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ESTIMATION OF POPULATION PARAMETERS IN STOCHASTIC
DIFFERENTIAL EQUATIONS WITH RANDOM EFFECTS IN THE DIFFUSION
COEFFICIENT

MAUD DELATTRE!, VALENTINE GENON-CATALOT? AND ADELINE SAMSON?

Abstract. We consider N independent stochastic processes (X;(t),t € [0,T]), i = 1,..., N, defined
by a stochastic differential equation with diffusion coefficients depending linearly on a random variable
¢i. The distribution of the random effect ¢; depends on unknown population parameters which are
to be estimated from a discrete observation of the processes (X;). The likelihood generally does not
have any closed form expression. Two estimation methods are proposed: one based on the Euler
approximation of the likelihood and another based on estimations of the random effects. When the
distribution of the random effects is Gamma, the asymptotic properties of the estimators are derived
when both N and the number of observations per component X; tend to infinity. The estimators are
computed on simulated data for several models and show good performances.

1991 Mathematics Subject Classification. 62F10; 62F12.

1. INTRODUCTION

Stochastic differential equations (SDEs) with random effects have been the subject of several recent con-
tributions, with various applications such as pharmacokinetic/pharmacodynamic, neuronal modeling (Delattre
and Lavielle, 2013; Donnet and Samson, 2013; Picchini et al., 2010). Several estimation methods have been
proposed to provide estimators in these complex models. For general mixed effects models (not only SDE),
the main reference for a theoretical study of the exact maximum likelihood is (Nie, 2006). But the likelihood
has no explicit expression except in some special cases and assumptions are then very difficult to verify. In
Delattre et al. (2013), the case of a linear random effect in the drift together with a specific distribution for the
random effects is investigated. In this case, the exact maximum likelihood estimator is explicit and studied. In
the general case, Picchini et al. (2010); Picchini and Ditlevsen (2011) propose approximations of the likelihood
based on Hermite expansion and Gaussian quadrature. All these references work with random effects in the
drift, and not in the diffusion coefficient, except Delattre and Lavielle (2013) who incorporate measurement
error and propose an approximation of the likelihood with the extended Kalman filter.

Keywords and phrases: Approximate maximum likelihood estimator, asymptotic normality, consistency, estimating equations,
random effects models, stochastic differential equations.
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Here, we focus on discretely observed SDEs with a random effect in the diffusion coefficient. The distribution
of the random effect depends on unknown parameters to be estimated. Applications of these models have been
considered in population pharmacokinetics or pharmacodynamic where the diffusion coefficient represents the
intra~-individual variability, which may vary from one individual to another, thus being modeled as a random
effect (Delattre and Lavielle, 2013). We assume that there is a linear random effect in the diffusion coefficient.
For simplicity, we assume that the drift is zero in Sections 2 and 3, and give the extension to the case of non
null drift in Section 4.

Statistical inference for discretely observed SDEs with no random effects has been widely studied (see Kessler
et al., 2012, and references therein). In Genon-Catalot and Jacod (1993) the estimation of unknown fixed pa-
rameters in the diffusion coefficient is studied with discrete observations of a single trajectory when the sampling
interval tends to zero. The likelihood of these observations is not explicit, therefore estimating equations are
built based on the Euler approximation of the SDE with drift set to zero. One of the strategies described below
follows the same idea, but here the parameters are random. This complicates the definition and the theoretical
study of the estimator.

More precisely, we consider N real valued stochastic processes (X;(t),t > 0), ¢ = 1,..., N, with dynamics
ruled by the following SDEs:

dX;(t) = ¢ o(X; (1)) dW;(t), X;(0) =22, i=1,...,N, (1)

where (W;)i1<i<n are N independent Wiener processes, (¢;)i<i<n are N i.i.d. random variables taking values
in (0,+00), (¢i)1<i<n and (W;)1<i<ny are independent. The function o(z) is known and real-valued. Each
process (X;(t)) represents an individual, the variable ¢; represents the random effect of individual i. The
variables (¢;)1<i<n have a common distribution g(¢, 8)dv(¢) on (0, +00) where v is a dominating measure and
0 is a vector of unknown parameters called population parameters, belonging to a set © C RP.

Our aim is to estimate 6 from discrete observations {X;(¢;),j =1,...,n,i=1,..., N} where ¢t; = jT/n and
T is fixed. In the case of a linear random effect in the diffusion coefficient (1), choosing an inverse Gamma
distribution leads to explicit estimators. Therefore, we consider the specific case

1
qbi:l—/Q with Ty ~G(a,)), a>0,X>0, 0=a,N). (2)
L

We study the exact maximum likelihood estimator in the case o(.) = 1. When o(.) # 1, we build estimating
equations based on the Euler approximation of the fixed effect diffusion model. The difficulty of these estimating
equations is that the Euler approximation has to be integrated out with respect to the distribution of the random
effects. Moreover, we build another type of estimating equations, corresponding to the ideal likelihood of directly
observed random effects where estimators of the random effects are plugged in. This second approach has the
advantage to be easily generalized to any distribution for the random effects.

The paper is organized as follows. Section 2 introduces some assumptions and gives the exact likelihood and
its approximation obtained by Euler scheme. Our asymptotic framework is when the number N of subjects
tends to infinity. In Section 3, we study the asymptotic properties of the estimators. When o(.) = 1, the
exact maximum likelihood estimator of @ is asymptotically Gaussian with rate v/N both for fixed number of
measurements per subject n and for n tending to infinity. When o(.) # 1, we must assume that n depends on
N and satisfies the constraint N/n — 0 for the first method, v/N/n — 0 for the second. Our estimators are
asymptotically Gaussian with rate v/N. Section 4 deals with a non nul drift. Simulations illustrate the behavior
of the estimators and results are presented in Section 5. Section 6 concludes the paper with some extensions.
Proofs are gathered in Appendix.
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2. EXACT AND APPROXIMATE LIKELIHOODS

Consider N real valued stochastic processes (X;(t),t > 0), i = 1,..., N, with dynamics ruled by (1). The
processes (W;)1<i<n and the r.v.’s (¢;)1<i<n are defined on a common probability space (€2, F,P). Consider
the filtration (F;,t > 0) defined by F; = o(¢;, Wi(s),s < t,i = 1,...,N). As Fy = o(W;(s),s < t)V F},
with F} = o(¢s, ¢, W;(s),s < t,j # i) independent of W;, each process W; is a (F;, ¢ > 0)-Brownian motion.
Moreover, the random variables ¢; are Fp-measurable. In what follows, we assume that

(H1) The function o belongs to C%(R) and for all z € R, 0 < 02 < 0%(z) < 0%, |0/ (2)| + |0 (2)| < K.
Under (H1), the process (X;(t)) is well-defined and (¢;, X;(t)) is strong Markov adapted to the filtration
(Fi,t > 0). The N processes (¢, X;(.))1<i<n are independent. For all ¢, and all ¥ € R, the fixed effect
SDE

X7 () = po(XP (W) awi(t). X7 (0) = af 3)

.0
admits a unique strong solution process (X" (t),t > 0) adapted to the filtration (F;, ¢ > 0). From the Markov
property of (¢, X;(t)), we deduce that the conditional distribution of X, given ¢; = ¢ is identical to the

distribution of Xf’x? (for more details, see Delattre et al., 2013).
Fori=1,...,N, the process (X;(t),t € [0,T7]) is discretely observed at times t; = jT/n,j =0,...,n and we

set for fixed T. T
A==
n

We start with the exact likelihood of (4). The distribution of the observations (X;)i<;<n on [, R™
has the form Py = ®N P} where P} is the distribution of X; on R". If pr 4o denotes the distribution of

L Xi=(X)g=1m), i=1 N @

0 .
Xf = (X" (t;),j = 1,...,n) and pi(z,y, ) the transition density of (3), then QZoAzQ admits the density
H?Zl PA(Zij—1,%ij,¢) w.r.t. the Lebesgue measure of R (with x; 0 = z?). Therefore, the density of Pg w.I.t.
the Lebesgue measure of R™ is given by:

+o00 n
Ai(0,x;) = / 9(.0) [ [ pa(@ij—1, i s, @)dv (),
0 i1

where x; = (2,5 = 1,...,n). The exact likelihood is Ax(0) = Hf\;l Xi(0,x;). Here, we are faced with two
problems. First, the transition densities of (3) are generally not explicit. Second, and this is specific to random
effect models (SDE or more generally non Gaussian models), even if these transition densities were explicit,
it is generally not possible to get a closed-form expression for the marginal density of X;, which corresponds
to the integral A;(0,x;). Therefore the exact likelihood is not explicit and difficult to study theoretically and
numerically.

Instead of using the exact transition densities of (3), it is now standard to use the approximation given by the
transition densities of the corresponding Euler scheme, i.e. the one-step discretisation of (3) (see e.g. Donnet
and Samson, 2008; Genon-Catalot and Jacod, 1993; Kessler et al., 2012), although for small n, it may give a
bias. Therefore, we introduce

Li(X;,0) = D exp(—7—) x p(—==),
X 0) = G o @) P ) ™ o P ()
with, fori=1,..., N,
1~ (Xi(ty) — Xa(tj-1)?
S, == J J 5
A ]Zzl o2(Xi(t; 1)) (5)

~ (0]
Note that when o(.) = 1, L;(X;, ¢) is the exact density of (X (¢;),j = 1,...,n) (see (3)). To estimate 0,
instead of the exact likelihood, we introduce the approximate likelihood, corresponding to the Euler scheme
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integrated with respect to the random effects distribution:

N

A =TI [ oew (-5 )atorO)ivtio ©)

i=1

When o(.) = 1, the problem reduces to S;/n = ¢7 - >, (Wi(tj)fzvi(tj’l)f and 715 370 (Wilty)—Wi(tj-1))?
has a distribution x?(n)/n, independent of ¢;. Thus the model can be seen as an observation of ¢; with a
multiplicative error. In both cases of o(.) = 1 and o(.) £ 1, a theoretical study of the estimators based on
An(8) could be possible using the approach developed by Nie (2006) but his assumptions are generally difficult
to verify. Below, as in Delattre et al. (2013), we rather introduce a specific distribution for the random effects
allowing to obtain an explicit formula for (6). In Section 3, we are able to directly study the corresponding
estimators.

Remark 2.1. Except in the case o(.) = 1 where (6) is the exact likelihood, our approach based on an approx-
imate likelihood imposes a double asymptotic framework where both N and n tend to infinity. As n — oo,
note that the statistic S; based on the i-th trajectory provides an estimator of the random effect ¢;. Indeed, let

Mi(t) = /0 o (Xi(s))dWi(s), and

Ry =Y (M ~1))*/0*(Xi(tj-1)). (7)

Jj=1

By standard properties of quadratic variations, R;/T" — 1 in probability as n — oo. Thus, using X;(¢;) =
Xity1)+ J7 6i0(Xi(5))dWi(s), Si/n = ¢?R;/T tends to ¢?.

3. A SPECIFIC DISTRIBUTION FOR THE RANDOM EFFECT

For a general distribution g(p, 8)dv(y) of the random effect ¢;, the integral in (6) has no explicit expression.
However, for the conjugate distribution, namely the inverse Gamma (2), an explicit expression is obtained. The
unknown parameter is then 6 = (a,\) € © = RT x RT. The true value is denoted by 6y.

Let us start with the ideal case of directly observed random effects ¢; (or T';). Then, the exact log-likelihood
of (T'y,...,I'y) is given by:

In(0) = Nalog\ — NlogI'(a) + (a — 1) Zlogf fAZF (8)

with associated score function Sy (6) = (%EN(G) %ZN(Q))/ where

N N
:Z(%—Fi) Z a) +log A +1logTy),

i=1 i=1
where ¥(z) = % is the di-gamma function. By standard properties of Gamma distributions, we have, under

the true value 6y, (1/vV/N)Sn(6o) —p Na(0,Z(6p)), where Z(6) is

a 1
5 v ) ©)
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Note that using properties of the di-gamma function (see Section 8), Z(6) is invertible for all § € (0, +o0)?.
The maximum likelihood estimator based on the observation of T'y,..., 'y, denoted Oy = O5(Ty,...,TN) is
consistent and satisfies \/JV(QN —0p) —p N2(0,Z71(6y)) as N tends to infinity.

But the I';’s are not observed. Two different strategies are studied. Following Remark 2.1, a natural idea
consists in plugging in £ () the estimator n/S; of T';. This reveals to be more complex than expected (Section
3.2) and we will need to truncate the estimator n/S;. The other strategy (Section 3.1) is based on (6). We
provide asymptotic results when n is fixed and N — oo in the case o(.) = 1, and when both n, N — oo for a
general o(.).

3.1. Estimation based on the Euler approximation of the likelihood.
Let L (0) = log Ax(0) be the log Euler contrast (see (5) and (6)).
Proposition 3.1. Under (H1) and (2), we have:

N
Zl ( a+n/2))+aN10g)\Z(a+n/2)log()\+;si)~ (10)

i=1

The associated gradient vector (pseudo-score function)

G (6) = (L) SoEx(0)) (1)

is given by %EN(H) = Zi\; (% _ ;‘:g//é) and %ZN(G) = va:l (Y(a+n/2) —P(a)) + Zfil log (M%ﬂ)
For the Hessian matrix (pseudo Fisher information matrix)

- _ 2 (9) ‘CN(e)
In® = (;ﬁacN(m 62%@(9) ) -

2 3 N a a+n A N
we get %ﬁz\/( )=—> i1 (ﬁ - ﬁ)a 3>\3Q£N( ) =i (% - ﬁslm) and
aag e (6) = —N (¢'(a) — ¥'(a +mn/2)). We study the estimators defined by the estimating equation:

Gn(On) =0. (13)

We consider two asymptotics: n fixed (section 3.1.1) and n — oo (section 3.1.2).

3.1.1. Fized number of observations per subject

We assume that the number n of observations per subject is fixed and that the number of subjects N tends
to infinity. The only model that can be studied with this asymptotic is the special case o(.) = 1. We denote by
the upper index 1 all the quantities associated to this model: dX}(t) = ¢;dW;(t), and the statistic is

S} =Y (X} (t;) - X[} (t;-1))%/A. (14)

The distribution of S} can be explicitly computed.

Proposition 3.2. Under Py, the random variables 8} (\) = i=1,...,N, are independent and B} (\)

A
X+SI/2
has distribution beta of the first kind on (0,1) with parameters (a,n/2). The random variables S} /(2)\) are

independent with distribution on (0,400) beta of the second kind with parameters (n/2,a).
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Then, Ly (0) = L} () where S; is replaced by S} is the exact log-likelihood. Define the associated exact
maximum likelihood estimator as any solution of:

0% = Argsup, L (0). (15)

Proposition 3.3. Assume that n is fired. Then, the mazimum likelihood estimator é}v (15) is consistent. Let

Az(asrnlm 72) ~ Xatn/ 7—1/2/2>
In(e): a+1+n a+n (16)
sty (@)~ Y (a+n/2)

Then, the matriz T,,(80) is invertible and under Py, VN (Y — 6) —p Na(0,Z;(6p)).

Remark that Z, () = Z(6) + O(%). The proof of Proposition 3.3 is standard and omitted. It is simply the
asymptotic study of the maximum likelihood estimator based on the i.i.d. sample (S},i = 1,...,N) whose
distribution is specified by Proposition 3.2.

3.1.2. Number of observations per subject goes to infinity

Now, we assume that both n and N tend to infinity for some fixed 7. The strategy consists in studying
the case o(.) = 1 where computations can all be done explicitely and then studying the difference between the
general case and the case o(.) = 1. Some preliminary results on the moments of R;/T are needed (Proposition
3.4). For these results specifically, we do not assume that the ¢?’s have inverse Gamma distribution. As already
said before, S;/n = ¢?R;/T tends to ¢? as n tends to infinity (see (7) for the definition of R;). Let us define
the equivalent of R; for the model o(.) = 1: R} = Y77 (Wi(t;) — Wi(t;j—1))*.

We denote by Py = ®;>1P) the distribution of the sequence of processes (¢;, (X;(t),t € [0,7])),i > 1 on
(0,+00) x [[;»; C([0,T7]), by Egy the corresponding expectation. Note that Py is the marginal distribution of
(X;,i=1,...,N) under Py.

Both R;/T and R}/T tend to 1 in probability as n — oo. Furthermore:

T
C 6%, and for all p > 1, By (B —1)%|¢) < C(Lr + T2 (77 + ¢17)) and
Eo (5 = 500%16:) < OLz (8 + 0.

We now study the score function (11) and the Fisher information matrix (12).

" Bl _116,) = Ri 1|, T 42 R _
Proposition 3.4. Under (H1), for all 0, we have Eqy 1|¢; ) =0, |Eg ( T 1|¢Z) | < CLé7, and [Eg ( 77

Proposition 3.5. Recall G (0) defined by (11) and I(6y) given in (9).

For o(.) =1, as N,n tend to infinity, under Py, Gn(00)/V N converges in distribution to No(0,Z(6y)).

In the general case, if Eg,¢% < +o00, i.e. if ag > 4 and N,n tend to infinity in such a way that N/n tends to
0, the same result holds.

The convergence of the Fisher information matrix is as follows:

Proposition 3.6. In the case o(.) = 1 and the general case, the pseudo Fisher information matriz given in
(12), In(60)/N, converges in probability to Z(0y) (see (9)) as N,n tend to infinity, under Py, .

Now we study the estimator fy defined by (13).

Proposition 3.7. Assume that n, N — +00 in such a way that N/n tends to 0. Then, an estimator On which
solves (13) exists with probability tending to one as N tends to infinity under Py, and is weakly consistent. The
matriz T(0o) is invertible and under Py,, v N(Ox — ) —p Na(0,Z71(6y)).

Moreover, the estimator §N is asymptotically equivalent to the MLE O = On(T'q,...,T'n) based on the direct
observation of (T'y,...,T'n).

R

i

T

o)

<
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If we discretely observe N trajectories of a fixed effect SDE, i.e. dX;(t) = @o(X;(t))dW;(t), the rate of
convergence for ¢ is v/Nn with the same constraint N/n = o(1). This is because all the N discrete trajectories
are used to estimate a unique parameter . In the case of a random effect SDE, the rate of convergence of 6 is
VN, which is the same as the one obtained when the random effects I'; are directly observed.

3.2. Approach based on estimators of the random effects.

In this section, we exploit directly the fact that the random effect ¢? = r- ! can be estimated using the
vector X; = (X;(t;),7 < n) by S;/n. The idea is simply to replace the random variables I'; by their estimator
n/S; in the likelihood (8) of (I'y,...,T'x). But this works only when o(.) = 1. More precisely, in this case, let
us set:

N N
Uv() = Nalogh— NlogT(a)+ (a—1)» log(n/S}) =AY (n/S}).
i=1

i=1
and consider the estimators 63, given by
VUN(O%) = 0. (17)
Otherwise, we must define estimators of log'; and I'; which have appropriate moment properties. These
properties are obtained by associating a truncation to the estimators log (n/S;) and n/S;. Let us define:
logl'; = log (n/Si)L(s, jn>k/ym)y,  Li= (/Si)l(s, /nz>k/vm)-
where k is a constant. Note that, by the above definitions, logl'; and T'; are set to 0 outside the set (Si/n > k/\/n)

where S;/n is not bounded from below. The following holds.

Lemma 3.8. Assume that Eq,¢% < 400, i.e. ag > 4 and that n > 4. Then,

2 2
n n Si St c
Eq, (5 Lisimzr/vm) — 51) + o, (bgn Lis, fn>k/vm) — log n) = 3
Then we consider the function
N o N
Vn(0) = NalogA — NlogT(a) + (a — 1)) logl; — A Y T}, (18)
i=1 i=1
and the associated estimator 6% defined by the estimating equation:
VVn(OY) = 0. (19)

Proposition 3.9. Assume that o(.) = 1. If N,n tend to infinity in such a way that \/]V/n tends to 0, then an
estimator 0% which solves (17) exists with probability tending to 1 under Py, and is weakly consistent. Moreover,
VN (0% — 00) converges in distribution to No(0,Z71(0y)) and 0% is asymptotically equivalent to the evact MLE
On associated to (Ty,...,T'x), i.e. VN(0k —0n) = op,, (1).

When o(.) is not equal to 1, the same result holds for 0% under the condition Eg ¢ < +o00, i.e. ag >4 .

Note that in this approach, even when o(.) = 1, the constraint v N/n — 0 is required.
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4. EXTENSION TO NONNUL DRIFT AND UNBOUNDED COEFFICIENTS.

The estimation results obtained above can be extended to more general SDEs with a drift term and unbounded
function o(.). Indeed, assume that the observed processes are given by:

d X;(t) = b(X(t))dt + ¢so(Xi(t)) dWi(t), Xi(0) = a7, i=1,...,N,

7

where the drift function b : R — R may be known or unknown. We define, for i = 1,..., N, S; with the same
formula (5)

i(tj-1))

We consider the same estimation procedures using S;. As all proofs rely on Proposition 3.4, we only need to
extend this proposition to ¢; 28;/n instead of R;/T. This amounts to studying the properties of the difference
gbi_QSi/n — R;/T or equivalently S;/n — ¢?R;/T. This is given by the next proposition.

L (X)) — Xa(t-)®
Si_Z; o2 (X (t '

Proposition 4.1. Assume that the drift function b is C*(R), that o is C*(R) with |V'| + |o'| + |0”| < K and
0%(z) > 0% > 0. Then, for all 6, we have |Eq (% — gb?% gbz) | < Co2L, and for allp > 1,

in

Si SR\ 7" T2
Ee<(— ) |¢i> SO (G 4 1) 4 L gt

n

This proposition can be extended to more general drifts, especially to drifts including random effect.

5. NUMERICAL SIMULATION RESULTS.

We compare the performances of both estimation methods on simulated data for several models. Two sets
of population parameters 6y are used: (a9 = 6,90 = 1) and (ap = 5, Ao = 3). In each case, 100 datasets are
generated with an Euler scheme with sampling interval § = 10=%7T on time interval [0,7], with T = 5, and
N = 50,100 subjects, n = 100,500. The parameter 6 is estimated via On (method 1) and via either 6% or 0%
(method 2). The empirical mean and standard deviation are computed from the 100 datasets. We consider:

Ezample 1. dX;(t) = ¢;dW;(t) , X;(0) =0.

Ezample 2. dX;(t) = ¢i/1+ X2 (t)dW;(t) , X;(0) = 0.

Ezample 3. dX;(t) = —pX;(t)dt + ¢, dW;(t) , X;(0) =0.

Ezample 4. dX;(t) = —pX;(t)dt + ¢pin/1 + X2(t)dW;(t) , X;(0) = 0.

For Example 1, estimation method 1 leads to the exact MLE of 6. Fxamples 2, 3, 4 rely on Section 4.

Both methods require to optimize a criterion. The two criteria use the function gamma, which takes large
values. Thus, the optimization is implemented vanishing the gradients of the two criteria, which are more stable.

The results for Fxamples 1 to 4 are displayed in Tables 1 to 4 respectively. The results are satisfactory overall
and similar for the 4 models, even when the model includes a drift. Method 1 estimators are biased for n = 100.
When o(.) # 1, this is expected due to the Euler approximation of the likelihood. Nevertheless, for fixed N, we
observe the convergence of the estimators to the true value when n increases. We also observe the convergence
of the estimators to the true values when both N and n increase. This clearly illustrates consistency of the
estimators when both n and N tend to infinity. Finally, the implementation of the method 2 in Ezamples 2, 3,
4 requires to choose a value for the threshold k. The results are displayed for k£ = 0.5. Simulations with various
values of k have not shown any significant impact of k on the estimators performances.
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N =50 N =100
n = 100 n = 500 n = 100 n = 500
(ao = 5, )\0 = 3)
a 5.6 (1.33) 521 (1.17)  5.05 (0.75) 5.04 (0.64)
A 3.12(0.87) 3.14 (0.76)  3.06 (0.47) 3.05 (0.41)
a* 470 (0.99) 5.10 (1.12)  4.60 (0.62) 4.94 (0.62)
A* 279 (0.64) 3.07 (0.73) 2.73 (0.39) 2.98 (0.39)
(ao = 67 )\0 = 1)
a 6.11(1.61) 6.09 (1.31)  5.94 (0.86) 5.93 (0.94)
A 1.02(0.29) 1.01 (0.23)  0.99 (0.15) 0.99 (0.14)
a* 543 (1.31) 5.95 (1.25)  5.32 (0.68) 5.80 (0.79)
A*0.89 (0.23) 0.98 (0.22)  0.87 (0.12) 0.96 (0.14)

TABLE 1. Example 1: o(.) = 1. Empirical mean and standard deviation (in brackets) of 6
(method 1) and 6* (method 2) computed from 100 datasets.

N =50 N =100
n = 100 n = 500 n = 100 n = 500
(CLO = 5, )\0 = 3)
a 4.80 (1.16) 4.95 (0.99)  4.89 (0.81) 5.08 (0.74)
X294 (0.75) 2.99 (0.64)  2.96 (0.49) 3.04 (0.43)
a™ 4.35 (1.08) 4.85 (0.95)  4.47 (0.68) 4.99 (0.71)
A 2,61 (0.68) 2.93 (0.61)  2.65 (0.40) 2.97 (0.42)
(ao = 6, AO = 1)
a 6.11 (1.51) 6.20 (1.23)  5.80 (0.93) 5.83 (0.77)
A 1.01(0.26) 1.02 (0.22)  0.98 (0.17) 0.98 (0.14)
o™ 543 (1.18) 6.05 (1.17)  5.22 (0.75) 5.71 (0.96)
A** 0 0.88 (0.21) 1.00 (0.20)  0.86 (0.13) 0.96 (0.13)

TABLE 2. Example 2: 0%(z) = 1 + 2. Empirical mean and standard deviation (in brackets)
of § (method 1) and 6** (method 2) computed from 100 datasets.

6. EXTENSIONS AND CONCLUDING REMARKS.

In this paper, we study the estimation of population parameters in a SDE with a linear random effect in
the diffusion coefficient from discrete observations of N i.i.d. trajectories on a fixed length time interval. We
especially study the case of a null drift and of ¢; = l/I‘;/2 with T'; ~ G(a, A). This leads to estimators using
two different approaches. The first method is based on an approximation of the exact likelihood relying on the
Euler scheme of the SDE. The second method uses a plug-in of estimators of the random effects in the likelihood
of ((bl, e 7¢N)~

Several extensions are possible. The theoretical results extend easily to N individual processes observed

n [0,T;], ¢ = 1,...,N at n discrete time points ¢; ; = jT;/n with all T;’s fixed and T; < T for some fixed
T. Another direction for extensions is to look at other distributions for the random effects. In particular, the
plug-in method applies for any distribution provided that we introduce appropriate truncations as is done here.
The Euler approximation could also be applied with other distributions but numerical integration would then
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N =50 N =100
n=100 n =500 n=100 n=>500
(ao = 5, /\0 = 3)
a 516 (1.26) 512 (1.14)  5.01 (0.71) 4.98 (0.68)
A 3.03(0.75) 3.06 (0.68)  2.93 (0.43) 2.97 (0.41)
o™ 4.68 (1.03) 5.02 (1.09)  4.57 (0.60) 4.89 (0.65)
A 2,70 (0.61) 2,99 (0.65)  2.62 (0.36) 2.90 (0.39)
(ao = 6, )\0 = 1)
a 6.44 (1.35) 6.35(1.23)  6.10 (0.99) 6.04 (0.88)
A 1.07(0.23) 1.07 (0.21)  0.98 (0.19) 1.00 (0.17)
o™ 572 (1.07) 6.20 (1.17)  5.44 (0.81) 5.90 (0.84)
A 0.93 (0.18) 1.04 (0.19)  0.86 (0.15) 0.97 (0.15)

TABLE 3. Example 3 (p = 1): Empirical mean and standard deviation (in brackets) of 0
(method 1) and 6** (method 2) computed from 100 datasets.

N =50 N =100
n =100 n = 500 n = 100 n = 500
(Clo = 5, /\0 = 3)
a 4.97(0.90) 5.08 (0.83)  4.86 (0.74) 4.97 (0.74)
A 290 (0.58) 3.04 (0.55)  2.83 (0.47) 2.96 (0.46)
a™* 4.54 (0.75) 4.98 (0.81)  4.45 (0.61) 4.88 (0.71)
A 2,60 (0.48) 298 (0.53)  2.54 (0.39) 2.90 (0.44)
(ao = 6, )\0 = 1)
a 6.21(1.28) 6.17 (1.15)  6.01 (0.81) 6.01 (0.76)
A 1.01(0.22) 1.02 (0.20)  0.98 (0.15) 1.00 (0.14)
o™ 548 (1.17) 6.02 (1.10)  5.38 (0.66) 5.88 (0.73)
A**0.88 (0.20) 1.00 (0.19)  0.86 (0.12) 0.98 (0.13)

TABLE 4. Example 4. (p = 1) Empirical mean and standard deviation (in brackets) of 0
(method 1) and 6** (method 2) computed from 100 datasets.

be necessary. For a more general model for the diffusion coefficient including a non linear random effect, the
two approaches studied here could be extended, in particular the second method.
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7. APPENDIX: PROOFS
Proof of Proposition 3.1 Using the fact that ¢; > has Gamma distribution G(a, \), we get the result as:

AT (a +n/2)
T(a) (A+ 18,) "%

(0, X)) / X oA L8 d
i\U, Ag) = N XD Y SR Y=
(0,40c0) ['(a) 2

Proof of Proposition 8.2 Let x; = Y7 (Wy(t;) — Wi(t;-1))?/A = R} /A. As S} =T 'xi, (see 14) , B} (N) =
ﬁ, % = ’f\lf? Under Py, I'; and y; are independent, T'; is G(a, \) and x; is x*(n) = G(n/2,1/2). Hence
the results using Proposition 8.1.0J

Proof of Proposition 3.4 We need the following Lemma and Proposition:
Lemma 7.1. For all 6, Eo((X;(t) — Xi(s))?P|¢s) < C(2p)aiP¢:P|t — s|P where C(2p) is a numerical constant.
Proposition 7.2. (R}/T)—1=T""! fOT H (s)dWi(s) and
T T T
(RyT)=1 = T meave + [ K + [ pe),

where, for j =1,...,n and s €]t;_1,t;], Hl'(s) = 2(Wi(s) — Wi(t;-1)),

niey o (Mils) = Mi(tj—1))o(Xi(s)) n(e) = 90 (1, — )0 (Xi())o'(Xi(s))
B = 2 iy MO TR T ey
n _ 2 ) L UQ(XZ(S)) . _ " "2
Li(s) = ¢7r(Xi(s))(t; 8)702()(1(153‘—1))’ with k= o0o" + (¢')°.

Lemma 7.1 and Proposition 7.2 yield E@(RT’1 —1]Fp) =0 and

R; R, R} e

Eo(— —1 =Ey(— — = = — Eo (LY (s)|Fo)ds.

o(G —UF0) = Eal( = FF0) = 1 | EolLi ()] Fo)ds

Using (H1), we get |L7(s)] < C¢? doima Ly (8)(ty — 8) < Cp? ALy 1(s), for C' depending on og, 01, K.
Thus, the first inequality of Proposition 3.4.
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As (B —1)% = (4 + Ax + A3)?P < 3%71 3 A% we study separately the three terms A7, We have A2 =
(% fOT Lf(s)ds) 2p < (C¢?A)?P. Next, we use the Burkholder-Davies-Gundy (BDG), the Hélder inequalities
and (H1):

P

T
|Fa) < C(2p)T7'Eg( / Eo (K7 (5))%| Fo)ds)

T
T¥Ey(AF|F2) < O(2p)Ea ( / <K?<s>>2ds>
0
where (K['(s))? < C¢?? A% 1y 7y(s). Finally, for T?PEg(A3"|Fo) we study ( fOT(H”(s))st)p. By the Holder

( / T(H?(s»%s)

Consequently, for constants C' depending on o¢, o1, K,

T P "o )
Ee((/@ (Hf(S))2d5> |Fo) < CZ/t E9(</ UQ(Xi(u))du> Fo)ds < CAP,

S
ti—1

inequality, we have,

P

n tj
<Pty AP / (Mi(s) — My(t;-1))*"ds.

j=1 tj—1

Finally, to study the difference R; — R}, we only need to study the term: fOT(Hi”(S) — H}(s))dWi(s) =
T n .
Jo 250 S0 Dy, 1(8)ZE(5)dW;(s) with

1 o(Xi(s)) —o(Xi(tj—1)) [° ) — o "
%) A, () = ol i)
2 _o(Xi(s) —o(Xi(tj-1)) [° "
v vy el AU
3 = ; | ag (U — 0 1 ; i\u
O = Sy ), O o)

These terms are studied analogously using the BDG and Cauchy-Schwarz inequalities. [

Proof of Lemma 7.1 Recall that ¢; is Fo-measurable and when dealing with the process (X;(¢)), conditioning
on ¢; is equal to conditioning on Fy. We have Eq((X;(t) — X;(s))??|Fo) = ¢PEo((M;(t) — M;(s))??|Fo). By the
BDG inequality and (H1), for s <,

t
Ea (V1) = M) 150) < COpE ([ o*(Xw)| 7o) < Cnato - 570
Proof of Proposition 7.2 By the Ito formula, we have:

(M) = Mty =2 [ (O(6) = Mty Do (Do) + [ o (i)
We split: 02(Xi(s)) = o*(Xi(tj—1))+0%(Xi(s))—0?(X;(tj—1)) and use the Ito formula: o%(X;(s))—0?(X;(tj—1)) =
bi f;il (0) (X;(u)o(Xi(w))dW;(u) + 302 f;il (0" (X;(u))o?(X;(u))du. Integrating, Fubini formula yields:

tj

/ ’ (02(X;(s)) — O'Z(Xi(tj_l)))ds = gbl/ (t; — u) (%) (X;(w))o (X, (w))dW; (u)

ti—1 ti—1
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450 [ = 0@ (K)o (X (w)du,

tj—1

The result for R} corresponds to o(.) = 1. Hence the results. O

N N !
Proof of Proposition 3.5 Recall that S; = nI'; *R;/T. We have by (11) Gy (60) = Sy (60)+ (Z Yi(6o) Z Zi(90)>
i=1 i=1
ao+ 5)I .
— <)\0F2j)6'l and Zz(go) = 1/)(0,() + 5) - log (AOFZ + Cl)
/
Therefore, we have to prove that ﬁ (sz\; Y: (o) vazl ZZ-(QO)) tends to 0 in Py, -probability as n, N tend

to infinity. To distinguish the two cases ¢(.) = 1 and o(.) # 1, we introduce the random variables Y;! (6y), Z} (6)
where we replaced S; by S}. We proceed on two steps:

(1) ﬁ (sz\il Yi'(6o) SN, Z}(Qo))/ = op,, (1) as N,n — oc.
(2) (Zi]\il(Y;wO) —Y(6y)) Ef\il(zi(%) - Z}(@O)))I = op,, (1) as N,n — oo under the constraints

where Y;(eo) = F1

VN
N/n — 0 and Eg,¢% < +o0.

Proof of (1): Let C} = nR}/(2T) = I;S}/2 and GY = X[ We have Y;!(fy) = I; — 2522 G?er?c}' In what
follows, we use repeatedly the fact that GY and C} are independent, that G ~ G(ag,1) and C} ~ G(n/2,1).
Hence, GY 4+ C} and GY/(GY + C}) are independent, the latter with distribution 3™ (ag, (n/2)), the former with
distribution G(ag + (n/2),1).

The r.v. Y (0),i = 1,...,N are i.i.d. with Eg,(Y](60)) = 0, Eg, (Y (60)?) = jzfggg%ii%gaj. Therefore,
N2 Y (60) = om, (1),

Analogously, Z} () = 1(ag +n/2) —log (GY + C}) satisfies Eg, (Z}(0p)) = 0,Ep,(Z}(600))? = 1/(ag +n/2) +

N
o(1/n). Thus, N~1/2 Z Z} (o) = oz, (1).
i=1
(ap + g)FZ (ag + %)Fi
— d Z;(6o) —
cvror Gy Al

7

Proof of (2): We introduce C; = nR;/(2T). We have Y;(6y) — Y;*(6y) =
Z}(0o) =1og (GY + C}) —1og (GY + C;). Thus,

a0+% G? nRz_E

Y;(6o) — Y (6o) = Mo (G?+C’i)(G9+C§1)5(? T)

We introduce the set Q; = {|(R;/T) — 1| <1/2}. On Q;, we use GY + C; > (n/4). So

1 ao—l-% G? R; Ril
(00) — Y, < o).
EalYi(6o) — ¥ B0, < 2% Ly, (| -

Then, if Eg, ¢} < +00, we have by proposition 3.4

G0\’ 1 R; RN’
Eq, <M> =0(—) and Ey (T—T) < (T/n)Eeq, ¢;.

Therefore, using the Cauchy-Schwarz inequality, Eg, |Y;(6p) — Y} (60)|1q, < Cn (%)1/ ?

On Q¢, we use G?/(G? + C;) < 1. Therefore,

< C
_n'

Y;(60) — ¥;' (Bo)[Lae <

g

slot3) 1 R Rl
T
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4
We have if Eg,¢8 < +00, by Proposition 3.4, Eg, (ﬁ) = O(:1), Eg, (— - %}) < (T/n)*Eq, (¢} + ¢3),

and Py, (2f) < 22PEyg, |% — 1]?P. Using the Cauchy-Schwarz inequality twice, the above inequality with p = 2
and Proposition 3.4 with the condition Eg,¢$ < 400, we get:

Eq,|Y;(00) — ;' (80)|Tas < On*(C/n*)/4(C/n*)'/* (Bg, (29))'* < C/n.
We can conclude that under the condition Eg,¢% < +o0,
1
Egy| = Z Y (60))] < CVN/n. (20)
z:l

We now turn to the other difference. We have by the Taylor formula

n 1 R' R, nR' R [!

Zi0o) — ZM00) = L~ (Ha Tty Rt M (s)ds,
00 =200 = §grrs (7~ 1)+ 5 ) | s
where f;(s) = — FIE S S)n(771) —. We use that:
(G94n/2)(GO4s2 Bt 1 (1-s)n By
1 R} R} nC_ 1 1
Eoy= == (7 — —)|F 7 = O g
902 GY +n/2( 7 1) =37 G"+n/2¢ T2(GY + n/2)
and if Eg, ¢} < +o00, EQOW < C((a0+n/2—1)1(a0+n/2—2))1/2’ to obtain that ,
N
1 n 1 Rl R CVN
—— N "By, |Egy o (2 — )| | <
\/N; fo 9°2G9+n/2<T 7)ol ==
1
On the other hand, noticing that for s € [0,1]: |fi(s)] < ﬁ (|% — 1+ & - 1|) , if Eg, 98 < +o00,
1 2 1 1/2
1 R, R ., T
an (/0 fj(S)dS) S <E90((;’?)4E90 <T—1 +|T—1| SC(E)
Finally, we have Eg, % | fo fi(s)ds| < (£)Y/2. Therefore, IE90|\/% SN (Zi(00)— Z1(60))| < CVN(1/n+

1/n'/?). 0

Proof of Proposition 3.6: To obtain fN(Ho)/N =Z(0o) + OF,, (1), we have to prove that % Zf;l A;i(6) = 0
and & SN B;(69) — 0, in Py, — probability where

9

ap+n/2  ag+n/2 (G))? (60) = 1 Iy
Mo+ S/22 N2 (GY+C)z TNV TN+ S22 QY+
0 7 7

Ai(bo) = (21)

As in the previous proposition, we separate the cases o(.) = 1 and o(.) # 1 and define the random variables
Al(60), B} (6p) where S; is replaced by S}:

I;

ap+n/2  (GY)? 1
d B (0p) = =———+.
GY+C}

AX(0,) =
W @ P
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Recall that C} ~ G(n/2,1) and is independent of T';. Thus,

1 - aO(aO+1) i l 1 - agp o l
]EQOAZ'(QO) - /\(2)(a0+n/2+1) _O(n)’ EeoBi (00) - Ao(a0+n/2) _O(n)

This implies & 3~ | Eg, AL (6) = O(1), L SN | Eg, BL(80) = O(L). Next, we study the differences A; () —
A} (60), Bi(6o) — B; (6o).

+n/2 (G)? (G)?
Ai(0) — AXBy) = DT - ol g g
)= i) = GG \@rr oy one T @ coraT v o
Thus: |A4;(00)— AL (6p)| < %\C}—CAW We introduce again the set Q; = {|(R;/T)—1| < 1/2}.
On Q;, using GY + C; > (n/4), we have
1/2

9 0 \?2
Eo, |Ai (00) — AL (60)|1q, < gt +1/2 [Ego (G) By, (C1—C)?| < C/n.

A5(n/4) G +Cf '

Next, using G /(G} 4+ C;) < 1 on Qf, we have [A4;(6p) — A} (60)|Lae < %{;}”ﬂc} — C’Jﬁ Thus, using the
same arguments than in proof of proposition 3.5
¢

Eg, (|A;(6o) *A%(90)|]IQ§) < C(PgO(Q?))l/Q < -

(3

Analogously, B;(6o) — B} (6p) = ,\%(Czl - CZ)W Introducing the set §; again, we obtain |B;(6y) —
0
Bl(6)| < C (G&C} + o GQQC;) |R;/T — R}/T|. We conclude Eq,|B:(00) — BL(60)] < € + (Po, (25))/2. So

the proof is complete.[]

Proof of Proposition 3.7: To obtain the weak consistency of Oy and its asymptotic normality, we follow the
scheme described in Barndorff-Nielsen and Sorensen (1991) (Theorem 3.4 and Lemma 3.5) and Genon-Catalot
et al. (1999) (Theorem 4.1), see also Sweeting (1980). We must prove that:

(1) Under Py,, Gn(00)/VN —p N2(0,Z(6p)) as N — oo.
(2) In(60)/N — Z(6o) in Py,-probability.
(3) supgenr, I Zn(0)/N —Z(0o)| — 0 in Py,-probability, where M. x = {6 € (0, +00)2, 1|60 — 60| < ¢/VN}.
(Uniformity condition)
Points (1) and (2) are directly implied by Propositions 3.5 and 3.6. It remains to prove (3). We will prove
(8) Eg, (suppenr, [T (6)/N — I (60)/N]) — 0.
(b) Eo, (supgenr, y 1Zx(0)/N —In(0)/N]) = 0.
Point (a) Let € > 0 be such that ag—e > 0, \g —¢ > 0. Choose N large enough to ensure that M. v = {(a, \) €
(0, 4+00)%, |a — ag| < ¢/V/N,|A = Xo| < c/\/ﬁ} C [ap —&,a0 + ¢] X [Ao — €, Ao + ¢] and n > 8. We have

T o)/ - Thto/¥ =20) - 200 + (PR DRG0

where D} (6,60) = & S5 (41(6) — AL(60)), DR(0.60) = % S, (BI(6) - B (o). DR (6,60) = —(v'(a +
n/2)—y'(ap+n/2)). We only study D' and D'? which are the most difficult. We can write D3} (6,60) = cn+dn,
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with G; = \I'; and

N N
1 (G + GY +2C}) 1 T;
ey = (A= Xo)(ao +n/2)— ; G—I—C’l (GO d]\;:(aofa)ﬁgic;_~_Cil)2
For 6 € M. n, we have the bounds |dy| < m, and
clap +n/2)

k
We have, for n > 2k, Egy, (2 ) = (2)o) 7" (é%ff)_(i)/(;f%k_(i)/gafk)

Thus, Eg, supgens,  len| < \/%712. Thus Eg, supge s, Dy (0,600)] = O(1/v/N). For the other term, (a) is
proved as we have

1

sup |DR(0,00)| < [A — o]~ = O(1/VN).
9e M, n Ao(Xo —€)

We now prove (b). For this, we prove the convergence to 0 of (see (21): Eq, supgeyy, , [4i(0) — AL(9)| and

Eo, suPgenr,  |Bi(0) — BE(O)]. We have |A;(0) — A}(0)] < ‘1210”7_/3;6\01 C; |W§"G+C) On the set Q; =

{(R;)T)—1| <1/2}, R;/T > 1/2 and G; + C; > n/4. Thus, as G; +C} > C} and G; and C} are independent,

for n > 4,

Eg, sup ‘Al(e) - Azl (9)“191
oM. N
ag+n/2+c

(o —€)2(n/4)
< O (8o, +01) = 0C).

2 (n/2) (Eay (RL/T — Ri/T)*Eg, (Mo + €)T:)*Eq, (1/C1)?)

Next (n > 8, Eg,¢? < +00)

Eo, sup |A;i(0) — Aj(0)[la;

0eM, N
< 2o BRI oy (@0 (B (BT = Rl T) B o e
We have B;(0) — B () = o I)‘(iAF1+'L21; (”21;1 2l ). Using that A > \g — ¢,
o, sup |B(0) = B0 < Cqrt o (g B (6 o)) "
= o).

Therefore, the proof of the first part of Proposition 3.7 is complete.
The fact that VN (6, — On) = op,, (1) can be deduced from the above proof. [
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Proof of Proposition 3.9: We first consider the case o(.) = 1 and the estimating function VUy(6). To get the
result, it is enough to prove that:

N
1
= op,, (1), Z log —logI';) = op,, (1), (22)
=1

‘e\s

N

Bl

N
w2 %
where we recall that S}/n = T';'R}/T and nR}/T is independent of T'; and has distribution y2?(n). Using
results recalled in Section 8, for n > 2, we have Ego(slil —T;) = Ey, I ]Ego(n/2 -1)= ‘A’—ZO(n’l). Analogously,
for n > 4, Eg, (& —Ty)* = EQOF?EQO(%/E —1)2 = O(n™1'). This implies: ]Ego(\/—ﬁ Zf\il(% —Ti))?=0(n"1)+
NoL(O(n )
Hence, the first part of (22) holds provided that v'N/n = o(1).
For the second assertion, we compute Eg, (log &r —logI';) = —¢)(n/2) +log (n/2) = O(n™"), and Varg, (log & —
logT;) = Eg, (—log C} +1(n/2))? = O(n~"). Therefore, the second part of (22) also holds for v/N/n = o(1).
Next, the result on 6% will follow analogously from the fact that Ty = (v N)~* Zf\il(f(;x/gfi —logT;) and

™ = (VN)™! Zf\;(fz —T';) both tend to 0 in probability. The result follows from the first part of the proof

and from Lemma 3.8 which we prove now.
n

Proof of Lemma 3.8: We write: I's — gt = & Ls, /n>k/ym) — 1 = v; + v with

n n n
v = (g - ﬁ) Lis,n>k/ym)y Vi= — 57 Lisisn<r/vm): (23)
1

? 7

And analogously log % Yis, jnzk/ym) — log %1 = 71; + 7/ with

S; ! , S}
= (log -~ log ;) Ysimzk/vmy i = —108 = Lis mek/y/m): (24)

For n > 4 and Eg,¢% < +o00, using explicit computations, EQO(%)Q = 0(1), Ey, log? ‘%1 = O(1). To obtain that
Eg, (v + 7/)2 = O(n~2), we now prove that:

Pg, (Si/n < k/v/n) < C/n?. (25)
Proof of (25): We remark:

k
L< o)

:\03

Si k
C (g7 = 1> = =67 > 2

\/ﬁ
> U > Y= -y

c (e —fl o

Consequently, using the Markov inequality and Proposition 3.4 yields:

Pao (5i/n < /) < © (20201 + Bay 6+ 68) +

So the proof of (25) is complete. O
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It remains to study the terms v;, 7;. We have on (S;/n > k/\/n):

1
1
1 R} R; 1 \F T
< —+ - =)1-=)I'; = ——
< Rl/T|<T -y YR T T
We use Proposition 3.4, the Cauchy-Schwarz inequality and the exact distribution of I'; and R1 T to obtain,

for n > 4 and Eg, ¢} < 400:

]Ego Vl-z < C

n R} R, R; 4 12 R R,
e (Eeo(TZ - ?) Eg, (1 — 7) > + EOO(? - 7)

For the term 7;, we use the Taylor formula and get:

1 ds
7 = (Si/n — S}/”)/O s(Si/n) + (1 —s)(S}/n)’

Then, we split the integral:

! ds 1 ! s(S}/n — Si/n)
/0 s(Si/n) + (1= s)(St/n) — S}/n Jr/o (s(Si/n) + (1 - S)(Sl/n))sl/nd '
Thus, on (S;/n > k/+/n), we obtain, after simplifications:

Jno1
le/T%

|R;/T — R}/T| + YR;/T — R} /T)>.

7| <

R1 /T
This yields Eg,7? < C'/n?. The proof of Lemma 3.8 is now complete. [J
Applying Lemma 3.8, we obtain the result of Proposition 3.9.0J

Proof of Proposition 4.1 We only sketch the proof. As in Genon-Catalot and Jacod (1993) (p. 128-133), we
proceed in two steps. First, we prove the result assuming that b,o are bounded by K. We develop S;/n as
follows:

—¢1*+T1 + T3 + T3,
where, for k =1,2,3, T), =T} Z;‘L:1 Ty j0~2(X;(tj—1)) and

T17]—2/71/71 w))du (X ())dsT2J—2¢l/7l/]l w))du dMi(s),

Ts5 = 2¢z‘/ j (b(Xi(s)) = b(Xi(tj—1)) + 0(Xi(tj-1))) (Mi(s) — Mi(tj-1))ds.

ti—1
Moreover, we easily check that, for all 6,

i
n

Eo((Xi(t) = Xi())|¢i) < C(1+ ¢;")[t — 5.

We have Ey(T3|¢) = 0. We proceed as in the proof of Proposition 3.4 to bound the conditional expectations of
all terms and get the result of Proposition 4.1 when b, 0 are bounded.
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Then, we use a localization procedure by introducing appropriate stopping times (see Genon-Catalot and Jacod,
1993, p.123). Let

Rie=Re(X;) =1inf{t : | X;(t)] > £ or |b(X;(t))] > ¢ or |o(X;(t))| > ¢}

For @g(x) a C*° function R — R such that 1< < ¢e(z ) Lig|<e41, we set og(x) = o(z)pe(x) and for z(.) a
continuous real valued function defined on [0, +00), be(t, 2(.)) = b(xz(t AR¢(x(.)))). The process X;(¢); given by

dX;(€)y = be(t, X;(0))dt + oo(X;(€))dW;(t), X;(£)y =0= X;(0),

satifies X;(¢), = X;(t) for t < R, and Proposition 4.1 holds for this process. Afterwards, we conclude using
that the sequence of stopping times (R; ¢, ¢ > 0) is increasing and tends a.s. to infinity as £ tends to infinity. O

8. AUXILIARY RESULTS

We recall some properties of Gamma and related distributions. The Gamma distribution with parameters
(a,A) (@ > 0,A > 0) , G(a,\), has density v,x(z) = (A\*/T(a))z* te™"1(g,+00)(2), where I'(a) is the Gamma
fonction. The digamma function ¥ (a) = I''(a)/T'(a) admits the following integral representation: (z) =

—y + fol(l —t*71 /(1 — t)dt. (where v = (1) = I(1)). For all positive a, we have 9'(a) = — 01 el ya-1qy,

Consequently, using an integration by part, —ay)’(a) = —1 — fo t%g(t)dt, where g(t) = (logt/(1—1t))’. A simple
study yields that t*g(t) integrable on (0,1) and positive except at t = 1. Thus, 1 — ay’(a) # 0. The following
asymptotic expansions as a tends to infinity hold:

logT'(a) = (a — %)loga—a—l—%log%r—&—O(%), (26)
1 1 1 1
¢(a):10ga—%+0(?)» V' (a) = a‘*‘O(?)' (27)

The following results are classical.

Proposition 8.1. If X has distribution G(a, \), then AX has distribution G(a,1). For all integer k, E(AX)* =
Fgf’(z)k) Fora >k, EAX)™% = F%a(;)k) Moreover, Elog (AX) = 9(a), Var [log (AX)] = ¢/ (a).
If X)Y are independent, X having distribution G(a,1) and Y having distribution G(b,1) (a,b > 0), then,

X+Y and X/(X +Y) are independent, X +Y has distribution G(a+b,1), T = has distribution beta of
the first kind with parameters (a,b), denoted by BN (a,b), and density

X+Y

1

a—1 1— b_l]l
B(a, b)t ( t) (0,1) (t)7

fr(t) =

with B(a,b) = Fl“(&)ibl;) and Z = X/Y has distribution beta of the second kind with parameters (a,b), denoted

by 83 (a,b), and density
1 Zafl
= 1 .
fZ(Z) B(a,b) ( + Z)a-‘,—b (0,400) (Z)

We have B(T) = %, E(T?) = % Var(T) = ElogT = ¢(a)—(a+b), Var(logT) =

Y'(a) =Y (a+b), Cov(T,logT) = (a+b)2




