT inequality as shown in [4, 5].

Corollary 1.3. Assume (1.1) and that OM is either convex or empty. Let Z = V'V for
some V. € C*(M) such that P, is symmetric w.r.t. pu(dz) := eV @ dz, where dx is the volume
measure. Let p, be the density of P, w.r.t. u. Assume that (1.1) holds.

4



(1) Let K(y) = K(B(y,2)). Then

/ z)log pi(y, 2)p(dz)
<

—( K K(y)? (KW — 1) Pyl(y) + p(1 — P1)
t/\l(l — e 2Kyt + 2K (y) > - log w(B(y, vVt A 1))

holds for all y € M and t > 0.

(2) If p is a probability measure and P,1 = 1, then the Gaussian heat kernel lower bound

p(z,y)? Koy K(y)? (e Kot —
2 1 — e2Keyt 2K,

p2t($ay)Z€XP{— ))}, t>0, z,ye M,

and the entropy-cost inequality

/ (P f)log P.f du
M
; p(xa y)2 ny /{(y)2(62K.1‘,yt o 1)
= f : dz,d t>0
B ”G%%Afu) /MxM 2 (1 — e—2Kuyt + 2Ky, m(dx, dy), ,

hold for any probability density function f of u, where € (u, fu) is the set of all cou-
plings of u and fu.
Proof. According to (1.4), the heat kernel lower bound in (2) follows from the proof of [9,
Corollary 1.3], while the other two inequalities can be proved as in the proof of [6, Corollary
1.2]. Below we only present a brief proof of (1).
By an approximation argument we may apply (1.4) to f(2) := p;(y, z) so that

Ir:/Mpt(y, z)log pi(y, 2)p(d2)

<log{pxu(z,y) +1— Pl(z)} + 2 1 — e 2Kyt * 2K,

w?y

plz,y)’ ( K,y K(y)? (et — 1))_

Since K,, < K(y) for z € B(y, 1), this implies that

efu<B<y,m>exp{ “1( Kl SRRy

1 — e 2Kyt 2K (y)
1 P G
< [ o | 25 (e ) e
/ {pae(.y) + 1 — PA()}p(da) = Poul(y) + (1 — P1).
This proves (1). O

We remark that the entropy upper bound in (1) is sharp for short time, since both
—log (B(y, /1)) and the entropy of the Gaussian heat kernel behave like glog% for small
t>0.



2 Proof of Theorem 1.1

We first observe that when Prl = 1 the equivalence of (3) and (4) is implied by the proof of
[12, Proposition 1.3|. Indeed, by (3)

K(D) | ep(9)* (e — 1)
\VPrf|> <{Prf*>— (Prf)*} (1 _ e 2K(D)T . gK(D) infy g ) O >

holds on the minimal geodesic ¢(x,y), so that the Harnack inequality in (4) follows from the
first part in the proof of [12, Proposition 1.3]. On the other hand, by the second part of the
proof, the inequality in (4) implies

2 2 K(D cp(9)*(H T —1
|VPtf| < {PTf }(1 _ e_(2K>(D)T + (¢>2.§((D)(;54 ))

on D. Replacing f by f — Prf(z), we obtain the inequality in (3) since VPrf = VPp(f —
Prf(x)) provided Prl = 1.

In the following three subsections, we prove (1) implying (2), (2) implying (3), and (3)
implying (1) respectively.

2.1 Proof of (1) implying (2)

We assume the curvature condition (1.1) and that OM is either empty or convex. To prove
the log-Harnack inequality in (2), we will make use of the coupling argument proposed in
[1]. As explained in [1, Section 3], we may and do assume that the cut-locus of the manifold
is empty.

Now, let "> 0 and y € D,z # y be fixed. For any 2,2’ € M, let P, ..: T,M — T, M
be the parallel transport along the unique minimal geodesic from z to z’. Let X; solve the
following It6 type SDE on M

A’ X, = V2®,dB, + Z(X,)dt + N(X,)dl;, X, ==z,

up to the life time ((z), where B; is the d-dimensional Brownian motion, ®, is the horizontal
lift of X; on the frame bundle O(M), and [; is the local time of X; on OM if OM # (. When
OM = (), we simply take [, = 0 so that the last term in the equation disappears.

To construct another process starting at y such that it meets X; before T" and its hitting
time to 0D, let Y; solve the SDE with Yy =y

(2.1)  d'Y, = V2Px,y, @, dB, 4+ Z(Y;) dt — /£, (t)2 + & ()2 Vp( Xy, ) (V) dt + N(Y;)dl,,
where [ is the local time of Y; on M when M # (), and

6,(t) — 2K (Dute)) XPLK Dy )
1 - 1— eXp[—QK(Dp(x,y)>T]
_ 2ep(9)p(X4, Yr)
&lt) = =S g te Tl

P, Y)yitx)




Then Y; is well-defined before T' A 7p(g 4 () A 7p(y), where
mp(y) = inf{t € [0,T A (()) : Y € D}, Tpay(x) =inf{t >0: X, ¢ D(z,y)}.

Let
T =inf{t € [0,{(z) A((y)) : X; = Y3},

where inf () = co by convention.
Let © =T AT ATp(y) A Tp(ay) (x) and set

m0=§?kﬁV+MWVMJM&%tGM@-

Define

r=eo |~ [0y - [wora

We intend to prove

(i) R is a well-defined probability density with

ot KDgen) _, sl 1)
2 1 — e 2K(Dp(ay)T 2K (D)0 (y)*

E{Rlog R} <”

(i) 7 <T ATp(y) A Tpay) (@) holds Q-a.s., where Q := RP.

Once these two assertions are confirmed, by taking Y; = X, for ¢ > 7 we see that Y; solves
(2.1) up to its life time ((y) = ((x) and X = Yy for T < {(z). Moreover, by the Girsanov
theorem the process

B, := Bt+/tn(3)ds, t>0
0
is a d-dimensional Brownian motion under Q and equation (2.1) can be reformulated as
(2.2) Ad'Y; = V2Py, v, ®,dB, + Z(Y;) dt + N(Y)dl;, Yo =y.
Combining this with the Young inequality (see [2, Lemma 2.4])

Prlog f(y) = E{R1{r<c(y log f(Yr)} = E{Rl{r<(()y log f(X7)}
< ERlog R + log E exp[l{r<c(2)} log f(X7)]
=log(Prf(z)+1— Prl(z)) + ERlog R
< log(Ppf(x) + 1 — Ppi(x))

p(z,y)* ( K(Dpy(y) n CD(¢)2(e2K(DP<z’y))T — 1))
1—e

+ 5 — 0 2K(Dpy))T _q 2K(Dp(x,y))¢(y)4

This gives the desired log-Harnack inequality.
Below we prove (i) and (ii) respectively.



Lemma 2.1. For anyn > 1, let
raly) = inf {t € 0,7 AC(@)  p(¥;, D) <07}

and
nT

0,=17A
n -+

1 A TD(z,y) (l‘) A Tn<y)

Let R,, be defined as R using ©,, in place of ©. Then {R,}n>1 is a uniformly integrable
martingale with ER,, = 1 and

(,y)* ( K(Dyzy)
2 \1

2(02K(Dpay)T _ |
E{R,logR,} <’ L p(9)(e )>

— e_QK(Dp(z,y))T —1 QI(v(l)p(‘,]c’y))gﬁ(y)4
for n > 1. Consequently, (i) holds.

Proof. (i) follows from the first assertion and the martingale convergence theorem. Since
before time ©,, the process 7(t) is bounded, the martingale property and ER,, = 1 is well-
known. So, it remains to prove the entropy upper bound. By the [to formula we see that
(cf. (2.3) and (2.4) in [1])

(2.3) dp(X1,Y;) < K(Dpgy))p(Xe, Ya) dt — /& (8)2 + &(t)2dE, t < O,.

Then

dep(9) p( X, Yt)2
o(Y7)?

Note that (Bt)te[[),@n] is a d-dimensional Brownian motion under the probability Q,, := R,,P.

Combining this with (2.2) and using It6’s formula along with the facts that the martingale
part of p(Xy,Y;)? is zero and No¢|gpnarr > 0, we obtain

dp( Xy, Y2)? < 2K (D y))p( X, Yy)? dt — dt, t<6,.

A 2T} < amt— P (o (6) + 60D Lo ~ 5ITOLY) )

. 2K<Dp(x,y))p(Xt’ }/t>2

dt
(Yy)*
2K(Dp(:t,y))p(Xtv Yt)2
< dM, — AL dt, t<O,,
where R
dM, = —L’;Nw(m, Px,v,®; dB,)
(V)

is a Q,-martingale for ¢t < ©,,. This implies

p(Xt/\@n7 YiAen)Q P(xv y)
S (v Ll

2
X Poey))t ¢ > .



Hence,

1 O, 1 On
B{Rulog R} = 380, [ In0Pde= 1Eo, [ {602+ 607} at
0 0
K(Dyay)?plz,y)? [T T p(Xue,, Yene,)’
< P\Z,Y ’ QK(Dp(zyw)t 2 E AOn s NOp
(1 —e_ZK(DMz,y))T)?/O ¢ dt +en(9) /0 n #(Yine,)* at

K(Da)p(e.9)* | ep(@P (e Pren)™ — Do,y
2l e_QK(DP(Z’y))T) 2K (Dp(ay))o(y)* ’ '

Lemma 2.2. We have 7 <T ATp(y) A Tp@y) (), Q-a.s.
Proof. By (2.3) we have

(2.4) /0 {gl<t)+52(t)}dt:nlg§o/o et + &) dt < oo,

Since under Q the process Y; is generated by L, as observed in the beginning of [7, Section 4]

we have
TD(Yy) 1 0
———dt =00, Q-as.
L s

Then (2.4) implies that Q-a.s.
(2.5) To(Y) > Tp(ay) (@) AT AT.

Moreover, it follows from (2.3) that

t

p(Xt,Yt) < eK(Df’(”vy))tp(x,y) _/ eK(Dp(m,y))(tfs)é'l(S) ds
0

e 2K(Dpay))t _ o= 2K(Dp(a,y))T

<
- 1 . e*2K(DP(m7y))T

eK(DP(m’y))tp(‘ra y) < p(xvy)l[O,T} (t)7 (S [07 @TL]

S0, Tp(ay) = Tp(y) and T > 7. Combining these inequalities with (2.5) we complete the
proof. O]

2.2 Proof of (2) implying (3)

We will present below a more general result, which works for sub-Markovian operators on
metric spaces. Let (F, p) be a metric space, and let P be a sub-Markovian operator on %,(E).

)~ f)]
3()(w) = limsup L

If in particular F = M and f is differentiable at point =, then §(f)(x) = |V f|(x). So, (2)
implying (3) is a direct consequence of the following result.

, v€E feB(E).

9



Proposition 2.3. Let x € E be fized. If there exists a positive continuous function ® on E
such that the log-Harnack inequality

(2.6) Plog f(y) <log{Pf(z) +1—Pl(z)} + ®(y)p(z,y)*, >0, f € B(E),
holds for small p(x,y), then
(27) 5(PJ)(w) < 20@){PL2(w) — (P@)}. S € By(E).

Proof. Let f € B,(F). According to the proof of [8, Proposition 2.3|, (2.6) for small p(x,y)
implies that Pf is continuous at x. Let {z,},>1 be a sequence converging to x, and denote
en = p(x,, x). For any positive constant ¢ > 0, we apply (2.6) to ce, f + 1 in place of f, so
that for large enough n

Plog(cenf + 1) () <log {P(cenf + 1)(z) + 1 — Pl(z)} + ®(x,)es

Noting that for large n (or for small €,) we have

Plog(cenf + 1) () = P(canf - %(08n>2f2) (n) + 0(c2)

Pf(xn)_Pf@)_lcg 2P £2(2) & o2
e e PP @) o)),

log {P(cenf +1)(z)+1-— Pl(a:)} =ce, Pf(x) — %(can)z(Pf)g(x) +o(e2).

We obtain

= ce,Pf(x) +ce?

¢ lim sup Pf(zn) — Pf(2)

n—00 P(fm l’)

< {PPE) - (P} + ). o0

Exchanging the positions of x,, and z, we also have

P — Pf(x, 2
c¢lim sup /() J(n) < c—{Pf2(q:) — (Pf)*(2)} + @(z), c¢>0.
Therefore,
2 2 P(z)
S(Pf)(z) < = {Pf — (Pf) (x)}+T, ¢ > 0.
This implies (2.7) by minimizing the upper bound in ¢ > 0. ]

2.3 Proof of (3) implying (1)

The proof of Ricy; > —K is more or less standard by using the Taylor expansions for
small 7" > 0. Let x € M\ OM and D = B(z,r) C M \ OM for small r > 0 such that
¢ :=1r*—p(x,-)? € €p. Tt is easy to see that for f € C;°(M) and small ¢ > 0,

VP f*(2) = [V f*(2) + 2((V [, VL) + ot),

K(D) cp(@)?(e P —1) 1  K(D)
[ ewor T akDyer 2 o ol

10



Moreover (see [10, (3.6)]),
Pof*(z) = (Puf)*(x) = 2tV f*() + £2{2(Vf, VLf) + LIV f|*}(z) + o(t).
Combining these with (2.7) we obtain

Lo (f)(x) = %L!Vf!2($) —(VL,VLf)(z) 2 —K(D)|Vf[*(z) = —(BS(UP) K)|V [ (x).
Letting r | 0, we arrive at I's(f)(z) > —K(z) for z € M \ OM and f € C§°(M), which is
equivalent to (1.1).

Next, we assume that OM # () and intend to prove from (3) that the second fundamental
form I of OM is non-negative, i.e. M is convex. When M is compact, the proof was done
n [10] (see the proof of Theorem 1.1 therein for (7) implying (1)). Below we show that the

proof works for general setting by using a localization argument with a stopping time.
Let x € OM and r > 0. Define

= inf{s >0: p(Xsax) > T}’

where X is the L-reflecting diffusion process starting at point z. Let [; be the local time of
the process on M. Then, according to [13, Lemmas 2.3 and 3.1], there exist two constants
C4,Cy > 0 such that

(2.8) P(o, <t) <e V' te(0,1],
and
2
(2.9) Elypo, — f\[ < Cyt, tel0,1],
where (2.8) is also ensured by [2, Lemma 2.3] for 9M = (). Let f € C§°(M) satisfy the

Neumann boundary condition. We aim to prove I(Vf,Vf)(z) > 0 To apply Theorem
1.1(3), we construct D and ¢ € €p as follows.

Firstly, let ¢ € C§°(OM) such that ¢(z) = 1 and suppy C OM N B(x,r/2), where
B(z,s) ={z € M : p(z,x) < s} for s > 0. Then letting ¢y (exp, [sN]) = ¢(y) (where y € IM,
s > 0), we extend ¢ to a smooth function in a neighborhood of OM, say 0,,M = {z € M :
p(z,0M) < ro} for some ro € (0,7) such that p(-,0M) is smooth on (9,,M) N B(z,r).
Obviously, ¢, satisfies the Neumann boundary condition. Finally, for h € C*°([0, c0)) with
Rlore/a = 1 and hlpy/2.00) = 0, we take ¢ = doh(p(-,0M)) and D = {z € M : ¢(z) > 0}.
Then ¢(z) =1, dlopromr = 0, Nolorr = Ngoloar = 0, and D C B(z, 7).

Once D and ¢ € €p are given, below we calculate both sides of the gradient inequality
in (3) respectively.

According to (2.8), for small ¢ > 0 we have

Pif*(z) = Ef*(Xino,) +0o(t?) = f(2) + ]E/ ” Lf*(X,)ds + o(t?)
(2.10) 0

= f2($)+2E/Mr(fo)(XS) ds+2E/ Ur|Vf|2(Xs)ds+o(t2).
0 0
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Noting that by the Neumann boundary condition
E[f(2) = f(Xapo, )I* < IL(f(2) = £)llocs, s >0,

we have

E [ T FLA(X) ds - f)E / LR ds

211) © / Lf(@){f(z) = (X,)}ds +E / (LX) — Li@)(f(x) - [(X.))ds

< |Lf]E / T / du+ E / VELf Xorm) = LI@P - EIf (@) — f(Xon )P ds
= o(t¥?).

Moreover, by the It6 formula and the fact that N|Vf|* = 2I(Vf, Vf) holds on OM (see
e.g. [10, (3.8)]), we have

B[V f*(Xons,) = ]Vf‘2(gg)+]E/OSMTL]Vf|2(Xu) du+2/05 TV LY (X dly
< |V f*(x) 4 21(r)Elsp,, + O(t),

where

I(r) :==sup {I(Vf,Vf)(y): y€OMnNB(z,r)}.
Combining this with (2.10), (2.11) and using (2.8) and (2.9), we obtain

212) R <P+ 2 E | T LA(X,) ds + CERI) 4 o(t2)

for some constant C' > 0 and small ¢ > 0.
On the other hand, by (2.8) we have

2

(Pf)*(x) = <f(:c)+E/OMGT Lf(XS)ds+o(t2)> :f2(q:)+2tf(;z:)E/0MT Lf(X,)ds+o(t?).

Combining this with (2.12) and noting that

K(D) cp(@)*(F P —1) 1
[—e K00 T KDyt 2 o)

holds for small ¢ > 0, we arrive at

cp(B)2(c2K D) _ ) "
= e+ D) < VI + UV 4ol

(P - <Ptf>2}<x>(

for small ¢ > 0. Combining this with the gradient inequality in (3) and noting that
2

VAP () = \w@s) + [ vrLwas| =19t + o,

12



we conclude that

. 1 2 2 K(D) cp(9)* ("7 —1) 2
1) 2 i = AP (1)) (1 o g )~V AR | 20

Therefore, [(Vf, V f)(z) = lim,_,o I(r) > 0.
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