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Arithmetic on Abelian and Kummer Varieties

DAVID LUBICZ AND DAMIEN ROBERT

ABsTrACT. A Kummer variety is the quotient of an abelian variety by the automorphism (—1) acting
on it. Kummer varieties can be seen as a higher dimensional generalisation of the z-coordinate
representation of a point of an elliptic curve given by its Weierstrass model. Although there is no
group law on the set of points of a Kummer variety, there remains enough arithmetic to enable the
computation of exponentiations via a Montgomery ladder based on differential additions. In this paper,
we explain that the arithmetic of a Kummer variety is much richer than usually thought. We describe
a set of composition laws which exhaust this arithmetic and show that these laws may turn out to be
useful in order to improve certain algorithms. We explain how to compute efficiently these laws in the
model of Kummer varieties provided by level 2 theta functions. We also explain how to recover the full
group law of the abelian variety with a representation almost as compact and in many cases as efficient
as the level 2 theta functions model of Kummer varieties.

1. INTRODUCTION

Efficient group law for abelian varieties have many applications in algebraic number theory and
cryptography. Let k be a finite field, the problem consists in representing the set of rational points A(k)
of an abelian variety defined over k and compute natural composition laws on this set of points such as
addition or Weil and Tate pairings. For cryptographic applications, we would like, for a level of security
roughly given by the cardinality of A(k), to have a representation as compact as possible and be able to
compute quickly all the composition laws.

If the case of elliptic curves has been widely studied for years, the literature about the higher
dimensional cases is less developed. For instance, it is known that all absolutely simple principally
polarized abelian surfaces are isomorphic to the jacobian Jac(H) of an hyperelliptic curve H of genus 2.
The points on the jacobian of H can be represented by their Mumford coordinates (u,v). The addition
law can then be computed using Cantor’s algorithm | | and these formulas have been optimized in
[ |. Unfortunately, even with these formulas, genus 2 curves do not provide the same efficiency as
elliptic curves for a similar level of security.

To obtain a more compact representation and improved arithmetic, an idea is to lose information
and consider the Kummer variety K4 = A/(—1) associated to the abelian variety A. In terms of
Mumford coordinates, this means working with coordinates (u,v?). For an elliptic curve in Weierstrass
coordinates E : y? = 2% + ax + b, a geometric point P on the Kummer line K is simply represented
by its a-coordinate z(P). On a Kummer variety, since we can’t distinguish between a geometric point
P ¢ A(k) (where k is an algebraic closure of k) and its opposite —P, the addition law is only defined up
to an ambiguity; more precisely from the points +P and +() one can recover two possible additions:
+(P+ Q) and £(P — Q) (in the following we will often denote by +P the projection of a geometric
point P € A(k) to K4). Nevertheless, one can still compute differential additions; from the data of +P,
+@Q and +(P — Q) the point £(P + Q) is uniquely determined.

By using differential additions in a Montgomery ladder | ; |, it is then still possible to
compute scalar multiplications on Kummer varieties. As this is sufficient for some cryptographic protocols
based on the discrete logarithm problem, it makes sense to use Kummer varieties in cryptography. In
the dimension 2 case, since the publication of fast formulas for Kummer surfaces | ; |, using
Kummer surfaces for cryptography has been somewhat competitive with elliptic curves. Recently the
duel has even been tipping in favor of Kummer surfaces | : |. We note that the fast
formulas in | ] do not use Mumford coordinates but instead are based on a model of the Kummer
surfaces provided by theta functions of level 2 | ; ; | (so in particular the 2-torsion
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is rational in this model). On a Kummer surface, a point will be represented by 4 projective coordinates
(the four level 2 theta functions) while on a Kummer line we just need two projective coordinates. This
is somewhat assuaged by the fact that on a Kummer surface we can work with fields of half the size for
an equivalent security.

Nonetheless, it should be remarked that the arithmetic provided differential addition does not allow
to implement all cryptographic primitives. For instance the verification of a ECDSA signature requires
the computation of the addition law. While in the case of the Kummer line it is easy to go back to the
elliptic curve (at the cost of one square root), in dimension 2 it is harder to go back from the Kummer
surface to the abelian surface. One way would be to go to level 4 theta functions from the level 2 theta
functions, but there is a lack of explicit formulas in the literature explaining how to do this step. The
other way would be to go from the level 2 theta coordinates to the Mumford coordinates (u,v?) on the
Kummer surface using the formulas from | ; ]; and then compute a square root to find the
Mumford coordinates (u,v) on A. But converting theta coordinates to Mumford coordinates is pretty
slow.

Moreover, while elliptic curves have an efficient addition law (especially on Montgomery curves

because they are birationally equivalent to twisted Edwards curves | ]), this is not the case for
abelian surfaces (the level 4 theta model is even worse than Mumford coordinates since it requires 16
projective coordinates; the cost of the addition law is described in | ]). Hence the incentive to do

as much arithmetic operations as possible on the Kummer variety. The aim of this paper is threefold:

e give a comprehensive picture of the arithmetic of Kummer varieties using tools that we have
developed for computing isogenies and optimal pairings on abelian varieties | ; |

e provide an efficient algorithm to compute the fiber of the natural projection from an abelian
variety onto its associated Kummer variety;

e deduce a compact while still efficient representation of abelian varieties based on theta functions.

More precisely, we point out that what can be computed on a Kummer variety goes well beyond
differential additions. We introduce the so called compatible addition law which is well defined on a
Kummer variety. We give example of useful computations which can be carried out with compatible
addition though out of reach of differential additions. We given an algorithm to compute the compatible
addition in the model of Kummer varieties provided by level 2 theta functions and we explain that by
using differential and compatible additions it is possible to compute the fiber of the natural projection
A — K 4 up to one choice of sign. This shows that compatible and differential additions exhaust all the
arithmetic of Kummer varieties. Then we explain how we can use the idea of hybrid level (2,...,2,4)
theta functions combined with the arithmetic tools developed for Kummer varieties to obtain a more
efficient and compact representation of abelian varieties.

While, in view of cryptographic applications, we mainly consider the case of dimensions 1 and 2, the
algorithms we develop in this paper are valid in any dimension. The paper is organized as follows: In
Section 2, we describe the arithmetic on an abstract Kummer variety. Then, Section 3 explain how to
compute efficiently this arithmetic with the model provided by level 2 theta functions. Section 4, deals
with change of level formulas. Finally, Section 5 is devoted to efficient representation and arithmetic in
abelian varieties.

2. ARITHMETIC ON KUMMER VARIETIES

In this section, we introduce the compatible addition on the set of points of Kummer varieties. We
give two examples of useful computations which can be carried out on a Kummer variety with compatible
additions. First, a multiway addition which allows to compute the sum Py + ...+ P, from the knowledge
of Py, ..., P, and the sums Py+ P;), ..., (Po+P,). Then we explain how to compute a multi-dimensional
Montgomery ladder while keeping only 2 points in memory at each steps.

Let A be an abelian variety and denote by K4 its associated Kummer variety. Let m: A — K4 be

the canonical projection.ﬁln this section, we adopt the following convenient convention: for x € A(k),
we denote by +x € K4 (k) the point of 4. So, the notation +x € K4 (k) means that x € A(k) and
that m(x) = £x. We suppose that we have a model of K4 also defined over the field k£ where we can

compute doubling and differential additions. We also suppose that we have an algorithm which, provided
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with two points P, +Q € K(k), outputs equations defining the dimension 0 scheme of degree two
{£(P+ Q),£(P — Q)}. We will call this operation the schematic addition on the Kummer. We note
that if £@Q is a point of 2-torsion, (P + Q) = (P — @) so that by the hypothesis we can compute the
action of translation by points of 2-torsion.

The following very simple idea show that we can compute some additions on 4.

Proposition 2.1. Let z,y,z,t € A(k) be such that t+y=z+t ande—y #z—t, x—y #t—z. Then
one can compute £(x +y) = £(z +t) on Ka from the knowledge of +x, ty, +2, +t. We will call this
the compatible addition of x and y with respect to z and t.

We note that an equivalent reformulation of the condition of the Proposition is that there is no point
of 2-torsion u € A(k) such that (v =z+u andy =t+u) or (x =t+u and y =z +u).

Proof. From the hypothesis about 4 we can compute the two schemes {£(z + y),+(x — y)} and
{£(z+1t),£(z—1)} in K4. By the discussion above, we may assume that none of the point is of 2-torsion.
From the hypothesis of the Proposition their intersection is of degree 1 and is equal to {£(z + y)}.
Hence we have an algorithm to recover +(z + y) € K4 (k). O

Remark 2.2. In practice, the two schemes {+(z+y), £(x —y)} and {£(z+1¢), (2 —t)} will be defined
by two polynomials P, = X2 +aX +band Po = X?+cX +din E[X]. Then P; and P, have a common
root if and only if (ad — be)(c — a) = (d — b)?; in this case this root is (d — b)/(a — ¢). This gives a simple
algorithm to compute the intersection; for explicit formulas for Kummer surfaces we refer to Section 7.

Remark 2.3. By looking at the proof of Proposition 2.1, we expect a compatible addition to cost
roughly two schematic additions. Actually, once we have computed the scheme {&(x + y), £(z — y)} we
just need to recover enough information about {£(z +t),£(z —t)} to distinguish between +(x + y) and
+(z — y). So we don’t need the full schematic addition on +z and +t (see Section 7 for more details).
Nonetheless, since schematic additions are in general much more expensive than differential additions on
a Kummer variety, a compatible addition is an arithmetic operation that should not be used too often.

This simple idea of doing compatible additions is surprisingly powerful.

Proposition 2.4 (Multiway additions). Let £ € Ka(k) be a point not of 2-torsion. Then from
+P,...,xtP, € Ka(k) and £(Py + P1),...,=(Po + P,) € Ka(k), one can compute =(Py + ---+ P,)
and =(Py+ Py + -+ P,).

Proof. We prove the proposition by induction, the case n = 1 being clear. Let £P] = i(z?:_f P) e
K (k) which can be computed from the known data by the induction hypothesis.

In Proposition 2.1 set @ = P{,y = (Py + P,),2 = Py + P{,t = P,, to recover £(Py + P| + P,). The
conditions of Proposition 2.1 hold if 2P, # 0 and 2P| — 2P, # 0. By hypothesis, we can rule out the
case 2Py = 0. Suppose that 2P] — 2P, = 0 then +(P] — P,) is a point of 2-torsion on K4, so we can
always compute the addition by +(P; — P,,). From +(P, + P,) we can compute (P, + 2P,) using a
differential addition, and we recover +(Py + P{ + P,) = £(FPy + 2P,,) + £(P{ — P,,). We have shown
that we can always compute +(Py + P| + P,,).

Next, in Proposition 2.1 set © = Pj,y = P,,z2 = Py + P|,t = —Py + P, to recover =(P] + P,).
Note that £(—FPy + P,) can be computed with a differential addition since we know +P,, +P, and
+(Py + P,,) by hypothesis. Again, we can apply the Proposition at the condition that 2Py — 2P, # 0
and 2P — 2P, + 2Py #0. If 2Py — 2P, = 0 then Py — P, is a point of 2-torsion so that we can always
compute the addition by £(FPy — P,,). From the induction hypothesis, we can recover +(Py + Py) so
that we can compute +=(P| + P,,) = (P + P|) + +(Py — P,).

On the other hand, if 2Py = 2P,, — 2P/. By permuting P; and P, we also know that 2Py = 2P| — 2P,
otherwise we could compute +(P] + P,) via a compatible addition (so in this case P, is a point of
4-torsion). We can also assume that neither Pj or P, is a point of 2-torsion, otherwise we could
compute +(P] + P,) directly. We can then use Proposition 2.1 again, this time with © = P, y = P,,
z=Py+ P/ + P,, t = —PFy. We can apply this Proposition if 2Py + 2P,, # 0 and 2P, 4+ 2P;] # 0. But by
the above 2P, 4+ 2P,, = 2P| # 0 because Pj is not a point of 2-torsion, and similarly 2P, 4+ 2P; # 0.
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So in all cases we can always recover +(P; + P,,) and £(Py + P{ + P,). The important point is that
by Remark 2.2 we can detect in which case we are, and of course generically we just need two compatible
additions to compute the two points. (I

Remark 2.5. The idea behind Proposition 2.4 is that giving the points +(Py + P;) on K4 “fixes” the
sign of P; relatively to Py. Since Py, ..., P, have “compatible” signs with respect to Py, this explains
why we are able to compute £(P; + -+ P,) and £(Py + Py +--- + P,).

Another application of compatible additions is to do multi-scalar multiplication on the Kummer
variety. More precisely, we assume that we are given the points =P, £Q and (P + Q) in K (k), and we
want to compute +(aP + 8Q) for some «, 8 € Z. An easy approach is to do a 2-dimensional Montgomery
ladder. At each step we have the four elements +(mP 4+ nQ), £((m + 1)P + nQ), £(mP + (n+ 1)Q),
+((m+1)P+ (n+1)Q). Depending on whether the current bits of (a, 8) is (0,0), (1,0), (0,1) or (1,1),
we add +(mP +nQ), £((m+ 1)P +nQ), £(mP + (n+ 1)Q) or £((m + 1)P + (n 4+ 1)Q) to the four
points. This costs a doubling and three differential additions (the point +(P — Q) is easily obtained
from £P,£Q and £(P + Q)).

A less trivial approach | | consists in working with three points and doing one doubling and two
differential additions at each step. Actually, one can see that we only need to keep track of two elements
in the square. This is easier to see this on an example:

Example 2.6. Suppose that we have only computed +(nP + (m + 1)Q) and +((n + 1)P + mQ). If we
are lucky the current bits of («, 8) are (1,0) or (0,1) and we don’t need the two missing elements for
this step. In this case we can go to the next bits with only one doubling and one differential addition.
If however the bits are for instance (0,0) then we need to recover £(nP + m@). But this can be
done by a compatible addition with (in the terminology of Proposition 2.1) £z = £(nP + (m + 1)Q),
ty =+(-Q), £z = £((n + 1)P + mQ), £t = £(—P). (For the conditions of the Proposition to hold
we need that 2P +2Q # 0 and (2n + 2)P + (2m + 2)Q # 0. But if this is not the case then the points
+((2n)P + (2m + 1)Q), £((2n + 1)P + (2mQ)) are easy to compute directly.) In this case we need one
compatible addition and two differentiable additions.

We expect to need to reconstruct a missing element in the square with probability 1/2. But when we
compute this missing element, we can choose which two out the three elements we keep for the next
step. Continuing the example, we now have =(nP + mQ), £((n + 1)P + mQ) and £(nP + (m + 1)Q).
We look at the next bits of («, 8) and see that they are (0,0) and (1,0). Then for the current step
we compute only £((2n)P + (2n)Q), £((2n + 1)P + (2n)Q). We know that we won’t need to do a
compatible addition for the two next steps.

Using this strategy of keeping the two points among the three that appear next (forgetting about the
fourth point), a Monte Carlo simulation shows that on average there will be 1.111 differential additions,
0.888 doubling and 0.293 compatible additions by bits. (A cleverer strategy could detect when we will
not use the two points before the next compatible addition anyway and take this opportunity to replace
some differential additions by doublings.)

So depending on the cost of a compatible addition compared to doublings and differential additions,
this strategy might be better than [ |. (But one should take care that since compatible additions
are not done for each bits, an implementation of this computation may not be safe against side channel
attacks.)

Of course we can extend Example 2.6 to multiscalar multiplication. (Such a setting can appear when
using a multidimensional GLV ladder to speed-up the scalar multiplication | |.) The generalisation
of | | to this setting uses a Montgomery chain with n + 1 points at each step | | (where n is
the number of points in the multiscalar multiplication). By using compatible additions, we only need to
keep 2 points at each steps.

Proposition 2.7. Assume that we have the points +P,...,+P, € /CA(E) and also the 2™ sums
+(XY &, P) € Ka(k) forie€{1,...,n}, & € {0,1}. (Actually we can assume that Py is not of 2-torsion
otherwise it is easy to go back to a multiscalar multiplication with n — 1 points. Then by Proposition 2.4
it suffices to have the =(P; + P;) to recover the other sums.)
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Then we can compute (> a; P;) for a; € N by the following recursive algorithm: if we already have
+(>"m;P;) and £(Py + Y m;P;) then let Q = > ;P; where €; is equal to the current bit of o;. We
can recover =(>_ m;P; + Q) via a compatible addition between +Q, £(> - m;P;) and £(Py + > . m;P;,
+(Q — P1) and then use two differential additions to recover (> n;P;) and £(P1 + > n;P;) where
n; =2m; + &;.

This costs (at most) 1 compatible addition and two differential additions by bits.

Proof. We just need to check that the condition of Proposition 2.1 holds in order to do the compatible
addition. Suppose the contrary. Since P; is not a point of 2-torsion, the only possibility is that
2(Py + > m;P, — Q) = 0. But in this case Y n;P; = 3Q — 2P, and P; + ) _ n;P; = 3Q — P, which are
easy to compute directly. O

Of course the strategy given at the end of Example 2.6 to reduce the number of compatible additions
apply too, but the probability of having to do a compatible addition tends to one by bits exponentially
fast in n. Moreover, to prevent some side channel attacks, it may be better to always do a compatible
addition at each step anyway. However it is possible to replace the two differential additions by one
doubling and one differential addition, by computing £(> n;P;) and £(Q + >_n;P;) instead. This
strategy of changing the couple of point we keep each time costs 1 compatible addition, 1 differential
addition and 1 doubling by bits.

Coming back to Example 2.6, if we relax the condition that in the differential chain each difference
should be P, Q, P+ Q or P — @, then | | obtains a differential chain (the “extended-gcd” chain)
that uses around 1.76 additions by bit. This algorithm constructs a differential chain %R (where each
element in R is a couple), starting with % = {(0,0), (0, 1), (1,0), (1,1)} and requiring that one can add
x4y (and —z — y) only when z,y and x — y are already in 3. By using “compatible additions” for the
multiscalar multiplication (and assuming that the points P; are linearly independent for simplicity here),
one only need to construct a chain fR of tuples such that if x,y,u,v € R are such that z +y = u + v,
then one can add = +y (and —z — y) to R provided that

o r —y ER;
eorrx—yFu—vand z—yF#v—u.

3. ARITHMETIC WITH THETA FUNCTIONS

This section is mainly a survey of all the results on theta functions that we use in the rest of the paper.
The main results are duplication formulas and Riemann relations. We explain that a sufficient condition
for the Riemann relations to allow to compute the addition of an abelian variety is closely related to the
rank of the multiplication map in the graded ring of theta functions. We deduce algorithms to compute
addition on abelian varieties and compatible addition on Kummer varieties. We end up the section by
studying the three way addition introduced in | ]

For simplicity we will define theta functions for abelian variety over the complex field C. It should
be noted that the Theorems 3.1 and 3.2 are actually valid over any field of odd characteristic k by the
algebraic theory of theta functions | ]

Let A be an abelian variety over C and £ be an ample symmetric line bundle on A. Writing A = V/A
where V' is a C-vector space of dimension g and A is a Z-lattice of rank 2¢g of V, a section f € I'(4,.%)
corresponds to an analytic function f on C9 which satisfy the condition

fz+ X)) =ag(z,N)f(z) VzeV,AeA,
for a certain automorphic factor ag : V x A — C* which satisfy the cocycle condition ax(z, A + ') =
ayp(z,Nag(z+ X N).
In fact, the Chern class of .Z can be described by a (positive) hermitian form H such that E(A,A) C Z
where £ = Im H and by Appell-Humbert’s theorem the automorphic factor a.¢ can be chosen so that
(1) ag(z, )\) _ X(}\)eﬂ'H(z,)\)Jr71'/2H()\,/\)7r/27

for a certain quasi-character x : A — £1. (For more details we refer to | ; D-
More concretely, if A has a principal polarisation, up to a linear transform of V, we can write
A =79 +QZ9 where Q) € £, is in the Siegel upper half space. Then one can define a principal symmetric
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line bundle .%; associated to the hermitian form Hj corresponding to the matrix (ImQ)~! and the
quasi-character xo(A) = e™EALA2) where A = A + Ao is the decomposition of X in Z9 @ QZ9.
We recall the definition of the theta functions with characteristics a,b € QY:
(2) Z e it (n+a)-Q-(nta)+2mi’ (n+a)-(z+b).
nezI

These theta functions with characteristics are related by
03] (2, 9) = ¢ ater2ni‘az g [y
[

0 [iin] () = emg

3) ] (z+ Qa+b,Q),
1(2,Q),

where m,n € Z9; and satisfy the functional equation

(4) 0 [g] (Z + Qm +n, Q) _ e—27ritb~m+2m'ta~ne—7rithm—Qm‘tmze [(g] (2)

Let n € Nand £ = 2. We have dimI'(A, £§") = n9 and if n = ning, a basis of the global sections
(A, Z7) is given by

(5) 9 [g;;;;] (mz, 22Q) a € Z(m),be Z(ns),
n2
where Z(n) = Z9/nZ? (this is an easy generalisation of | , p- 123-124]). One should note that

the basis given in Equation (5) corresponds to the factor of automorphy from Equation (1) twisted by a
coboundary so that the sections are periodic with respect to Z9. In other words, we have chosen .Z in
its isomorphic class such that sections f € I'(4,.%) satisfy

fz+m) = f(2),
(6) —7intm-Q-m—27wintz-m
F(o+ m) = e 7).
From Equation (5), we see that the period matrix 2 defines more than an ample line bundle %, it

also gives a canonical basis of sections of .Zj}* for all n € N. In the following, we will take the basis of
sections coming from the decomposition n; = 1, no = n and to simplify the notations we let for i € Z(n)

(7) 675 (2) = 0[;0,] (2. Q/n).

We will often denote this function by 6; when the context is clear. This is the unique basis (up to
multiplication by a constant) such that translation by a point of n-torsion is given by

(8) Qb(z + my + Qmy ) — e tmag-L.my—27i tmg-z€—2‘rri thomo O, (Z)
n
for mq, mg € Z9 (for more details on the canonical choice of a basis of sections, see | ; D-
When n = 4, the decomposition ny = 2, no = 2 in Equation (5) yields to the classical basis of level 4

theta functions 6 {Zﬁ } (22,9). More generally, in terms of the basis from Equation (5), the action of

translation by a point of n-torsion is given in projective coordinates by

a/ni my ni _ —2mitma-b/n (a+mz)/n1
9) (9[b/n2](n1(z+ L, nQQ))ab_ (e > o[(bml)/nz}(nlz,nlﬂ/m))

sz

a,b

This can be seen from Equation (8) and the linear change of variable

a/n ni 1 _omita-
(10) olom] mz ) = 3T e[, 0]
n9 ny f
BE7TLIL9

By a theorem of Lefschetz, when n > 3 the line bundle Z is very ample, so the n9 theta functions 6;
gives an embedding of A into the projective space IP’C (| , Theorem 1.3, p. 125-134],] ,
Theorem 4.5.1]). Since 6;(—z) = 0_;(z), when n = 2 the morphism to projective space factorizes through
the Kummer variety 4. When % is an irreducible principal polarisation on A, the morphism to
projective space associated to . = .#Z is actually an embedding of the Kummer variety K4 (| ,
Theorem 4.8.1]).
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The most important tools concerning the arithmetic of abelian (and Kummer) varieties embedded by
theta functions are the duplication formulae and Riemann relations. From now on, we suppose that
L = 47 is totally symmetric, or equivalently that n is even | , Corollary 4 p. 315].

Theorem 3.1 (Duplication formulae). Fix 21,29 € C9. Then for all i,j € Z(n),

g[g}(,zﬁ@,%)a[g}(zl—@, Ze[

129/29

] (221,2 2)9 [%} (222,2%).

Reciprocally, for all x € %Zg/Zg and i,j € Z(2n) such that i + j € Z(n)

Q 0
0[5] @220 1] (222,25 =
1
29

—2i7 Q Q
Ze 2im2 ¢ Xty |:1+J+t:| (21 + 22, g)e { i;?H] (2’1 — 22, g)
te3%9 /19
Proof. See | , Theorem 2 p. 139, p. 141], an algebraic proof is given by | | by applying the
isogeny theorem to Ax A — A X A, (z,y) — (x+y,x —y). For a generalisation, see | ; . O

We can rewrite duplication formulae in the standard basis (7). For this, we let for x € Z(2) and
i€ Z(n), U;f‘ol(z) =2 tez(2) X(1)0i4i(2). In terms of theta functions with characteristics, the level 2n

theta function U;(Z;z(z) is equal to 0 [i} (22, 2%), where we have identified Z(2) to its dual group Z(2)

via the map z — x(z) = e™ *2. It is easy to check that if ¢ € Z(2), U;(?;H = x(t)U;Z;Z and that
duplication formulae from Theorem 3.1 can be rewritten as

(11) 9;{](21 + 22)9% (21 — 22) Z Ug (z1)U. (22)
XEZ(2)
2
(12) Ufi (21) ZX z+]+t (21 + 22)9;?]+t(21 — 22),
fGZ(Q)

for 21,2y € C9, x € Z(2) and i, € Z(2n) such that i + j,i — j € Z(n).

Theorem 3.2 (Riemann relations). Let x1,y1,u1,v1,2 € CY, such that 2z = x1 + y1 + v + v1 and
let xo = z —x1, Yo = 2 — Y1, Ug = 2 — U1, V2 = z —v1. Then for all characters x € Z(2) and all
i, 5, k,l,m € Z(n) such thati+j+k+1=2m, ifi' =m—i, 7 =m—j, K =m—Fk andl' = m—1, then

(D x®0ige(@1)0544 (1)) (D x(8)Or e (ua)Br 44 (1)) =

te2(2) tez(2)
(DX O0i41(2)050 44 (y2))- (D X(8)Ohr 44 (2) B0 14 (v2)).
teZ(2) teZ(2)

In particular, we have the addition formulae for z1,z9 € C9 (with x, i,7,k, 1 like before):

(14) (D xOise(z1 + 22)0540(21 = 22))-( D X()0h+4(0)0144(0)) =

teZ(2) teZ(2)
(> XO0-iga(22)0r10(22)).( D X0 41(21)0014(21)).
teZ(2) teZ(2)
We also have the three ways additions formulae for z1, 29,23 € CY9:

(15) (D XxWOige(z1 + 22+ 23)0514(21)) . ( D X(D)0kpe(22)0144(23)) =

teZ(2) teZ(2)

( Z X()0ir14(0)0;r 44 (22 + 23)) - Z X()0n 14 (21 + 23)01 14 (21 + 22)).

teZ(2) teZ(2)
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Proof. We can verify (13) by expressing the left hand side and right hand side of the equation in
term of the U;Z;Q basis using (11). Then (14) and (15) are immediate consequences of (13) (using that

0;(—z2) = 0_;(22)) For more details, see | ] or | |. A slightly different form is also given in
, D. 334-335]; see also | ; | for an analytic proof. O
If 4|n, following | |, by applying (13) with 1 = y; and u; = v; = 0, we obtain a complete set

of equations for the embedding of A into PZ(™ . It is clear that Riemann equations are parametrized
by the (projective) theta null point 04 = (0;(0));cz(n) which is defined in particular by the data of
and n. If n = 2, since the Riemann equations are trivial, they do not give equations for the embedding
of K4 is PZ(®). Nonetheless, in the case that dim A = 1, K4 is just the projective line and there is no
equations and if dim A = 2 then the embedding of K4 is P#(?) is given by a well known quartic equation
(see | , §5] for instance) the coefficients of which can easily be computed from the knowledge of
the level 2 theta null point. In the following, we suppose that A is given by the way of its theta null
point so that we have a projective model of A on which we would like to have an efficient and complete
arithmetic.

It is clear that Equation (14) can be used to compute the addition law on A. It order to do so, it is
important to know when factor of the left hand side of (14), 3=, 7(2) X(t)0+4+(0)6114(0) does not cancel.
By Equation (12), we have 3, 7o) X()041(0)0114(0) = Uf,:o (O)Uf}z (0) where ko, ly € Z(2n) are such
that kg + lg = k and kg — lp = [. To understand the arithmetic of theta functions, we thus need to
investigate the non cancellation of the level 2n theta functions Ufiz. Actually, this non cancellation is
closely related to the rank of the natural multiplication map I'(4,.¥) @ I'(4, %) — T'(4, £?).

To see this, following Mumford | , D- 328], we consider the morphism £ : AXA — AxA, (z,y) —
(x +y,z —vy). Let m; and 7 the first and second projections A x A — A. Let A: X — X x X be the
diagonal; A induces the multiplication map A* : T(A, 7}.Z) @ T(A, m3.%) — T'(A, £?), 71607 ®7r§9;2) —
07 @ 9;7) If S: A— A x Ais the inclusion map x +— (x,0) then A fits into the commutative diagram

(4,27

| T

(A x A, 122 @ n5.L?) (Ax A1 % @)

so A* = §*¢*. But £ is given by the duplication formula from Theorem 3.1 and S* : T'(A4 x
A, L? @ s L) — T(A, £?) is given by ﬂ‘@;‘g? ® W}‘H}W — 9322 (0)9;%2. We finally get that the map
['(A,Z)®T(A,L) — (A, £?) is given by

(16) Z x(t) (eit ® eﬁt) — Uf%Uf% (0),
teZ(2)

which makes clear the link between the non cancellation of the Uf; (0) and the rank of the multiplication
map.

Theorem 3.3. Let £y be a principal symmetric line bundle on A. Then the multiplication map
D(A, L") @T(A, L) — T(A, L)

is surjective when m > 2 and n = 3. In particular, if £ = £ with n > 2 even, then I'(4,.£) ®
(A, %) — T(A, £?) is surjective, or equivalently for any x € Z(2), i € Z(2n), there exists ig € Z(n)
such that U)f;-j_io (0) #£0.

If & = %3, then the rank of the multiplication map is equal to the number of even theta null
coordinates Uff (0) # 0 for x € Z(2), i € Z(4) such that x(2i) = 1.

Proof. This Theorem is proved analytically in [ |, and algebraically in | | (see also | ,
Lemma 17]). When n is divisible by 4, Mumford as a finer result in | , p- 340]. O
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The use of the words odd and even for the theta null coordinates comes from the fact that when n = 2,
we have Uff(—z) = X(2z’)U;fi2 (). So when x(2i) = —1, the function Uf; is odd and we always have
Uf: = 0. In terms of theta functions with characteristics, the functions U;ff correspond to the usual

level 4 theta functions {6 [Z;g} (2-,9) | a,b € Z} and x(2i) corresponds to (—1)'*? which determines

the 2971(29 + 1) even theta functions from the 2971(29 — 1) odd ones.

Remark 3.4 (Normal projectivity). If . is a very ample line bundle on a smooth projective variety
X, the corresponding embedding of X into projective space is said to be projectively normal if the
homogeneous ring associated to this embedding is integrally closed. This condition is equivalent to
the condition that S"T'(X,.Z) — I'(X, .Z") is surjective for all n > 2 | , Exercice 5.14 p. 126], or
equivalently by | , p- 187] that T'(X, ™) @ I'(X, &) — ['(X, £™"1) is surjective for n > 1. (We
remark that the condition that I'(X, #") ® T'(X, %) — ['(X, £" 1) is surjective for n sufficiently large
is equivalent to £ being very ample by | , D- 38]).

By Theorem 3.3, if . = £}’ where %) is a principal ample symmetric line bundle and n > 3, then
(A,.Z) is projectively normal. If n is totally symmetric, then by definition .Z descends to an ample
line bundle .# on K4, and if 7 : A — K4 denotes the projection, then 7*T'(K 4,.#) = T'(A, .£)" where
['(A,2)" denotes the section invariant under the action by —1. By | , Corollary 4.5.2],[ | the
multiplication map I'(A, Z¢™)* @ T'(A, £3")T — I‘(A,.,foz("'s_m)+ is surjective when n > 1 and m > 2.
So if n > 2, the variety (Ka,.#) is projectively normal. When n = 2, we have I'(A4, &)t =T'(A,.%) or
in other words . can be seen as a line bundle on K4. Then (K 4,.Z) is projectively normal if and only
if T(A4,2)2T(A, L) = T(A, £?)* is surjective, but by Theorem 3.3 this is equivalent to the condition
that every even theta null coordinate is non zero.

Remark 3.5 (Non annulation of the even theta null coordinates). When g = 1, it is well known that
the three even theta null coordinates are never 0 for an elliptic curve. When g = 2 the product of
the square of the 10 even theta null coordinates define a modular form x1¢ of weight 10 on the Siegel
modular space whose locus is the abelian surfaces that are isomorphic to a product of two elliptic
curves | , Section 2.6]. More precisely, when ) is in the fundamental domain defined by Gottschling
[ | then the even theta null coordinates are non zero except 6[11](0,£) which cancels exactly
when Q = (78 72), that is when (4, .%) is isomorphic to a product of elliptic curves with the product
polarization. For more details we refer to | .

When g > 2 it is well known that Jacobians of hyperelliptic curves are characterized by the cancellation
of some even theta null coordinates | , §6], so an absolutely simple abelian variety can have a zero
even theta null coordinate.

Corollary 3.6. Let £ = £, where n is even and %y is principal and symmetric, coming from a
period matriz Q. We represent the abelian variety (A, Z) via the corresponding theta null point.

If n > 2 then for all 21,22 € C9, if we are given (0;(21))icz(n)) and (0i(22))icz(n), then one can
recover all products 0;(z1 + 22)0;(z1 — 22) fori,j € Z(n).

If n =2 and we assume that the even theta null coordinates are non zero, then from the same data
we can recover all terms of the form 6;(z1 + 22)0;(z1 — 22) + 0;(21 + 22)0i(21 — 22) fori,j € Z(2).

Proof. When n > 2, for all i,j € Z(n) and x € Z(2), we can find k,1 € Z(n) such that i+j+k-+1 € 2Z(n)
and ;¢ 7o) X(£)0k+¢(0)0144(0) # 0. Indeed, we may as well take k = i,l = j, and if needed translate

them by a suitable element by using Theorem 3.3 so that Uf& (O)Uf; (0) # 0. By Theorem 3.2 we

can then recover ;. o) X(¢)fit(21 + 22)0j44(21 — 22). By summing over x € Z(2), we then recover
91‘(21 + 2’2)0]'(2’1 — 2’2).
The case n = 2 is done similarly, we refer to | | and | | for more details. O

By the discussion of Remark 3.4 for n = 2, it should not be surprising that when the even theta null
coordinates are non zero we can recover the symmetric elements 0; (21 +22)0; (21 —22)+6; (21 +22)8; (21— 22).
From now on we will always assume that we are in this case when n = 2. It is easy from Corollary 3.6
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to describe equations of the degree 2 scheme +{z + y,z — y}; we refer to | | for more details and to
Section 7 for explicit formulas in dimension 2.

When n > 2 is even we can thus always compute the addition of the projective points x and y in
(A, 2). Indeed, if 0, (x —y) # 0, then the projective point (6;(x +y)0;,( —y))icz(n) represent the point
z + y. But one can see that the relations in Theorem 3.2 are stronger than just computing additions on
the variety A. To explain this, we introduce the affine theta coordinates of z € C9 as 0,(z), i € Z(n).
Then, if we know the affine theta coordinates of z1, zo € C9 and also the affine theta coordinates of the
point z; — z3, then by Corollary 3.6 we can recover the affine theta coordinates of the point z; + 25 € C9.
This affine differential addition allows us to recover the analytic addition law on (CY,+) which is above
the abelian variety A = C9/(Z9 + QZ7). This affine differential addition is an essential building block for
algorithms on abelian varieties that needs a bit more arithmetic, like isogenies | ; | or pairings

; ]. In this context, the affine three ways addition formulae from Equation (15) are also very
usefull; let 21, 29, z3 € CY, then given the affine coordinates of 21, 2o, 23, 29 + 23, 21 + 23, 21 + 22 one can
use Equation (15) to recover the affine coordinates of z; + z3 + z3. (We refer to | | for a proof which
use a result similar to Theorem 3.3 but for sections of fibers translated by points, see also | D-

Unlike the standard addition, the (affine) differential addition and (affine) three way additions can
also be computed when the level n is two. Indeed, for the differential addition, by Corollary 3.6 we know
the elements 6;(z1 + 22)0; (21 — z2) + 0;(21 + 22)0;(21 — 2z2), from which it is easy to also recover the
coordinates 0;(z1 + z2) if we also know the 0;(z; — z2). For the (affine) three way addition, a proof can
be found in | | for generic points. Of course one can not compute normal addition in level 2, but we
have already noted that Corollary 3.6 allows to compute the schematic addition of z,y € K4 and thus
of compatible additions.

One should note the difference between the affine three way addition from Equation (15) and the
projective three way addition from Proposition 2.4. The first one takes as input the affine coordinates of
x,y,2,Y + 2,2+ z,x + y and compute the affine coordinate of x + y + z, while the second one takes the
projective coordinates of x,y, z, x + y, x + z and compute the projective coordinates of = + y + z.

This calls for two remarks. First, when we want to compute the addition of two projective points x
and y on a Kummer variety, then we know that we can do a differential addition if we also know the
projective point  — y (with an affine differential addition from above, except that since we only want
the projective result we can gain some computations by replacing divisions by some multiplications).
But one might guess that we need less information than the full coordinates of  — y to recover the
projective coordinates of x + y (as we have just seen we already need less information to compute
projective coordinates of x + y + z than its affine coordinates). We will return to this in Section 5. The
second remark is that while differential additions are very fast on the Kummer variety, especially in
the generic case when the coordinates of © — y are all non zero as in | |, compatible additions
are much slower. But in Proposition 2.4, we use two compatible additions to recover x + y + z and
y+ z from x,y, z,x +y,x + z. According to the formulae in Section 7, it is faster to first compute y + z
using one compatible addition, and then recover x + y 4+ z by using the affine three way addition from
Equation (15) (except that we only need the result in projective coordinates which allows to be a bit
faster than a full affine three way addition).

We end up this section by proving that the affine three way addition can always be computed when
the even theta null coordinates are non zero. This is a strengthening a result of | | which the same
result in proved only for general points.

Proposition 3.7. Let £ = £ with n even and z1,22,23 € C9. Then from the affine level n theta
coordinates of z1, z2, 2, 22+ 23, 21 + 2, 21 + 22, one can always compute the affine coordinates of z1 + zo + z3
up to a sign.

Proof. If n > 4, this was already proven in | |. We can thus assume that n = 2. If z;, 25 or z is a
point of 2-torsion, we can directly compute the (affine) action of translation by it using Equation (8). If
not one can do a compatible addition to recover z; + z3 + 23 projectively. We then need to find the
projective factor A. Writing z1 + 220 + 23 = (21 + 22) + (22 + 23) = (21 + 22 + 23) + 22 where the two
terms on the right can be computed exactly by a differential addition gives A2. [l
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Of course in practice it is faster to use Equation (15) to compute the three way addition because it
will give enough relations in the generic case that to use the method of the proof of Proposition 3.7.

Corollary 3.8. Letn be even, and assume that we have m points z; € C9 given by their theta coordinates
(O (2i)kez(n))- Assume that we also know the theta coordinates (Or(2; + 2j)rez(n)) for all i # j. Then
for any (\;)i2; € Z™, we can recover the theta coordinates of (Ox(Mz1 + -+ + Amzm)kezm)) of the sum

> iz

Proof. By an easy recursive application of Proposition 3.7 we can recover all points Y e;z; where
g; € {0,1}. One can then use differential additions to recover 3 \;z;. O

4. ARITHMETIC, LEVELS AND ISOGENIES

In this section, we explain how to compute the fiber of the natural projection A — I 4. The main
result, extending the usual genus 1 case, says that we can compute this fiber only with differential and
compatible additions up to one choice of sign.

If £ : y?> = f(z) is an elliptic curve given by its Weierstrass equation, working on the Kummer
line amounts to forgetting the coordinate y. Reciprocally, given a point =P = x(P) on the Kum-
mer line, finding the points P,—P on FE above it comes down to computing a square root to find
{@(P). /T@(P)), (v, —/Fa(P))}.

If (A, %) is a principally polarised abelian variety, the map from the abelian variety to the Kummer
variety is given by the duplication formulae from Theorem 3.1. More precisely, if £ = £Z and we work
with the basis (6;);cz(2) of level 2 theta functions for the embedding of K4 and the basis (9;%2)1-62(4)
of level 4 theta functions for the embedding of A, then the map natural projection A — K4 is given by

2
(17) 0%, (@07 () = o Z 01 (0)0%,(0)
teZ(2

Indeed, we note that on the left of Equation (17) we get a product of two level 2 theta functions, so by
Theorem 3.3 and Remark 3.4 we get all even coordinates I'(A, #?)*. Thus Equation (17) defines the
projection map from (4,.£?) to (K4, £?").

Now we would like to inverse this map to get, from the knowledge of point on a Kummer variety the
two points on the abelian variety lying above it. As in the elliptic curve case we would like to do this at
the expense of only one square root (besides the standard fields operations).

We suppose here that we know the abelian variety A via its level 4 theta null point 04 = (0:(0))icz(n)-

It will be easier to work with the variables U;gf from Section 3 since Equation (12) gives

2
(18) U;}%( ZX z+]+t H?JH( )s
teZ(2)

Unfortunately since the odd theta null values are null, Equation (18) allows only to recover the coordinates
Uf; such that x(2¢) = 1. But from Equation (9) we see that if T} is the point of 4-torsion corresponding
to —% € 179 /79 we have U, ;(T;) = Uy,0(0) # 0. With the equation

(19) Uf( )Uz ZX )03; (@ + T0)607 (x — To),
teZ(2)

we can then recover Uf; (z) provided that we know the level 2 theta coordinates of « 4+ T; and x — T;.
We first remark that we can compute T; € A by using Equation (9) and then push it to K 4.

Now fix a point 79 € Z(4), and fix once and for all a choice of x + T}, € K4(k) (this can be done using
Corollary 3.6 and requires a square root). Now let ¢ be any other element of Z(4), by pushing T; + T,
to K4, we can use a compatible addition (Proposition 2.1) to recover = + T;. In other words once we
have fixed a choice of  + T}, the other choices of sign for x + T; are fixed and can be recovered by using
compatible additions. Now from x + T; one can recover x — T; by doing a differential addition and then
use Equation (19) to recover Uff (x).
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In a sense, since differential additions and compatible additions allows us to go back to the abelian
variety from the Kummer (up to one choice of sign), all arithmetic on the Kummer should come from
these two operations.

Remark 4.1. One should be careful here because Equation (19) makes sense for affine coordinates and
we are working with projective coordinates. What happens is that by taking an affine lift of the level 4
theta null point, we can use Equation (9) to get a canonical lift of the 4-torsion points T;. Let z € CY be

a lift of x, then if we take any afﬁne lift x + T of x +T; € K4 it is equal to z + T; up to . to a projective

factor . But then computing z — T affinely via a differential addition gives that x — T is equal to
z — T; up to the projective factor A=1; so these factors cancels out in Equation (19).

Working on an abelian variety with level 4 theta functions requires 49 (projective) coordinates.
Compared to the 29 coordinates needed for representing a point on the Kummer variety using level 2
theta functions, this looks like a very inefficient way to represent a choice of sign! We can have a closer
look at our algorithm to go from level 2 to level 4 and see how much information we really need to
encode the choice of sign and still do arithmetic efficiently on the abelian variety. But since the map
from Equation (17) is a bit complicated (compared to the elliptic curve case where the map from the
Weierstrass model to the Kummer line is a projection), we will investigate another map that comes from
isogenies. This will allow us to treat any even level n > 4.

Theorem 4.2 (Isogeny theorem). Let n = ning and £ = l1ly. Let m: A =CI/(Z9 ® QZ9) — B =
C9/(Z9 & %QZg) 2z — l1z be the canonical isogeny with kernel K = %ZQ/ZQ @ iQZg/QZg. Then if
we use the basis with level tn = ({1n1)(lang) from Equation (5) for A and the basis with level n = ning
for B, we get that

a/ny K aty/mnity Z
a <9 {b;n2} (m1z, n1< : ))> =0 {b‘f?;"?gz} (m(6r2), Zl ;)

ng "l

Proof. This is immediate. O

Corollary 4.3. Let A =C9/(Z% ® QZ9) be an abelian variety, that we represent via the embedding of
level n theta functions where n = 2m is greater or equal to 4. Let m: A — B =C9/(Z9 & £79) : 2 — z

be the canonical isogeny of kernel K = %QZg/ng, where we represent B with level 2 theta coordinates.
Then

(9F(W(Z))162(2) = (93(1-)(2))
where ¢ : Z(2) — Z(n) is the natural embedding.

We can also see the theta coordinates as affine coordinates on C9 rather than as projective coordinates
on the abelian variety A = C9/A. We recall from Section 3 that we define the affine coordinates of

2z € CY as 0;(z), i € Z(n). It is easy to lift 7 to an affine map 7 such that 705 = 9&1 :

Theorem 4.4. Let eq,...,e4 be a basis of %Z-‘J/Z-‘] given by affine theta coordinates (they can be
recovered from the affine theta null point of level n on A via Equation (8)).
Let z € C9. Then

e The affine theta null point 04 can be recovered from the 1+ g(g + 1)/2 points 7(04), T(e;),
%<ei + ej);

e The affine theta null point z can be recovered from the above data and the 1+ g points 7(z),
7(z + e;). In particular we can encode a point on A by using (1 + ¢g)29 coordinates (once we
know the theta null point).

Proof. If we combine Equation (9) with the form of 7 given by Corollary 4.3, then it is straightforward to
see that we can recover the theta coordinates of z from the theta coordinates of the points 7(z 4+ > A;e;)
where \; € {0,...,0—1}. But m(z 4+ > \ie;) = 7(z) + > 7(\ie;). By Corollary 3.8, we can recover the
right hand term from the points 7(04), 7(e;), T(e; +€;), T(2), (2 + €;) by using three way additions
and differential additions. O
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Remark 4.5. If n > 4 and g > 1 we thus get a more compact representation of a point x in the abelian
variety A than by using the level n theta functions as coordinates. We can also compute the arithmetic
directly on this representation: if we know the coordinates of z,y € A given by 7(z), 7(z + ¢;), 7(y),
7(y + e;); then we can recover the coordinates 7(x +y), T(z + y + ;) by doing some three way additions.
(Of course if we already know 7(z — y), 7(z — y + €;) it is faster to do differential additions).

Remark 4.6. If we only know 7(z), since B is represented by theta functions of level 2 this mean
that we know 7(z) € Kp, and the best we can hope is to recover the preimage £z + Kerm € A. This
preimage can be recovered in a similar way as we did in the inversion of the duplication formula. First
we fix a choice of m(z) + 7(e1); we can recover all the other points 7(z) + 7(e;) by a compatible addition
with 7(e; + e;). Now we fix an affine lift \;7(z 4 ¢;) where A; is an unknown projective factor. By
computing differential additions, and since 7(z + me;) = 7(z) we recover A" as in | ; |. We
choose \; satisfying these equations; by Theorem 4.4 we can then recover one of the element z (or —z)
in the preimage. In total there is 2m?9 possible choices, so we recover all elements in the preimage.

Let D be the diagonal matrix with entries (1,...,1,2) and let A’ be the abelian variety A’ =
C9/(29 + DQZY) where Q € ;. Then 2 induces a polarisation .Z of type (1,...,1,2) on A’; a basis of
sections of .#? is given by

0191 (. Q2D) ™ e(an) 12020
If A’ is simple, then by | , Theorem 4.3.1] . has no fixed components so that .#? is a very ample
line bundle by [ , Theorem 4.5.5]. So in this case we can embed the abelian variety A’ using only
2 - 29 projective coordinates. Unfortunately A’ is not principally polarized in general since the Néron
Severi group of an abelian variety is Z generically.

Still, if welet m: A" — A = C9/(QZI+Z9), then a similar reasoning as in Corollary 4.3 and Theorem 4.4
show that for z € CY9, the level (2,2,...,2,4)-theta coordinates of z with respect to A’ can be recovered
from the level 2 theta coordinates with respect to A of the two points 7(z) and 7(z + e) where e is the
point of 4-torsion generating D~27Z9/Z9. This idea can be used to efficiently represent a point on an
abelian variety.

5. ARITHMETIC ON ABELIAN VARIETIES

In this section, we introduce a much more compact, while very efficient, representation of points
of abelian varieties than the one provided by level 4-theta coordinates. We explain how compatible
and differential additions may be used to compute the arithmetic of an abelian variety with this
representation.

Let A be an abelian variety and K4 the corresponding Kummer variety. In this section, we will use

the same notation as in Section 2, for x € A(k), we denote by +z € K4 (k) the point of K4 image of

z by the natural projection. We suppose that we are given a point T' € A(k) that is not ~a point of
2-torsion. We will represent a point z € A(k) by the couple of points (+z, £(x + T)) € Ka(k)%.

Proposition 5.1. The map a: A — K2, given on geometric points by x + (+z,+(x + T)) is injective.
Furthermore, given a couple (£x1,+x9) € Ka(k)? it is easy to check if it lies in a(A(k)). Lastly, one
can do arithmetic on this representation.

Proof. The natural projection A — K4 has degree 2, so if (+z,£(x +T)) = (£y, £(y + T)) then either
x =1y, or x = —y. But in the latter case, sincex + T =y+T orz+T =—y—T in A and T is not a
point of 2-torsion, we need to have © = —z so « is injective in all cases.

The couple (£z1,+x5) € Ka(k)? lies in a(A(k)) if and only if x5 € {£(z; + T),+(z; — T)} in
K a(k)? which can be tested by the way of a schematic addition. Finally, the addition of (£, 4(z + T))
and (+y,+(y + T)) is given by the couple (£(z +y), £(z +y + T)) € Ka(k)? which can be computed
from Proposition 2.4. O

Remark 5.2. On elliptic curves, we recover a representation studied by Kohel in | |. 71" € A(k)
is another point not of 2-torsion, one can go from the representation (z,4(z + T)) € Ka(k)? to the
representation (z,+(z + T")) € Ka(k)? only once we have fixed a choice in {T'+ T",T — T"}. The
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ambiguity comes from the fact that (—1) is always an automorphism on A from which we can act on
our representations.

Remark 5.3. If we represent K4 via the embedding given by level 2 theta functions, then it is
straightforward to apply the isogeny and pairing algorithms from | ; | on the representation
(xz, £(z+T)).

For an isogeny f : A — B, what we can compute is the map from the representation from (+z, £(x+T))
on A to the representation (+y,+(y + f(T'))) on B. In the case that f is an endomorphism so that
B = A, we will usually want to compute the endomorphism with respect to the same representation
(y,+(y +T)) on A. Such is the case, for instance, when we want to use f to speed-up the scalar
multiplication as in [ |. To obtain f we can apply Remark 5.2 and compute once and for all an
element in {T'+ f(T)} C Ka(k) (such a choice may amount to replace f by —f).

Remark 5.4 (Multiscalar multiplication). We can reinterpret Proposition 2.7 as follow: the standard
approach to a multiscalar multiplication Y m;P; is to precompute the > &;P;, ¢; € {0,1} and do a
double and add algorithm. Proposition 2.7 can be seen as an adaptation of this algorithm to the
coordinates from Proposition 5.1. We represent a point on A by the couple (> m;P;, > m;P; + P;) in
the Kummer. The only difference is that rather than doing a double and add (which will involve a
compatible addition), we do it the reverse way; first a compatible addition to change the representation
to (3_m; P, > . m;P; + Q) using Remark 5.2 (keeping the notations of Proposition 2.7), and then a
double.

As noted in Section 3, when doing an addition of (£, £(z +t)) and (Ly, £(y + 1)), it is faster to
compute ((x +y),£(x +y + T)) by using a compatible addition and a three way addition than by
using two compatible additions. Still the arithmetic on this representation is quite cumbersome. Luckily
scalar multiplication are much better behaved.

Indeed the scalar multiplication (+z,+(xz + T)) — (+nz,£(nz + T)) can be computed with a
Montgomery ladder of the form (£maz,£(m + 1)z, =((m + 1)z + T)) where each step will use one
doubling and two differential additions on the Kummer. So compared to the scalar multiplication on the
Kummer variety this will be around 50 percent slower. A much better idea is to use the standard trick to
only compute +(n — 1)x, +na on the Kummer variety (via a standard Montgomery ladder). Then at the
end one can recover +(nz + T') by doing a compatible addition (nz) 4+ (T) = ((n — 1)z) + (¢ +T). So
this only add an extra computation at the end compared to the standard multiplication on the Kummer.
Of course, the same trick will work for a multiscalar multiplication.

Finally it might seem that we need twice as many coordinates to represent the point x € A(k) using
the representation (z,z + T') € K4 (k)? than we need to represent a point in the Kummer. But actually,
in a way similar to the case of elliptic curves in Weierstrass form where we only need one extra coordinate
to encode the choice of sign, once we have +x € K (k) we can encode &(x + T') as the corresponding
root in the degree two scheme {£(z + T),+(x — T)}. In most cases this can be done by using only one
coordinate. In the level 2 representation of the Kummer variety, we then represent a point of A by a
pair in P?*~1(k) x P!(k). We refer to Section 7 for an analysis of the arithmetic in this representation.

6. CONCLUSION

In this paper we have shown how a simple type of addition on a Kummer variety which we called the
compatible addition can be used to do some arithmetic that does not come from differential additions.

We have used this tool to explain how to go from a level 2 theta representation to a level 4 theta
representation and to derive an efficient representation of an abelian variety A by embedding it into K%.
If K4 is represented by theta functions of level 2, this representation only add one extra coordinates
(more precisely this gives an embedding of A into P21 P1), and benefits from the same efficient scalar
multiplication as the one in 4.
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7. APPENDIX: EXPLICIT FORMULAE

Let (ai)icz(2) be the level two theta null point representing a Kummer variety K4 of dimension 2.
Let © = (%i)icz(2) and y = (¥i)iez(2), we let X =z +y and Y =z —y. We will give formulae for the
coordinates 2r,;; = X;Y; + X ;Y;.

Let i € Z(2),x € Z(2) and let

zF = ( Z X()zipery) ( Z X yireye)/ ( Z X(t)aitrar).
teZ(2) teZ(2) teZ(2)
By Equation (12), Y, x(t)ai1+as is simply the classical theta null point 6 {X/ﬂ (0,9)2. Then Theorem 3.2
gives

00 , 01 , .10 , _11.

4X00Y00 = 200 + 200 + 200 t 2003
00

4X01Yo1 = 200 — 200 + 200 + 200

01 _ 10 _ 11

4X10Y10 = 200 + 200 — 200 — 200

_ 00 _ 01 )
4X11Y11 = 200 — 200 — 260 + 2005

2(X10Y00 + XooY10) = 210 + 200;

o1
2(X11Yo1 + Xo1Y11) = 230 — 235;
= 201 + 2013

10

2(X11Y10 + X10Y11) = 205 — 200

(X ) =
( ) =
2(Xo01Y00 + XooYo1)
( ) =
( ) =

2(X11Y00 + XooY11) = 29 + 211;
2(X01Y10 + X10Yo1) = 25§ — 211;

As usual, we let M represent the cost of a multiplication (in the field of definition of x and y), S
represent the cost of a square, and M represent the cost of a multiplication coming from the theta
null point (a;);cz(2) (so a data that depend only on the Kummer variety). Finally I represent the cost
of an inversion, which we will replace by some multiplications using the fact that we have projective
coordinates. We may suppose that ag = 1. Also we note AY =Y x(¢)ai+¢a;. We have seen that from

the duplication formulae, if a; = 6 [;},] (0,Q/2) then AY =6 [X/Q} (0,9)2. For homogeneity reasons,

we may also assume that AJ) = 1.

To compute the four 2{° we need 4M + 8S + 3My. To compute the two 21 we need 2M + 4M + 2M,.
But actually, since we already have the squares x2 from the computation of the 2{°, we can compute the
product z; ¢y as 2,1y = (Tt + xt)2 — xf_H — x? so the actual cost is 2M + 4S5 + 2M,. In total to
compute all k;; we need 4M + 8S + 3My + 3(2M + 45 + 2My) = 10M + 205 + 9My. When = = y, the
cost reduces to 85 + 3My + 3(2M + 25 + 2My) = 6M + 145 + 9M,.

7.1. Differential additions. The first four equations are enough to give the k;; and can be used to
compute the differential addition X from z,y,Y in 4M + 8S + 3My + 41 (in the generic case where
the coordinates of ¥ are non zero, otherwise we need all the «;;). Similarly, to compute the double
of x (again in the generic case where the coordinates of the theta null point are non zero), we need
85 4 6My. Once we have computed the differential addition x + y, computing another differential
addition z + ¢ involving the same point z costs only 4M + 45 + 3My + 4. In a Montgomery ladder,
computing the scalar multiplication n P, the differential additions will involve the point P so up to some
precomputations the 47 from the formula above become 3M. One step of the Montgomery ladder then
costs TM + 125 + 9My; we recover the formulas from | | this way. In | | a3M — 35 — 3M,
tradeoff is described. For the complexity analysis here we assume that we have small constants so the
cost of My is small and we have not done this trade off.

In a d-multiscalar Montgomery ladder, computing the multiplication mq Py +- - - +my Py, the algorithm
from | | costs 1 doubling and d differential addition on the Kummer by step. This give a complexity
of 85 + 6 My + d(7TM + 4S5 + 3My) = 7dM + (8 + 4d)S + (6 + 3d) M.
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7.2. Compatible additions. We describe the degree two scheme {X,Y} by the polynomial B, (Z) =
Z2 — 2":(‘; Z + "“‘“O* whose roots are {X , Y (where « is such that X,Yy — XY, # 0). To compute koo
and Ko we need 4M + 85 + 3M, and to compute kq9 we need 2M + 4S5 + 2My; so in total to compute
Pq, we need 6M + 125 + 5My + 21.

Once we have a root Z, if we let Z' = 2420 — Z be the conjugate root (
recover the coordinates X;, Y; by solving the equation

1 1 Y;/YO o 2/101‘//{00 .
Z Z, Xi/XO B QHai/lioo ’
We find X; = 2’(50”(”2 ’;‘7;) = g:&;gzu for i # 0, (here we have X = 1, X, = Z). But usually we
will express Z = (Xg : X,) € P! as a point in the projective line, and we find that
Xakoi — XoKai
Xakoo — Xokao

Yo
v), we can

X, =

Recovering the projective coordinates of X then costs 8M (given the x;;). To sum up, given Z = (X : X,)
recovering X costs in total (10M + 205 + 9My) + 8M = 18 M + 205 + 9 M.

For a compatible addition, where x + y = z 4+ ¢, we can find Z as the common root between 33, and
the similar polynomial ' (Z2) = Z2 — 2%:(?2 + ?Tg coming from the symmetric coordinates z;t; + t;z;.
Computing the coefficients needed for ', costs 6 M + 125 4+ 5Mjy. The common root is

’
aq Kaa

K
/ /
7 — Kbo K00 _ Raal00 — Raakog

/ I / :
—2fan 4 9%0  2(Kp0K00 — Ka0k(p)
00

Computing Z projectively costs 4M. In the end, a compatible addition costs (18 M + 205 + 9My) +
(6M + 125 + 5My) + 4M = 28M + 325 + 14 M.

7.3. Multiscalar multiplication. We compute the cost of a multiscalar multiplication using the
strategy outlined in Proposition 2.7 and Remark 5.4; which cost one compatible addition, one differential
addition and one doubling by multibits. With the same notations as this Proposition, we assume that we
have precomputed all data corresponding to the > &;P;, ¢; € {0,1}. For the compatible addition, due to
the precomputations we gain (1M + 4S5 + 25 x 3+ 9My) + (1M + 45 + 25 +5My) = 2M + 165 + 14M,
and the compatible addition costs 26M + 16S. The doubling and the differential addition then cost
(85 +6My) + (TM +3My) = TM +85 +9Mj (reusing what we have already computed for the compatible
addition). Finally we get a cost of 33M + 245 + 9M, by multibits.

So for a d-dimensional GLV scheme, using compatible additions or only differential additions according
to the size of d, we get a cost of of Max(7dM + (8 4+4d)S + (6 + 3d) My, 33M + 245 + 9My). In particular,
even for large d we are competitive with the best result using Mumford coordinates (in Jacobian form)
[HC] which needs 52M + 11 for a mDBLADD.

We note that there is probably a lot of room for improvement here. First, we only need the square of
the coordinates of the point computed via a compatible addition, there may be a way to compute them
directly faster. Also we have not used the equation of the Kummer surface to speed up the computations.

7.4. Three way additions. In the (+z,+(z + T')) representation, a doubling costs one doubling and
one differential addition in the Kummer, for a cost of 4M + 125 + 12M,. A differential addition costs
two differential additions in the Kummer, for a cost of (4M + 85 +3My+4I) + (4M +4S+3My+41I) =
8M + 125 + 6 My + (6M + 4M + 4M) = 24M + 125 + 6 M.

A standard addition is much more expensive: we compute x + y + T via a compatible addition
(z+T)+y=x+ (y+1T), for a cost of 28M + 325 + 14My. We could compute x + y via another
compatible addition, but it is faster to do a three way addition, using Equation (15). For all x € A (2),

(> xO@+y+TRT) (D xOzwe) = (Y x®0(z+y)e) (Y. xE Y+ T(z+T)y).
teZ(2) teZ(2) tez(2) teZ(2)

To recover x +y, this costs (4M +4M +3My) + (1M + 11) x 4+ 3My = 12M + 6 Mo + 41 = 22M + 6 M.
In total a standard addition costs (28M + 325 + 14My) + (22M + 6My) = 50M + 325 + 20M,.
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If we will add y a lot of time so we are allowed to make precomputations first, then as in Section 7.3
the cost of the compatible addition to compute x + y + T is 28M + 165, the cost of the three way
addition is 20M + 6M, for a total cost of 48M + 165 + 6 M.

As we can see the arithmetic is extremely expensive in this representation. To be efficient, one
need to go to the level 2 Kummer model (once the necessary precomputations have been done in this
representation), and only switch back to this representation at the end using a compatible addition.
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