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❲❡ ♣r❡s❡♥t ♥✉♠❡r✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥s ♦❢ ❡❧❡❝tr♦♥✐❝ str✉❝t✉r❡ ❛♥❞ tr❛♥s♣♦rt ✐♥ t❤❡ P❡♥r♦s❡ ❛♣♣r♦①✐♠❛♥ts✳ ❚❤❡
❡❧❡❝tr♦♥✐❝ str✉❝t✉r❡ ♦❢ ♣❡r❢❡❝t ❛♣♣r♦①✐♠❛♥ts s❤♦✇s ❛ s♣✐❦② ❞❡♥s✐t② ♦❢ st❛t❡s ❛♥❞ ❛ t❡♥❞❡♥❝② t♦ ❧♦❝❛❧✐③❛t✐♦♥ t❤❛t
✐s ♠♦r❡ ♣r♦♥♦✉♥❝❡❞ ✐♥ t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ ❜❛♥❞✳ ◆❡❛r t❤❡ ❜❛♥❞ ❡❞❣❡s t❤❡ ❜❡❤❛✈✐♦r ✐s ♠♦r❡ s✐♠✐❧❛r t♦ t❤❛t ♦❢
❢r❡❡ ❡❧❡❝tr♦♥s✳ ❚❤❡s❡ ❝❛❧❝✉❧❛t✐♦♥s ♦❢ ❜❛♥❞ str✉❝t✉r❡ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ❜❛♥❞ s❝❛❧✐♥❣ s✉❣❣❡st ❛♥ ❛♥♦♠❛❧♦✉s
q✉❛♥t✉♠ ❞✐✛✉s✐♦♥ ✇❤❡♥ ❝♦♠♣❛r❡❞ t♦ ♥♦r♠❛❧ ❜❛❧❧✐st✐❝ ❝r②st❛❧s✳ ❚❤✐s ✐s ❝♦♥✜r♠❡❞ ❜② ❛ ♥✉♠❡r✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥ ♦❢
q✉❛♥t✉♠ ❞✐✛✉s✐♦♥ ✇❤✐❝❤ s❤♦✇s ❛ ❝r♦ss♦✈❡r ❢r♦♠ ♥♦r♠❛❧ ❜❛❧❧✐st✐❝ ♣r♦♣❛❣❛t✐♦♥ ❛t ❧♦♥❣ t✐♠❡s t♦ ❛♥♦♠❛❧♦✉s✱ ♣♦ss✐❜❧②
✐♥s✉❧❛t♦r✲❧✐❦❡✱ ❜❡❤❛✈✐♦r ❛t s❤♦rt t✐♠❡s✳ ❚❤❡ t✐♠❡ s❝❛❧❡ t∗(E) ❢♦r t❤✐s ❝r♦ss♦✈❡r ✐s ❝♦♠♣✉t❡❞ ❢♦r s❡✈❡r❛❧ ❛♣♣r♦①✐♠❛♥ts
❛♥❞ ✐s ❞❡t❛✐❧❡❞✳ ❚❤❡ ❝♦♥s❡q✉❡♥❝❡s ❢♦r ❡❧❡❝tr♦♥✐❝ ❝♦♥❞✉❝t✐✈✐t② ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ r❡❧❛①❛t✐♦♥ t✐♠❡
❛♣♣r♦①✐♠❛t✐♦♥✳ ❚❤❡ ♠❡t❛❧❧✐❝✲❧✐❦❡ ♦r ♥♦♥✲♠❡t❛❧❧✐❝✲❧✐❦❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❝♦♥❞✉❝t✐✈✐t② ✐s ❞✐❝t❛t❡❞ ❜② t❤❡ ❝♦♠♣❛r✐s♦♥
❜❡t✇❡❡♥ t❤❡ s❝❛tt❡r✐♥❣ t✐♠❡ ❞✉❡ t♦ ❞❡❢❡❝ts ❛♥❞ t❤❡ t✐♠❡ s❝❛❧❡ t∗(E)✳
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❙✐♥❝❡ t❤❡ ❞✐s❝♦✈❡r② ♦❢ ❙❤❡❝❤t♠❛♥ ❡t ❛❧✳ ❬✶❪ ♥✉♠❡r♦✉s
❡①♣❡r✐♠❡♥t❛❧ st✉❞✐❡s ✐♥❞✐❝❛t❡❞ t❤❛t t❤❡ ❝♦♥❞✉❝t✐♦♥ ♣r♦♣✲
❡rt✐❡s ♦❢ s❡✈❡r❛❧ st❛❜❧❡ q✉❛s✐❝r②st❛❧s ✭❆❧❈✉❋❡✱ ❆❧P❞▼♥✱
❆❧P❞❘❡✳ ✳ ✳ ✮ ❛r❡ q✉✐t❡ ♦♣♣♦s✐t❡ t♦ t❤♦s❡ ♦❢ ❣♦♦❞ ♠❡t✲
❛❧s ❬✷✕✻❪✳ ■t ❛♣♣❡❛rs ❛❧s♦ t❤❛t t❤❡ ♠❡❞✐✉♠ r❛♥❣❡ ♦r❞❡r✱
♦✈❡r ♦♥❡ ♦r ❛ ❢❡✇ ♥❛♥♦♠❡t❡rs✱ ✐s t❤❡ r❡❧❡✈❛♥t ❧❡♥❣t❤ s❝❛❧❡
t❤❛t ❞❡t❡r♠✐♥❡s ❝♦♥❞✉❝t✐✈✐t②✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ r♦❧❡ ♦❢
tr❛♥s✐t✐♦♥ ❡❧❡♠❡♥ts ❡♥❤❛♥❝✐♥❣ ❧♦❝❛❧✐③❛t✐♦♥ ❤❛s ❜❡❡♥ ♦❢✲
t❡♥ st✉❞✐❡❞ ❬✼✕✶✷❪✳ ❚❤❡r❡ ✐s ♥♦✇ str♦♥❣ ❡✈✐❞❡♥❝❡ t❤❛t
t❤❡s❡ ♥♦♥st❛♥❞❛r❞ ♣r♦♣❡rt✐❡s r❡s✉❧t ❢r♦♠ ❛ ♥❡✇ t②♣❡ ♦❢
❜r❡❛❦❞♦✇♥ ♦❢ t❤❡ s❡♠✐❝❧❛ss✐❝❛❧ ❇❧♦❝❤✕❇♦❧t③♠❛♥♥ t❤❡♦r②
♦❢ ❝♦♥❞✉❝t✐♦♥ ❬✶✸✕✶✻❪✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ s♣❡❝✐✜❝
r♦❧❡ ♦❢ ❧♦♥❣ r❛♥❣❡ q✉❛s✐♣❡r✐♦❞✐❝ ♦r❞❡r ♦♥ tr❛♥s♣♦rt ♣r♦♣✲
❡rt✐❡s ✐s st✐❧❧ ❛♥ ♦♣❡♥ q✉❡st✐♦♥ ✐♥ s♣✐t❡ ♦❢ ❛ ❧❛r❣❡ ♥✉♠❜❡r
♦❢ st✉❞✐❡s ✭s❡❡ ❘❡❢s✳ ❬✶✼✕✸✹❪ ❛♥❞ ❘❡❢s✳ t❤❡r❡✐♥✮✳
■♥ t❤✐s ♣❛♣❡r✱ ✇❡ st✉❞② ✏❤♦✇ ❡❧❡❝tr♦♥s ♣r♦♣❛❣❛t❡✑

✐♥ ❛♣♣r♦①✐♠❛♥ts ♦❢ t❤❡ r❤♦♠❜✐❝ P❡♥r♦s❡ t✐❧✐♥❣ P✸ ✭P❚
✐♥ ✇❤❛t ❢♦❧❧♦✇s✮✳ ❚❤✐s t✐❧✐♥❣ ✐s ♦♥❡ ♦❢ t❤❡ ✇❡❧❧✲❦♥♦✇♥
q✉❛s✐♣❡r✐♦❞✐❝ t✐❧✐♥❣s t❤❛t ❤❛✈❡ ❜❡❡♥ ✉s❡❞ t♦ ✉♥❞❡rst❛♥❞
t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ q✉❛s✐♣❡r✐♦❞✐❝✐t② ♦♥ ❡❧❡❝tr♦♥✐❝ tr❛♥s♣♦rt
❬✶✾✱ ✷✵✱ ✷✷✱ ✷✸✱ ✸✵✱ ✸✷✱ ✸✸❪✳ ❚❤❡ ♠❛✐♥ ♦❜❥❡❝t✐✈❡ ✐s t♦
s❤♦✇ t❤❛t ♥♦♥st❛♥❞❛r❞ ❝♦♥❞✉❝t✐♦♥ ♣r♦♣❡rt✐❡s r❡s✉❧t ❢r♦♠
♣✉r❡❧② q✉❛♥t✉♠ ❡✛❡❝ts ❞✉❡ t♦ q✉❛s✐♣❡r✐♦❞✐❝✐t② t❤❛t ❝❛♥✲
♥♦t ❜❡ ✐♥t❡r♣r❡t❡❞ t❤r♦✉❣❤ t❤❡ s❡♠✐❝❧❛ss✐❝❛❧ t❤❡♦r② ♦❢
tr❛♥s♣♦rt✳
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❚♦ st✉❞② ❡❧❡❝tr♦♥✐❝ ♣r♦♣❡rt✐❡s ♦❢ P❚✱ ✇❡ ❝♦♥s✐❞❡r ❛
s❡r✐❡s ♦❢ ♣❡r✐♦❞✐❝ ❛♣♣r♦①✐♠❛♥ts✱ ❝❛❧❧❡❞ ❚❛②❧♦r ❛♣♣r♦①✐✲
♠❛♥ts✱ ♣r♦♣♦s❡❞ ❜② ❉✉♥❡❛✉ ❛♥❞ ❆✉❞✐❡r ❬✸✺❪✳ ❚❤❡s❡ ❛♣✲
♣r♦①✐♠❛♥ts ❤❛✈❡ ❞❡❢❡❝ts ❛s ❝♦♠♣❛r❡❞ t♦ t❤❡ ✐♥✜♥✐t❡ ♣❡r✲

❢❡❝t t✐❧✐♥❣✱ ❜✉t t❤❡ r❡❧❛t✐✈❡ ♥✉♠❜❡r ♦❢ ❞❡❢❡❝ts ❜❡❝♦♠❡s
♥❡❣❧✐❣✐❜❧❡ ❛s t❤❡✐r s✐③❡ ✐♥❝r❡❛s❡s✳ ❚❤❡② ❤❛✈❡ ❜❡❡♥ ✉s❡❞ t♦
st✉❞② t❤❡ ♠❛❣♥❡t✐❝ ♣r♦♣❡rt✐❡s ♦❢ P❚ ❬✸✻✱ ✸✼❪✳ ❍❡r❡ ✇❡
st✉❞② ❡❧❡❝tr♦♥✐❝ str✉❝t✉r❡ ❛♥❞ q✉❛♥t✉♠ ❞✐✛✉s✐♦♥ ✐♥ t❤r❡❡
❚❛②❧♦r ❛♣♣r♦①✐♠❛♥ts✱ T = 3✱ ✹✱ ❛♥❞ ✺✳ ❚❤❡✐r r❡❝t❛♥❣✉❧❛r
❝❡❧❧s Lx × Ly ❛r❡ 24.80a × 21.09a✱ 40.12a × 34.13a✱ ❛♥❞
64.92a × 55.23a✱ r❡s♣❡❝t✐✈❡❧②✳ a ✐s t❤❡ t✐❧❡ ❡❞❣❡ ❧❡♥❣t❤✳
❚❤❡② ❝♦♥t❛✐♥ ✻✹✹✱ ✶✻✽✻✱ ❛♥❞ ✹✹✶✹ s✐t❡s✱ r❡s♣❡❝t✐✈❡❧②✳

✸✳ ❊❧❡❝tr♦♥✐❝ str✉❝t✉r❡

❲❡ st✉❞② ❛ ♣✉r❡ ❤♦♣♣✐♥❣ ❍❛♠✐❧t♦♥✐❛♥

Ĥ = γ
∑

〈i,j〉

|i〉〈j|, ✭✶✮

✇❤❡r❡ i ✐♥❞❡①❡s s ♦r❜✐t❛❧s |i〉 ❧♦❝❛t❡❞ ♦♥ ❛❧❧ ✈❡rt❡①❡s✳ ❋♦r
r❡❛❧✐st✐❝ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ♠♦❞❡❧ ♦♥❡ ❝❛♥ ❝❤♦♦s❡
t❤❡ str❡♥❣t❤ ♦❢ t❤❡ ❤♦♣♣✐♥❣ ❜❡t✇❡❡♥ ♦r❜✐t❛❧s γ = 1 ❡❱✳
■♥❞✐❝❡s i✱ j ❧❛❜❡❧ t❤❡ ♥❡❛r❡st ♥❡✐❣❤❜♦rs ❛t t✐❧❡ ❡❞❣❡ ❞✐s✲
t❛♥❝❡ a✳ ❚❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤✐s ♠♦❞❡❧ ❞❡♣❡♥❞ ♦♥❧② ♦♥ t❤❡
t♦♣♦❧♦❣② ♦❢ t❤❡ t✐❧✐♥❣✳ ❚❤❡ ❡❧❡❝tr♦♥✐❝ ❡✐❣❡♥st❛t❡s |nk〉✱
✇✐t❤ ✇❛✈❡ ✈❡❝t♦r k ❛♥❞ ❡♥❡r❣② En(k)✱ ❛r❡ ❝♦♠♣✉t❡❞ ❜②
❞✐❛❣♦♥❛❧✐③❛t✐♦♥ ✐♥ t❤❡ r❡❝✐♣r♦❝❛❧ s♣❛❝❡ ❢♦r ❛ ♥✉♠❜❡r Nk

♦❢ ✈❡❝t♦rs k ✐♥ t❤❡ ✜rst ❇r✐❧❧♦✉✐♥ ③♦♥❡✳ ❚❤❡ ❞❡♥s✐t② ♦❢
st❛t❡s ✭❉❖❙✮✱ n(E)✱ ✐s ❝❛❧❝✉❧❛t❡❞ ❜②

n(E) =
〈

δ(E − Ĥ)
〉

En=E
, ✭✷✮

✇❤❡r❡ 〈. . .〉En=E ✐s t❤❡ ❛✈❡r❛❣❡ ♦♥ st❛t❡s ✇✐t❤ ❡♥❡r❣② E✳
■t ✐s ♦❜t❛✐♥❡❞ ❜② t❛❦✐♥❣ t❤❡ ❡✐❣❡♥st❛t❡s ❢♦r ❡❛❝❤ k ✈❡❝✲
t♦r ✇✐t❤ ❡♥❡r❣② En(k) s✉❝❤ t❤❛t E − δE/2 < En(k) <
E+ δE/2✳ δE ✐s t❤❡ ❡♥❡r❣② r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❝❛❧❝✉❧❛t✐♦♥✳
❲❤❡♥ Nk ✐s t♦♦ s♠❛❧❧✱ t❤❡ ❝❛❧❝✉❧❛t❡❞ q✉❛♥t✐t✐❡s ❛r❡ s❡♥✲
s✐t✐✈❡ t♦ Nk✳ ❚❤❡r❡❢♦r❡ Nk ✐s ✐♥❝r❡❛s❡❞ ✉♥t✐❧ t❤❡ r❡s✉❧ts
❞♦ ♥♦t ❞❡♣❡♥❞ s✐❣♥✐✜❝❛♥t❧② ♦♥ Nk✳ ❲❡ ✉s❡ δE = 0.01 ❡❱✱

✭✻✶✼✮

http://dx.doi.org/10.12693/APhysPolA.126.617


✻✶✽ ●✳ ❚r❛♠❜❧② ❞❡ ▲❛✐ss❛r❞✐èr❡✱ ❆✳ ❙③á❧❧ás✱ ❉✳ ▼❛②♦✉

Nk = 1442✱ 962✱ ❛♥❞ 482 ❢♦r ❚❛②❧♦r ❛♣♣r♦①✐♠❛♥ts T = 3✱
✹✱ ❛♥❞ ✺✱ r❡s♣❡❝t✐✈❡❧②✳

✸✳✶✳ ❉❡♥s✐t② ♦❢ st❛t❡s

❚❤❡ ❞❡♥s✐t② ♦❢ st❛t❡s ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✶❛✳ ❆s ❡①♣❡❝t❡❞
✐♥ ❬✶✼✱ ✷✽✱ ✷✾❪✱ ✐t ✐s s②♠♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t t♦ E = 0✳
❚❤❡ ♠❛✐♥ ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ t❤❡s❡ ❉❖❙ ❛r❡ s✐♠✐❧❛r t♦ t❤❛t
♦❜t❛✐♥❡❞ ❜② ❩✐❥❧str❛ ❬✷✽✱ ✷✾❪✱ ❢♦r ♦t❤❡r ❢❛♠✐❧② ♦❢ t❤❡ P❡♥✲
r♦s❡ ❛♣♣r♦①✐♠❛♥ts✳ ❆t E = 0 ❛ str✐❝t❧② ❧♦❝❛❧✐③❡❞ st❛t❡ ✐s
♦❜t❛✐♥❡❞ ❬✶✼✱ ✸✽❪✳ ❆ ❣❛♣ ✐s ❢♦✉♥❞ ❢♦r ❡♥❡r❣② |E| . 0.13 ❡❱
❛♥❞ ❛ s♠❛❧❧ ❣❛♣ ✇✐t❤ ❛ ✇✐❞t❤ ❧❡ss t❤❛♥ ✵✳✵✶ ❡❱ s❡❡♠s t♦
❜❡ ❛t |E| ≈ 2.7 ❡❱ ❬✷✽✱ ✷✾❪✳ ❖t❤❡r ✜♥❡ ❣❛♣s ❝♦✉❧❞ ❜❡
♣r❡s❡♥t ❛t |E| ≈ 0.3✱ ✵✳✺✱ ✶✳✼ ❡❱ ✭✳ ✳ ✳ ✮ ❜✉t ♦✉r ❡♥❡r❣②
r❡s♦❧✉t✐♦♥ ❝❛♥♥♦t ♦❜t❛✐♥ t❤❡♠✳ ❚❤❡ ❉❖❙ ✐s ♠♦r❡ s♣✐❦②
❛t t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ❜❛♥❞ ✭|E| < 2✮ ❛♥❞ s♠♦♦t❤ ♥❡❛r t❤❡
❜❛♥❞ ❡❞❣❡s ✭|E| > 2✮✳

✸✳✷✳ P❛rt✐❝✐♣❛t✐♦♥ r❛t✐♦

■♥ ♦r❞❡r t♦ q✉❛♥t✐❢② t❤✐s ❧♦❝❛❧✐③❛t✐♦♥ ♣❤❡♥♦♠❡♥♦♥✱ ✇❡
❝♦♠♣✉t❡ t❤❡ ❛✈❡r❛❣❡ ♣❛rt✐❝✐♣❛t✐♦♥ r❛t✐♦ ❞❡✜♥❡❞ ❜②✿

p(E) =

〈

(

N

N
∑

i=1

|〈i|nk〉|4
)−1

〉

En=E

, ✭✸✮

✇❤❡r❡ i ✐♥❞❡①❡s ♦r❜✐t❛❧s ✐♥ ❛ ✉♥✐t ❝❡❧❧ ❛♥❞ N ✐s t❤❡ ♥✉♠✲
❜❡r ♦❢ ♦r❜✐t❛❧s ✐♥ t❤✐s ✉♥✐t ❝❡❧❧✳ ❋♦r ❝♦♠♣❧❡t❡❧② ❞❡❧♦❝❛❧✲
✐③❡❞ ❡✐❣❡♥st❛t❡s p ✐s ❡q✉❛❧ t♦ 1✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ st❛t❡s
❧♦❝❛❧✐③❡❞ ♦♥ ♦♥❡ s✐t❡ ❤❛✈❡ ❛ s♠❛❧❧ p ✈❛❧✉❡✿ p = 1/N ✳ ❋✐❣✲
✉r❡ ✶❜ s❤♦✇s ❝❧❡❛r❧② ❛ str♦♥❣❡r ❧♦❝❛❧✐③❛t✐♦♥ ♦❢ ❡❧❡❝tr♦♥✐❝
st❛t❡s ❢♦r ❧❛r❣❡r ❛♣♣r♦①✐♠❛♥ts✳

✸✳✸✳ ❇❛♥❞ s❝❛❧✐♥❣

❚❤❡ ❛✈❡r❛❣❡ ❇♦❧t③♠❛♥♥ ✈❡❧♦❝✐t② ❛❧♦♥❣ t❤❡ x ❞✐r❡❝t✐♦♥
✐s ❝♦♠♣✉t❡❞ ❜②

VB(E) =

√

〈

|〈nk|V̂x|nk〉|2
〉

En=E
, ✭✹✮

✇❤❡r❡ t❤❡ ✈❡❧♦❝✐t② ♦♣❡r❛t♦r ❛❧♦♥❣ t❤❡ x ❞✐r❡❝t✐♦♥ ✐s
V̂x = [X̂, Ĥ]/( i~)✱ ✇✐t❤ X̂ t❤❡ ♣♦s✐t✐♦♥ ♦♣❡r❛t♦r✳ VB

✐s t❤❡ ❛✈❡r❛❣❡ ✐♥tr❛✲❜❛♥❞ ✈❡❧♦❝✐t②✱

VB(E) =
1

~

〈

∂En(k)

∂kx

〉

En=E

. ✭✺✮

❋✐❣✉r❡ ✶❝ s❤♦✇s ❛ s♠❛❧❧❡r ✈❡❧♦❝✐t② ❛t t❤❡ ❝❡♥t❡r ♦❢ t❤❡
❜❛♥❞ ✭|E| < 2✮✳ ❲❤❡♥ t❤❡ s✐③❡ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛♥t ✐♥✲
❝r❡❛s❡s✱ VB ❞❡❝r❡❛s❡s ❛s ❡①♣❡❝t❡❞ ❢r♦♠ ❜❛♥❞ s❝❛❧✐♥❣ ❛♥❛❧✲
②s✐s ❬✶✻✱ ✶✾✕✷✶❪✳ ❚②♣✐❝❛❧❧② t❤❡ ✇✐❞t❤∆E ♦❢ ❛ ❜❛♥❞ En(k)
✈❛r✐❡s ✐♥ t❤❡ kx ❞✐r❡❝t✐♦♥ ❧✐❦❡✱ ∆E ∝ L−Γ

x ✱ ✇❤❡r❡ Lx ✐s
t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ✉♥✐t ❝❡❧❧ ✐♥ t❤❡ x ❞✐r❡❝t✐♦♥✳ ❚❤❡ ❡①✲
♣♦♥❡♥t Γ ❞❡♣❡♥❞s ♦♥ E ❛♥❞ t❤❡ ❞✐✛✉s✐♦♥ ♣r♦♣❡rt✐❡s ♦❢
t❤❡ str✉❝t✉r❡✳ ❋♦r ♥♦r♠❛❧ ♠❡t❛❧❧✐❝ ❝r②st❛❧s Γ = 1✱ ❢♦r
❞✐s♦r❞❡r❡❞ ♠❡t❛❧❧✐❝ ❛❧❧♦②s t❤❡ ❡❧❡❝tr♦♥✐❝ st❛t❡s ❛r❡ ❞✐✛✉✲
s✐✈❡ ❛♥❞ Γ = 2✳ ❋r♦♠ ❊q✳ ✭✺✮✱ t❤❡ ❇♦❧t③♠❛♥♥ ✈❡❧♦❝✐t②
s❤♦✉❧❞ s❛t✐s❢② t❤❛t VB ∝ L1−Γ

x ✳ ❋✐❣✉r❡ ✶❞ s❤♦✇s VBL
Γ−1
x

✈❡rs✉s ❡♥❡r❣② E✳ ❋♦r Γ ≈ 2 t❤❡ ✈❛❧✉❡ ♦❢ VB(E)LΓ−1
x ❛r❡

r❛t❤❡r s✐♠✐❧❛r ❢♦r t❤❡ t❤r❡❡ ❛♣♣r♦①✐♠❛♥ts ❛t t❤❡ ❝❡♥t❡r
♦❢ t❤❡ ❜❛♥❞ ✭|E| < 2✮✳ ❋♦r 2 < |E| < 3.5✱ ✐t s❡❡♠s t❤❛t
Γ ≈ 1.5✱ ❛♥❞ ♥❡❛r t❤❡ ❜❛♥❞ ❡❞❣❡s✱ |E| > 3.5✱ st❛t❡s ❛r❡
❛❧♠♦st ❜❛❧❧✐st✐❝ Γ ≈ 1✳

❋✐❣✳ ✶✳ ❊❧❡❝tr♦♥✐❝ str✉❝t✉r❡ ✐♥ P❡♥r♦s❡ ❛♣♣r♦①✐♠❛♥ts✳
✭❛✮ ❚♦t❛❧ ❞❡♥s✐t② ♦❢ st❛t❡s ✭❉❖❙✮ n(E)✳ ❉❖❙ ✐s s②♠✲
♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t t♦ E = 0✳ ✭❜✮ ❆✈❡r❛❣❡ ♣❛rt✐❝✐♣❛t✐♦♥
r❛t✐♦ p(E)✳ ✭❝✮ ❆✈❡r❛❣❡ ❇♦❧t③♠❛♥♥ ✈❡❧♦❝✐t② VB(E) ❛❧♦♥❣
t❤❡ x ❞✐r❡❝t✐♦♥✱ ✭❞✮ VB(E) × LΓ−1

x
✈❡rs✉s ❡♥❡r❣② E ❢♦r

Γ = 2 ✭✐♥s❡t✿ Γ = 1.5✮✳

✹✳ ❊❧❡❝tr♦♥✐❝ tr❛♥s♣♦rt

✹✳✶✳ ◗✉❛♥t✉♠ ❞✐✛✉s✐♦♥

❚❤❡ ❜❛♥❞ s❝❛❧✐♥❣ ❤❛s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ❢♦r t❤❡
✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ t❤❡ ♠❡❞✐✉♠✳ ❚❤❡ ♠❡❛♥ s♣r❡❛❞✐♥❣✱
Lwp(t) ♦❢ ❛ ✇❛✈❡ ♣❛❝❦❡t ✐s ♥❡✐t❤❡r ❜❛❧❧✐st✐❝ ✭✐✳❡✳ ♣r♦✲
♣♦rt✐♦♥❛❧ t♦ t✐♠❡ t✮ ❛s ✐♥ ♣❡r❢❡❝t ❝r②st❛❧s ♥♦r ❞✐✛✉s✐✈❡
✭✐✳❡✳ Lwp(t) ∝

√
t✮ ❛s ✐♥ ❞✐s♦r❞❡r❡❞ ♠❡t❛❧s✳ ■♥ ❣❡♥❡r❛❧ ❛t

❧❛r❣❡ t✿

Lwp(E, t) ∝ tβ(E). ✭✻✮

❚❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❡①♣♦♥❡♥t β ✐♥ q✉❛s✐❝r②st❛❧s ✭♦r ✐♥ ❛♣✲
♣r♦①✐♠❛♥ts ✇✐t❤ s✐③❡ ❝❡❧❧ Lx ❣♦✐♥❣ t♦ ✐♥✜♥✐t②✮ ❝❛♥ ❜❡ r❡✲
❧❛t❡❞ t♦ Γ ✐♥ ✜♥✐t❡ ❛♣♣r♦①✐♠❛♥ts ❜② β = 1/Γ ❬✶✻❪✳ ❚❤✉s
♦✉r r❡s✉❧ts ♦♥ ❛♣♣r♦①✐♠❛♥ts s❤♦✇ t❤❛t st❛t❡s ✐♥ P❚ ❛r❡
❞✐✛✉s✐✈❡ ✭β ≈ 0.5✮ ❛t t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ❜❛♥❞ ✭|E| < 2✮✱



❊❧❡❝tr♦♥✐❝ ❙tr✉❝t✉r❡ ❛♥❞ ❚r❛♥s♣♦rt ✐♥ ❆♣♣r♦①✐♠❛♥ts ✳ ✳ ✳ ✻✶✾

s✉♣❡r✲❞✐✛✉s✐✈❡ ✭0.5 < β < 1✮ ❢♦r 2 < |E| < 3.5✱ ❛♥❞
❛❧♠♦st ❜❛❧❧✐st✐❝ ✭β ≈ 1✮ ♥❡❛r t❤❡ ❜❛♥❞ ❡❞❣❡s ✭|E| > 3.5✮✳
■t ✐s ♣♦ss✐❜❧❡ t♦ ❣♦ ❜❡②♦♥❞ t❤❡s❡ q✉❛❧✐t❛t✐✈❡ ❛r❣✉♠❡♥ts

❜② ❞❡✜♥✐♥❣ ✐♥ ❛♥ ❡①❛❝t ♠❛♥♥❡r t❤❡ q✉❛♥t✉♠ ❞✐✛✉s✐♦♥ ❛s
✇❡ s❤♦✇ ♥♦✇✳ ❚❤❡ ❛✈❡r❛❣❡ sq✉❛r❡ s♣r❡❛❞✐♥❣ ♦❢ st❛t❡s ♦❢
❡♥❡r❣② E ❛t t✐♠❡ t ❛❧♦♥❣ t❤❡ x ❞✐r❡❝t✐♦♥✱ ✐s ❞❡✜♥❡❞ ❛s✿

X2(E, t) =
〈(

X̂(t)− X̂(0)
)2〉

E
, ✭✼✮

✇✐t❤ X̂(t) ✖ t❤❡ ❍❡✐s❡♥❜❡r❣ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♦♣❡r✲

❛t♦r✳ ■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t X̂ ✐s t❤❡ s✉♠ ♦❢ t✇♦ t❡r♠s
❬✶✸✱ ✶✺❪✿

X2(E, t) = V 2
B(E)t2 +X2

nB(E, t). ✭✽✮

❚❤❡ ✜rst t❡r♠✱ XB = V 2
B(E)t2✱ ✐s t❤❡ ❜❛❧❧✐st✐❝ ✭✐♥tr❛✲

✲❜❛♥❞✮ ❝♦♥tr✐❜✉t✐♦♥ ❛t ❡♥❡r❣② E✳ ❚❤❡ s❡♠✐❝❧❛ss✐❝❛❧
♠♦❞❡❧ ♦❢ t❤❡ ❇❧♦❝❤✕❇♦❧t③♠❛♥♥ tr❛♥s♣♦rt t❤❡♦r② ❛♠♦✉♥ts
t♦ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ♦♥❧② t❤✐s ✜rst t❡r♠✳ ❚❤❡ s❡❝✲
♦♥❞ t❡r♠ ✭✐♥t❡r✲❜❛♥❞ ❝♦♥tr✐❜✉t✐♦♥s✮ X2

nB(E, t) ✐s ❛ ♥♦♥✲
✲❇♦❧t③♠❛♥♥ ❝♦♥tr✐❜✉t✐♦♥✳ ■t ✐s ❞✉❡ t♦ t❤❡ ♥♦♥✲❞✐❛❣♦♥❛❧
❡❧❡♠❡♥ts ♦❢ t❤❡ ✈❡❧♦❝✐t② ♦♣❡r❛t♦r ❛♥❞ ❞❡s❝r✐❜❡s ❛ s♣r❡❛❞✲
✐♥❣ ♦❢ t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥✳

❋✐❣✳ ✷✳ ✭❛✮ ❆✈❡r❛❣❡ sq✉❛r❡ s♣r❡❛❞✐♥❣ ✈❡rs✉s t✐♠❡ t ❛t
E = 1.0 ❡❱ ✐♥ ♣❡r❢❡❝t P❡♥r♦s❡ ❛♣♣r♦①✐♠❛♥ts T = 3
❛♥❞ ✺✿ ✭❞❛s❤❡❞ ❧✐♥❡✮ ❇♦❧t③♠❛♥♥ X2

B ❛♥❞ ✭❧✐♥❡✮ ♥♦♥✲
✲❇♦❧t③♠❛♥♥ X2

nB ✭✐♥s❡t✿ X2

nB ✈❡rs✉s t✐♠❡ t ❛t ❞✐✛❡r❡♥t
❡♥❡r❣✐❡s ✐♥ ❛♣♣r♦①✐♠❛♥t T = 5✮✳ ✭❜✮ ❚✐♠❡ t∗ ✐♥ ♣❡r❢❡❝t
P❡♥r♦s❡ ❛♣♣r♦①✐♠❛♥ts ✭s❡❡ t❡①t✮✳

❖♥❡ ❞❡✜♥❡s t❤❡ t✐♠❡ t∗(E) ❢♦r ✇❤✐❝❤ X2
B = X2

nB ❛t
❡♥❡r❣② E ✭❋✐❣✳ ✷❛✮✳ ❋♦r ❧♦♥❣ t✐♠❡s✱ t > t∗✱ t❤❡ ❜❛❧❧✐st✐❝
s❡♠✐❝❧❛ss✐❝❛❧ ❝♦♥tr✐❜✉t✐♦♥ ❞♦♠✐♥❛t❡s t❤❡ q✉❛♥t✉♠ ❞✐✛✉✲
s✐♦♥ ❜✉t ❢♦r s❤♦rt t✐♠❡s✱ t < t∗✱ t❤❡ ♥♦♥✲❜❛❧❧✐st✐❝ ❝♦♥✲
tr✐❜✉t✐♦♥ ❞♦♠✐♥❛t❡s ✭✏❧♦✇ ✈❡❧♦❝✐t② r❡❣✐♠❡✑ ❬✶✸❪✮✳ ❚❤❡r❡✲
❢♦r❡ t∗(E) ✐s ✐♠♣♦rt❛♥t t✐♠❡ s❝❛❧❡s ❢♦r ❛♥② ❛♣♣r♦①✐♠❛♥t✳
❖♥ t✐♠❡ s❝❛❧❡s ❧❛r❣❡r t❤❛♥ t∗(E) t❤❡ ❛♣♣r♦①✐♠❛♥t ❜❡✲
❤❛✈❡s ❧✐❦❡ ❛ ♥♦r♠❛❧ ♠❡t❛❧ ✇❤❡r❡❛s ♦♥ s♠❛❧❧❡r t✐♠❡ s❝❛❧❡s
t❤❡ ❛♣♣r♦①✐♠❛♥t ♠❛② ❜❡❤❛✈❡ q✉✐t❡ ❞✐✛❡r❡♥t❧② ❛♥❞✱ ✐♥
♣❛rt✐❝✉❧❛r✱ ♠❛② s❤♦✇ ✐♥s✉❧❛t♦r✲❧✐❦❡ ❜❡❤❛✈✐♦r ✭s❡❡ ❜❡❧♦✇✮✳
❲❤❡♥ t❤❡ s✐③❡ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛♥ts ✐♥❝r❡❛s❡s✱ t❤❡ ❝❤❛r❛❝✲

t❡r✐st✐❝ t✐♠❡ ❧✐♠✐t t∗ ♦❢ t❤❡ ❝r♦ss♦✈❡r ❜❡t✇❡❡♥ ❜❛❧❧✐st✐❝ ❛♥❞
♥♦♥✲❜❛❧❧✐st✐❝ ❜❡❤❛✈✐♦r ✐♥❝r❡❛s❡s ✭❋✐❣✳ ✷❜✮✳ ❙✐♠✐❧❛r r❡s✉❧ts
❤❛s ❜❡❡♥ ❢♦✉♥❞ ✐♥ ❛♣♣r♦①✐♠❛♥ts ♦❢ ♦❝t❛❣♦♥❛❧ t✐❧✐♥❣ ❬✸✹❪✳
❋r♦♠ ❛❜ ✐♥✐t✐♦ ❡❧❡❝tr♦♥✐❝ str✉❝t✉r❡ ❝❛❧❝✉❧❛t✐♦♥ ❛♥❞ ✐♥ r❡✲
❛❧✐st✐❝ ❛♣♣r♦①✐♠❛♥ts α✲❆❧▼♥❙✐ ❬✶✸❪✱ ✶✴✶ ❆❧❈✉❋❡ ❬✶✹❪ ❛♥❞
✐♥ t❤❡ ❝♦♠♣❧❡① ♠❡t❛❧❧✐❝ ❤❡①❛❣♦♥❛❧ ♣❤❛s❡ λ✲❆❧▼♥ ❬✶✺❪ ✐t
❤❛s ❜❡❡♥ s❤♦✇♥ t❤❛t t❤❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ♦❢ t∗(E) ✐s
❛❜♦✉t 10−14 ♦r 10−13 s✳

X2
nB(E, t) ♦s❝✐❧❧❛t❡s ❛♥❞ ✐s ❜♦✉♥❞❡❞ ❜② LnB(E)2✱ ✇❤✐❝❤

❞❡♣❡♥❞s ♦♥ t❤❡ ❡♥❡r❣② E ❬✶✺❪✳ ❋r♦♠ ♥✉♠❡r✐❝❛❧ ❝❛❧❝✉❧❛✲
t✐♦♥s ✭❋✐❣✳ ✷❛✮✱ ✐t ✐s ❢♦✉♥❞ t❤❛t ❢♦r ♠❛♥② ❡♥❡r❣✐❡s E✱
X2

nB(E, t) r❡❛❝❤❡s r❛♣✐❞❧② ✐ts ♠❛①✐♠✉♠ ❧✐♠✐t LnB(E)2

❛♥❞ ♦♥❡ ❝❛♥ ❛ss✉♠❡✱ XnB(E, t)2 ≈ LnB(E)2 ❢♦r ❧❛r❣❡ t✱
❛♥❞ t∗ ≈ LnB/VB✳

✹✳✷✳ ❈♦♥❞✉❝t✐✈✐t② ✐♥ t❤❡ r❡❧❛①❛t✐♦♥ t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥

■♥ t❤❡ r❡❧❛①❛t✐♦♥ t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✭❘❚❆✮
❬✶✸✱ ✶✻✱ ✷✺❪ t❤❡ r♦❧❡ ♦❢ ♣❤♦♥♦♥s ❛♥❞ st❛t✐❝ ❞❡❢❡❝ts
❛r❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t t❤r♦✉❣❤ ❛ s❝❛tt❡r✐♥❣ t✐♠❡ τ ✳
τ ❞❡❝r❡❛s❡s ✇❤❡♥ t❡♠♣❡r❛t✉r❡ T ✐♥❝r❡❛s❡s ❛♥❞ ✇❤❡♥
t❤❡ ♥✉♠❜❡r ♦❢ st❛t✐❝ ❞❡❢❡❝ts ✐♥❝r❡❛s❡s✳ ❚❤❡ s❝❛tt❡r✐♥❣
t✐♠❡ ❡st✐♠❛t❡s ✐♥ q✉❛s✐❝r②st❛❧s ❛♥❞ ❛♣♣r♦①✐♠❛♥ts ❢r♦♠
tr❛♥s♣♦rt ♠❡❛s✉r❡♠❡♥ts ❛t ❧♦✇ t❡♠♣❡r❛t✉r❡ ✭✹ ❑✮ ❬✷✱ ✸❪
✐s ❛❜♦✉t ❛ ❢❡✇ 10−14 s ♦r ❡✈❡♥ ♠♦r❡✳ ❚❤❛t ✐s ❝❧♦s❡
t♦ t❤❡ t✐♠❡ ❧✐♠✐t t∗ ❜❡t✇❡❡♥ t❤❡ ❇♦❧t③♠❛♥♥ ❛♥❞ ♥♦♥✲
✲❇♦❧t③♠❛♥♥ ❜❡❤❛✈✐♦r ✭s❡❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✮✳ ❚❤❡r❡❢♦r❡
t❤❡ ♥♦♥✲❇♦❧t③♠❛♥♥ ❜❡❤❛✈✐♦r ❝♦✉❧❞ ♣❧❛② ❛ ❝r✉❝✐❛❧ r♦❧❡ ✐♥
t❤❡ ❝♦♥❞✉❝t✐✈✐t②✳
❆t ③❡r♦ t❡♠♣❡r❛t✉r❡✱ t❤❡ st❛t✐❝ ❝♦♥❞✉❝t✐✈✐t② ✐s ❣✐✈❡♥

❜② t❤❡ ❊✐♥st❡✐♥ ❢♦r♠✉❧❛✱

σ = e2n(EF)D(EF) , ✭✾✮

✇❤❡r❡ EF ✐s t❤❡ ❋❡r♠✐ ❡♥❡r❣② ❛♥❞D✱ t❤❡ ❞✐✛✉s✐✈✐t② ✇❤✐❝❤
✐s t❤❡ s✉♠ ♦❢ ❛ ❇♦❧t③♠❛♥♥ ❛♥❞ ♥♦♥✲❇♦❧t③♠❛♥♥ t❡r♠s ❬✶✸❪✿

D(EF) = DB +DnB(EF), with DB = V 2
B(EF)τ. ✭✶✵✮

DnB(EF) ✐s ❝❛❧❝✉❧❛t❡❞ ♥✉♠❡r✐❝❛❧❧② ❢r♦♠ ❡✐❣❡♥st❛t❡s ✭s❡❡
❬✶✺✱ ✶✻❪✮✳

❋✐❣✳ ✸✳ ❉✐✛✉s✐✈✐t② D✱ D = DB + DnB✱ ✐♥ r❡❧❛①❛t✐♦♥
t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥✱ ✈❡rs✉s s❝❛tt❡r✐♥❣ t✐♠❡ τ ✱ ❛t EF =
1.0 ❡❱ ✐♥ t❤❡ P❡♥r♦s❡ ❛♣♣r♦①✐♠❛♥ts T = 3 ❛♥❞ ✺✳

❋✐❣✉r❡ ✸ s❤♦✇s t❤❡ ❞✐✛✉s✐✈✐t② ✐♥ ❛♣♣r♦①✐♠❛♥ts T = 3
❛♥❞ ✺ ❢♦r EF = 1 ❡❱✳ ❆t ✈❡r② ❧♦✇ τ ✱ τ . 10−15 s✱ ❞✐✛✉✲
s✐✈✐t② ✐s ❛❧✇❛②s ❜❛❧❧✐st✐❝✱ ❢♦r ❧❛r❣❡r τ ✈❛❧✉❡s ✉♣ t♦ τ ≈ t∗



✻✷✵ ●✳ ❚r❛♠❜❧② ❞❡ ▲❛✐ss❛r❞✐èr❡✱ ❆✳ ❙③á❧❧ás✱ ❉✳ ▼❛②♦✉

t❤❡ ♥♦♥✲❇♦❧t③♠❛♥♥ t❡r♠s ❞♦♠✐♥❛t❡✱ ❛♥❞ ❢♦r τ ≫ t∗ ♣❡r✐✲
♦❞✐❝✐t② ♦❢ ❛♣♣r♦①✐♠❛♥ts ✐♥❞✉❝❡s ❜❛❧❧✐st✐❝ ❞✐✛✉s✐✈✐t②✳ ❚❤❡
✐♥t❡r♠❡❞✐❛t❡ ③♦♥❡✱ ✇✐t❤ ❛ ♥♦♥✲♠❡t❛❧❧✐❝ ✭♥♦♥✲❜❛❧❧✐st✐❝✮ ❜❡✲
❤❛✈✐♦r ❞✉❡ t♦ str✉❝t✉r❡✱ ✐s ♠♦r❡ ✐♠♣♦rt❛♥t ✐♥ t❤❡ ❧❛r❣❡st
❛♣♣r♦①✐♠❛♥t✱ ❛♥❞ ✐t ❝♦rr❡s♣♦♥❞s t♦ r❡❛❧✐st✐❝ ✈❛❧✉❡s ♦❢
s❝❛tt❡r✐♥❣ t✐♠❡✳

✺✳ ❈♦♥❝❧✉s✐♦♥

❚♦ s✉♠♠❛r✐③❡✱ ✇❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ❛ ♥✉♠❡r✐❝❛❧ st✉❞②
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