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Building Anosov flows on 3-manifolds

F. Beguin, C. Bonatti and B. Yu

August 18, 2014

Dedicated to the memory of Marco Brunella1

Abstract

We prove a result allowing to build (transitive or non-transitive) Anosov flows on 3-manifolds by
gluing together filtrating neighborhoods of hyperbolic sets. We give several applications; for example:

1. we build a 3-manifold supporting both of a transitive Anosov vector field and a non-transitive
Anosov vector field;

2. for any n, we build a 3-manifold M supporting at least n pairwise different Anosov vector fields;

3. we build transitive attractors with prescribed entrance foliation; in particular, we construct
some incoherent transitive attractors;

4. we build a transitive Anosov vector field admitting infinitely many pairwise non-isotopic trans-
verse tori.

MSC 2010: 37D20, 57M. Keywords: Anosov flow, hyperbolic basic set, 3-manifold.

1 Introduction

1.1 General setting and aim of this paper

Anosov vector fields are the paradigm of hyperbolic chaotic dynamics. They are non-singular vector
fields on compact manifolds for which the whole manifold is a hyperbolic set: if X is an Anosov
vector field, the tangent bundle to the manifold M splits in a direct sum Es⊕RX⊕Eu, where Es

and Eu are continuous subbundles invariant under the flow of X , and the vectors in Es and Eu

are respectively uniformly contracted and uniformly expanded by the derivative of this flow. As
all hyperbolic dynamics, Anosov vector fields are structurally stable: any vector field C1-close to
X is topologically equivalent (or orbit equivalent) to X . Therefore, there is a hope for a topological
classification of Anosov vector fields up to topological equivalence, and many works started this
kind of classification in dimension 3 (see for instance [Gh1, Gh2, Ba1, Ba2, Fe1, Fe2, BaFe]).

However, we are still very far from proposing a classification, even in dimension 3. For instance
we still do not know which manifolds support Anosov vector fields, or how many Anosov vector
fields may be carried by the same manifold.

The simplest examples of Anosov vector fields on three-dimensional manifolds are the suspen-
sion of an Anosov-Thom linear automorphism of the torus T 2 and the geodesic flow of a hyperbolic
Riemann surface. These two (class of) examples share some strong rigidity properties:

• Plante has proved that every Anosov vector field on a surface bundle over the circle is topological
equivalent to the suspension of an Anosov-Thom automorphism ([Pl]),

• Ghys has proved that every Anosov vector field on a circle bundle is topological equivalent to
the geodesic flow of a hyperbolic surface ([Gh1]),

• Ghys again has discovered that every Anosov vector field on a three-manifold whose stable and
unstable foliations are C∞ is topologically equivalent to one of these canonical examples.

1Varese Italy 1964, Rio de Janeiro Brazil 2012
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However, several pathological examples of Anosov vector fields (on closed three-manifolds) have
been built. Let us mention Franks and Williams who have built a non-transitive Anosov vector
field ([FrWi]), and Bonatti and Langevin who have built an Anosov vector field admitting a closed
transverse cross section (diffeomorphic to a torus) which does not cut every orbit.

Both Franks-William’s and Bonatti Langevin’s examples were obtained by gluing filtrating
neighbourhoods of hyperbolic sets along their boundaries. The aim of the present paper is to
make a general theory of this type of examples. We first describe some elementary bricks (called
hyperbolic plugs). Then we prove a quite general result allowing to build Anosov vector fields
(on closed three-manifolds) by gluing together such elementary bricks. We also provide a simple
criterion allowing to decide whether an Anosov flow built in this manner is topologically transitive
or not. Finally we illustrate our “construction game” by several examples.

1.2 Hyperbolic plugs

In order to present our main results, we need to state some definitions. We call plug any pair (V,X)
where V is a compact 3-manifold with boundary, and X is a vector field on V , transverse to the
boundary of V (in particular, X is assumed to be non-singular on ∂V ). Given such a plug (V,X),
we can decompose ∂V as the disjoint union of an entrance boundary ∂inV (the part of ∂V where
X is pointing inwards) and an exit boundary ∂outV (the part of ∂V where X is pointing outwards).
The plug (V,X) will be called an attracting plug if ∂outV = ∅, and a repelling plug if ∂inV = ∅.
The plug (V,X) will be called a hyperbolic plug if its maximal invariant set Λ =

⋂
t∈R

Xt(V ) is
nonsingular and hyperbolic with 1-dimensional stable and unstable bundles.

If (V,X) is a hyperbolic plug, the stable lamination W s(Λ) (resp. the unstable lamination
Wu(Λ)) of the maximal invariant set Λ =

⋂
t∈R

Xt(V ) intersects transversally the entrance bound-
ary ∂inV (resp. the exit boundary ∂outV ) and is disjoint from ∂outV (resp. ∂inV ). By transver-
sality, LsX := W s(Λ) ∩ ∂inV and LuX := Wu(Λ) ∩ ∂outV are one-dimensional laminations; we call
them the entrance lamination and the exit lamination of V . We will see that the laminations LsX
and LuX satisfy the following properties (see Proposition 2.8):

(i) They contains finitely many compact leaf.

(ii) Every half non-compact leaf is asymptotic to a compact leaf.

(iii) Each compact leaf may be oriented so that its holonomy is a contraction. This orientation will
be called the contracting orientation.

A lamination satisfying this three properties will be called a Morse-Smale lamination, or shortly
a MS-lamination. If the lamination is indeed a foliation, we will speak on MS-foliation.

If (V,X) is a hyperbolic attracting plug, then LsX is a foliation on ∂inV . In particular, every
connected component of ∂V = ∂inV is a two-torus (or a Klein bottle if we allow V to be non-
orientable).

Let us first state an elementary result which is nevertheless a fundamental tool for our “con-
struction game”:

Proposition 1.1. Let (U,X) and (V, Y ) be two hyperbolic plugs. Let T out be a union of connected
components of ∂outU and T in be a union of connected components of ∂inV . Assume that there
exists a diffeomorphism ϕ : T out → T in so that ϕ∗(LuX) is transverse to the foliation LsY . Let Z be
the vector field induced by X and Y on the manifold W := U ⊔ V/ϕ. Then (W,Z) is a hyperbolic
plug2.

A classical example of the use of Proposition 1.1 is the famous Franks-William’s example of a
non-transitive Anosov vector field. It corresponds to the case where (U,X) is an attracting plug,
(V, Y ) is a repelling plug, T out = ∂outU and T in = ∂inV . In that case, W is boundaryless and Z
is Anosov and non-transitive.

If (V,X) is a hyperbolic plug such that V is embedded in a closed three-dimensional manifold
M and X is the restriction of an Anosov vector field X on M , then the stable (resp. unstable)
lamination of the maximal invariant set of V is embedded in the stable (resp. unstable) foliation

2This entails that there is a differentiable structure on W (compatible with the differentiable structures of U and
V by restriction), so that Z is a differentiable vector field.
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of the Anosov vector field X. This leads to some restrictions on the entrance and exit laminations
of V , and motivates the following definition.

A lamination L on a compact surface S is a filling MS-lamination if it satisfies properties (i),
(ii), (iii) above and if every connected C of S \L is “a strip whose width tends to 0 at both ends”:
more precisely, C is simply connected, and the accessible boundary of C consists of two distinct
non-compact leaves L1, L2 which are asymptotic to each other at both ends.

Any filling MS-lamination can be embedded in a C0,1 foliation. As a consequence, a closed
surface carrying a filling MS-lamination is either a torus or a Klein bottle. We will prove that the
entrance lamination Ls of a hyperbolic plug is a filling MS-lamination if and only if this is also the
case for the exit lamination Lu (see lemma 2.20). Therefore we will speak of hyperbolic plugs with
filling MS-laminations. Theorem 1.12 shows that every hyperbolic plug with filling MS-laminations
can be embedded in an Anosov vector field.

Example 1.2. Consider a transitive Anosov vector field X on a closed three-dimensional manifold
M , and a finite collection α1, . . . , αm, β1, . . . βn of (pairwise different) orbits of Y . Let Y be the
vector field obtained from X by performing some DA bifurcations in the stable direction on the
orbits α1, . . . , αm, and some DA bifurcations in the unstable direction on the orbits β1, . . . βn. Let
U be the compact manifold with boundary obtained by cutting out from M some pairwise disjoint
tubular neighborhoods of α1, . . . , αm, β1, . . . βn whose boundaries are transverse to Y . Then, (U, Y )
is a hyperbolic plug with filling MS-laminations. More precisely, on each connected component of
∂inV (resp. ∂outV ) the entrance lamination LsX (resp. the exit lamination LuX) consists in one or
two Reeb components.

We finish this section by stating an addendum to Proposition 1.1 which allows us to build more
and more complicated hyperbolic plugs with filling MS-laminations. Two filling MS-laminations
L1 and L2 are called strongly transverse if they are transverse and if every connected component
C of S \ (L1 ∪ L2) is a topological disc whose boundary ∂C consists in exactly four segments
a1, a2, b1, b2 where a1, b1 lies on leaves of L1 and a2, b2 lies on leaves of L2.

Proposition 1.3. In Proposition 1.1, assume furthermore that the plugs (U,X) and (V, Y ) have
filling MS-laminations and that ϕ∗(LuX) is strongly transverse to LsY . Then the plug (W,Z) has
filling MS-laminations.

1.3 Building transitive Anosov flows

In this section, we consider a hyperbolic plug with filling MS-laminations (U,X), and a diffeomor-
phism ϕ : ∂outU → ∂inU so that the laminations ϕ∗(LsX) and LuX are strongly transverse: we say
that ϕ is a strongly transverse gluing diffeomorphism. We denote by Z the vector field induced by
X on the closed manifold U/ϕ. Note that there is a differentiable structure on U/ϕ such that Z is
a differentiable vector field.

In general the vector field Z is not hyperbolic. The dynamics of Z depends on the gluing
diffeomorphism ϕ. Two strongly transverse gluing diffeomorphisms ϕ0 and ϕ1 may lead to vector
fields Z0 and Z1 which are not topologically equivalent, even if they are isotopic through strongly
transverse gluing diffeomorphisms. It is therefore necessary to choose carefully the gluing diffeo-
morphism ϕ.

Question 1.4. Given a hyperbolic plug (U,X) with filling MS-laminations and a strongly trans-
verse gluing diffeomorphism ϕ0 : ∂outU → ∂inU . Does there exist a strongly transverse gluing
diffeomorphism ϕ1, isotopic to ϕ0 through strongly transverse gluing diffeomorphisms, so that the
vector field Z1 induced by X on U/ϕ1 is Anosov?

We are not able to answer this question in general. Nevertheless we can give a positive answer
in the particular case where the maximal invariant set Λ of X in U admits an affine Markov
partition (i.e. a Markov partition so that the first return map on the rectangles is affine for some
coordinates). If Λ does not contain any attractor nor repeller, then a slight perturbation of X
leads to a vector field Y , topologically equivalent to X , whose maximal invariant set ΛY admits
such affine Markov partition. We will therefore allow us such perturbations.

Let (U, Y ) be another hyperbolic plug with filling MS-laminations, and ψ : ∂outU → ∂inU
be a strongly transverse gluing diffeomorphisms. We say that (U,X, ϕ) and (U, Y, ψ) are strongly
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isotopic if there is a continuous path (U,Xt, ϕt) of hyperbolic plugs with filling MS-laminations
and strongly transverse gluing diffeomorphisms so that (U,X0, ϕ0) = (U,X, ϕ) and (U,X1, ϕ1) =
(U, Y, ψ). Notice that this implies that (U,X) and (U, Y ) are topologically equivalent.

We will prove the following result:

Theorem 1.5. Let (U,X) be a hyperbolic plug with filling MS-laminations so that the maximal
invariant set of X contains neither attractors nor repellers, and let ϕ : ∂outU → ∂inU be a
strongly transverse gluing diffeomorphism. Then there exist a hyperbolic plug (U, Y ) with filling MS-
laminations and a strongly transverse gluing diffeomorphism ψ : ∂outU → ∂inU so that (U,X, ϕ)
and (U, Y, ψ) are strongly isotopic, and so that the vectorfield Z induced by Y on U/ψ is Anosov.

Theorem 1.5 allows to build an Anosov vector field Z by gluing the entrance and the exit
boundary of a hyperbolic plug. We will now state a result providing a simple criterion to decide
whether this Anosov vector field Z is transitive or not.

Given a hyperbolic plug (U,X) with filling MS-laminations and a strongly transverse gluing
map ϕ : ∂outU → ∂inU , consider the oriented graph P defined as follows:

• the vertices of P are the basic pieces Λ1, . . . ,Λk of X ,

• there is an edge going from Λi to Λj if Wu
X(Λi) intersects W s

X(Λj), or ϕ∗(W
u
X(Λi) ∩ ∂outU)

intersects Wu
X(Λj) ∩ ∂inU .

We say that (U,X, ϕ) is combinatorially transitive, if P is strongly connected, i.e. if any two edges
of P can be joined by an oriented path.

Proposition 1.6. Under the hypotheses of Theorem 1.5, if (U,X, ϕ) is combinatorially transitive,
then the Anosov vector field Z is transitive.

In Theorem 1.5, starting with a hyperbolic plug without attractors nor repellers and a strongly
transverse gluing map ϕ, we build another vector field Y orbit equivalent to X and a gluing map
ψ isotopic to ϕ through strongly transverse gluing, so that the vector field induced by the gluing
is Anosov. It is natural to ask if the resulting Anosov flow is independent of the choices (of Y and
ψ), up to orbit equivalence.

Question 1.7. Let (V, Y1, ψ1) and (V, Y2, ψ2) be two hyperbolic plugs with filling MS-laminations
endowed with strongly transverse gluing diffeomorphisms. Let Z1 and Z2 be the vector fields induced
by Y1 and Y2 on V/ψ1 and V/ψ2. Assume that Z1 and Z2 both are Anosov. Are Z1 and Z2

topologically equivalent ?

1.4 Examples

To illustrate the power of Theorem 1.5, we will use it to build various types of examples of Anosov
vector fields. We like to think hyperbolic plugs as elementary bricks of a “construction game”.
Proposition 1.1 and Theorem 1.5 allow us to glue these elementary bricks together in order to
build more complicated hyperbolic plugs, hyperbolic attractors, transitive or non-transitive Anosov
vector fields. We hope that the statements below will convince the reader of the interest and of
the versatility of this “construction game”.

1.4.1 The “blow-up, excise and glue surgery”

As a first application of Theorem 1.5, we shall prove the following result:

Theorem 1.8. Given any transitive Anosov vector field X on a closed (orientable) three-manifold
M , there exists a transitive Anosov vector field Z on a closed (orientable) three-manifold N such
that “the dynamics of Z is richer than the dynamics of X”. More precisely, there exists a compact
set Λ ⊂ N invariant under the flow of Z, and a continuous onto map π : Λ → M such that
π ◦Xt = Zt ◦ π for every t ∈ R.

The proof of Theorem 1.8 relies on what we call the blow-up, excise and glue surgery. Let us
briefly describe this surgery (details will be given in section 7). We start with a transitive Anosov
vector field X on a closed three-manifold M .
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Step 1: blow-up. We blow-up two periodic orbits of X . More precisely, we pick two periodic or-
bits (with positive eigenvalues) O,O′ of X , we perform an attracting DA (derived from Anosov)
bifurcation on O, and a repelling DA bifurcation on O′. This gives rise to a new vector field
X on M which has three basic pieces: a saddle hyperbolic set Λ, a attracting periodic orbit O,
and a repelling periodic orbit O′.

Step 2: excise. Then we excise some two solid tori: we consider the manifold with boundary
U = M \ (T ⊔ T ′), where T, T ′ are small tubular neighborhoods of O,O′. Under some mild
assumptions, (U,X |U ) is a hyperbolic plug.

Step 3: Glue. Finally, we glue the exit boundary on the entrance boundary of U : we consider the
manifold N := U/ϕ where ϕ : ∂outU → ∂inU is an appropriate gluing map, and the vector field
Z induced by X on M . Theorem 1.5 ensures that (up to perturbing X within its topological
equivalence class) ϕ can be chosen so that Z is Anosov, and Proposition 1.6 implies that Z is
transitive. The hyperbolic set Λ can be seen as a compact subset of N which is invariant under
the flow of Z. Well-known facts on DA bifurcations show that there exists a continuous map
π : Λ →M inducing a semi-conjugacy between the flow of X and Z, as stated by Theorem 1.8.

Starting with a given transitive Anosov vector field on a closed three-manifold, Theorem 1.8 can
be applied inductively, giving birth to an infinite sequence of transitive Anosov vector fields which
are “more and more complicated”. Moreover, the “blow-up, excise and glue surgery” admits many
variants, allowing to construct myriads of examples of Anosov vector fields. For example, instead of
starting with a single Anosov vector field X , we could have started with n transitive Anosov vector
fields X1, . . . , Xn in order to get a single transitive Anosov vector field Z which “contains” the
dynamics of X1, . . . , Xn. We could also have started with a non-transitive Anosov vector field X ;
in this case, we get an Anosov vector field Z which might or might not be transitive depending on
the choice of the periodic orbits we use for the DA bifurcations. As an application, we will obtain
the following result, which answers a question that was asked to us by A. Katok:

Theorem 1.9. There exists a closed orientable three-manifold supporting both a transitive Anosov
vector field and a non-transitive Ansov vector field.

1.4.2 Hyperbolic attractors

As already mentioned above, the entrance foliation Ls(U,X) of an attracting hyperbolic plug
(U,X) is always a MS foliation (it has finitely many compact leaves, every half leaf is asymptotic
to a compact leaf, and every compact leaf can be oriented so that its holonomy is a contraction).
Using Theorem 1.5, we shall prove a converse statement: every MS-foliation can be realized as the
entrance foliation of a transitive attracting hyperbolic plug. More precisely:

Theorem 1.10. For every MS-foliation F on a closed orientable surface S, there exists an ori-
entable transitive attracting hyperbolic plug (U,X) and a homeomorphism h : ∂inU → S such that
h∗(L

s(U,X)) = F .

Let (U,X) be an attracting hyperbolic plug, and Λ be the maximal invariant set of (U,X).
Each compact leaf γ of the foliation Ls(U,X) can be oriented in such a way that its holonomy
is a contraction; we call this the contracting orientation of γ. The attractor Λ is said to be
incoherent if one can find two compact leaves γ1, γ2 of Ls(U,X) in the same connected component
of ∂inU , such that γ1, γ2 equipped with their contracting orientations are not freely homotopic.
The notion of incoherent hyperbolic attractors was introduced by J. Christy in his PhD thesis
([Ch1]). Christy studied the existence of Birkhoff sections for hyperbolic attractors of vector fields
on three-manifolds. He proved that a transitive hyperbolic attractor admits a Birkhoff section
if and only if it is coherent. He announced that he could build incoherent transitive hyperbolic
attractors. Actually, he did publish an example of incoherent hyperbolic attractor ([Ch2]), but
it is not clear whether his example is transitive or not. The existence of incoherent transitive
hyperbolic attractors is an immediate consequence of Theorem 1.10:

Corollary 1.11. There exists incoherent transitive hyperbolic attractors (on orientable manifolds).
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1.4.3 Embedding hyperbolic plugs in Anosov flows

Using Theorem 1.10, we will be able to prove that every hyperbolic plug with filling MS-laminations
can be embedded in an Anosov flow. More precisely:

Theorem 1.12. Consider a hyperbolic plug with filling MS-laminations (U0, X0).

• Up to changing (U0, X0) by a topological equivalence, we can find an Anosov vector field X on
a closed orientable three-manifold M such that there exists an embedding θ : U0 →֒ M with
θ∗X0 = X.

• Moreover, if the maximal invariant set of (U0, X0) contains neither attractors nor repellers, the
construction can be done in such a way that the Anosov vector field X is transitive.

In other words, the first item of Theorem 1.12 states that, for every hyperbolic plug with filling
MS-laminations (U0, X0), we can find a closed three-manifold M , an Anosov vector field X on M ,
and a closed submanifold with boundary U of M , such that X is transverse to ∂U and such that
(U0, X0) is topologically equivalent to (U,X|U ). The manifold M and the Anosov vector field X
will be constructed by gluing appropriate attracting and repelling hyperbolic plugs on (U0, X0).
These attracting and repelling hyperbolic plugs will be provided by Theorem 1.10.

In order to get the second item of Theorem 1.12, we will modify the Anosov vector field provided
by the first item, using the “blow-up, excise and glue procedure” discussed above.

1.4.4 Manifolds with several Anosov vector fields

Our techniques also allow to construct examples of three-manifolds supporting several Anosov
flows. In [Ba4], Barbot constructed an infinite family of three-manifolds, each of which supports
at least two (non topologically equivalent) Anosov flows. We shall prove the following result:

Theorem 1.13. For any n ≥ 1, there is a closed orientable three-manifolds M supporting at least
n transitive Anosov vector fields Z1, . . . , Zn which are pairwise non topologically equivalent.

Remark 1.14. The manifold M that we will construct to prove Theorem 1.13 has a JSJ de-
composition with three pieces: two hyperbolic pieces and one Seifert piece. These examples also
positively answered two questions asked by Barbot and Fenley in the final section of their recent
paper [BaFe]3. The vector fields Z1, . . . , Zn that we will construct are pairwise homotopic in the
space of non-singular vector fields on M .

Theorem 1.13 admits many variants. For example, we claim that the manifold M that we will
construct also supports at least n non-transitive Anosov flows. We also claim that, for every n ≥ 1,
there exists a graph manifold supporting at least n transitive Anosov vector fields. We will not
prove those claims to avoid increasing too much the length of the paper; we leave them as exercises
for the reader.

1.4.5 Transitive Anosov vector fields with infinitely many transverse tori

Theorem 1.5 allows to build transitive Anosov vector fields by gluing hyperbolic plug along their
boundary. Conversely, one may try to decompose a transitive Anosov vector field X on a closed
three-manifold M into hyperbolic plugs by cutting M along a finite family of pairwise disjoint tori
that are transverse to X . Ideally, one would like to find a canonical (maximal) finite family of
pairwise disjoint tori embedded in M and transverse to X , so that, by cutting M along these tori,
one gets a canonical (maximal) decomposition of (M,X) into hyperbolic plugs. This raises the
following question: given an Anosov vector field X on a closed three-manifold M , are there only
finitely many tori (up to isotopy) embedded in M and transverse to X ? Unfortunately, we shall
prove that this is not the case:

3They asked the following questions. Does there exists examples of manifolds, with a JSJ decomposition con-
taining more than one hyperbolic piece, supporting transitive Anosov or pseudo-Anosov flows ? Does there exists
examples of manifolds, with both hyperbolic and Seifert pieces in their JSJ decomposition, supporting transitive
Anosov or pseudo-Anosov flows ?
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Theorem 1.15. There exists a transitive Anosov vector field Z on a closed orientable three-
manifold M , such that there exist infinitely many pairwise non-isotopic tori embedded in M and
transverse to Z.

Roughly speaking, Theorem 1.15 implies that there is no possibility of finding a “fully canonical”
maximal decomposition of any transitive Anosov vector field into hyperbolic plugs. In a forthcom-
ing paper ([BeBoYu]), we shall nevertheless prove that one can find a maximal decomposition of
any transitive Anosov vector field X into hyperbolic plugs, so that the maximal invariant sets of
the plugs are canonically associated to X . This is what we call the spectral-like decomposition for
transitive Anosov vector fields.

Homage

This work started in January 2012, as we were reading in a working group the beautiful paper [Br]
of Marco Brunella. It was during the same month that we learned the sad news of Marco’s death.
We dedicate this paper to his memory.

Part I

Proof of the gluing theorem 1.5

2 Definitions and elementary properties

In this paper we consider non-singular vector fields on compact 3-manifolds.

2.1 Hyperbolic plugs

Definitions 2.1. All along this paper, a plug is a pair (V,X) where V is a compact three-
dimensional manifold with boundary, and X is a non-singular C1 vector field on V transverse
to the boundary ∂V . Given such a plug (V,X), we decompose ∂V as a disjoint union

∂V = ∂inV ⊔ ∂outV,

where X points inward (resp. outward) V along ∂inV (resp. ∂outV ). We call ∂inV the entrance
boundary of V , and ∂outV the exit boundary of V . If ∂outV = ∅, we say that (V,X) is an
attracting plug. If ∂inV = ∅, we say that (V,X) is a repelling plug.

If ∂V is non-empty, the flow of X is not complete. Every orbit of X is defined for a closed time
interval of R. The maximal invariant set Λ of X in V is the set of points x ∈ V whose forward
and backward orbits are defined forever; in an equivalent way, Λ is the set of points whose orbit is
disjoint from ∂V . The stable set W s(Λ) is the set of points whose forward orbit is defined forever.
Equivalently, W s(Λ) is the set of points whose forwards orbits accumulates on Λ, and is the set of
points whose positive orbit is disjoint from ∂outV . Analogously the unstable set Wu(Λ) is the set
of points whose backward orbit is defined forever; this negative orbit is disjoint from ∂inV .

Definition 2.2. All along the paper, we call hyperbolic plug a plug (V,X) whose maximal invariant
set Λ is hyperbolic with one-dimensional strong stable and strong unstable bundles: for x ∈ Λ, there
is a splitting

TxV = Es(x)⊕ RX(x)⊕ Eu(x)

which depends continuously on x, which is invariant under the derivative of the flow of X, and
there is a Riemannian metric on V so that the differential of the time one map of the flow of X
contracts uniformly the vectors in Es and expands uniformly the vectors in Eu.

We cannot recall here the whole hyperbolic theory. Let us just recall some elementary properties
from the classical theory of hyperbolic dynamical systems that we will use in the other section:

• for every x the strong stable manifold W ss(x) = {y ∈ V, d(Xt(y), Xt(x)) −→
t→+∞

0} is a C1 curve

through x tangent at x to Es(x). The strong unstable manifoldWuu(x) of x is the strong stable
manifold of x for −X .
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• the weak stable manifold W s(x) (resp. weak unstable manifold Wu(x)) of x is the union of
the stable manifolds (resp. unstable manifolds) of the points in the orbit of x. The weak
stable and weak unstable manifold of x ∈ Λ are C1 injectively immersed surface which depends
continuously on x. The weak stable (resp. unstable) manifold of x is invariant under the positive
(resp.negative) flow, and by the negative (resp. positive) flow for the times it is defined.

• Λ+ and Λ− are a 2-dimensional laminations W s(Λ) and Wu(Λ), whose leaves are the weak
stable and unstable (respectively) manifolds of the points of Λ. These laminations are of class
C0,1, i.e. the leaves are C1-immersed manifold tangent to a continuous plane field. Moreover,
these laminations are of class C1, in the case where the vector field X is of class C2 (see e. g.
[Has, Corollary 2.3.4]).

• The 2-dimensional laminations W s(Λ) and Wu(Λ) are everywhere transverse and the intersec-
tion W s(Λ) ∩Wu(Λ) is precisely Λ.

• The non-wandering set Ω(X) is contained in Λ. It is the union of finitely many transitive
hyperbolic sets called basic pieces of X . Every point in Λ belongs to the intersection of the
stable manifold of one basic piece with the unstable manifold of a basic piece.

• there is a C1-neighborhood U of X so that, for every Y ∈ U , the pair (V, Y ) is a hyperbolic
plug, and it is topologically (orbitally) equivalent to X : there is a homeomorphism ϕY : V → V
mapping the oriented orbits of Y on the orbits of X . Furthermore, for Y C1-close to X , the
homeomorphism ϕY can be chosen C0-close to the identity.

2.2 Separatrices, free separatrices, boundary leaves

We will now introduce some notions which are useful to describe more precisely the geometry of
hyperbolic sets of vectors fields on three-manifolds. These notions were introduced by the first two
authors in [BeBo].

Let (V,X) be a hyperbolic plug, and Λ be its maximal invariant set. One can embed V in a
closed manifold M and extend X on M , so that ∂inV is an exit boundary of a repelling region of
M and ∂outV is the entrance boundary of in attracting region ofM : now the flow of X is complete
and Λ a locally maximal hyperbolic set of X , with 1-dimensional strong stable and strong unstable
bundles. Furthermore V is now a filtrating set, that is the intersection of a repelling and an
attracting region of X . This allows us to use some notions/results that were defined/proved for
complete flows on closed three-manifolds.

Definitions 2.3. A stable separatrix of a periodic orbit O ⊂ Λ is a connected component of
W s(O) \ O. A stable separatrix of a periodic orbit O ⊂ Λ is called a free separatrix is it is
disjoined from Λ.

Remark 2.4. For x ∈ Λ, the weak stable manifold W s(x) is an injectively immersed manifold.

• If W s(x) does not contain periodic orbit, then W s(x) is diffeomorphic to the plane R2, and the
foliation of W s(x) by the orbits of flow of X is topologically equivalent to the trivial foliation
of R2 by horizontal lines.

• If W s(x) does not contain periodic orbit O, then O is unique, and every orbit of X on W s(x) is
asymptotic to O in the future. If the multipliers4 of O are positive, then W s(x) is diffeomorphic
to a cylinder, and O has two stable separatrices. If the multipliers of O are negative, thenW s(x)
is diffeomorphisc to a Möbius band, and O has only one stable separatrix. In any case, each
stable separatrix of O is diffeomorphic to a cylinder S1 ×R, and the foliation of this separatrix
by the orbits of X is topologically equivalent to the trivial foliation of S1 × R by vertical lines.

Remark 2.5. Let x be a point in Λ.

1. Each orbit of X on W s(x) cuts ∂inV in at most one point, and this point depends continuously
on the orbit. Thus, the connected components of W s(x) ∩ ∂inV are in 1-to-1 correspondence
with the connected components of W s(x) \ Λ.

4i.e. the eigenvalues of the derivative at p of the first return map of the orbits of X on a local section intersecting
O at a single point p
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2. Due to the dynamics inside each leafW s(x); one easily show that, for each connected component
C of W s(x) \ Λ, one has one of the two possible situation below:

• either there is a orbit O ∈ Λ ∩W s(x) so that C is a connected component of W s(x) \ O.
In that case, [BeBo, Lemma 1.6] proves that O is a periodic orbit, and C is a free stable
separatrix of O. In particular, C is diffeomorphic to a cylinder and the foliation of C by
the orbits of X is topologically equivalent to the trivial foliation of S1×R by vertical lines.
Since each orbit X of C cuts ∂inV at exactly one point which depends continuously on the
orbit, one deduces than C ∩ ∂inV is diffeomorphic to a circle;

• or there are two orbits O1, O2 ∈ Λ∩W s(x) so that C is a connected component of W s(x)\
(O1 ∪ O2); in other words, C is a strip bounded by O1 and O1 and the foliation of C by
the orbits of X is topologically equivalent to the trivial foliation of R2 by horizontal lines.
Since each orbit X of C cuts ∂inV at exactly one point which depends continuously on the
orbit, one deduces than C ∩ ∂inV is diffeomorphic to a line;

Definition 2.6. An unstable manifold Wu(x) is called a unstable boundary leaf if there is an open
path I cutting Wu(x) transversely at a point y and so that one connected component of I \ {y} is
disjoint from W s(Λ).

Remark 2.7. Lemma 1.6 of [BeBo] shows that the unstable boundary leaves are precisely the
unstable manifolds of the periodic orbits having a free stable separatrix. Moreover Lemma 1.6 of
[BeBo] shows that there are only finitely many periodic orbits in Λ having a free stable separatrices.
As an immediate consequence, there are only finitely many boundary leaves in Wu(Λ).

One defines similarly free unstable separatrices and the stable boundary leaves.

2.3 Entrance and exit laminations

Let (V,X) be a hyperbolic plug, Λ be its maximal invariant set, W s(Λ) and Wu(Λ) be the 2-
dimensional stable and unstable laminations of Λ respectively.

The vector field X is tangent to laminations W s(Λ) and Wu(Λ), and is transverse to ∂V . This
implies that the laminations W s(Λ) and Wu(Λ) are transverse to ∂V . As a consequence, each
leaf of these 2-dimensional laminations cuts ∂V along C1-curves, and the laminations W s(Λ) and
Wu(Λ) cut ∂V along 1-dimensional laminations. Thus

Ls =W s(Λ) ∩ ∂V =W s(Λ) ∩ ∂inV and Lu =Wu(Λ) ∩ ∂V =Wu(Λ) ∩ ∂outV

are 1 dimensional laminations. The aim of this section is to describe elementary properties of the
laminations Ls of ∂inV and Lu of ∂outV . More precisely:

Proposition 2.8. The laminations Ls and Lu satisfy the following properties:

1. The laminations contains finitely many compact leaves.

2. Every half leaf is asymptotic to a compact leaf.

3. Each compact leaf may be oriented so that its holonomy is a contraction.

Sketch of proof. Item 1 is a direct consequence of Remarks 2.5 and 2.7: the compact leaves of Ls

are in one-to-one correspondance with the free stable separatrices of periodic orbits, and there are
only finitely many such separatrices.

Consider a leaf γ of Ls. According to Remark 2.5, it corresponds to a connected component of
some W s(x) \ Λ which is a strip B bounded by two orbits O1 and O2 in Λ ∩W s(x). Consider the
unstable manifold Wu(Oi). These unstable leaves are boundary leaves of Wu(Λ). According to
Remark 2.7, it follows that O1 and O2 belong to the unstable manifolds of periodic orbits having a
free separatrix. Therefore the λ-lemma implies that B accumulates these free separatrices, and γ
accumulates on the corresponding compact leaves of Ls. Lemma 1.8 of [BeBo] makes this argument
rigorously for proving item 2.

Let us now explain item 3. Let γ0 be a compact leaf of Ls. Then γ0 is the intersection of ∂inV
with a free stable separatrix of a periodic orbit O0 ⊂ Λ. The leaves of Ls, in the neighborhood of
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γ0, are the transverse intersection of the weak stable manifolds of orbits which belong to Wu(O0).
Notice that Wu(O0) and ∂

inV are both transverse to the lamination W s(Λ). Furthermore, γ0 and
O0 are contained in the same leaf W s(O0) which is either a cylinder or a Mobius band.

• If W s(O0) is a cylinder then, γ0 and O0 are homotopic in the leaf W s(O0). Therefore the
holonomy of Ls along γ0 is conjugated the holonomy of the lamination induced by W s(Λ) on
Wu(O0). This holonomy is a contraction if one endows the orbit O0 with the orientation induced
by the vector field −X .

• IfW s(O0) is a Mobius band then, γ0 is homotopic (inW s(O0) to 2.O0 . Therefore the holonomy
of Ls along γ0 is conjugated to the square of the holonomy of the lamination induced by W s(Λ)
on Wu(O0): once again, this holonomy is a contraction if one endows the orbit O0 with the
orientation induced by the vector field −X .

Definition 2.9. A lamination (resp. a foliation) on a closed surface is called L a MS-lamination5

(resp. a MS-foliation) if it satisfies the following properties:

1. it has only finitely many compact leaves,

2. every half leaf is asymptotic to a compact leaf,

3. each compact leaf may be oriented so that its holonomy is a contraction.

Proposition 2.8 states that the entrance/exit laminations of a hyperbolic plug are MS-laminations.

Remark 2.10. If (V,X) is a hyperbolic attracting plug, then Ls is a foliation on ∂inV (and ∂outV
is empty). In particular, ∂V consists of some tori (and possibly some Klein bottles if V is not
orientable).

2.4 Connected component of the complement of the laminations

Let us start with a very general observation.

Definition 2.11. Let S be a closed surface and L be a 1-dimensional lamination with finitely
many compact leaves, and C be a connected components of S \ L. We call C a strip if it satisfies
the two following properties:

• C is homeomorphic to R2,

• the accessible boundary6 of C consists in exactly two non-compact leaves of L which are asymp-
totic two each other at both ends,

Otheriwse we say that C is an exceptionnal component of S \ L.

Lemma 2.12. Let S be a closed surface and L be a 1-dimensional lamination with finitely many
compact leaves. Then there are only finitely many exceptionnal components in S \ L.

Proof. There is a smooth Morse Smale vector field Z transverse to the lamination (one easily build
a continuous vector field transverse to the lamination; transversality is an open property; hence
one may perturb this vector field by to turn it into a smooth Morse-Smale vector field). Now, at
most finitely many connected component or S \ L may contain a singular point of Z or a whole
periodic orbit of Z.

If C is a component which does not contain any singular point and any periodic orbit, then
the dynamics of Z restricted to C does not contain any non-wandering point. Furthermore, by
transversality of Z with L (hence of the accessible boundary or C) any orbit reaching a small
neighborhood of ∂C goes out of C in a finite time. As a direct consequence, there is T > 0 so that
no orbit of Z|C is defined for a time interval of lenght larger than T . This implies that either C is
an annulus bounded by two compact leaves of L, or C is a strip (as definition 2.11).

5“MS” stands for “Morse-Smale”
6that is, the points in the boundary which are an extremal point of a segment whose interior is contained in C.
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2.5 The crossing map

We consider a hyperbolic plug (V,X). As usual, we denote by Λ the maximal invariant set of
(V,X), by Ls ⊂ ∂inV the entrance lamination of (V,X), and by Lu ⊂ ∂outV the exit lamination
of (V,X).

Definition 2.13. The positive orbit of any point x ∈ ∂inV \ Ls reaches ∂outV in a finite time
at a point Γ(x) ∈ ∂outV \ Lu. The map x 7→ Γ(x) will be called the crossing map of the plug
(V,X). Using the fact that the orbits of X are transverse to ∂V , one easily sees that Γ defines a
diffeomorphism from ∂inV \ Ls to ∂inV \ Ls.

Lemma 2.14. A connected component C of ∂inV \ Ls is a strip if and only if Γ(C) is a strip in
∂outV \ Lu.

Proof. Using the fact that Γ is a diffeomorphism, up to reversing the flow of X , one is reduced to
prove the following assertion: if C is a strip then Γ(C) is a strip.

Assume that C is a strip. First notice that Γ(C) is homeomorphic to C, hence to R2. It
remains to check that the accessible boundary consists in 2 leaves. For that purpose, one considers
a smooth vector field Z on ∂inV transverse to Ls and without singular point in C. Then the
orbits of Z restricted to the union of C with its accessible boundary induces a trivial foliation by
segments. Consider now the image of this foliation by Γ. This is a foliation of Γ(C). However, as
Z is transverse to the boundary of C which is contained in the stable manifold of the hyperbolic
set Λ, the λ-lemma (or a cone field argument) implies that Γ∗(Z) tends uniformly to the tangent
direction to the unstable lamination Lu when Γ(x) tends to the boundary of Γ(C).

Thus one gets a foliation on the closure of Γ(C); this implies that Γ(C) is a strip, concluding.

A very similar proof allows us to prove:

Lemma 2.15. A connected component C of ∂inV \ Ls is an annulus bounded by two compact
leaves (resp. a Mobius band bounded by one compact leaf) of Ls if and only if Γ(C) is an annulus
bounded by two compact leaves (resp. a Mobius band bounded by one compact leaf) of Lu.

2.6 Filling MS-lamination, and pre-foliation

If a hyperbolic plug can be embedded in an Anosov flow, the stable and unstable manifolds of its
maximal invariant set is a sub-lamination of the stable and unstable foliations, respectively. This
leads to restrictions on its stable and unstable laminations.

Definition 2.16. We say that a lamination L of a closed surface S is a pre-foliation if it can
be completed as a foliation of S. Notice that this implies that every connected component of S is
either the torus T2 or the Klein bottle K.

As a direct consequence of Proposition 2.8, Lemmas 2.12 and 2.14, one obtains:

Lemma 2.17. Let (V,X) be an hyperbolic plug. The lamination Ls is a pre-foliation if and only
if every exceptional component of ∂inV \ Ls is either an annulus or a Mobius band bounded by
compact leaves of Ls. Furthermore,

Ls is a pre-foliation if and only if Lu is a pre-foliation .

The components of ∂inV \Ls (resp. ∂outV \Lu) which are annuli or Mobius band will sometimes
lead to specific difficulties. For this reason we introduce a more restrictive notion:

Definition 2.18. A lamination L on a closed surface S is called a filling MS-lamination if:

• this is a MS-lamination (see definition 2.9),

• S \ L has no exceptional component (in other words, every connected component of S \ L is a
strip, see definition 2.11 and figure 1).

11



Figure 1: A filling MS Lamination

Lemma 2.19. Let L be a filling MS-lamination of a closed surface S. Then L is a prefoliation.
In particular, every component of S is either a torus T2 or a Klein bottle K. Furthermore, if F
is a foliation containing L as a sub-lamination, then F is a MS-foliation. Finally, two foliations
containing L as a sublamination are topologically conjugated.

Idea for the proof. One just need to foliate each connected component of the complement of L.
Such a component is strip bounded by two asymptotic leaves. There is a unique way to foliate
such a strip up to topological conjugacy.

Once again, as a consequence of Proposition 2.8 and Lemmas 2.12 and 2.14, one easily shows:

Lemma 2.20. Let (V,X) be a hyperbolic plug. The stable lamination Ls is a filling MS-lamination
if and only if ∂inV \ Ls has no exceptional component. The entrance lamination Ls is a filling
MS-lamination if and only if Lu is filling MS-lamination.

If Ls and Lu are filling MS-laminations, we will speak say that (V,X) is a hyperbolic plugs with
filling MS-laminations.

2.7 Hyperbolic plugs with pre-foliations and invariant foliation

Let (V,X) be a hyperbolic plug so that the entrance lamination LsX and the exit lamination LuX are
pre-foliations. The following lemma shows that every foliation on ∂outV transverse to Lu extends
to an X-invariant foliation of V containing W s(Λ) as a sublamination.

Lemma 2.21. Let F s be a foliation on ∂outV which is transverse to Lu. Then F s extends on V
in an invariant foliation Fs with two-dimensional leaves containing W s(Λ) as a sublamination. In
particular, Fs ∩ ∂inV is a foliation which extends Ls.

Proof. First notice that V \W s(Λ) is the (backwards) X-orbit of the set ∂outV . The X-orbits of
the leaves of F s are the leaves of a foliation Fs

0 of V \W s(Λ). The foliation Fs
0 is tangent to X

and therefore transverse to ∂inV . It induces a 1-foliation on ∂inV \ Ls.
Thus, it is enough to check that the leaves of Fs

0 tend to the leaves of W s(Λ). Notice that
a point in V \W s(Λ) in a very small neighborhood of W s(Λ) has its positive orbit which meets
∂outV at a point very close to Lu. Thus, for proving that Fs

0 extends by continuity by W s(Λ), it
is enough to consider the negative orbits through small segments of leaves of F s centered at points
of Lu.

Thus we fix ε > 0 and we consider the family of segments of leaves of F s centered at the points
of Lu. It is a C1-continuous family of segments parameterized by a compact set. We consider the
negative orbits by the flow of X of these segments. We need to prove that these orbits tends to
the stable leaves of Λ as the time tends to −∞. That is the classical λ-lemma.

Lemma 2.22. Every X-invariant C0,1 foliation F containing W s(Λ) as a sublamination induces
on ∂outV a one-dimensional foliation L transverse to Lu.
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Proof. As F is X-invariant, it is transverse to ∂outV . Thus it induces a one-dimensional foliation
L on ∂outV . Furthermore, as F is C0,1 and contains W s(Λ) which is transverse to Wu(Λ) along
Λ, one gets that F is transverse to Wu(Λ) in a neighborhood O of Λ. Now every point x of Lu

is on the orbit of X of a point in O. The X-invariance of both W s(Λ) and F implies that F and
Wu(Λ) are transverse at x. One deduces that L is transverse to Lu.

Thus, the 2-dimensional X-invariant foliations on V containing W s(Λ) as a sublamination are
in one to one correspondance with the 1-dimensional foliation on ∂outV transverse to Lu.

This shows in particular that V admits many invariant foliations. These foliations will help us
to recover the hyperbolic structure when we will glue the exit with the entrance boundaries. For
that we need to control the expansion/contraction properties of the crossing along the directions
tangent to these foliations. This is the aim of next lemma:

Lemma 2.23. Let Fs be an invariant C0,1-foliation on V containingW s(Λ), and let F sin denote the
intersection Fs ∩∂inV . Then the derivative Γ∗ of the crossing map contracts arbitrarily uniformly
the vectors tangent to F sin in small neighborhoods of Ls. More precisely, for every ε > 0 there is
δ > 0 so that, given any x ∈ ∂inV \ Ls with d(x,Ls) < δ, given any vector u ∈ Tx∂

inV tangent to
the leaf of F sin one has:

‖Γ∗(u)‖ < ε‖u‖.

Proof. The maximal invariant set Λ admits arbitrarily small filtrating neighborhoods. Recall that
Λ is hyperbolic so that the area on the center stable space Ecs(x) = Ess(x)⊕RX(x) is uniformly
contracted along the orbit of x ∈ Λ. Let Ecs(x), x ∈ V denotes the tangent plane to Fs. One
denotes by

Jst (x) =
∣∣Det

(
(Xt)∗|Ecs(x)

)∣∣

the determinant of the restriction to Ecs(x) of the derivative of the flow of X at the time t.
One deduces that there is a filtrating neighborhood U of Λ and 0 < λ < 1 so that

x ∈ U and t ≥ 1 ⇒ Jst (x) < λt < 1.

The proof consists now in noting that, for x ∈ ∂inV , close to Ls, the orbit segment joining x
to Γ(x) consists in a segment contained in U , whose length tends to infinity as x tends to Ls, and
two bounded segments: one joining x ∈ ∂inV to U , and one joining U to Γ(x) ∈ ∂outV .

The first and the last segments have a bounded effect on Jst , as their lengths are uniformly
bounded. One deduces that

Jsτ(x)(x) → 0 as x→ Λs,

where τ(x) is the crossing time of x (that is Γ(x) = Xτ(x)(x)).
Let u be the unit vector tangent to Ls at x ∈ Ls. The difficulty is that the vector Γ∗(u) is not

the image (Xτ(x))∗(u); the vector Γ∗(u) is the projection along X(y) on Ty∂
outV of (Xτ(x))∗(u),

where y = Γ(x) = Xτ(x)(x). In order to simplify the calculation let us choose a metric on V so
that X is orthogonal to ∂V and ‖X‖ = 1. With these notations, one gets

‖Γ∗(u)‖ = Jsτ(x)(x).

Thus ‖Γ∗(u)‖
‖u‖ tends to 0 as x→ Ls. This completes the proof.

2.8 Strongly transverse lamination

Consider an Anosov flow X on a closed 3-manifold M , and assume that two plugs (V1, X1) and
(V2, X2) are embedded in (M,X) so that a component S of ∂outV1 is also a component of ∂inV2.
Then the laminations Lu1 and Ls2 are not only transverse, they extend on S as two transverse
foliations (the unstable and stable foliation of X): not every two transverse filling MS-laminations
may extend as two transverse foliations. This difficulty leads to the following definition:

Definition 2.24. Let S be a compact surface and let L1 and L2 be two laminations on S. We say
that L1 and L2 are strongly transverse if

• L1 and L2 are transverse at every point of L1 ∩ L2
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• every connected component of S \L1 ∩L2 is a disc whose closure is the image of a square [0, 1]2

by an immersion which is a diffeomorphism on (0, 1)2, and so that [0, 1]× {0, 1} is mapped in
leaves of L1 and {0, 1} × [0, 1] is mapped in leaves of L2.

One can easily show the following lemma.

Lemma 2.25. If L1 and L2 are strongly transverse, they extend in transverse foliations. In
particular, L1 and L2 are pre-foliations.

2.9 Gluing vector fields

Let V1 and V2 be manifolds with boundary, S1 and S2 be unions of boundary components of ∂V1
and ∂V2, and X1 and X2 be vector fields on V1 and V2, transverse to S1 and S2 so that X1 goes
out V1 through S1 and in V2 through S2. Let ϕ : S1 → S2 be a diffeomorphism. Let V be the
quotient (V1 ∐ V2)/x ≃ ϕ(x).

Lemma 2.26. With the notation above there is a differential structure on V so that V is a smooth
manifold and there is a C1-vector field on V so that the restriction of X to Vi is Xi, i = 1, 2.

Proof : Just notice that the flow box theorem implies that there is a tubular neighbourhood Ui
of Si in Vi, and some coordinates (x, t) : U1 → Si × (−ε, 0] (resp. (x, t) : U2 → S2 × [0, ε)) so that,
in these coordinates Xi is the trivial vector field ∂

∂t
. ✷

Definition 2.27. Let X0 and X1 be two vector fields on the same compact 3-manifold with bound-
ary V , so that (V,X0) and (V,X1) both are hyperbolic plugs with filling MS-laminations. Let
ϕ0 : ∂outX0

V → ∂inX0
V and ϕ1 : ∂outX1

V → ∂inX1
V be strongly transverse gluing maps respectively for

(V,X0) and (V,X1). We say that (V,X0, ϕ0) and (V,X1, ϕ1) are strongly isotopic if there ex-
ists a continuous path (U,Xt, ϕt)t∈[0,1] of hyperbolic plugs with filling MS-laminations and strongly
transverse gluing maps.

Remark 2.28. If (V,X0, ϕ0) and (V,X1, ϕ1) are strongly isotopic, the structural stability of
hyperbolic plugs imples that (V,X0) and (V,X1) are topologically equivalent.

3 Gluing hyperbolic plugs without cycles

In this section, we consider two hyperbolic plugs (U,X) and (V, Y ). We also consider a union T out

of connected components of ∂outU , a union T in of connected components of ∂inV , and a gluing
map ϕ : T out → T in such that the lamination ϕ∗(LuX) is transverse to the lamination LsY . Then
we consider the manifold with boundary W := (X ⊔ V )/ϕ, and the vector field Z induced by X
and Y on W .

The aim of the section is to prove that (W,Z) is a hyperbolic plug (Proposition 1.1) and that
(W,Z) has filling MS-laminations provided that this is the case for (U,X) and (V, Y ) and provided
that ϕ is a strongly transevers egluing map (Proposition 1.3).

3.1 Hyperbolicity of the new plug: proof of Proposition 1.1

Proof of Proposition 1.1. The vector field Z is transverse to the boundary of W ; hence (W,Z) is
a plug. So we only need to check that the maximal invariant set of (W,Z) is a hyperbolic set.
Let ΛX , ΛY , ΛZ be the maximal invariant sets of (U,X), (V, Y ), (W,Z) respectively. Then ΛZ
is the union of ΛX , ΛY and the Z-orbit of the set ϕ∗(LuX) ∩ LsY . A classical consequence of the
hyperbolic theory asserts that the orbit of ϕ∗(LuX) ∩ LsY inherit of a hyperbolic structure, so that
the maximal invariant set on the vector field Z on U ⊔ϕ V is hyperbolic: for x ∈ ϕ∗(LuX)∩LsY , the
stable (resp. unstable) bundle at x is the direct sum of the line R.Y (x) (resp. R.(ϕ∗X)(x)) and
the line tangent to LsY (resp. ϕ∗(LuX)) at x.

The following simple observation (whose proof is left to the reader) will be used many times in
remainder of the paper:
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Proposition 3.1. The exit boundary of the plug (W,Z) is

∂outW = (∂outU \ T u) ∪ ∂outV.

Furthermore, the lamination LuW coincides with:

LuX on ∂outU \ T u, and with LuY ⊔ (ΓY )∗(ϕ∗(L
u
X) \ LsY ) on ∂

outV,

where ΓY is the crossing map of the plug (V, Y ).

3.2 Filling MS-laminations: proof of Proposition 1.3

In this subsection, we assume that the hyperbolic plugs (U,X) and (V, Y ) have filling MS-laminations,
and that ϕ is a strongly transverse gluing map.

Proof of Proposition 1.3. According to Lemma 2.20 it is enough to prove that LuZ is a filling MS-
lamination. For that we consider a connected component C of ∂outW \ LuZ .

If C ⊂ ∂outU \ T out, then C is a connected component of ∂outU \ LuX and therefore is a strip
bounded by two asymptotic leaves, ending the proof in this case.

According to Proposition 3.1, we can now assume that C ⊂ ∂outV . Furthermore, according to
Proposition 3.1, C is disjoint from LuY , so that one can consider Γ−1

Y (C):

• either Γ−1
Y (C) is contained in ∂inV \ T in. In that case Γ−1

Y (C) is a connected component of
∂inV \LsY so that C itself is a connected component of ∂outV \LuY . Thus is a strip bounded by
two asymptotic leaves, ending the proof in this case.

• or Γ−1
Y (C) is contained in T in.

Thus we are led to assume that Γ−1
Y (C) is contained in T in.

Lemma 3.2. Assume that Γ−1
Y (C) is contained in T in ⊂ ∂inV . Then Γ−1

Y (C) is a connected
component of T in \ (LsY ∪ ϕ(LuX)).

Proof. The set Γ−1
Y (C) is disjoint from Ls(Y ) because the range of Γ−1

Y is ∂inV \LsY . Proposition 3.1
implies that it is also disjoint from ϕ(LuX), as C is disjoint from Γ(ϕ(LuX)) ⊂ LuW . Therefore Γ−1

Y (C)
is contained in a connected component C1 of T in \ (LsY ∪ϕ(LuX )). Now ΓY (C1) is disjoint from LuZ
(Proposition 3.1) one deduces the other inclusion: ΓY (C1) ⊂ C.

Let C1 := Γ−1
Y (C). By definition of strongly transverse lamination, C1 is an immersed square

[0, 1]2 bounded by two segments γ1, γ2 (images of the horizontal segments [0, 1] × {0, 1}) in LsY
and two segments σ1, σ2 in ϕ∗(LuX) (images of the vertical segments {0, 1} × [0, 1]). Notice that
Li = ΓY (σi), i = 1, 2, is a leaf of LuW contained in the accessible boundary of C. We will see that
L1 and L2 are asymptotic on both sides. More precisely:

Lemma 3.3. With the notation above, that there is a foliation on C ∪ L1 ∪ L2 whose leaves are
segments with one end point in L1 and the other end point on L2. Furthermore, the length of the
leaves tends to 0 when one of their endpoints tends to one end Li.

Proof. According to Lemma 2.21 applied to (V, Y ), there is an Y -invariant foliation Fs on V
containing W s(ΛY ) as a sub-lamination and so that the foliation Fs

out induced by Fs on ∂outV is
transverse to LuY . We denote by Fs

in the foliation induced by Fs on ∂inV . The lamination LsY is a
sublamination of Fs

in. In particular, the sides γ1 and γ2 are leaf segments of Fs
in. Unfortunately,

the foliation Fs
in may fail to be transverse to the segments σ1, σ2. However, since the transversality

is an open property, there is a neighborhood of γ1∪γ2 in C1 which is foliated by segments of leaves
of Fs

in with one endpoint on σ1 and the other endpoint on σ2. As a consequence, there is a foliation
G1 of C1, which coincides with Fs,in ∩ C1 on a neighborhood of γ1 ∪ γ2, so that the leaves of G1

are segments with one endpoint on σ1 and the other endpoint on σ2. The announced foliation is
ΓY (G1). Lemma 2.23 implies that the length of the leaves of this foliation tends to 0 when one of
their endpoints tends to one of the ends of ΓY (σi) = Li.

Lemma 3.3 implies that C is a strip whose accessible boundary consists in two leaves of LuZ
with are asymptotic to each other at both ends. This concludes the proof of Proposition 1.3.
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Foliation

Foliation

Figure 2: The crossing map ΓY : (C1, G1) → (C,ΓY (G1)).

4 Normal form

Given a hyperbolic plug (V,X) with filling MS-laminations, and a strongly transverse gluing map
ϕ0 : ∂

outV → ∂inV , the main purpose of the present section is to perturb (V,X) (within its
topological equivalence class) and the map ϕ0 (with its isotopy class of strongly transverse gluing
map) in order to get some foliations on ∂inV and ∂outV satisfying some nice properties. Our
perturbation uses Markov partition by disjoint rectangles. Such Markov partition exists if and
only if the hyperbolic set does not contain any attractor nor repeller. For this reason, we will need
to assume that the maximal invariant set of (V,X) does not contain attractors and repellors.

Definition 4.1. A hyperbolic plug (V,X) is called a saddle hyperbolic plug, if the maximal in-
variant set of (V,X) does not contain attractors, nor reppellors.

More precisely, we will prove the following proposition:

Proposition 4.2. Let (V,X) be a saddle hyperbolic plug with filling MS-laminations, endowed
with a strongly transverse gluing map ϕ0 : ∂

outV → ∂inV . Then there exists a vector field Y on V
arbitrarily C1-close to X and a map ϕ1 : ∂outX V → ∂inX V with the following properties.

• (V, Y ) is a hyperbolic plug, ϕ1 is a strongly transverse gluing map for (V, Y ), and (V, Y, ϕ1) is
strongly isotopic to (V,X, ϕ0) (definition 2.27). We denote by ΛY the maximal invariant set of
(V, Y ).

• There exist smooth Y -invariant foliations Gs and Gu on V , so thatW s(ΛY ) is a sublamination of
Gs and Wu(ΛY ) is a sublamination of Gu. We denote by Gsin Gsout, G

u
in, and Guout the intersection

of Gs and Gu with ∂inV and ∂outV .

• For each compact leaf of Guout and of Gsin the holonomy is conjugated to a homothety.

• The image of Guout by ϕ1 is transverse to Gsin.

Appart from proving this proposition, we will also establish some bound of the rate of contrac-
tion/expansion of the crossing map (see Lemma 4.14), and build specific invariant neighborhoods
of the maximal invariant set of (V,X), called adapted neighborhoods.

4.1 Linear model for the vector field X

If Λ is a locally maximal hyperbolic set without attractors and repellers for a vector field in
dimension 3, then Λ admits a transverse cross section Σ. Moreover, the first return map on Σ
admits a Markov partition by disjoint rectangles contained in Σ, so that Σ ∩ Λ is the maximal
invariant set of the union of the rectangles (see for instance [BeBo]). One can refine such a Markov
partition by considering intersection of the rectangles with their (positive or negative) images
under the first return map. Iterating the process the diameters of the rectangles can be made
arbitrarily small. When the diameters are small enough the restrictions of the first return map to
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the rectangles are almost affine; by a classical argument one can perform a C1-small perturbation
of the vector field so that the first return map becomes affine on each rectangles, preserving the
vertical and horizontal foliations. This proves to the following lemma:

Lemma 4.3. Let (V,X) be a saddle hyperbolic plug and ΛX its maximal invariant set. There
is an arbitrarily small C1 perturbation Y of X, topologically equivalent to X, admitting an affine
Markov partition, that is:

• a Markov partition consisting in smooth disjoint rectangles,

• the boundary of each rectangle is disjoint from ΛY ,

• every orbit of ΛY meets the union of the interior of the rectangles,

• there are coordinates on the rectangles so that the first return map preserves the horizontal and
vertical foliations defined by these coordinates and is affine on each rectangle.

.

Lemma 4.3 motivates the following definition:

Definition 4.4. An affine plug is a saddle hyperbolic plug admitting an affine Markov partition
by disjoint rectangles.

Remark 4.5. For an affine plug, the holonomy of each compact leaf of the entrance (resp. exit)
lamination Ls (resp. Lu) is an affine contraction, i.e. an homothety.

As Y can be chosen arbitrarily C1-close to X , the laminations (ϕ0)∗(L
u
Y ) and LsY are still

strongly transverse. Thus (V, Y, ϕ0) is still a saddle hyperbolic plug endowed with a strongly
transverse gluing diffeomorphism.

By pushing along the flow the vertical and horizontal foliations of the rectangle of an affine
Markov partition, one gets a pair of invariant foliations which extend the stable and unstable
laminations of the maximal invariant set. More precisely:

Lemma 4.6. Let (V, Y ) be an affine plug with maximal invariant set Λ. There is an invariant
neighborhood U0 of Λ endowed with two smooth invariant 2-dimensional foliations Fs and Fu so
that

• Fs and Fu are transverse to each other,

• Fs and Fu are both transverse to ∂V = ∂inV ∪ ∂outV ,

• the leaves of the laminations W s(Λ) and Wu(Λ) are leaves of Fs and Fu, respectively.

Let U in0 and Uout0 denote the intersections of U with ∂inV and ∂outV respectively. By transversality,
Fs and Fu induce :

• two smooth transverse 1-dimensional foliations Ws
in,W

u
in on U in0 , so that Ls is a sublamination

of Ws
in,

• two smooth transverse 1-dimensional foliations Ws
out,W

u
out on Uout0 , so that Lu is a sublamina-

tion of Wu
out.

Furthermore, one can choose the foliations Fs and Fu so that the only compact leaves of Ws
in and

Wu
out are those of the laminations Ls and Lu, and their holonomies are homotheties.

Proof. The neighborhood U0 is just the union of the orbits of Y intersecting the rectangles of an
affine Markov partition of Λ. The foliation Fs and Fu are obtained by saturating by the flow of
Y the vertical and horizontal foliations of the rectangles.
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4.2 Local linearization of the gluing map

The aim of this section is to prove the following result, which provides a kind of “normal form”
for the gluing map of an affine plug in a neighborhood of the intersection of the laminations of the
boundary.

Proposition 4.7. Let (V,X) be an affine plug with maximal invariant set Λ, so that the entrance
lamination Ls and the exit lamination Lu of (V,X) are prefoliations. Let ϕ0 : ∂

outV → ∂inV
be a diffeomorphism so that ϕ0,∗(L

u) and Ls are strongly transverse. Let U0 be an invariant
neighborhood of Λ endowed with two smooth foliations Fs and Fu as given by Lemma 4.6. Let U in0
and Uout0 be the intersections of U with ∂inV and ∂outV . Observe that these are neighbourhoods of
the laminations Ls and Lu in ∂inV and ∂outV respectively. Let Ws

in, W
u
in, W

s
out and Wu

out be the
foliations induced by on Fs and Fu on U in0 and Uout0 .

There exists a diffeomorphism ϕ and an invariant neighborhood U ⊂ U0 of Λ so that:

• ϕ∗(Lu) and Ls are strongly transverse;

• the foliations ϕ∗(Ws
out) and ϕ∗(Wu

out) coincide with Ws
in and Wu

in on ϕ(Uout) ∩ U in.

• ϕ is isotopic to ϕ0 among strongly transverse gluing maps.

The proof of the proposition uses the following technical lemma:

Lemma 4.8. Let D be a compact disc of dimension 2 endowed with 3 smooth foliations F ,G, and
H. Assume that F is transverse to both G and H. Let K and L be sublaminations of F and H
respectively. One assume that K and L have empty interior, and that K ∩ L is disjoint from the
boundary ∂D.

Then there is a smooth isotopy (ψt)t∈[0,1] of diffeomorphisms of D with the following properties:

• ψ0 = id

• ψt coincides with the identity map in a neighborhood of ∂D for every t,

• ψt preserves each leaf of F for every t,

• ψ1(H) coincides with G in a neighborhood of K ∩ ψ1(L).

Proof. First observe that any diffeomorphism coinciding with the identity close to ∂D and pre-
serving every leaf of F is isotopic to the identity inside the set of diffeomorphisms preserving each
leaf of F : to prove this fact, one just need just consider a barycentric isotopy along the leaves.
Therefore, we only need to build the diffeomorphism ψ1.

Using the fact that K and L have empty interior, the intersection of every leaf of K with L is
totally discontinuous. As K has empty interior, one deduces that one cover K∩L by finitely many
pairwise disjoint rectangles, so that the vertical segments of these rectangles are segments of leaves
of F , the horizontal segments of these rectangles are segments of leaves of G, and the boundaries
of these rectangles is disjoint from K ∩ L. Fix such a rectangle R.

Let σ be a connected component of K ∩ R (note that σ is a vertical segment of R). One can
find an arbitrarily thin vertical subrectangle Rσ of R containing σ, so that the vertical sides of
Rσ are disjoint from K. Any connected component of the intersection of a leaf of L with Rσ
is disjoint from the horizontal boundary of Rσ, and “crosses Rσ horizontally” intersecting every
vertical segment of Rσ. If Rσ is thin enough, then the same is true for a connected component of
the intersection of a leaf of H with Rσ in a neighbourhood of L ∩R (because H is tranverse to σ
and the horizontal boundary of Rσ is disjoint from L). Therefore one can find a diffeomorphism
ψσ supported in the interior of Rσ, preserving the vertical segments of R (i.e. the leaves of F),
and so that any connected component of Rσ with a leaf H is mapped on an horizontal segment of
Rσ (i.e. in a leaf pof G) in a neighborhood of L ∩Rσ. Now one can cover L ∩R by finitely many
disjoint such rectangles Rσi

and the announced diffeomorphism ψ1 is the product of the ψσi
’s.

We are now ready for proving the proposition.
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Proof of Proposition 4.7. We consider the foliations Ws
in, W

u
in, ϕ0(Ws

out), and ϕ0(Wu
out) defined

by Lemma 4.6 on some neighborhoods U in0 ⊂ ∂inV and Uout0 ⊂ ∂outV of Ls and Lu respectively.
Since (V,X) is a saddle hyperbolic plug, the laminations Ls and Lu have empty interior. By

assumption, the laminations ϕ0(L
u) and Ls are (strongly) transverse to each other. One deduces

that the intersection ϕ0(Lu) ∩ Ls is totally discontinuous compact subset of the surface ∂inV .
Therefore ϕ0(Lu) ∩ Ls can be covered by the interior of a finite union of disjoint arbitrarily small
compact discs Di’s.

As the laminations ϕ0(Lu) and Ls are (strongly) transverse, there is a neighborhood O of
ϕ0(Lu)∩Ls on which the foliations ϕ0(Wu

out) and Ws
in are transverse. By shrinking O if necessary,

one may assume that O ⊂ ϕ0(Uout0 )∩U in0 . We choose the discs Di’s small enough so that they are
contained in O.

According to Lemma 4.8 for each of the disc Di there is a diffeomorphism ϕi supported in the
interior of Di, preserving each leaf of Ws

in (and isotopic to the identity through diffeomorphisms
preserving the leaves of Ws

in), and so that ψi(ϕ0(Wu
out)) coincides with Wu

in in the neighborhood
of ψi(ϕ0(Lu)) ∩ Di) ∩ Ls. Let ψin be the diffeomorphism of ∂inV coinciding with ψi on each Di

and with the identity out of the Di. Let ϕ1 := ψin ◦ ϕ0. Note that ϕ1(Wu
out) coincides with Wu

in

in the neighborhood of ϕ1(Lu) ∩ Ls. So we got half of the conclusion. Now, we need now to push
ϕ0(Ws

out) on Ws
in without destroying what has been done.

For that purpose, we consider the foliations Ws
out, W

u
out, ϕ

−1
1 (Ws

in) and ϕ
−1
1 (Wu

in). Notice that
Wu
out and ϕ

−1
1 (Wu

in) coincide in a neighborhood O1 of Lu∩ϕ−1
1 (Ls), where the foliations Ws

out and
ϕ−1
1 (Ws

in) are transverse. We cover Lu ∩ϕ−1
1 (Ls) by a family of disjoint discs ∆j contained in O1,

and with boundary disjoint from Lu∩ϕ−1
1 (Ls). We apply Lemma 4.8 with F = Wu

out = ϕ−1
1 (Wu

in),
G = Ws

out and H = ϕ−1
1 (Ws

in). This provides a diffeomorphism denoted (ψout)−1, supported in the
union of the interiors of the discs ∆j keeping invariant each leaf of ϕ−1

1 (Wu
in) and sending ϕ−1

1 (Ws
in)

on Ws
out, in a small neighborhood of (ψout)−1(ϕ−1

1 )(Ls) ∩ Lu. Notice that (ψout)−1(ϕ−1
1 (Ws

in)) =
ϕ−1
1 (Ws

in) = Wu
out. The desired diffeomorphism is ϕ := ϕ1 ◦ ψout = ψin ◦ ϕ0 ◦ ψout.

4.3 Adapted neighborhoods

In the reminder of the section, we consider an affine saddle plug (V,X), a strongly transverse
gluing map ϕ : ∂outV → ∂inV , an invariant neighborhood U of the with maximal invariant set Λ of
(V,X), and some transverse foliations Fs and Fu on U containing respectivelyW s(Λ) and Wu(Λ)
as sublaminations. We set U in := U ∩∂inV and Uout := U ∩∂outV . We denote by Ws

in, W
u
in, W

s
out

and Wu
out the foliations induced by on Fs and Fu on U in and Uout. We assume that these objects

satisfy the conclusion of Proposition 4.7, i.e. we assume that the foliations ϕ∗(Ws
out) and ϕ∗(Wu

out)
coincide with Ws

in and Wu
in on ϕ(Uout) ∩ U in. Recall that U in := U ∩ ∂inV is a neighborhood of

Ls. Hence U in contains all but finitely many elements of the connected components of ∂inV \ Ls.

Definitions 4.9. A in-square is a disc C ⊂ ∂inV with the following properties

• the boundary ∂C is contained in U in,

• ∂C consists in exactly four segments: two segments of leaves of Ws
in and two segments of leaves

of Wu
in,

• there is a diffeomorphism from C to [0, 1]2 so that, on a neighbourhood of the boundary of C,
this diffeomorphisms maps Ws

in and Wu
in on the horizontal and vertical foliations of [0, 1]2.

A compact neighborhood U in1 ⊂ U in of Ls will be called an adapted neighborhood of Ls if, for any
connected component C of the complement of Ls, the complement C \U in1 is either empty or is the
interior of a in-square.

As Ls is a filling MS-lamination one easily proves:

Lemma 4.10. The lamination Ls admits a basis of adapted neighborhoods: every neighborhood of
Ls in ∂inV contains an adapted neighborhood.

One defines analogously adapted neighborhoods of Lu, and proves that Lu admits a basis of
adapted neighborhoods.
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4.4 The crossing map

Recall that, for every point x in ∂inV \ Ls, the positive orbit of x exits V at a point Γ(x) of
∂outV \ Lu. The map Γ: ∂inV \ Ls → ∂outV \ Lu is a diffeomorphism called the crossing map of
(V,X) (see subsection 2.5). The invariance (under the flow of X) of the neighbourhood U and the
foliations Fs and Fu imply that

Γ(U in \ Ls) = Uout \ Lu Γ∗(W
s
in) =W s

out Γ∗(W
u
in) =Wu

out.

One easily deduces the next two lemmas:

Lemma 4.11. If V in ⊂ U in is an adapted neighborhood of Ls, then Γ(V in) ∪ Lu is an adapted
neighborhood of Lu.

Definition 4.12. An invariant neighborhood V of Λ will be called an adapted neighborhood of Λ
if both V in = V ∩∂inV and Vout = V ∩∂outV are adapted neighborhoods of Ls and Lu respectively.

Lemma 4.13. Let Gsin and Guin be smooth transverse foliations on ∂inV , which coincide respec-
tively with W s

in and Wu
in on an adapted neighborhood of Ls. Then Gsin and Guin extend to smooth

transverse X-invariant foliations Gs and Gu in V , which coincide with Fs and Fu respectively on
a neighborhood of Λ. As a consequence, Γ∗(Gsin) and Γ∗(Guin) extend on ∂outV to smooth transverse
foliations Gsout and Guout which coincide withW s

out andW
u
out respectively on an adapted neighborhood

of Lu.

The following lemma shows that the crossing map is “ as strongly hyperbolic as we want” in
small neighborhoods of Ls:

Lemma 4.14. Given any λ > 1, there is an adapted neighborhood U inλ of Ls so that, for x ∈ U inλ \Ls

the crossing map Γ expands vectors tangent to the leaves of Wu
in by larger than λ, and contracts

vectors tangent to the leaves of Ws
in by a factor smaller than λ−1.

Proof. It is a direct consequence of Lemma 2.23. Let us just recall the idea. For every point
x ∈ ∂inU \ Ls close enough to Ls, the positive orbit goes in finite time in a small neighborhood
of the hyperbolic set ΛX , then spends an arbitrarily large interval of time close to ΛX , and then
reaches ∂outU in a finite time. Therefore it is enough to choose the adapted neighborhood U inλ
small enough for getting the desired strength of hyperbolicity for the crossing map.

4.5 Modifying the gluing map to get some tranversality

Let Gs and Gu be a choice of smooth transverse X-invariant foliations given by Lemma 4.13. We
denote by Gsin,G

u
in,G

s
out,G

u
out the one-dimensional foliations induced by Gs and Gu on ∂inV and

∂outV respectively. According to Proposition 4.7, we can (and we do) assume that there exists
an invariant neighbourhood U of Λ so that ϕ∗(Gsout) and ϕ∗(Guout) coincide with Gsin and Guin on
ϕ(Uout)∩U in. Up to shrinking U , we may (and we do) assume that U is an adapted neighbourhood.

Lemma 4.15. There is a map ϕ1 : ∂outV → ∂inV , isotopic to ϕ and coinciding with ϕ on an
adapted neighborhood of the exit lamination Lu, so that (ϕ1)∗(Guout) is tranvsverse to Gsin.

Remark 4.16. The map ϕ1 is a strongly transverse gluing map since it coincides with ϕ on an
adapted neighborhood of Lu. Moreover, ϕ1 is isotopic to ϕ inside the set of strongly transverse
gluing maps.

We start the proof of Lemma 4.15 by a very general lemma:

Lemma 4.17. Let F and G be smooth foliations of the square C = [0, 1]2 so that [0, 1] × {0, 1}
consists in leaves of F and {0, 1} × [0, 1] consists in leaves of G, and F and G are transverse in
a neighborhood of the boundary ∂C. Then there is a smooth diffeomorphisms ψ of C equal to the
identity map in a neighborhood of ∂C so that ψ(G) is transverse to F .

Proof. The hypothesis imply that each of the foliations F and G are smoothly conjugated to trivial
foliations, so that we may assume that F is the horizontal foliation {[0, 1]×{t}}t∈[0,1]. Now, there
is a foliation H on C, transverse to the leaves of F and coinciding with G in a neighborhood of ∂C
and having the same holonomy from {0} × [0, 1] → {1} × [0, 1] as G.

The foliations G and H are smoothly conjugated by a diffeomorphism ψ which coincide with
the identity close to ∂C, concluding.
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Proof of Lemma 4.15. The proof consist in 3 steps:

Claim 4.18. There is a diffeomorphism ψin : ∂inV → ∂inV which coincides with the identity map
on a neighborhood of Ls, and so that (ψin ◦ ϕ)∗(Lu) is transverse to Gsin.

Proof. We have assumed that there exists an adapted neighbourhood U of Λ so that ϕ∗(Gsout) and
ϕ∗(Guout) coincide with Gsin and Guin on ϕ(Uout) ∩ U in. Hence, ϕ(Lu) is already transverse to Gsin
on U in. So it is enough to consider a connected component R of ∂inV \ U in. Since U in is an
adapted neighbourhood of Ls, R is an in-rectangle : the restrictions to R of Gsin and Guin are the
trivial horizontal and vertical foliations of R. Moreover ϕ∗(Lu) ∩ R is a lamination coinciding
with Guin in a neighbourhood of ∂R, and each leaf of ϕ∗(Lu) ∩ R is a segment joining the bottom
horizontal segment to the top horizontal segment of ∂R. A similar proof to the one of Lemma 4.15
proves the existence of a diffeomorphism ψinR equal to the identity in a neighborhood of ∂R and
so that (ψinR ◦ ϕ)∗(Lu) ∩ R) is transverse in R to Gsin. The announced diffeomorphism ψin is the
product of the diffeomorphisms ψinR1

, . . . , ψinRn
associated to the connected components R1, . . . , Rn

of ∂inV \ U in.

Let ϕ1 := ψin ◦ ϕ. Notice that ϕ1 is isotopic to ϕ through strongly transverse gluing diffeo-
morphisms. Moreover, there is an adapted neighbourhood V ⊂ U of Λ so that (ϕ1) ∗ (Gsout) and
(ϕ1)∗(Guout) coincide with Gsin and Guin on ϕ1(Vout) ∩ V in.

Claim 4.19. There is ψout : ∂outV → ∂outV which is the identity map in a neighborhood of Lu,
and so that (ϕ1 ◦ ψout)−1

∗ (Ls) is transverse to Guout.

Proof. The proof is identical to the one of the first claim, reversing the flow of X .

Now we set ϕ2 := ϕ1 ◦ ψout. Then ϕ2 is isotopic to ϕ through strongly transverse diffeo-
morphisms, (ϕ2)∗(L

u) = (ϕ1)∗(L
u) is transverse to Gsin, and (ϕ2)∗(G

u
out) is transverse to Lsin.

So Gsin and ϕ2(Guout) may fail to be transverse only in the interior of connected component of
∂inV \ Ls ∪ (ϕ2)∗(Lu). As Ls and (ψ2)∗(Lu) are strongly transverse, the closure of each compo-
nent of ∂inV \ (Ls∪ (ψ2)∗(Lu)) is a square having two sides on leaves of Ls and two sides on leaves
of (ψ2)∗(Lu)). One concludes by applying Lemma 4.17 in each of these squares with F = Gsin and
G = (ϕ2)∗(Guout), which completes the proof.

Proof of Proposition 4.2. It suffices to put together Lemma 4.3, Lemma 4.6, Proposition 4.7 and
Lemma 4.15.

Definition 4.20. The return map Θ : ∂inV → ∂outV associated to (V,X, ϕ1) is obtained by
composing the crossing map Γ and the gluing map ϕ1 :

Θ := ϕ1 ◦ Γ.

Note that, if ϕ1 satisfies the conclusion of Lemma 4.15, then the foliation Θ∗(Guin) and Gsin are
tranvserse:

Θ∗(G
u
in)⌢| G

s
in.

5 Perturbation of the return map and proof of Theorem 1.5

The aim of this section is to prove of Theorem 1.5 and Proposition 1.6.
All over the section, we consider a saddle hyperbolic plug (V,X) with filling MS-laminations,

and a strongly transverse gluing map ϕ : ∂outV → ∂inV . We denote by Λ the maximal invariant
set of (V,X). Since (V,X) is a saddle hyperbolic plug, Λ does not contain attractors nor repellors.
We denote by Γ : ∂inV \Ls → ∂outV \Lu the crossing map of (V,X), and by Θ := ϕ◦Γ the return
map of X on ∂inV .

According to Proposition 4.2, we may (and we do) assume that V is endowed with a pair
of two-dimensional smooth X-invariant foliations Gs and Gu, transverse to ∂V and transverse
to each other, containing respectively W s(Λ) and Wu(Λ) as sublaminations. We denote by
Gsin,G

u
in,G

s
out,G

u
out the one-dimensional foliations induced by Gs and Gu on ∂inV and ∂outV re-

spectively. Recall that the entrance laminaition Ls and the exit lamination Lu are sublaminations
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of the Gsin and Guout respectively. Again by Proposition 4.2, we may (and we do) assume that the
holonomy of each compact leaf of Gsin and Guout is conjugated to a homothety, and that ϕ∗(Guout) is
transverse to Gsin.

5.1 Reduction of Theorem 1.5 to a perturbation of the return map Θ

Theorem 1.5 states that there exists a strongly tranverse gluing diffeomorphism ψ : ∂outV → ∂inV ,
which is isotopic to ϕ through strongly tranvserse gluing diffeomorphisms, and such that the vector
field induced by X on the closed manifold V/ψ is Anosov. As stated by the following lemma,
proving that Xψ is Anosov amounts to proving that its first return map Θψ := ψ ◦Γ is hyperbolic:

Lemma 5.1. Consider a strongly transverse gluing map ψ : ∂outV → ∂inV . Denote by Zψ the
vector field induced by X on the closed manifold V/ψ, and by Θψ := ψ ◦ Γ the return map of Zψ
on ∂inV . Assume that there exists two continuous cone fields Csin and Cuin on ∂inV so that:

• the cone fields Cuin and Csin are invariant under dΘψ and dΘ−1
ψ respectively, and the vector in Cuin

and Csin are uniformly expanded by dΘψ and dΘ−1
ψ respectively (for some riemannian metric);

• Cuin contains the direction tangent to Guin and the direction tangent to ψ∗(Guout), but it does
contain neither the direction tangent to Gsin nor the the direction tangent to ψ∗(Gsout);

• Csin contains the direction tangent to Gsin and the direction tangent to ψ∗(Gsout), but it does
contain neither the direction tangent to Guin nor the the direction tangent to ψ∗(Guout).

Then the vector field induced Zψ is Anosov.

Proof. By assumption, the maximal invariant set Λ of (V,X) does not contain attractors, nor
repellors. Therefore, Λ is transversally totally discontinuous, and we may consider a local section
Σ of Λ. By such, we mean that Σ is a collection of closed topological discs, Σ is tranvserse to X
(or equivalently, Zψ), the boundary of Σ is disjoint from Λ, and the interior of Σ intersects every
orbit of X in Λ. We denote by f the first return map of the orbit of X on Σ. We denote by GsΣ
and GuΣ the 1-dimensional foliations induced by Gs and Gu on Σ. Note that Σ can be chosen so
that it is contained in an arbitrarily small neighbourhood of Λ.

Every orbit of Zψ either is contained in Λ, or intersects ∂inV . Therefore, the interior of Σ∪∂inV
intersects every orbit of Zψ. We denote by fψ the first return map of the vector field Zψ on Σ∪∂inV .
By classical elementary arguments, proving that the vector field Zψ is hyperbolic (i.e. Anosov)
amounts to proving that fψ is hyperbolic. In order to prove that fψ is indeed hyperbolic, we will
construct some cone fields Cs and Cu on int(Σ) ∪ ∂inV , prove that Cu and Cs are invariant under
dfψ and df−1

ψ respectively, and that the vectors in Cu and Cs and uniformly expanded by dfψ and

df−1
ψ respectively.

By assumption, we already have some cone fields Cuin and Cuin on ∂inV . Moreover, Λ is a
hyperbolic set for X ; hence there exists some cone fields CuΣ and CsΣ on int(Σ) which are invariant
under df and df−1 respectively, and so that the vectors in CuΣ and CsΣ and uniformly expanded by
df and df−1 respectively. We may assume that these cone fields CuΣ and CsΣ respectively contain
the directions tangent to the foliations induced by Gu and Gs on Σ. We consider the cone fields Cu

and Cs on int(Σ)∪∂inV , which coincide with Cuin and Cuin on ∂inV and coincide with CuΣ and CsΣ on
int(Σ). In order to check that these cone fields satisfy the desired properties, we will decompose
the first return map fψ into four parts. Namely, we consider the restrictions of fψ to Σ ∩ f−1

ψ (Σ),

∂inV ∩ f−1
ψ (∂inV ), ∂inV ∩ f−1

ψ (Σ) and ∂inV ∩ f−1
ψ (Σ). We denote these restrictions by fψ,1, fψ,2,

fψ,3 and fψ,4 respectively.

• The map fψ,1 : Σ → Σ is nothing but the first return map f of the orbits of X on Σ (because
a segment of orbit of Zψ which does not cross ∂inV is a segment of orbit of Σ). Hence, CuΣ and
CsΣ are invariant respectively under dfψ,1 and df−1

ψ,1, and so that the vectors in CuΣ and CsΣ and

uniformly expanded respectively by dfψ,1 and df−1
ψ,1.

• The map fψ,2 : ∂inV → ∂inV is a restriction of the return map Θψ (namely, the restriction to
the set of points x such that the forward Zψ-orbit of x intersects ∂inV before intersecting Σ).
Hence our assumption ensures that Cuin and Csin are invariant under dfψ,2 and df−1

ψ,2 respectively,

and so that the vectors in Cuin and Csin and uniformly expanded by dfψ,2 and df−1
ψ,2 respectively.
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• Consider a neighbourhood U of Λ. Suppose that Σ is contained in a neighbourhood V of Λ so
that V is much smaller than U . Then, a segment of orbit of X starting at some point of ∂inV
and ending at some point of Σ will have to spend a very long time in U before hitting Σ. Hence
(using the same arguments as in the proof of Lemma 4.14), the vectors tangent to Guin (resp.
Gsin) will be expanded (resp. contracted) by a very large factor along this segment of orbit.
According to our assumptions, the cone fields Cuin contains the direction tangent to Guin but does
not contain the direction tangent to Gsin. Therefore, provided that the section Σ is contained in
a small enough neighbourhood of Λ, the derivative of fψ,3 : ∂inV → Σ will map the cone field
Cuin to an arbitrarily thin cone field around GuΣ (in particular, the image of Cuin will be contained
in CuΣ) and will expand uniformly the vectors in Cuin. Similarly, the derivative of f−1

ψ,3 will map
CsΣ inside Csin, and will expand uniformly the vectors in CsΣ.

• Similar arguments show that, provided that the section Σ is contained in a small enough
neighbourhood of Λ, the cone fields satisfy the desired properties with respect to the map
fψ,4 : Σ → ∂inV (here we use the fact that Cuin and Csin respectively contain the directions tan-
gent to ψ(Guout) and ψ(G

s
out), but do not contain the directions tangent to ψ(Gsout) and ψ(G

u
out).

The four points above show that, if Σ is contained in a small enough neighbourhood of Λ, then
the cone fields Cu and Cs are invariant under dfψ and df−1

ψ respectively, and so that the vectors in

Cu and Cs and uniformly expanded by dfψ and df−1
ψ respectively. In other words, the first return

map f is hyperbolic provided that Σ is small enough. Hence the vector field Zψ is Anosov.

The gluing map ψ : ∂outV → ∂inV (whose existence is claimed by theorem 1.5) will be obtained
as a composition ψ = ψin◦ϕ◦ψout, where ϕ is the original gluing map, ψin is a self-diffeomorphism
of the entrance boundary ∂inV and ψout is a self-diffeomorphism of the exit boundary ∂outV . The
diffeomorphisms ψin and ψout will be provided by the following proposition:

Proposition 5.2. Given any λ > 1 and ε > 0, there exists a diffeomorphism ψin : ∂inV → ∂inV
with the following properties:

• ψin coincides with the identity map on a neighborhood of the lamination Ls

• ψin preserves each leaf of the foliation Guin

• the foliation (ψin)−1
∗ (Gsin) is ε-C

1-close to the foliation Gsin

• the derivative of Γ ◦ψin expands vectors tangent to Guin by a factor larger than λ: for any vector
u tangent to a leaf of Guin, one has ‖(Γ ◦ ψin)∗(u)‖ > λ‖u‖.

Analogously, there exists a diffeomorphism ψout : ∂outV → ∂outV so that

• ψout coincide with the identity map on a neighborhood of the lamination Lu

• ψout preserves each leaf of the foliation Gsout

• the foliation ψout∗ (Guout) is ε-C
1-close to the foliation Guout

• the derivative of (Γ ◦ ψin)−1 expands vectors tangent to Gsout by a factor larger than λ: for any
unit vector u tangent to a leaf of Gsout, one has ‖(Γ ◦ ψout)−1

∗ (u)‖ > λ.‖u‖.

Proof of Theorem 1.5 assuming Proposition 5.2. Given λ > 1 and ε > 0, we consider the diffeo-
morphisms ψinλ,ε and ψoutλ,ε associated to λ, ε by Proposition 5.2. Then we consider the gluing map

ψλ,ε := ψinλ,ε ◦ ϕ ◦ ψoutλ,ε

the vector field Zλ,ε induced by X on the closed manifold V/ψλ,ε. Obverse that, since ψin and
ψout coincide with the identity on neighbourhoods of Ls and Lu respectively, ψinλ,ε is a strongly
tranverse gluing map which is isotopic to ϕ inside the set of strongly transverse gluing maps. We
want to prove that the vector field Zλ,ε is Anosov, provided that ε is small enough and λ is large
enough. So we are left to proving that the return

Θλ,ε := ψλ,ε ◦ Γ
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satisfies the hypotheses of Lemma 5.1, provided that ε is small enough and λ is large enough. For
technical reasons, it is convenient to introduce the map

Θ̂λ,ε := (ψin)−1 ◦Θλ,ε ◦ ψ
in = ϕ ◦ ψout ◦ Γ ◦ ψin,

and the foliations

Gsin,λ,ε := (ψinλ,ε)
−1
∗ (Gsin) and Guout,λ,ε = (ψoutλ,ε )∗(G

u
out).

Note that
(ψinλ,ε)

−1
∗ (Guin) = Guin and (ψoutλ,ε )∗(G

s
out) = Gsout

since ψinλ,ε preserves the foliation Guin and ψoutλ,ε preserves the foliation Guout by assumption.

The diffeomorphism ψoutλ,ε preserves each leaf of Gsout. We denote by hsout,λ,ε : ∂outV → ∂outV

the holonomy of the foliation Gsout between x and ψoutλ,ε (x).

Claim 5.3. The length of the segment of leaf of Gsout joining a point x to ψoutλ,ε (x) is bounded by a
constant is independent of ε, λ and x. As a consequence, the action of the holonomy hsout,λ,ε on
vectors tangent to Guout is uniformly bounded independently of ε and λ.

Proof. Recall that Lu is a filling MS-lamination, Lu is a sub-lamination of the foliation Guout, and
ψoutλ,ε is the identity map in a neighborhood Lu. Therefore, if x is not a fixed point of ψoutλ,ε , then

the points x and ψoutλ,ε (x) belong to the same segment of leaf of Gsout \ Lu. As Lu is a filling
MS-lamination, these segments have a uniformly bounded length, proving the first assertion. The
second assertion is a direct consequence from the first one and the fact that Gsout is a smooth
foliation.

Claim 5.4. The perturbed foliations Gsin,λ,ε and Guout,λ,ε tends to the non-perturbed foliations Gsin
and Guout when ε → 0 for the C1-topology. As a consequence, for ε small enough, the foliation

(Θ̂λ,ε)∗ε(Guin) = ϕ∗(Guout,λ,ε) is uniformly (in λ, ε) transverse to Gsin,λ,ε.

Proof. The first assertion is follows immediately from the definition of the foliations Gsin,λ,ε and

Guout,λ,ε, and from the properties of the maps ψin and ψout. The second assertion is an direct
consequence of the first one.

Claim 5.5. There exist some constants C > 0 and ε0 > 0 such that, for any λ > 1 and 0 < ε < ε0,
the return map Θ̂λ,ε expands uniformly the vectors tangent to Guin by a factor larger than Cλ, and

its inverse (Θ̂λ,ε)
−1 expands uniformly the vectors tangent to Gsin,λ,ε by a factor larger than Cλ.

Proof. Let u be a vector tangent to Guin = Guin,λ,ε. One writes

Θ̂λ,ε,∗(u) = ϕ∗ ◦ (ψ
out
λ,ε )∗ ◦ Γ∗ ◦ (ψ

in
λ,ε)∗(u).

See figure 3. By definition of the map ψinλ,ε,∗, one has

‖Γ∗ ◦ (ψ
in
λ,ε)∗(u)‖ > λ.‖u‖.

Furthermore, Γ∗ ◦ (ψinλ,ε)∗(u) is tangent to Guout. Thus we just need to see that the action of ψoutλ,ε

on the vectors tangent to Guout is bounded, independently of λ and ε (for ε smaller than some ε0).
Recall that hsout,λ,ε is the holonomy of the foliation Gsout between x and ψoutλ,ε (x). The foliation

Guout is transverse to Gsout, and ψ
out
λ,ε (G

u
out) is ε-C

1-close to Guout. In particular, there exists ε0 so that,

for 0 < ε < ε0, the foliation (ψoutλ,ε )∗(G
u
out) is uniformly (in λ and ε) transverse to the foliation Gsout.

Therefore, for v tangent to Guout, the ratio between ‖(hsout,λ,ε)∗(v)‖ and ‖(ψoutλ,ε )∗(v)‖ is bounded

independantly of λ, ε and v. Using the Claim 5.3, we conclude that Θ̂λ,ε expands uniformly the
vectors tangent to Guin by a factor larger than Cλ. See figure 3. The arguments are similar for the

action of the map (Θ̂λ,ε)
−1 on the vectors tangent to Gsin,λ,ε.
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Figure 3: The action of Θ̂λ,ε on a vector u tangent to Guin.

During the proof of claim 5.5, we have chosen ε0 so that the foliations ϕ∗(Guout,λ,ε) are uniformly
transverse to Gsin,λ,ε for ε ∈ [0, ε0] and λ > 1. Moreover, the foliation ϕ∗(G

s
out) is transverse to the

foliation Guin. This allows us to choose a continuous conefield Ĉuin on ∂inV so that Ĉuin contains the
direction tangent to the foliation Guin and the direction tangent to of the foliation ϕ∗(Guout,λ,ε) for

ε ∈ [0, ε0] and λ > 1, and so that Ĉuin does not contain neither the direction tangent to the foliation
Gsin,λ,ε for any ε ∈ [0, ε0] and λ > 1 nor the direction tangent to the foliation ϕ∗(Gsout). As a direct
consequence of Lemma 5.5 one gets:

Fact 5.6. For every ε ∈ [0, ε0], when λ→ ∞, the conefield Ĉuin is mapped by Γλ,ε in an arbitrarily

small cone field around Guout,λ,ε and the vectors in Ĉuin is expanded by an arbitrarily large factor.

As a consequence, there exists λ0 such that for every ε ∈ [0, ε0] and λ ≥ λ0, the conefield Ĉuin is

strictly invariant by Θ̂λ,ε and the vectors in that conefield are uniformly expanded by Θ̂λ,ε.

From now on, we fix ε ∈ [0, ε0] and λ ≥ λ0. We consider the cone field Cuin := ψinλ,ε(Ĉ
u
in). This

cone fields contains the direction tangent to the foliations

(ψinλ,ε)
−1
∗ (Guin) = Guin and (ψinλ,ε)

−1
∗ ϕ∗(G

u
out,λ,ε) = (ψλ,ε)∗(G

u
out),

and it does not contain the direction tangent to the foliations

(ψinλ,ε)
−1
∗ (Gsin,λ,ε) = Gsin nor (ψinλ,ε)

−1
∗ ◦ ϕ∗(G

s
out) = (ψλ,ε)∗(G

s
out).

Moreover, fact 5.6 implies that the conefield Cuin is strictly invariant by Θλ,ε and that the vectors
in Cuin are uniformly expanded by Θλ,ε (for the norm associated to the pullback under ψinλ,ε of
the initial riemannian metric). In other words, the cone field Cuin satisfies all the hypotheses of
Lemma 5.1 (for the return map Θλ,ε). The construction of a cone field Csin is completely similar.
So we can apply Lemma 5.1, which shows that the vector field Zλ,ε is Anosov.

Remark 5.7. There is a version of Theorem 1.5 where one does not glue the whole exit boundary
of a hyperbolic plug on the whole entrance boundary. More precisely, let (V,X) be a saddle
hyperbolic plug with filling MS-laminations (V,X). Let T in and T out be unions of connected
components of ∂inV and ∂outV respectively. Let ϕ : T out → T in be a map so that ϕ∗(Lu ∩ T out)
is strongly transverse to Ls ∩ T in. Exactly the same arguments as above allow to prove that there
is a vector field Y on V which is C1-close to X and map ψ : T out → T in, so that:

• (V,X, ϕ) and (V, Y, ψ) are strongly isotopic,

• if Zψ is the vector field induced by X on V/ψ, then (V/ψ, Zψ) is a hyperbolic plug.
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5.2 Perturbation of the return map Θ: proof of Proposition 5.2

This section is devoted to the proof of Proposition 5.2. We will only deal with the diffeomorphism
ψin : ∂inV → ∂inV . The construction of the diffeomorphismψout is analogous, up to reversing
flow).

Let us briefly present the construction of ψin. Fix ε > 0 and λ > 1. According to Lemma 4.14,
the crossing map Γ expands the vectors tangent to Guin by a factor at least λ on some neighborhood
of Ls. The image by Γ of such neighborhood is a neighborhood of Lu. Such a neighborhood contains
an adapted neighborhood, whose complement consists in finitely many in-square (see Lemma 4.10).
Our proof will consist in building the diffeomorphism ψin in one of these in-squares and to extend
it on the whole ∂inV by gluing it with the identity map by a bump function, using the fact that
the expansion of vectors tangent to Guin is arbitrarily large out of these in-squares.

As Ls is a filling MS-lamination, every connected component B of ∂inV \ Ls is a strip whose
accessible boundary consists in two non-compact leaves of Ls, which are asymptotic to each other
at both ends. Each end of B spirals around a compact leaf of Ls, with contracting linear holonomy
(see figure 4). Our construction will be divided in two steps.

• We will first build a diffeomorphism ψh of B, defined as the product of a diffeomorphism h
of a segment Iu of Guin leaf, by the identity map in the direction of the leaves of Gsin. The
diffeomorphisms ψh will have all the announced property, except that it will not coincide with
the identity close to the the boundary of S, so that it cannot be extended on the whole ∂inV .

• Then, we will “slow down” the diffeomorphism ψh close to the ends of B, in order to be able to
extend continuously ψh on ∂inV (so that the extension of ψh will coincide with the identity on
the complement of B).

The main difficulty is to manage to “slow down” ψh without distroying the hyperbolicity. A key
ingredient to do that will be the uniform control of distorsion of the holonomies of Gsin (this the
reason why we need the holonomy of Gsin along a compact leaf to be conjugated to a homothety).

B

Figure 4: A connected component of ∂inV \ Ls.

5.2.1 Distorsion control of the holonomies

Lemma 5.8. Let F be a MS-foliation of a compact surface S, so that the holonomy of each compact
leaf is conjugated to a homothety. Let L be a filling MS-sub-lamination of F . Let G be a smooth
foliation transverse to F .

Then there is C > 1 with the following property. Let I, J be two segments of G-leaves, whose
interiors are contained in a connected component B of S \ L, and whose end points are on the
boundary of B. Let HI,J be the holonomy of the foliation F from J to I. Then for every x, y ∈ J
one has:

C−1 <
DHI,J(x)

DHI,J(y)
< C
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An important point is that the constant C depends neither on the connected component B of
S \ L nor on the segments I, J .

Proof. First notice that the existence of such an announced constant C does not depend on the
metric on the surface S (only the value of C will depend on the metric). Therefore we may choose
a metric on S so that the holonomy of every compact leaf of F is a homothety. More precisely,
denote by γ1, . . . , γp the compact leaves of F . We choose a metric on S such that, for every
i ∈ {1, . . . , p}, there is a tubular neighborhood Ti of the compact leaf γi so that the fibers of the
tubular neighborhood are segments of leaves of G, and so that the holonomy map from any fiber
to any other fiber is a homothety.

Since L is a filling MS-lamination, every half-leaf of F spirals around some compact leaf. It
follows that the length of a segment of leaf of F which is disjoint from T1 ∪ · · · ∪ Tp is uniformly
bounded. As a consequence, there exists a constant ℓ with the following property. Given a con-
nected component B of S \L, and two segments I, J of G-leaves as in the statement of Lemma 5.8,
the holonomy map HI,J can be decomposed as

HI,J = HI,I1 ◦HI1,J1 ◦HJ1,J .

where I1, J1 are segments of G-leaves in γ of S \ L, and with endpoints on the boundary of γ so
that HI,I1 and HJ1,J are homotheties, and the holonomy HI1,J1 is along F -leaf segments of length
bounded by ℓ.

On the one hand, the distorsion of HI,J coincides with the distorsion of HI1,J1 (since HI,I1 and
HJ1,J are homotheties). On the other hand, the distorsion of HI1,J1 is uniformly bounded (because
the holonomies of the foliation F along segments of leaves of length bounded by ℓ have uniformly
bounded derivative). Hence, the distorsion of HI,J is uniformly bounded.

5.2.2 Building ψin on a large square

Definition 5.9. Let I be a compact segment of Guin-leaf contained in a connected component B of
∂inV \ Ls. Given h a diffeomorphism of I, so that the end points of I are flat fixed points for h.
We denote by ψh the unique diffeomorphism of B so that

• ψh is the identity out of the Gsin-saturation of I

• ψh preserves (globally) the foliation Gsin

• ψh preserves each leaf segment of Guin,

• the restriction of ψh to I is h.

The aim of this subsection is to prove the following result:

Proposition 5.10. Given any λ > 1 and any component B of ∂inV \ Ls there is a segment I of
Guin-leaf contained in B, and a diffeomorphism h : I → I o that the end points of I are flat fixed
points for h, and so that, for any vector u tangent to Guin at some point x ∈ B, one has :

‖(Γ ◦ ψh)∗(u)‖ > λ.‖u‖.

Porposition 5.10 announces a control of the expansion on unit vectors tangent to Guin at any
point x of a connected component B of ∂inV \ Ls. We start by getting such a control along one
lsegment of Guin-leaf crossing B:

Lemma 5.11. Let B be a component of ∂inV \ Ls, and σ be leaf of the restriction of Guin to B.
Fix any constant A > 1. Then, there is a diffeomorphism h : σ → σ, equal to the identity map out
of some compact part of σ, so that for every vector u tangent to Guin at some point x ∈ σ one has

‖(Γ ◦ ψh)∗(u)‖ > A.‖u‖.

Proof. Observe that σ is a interval of bounded length, and Γ(σ) is an entire leaf of Guout hence
isometric to R. Furthermore, according to Lemma 4.14, the rate of expansion of the crossing map
Γ for vector tangent to σ tends to infinity close to the ends of σ. Therefore Lemma 5.11 is a direct
consequence of the following general lemma (whose proof is left ot the reader).
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Lemma 5.12. Let φ : ]0, 1[→ R be a diffeomorphism whose derivative tends to +∞ when t tends
to 0 or 1. For any A > 1, there is a diffeomorphism φ̃ which coincides with φ in a neighborhood of
0 and of 1 and whose derivative is everywhere larger than A.

This completes the proof of Lemma 5.11

The following lemma allows to compare the rate of expansion of the map Γ ◦ ψh for vector
tangent to Guin at different points of ∂inV \ Ls.

Lemma 5.13. Let B be a connected component of ∂inV \ Ls and σ be leaf of the restriction of
Guin to B. There exists a constant ασ > 0 with the following property. For every diffeomorphism
h : σ → σ supported in a compact segment I ⊂ σ, and every vectors u, v tangent to Guin at some
points x, y ∈ B, such that x, y belong to the same leaf of Gsin and y ∈ σ, one has

‖(Γ ◦ ψh)∗(u)‖

‖u‖
> ασ

‖(Γ ◦ ψh)∗(v)‖

‖v‖
.

Proof. Denote σx the leaf of the restriction of Guin to B containing x. Observe that Γ(B) is a
connected component of ∂outV \ Lu, and Σ := Γ(σ) and Σx := Γ(σx) are two leaves of Guout
contained in Γ(B). We denote by Hσx→σ : σx → σ the holonomy of the foliation Gsin from σx to σ.
We denote by HΣ→Σx

: Σ → Σx the holonomy of the foliation Gsout from Σ to Σx.
By construction, the restriction of ψh to σx is conjugated to h by Hσx→σ. One deduces that

the restriction of Γ ◦ ψh to σx can be written as:

(Γ ◦ ψh)|σx
= HΣ→Σx

◦ (Γ ◦ ψh)|σ ◦Hσx→σ. (1)

The following lemma gives a uniform bound for the derivative of HΣ→Σx
:

Lemma 5.14. There exists a constant β > 1, such that the holonomy of the foliation Gsout between
two leaves of Guout in the same connected component ∂outV \ Lu has a derivative which is bounded
by β.

Proof. Just notice that Gsout is a smooth foliation, and that the segment of leaves of Guout contained
in ∂outV \ Lu have uniformly bounded length.

The following Lemma 5.13 gives a uniform lower bound for the derivative of HΣ→Σx
:

Lemma 5.15. There is a constant βσ > 0 so that, for every x ∈ B and any vector u tangent to
σx, one has

‖(Hσx→σ)∗(u)‖ > βσ.‖u‖.

Proof. The component B is a strip whose ends converge to compact leaves whose holonomies are
conjugated to homotheties. Lemma 5.8 asserts that the holonomy of the foliation Gsin between two
leaves of the restriction to γ of Guin have uniformly bounded distorsion C. As a consequence, for

every x ∈ B, the derivative on the holonomy Hσx,σ is larger than ℓ(σ)
C·ℓ(σx)

where ℓ is the length.

One concludes by noticing that the length ℓ(σx) is uniformly bounded, so that

inf
x∈γ

ℓ(σ)

C · ℓ(σx)
> 0.

Putting together equality (1), Lemma 5.14 and Lemma 5.15, one easily sees that the constant
ασ := βσ · β−1 satisfies the properties announced in Lemma 5.13. This completes the proof of
Lemma 5.13.

Proof of Proposition 5.10. One just needs to combine Lemma 5.11 and Lemma 5.13, with a con-
stant A larger than ασ.λ.
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5.2.3 Estimates for the derivative of ψh

Corollary 5.16. Let B be a connected component of ∂inV \ Ls and I be a segment of Guin-leaf
contained in B, and h be a diffeomorphism of I so that the end points of I are flat fixed points
for h. We consider the diffeomorphism ψh of B associated to h (see subsection 5.2.2). Let u be a
vector tangent to Guin at some point y ∈ B. Then:

C−1 inf
x∈I

|Dh(x)|.‖u‖ ≤ ‖Dψh(u)‖ ≤ C sup
x∈I

|Dh(x)|.‖u‖.

where C is the bound on the distorsion of the holonomy of foliation Gsin given by Lemma 5.8.

Proof. Let σy be the leaf through y of the restriction of Guin to B. Notice that the restriction of
ψh to σy is the conjugated of h by the holonomy of Gsin. According to Lemma 5.8, the distorsion
of this holonomy is bounded by C. This yields the desired estimates.

5.2.4 “Slowing down” the diffeomorphisms ψh close to the ends of the strip

Proposition 5.10 built diffeomorphism ψh of a connected component B of ∂inV \ Ls. Recall that
B is a strip bounded by two non-compact leaves of Ls which are asymptotic to each other at both
ends. Each end of the strip B spirals around a compact leaf of Ls. The diffeomorphism ψh coincides
with the identity outside of the Gsin-saturation of some compact interval I ⊂ B. Nevertheless, ψh
does not tend to the identity close to the ends of B. This is the reason why we need to “slow
down” ψh close to the ends of B.

We consider a compact leaf c of Ls (or equivalently of Gsin) contained in the closure of B (i.e.
there is one end of B spiraling around c). We orient c so that its holonomy is a linear contraction.
Recall that Guin is a smooth foliation transverse to Gsin. So, one can choose a smooth tubular
neighbourhood O of c so that:

• the boundary ∂O is transverse to Gsin,

• the fibers of O are segments of leaves of Gu.

We choose a parametrization of c by S1 = R/Z, so that the universal cover of O can be identify
with R × [−1, 1] where the lifts of the leaves of Guin are the segments {t} × [−1, 1]. For every
θ ∈ S1, and every t ∈ R, we will denote by Hθ,t the holonomy of the foliation Gsin from the fiber
σuθ = {θ} × [−1, 1] to the fiber σuθ+t = {θ + t} × [−1, 1]. More precisely, we choose a lift θ̄ of θ,
and we considers the holonomy of the lifted foliation Ḡsin from the fiber {θ̄} × [−1, 1] to the fiber
{θ̄ + t} × [−1, 1]; the projection of this holonomy does not depend on the lift θ̄. Notice that, for
every t > 0 and every θ, the holonomy Hθ,t is defined on the whole fiber, and is a contraction.

Lemma 5.17. Let C be the constant given by Lemma 5.8. Let I be a segment of Guin-leaf ocontained
in σuθ ∩ B. We denote by It the image of I by the holonomy Hθ,t. Let h be a diffeomorphism of
I so that the end points of I are flat fixed points of h. For every ε > 0, there is a diffeomorphism
ψ+ of γ, with the following properties:

• ψ+ preserves each leaf σu of Guin;

• ψ+ is equal to h on I;

• ψ+ is the identity out of the Gsin-saturation of I;

• ψ+ coincides with ψh outside O, and also coincides with ψh = H0,−thH
−1
0,−t on I−t for every

t > 0;

• for t > 0 large enough, ψ+ is the identity map on It;

• ψ+(Gsin) is ε-C
1-close to Gsin;

• the action of ψ+ on vectors tangent to Guin is controlled by the derivative of h; more precisely,
for every vector u tangent to Guin,

C−1 inf
x∈I

|Dh(x)|.‖u‖ ≤ ‖(ψ+)∗(u)‖ ≤ C · sup
x∈I

|Dh(x)|.‖u‖; (2)
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Proof. We consider the isotopy (ht)t∈[0,1] joining h to the identity by convex sum, i.e. ht(x)−x =
t(h(x)−x). Hence Dht(x)−1 = t·(Dh(x)−1). We consider a smooth decreasing map τ : R → [0, 1[
such that τ(t) = 1 for t < 0 and τ(t) = 0 for t large enough. We defined ψ+ as follows:

• ψ+ = ψh outside O,;

• ψ+ = Id outside the Gsin-saturation of I;

• ψ+ = Hθ,thτ(t)H
−1
θ,t on It.

One easily checks that this definition is coherent. The diffeomorphism ψ+ satisfies trivially all
the desired properties, except for the two last ones (the control of distance between the foliations
ψ+(Gsin) and Gsin, and the control of the action of the derivative of ψ+ on the vectors tangent to
the Guin-leaves).

To obtain proximity between the foliations ψ+(Gsin) and Gsin, one just needs to notice that:

• the C1-distance between ψ+(Gsin) and Gsin tends to 0 when sup
R
|Dτ(t)| tends to 0;

• we can choose the function τ so that sup
R
|Dτ(t)| is arbitrarily small.

So we are left to check the last property. For this purpose, we consider a vector u tangent to a
Guin-leaf at some point y ∈ B. Assume that the point y belongs to O. Hence, we have

‖(ψ+)∗(u)‖ = ‖(Htheta,t ◦ hτ(t) ◦H
−1
θ,t )∗(u)‖ =

‖DHθ,t(z2)‖

‖DHθ,t(z1)‖
.‖1 + τ(t) · (Dh(z1)− 1)‖.‖u‖

where z1 = H−1
θ,t (y) and z2 = h(z1). Using Lemma 5.8 and the fact that |τ(t)| is less than 1, this

yields to the desired inequality (2). If the point y is not in O, we get the inequality by similar (but
easier) arguments: indeed ψ+ = ψh outside O, and the restriction of ψh to a Guin is conjugated to
h by the holonomy of the foliation Gsin.

5.2.5 End of the proof of Proposition 5.2

Proof of Proposition 5.2. Fix λ > 1 and ε > 0. According to Lemma 4.14, there is an adapted
neighbourhood of U inλ of Ls in ∂inV , so that:

‖(Γ)∗(u)‖ ≥ λ.‖u‖ for every vector u tangent to Guin at some point x ∈ ∂inV \ U inλ . (3)

The set ∂inV \ U inλ is contained in finitely many connected components B1, . . . , Bm of ∂inV \ Ls.
Recall that each Bi is a strip bounded by two non-compact leaves of Ls which are spiraling (at
both ends) around some compact leaves of Ls.

For i = 1, . . . ,m, we consider a homeomorphism hi associated to λ and Bi by Proposition 5.10.
The map Γ ◦ ψhi

expands vectors tangent to Guin by a factor larger than λ:

‖(Γ ◦ ψhi
)∗(u)‖ ≥ λ.‖u‖ for every u tangent to Guin at some point x ∈ Bi. (4)

The only trouble is that ψhi
cannot be extended as a diffeomorphisms on the closure of Bi. To

overcome this problem, we will modify ψhi
on the ends of the strip Bi using Lemma 5.17.

Let m be a lower bound for the derivatives of all the hi’s. According to Corollary 5.16, there
exists a constant C such that, for every i,

‖(ψhi
)∗(u)‖ ≥ C−1m.‖u‖ for every u tangent to Guin at some point x ∈ Bi. (5)

Now, we use Lemma 4.10 and again Lemma 4.14 to get an adapted neighborhood U in ⊂ U inλ
of Ls so that:

‖(Γ)∗(u)‖ ≥ (λ · C2m−1).‖u‖ for every vector u tangent to Guin at some point x ∈ ∂inV \ U in.
(6)

By definition of adapted neighborhood, the complement of U in consists in finitely many in-
rectangles, and each connected component of ∂inV \Ls contains at most one of these in-rectangles.
We denote by Ri the in-rectangle contained in the strip Bi. The set ∂inV \ U inλ is contained in
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the interior of the union of the Ri’s. Up to fattening the in-rectangles Ri (that is, up to shrinking
the adapted neighbourhood U in) one may assume that the Guin-sides of the in-rectangle Ri are
contained in tubular neighborhoods of the compact leaves fo Ls in the closure of Bi.

Applying Lemma 5.17 to both the Guin-sides of the rectangle Ri, one gets a diffeomorphism ψi
of the strip Bi so that

• ψi preserves every leaf of the restriction of Guin to Bi;

• the restriction of ψi to the in-rectangle Ri is ψhi
;

• ψi coincides with the identity map out of a compact subset of Bi;

• ψi expands vectors tangent to Guin by a factor larger than C−2m:

‖(ψi)∗(u)‖ ≥ C−2m.‖u‖ for every u tangent to Guin at some point x ∈ Bi. (7)

• the C1-distance between the foliations (ψi)∗(Gsin) and Gsin is smaller than ε;

We consider the diffeomorphism ψin of ∂inV which coincides with ψi on the strip Bi and
conincides with the identity map out of the union of the Bi’s. Let us check that ψin satisfies all
the announced properties: it is the identity map on a neighborhood of Ls, preserves every leaf of
Guin, and (ψin)∗(Gsin) is ε-C

1-close to Gsin. It remains to control the action of derivative of Γ ◦ ψin

on vectors tangent to Guin.

• On ∂inV \
⋃
iBi, the diffeomorphism ψin coincides with the identity. Therefore, (3) and the

inclusion of ∂inV \
⋃
iBi in Uλ implies that Γ ◦ ψin expands vectors tangent to Guin by a factor

larger than λ.

• On Bi \U
in = Ri, the diffeomorphism ψin coincides with ψhi

. Therefore, (4) implies that Γ◦ψin

expands vectors tangent to Guin by a factor larger than λ.

• On Bi∩U in, the diffeomorphism ψin coincides with ψi. Therefore (6) and (7) imply that Γ◦ψin

expands vectors tangent to Guin by a factor larger than λ.

This conpletes the proof of Proposition 5.2 (and therefore also of Theorem 1.5).

5.3 Transitivity

The aim of this subsection is to prove Proposition 1.6.

Lemma 5.18. Every orbit of the Anosov flow given by Theorem 1.5 which is not contained in V
has its stable and unstable manifold cutting Lu and Ls, respectively.

Proof. This orbit cuts ∂outV so that its stable manifold contains a leaf of the foliation Gsout, whose
all leaves cut Lu.

Proof of Proposition 1.6. Lemma 5.18 implies that every orbit γ of the resulting Ansosov flow has
its stable (resp. unstable) manifold cutting transversely the unstable (resp. stable) manifold of a
basic piece of the maximal invariant set Λ in V . The combinatorial transitivity means that, after
gluing, all the basic pieces of Λ are related by a cycle, and hence belong to the same basic piece of
the Anosov flow. Now the stable and unstable manifolds of γ cut the unstable and stable manifold
of this basic piece of the Anosov flow, so that γ belongs to this basic piece. One deduces that the
whole manifold is a unique basic piece, which means that the flow is transitive.

Part II

Applications of the gluing theorem 1.5

6 MS-foliations and filling MS-laminations

The purpose of this section is to investigate the geometry of filling MS-laminations on closed
orientable surfaces. We will define the combinatorial types of a filling MS-lamination: these are

31



simple combinatorial objects encoding the orientations of the compact leaves of the lamination.
Then we will focus on the particular case of MS-foliations, and prove that every MS-foliation is
characterized up to topological equivalence by any of its combinatorial types. This result will play
a crucial role in the proofs of Theorems 1.8, 1.10, 1.12, 1.13.

All along this section, we will consider filling MS-laminations on the torus T2. Indeed, up
to diffeomorphism, T2 is the only closed connected orientable surface which carries filling MS-
laminations. From now on, we assume that an orientation of T2 is fixed.

6.1 Combinatorial type of a filling MS-lamination

Lemma 6.1. Let L be a filling MS-lamination on T2. The compact leaves of L, regarded as
non-oriented closed curves on T2, are non-contractible and pairwise freely homotopic.

Proof. According to Lemma 2.17, L can be completed to a MS-foliation F . Lemma 6.1 is a
consequence of Poincaré-Hopf Theorem applied to the foliation F .

Definition 6.2 (Contracting orientation). Let L be a filling MS-lamination on T2, and γ be a
compact leaf of L. The contracting orientation of γ is the orientation for which the holonomy of
γ is a contraction.

Lemma 6.1 alllows to compare the orientations of two compact leaves of a filling MS-lamination:

Definition 6.3 (Coherently orientated compact leaves). Let L be a filling MS-lamination on T2,
and γ, γ′ be some compact leaves of L, endowed with their contracting orientations. We say that
γ and γ′ are coherently oriented if they are freely homotopic, when regarded as oriented closed
curves.

Figure 5: Left: compact leaves with coherent contracting orientations. Right: compact leaves with
incoherent contracting orientations.

Lemma 6.1 implies that the compact leaves of a filling MS-lamination are “cyclically ordered”;
let us formalize this:

Definition 6.4 (Geometrical enumeration). Let L be a filling MS-lamination of T2, with n compact
leaves. An enumeration γ0, . . . , γn−1 of the compact leaves of L is called a geometrical enumeration
if it satisfies the following properties:

• for i = 0 . . . n− 1, the leaves γi and γ(i+1)modn bound a connected component Ai of T2 \
⋃
k γk,

• A1 is on the right-hand side 7 of γ0, with respect to the contracting orientation of γ0.

Definition 6.5 (Combinatorial type). Let L be a filling MS-lamination on T2, and γ0, . . . , γn−1 be
a geometrical enumeration of the compact leaves of L. The combinatorial type of the lamination
L (associated to the enumeration γ0, . . . , γn−1) is the map

σ : {0, . . . , n− 1} → {−,+}

7The orientation of T2 provides an notion of local right-hand side of an oriented closed curve. To include the
particular case where L has a single compact leaf, we allow A0 to be on both sides of γ0.
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defined as follows: σ(i) = + if and only if the contracting orientations of γi and γ0 are coherent 8.

Remark 6.6. Let L be a filling MS-lamination on T2, with n compact leaves. There are n possible
geometrical enumeration of the compact leaves of L. To each geometrical enumeration is associated
a combinatorial type of L. These combinatorial types can easily be deduced from one another.

6.2 MS-foliations are characterized by their combinatorial types

Definition 6.7 (Topological equivalence on oriented surfaces). Let L,L′ be laminations on oriented
surfaces S, S′. We will say that L and L′ are topologically equivalent if there exists an orientation-
preserving homeomorphism h : S → S′ such that h∗(L) = L′

Keep in mind that we only consider topological equivalences induced by orientation preserving
homeomorphism. Now, let us focus our attention on MS-foliations.

Proposition 6.8. A MS-foliation on T2 is characterized up to topological equivalence by any of
its combinatorial types.

Proof. Consider two MS-foliationsF1 and F2 on T2. Fix some geometrical enumerations γ10 , . . . , γ
1
n−1

and γ20 , . . . , γ
2
n−1 of the compact leaves of F1 and F2, and denote by σ1 and σ2 the correspondng

combinatorial types of F1 and F2. Assume that σ1 = σ2. We will prove that F1 and F2 are
topologically equivalent.

If we endow the compact leaf γji with its contracting orientation, then the holonomy of F i

along γji is a contraction. Therefore, we can find an arbitrarily small tubular neighbourhood U ji
of γji , such that F j is transverse to ∂U ji . For j = 1, 2, we can assume that the neighbourhoods

U j1 , . . . , U
j
n are pairwise disjoint. We denote by Aji the connected component of T2 \

⋃
i int(U

j
i )

which lies between U ji and U ji+1. We denote by ∂ℓU ji (resp. ∂rU ji ) the boundary component of U ji
which is also a boundary component of Aji (resp. A

(j−1)
i ). The contracting orientation of the leaf

γj1 induces an orientation of the closed curves ∂ℓU ji and ∂rU ji . Note that ∂Aji = ∂rU ji ∪ ∂
ℓU ji+1.

Claim 6.9. For each i, there is an orientation-preserving homeomorphism ψi : A
1
i → A2

i such that
which maps ∂rU1

i and ∂ℓU1
i+1 on ∂rU2

i and ∂ℓU2
i+1 respectively, and such that (ψi) ∗ (F1) = F2.

Proof. Indeed, Aji is a compact annulus, disjoint from the compact leaves of F j , whose boundary
is transverse to F j . Since every half-leaf of F j accumulates on a compact leaf, this implies that
the restriction of F j to Aji is topologically conjugate to the vertical foliation on the annulus
(R/Z)× [−1, 1]. The claim follows.

Claim 6.10. For each i, there is an orientation-preserving homeomorphism φi : U
1
i → U2

i , which
coincides with ψi (resp. ψi−1) on ∂rU1

i (resp. ∂ℓU1
i ), and such that φ∗(F1) = F2.

Proof. We endow γ1i (resp. γ2i ) with the orientation that is coherent with the contracting orienta-
tion of γ11 (resp. γ21). Since σ

1(i) = σ2(i), there are two possibilities: either both the holonomies of
γ1i and γ2i are contraction, or both the holonomies of γ1i and γ2i are dilations. Assume for example
that they both are contractions.

Choose an oriented arc αji in U ji , tranverse to F j , going from ∂lU ji to ∂ℓU ji . The arc αji is

a cross section for the restriction of F j to U ji . Denote by f ji the first return map of the leaves
of F j on αj . The maps f1

i and f2
i are contractions. Hence they are topologically conjugate by

an orientation-preserving homeomorphism hi : α
1
i → α2

i . One deduces easily that there exists an

orientation- preserving homeomorphism φi : U
1
i → U2

i which maps ∂ℓU1
i and ∂rU ji on ∂ℓU2

i and
∂rU2

i respectively, such that φ∗(F1) = F2. There is some freedom for the choice of the conjugating

homeomorphism hi: the restriction of hi to a fundamental domain of the contraction f ji can be

choosen arbitrarily. Hence, the restriction of φi to ∂U
j
i can also be choosen arbitrarily (since every

leaf of F j intersects ∂U ji at most once). The claim is proved.

The homeomorphism φ1, ψ1, . . . , φn, ψn provided by the two claims can be glued together to
obtain a global orientation-preserving homeomorphism φ : T2 → T2 such that φ∗(F1) = F2. This
completes the proof of Proposition 6.8.

8In particular, σ(0) is always equal to + .
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Remark 6.11. Proposition 6.8 is false for filling MS-laminations: by removing non-compact leaves
to a given filling MS-lamination, one can easily find infinitely many filling MS-laminations with
the same combinatorial type which are pairwise not topologically equivalent. Nevertheless, every
filling MS-lamination L can be embedded in a MS-foliation F wtih the same compact leaves as L,
the combinatorial types of F are the same as those of L, and F is characterized up to topological
equivalence by these combinatorial types.

Definition 6.12 (Zipped Reeb lamination/foliation). We call zipped Reeb lamination (resp. fo-
liation) a filling MS-lamination (resp. foliation) on T2 with a single compact leaf. See figure 6.

Example 6.13. Consider the vector field X on R2 defined by X(x, y) := sin(π.x) ∂
∂x

+cos(πx) ∂
∂y

.

The orbits of this vector field defined a foliation on R2. This foliation is invariant under the
standard action of Z2. Therefore, it induces a foliation on T2 = R2/Z2. One easily checks that
this a zipped Reeb foliation.

Figure 6: A zipped Reeb lamination

Definition 6.14. Let F ,F ′ be MS-foliations on T2. Suppose that F ′ has one more compact leaf
than F , and suppose that there is a combinatorial type σ : {1, . . . , n} → {+,−} of F and a
combinatorial type σ′ : {1, . . . , n + 1} → {+,−} of F ′ such that σ′

|{1,...,n} = σ. We say that the

foliation F ′ is obtained by adding a compact leaf to F .

Figure 7: Adding compact leaves to MS-foliations.

The two following statements are immediate consequences of Proposition 6.8:

Corollary 6.15. All zipped Reeb foliations are topological equivalent.

Corollary 6.16. Up to topological equivalence, every simple foliation on T2 can be obtained by
adding inductively a finite number of compact leaves to a zipped Reeb foliation.

6.3 Contracting orientation versus dynamical orientation

Consider a hyperbolic plug (U,X). The compact leaves of the laminations LsX and LuX can be
equipped with their contracting orientation. We will define another natural orientation for these
compact leaves.
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Definition 6.17 (dynamical orientation). Let γ be a compact leaf of the lamination LuX . According
to (the proof of) Proposition 2.8, there exist a periodic orbit O of X, such that γ is a connected
component of Wu(O)∩∂outU . The orbit O has a natural orientation defined by the vector field X.

– If O has positive multipliers, then Wu(O) is a cylinder, and both γ and O are non-contractible
closed curves on this cylinder. The dynamical orientation of γ is the orientation for which γ
is freely homotopic to the orbit O endowed with its natural orientation, in the cylinder Wu(O).
See figure 8.

– If O has positive multipliers, then Wu(O) is a Möbius band. The dynamical orientation of γ is
the orientation for which γ is freely homotopic to two times the orbit O endowed with its natural
orientation, in the cylinder Wu(O).

We define similarly the dynamical orientation of a compact leaf of LsX .

Proposition 6.18. Let (U,X) be a hyperbolic plug. If γ is a compact leaf of LuX , the contract-
ing orientation and the dynamical orientation of γ coincide. If γ is a compact leaf of LsX , the
contracting orientation and the dynamical orientation of γ are opposite.

Proof. Let Λ be the maximal invariant set of (U,X). Recall that LuX = Wu(Λ) ∩ ∂outU and
LsX = W s(Λ) ∩ ∂inU . The Proposition is a consequence of the definitions together with the
following fact: if O is a periodic orbit of X , the holonomy of the two-dimensional lamination
Wu(Λ) along O (where the orbit O is equipped with its natural orientation induced by X) is a
contraction, and the holonomy of the two-dimensional laminationW s(Λ) along O is a dilation.

w itsith
dynamical
orientation

A leaf of

Figure 8: Dynamical orientation (left). Proof of Proposition 6.18 (right).

6.4 Simplification of a MS-foliation

The following elementary proposition provides a kind of “normal form” for a filling MS-lamination
of T2.

Proposition 6.19. Let L be a filling MS-lamination of class C1 on the torus T2. Let γ0, . . . , γn−1

be a geometrical enumeration of its compact leaves and σ : {γ0, . . . , γn−1} → {+,−} be a combina-
torial type. Denote σi := σ(γi) ∈ {+,−}. We endow T2 = R2/ZZ2 with its standard eulidean coor-
dinates, and we assume that γ0 is isotopic to {0}×S1. Then there is a diffeomorphism ϕ : T2 → T2

isotopic to the identity map, so that the lamination ϕ∗(L) has the following properties:

• ϕ∗(γi) = { i
n
} × S1;

• on the annulus ( i
n
, i+1
n

)×S1, the leaves of the lamination ϕ∗(L) are graphs of C1 functions from

( i
n
, i+1
n

) to S1; moreover, the derivative of these functions are:

– positive on the whole interval ( i
n
, i+1
n

) if σi < 0 and σi+1 > 0;

– negative on the whole interval ( i
n
, i+1
n

) if σi > 0 and σi+1 < 0;
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– positive on ( i
n
, i
n
+ 1

2 ) and negative on ( i
n
+ 1

2 ,
i+1
n

) if σi < 0 and σi+1 < 0;

– negative on ( i
n
, i
n
+ 1

2 ) and positive on ( i
n
+ 1

2 ,
i+1
n

) if σi > 0 and σi+1 > 0.

Proposition 6.19 can be thought as a kind of ”differentiable version” of Proposition 6.8 (indeed,
Proposition 6.8 shows that a MS-foliation is fully characterized up to topological equivalence by its
combinatorial types, whereas Proposition 6.19 shows that a C1 filling MS-lamination is partially
characterized up to differentiable equivalence by its combinatorial types.

Idea of the proof. The proof of Proposition 6.19 roughly follows the same scheme as those of Propo-
sition 6.8. One first embeds L in a MS-foliation F , using Lemma 2.19. Then one chooses a diffeo-
morphism mapping the compact leaf γi on { i

n
}×S1 for every i. To get the normal form on a small

tubular neighbourhood Ui of the compact leaf γi, one uses the fact that a foliation of a surface
is C1-equivalent on a neighbourhood of a compact leaf to the suspension of the holonomy of this
compact leaf. To conclude, it remains to get the announced normal form on a compact annulus Ai
lying between the tubular neighbourhoods Ui and Ui+1; these is an easy task since the restriction
of F to the compact annulus Ai is a trivial foliation by segments joining one boundary component
of Ai to the other one. We leave the details to the reader.

7 The “blow-up, excise and glue surgery”

The purpose of this section is to describe the “blow-up, excise and glue surgery” which was sketched
in the introduction. As immediate applications, we will prove theorems 1.8 and 1.9.

7.1 DA bifurcations

In his seminal paper [Sm], S. Smale constructed one of the first examples of surface diffeomorphism
displaying a one-dimensional hyperbolic attractor. This diffeomorphism was obtained by bifurcat-
ing a linear Anosov diffeomorphism of T2. Smale’s construction is known as a DA bifurcation 9.
Since then DA bifurcations have been generalized to various contexts, including axiom A vector
fields in dimension 3 (a good reference for this purpose is [GHS, subsection 2.2.2]).

Given some hyperbolic plug (U,X), one can build another hyperbolic plug (U ′, X ′) by perform-
ing a DA bifurcation on a periodic orbit of X and excising a small tubular neighborhood of this
orbit. We shall describe this operation in details.

7.1.1 Attracting DA bifurcation on a periodic orbit with positive multipliers

We consider a hyperbolic plug10 with filling MS-laminations (U,X), and a periodic orbit O of the
vector field X . We assume that O has positive multipliers. To avoid dealing with some particular
cases, we assume moreover that O has no free separatrix11. We denote by Λ the maximal invariant
set of (U,X).

The vector field X is structurally stable. Therefore, up to perturbing X within its topological
equivalence class, we can assume that X is C1-linearizable on a neighborhood of the periodic
orbit O. This means that there exists a coordinate system (x, y, θ) : V → [−1, 1]× [−1, 1]× R/Z,
defined on a neighborhood V ⊂ int(U) of the orbit O, such that

X(x, y, θ) = λx
∂

∂x
+ µ y

∂

∂y
+

∂

∂θ

for some constant λ < 0 < µ. For 0 < η < 1, we consider the vector field X which vanishes on
U \ V , and which is defined on V by:

Yη(x, y, θ) = −2µ y φ(x/η)φ(y/η)
∂

∂y
,

9“DA” stands for “derived from Anosov”.
10Note that the entrance boundary ∂inU or/and the exit boundary ∂outU can be empty.
11Recall that a stable separatrix of O is a connected component of W s

X
(O) \O. Since O has positive multipliers,

W s

X
(O) is a cylinder, and O has two stable separatrices. A stable separatrix is said to be free if it is disjoint from the

maximal invariant set of (U,X). Free unstable separatrices are defined in the same way. Note that the assumption
“O has no free separatrix” is not very restrictive since it is satisfied by every but finitely many periodic orbits. See
the proof of Proposition 2.8.
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Figure 9: An attracting DA bifurcation

where φ : [−1, 1] → R+ is the bump function defined by φ(t) = (1−t2)21[−1,1](t). Then we consider
the vector field

X ′ := X + Yη.

An straightforward computation shows that O is an attracting hyperbolic periodic orbit for the
vector field X ′. We say that X ′ is derived from X by an attracting DA bifurcation on the orbit O.

Now we pick a (small) real number ǫ > 0, and we consider the solid torus T ⊂ V defined by

T := {(x, y, θ) , x2 + y2 < ǫ2}.

Obviously, T is a tubular neighborhood of the periodic orbit O. We assume that ǫ is small enough,
so that the two following properties hold: T is included in the basin of attraction (for X ′) of O,
and X ′ is transverse to ∂T . We consider the manifold with boundary

U ′ := U \ T

endowed with the vector field X ′. Note that X ′ is transverse to ∂U ′ (since X ′ is transverse to ∂T
and X ′ = X on ∂U ′ \ ∂T = ∂U). Hence (U ′, X ′) is a plug. The following proposition summarizes
the relatitionships between the plugs (U,X) and (U ′, X ′):

Proposition 7.1. The plug (U ′, X ′) satisfies the following properties:

1. U ′ = U \ T where T is a tubular neighborhood of a periodic orbit of X;

2. ∂inU ′ = ∂inU and ∂outU ′ = ∂outU ∪ ∂T ;

Moreover, if η is small enough,

3. (U ′, X ′) is a hyperbolic plug: the maximal invariant set Λ′ of (U ′, X ′) is a saddle hyperbolic set;

4. (X ′)|Λ′ is a topological extension of X|Λ: there exists a continuous onto map π : Λ′ → Λ inducing
a semi-conjugacy between a reparametrization of the flow of X ′ and the flow of X. Moreover,
π is “almost one-to-one”: the set π−1(x) is a single point for every x ∈ Λ \W s

X(O);

5. if (U,X) is a transitive plug, then so is (U ′, X ′);

6. LsX′ is a filling MS-lamination, with the same combinatorial types as LsX ;

7. LuX′ ∩ ∂outU is a filling MS-lamination, topologically equivalent to LuX ;

8. LuX′ ∩ ∂T is a filling MS-lamination with two coherently oriented compact leaves (Figure 10).

Proof. Let us start by setting some notations. Recall that the periodic orbit O corresponds to the
circle (x = y = 0) in the (x, y, θ) coordinate system. Recall that O is a saddle hyperbolic orbit
for the vector field X , and an attracting hyperbolic orbit for the vector field X ′. We denote by
B := W s

X′,V (O) the bassin of attraction of O for the vector field X ′. We denote by O± the circle

(x = 0, y = ±δ), where δ is the unique positive solution of the equation φ(y) = 1
2 . Straightforward
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computations show that O− and O+ are sadlle hyperbolic periodic orbits for the vector field X ′.
One can easily check that, in the (x, y, θ) coordinate system, the local stable manifoldsW s

X′,V (O
−)

and W s
X′,V (O

+) are “horizontal” graphs, and the local basin W s
X′,V (O) is the open band between

the graphs W s
X′,V (O

−) and W s
X′,V (O

+). It follows that the accessible boundary of B is precisely

W s
X′(O−) ∪W s

X′(O+). We set B̂ := B ∪W s
X′(O−) ∪W s

X′(O+)

Item 1 and 2 follow immediately from the construction of U ′ and X ′.

Item 3 and 4 are consequences of well-known properties of DA bifurctions. Let us give more
details. Using classical techniques of hyperbolic theory, one can prove that, for η small enough the
maximal invariant set Λ′ of (U ′, X ′) is a saddle hyperbolic set. The very rough idea is the following.
Denote by W the support of the vector field Yη = X ′ − X , and observe that W is contained in
a solid torus which gets thiner and thiner when η goes to 0. Therefore, when η is very small,
every orbit spends a long time outside W between two visits of W . Therefore, the possible loss of
hyperbolicity in W is counterbalanced by the hyperbolicity outside W . See [GHS, section 2.2.2]
for a detailed proof. Moreover, one can prove that the vector field X ′ is a topological extension
of the vector field X : there exists a continuous onto map π : U → U , inducing a semi-conjugacy
between a reparametrization of the flow of X ′ and the flow of X . Moreover, the map π admits a
concrete description: it “squashes B̂ onto W s

X(O)”. More precisely,

• π maps B̂ on W s
X(O), and maps U \ B̂ on U \W s

X(O);

• π : U \ B̂ → U \W s
X(O) is a homeomorphism;

• for x ∈W s
X(O), the set π−1(x) is an arc crossing B̂ from W s

X′(O−) to W
s
X′(O−).

In particular, the restriction π : Λ′ → Λ is onto, and π : Λ′ \ B̂ → Λ\W s
X(O) is a homeomorphism.

See again [GHS, section 2.2.2] for a detailed proof. Item 3 and 4 follow.

Let us prove item 5. Assume that (U,X) is a transitive plug. By definition, this means that Λ is
a transitive hyperbolic set for X . Note that Λ is not a single orbit since we have assumed that the
orbit O has no free separatrix. Hence, we can find an orbit Q of X , such that Q ⊂ Λ \W s

X(O) and

such that Q is dense in Λ. We have seen above that π : Λ′ \ B̂ → Λ\W s
X(O) is an homeomorphism.

It follows that the set Λ′ \ B̂ is topologically transitive for the vector field X ′. On the other
hand, since O has no free unstable separatrix, W s

X(O) is accumulated on both sides by leaves of
W s
X(Λ)\W s

X(O). Using the properties of the map π, it follows that neitherW s
X′(O−) norW

s
X′(O+)

is isolated in W s
X′(Λ′). In other words, Λ′ \ B̂ = Λ′ \ (W s

X′(O−) ∪W s
X′(O+)) is dense in Λ′. Hence,

Λ′ is transitive (for the vector field X ′). By definition, this means that (U ′, X ′) is a transitive plug.

Let us turn to item 6. Recall that the orbit O has no free separatrix. According to the proof
of Proposition 2.8, this implies that W s

X(O) does not contain any compact leaf of the lamination

LsX . The map π induces a homeomorphism from LsX′ \ B̂ to LsX \W s
X(O). Moreover, if γ is a

(non-compact) leaf of LsX ∩W s
X(O), then π−1(L) is a strip, bounded by two (non-compact) leaves

of LsX′ , whose interior is contained in the bassin B (hence disjoint from LsX′). Item 6 follows.

Now we prove item 7. The surface ∂outU is disjoint from the basin B since every orbit of X ′

in B must accumulate on O in the future, and therefore must exit from U ′ by crossing ∂T . The
surface ∂outU is also disjoint from the stable manifolds W s

X′(O−) and W
s
X′(O+) (since every orbit

in W s
X′(O−) and W

s
X′(O+) accumulates on O+ and O− in the future, and therefore remains in U ′

forever). Hence, ∂outU is disjoint from B̂ = B ⊔W s
X′(O−) ⊔W s

X′(O−). But we know that π is a

homoemophism on the complement of B̂. Hence π induces a topological equivalence between the
laminations LuX′ ∩ ∂outU and LuX ∩ ∂outU = LuX .

We are left to prove item 8. Let γ± be the circle (x = 0, y = ±ǫ) in the (x, y, θ) coordinate
system. Let W+ be the cylinder (x = 0, y > 0) and W− be the cylinder (x = 0, y > 0). It is easy
to check that the cylinder W± is contained in Wu

X′(O±). It follows that the circles γ+ and γ− are
compact leaves of the lamination LsX′ ∩∂T . On the other hand, let γ be a compact leaf of LsX′ ∩∂T .
According to the proof of Proposition 2.8, γ =W ∩ ∂T where W is a free unstable separatrix of a
periodic orbit P ⊂ Λ′. Since ∂T is contained in the bassin B, the separatrix W must be contained
in B, and the orbit P must be contained in the accessible boundary of B. But O+ and O− are only
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the only periodic orbits in the accessible boundary of B. Hence the separatrix W must be equal
to either W+ or W−. As a further consequence, the compact leaf γ must be equal to either γ+ or
γ−. So we have proved that the circles γ− and γ− are the only compact leaves of the lamination
LuX′ ∩ ∂T . For further use, note that these compact leaves are not homotopic to 0 is the torus ∂T .

By assumption, the periodic orbitO has no free stable separatrix. HenceWu
X(O) is accumulated

on both sides by leaves of Wu
X(Λ). Using the properties of the map π, it follows that Wu

X′(O±) is
accumulated on both sides by leaves of Wu

X′(Λ′). As a further consequence, the compact leaf γ±
is accumulated on both sides by non-compact leaves of LsX′ ∩ ∂T .

The surface ∂T is a torus, no compact leaf of LsX′ ∩ ∂T is homotopic to 0, and every compact
leaf of LsX′ ∩ ∂T is accumulated on both sides by non-compact leaves of LsX′ ∩ ∂T . It follows
that every connected component of ∂T \ LsX′ is a strip bounded by two leaves of LsX′ which are
asymptotic to each other at both ends. Hence, LsX′ ∩ ∂T is a filling MS-lamination.

Using explicit formula for the vector field X ′, one easily checks that the dynamical orientation
of the compact leaf γ± coincides with the orientation induced by the vector field ∂

∂θ
. According to

Proposition 6.18, the attracting orientation of the leaf γ± coincides with its dynamical orientation.
It follows that the attracting orientation of γ− and γ+ are coherent. The proof is complete.

Remark 7.2. For later use, we note that, in the (x, y, θ) coordinate system, the two compact leaves
of the lamination LuX′ ∩ ∂T are the circles (x = 0, y = ±ǫ). Moreover, the attracting orientation of
these leaves is the orientation induced by the vector field ∂

∂θ
(see the proof of Proposition 7.1).

=

Figure 10: The exit lamination LuX′ ∩ ∂T .

7.1.2 Attracting DA bifurcation on orbits with negative multipliers

In the preceeding paragraph, the orbit O was assumed to have positive multipliers. Actually, we
can also make an attracting DA bifurcation on a periodic orbit O with negative multipliers. In this
case, the stable manifold W s

X(O) is a Möbius band, and Proposition 7.1 must be replaced by the
following statement:

Proposition 7.3. Same as proposition 7.1, except for item 8, which is replaced by

8’. LuX′ ∩ ∂T is a filling MS-lamination with a single compact leaf, i.e. a zipped Reeb lamination.

7.1.3 Repelling DA bifurcations

Instead of an attracting DA bifurcation, it is also possible to make repelling DA bifurcation on a
periodic orbit O. This bifurcation creates a repelling periodic orbit, instead of an attracting one.
As in § 7.1.1, one can excise a tubular neighborhood of this repelling periodic orbit, and get a
hyperbolic plug (U ′, X ′). The properties of this hyperbolic plug are analogous to those listed in
Proposition 7.1 and 7.3, after having exchanged the roles of the stable and the unstable directions,
and the roles of the entrance and exit boundaries. Remark 7.2 must replaced by the following
statement:

39



Remark 7.4. In the (x, y, θ) coordinate system, the compact leaves of the lamination LsX′ ∩ ∂T
are the circles (x = ±ǫ, y = 0). Moreover, the attracting orientation of these leaves coincides with
the orientation induced by the vector field − ∂

∂θ
.

7.2 The “blow-up, excise, and glue surgery”

We will now explain what we call the “blow-up, excise, and glue surgery”, and prove Theorem 1.8.
We shall need the following lemma :

Lemma 7.5. Let L1,L2 be filling MS-laminations on T2, with the same number of compact leaves.
Assume that the all the compact leaves of L1 (resp. L2) are coherently oriented (see Definition 6.3).
Then there exists an orientation preserving diffeomorphism φ : T2 → T2 such that φ∗(L1) is
strongly transverse to L2. If L1 = L2, then φ can be chosen isotopic to the identity.

Proof. Let n be the number of compact leaves of L1,L2. According to Proposition 6.19, there
exists two diffeomorphisms φ1, φ2 : T2 → T2 such that, for i = 1, 2,

• the compact leaves of the lamination (φi)∗(Li) are the vertical circles {
i
n
}×S1 for i = 0, . . . , n−1;

• in the open annulus ( i
n
, i+1
n

) × S1, the leaves of the lamination (φi)∗(Li) are graphs of C1

functions from ( i
n
, i+1
n

) to S1; moreover the derivative of these functions is strictly positive on

( i
n
, i
n
+ 1

2 ), stricly negative on ( i
n
+ 1

2 ,
i+1
n

) and vanishes precisely on { i
n
+ 1

2}.

Let φ be the diffeomorphism of T2 given by ψ0(x, y) = (x + 1
2n , y). Let φ := (φ2)

−1 ◦ ψ ◦ φ1. One
easily checks that φ∗(L1) is strongly transverse to L2. If L1 = L2, then one may take φ1 = φ2
which implies that φ is isotopic to the identity.

We begin with an Anosov vector field X on a closed three-manifoldM . We consider two distinct
periodic orbits O,O′ of X , both of which have positive multipliers12. We proceed as follows:

• Step 1. Blow-up. We consider a vector field X ′ = X ′
η on M , derived from X by an attracting

DA bifurcation on the orbit O (see subsection 7.1). Note that O is an attracting hyperbolic
periodic orbit for this new vector field X ′.

• Step 2. Excise. As in subsection 7.1, we consider a tubular neighborhood T of the attracting
orbit of O′, so that T is included in the bassin of attraction of O′, and so that X ′ is transverse
to ∂T . We set U ′ :=M \ T . Clearly, (U ′, X ′) is a repelling hyperbolic plug with ∂outU ′ = ∂T .
According to item 8 of Proposition 7.1, LuX′ is a filling MS-lamination with two coherently
oriented compact leaves. We denote by Λ′ the maximal invariant set of X ′. According item 4 of
Proposition 7.1, there is a continous onto map π : Λ′ →M inducing a semi-conjugacy between a
reparametrization of the flow of X ′ and the flow of X . Since O′ *W s

X(O), π−1(O′) is a periodic
orbit of X ′. In other words, we can (and we will) regard O′ as an orbit of X ′.

• Step 1’. Blow-up. Now, we consider a vector field X ′′ on U ′, derived from X ′ by an repelling
DA bifurcation on the orbit O′. Note that O′ is a repelling hyperbolic periodic orbit for X ′′.

• Step 2’. Excise. We consider a tubular neighborhood T ′ of the repelling orbit of O′, so that
T ′ is included in the bassin of repulsion of O′, and so that X ′′ is transverse to ∂T ′. We set
U ′′ := U ′\T ′. Then (U ′′, X ′′) is a hyperbolic plug with ∂outU ′′ = ∂outU ′ = ∂T and ∂inU ′′ = ∂T ′.
We denote by Λ′′ the maximal invariant set of X ′. According to item 6 of Proposition 7.1, the
lamination LuX′′ is a filling MS-lamination with the same combinatorial type as LuX′ , i.e. LuX′′ has
two coherently oriented compact leaves. According to item 8 of Proposition 7.1, the lamination
LsX′′ is also a filling MS-lamination with two coherently oriented compact leaves. According
item 4 of Proposition 7.1, there is a continous onto map π′ : Λ′′ → Λ′ inducing a semi-conjugacy
between a reparametrization of the flow of X ′′ and the flow of X ′.

• Step 3. Glue. The laminations LsX′′ and LuX′′ satisfy the hypothesis of Lemma 7.5. Hence we
can find an orientation-preserving diffeomorphism of φ : ∂outU ′′ → ∂inU ′′ such that φ∗(L

u
X′′ )

is strongly transverse to LsX′′ . We consider the closed manifold N := U ′′/φ and the vector
field Z induced by X ′′ on N . According to Theorem 1.5, up to modifying X ′′ by a topological
equivalence and φ by a strongly transverse isotopy, Z is Anosov.

12The surgery can also be made if O and O′ both have negative multipliers, but we will not need it
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We say that the Anosov vector field (N,Z) are derived from the Anosov vector field (M,X) by a
“blow-up, excise and glue surgery”.

Lemma 7.6. If X is transitive, then so is Z.

Proof. Assume that X is transitive. According to item 5 of Proposition 7.1, it follows that X ′′
|Λ′′

is also transitive. Now, using Proposition 1.6, we deduce that Z is transitive.

Lemma 7.7. The dynamics of the new vector field Z is “richer” than the dynamics of the initial
vector field X. More precisely, there exists a compact subset Λ′′ of N , which is invariant under the
flow of Z, and a continuous onto map π′ ◦ π : Λ′′ → M inducing a semi-conjugacy between some
reparametrization of the flow of Z|Λ′′ on the flow of X.

Proof. The set Λ′′, the maps π′ and π were defined above. Observe that Λ′′ can indeed be seen as
a subset of N , since Λ′′ ⊂ int(U ′′) ⊂ N . Moreover, the vector field Z coincides with X ′′ on Λ′′.
The lemma follows from the properties of the maps π and π′.

Proof of Theorem 1.8. The theorem immediately follows from the construction above, lemma 7.6
and lemma 7.7.

7.3 A transitive and a non-transitive Anosov vector field on the same

manifold

The “blow-up, excise and glue” surgery described in the previous paragraph admits many variants.
We shall use one of these variants to prove Theorem 1.9, i.e. to construct a closed three-manifold
N supporting both a non-transitive Anosov vector field Y and a transitive vector field Z.

Proof of Theorem 1.9. We start with a transitive Anosov vector field X on a closed manifold M .
We pick two periodic orbits O,O′ of X with positive multipliers. Then we consider four vector
fields X1, . . . , X4 onM which are derived from X by DA bifurcations on O and O′. More precisely:

• X1 is obtained by an attracting DA bifurcation on O and an attracting DA bifurcation on O′;

• X2 is obtained by a repelling DA bifurcation on O and a repelling DA bifurcation on O′;

• X3 is obtained by an attracting DA bifurcation on O and a repelling DA bifurcation on O′;

• X4 is obtained by a repelling DA bifurcation on O and a attracting DA bifurcation on O′.

Observe that O is an attracting orbit for X1 and X3 and a repelling periodic orbit for X2 and X4,
whereas O′ is an attracting orbit for X1 and X4 and a repelling orbit for X2 and X3. We can find
some tubular neighborhoods T and T ′ of O and O′ respectively, so that T and T ′ are contained in
the bassins13 of O and O′ respectively, and so that the four vector fields X1, . . . , X4 are transverse
to ∂T and ∂T ′. We consider the manifold with boundary U := M \ (int(T ) ∪ int(T ′)). Note that
(U,X1), (U,X2), (U,X3) and (U,X4) are hyperbolic plugs (item 3 of Proposition 7.1).

We construct a non-transitive Anosov vector field Y by gluing the hyperbolic plugs (U,X1) and
(U,X2). The periodic orbits O and O′ are attracting forX1. Hence (U,X1) is a repelling hyperbolic
plug: ∂outX1

U = ∂U = ∂T ∪ ∂T ′. On the contrary, the periodic orbits O and O′ are repelling for

X2. Hence (U,X2) is an attracting hyperbolic plug: ∂inX2
U = ∂U = ∂T ∪ ∂T ′. According to item 8

of Proposition 7.1, LsX1
∩ ∂T (resp. LsX1

∩ ∂T ′, LuX2
∩ T and LuX2

∩ T ′) is a MS-foliation with two
coherently oriented compact leaves. Lemma 7.5 provides an orientation-preserving diffeomorphism

φ : ∂outX2
U = ∂U −→ ∂inX1

U = ∂U

such that φ∗(LuX1
) is transverse to LsX2

. We consider the closed manifold Nφ := (U ⊔ U)/φ. The
vector fields X1 and X2 induce a vector field Y on Nφ. According to Proposition 1.1, (Nφ, Y ) is a
hyperbolic plug. Since ∂Nφ = ∅, this means that Y is an Anosov vector field. Note that Y is not
transitive, since (Nφ, Y ) was constructed by gluing an attracting plug and a repelling plug.

13with respect to each of the four vector fields X1, . . . , X4
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Now, we construct a transitive Anosov vector field Z by gluing the hyperbolic plugs (U,X3)
and (U,X4). Recall that O is a attracting orbit for X3 and a repelling orbit for X4, whereas O

′

is a repelling orbit for X3 and an attracting orbit for X4. Therefore, ∂inX3
U = ∂outX4

U = ∂T ′ and

∂outX3
U = ∂inX4

U = ∂T . According to item 8 of Proposition 7.1, LsX3
(resp. LuX3

, LsX4
and LuX4

is a
filling MS-lamination with two has two coherently oriented compact leaves. Lemma 7.5 provides
an orientation-preserving diffeomorphism

ψ : (∂outX3
U ⊔ ∂outX4

U) = ∂U −→ (∂inX3
U ⊔ ∂inX4

U) = ∂U

such that ψ∗(L
u
X3

) is strongly transverse to LsX4
on ∂T , and ψ∗(L

u
X4

) is strongly transverse to
LsX3

on ∂T ′. We consider the closed manifold Nψ := (U ⊔ U)/ψ. The vector fields X3 and X4

induce a vector field Z on Nψ. According to Theorem 1.5, up to perturbing X3 and X4 by a small
topological equivalence and ψ by a strongly transverse isotopy, we can assume that Z is an Anosov
vector field.

Let us prove that the vector field Z is transitive. Since the initial Anosov vector field X is
transitive, item 5 of Proposition 7.1 ensures that the maximal invariant set Λ3 of (U,X3) and the
maximal invariant set Λ4 both are transitive. Moreover, ψ∗(LuX4

) = ψ∗(W
u
X4

(Λ4))∩∂outX4
U intersects

LsX3
=W s

X3
(Λ3)∩∂inX3

U , and ψ∗(LuX3
) = ψ∗(W

u
X3

(Λ3))∩∂outX3
U intersects LsX4

=W s
X4

(Λ4)∩∂inX4
U .

Hence, Proposition 1.6 guarantees that Z is transitive.

The proof of Lemma 7.5 together with Remarks 7.2 and 7.4 imply that the maps φ and ψ can
be choosen isotopic to the −Id on each of the two connected components of ∂U ≃ T2 ⊔ T2. As a
consequence, the gluing maps φ and ψ can be choosen in such a way that the manifolds Nφ and
Nψ are diffeomorphic. As a further consequence, Y and Z can be regarded as vector fields on the
same manifold N . The proof is complete.

Figure 11: Construction of the Anosov vector fields Y and Z

8 Attractors with prescribed entrance foliation

Let (V,X) be an oriented plug (i.e. a hyperbolic plug such that V is oriented). Then the entrance
boundary ∂inV inherits of a canonical orientation, characterized by the following property: if
(e1, e2) is a basis of the tangent space Tp∂

inV of ∂inV at some point p, then (e1, e2) is a direct
basis of Tp∂

inV if and only if (e1, e2, X(p)) is a direct basis of TpV . The canonical orientation of
the exit boundary ∂outV is defined similarly.

Definition 8.1. Let F be a MS-foliation on a closed oriented surface S, and (U,X) be an oriented
attracting hyperbolic plug. If the entrance foliation LsX is topological equivalent to F , then we say
that F is realized by the plug (U,X).

42



The purpose of the present section is to prove Theorem 1.10, which states that every MS-
foliation (on a closed oriented surface) can be realized by a transitive attracting hyperbolic plug.
For pedagogical results, we will first prove a weaker result (Proposition 8.2 below).

8.1 Non-transitive attracting plugs with prescribed entrance foliation

As a first step towards Theorem 1.10, we will prove the following proposition:

Proposition 8.2. Assume that some orientation of T2 has been fixed. Any MS-foliation on T2

can be realized by a (not necessarily transitive) attracting hyperbolic plug.

The proof of Proposition 8.2 relies on the results of section 6. In particular, we will use the
fact that every MS-foliation on T2 can be obtained by adding compact leaves to a zipped Reeb
foliation (corollary 6.16).

Lemma 8.3. There exists an oriented (transitive) attracting hyperbolic plug (U,X), whose en-
trance boundary ∂inU is connected, and whose entrance foliation LsX is a zipped Reeb foliation (see
Definition 6.12).

Proof. Let X0 be a transitive Anosov vector field on a closed oriented three-manifoldM , such that
X0 has some periodic orbits with negative multipliers. For example, X0 can be the the suspension
of the linear Anosov automorphism A : T2 → T2 defined by A(x, y) = (−2x− y,−x− y). Choose
a periodic orbit O of X0, such that O has negative multiplier. Make a repelling DA bifurcation
on O (see subsection 7.1). This gives rise to a vector field X on M , for which O is a repelling
hyperbolic periodic orbit. As in subsection 7.1, consider a tubular neighbourhood T of O, such
that T is contained in the bassin of O, and such that X is transverse to ∂T . Set U := M \ T .
Proposition 7.3 shows that (U,X) satisfies the required properties.

Remark 8.4. More generally, for every p ≥ 1, there exists an oriented transitive attracting
hyperbolic plug (U,X), whose entrance boundary ∂inU has p connected components, and such
that the restriction of the entrance foliation LsX to each connected component of ∂inU is a zipped
Reeb foliation. The construction of the plug (U,X) is similar to those of the proof of Lemma 8.3.
The only difference is that we need to make a DA bifurcation on p periodic orbits instead of a
single one.

The core of the proof of Proposition 8.2 is the following lemma:

Lemma 8.5. Let F ,F ′ be MS-foliations on T2. Suppose that:

• F ′ can be obtained by adding a compact leaf to F (in the sense of definition 6.14),

• F is realized by an attracting hyperbolic plug.

Then F ′ can also be realized by an attracting hyperbolic plug.

During the proof of the Lemma 8.5, we will need the existence of a hyperbolic plug as provided
by the following lemma:

Lemma 8.6. There exists an oriented hyperbolic plug (V, Y ) with the following properties:

• V is a Seifert bundle over a 2-sphere minus two discs;

• the maximal invariant set
⋂
t∈R

Y t(V ) is a saddle hyperbolic periodic orbit O with negative
multipliers;

• the entrance boundary ∂inV is a torus, and the entrance lamination LsY = W s
Y (O) ∩ ∂inV is

made of a single (closed) leaf γs, which is essential in ∂inV ;

• the exit boundary ∂outV is a a torus, and the exit lamination LuY =Wu
Y (O) ∩ ∂

outV is made of
a single (closed) curve γu, which is essential in ∂inV .
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Proof of Lemma 8.6. Consider a gradient-like diffeomorphism f : S2 → S2 such that the non-
wandering set of f consists in a repelling hyperbolic fixed point r, a saddle hyperbolic fixed point
(with negative eigenvalues) o, and an attracting hyperbolic periodic orbit of period two {a1, a2}.
Denote by (N, Y ) the suspension of (S2, f). The non-wandering set of Y is made of a repelling
hyperbolic periodic orbit R, a saddle hyperbolic periodic orbit O, and an attracting hyperbolic
periodic orbit A. Let V be the manifold with boundary obtained by excising from N some small
tubular neighborhoods of the periodic orbits A and R whose boundary are transverse to Y . Then
(V, Y ) is a hyperbolic plug, and one can easily check that it satisfies the desired properties.

Proof of lemma 8.5. By assumption, we can find a connected attracting hyperbolic plug (U,X)
realizing the foliation F . Let (V,X) be the hyperbolic plug provided by Lemma 8.6. We have to
construct a plug (U ′, X ′) realizing the foliation F ′. Thus plug will be obtained by gluing together
the plugs (U,X) and (V, Y ). We proceed to the construction.

By assumption, F ′ can be obtained by adding a compact leaf to F . Since LsX is topologically
equivalent to F , the foliation F ′ can also be obtained by adding a compact leaf to LsX . By
definition, this means that, one can find a geometrical enumeration γ1, . . . , γn of the compact
leaves of LsX and a geometrical enumeration γ′1, . . . , γ

′
n+1 of the compact leaves of F ′, so that the

corresponding combinatorial types σ : {1, . . . , n} → {+,−} and σ′ : {1, . . . , n+1} → {+,−} of F ′

satisfy σ′
|{1,...,n} = σ.

Since γ1, . . . , γn is a geometrical enumeration of the compact leaves of LsX , the compact leaves
γn and γ1 bound an open annulus A ⊂ ∂inU which is disjoint from the compact leaves of LsX (in
the particular case n = 2, the leaves γn and γ1 bound two annuli; we denote by A the annulus
which is on the left-hand side of γ1 with respect to the contracting orientation of γ1).

According to item 3 of Lemma 8.6, the surface ∂outV is a torus and the lamination LuY is made
of a single (closed) leaf γu. We consider a diffeomorphism φ : ∂outV → ∂inU with the following
properties:

(i) the curve φ∗(γ
u) is contained in the annulus A;

(ii) the curve φ∗(γ
u) is transverse to the foliation LsX .

Such a diffeomorphism φ does exist: indeed, the restriction of the foliation LsX to the annulus A is
topologically equivalent to the foliation by vertical lines of the annulus S1 × R. Now, we glue the
plugs (U,X) and (V, Y ), using φ as a gluing map. In other words, we consider the manifold with
boundary U ′ := (U ⊔ V )/φ, and the vector field X ′ on U ′ induced by X and Y . Proposition 1.1
ensures that (U ′, X ′) is a connected attracting hyperbolic plug.

We want to prove that the foliation F ′ is realized by (U ′, X ′), i.e. that the foliations LsX′ and
F ′ are topologically equivalent. For this purpose, we will use the crossing map

ΓV : ∂inV \ γs −→ ∂outV \ γu.

Recall that ΓV maps a point x ∈ ∂inV \ γs to the unique point of intersection of the orbit of x (for
the flow of the vector field Y ) with the surface ∂outV . As stated in Proposition 3.1:

LsX′ = γs ⊔ (Γ−1
V )∗(φ

−1)∗(L
s
X) \ γu). (8)

The foliation LsX has n compact leaves γ1, . . . , γn. By definition of the gluing map φ, the closed
curve φ∗(γ

u) is disjoint from γ1, . . . , γn. Hence, the foliation LsX′ has n + 1 compact leaves
γ̂1, . . . , γ̂n+1 where we denote

γ̂i := (Γ−1
V ◦ φ−1)∗(γ1) for i = 1 . . . n and γ̂n+1 := γs.

Let Â := (Γ−1
V ◦φ−1)(A). Since φ∗(γ

u) is contained in A, the map Γ−1
V ◦φ−1 is defined on ∂inU \A

and (8) shows that

LsX′ ∩ (∂inU ′ \ Â) is topologically equivalent to LsX ∩ (∂inU \A).

Since the annulus ∂inU ′ \ Â contains the compact leaves γ̂1, . . . , γ̂n+1, this proves that:
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• γ̂1, . . . , γ̂n+1 is a geometrical enumeration of the compact leaves of LsX′ ,

• the combinatorial type σ̂ : {1, . . . , n + 1} → {+,−} of LsX′ associated with this geometrical
enumeration satisfies σ̂|{1,...,n} = σ = σ′

|{1,...,n}.

We are left to prove that σ̂(n+1) = σ′(n+1). Actually, we will modify the gluing map φ in order to
adjust the value of σ̂(n+1). Let τ : ∂outV → ∂outV be an orientation-preserving homeomorphism
which maps the closed curve γu on the same curve with the opposite orientation. Observe that φ◦τ
still satisfies properties (i) and (ii); so we may replace φ by φ ◦ τ in our construction. Replacing φ
by φ ◦ τ has the following effect:

• It changes the contracting orientation of γ̂1. Indeed, the contracting orientation of γ̂1 is the
image under (Γ−1

V ◦ φ−1)∗ of the contracting orientation of γ1, and τ∗ reverses the orientation
of (φ−1)∗(γ1) since φ

−1(γ1) is in the same free homotopy class as γu).

• It does not change the contracting orientation of γ̂n+1 = γs. Indeed, Proposition 6.18 ensures
that the contracting orientation of γs as a leaf of LsX′ is opposite to the dynamical orientation
of γs. And the dynamical orientation of γs does not depend on the gluing map.

Therefore, up to replacing φ by τ ◦ φ, we can decide whether the contracting orientation of the
compact leaves γ̂1 and γ̂n+1 = γs are coherent or not. In other words, up to replacing φ by τ ◦ φ,
we may assume that σ̂(n + 1) = σ′(n + 1). We have proved that the foliations LsX′ and F ′ have
the same combintorial type. According to Proposition 6.8, this implies that these foliations are
topologically equivalent. The proof is complete.

Figure 12: Proof of Lemma 8.5

Remark 8.7. The attracting plug (U ′, X ′) constructed in the proof above is never transitive.

Proof of Proposition 8.2. The proposition is obtained by putting together corollary 6.16, lemma 8.3
and lemma 8.5.

8.2 Transitive attracting plug with prescribed entrance foliations

We are now ready to prove Theorem 1.10. For this purpose, we need an improved version of
Lemma 8.5:

Lemma 8.8. Let F ,F ′ be MS-foliations on T2. Suppose that:

• F ′ can be obtained by adding a compact leaf to F ,

• F is realized by a transitive attracting hyperbolic plug (U,X) which has infinitely many periodic
orbits with negative multipliers.

Then F ′ can be realized by a transitive attracting hyperbolic plug (U ′, X ′) which has infinitely many
periodic orbits with negative multipliers.
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The proof of Lemma 8.8 follows the same strategy as those of Lemma 8.5, but is slightly more
complicated. Instead of using the plug (V, Y ) provided by Lemma 8.6, we will use a plug (W,Z)
with the following characteristics:

Lemma 8.9. There exists a connected oriented hyperbolic plug (W,Z) such that:

• W is diffeomorphic to the product of a pair of pants by a circle;

• the maximal invariant set
⋂
t∈R

Zt(W ) is an isolated saddle hyperbolic periodic orbit (with pos-
itive multipliers);

• the entrance boundary ∂inW is made of two tori ∂in1 W,∂
in
2 W ; the entrance lamination LsZ is

made of two isolated compact leaves γs1 , γ
s
2; more precisely, γs1 is an essential simple closed curve

in ∂in1 W and γs2 is an essential simple closed curve in ∂in2 W ;

• the exit boundary ∂outW is a torus, and the exit lamination LuZ is made of two closed leaves
γu1 , γ

u
2 , which are essential in the torus ∂outW ; moreover the dynamical orientations of γu1 , γ

u
2

coincide.

Proof of Lemma 8.9. Consider a gradient-like diffeomorphism f : S2 → S2 such that the non-
wandering set of f consists in two repelling fixed points r, r′, one saddle hyperbolic fixed point o,
and one attracting fixed point a. Denote by (N,Z) the suspension of (S2, f). The non-wandering
set of Z is made of two repelling periodic orbits R,R′, one saddle hyperbolic periodic orbit O, and
one attracting periodic orbit A. Let W be the manifold with boundary obtained by excising from
N some small tubular neighborhoods of the periodic orbits R,R′, A. Then (W,Z) is a hyperbolic
plug, and one can easily check that it satisfies the desired properties.

Proof of Lemma 8.8. By assumption, the foliation F is realized by a transitive attracting hyper-
bolic plug (U,X), which has infinitely many periodic orbits with negative multipliers. The foliation
F ′ can be obtained by adding a compact leaf to LsX . This means that we can find a geometrical
enumeration γ1, . . . , γn of the compact leaves of LsX and a geometrical enumeration γ′1, . . . , γ

′
n+1 of

the compact leaves of F ′, so that the corresponding combinatorial types σ, σ′ satisfy σ′
|{1,...,n} = σ.

We denote by A be the connected component of ∂inU \ ∪iγi which is bounded by the compact
leaves γn and γ1, and which is on the left-hand side of γ1.

Let (W,Z) be the plug provided by Lemma 8.6, and ΓW : ∂inW \ LsZ → ∂outW \ LuZ be
the crossing map of this plug. Observe that ∂inW \ LsZ is the disjoint union of the open annuli
As1 := ∂in1 W \ γs1 and As2 := ∂in2 W \ γs2 . Therefore, ∂outW \ LuZ is the disjoint union of the open
annuli Au1 := ΓW (As1) and Au2 := ΓW (As2). Both Au1 and Au2 are bounded by the compact leaves
γu1 and γu2 .

We consider a gluing diffeomorphism φ : ∂outW → ∂inU satisfying the two following properties:

1. φ
(
Au2

)
is contained in A (equivalently, ∂inU \A is contained in φ(Au1 ));

2. the compact leaves φ∗(γ
u
1 ) and φ∗(γ

u
2 ) are transverse to the foliation LsX .

We consider the attracting plug (U ′, X ′) obtained by gluing (W,Z) and (U,X) thanks to the gluing
map φ. Proposition 1.1 implies that (U ′, X ′) is an hyperbolic plug. Note that ∂inU ′ = ∂inW =
∂in1 W ⊔ ∂in2 W . Property 1 above implies that the pre-image under ΓW ◦φ of the n compact leaves
of LsX are in ∂in1 W . This remark and the same arguments as in the proof of Lemma 8.5 show that
the foliation LsX′ ∩ ∂in1 W has the same combinatorial type as F ′. It also shows that γs2 is the only
compact leaf of the foliation LsX′ ∩ ∂in2 W ; in other words, LsX′ ∩ ∂in2 W is a zipped Reeb foliation.

Let us summarize. We have constructed an attracting hyperbolic plug (U ′, X ′) with the fol-
lowing properties :

• the entrance boundary ∂inU ′ has two connected components ∂in1 W and ∂in2 W ,

• on the first component ∂in1 W , the entrance foliation LsX′ is topologically equivalent to the
foliation F ′,

• on the other connected component ∂in2 W , the entrance foliation LsX′ is a zipped Reeb foliation.
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The plug (U ′, X ′) is not transitive. We will use the “blow-up, excise and glue surgery” of section 7
to turn (U ′, X ′) into a transitive plug.

One hand, the maximal invariant set of (U,X) is a transitive hyperbolic attractor; let us denote
it by Λ. On the other hand, the maximal invariant set of (W,Z) is a single hyperbolic periodic
orbit O. Hence (U ′, X ′) has two basic pieces: Λ and O. Observe that Wu(O) intersect W s(Λ)
in U ′ (since φ(Wu(O) ∩ ∂outW ) = φ(γs1 ∪ γs2) intersects W s(Λ) ∩ ∂inU). By assumption, (U,X)
contains some periodic orbits with negative multipliers. Choose such a periodic orbit Ω, make a
attracting DA bifurcation on Ω. This gives rise to a new vector field X ′′ on U ′ which is a topological
extension of X ′, and has three basic pieces: a saddle hyperbolic periodic orbit O, a non-trivial
saddle basic piece Λ′, and an attracting periodic orbit Ω (see section 7.1 for more details). Let U ′′

be obtained by excising from U ′ a small tubular neighborhood of the attracting orbit Ω. According
to Proposition 7.1, (U ′′, X ′) is a hyperbolic plug with the following properties:

• the exit boundary ∂outU ′′ is a torus,

• the exit lamination LuX′′ is a zipped Reeb lamination,

• the entrance boundary ∂inU ′′ coincides with ∂inU ′,

• the entrance lamination LsX′′ has the same combinatorial type as LsX′ (hence, LsX′′ ∩ ∂in1 W has
the same combinatorial type as F ′ and LsX′′ ∩ ∂in2 W is a zipped Reeb lamination).

The laminations LuX′′ and LsX′′ ∩ ∂in2 W both are zipped Reeb laminations. So, by Lemma 7.5,
we can find a strongly transverse gluing map ψ : ∂outU ′′ → ∂in2 U

′′. We consider the manifold
with boundary U ′′′ := U ′′/ψ and the vector field X ′′′ induced by X ′′ on U ′′′. Clearly, (U ′′′, X ′′′)
is an attracting plug and ∂inU ′′′ = ∂in1 W . According to Theorem 1.5 and Remark 5.7, up to
modifying X ′′ by a topological equivalence and ψ by a strongly transverse isotopy, we may assume
that (U ′′′, X ′′′) is a hyperbolic plug.

The interior of U ′′ is embedded in U ′′′, and X ′′′ coincides with X ′′ in restriction to int(U ′′). It
follows that LsX′′ ∩ ∂in1 W must be a sublamination of the foliation LsX′′′ . Since LsX′′ ∩ ∂in1 U

′′ is a
filling MS-lamination, this implies that LsX′′′ has the same combinatorial type as LsX′′ ∩ ∂in1 W . As
a further consequence, LsX′′′ has the same combinatorial type as F ′. According to Proposition 6.8,
this implies that F ′ is realized by the attracting hyperbolic plug (U ′′′, X ′′′).

Clearly, (U ′′′, X ′′′) has infinitely many periodic orbits with negative multipliers. It remains to
check that the maximal invariant set of (U ′′′, X ′′′) is transitive. The hyperbolic plug (U ′′, X ′′) has
two basic pieces: the transitive attractor Λ′ and the periodic orbitO. On the one hand, the unstable
manifold of O intersects the stable manifold of Λ′. On the other hand, ψ∗(W

u
X′′ (Λ′) ∩ ∂outW )

intersects W s
X′′ (O) ∩ ∂in2 W , since the unique compact leaf of LsX′′ ∩ ∂in2 W is γs2 ⊂ W s

X′′ (O).
Therefore, the system (U ′′, X ′′, ψ) is combinatorially transitive. According to Proposition 1.6, this
implies that (U ′′′, X ′′′) is a transitive plug. The proof is complete.

the hyperbolic
plug by do ngi
DA along an
attracting
periodic orbit
of U X( , )

Figure 13: Proof of Lemma 8.8

Remark 8.10. Observe that the plug (U,X) provided by the proof of Lemma 8.3 has infinitely
many periodic orbits with negative multipliers.
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Proof of Theorem 1.10. Let F be a MS-foliation on a closed oriented surface S. We have to prove
that F is realized by a transitive attracting plug. If S is connected (i.e. is a torus), this immediately
follows from corollary 6.16, lemma 8.3, remark 8.10 and lemma 8.8. If S is has several connected
component, the proof is roughly the same, except for the fact that we have to use Remark 8.4
instead of Lemma 8.3.

Remark 8.11. In (U,X) is an oriented transitive attracting hyperbolic plug, then (U,−X) is
an oriented transitive repelling hyperbolic plug, and Lu(U,−X) = LsX . Using this observation,
we deduce from Theorem 1.10 that every MS-foliation can be realized as the exit foliation of a
transitive repelling hyperbolic plug.

9 Embedding hyperbolic plugs in Anosov flows

The purpose of the present section is to prove Theorem 1.12 which states that every hyperbolic
plug with filling MS-laminations can be embedded in a transitive Anosov flow. We shall need the
folliowing lemma:

Lemma 9.1. For every MS-foliation F on a surface S, there exists a MS-foliation G on S which
is transverse to F .

Proof. Choose a riemannian metric on S, and consider the orthogonal F⊥ of F for this metric.
Obviously, F⊥ is a foliation on S which is transverse to F . In general, F⊥ is not a MS-foliation.
Nevertheless, a generic C1-small perturbation of F⊥ is a MS-foliation which is still transverse to
F .

Proof of Theorem 1.12. Let us prove the first item. We consider a hyperbolic plug with filling
MS-laminations (U0, X0). We have to build a closed three-manifold M and a (not necessarily
transitive) Anosov vector field X on M , such that there is a compact submanifold U of M , such
that X is transverse to ∂U and (U,X|U ) is topologically equivalent to (U0, X0).

According to Lemma 2.17, the lamination LsX0
can completed to a MS-foliation Fs. According

to Lemma 9.1, we can find a MS-foliation G on ∂inU0 which is transverse to Fs. Theorem 1.10
provides a transitive repelling hyperbolic plug (UR, XR) and a homeomorphism φ : ∂outU1 →
∂inU0 such that φ∗(LuXR

) = G. In particular, the foliation φ∗(LuXR
) is strongly transverse to the

lamination LsX0
. We consider the manifold U1 := (UR ⊔ U0)/φ, endowed with the vector field X1

induced by XR and X0. According to Proposition 1.1, (U1, X1) is a repelling hyperbolic plug.
Now we consider the exit foliation LuX1

. According to Lemma 9.1, we can find a MS-foliation
H on ∂outU1 = ∂outU0 which is transverse to LuX1

. Theorem 1.10 provides a transitive attracting

hyperbolic plug (UA, XA) and a homeomorphism ψ : ∂inUA → ∂outU1 such that ψ∗(LsXA
) = H. In

particular, the foliation ψ∗(LsXA
) is transverse to the foliation LuX1

. We consider the closed manifold
M := (U1 ⊔ UA)/ψ, endowed with and the vector field X induced by X1 and XA. According to
Proposition 1.1, X is a (non-transitive) Anosov vector field.

The plug (M,X) was constructed by gluing together the plugs (UR, XR), (U0, X0) and (UA, XA).
Therefore, U0 can be regarded as a submanifold with boundary of M , and X0 can be regarded as
the restriction of X to U0. This completes the proof of the first item of Theorem 1.12.

Now prove the second item. We assume that the maximal invariant set of (U0, X0) contains
neither attractors, nor repellers. We will modify use the blow-up, excise and glue surgery to “turn
X into a transitive vector field”.

Recall that (M,X) was obtained by gluing together the hyperbolic plugs (UR, XR), (U0, X0)
and (UA, XA). Therefore, UR, U0, UA can be regarded as compact submanifolds with boundary of
M . We pick two periodic orbits OR, OA of X , both with positive multipliers, contained respectively
in UR and UA. We make a repelling DA bifurcation on OR, and an attracting DA bifurcation on OA
(see subsection 7.1). This gives rise to a new vector field X on M , which has a repelling periodic
orbit OR ⊂ UR and an attracting periodic orbit OA ⊂ UA. As in subsection 7.1, we consider some
open tubular neighborhoods TR and TA of OA and OR respectively, such that X is transverse to
∂TR and ∂TA. We assume that TA and TR are contained respectively in UA and UR (therefore TA
and TR are disjoint from U0). We excise these tubular neighborhoods from M , i.e. we consider
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the compact manifold with boundary U :=M \ (TA ⊔ TR). As explained in section 7.2, (U,X) is a
hyperbolic plug, and we can find a strongly transverse gluing diffeomorphism χ : ∂outU → ∂intU .
Notice moreover that the maximal invariant set of (U,X) does not contain neither attractors, nor
repellors, since we have made a DA bifurcation on a periodic orbit of the unique attractor of
X (turning this attractor into a saddle basic piece) and a DA bifurcation on a periodic orbit of
the unique repellor of X (turning this repellor into a saddle basic piece). We consider the closed
manifold M ′ := U/χ, and the vector field X ′ induced by X on M ′. According to Theorem 1.5 (up
to perturbing X by topological equivalence, and χ by a strongly transverse isotopy), the vector
field X ′ is Anosov. Observe that U0 can be regarded as a compact submanifold with boundary of
M ′ (since the solid tori TA and TR were assumed to be disjoint from U0), and X0 can be regarded
as the restriction of X ′ to U0 (indeed, X ′ coincides with X on int(M) ⊃ U0, and X coincides with
X outside a small neighborhood of the orbits O and O′).

We are left to prove that X ′ is transitive. For this purpose, we will use the criterion provided
by Proposition 1.6. Let ΛA (resp. ΛR) be the maximal invariant set of the plug (UA, XA) (resp.
(UR, XR)). Let Λ1, . . . ,Λn be the collection of the basic pieces of the hyperbolic plug (U,X). Recall
that (M,X) was obtained by gluing the hyperbolic plugs (UR, XR), (U0, X0), (UA, XA), without
creating any new recurrent orbit. Therefore, the basic pieces of (M,X) are ΛR,Λ1, . . . ,Λn,ΛA.
For each i = 1, . . . , n, W s

X(Λi) must intersect Wu
X(ΛR), because ΛR is the only repelling basic

piece for X . Similarly, Wu
X(Λi) must intersect W s

X(ΛA). Item 4 of Proposition 7.1 implies that
the basic pieces of X |U are in one-to-one correspondence with the basic pieces in X . We denote

by ΛR,Λ1, . . . ,Λn,ΛA the basic pieces of X |U (using obvious notations). For i = 1, . . . , n, W s
X
(Λi)

intersects Wu
X
(ΛR), and W

u
X
(Λi) intersects W

s
X
(ΛA). Moreover, item 4 of Proposition 7.1 implies

that Wu
X
(ΛA) ∩ ∂outU is dense in Lu

X
, and W s

X
(ΛR) ∩ ∂inU is dense in Ls

X
. Hence, the image

under χ∗ of Wu

X
(ΛA) ∩ ∂

outU intersects W s

X
(ΛR) ∩ ∂

inU . As a consequence, the system (U,X, χ)
is combinatorially transitive. According to Proposition 1.6, this implies that the Anosov vector
field X ′ is transitive. This completes the proof of the second item of Theorem 1.12.

10 A manifold supporting with n transitive Anosov flows

The purpose of this section is to prove Theorem 1.13. We fix an integer n ≥ 1. In subsection 10.1,
we construct of a manifoldM supporting n transitive Anosov vector Z1, . . . , Zn. In subsection 10.2,
we prove that these vector fields are pairwise non topologically equivalent.

10.1 Construction of a manifold M supporting n transitive Anosov flows

Lemma 10.1. There exists a transitive hyperbolic plug with filling MS-laminations (U,X) such
that :

1. int(U) is a hyperbolic manifold;

2. ∂inU is connected ( i.e. is a torus), the lamination LsX has 2n + 2 compact leaves, all of them
being coherently oriented;

3. for each connected component T of ∂outU , all the compact leaves of the lamination LuX ∩ T are
coherently oriented.

Proof. Consider a pseudo-Anosov diffeomorphism f of a closed surface Σ, such that f has at least
two singularities, and such that one of the singularities of f has exactly (2n + 2) prongs. The
existence of such a pseudo-Anosov diffeomorphism follows for example from Theorem 2 of [MaSm].
After possibly replacing f by a power, we can assume that all the prongs of all the singularities of f
are fixed by f . We denote these singularities by p1, . . . , pm, where p1 has (2n+2) prongs. Then we
make a repelling DpA (derived from pseudo-Anosov) bifurcation at p1, and some attracting DpA
bifurcations at p2, . . . , pm. This yields an axiom A diffeomorphism g of Σ, whose non-wandering
set is composed of a non-trivial saddle basic piece, a repelling fixed point p1, and some attracting
fixed points p2, . . . , pm. Then we consider the suspension (N,X) of this diffeomorphism: N is a
closed three-manifold, and X is a non-singular axiom A vector field on N whose non-wandering
set is made of a non-trivial saddle basic piece Λ, a repelling periodic orbit γ1, and some periodic
attracting orbits γ2, . . . , γm. We set U := M \ (T1 ∪ · · · ∪ Tn), where T1, . . . , Tm are “small” open
tubular neighborhoods of the periodic orbits γ1, γ2, . . . , γm. More precisely, we choose T1, . . . , Tm
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to be included in the basins of the orbits γ1, γ2, . . . , γm respectively, and such that their boundary
is transverse to X (just as in subsection 7.1). By construction, (U,X) is a plug, ∂inU = ∂T1 (in
particular ∂inU is connected as announced), and ∂outU = ∂T2 ∪ · · · ∪ ∂Tm. Moreover, the same
arguments as in the proof of Proposition 7.1 show that:

• the maximal invariant set of (U,X) is a transitive and hyperbolic;

• LsX is a filling MS-lamination with 2n+2 compact leaves, all of them being coherently oriented;

• LuX ∩ ∂Tk is a filling MS-lamination with sk compact leaves, where sk is the number of prongs
of the singularity pk, all of them being coherently oriented.

Finally, a well-known theorem of Thurston (see [Th]) shows that the interior of U is hyperbolic.

We will use the hyperbolic plug (V, Y ) provided by Lemma 8.6.

Lemma 10.2. There exist a hyperbolic plug with filling MS-laminations (W,Z) such that:

1. (W,Z) is obtained by gluing the hyperbolic plugs (U,X)and (V, Y ), provided respectively by
Lemma 10.1 and Lemma 8.6, along ∂inU and ∂outV ; in particular, ∂inW = ∂inV is connected;

2. the lamination LsZ has 2n+3 compact leaves; exactly 2n+ 2 of these 2n+ 3 compact leaves are
coherently oriented;

3. on each connected components of ∂outW , all the compact leaves of the lamination LuZ ∩ T are
coherently oriented.

Proof. According to Lemma 10.1, ∂inU is a torus, and LsX is a filling MS-lamination with 2n+ 2
compact leaves. Let γ1, . . . , γ2n+2 be a geometrical enumeration of the compact leaves of LsX (see
definition 6.4). Let A1 be the connected component of ∂inU \

⋃
i γi bounded by the compact leaves

γ1 and γ2. Recall that ∂
outV is a torus, and that the lamination LuY consists in a single (compact)

leaf γu. Then we choose a diffeomorphism ψ : ∂outV → ∂inU such that the closed leaf ψ∗(γ
u) is

contained in the interior of the annulus A1, and transverse to the lamination LsX (in particular,
the compact leaf ψ∗(γ

u) does intersect the lamination Ls(U,X)). We glue the plugs (U,X) and
(V, Y ) thanks to the diffeomorphism ψ. More precisely, we consider the manifold with boundary
W := (U ⊔ V )/ψ and the vector field Z induced by X and Y on W . Proposition 1.1 asserts that
(W,Z) is a hyperbolic plug.

Let us describe the lamination LuZ . According to Proposition 3.1, we have

Lu(W,Z) = LuX ⊔ (ΓU )∗(ψ∗(γ
u) \ LsX),

where ΓU : ∂inU \ LsX → ∂outU \ LuX is the crossing map associated to the plug (U,X). Now
observe that ψ∗(γ

u) \ LsX does not contain any compact leaf (recall that the compact leaf ψ∗(γ
u)

does intersect the lamination LsX). Therefore the compact leaves of LuZ are exactly the same as
the compact leaves of LuX . In particular, for each connected component T of ∂outW = ∂outU , all
the compact leaves of LuZ ∩ T are coherently oriented.

Now we describe the entrance lamination LsZ . The arguments are very similar to those of the
proof of Proposition 8.5. We have

LsZ = LsY ⊔ (Γ−1
V )∗(ψ

−1
∗ (LsX) \ γu),

where ΓV : ∂inV \ LsY → ∂outV \ LuY is the crossing map associated to the plug (V, Y ). The
lamination (ψ−1)∗(LsX) has 2n+ 2 compact leaves, and we have chosen ψ so that these leaves are
disjoint from γu. Therefore (Γ−1

V )∗((ψ
−1)∗(LsX) \ LuY ) has 2n+ 2 compact leaves. The lamination

LsY consists in a single isolated compact leaf γs. This proves that the lamination Ls(W,Z) has
exactly 2n + 3 compact leaves. Let us examine the contracting orientations of the leaves. The
compact leaves of LsX are coherently oriented. Moreover, these compact leaves are contained in the
annulus ∂inU \A1, and the map Γ−1

V ◦ψ−1 is well-defined on ∂inU \A1 (since ψ∗(γ
u) is contained

in A1). It follows that the 2n + 2 compact leaves of LsZ contained in (Γ−1
V )∗((ψ

−1)∗(LsX)) are
coherently oriented. It remains to check that the orientation of the last compact leaf of LsZ is
not coherent with the orientations of the 2n + 2 other compact leaves. Actually, we can use
exactly the same trick as in the proof of Proposition 8.5: we consider an orientation-preserving
homeomorphism τ : ∂outV → ∂outV which reverses the orientation of the compact leaf γu. Exactly
the same arguments as in the proof of Proposition 8.5 show that either ψ or ψ ◦ τ lead to a plug
(W,Z) satisfying the desiered property.
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Now we consider two copiesW−,W+ of the manifold with boundaryW provided by Lemma 10.2.
We endow W+ with the vector field Z+ := Z, and we endow W− with the vector field Z− := −Z.
There are some natural identifications:

• ∂inW+ ≃ ∂outW− ≃ ∂inW and ∂outW+ ≃ ∂inW− ≃ ∂outW ,

• LsZ+
≃ LuZ−

≃ LsZ and LuZ+
≃ LsZ−

≃ LuZ .

According to Lemma 10.2, there is one (and only one) compact leaf c of the lamination LsZ , such
that the contracting orientation of c is incoherent with the contracting orientations of the other
compact leaves of LsZ . We denote by c+ (resp. c−) the corresponding compact leaf of LsZ+

(resp.

LuZ−

).

Lemma 10.3. There exists a diffeomorphism φ : ∂outW+ → ∂inW− such that:

1. the filling MS-laminations φ∗(LuZ+
) and LsZ−

are strongly transverse;

2. if we see φ as a self-homeomorphism of ∂outW (using the natural identifications of ∂outW+ and
∂inW− with ∂outW ), then φ is isotopic to the identity.

Proof. This follows immediately from Lemma 7.5 and item 3 of Lemma 10.2.

Lemma 10.4. For every k ∈ {1, . . . , n}, there exists a diffeomorphism φk : ∂outW− → ∂inW+

with the following properties:

1. (φk)∗(LuZ−

) and LsZ+
are strongly transverse;

2. the compact leaves (φk)∗(c
−) and c+ bound two open annuli14 in the torus ∂inW+, which contain

respectively k and 2n+ 2− k compacts leaves of the lamination LsZ+
;

3. if we see φ as a self-homeomorphism of ∂outW , then φk is isotopic to the identity.

Remark 10.5. Item 2 of Lemma 10.4 implies in particular that LsZ+
∪(φi)∗(LuZ−

) is homeomorphic

to LsZ+
∪ (φj)∗(L

u
Z−

) only if i = j.

Proof of Lemma 10.4. See figure 14. Proposition 6.19 provides a diffeomorphism ψ0
− : ∂outW− →

T2 such that:

• the 2n+3 compact leaves of the lamination (ψ−)∗(LuZ−

) are the vertical circles { i
2n+3}×S1 for

i = 0, . . . , 2n+ 2, the leaf (ψ−)∗(c
−) being the circle { 1

2n+3} × S1

• in the open annulus ( i
2n+3 ,

i+1
2n+3 ) × S1, the leaves of the lamination (ψ0

−)∗(L
u
Z−

) are graphs of

C1 functions from ( i
2n+3n,

i+1
2n+3 ) to S1;

• the derivatives of these functions are positive on (0, 1
2n+3 ), negative on ( 1

2n+3 ,
2

2n+3 ),

• for i = 2, . . . , 2n + 2, the derivatives of these functions are positive on ( i
2n+3 ,

i
2n+3 + 1

2 ) and

negative on ( i
2n+3 + 1

2 ,
i+1
2n+3 ).

Similarly, one gets a a diffeomorphism ψ+ : ∂inW+ → T2 so that the lamination (ψ+)∗(LsZ+
)

satisfies similar properties (with the leaf (ψ+)∗(c
+) insteaf of the leaf (ψ−)∗(c

−)). Now pick
ǫ << 1 and consider the diffeomorphism Θǫ : T2 → T2 defined by

Θǫ(x, y) = (θǫ(x), y)

where θǫ : [0, 1] → [0, 1] is the function which maps affinely [0, 2
2n+3 ] on [0, ǫ] and maps affinely

[ 2
2n+3 , 1] on [ǫ, 1] (in other words, Θk shrinks the annulus (0, 2

2n+3 ) × S1 to a very thin annulus).

For k ∈ {1, . . . , n}, also consider the diffeomorphism ξk : T2 → T2 defined by

ξk(x, y) =

(
x+

k + 1
2

2n+ 1
, y

)
.

One easily checks that the diffeomorphism (Θǫ◦ψ+)
−1◦ξk◦(Θǫ◦ψ−) satisfies the desired properties

provided that ǫ is small enough.
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the blue lamination:the red lamination:

Figure 14: The diffeomorphism φk in the case n = 2 and k = 3.

Definition 10.6 (The vector fields Z1, . . . , Zn). Consider the hyperbolic plug (W+, Z+)⊔(W−, Z−).
For k = 1 . . . n, consider the diffeomorphism

Φk : ∂outW+ ⊔ ∂outW− −→ ∂inW+ ⊔ ∂inW−

defined by Φk := φ on ∂outW+ and Φk := φk on ∂outW−. According to Lemma 10.3 and 10.4, Φk
is a strongly transverse gluing diffeomorphism. Now consider the closed manifold Mk := (W+ ⊔
W−)/Φk and the vector field Zk on Mk induced by the vector fields Z and −Z (more precisely,
Zk := Z on W+ and Zk := −Z on W−). According to Theorem 1.5, up to modifying Z by a
topological equivalence and Φk by a strongly transverse isotopy, Zk is an Anosov vector field.

Since the gluing map Φk is isotopic to the identity for every k, the manifolds M1, . . . ,Mn are
pairwise diffeomorphic. From now on, we identify the manifoldsM1, . . . ,Mn with a single manifold
M , and see Z1, . . . , Zn as vector fields on this manifold M .

The Anosov vector field (M,Zk) was obtained by gluing cyclically four hyperbolic plugs (U−, X−),
(V−, Y−), (V+, Y+) and (U+, X+), where U+, U− are two copies of U , V+, V− are two copies of V ,
X+ = X , X− = −X , Y+ = Y and Y− = −Y . See figure 15.

Figure 15: The hyperbolic plugs used to build the manifold M and the Anosov vector field Zk

Proposition 10.7. The JSJ decomposition of manifold M has three pieces: two hyperbolic pieces
U− and U+, and one Seifert piece S := V− ∪ V+.

14In order avoid unnecessary complications, we will not try to distinguish these two annuli (although this can be
done using the orientations of the leaves (φk)∗(c

−) and c+).
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Proof. As explained above, M was obtained by gluing two copies U−, U+ of U and two copies
V−, V+ of V . The interior of U is hyperbolic; therefore, U− and U+ must be hyperbolic pieces of
JSJ decomposition of M . The manifold V is a Seifert fiber bundle. During the construction of the
manifold M , the two copies V−, V+ of V were glued together using the map ψk. The map ψk is
isotopic to identity, and therefore maps the regular fibers of V− on the regular fibers of V+ (up to
free homotopy). Therefore S := V− ∪ V+ is a Seifert bundle, and corresponds to a single piece in
the JSJ decomposition of M .

Remark 10.8. The vector fields Z1, . . . , Zn are pairwise homotopic through non-zero vector fields
on M : this follows easily from the construction.

Proposition 10.9. For every k ∈ {1, . . . , n}, the Anosov vector field Zk is transitive.

Proof. As explained above, (Mk, Zk) was obtained by gluing the four hyperbolic plugs (U−, X−),
(V−, Y−), (V+, Y+) and (U+, X+). These four plugs form a cycle as shown on figure 15. The
choice of the gluing maps ensures that the unstable manifold of the maximal invariant set of any of
these four plugs intersects the stable manifold of the maximal invariant set of the next plug in the
cycle. Moreover, each of the four hyperbolic plugs is transitive. Therefore, the graph associated
to the gluing procedure has four vertices, and these four vertices belong to an oriented cycle; in
particular, the gluing procedure is combinatorially transitive. By Proposition 1.6, it follows that
Zk is topologically transitive.

10.2 The vector fields Z1, . . . , Zn are not topologically equivalent

The strategy to prove the vector fields Z1, . . . , Zn are pairwise non topologically equivalent is the
following. First, we prove that a topological equivalence between Zi and Zj must leave invariant
the submanifolds W− and W+. Then we use remarks 10.5 to conclude that such a topological
equivalence cannot exist, unless i = j.

We will use the following result, which was proved by Barbot ([Ba3, Théorème A]), elaborating
on some arguments of Brunella ([Br]):

Lemma 10.10 (Barbot). Let Z be an Anosov vector field on a closed three-manifold M , and T, T ′

be some tori embedded in M and transverse to Z. If T is homotopic to T ′, then T is isotopic to
T ′ along the orbits of Z.

The phrase “T is isotopic to T ′ along the orbits of Z” means that there exists a continuous func-
tion u : T → R such that x 7→ Zu(x)(x) maps T on T ′. This implies that there is a homeomorphism
g :M →M preserving preserving each orbit of Z and mapping T on T ′.

Lemma 10.11. Assume that the vector fields Zi and Zj are topologically equivalent. Then, one
can choose the topological equivalence so that it preserves W− and W+.

Proof. By assumption Zi and Zj are topological equivalent: there exists a homeomorphism h :
M →M mapping the oriented orbits of Zi on the oriented orbits of Zj.

Recall that the JSJ decomposition ofM comprises two hyperbolic pieces U−, U+ and one Seifert
piece S = V− ∪ V+ (see Proposition 10.7). The homeomorphism h permutes the three JSJ pieces
up to isotopy, mapping a hyperbolic piece on a hyperbolic piece, and the Seifert piece on a Seifert
piece. Morover, h cannot map (even up to isotopy) U− on U+, because h preserves the orientation
of the orbits, and the orbits of Zi and Zj go from U+ to U− (see figure 15). Therefore, h must
leave invariant the three JSJ pieces U−, U+, S up to isotopy.

Now, recall that the boundaries of U−, U+, S are transverse to the vector fields Zi and Zj (see
the proof of Proposition 10.7). Hence, using to Lemma 10.10, we can modify h so that it leaves
invariant U−, U+, S in the set theoretic sense (not “up to isotopy”). And since ∂outW+ = ∂inW− =
∂outU+ = ∂inU− (see figure 15), it follows that h preserves the surface ∂outW+ = ∂inW−.

It remains to prove that h also preserves the surface ∂outW− = ∂inW+. Recall that ∂
outW− =

∂inW+ = ∂outV− = ∂inV+ is an incompressible torus in the interior the Seifert piece S = V− ∪ V+
(see again figure 15). But the topology of S is quite simple. Indeed, V− and V+ are Seifert bundles
over the projective plane minus two discs. It follows that, up to homotopy, there are only three
incompressible tori in the Seifert piece S: the two connected components ∂inV−, ∂

outV+ of the
boundary of S, and the torus ∂outW− = ∂inW+ = ∂outV− = ∂inV+. As a consequence, h must
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preserve the torus ∂outW− = ∂inW+ up to isotopy. And using once again lemma 10.10, we can
modify h so that it leaves invariant ∂outW− = ∂inW+ in the set theoretic sense.

Now h leaves invariant ∂outW+ = ∂inW− and ∂outW− = ∂inW+. Henceforth, it must leave
invariant W− and W+.

Proposition 10.12. The vector fields Zi and Zj are not topologically equivalent, unless i = j.

Proof. Consider two integers i, j ∈ {1, . . . , n} and assume that the vector fields Zi and Zj are
topologically equivalent. According to lemma 10.11, there exists a homeomorphism h : M → M
mapping the orbits of Zi of the oriented orbits of Zj , and leaving invariant the two submanifoldsW−

and W+. This homeomorphism h maps the laminations LsZ− and (φi)∗(LuZ+
) on the laminations

Ls
Z− and (φj)∗(LuZ+

) respectively. According to remark 10.5, this is possible only if i = j.

11 An Anosov flow with infinitely many transverse tori

The purpose of this last section is to prove Theorem 1.15, i.e. to build a transitive Anosov vector
field Z on a closed three-manifold M such that there exists infinitely many pairwise non-isotopic
tori embedded in M which are transverse to Z.

We first consider the vector field X0 on the torus T2 defined as follows

X0(x, y) = sin(2πy)
∂

∂x
+ sin(2πy)

∂

∂y
.

One can easily check that the non-wandering set of X0 consists in four hyperbolic singularities: a
source α := (0, 0), two saddles σ1 := (12 , 0) and σ2 := (0, 12 ), and a sink ω := (12 ,

1
2 ). Moreover, the

invariant manifolds of σ1 are disjoint from the invariant manifold of σ2. See figure 16.

Figure 16: The gradient-like vector field X0

Now, we consider some pairwise disjoint (small) open discs Dα, Dσ1 , Dσ2 , Dω centered at
α, σ1, σ2, ω respectively, such that the vector field X0 is transverse to the boundaries of Dα and
Dω. We consider a smooth function ϕ : T2 → R such that ϕ > 0 on Dσ1 , ϕ < 0 on Dσ2 , and ϕ = 0
on T2 \ (Dσ1 ∪Dσ2) (in particular, ϕ = 0 on Dα ∪Dω). Then we consider the vector field X on
T2 × S1 defined by

X(x, y, t) = X0(x, y) + ϕ(x, y)
∂

∂t
.

We consider the compact three-manifold with boundary U := (T2 \ (Dα ∪Dω))× S1.

Lemma 11.1. The pair (U,X) is a hyperbolic plug with the following characteristics:

1. the maximal invariant set of (U,X) consists in two saddle hyperbolic periodic orbits;

2. both the entrance boundary ∂inU (resp. the exit boundary ∂outU) of (U,X) is a torus;

3. the lamination LsX (resp. LuX) consists in four closed leaves. These leaves are parallel essential
curves in ∂inU (resp. ∂outU). Moreover, the dynamical orientations (see definition 6.17) of
these leaves are “alternating”: the dynamical orientations of two adjacent leaves of LsX (resp.
LuX) are always incoherent.
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Proof. The vector field X0 is transverse to ∂Dα ∪ ∂Dω, and the function ϕ vanishes on Dα ∪Dω.
Hence, the vector field X is transverse to ∂U = (∂Dα × S1) ⊔ (∂Dω × S1). In other words, (U,X)
is a plug. Moreover, since α is a source and ω is a sink, the vector field X0 is pointing outwards
Dα and inwards Dω. It follows that ∂

inU = ∂Dα× S1 and ∂outU = ∂Dω × S1. In particular, both
∂inU and ∂outU are tori.

The definitions of X0 and S imply that maximal invariant set of (S,X0) is made of the two
saddles σ1, σ2. It follows that the maximal invariant set of (U,X) consists in the saddle hyperbolic
periodic orbits σ1 × S1 and σ2 × S1. In particular, (U,X) is a hyperbolic plug.

The intersection of W s(σ1) ∪W s(σ2) with ∂Dα consists in four points. By definition of the
vector field X , the lamination LsX is just the product by S1 of (W s(σ1) ∪W s(σ2)) ∩ ∂Dα. This
shows that LsX consists in four closed leaves, which are parallel essential curves in ∂inU = ∂Dα×S1.

Let γ1, γ2 be two adjacent leaves in Ls(U,X). Observe that the points of W s(σ1) ∩ ∂Dα and
W s(σ2)∩∂Dα are alternating with respect to the cyclic order of ∂Dα. Therefore, up to exchanging
the names, γ1 and γ2 belong respectively to W s(σ1×S1) and W s(σ2×S1). And since the function
ϕ is positive on Dσ1 and negative on Dσ2 , it follows that the dynamical orientations of γ1, γ2 are
incoherent.

Now we consider two copies (U1, X1) and (U2, X2) of the plug (U,X). We choose a diffeo-
morphism ψ : ∂outU1 → ∂inU2 so that each of the four compact leaves of ψ∗(LuX1

) intersects
transversally each of the four leaves of LsX2

at exactly one point (see figure 17, left). We consider
manifold with boundary V := (U1 ⊔ U2)/ψ. We denote by Y the vector field on V induced by X1

and X2. According to proposition 1.1, (V, Y ) is a hyperbolic plug. By construction, ∂inV = ∂inU1

and ∂outV = ∂outU2. In particular, both ∂inV and ∂outV are tori.

Figure 17: The gluing maps ψ (on the left) and χ (on the right)

Remark 11.2. Each connected component As of ∂inU2 \ LsX2
is an annulus bounded by two

(compact) leaves of LsX2
. The assumptions on the gluing map ψ imply that ψ∗(LuX2

)∩As consists
in four open arcs, each of which is “crossing” the annulus As (i.e going from one end of As to the
other).

Lemma 11.3. LuY (resp. LsY ) is a filling MS-lamination. It has four compact leaves. These leaves
have “alternating contracting orientations”: the contracting orientations of two adjacent leaves are
always incoherent.

Proof. As usual, we use Proposition 3.1 to write LsY as a disjoint union:

LuY = LuX2
⊔ (Γ2)∗(φ∗(L

u
X1

) \ LsX2

where Γ2 : ∂inU2 \ L
s
X2

→ ∂outU2 \ L
u
X2

is the crossing map of the plug (U1, X1).
Each of the four leaves of φ∗(LuX1

) intersects LsX2
. Therefore, Γ∗(φ∗(LuX1

) \ LsX2
) does not

contain any compact leaf. As a further consequence, the compact leaves of the lamination LuY are
exactly those of the lamination LuX2

. Hence, the lamination LuY has four compact leaves (which
are parallel essential curves in the torus ∂outV = ∂outU2), and the dynamical orientation of two
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adjacent compact leaves are incoherent. By Proposition 6.18, this is equivalent to the analoguous
statement with the contracting orientation instead of the dynamical orientations.

We are left to prove that LuY is a filling MS-lamination. We already know that this is a MS-
lamination thanks to Propositon 2.8. So we are left to prove that every connected component of
∂outV \ LuY is a strip in the sense of definition 2.11. For this purpose, we consider a connected
component Au of ∂outU2 \LuX2

) ; this is an open annulus bounded by two compact leaves γu1 , γ
u
2 of

LuX2
. The set As := Γ−1(Au) is a connected component of ∂inU2\LsX2

. The leaves of LuY contained
in the annulus Au are exactly the images under Γ∗ of the connected components of ψ∗(L

u
X1

))∩As.
Together with remark 11.2, this implies that there are exactly four leaves of LuY in the annulus
Au, and that each of this four leaves is “crossing” the annulus Au, i.e. is accumulating on both
γu1 and γu2 . As a further consequence, every connected component of Au \ LuY is a strip bounded
by two compact leaves of LuY which are asymptotic at both ends. In other words, LuY is a filling
MS-lamination.

Lemma 11.4. There exists a diffeomorphism χ : ∂outV → ∂inV such that:

• the laminations χ∗(LuY ) and LsY are strongly transverse,

• every leaf of χ∗(LuY ) intersects every leaf of LsY (see figure 17, right).

Proof. See figure 17. Proposition 6.19 provides a diffeomorphism ψout : ∂outV → T2 such that:

• the compact leaves of the lamination (ψout)∗(LuY ) are the vertical circles {
i
4}×S1 for i = 0, . . . , 3;

• in the open annulus ( i4 ,
i+1
4 ) × S1, the leaves of the lamination (ψout)∗(LuY ) are graphs of C1

functions from ( i4 ,
i+1
4 ) to S1;

• the derivatives of these functions are positive for i = 0 and 2, and negative for i = 1 and 3.
Given any constant A, an elementary modification of the proof fo Proposition 6.19 allows to
assume that the derivatives of these functions are larger than A for i = 0 and 2, and smaller
than −A for i = 1 and 3.

There is a diffeomorphism ψin : ∂inV → T2 such that the lamination (ψin)∗(LsY ) satisfies ana-
loguous properties. Now, let χ0 : T2 → T2 be the orientation-preserving diffeomorphism de-
fined by χ0(x, y) = (−y, x). A straightforward computation shows that the diffeomorphism
χ : ∂outV → ∂inV defined by χ := (ψout)−1 ◦ χ0 ◦ ψin satisfies the desired properties.

We consider the closed manifold M := V/χ. We denote by Z the vector field induced by Y on
M . The first item of Lemma 11.4 and Theorem 1.5 imply that the vector field Z is Anosov (up
to perturbing Y within its topological equivalence class and modifying χ by a strongly transverse
isotopy). The second item of Lemma 11.4 and Proposition 1.6 imply that the vector field Z is
topologically transitive.

Figure 18: The curves cx, cy and c3
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Proposition 11.5. There exists infinitely many pairwise non-isotopic tori embedded in M which
are transverse to the vector field Z.

Proof. Let cx and cy be the closed curves on T2 defined respectively by the equations x = 1
4

and y = 1
4 . We endow cx and cy with the orientations defined by the vector fields ∂

∂y
and ∂

∂x

respectively. One can easily check that the vector field X0 is transverse to cx and cy.
Let q ∈ N− {0}. Using classical and elementary desingularization process, one can easily find

an oriented simple closed curve cq on T2, freely homotopic to cx + q.cy, transverse to the vector
field X0, and disjoint from the discs Dα, Dσ1 , Dσ2 , Dω (see figure 18). The torus Tq := cq × S1

is embedded in U = (T2 \ (Dα ∪ Dβ)) × S1 and transverse to the vector field X (because cq is
transverse to X0 and since X(x, y, t) = X0(x, y) for (x, y) ∈ T2 \ (Dσ1 , Dσ2)). Now recall that
(M,Z) has been obtained by gluing together two copies of the plug (U,X). Therefore the torus Tq
can be seen as a torus embedded in M transverse to the vector field Z.

Now consider two different positive integers q, q′. Fix any θ0 ∈ S1 and consider the simple
closed curve ĉq := cq×{θ0} ⊂ Tq. Obviously the algebraic intersection number of the curve ĉq and
the torus Tq′ is equal to ±|q − q′|, which is nonzero. An easy cohomological argument shows that
Tq is not isotopic to Tq′ in M .

So we have found infinitely many pairwise non-isotopic tori embedded in M and transverse to
Z. The proof of Proposition 11.5 and Theorem 1.15 is complete.

Remark 11.6. The construction above does not seem to be optimal. Indeed, it should be possible
to find a gluing map θ : ∂outU → ∂inU such that the vector field Zθ induced by X on the closed
manifold U/θ is Anosov. Nevertheless, the existence of such a gluing map does not follow from
Theorem 1.5, since the entrance/exit laminations of the plug (U,X) are not filling MS-laminations.

Remark 11.7. The manifold M constructed above is a graph manifold (it was obtained by gluing
together two copies of S × S1 where S is the torus minus two discs). Nevertheless, the construc-
tion can easily be modified in order to get a manifold M which has hyperbolic pieces in its JSJ
decomposition.
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Systems 4 (1) (1984) 67-80.

[Gh2] Ghys, Étienne. Flots d’Anosov dont les feuilletages stables sont différentiables, Ann. Sci.
École Norm. Sup. (4) 20 (2) (1987) 251-270.

[Has] Hasselblatt, Boris Hyperbolic Dynamical Systems.
https://www.newton.ac.uk/preprints/NI00008.pdf

[MaSm] Masur, Howard; Smillie, John. Quadratic differentials with prescribed singularities and
pseudo-Anosov diffeomorphisms. Comment. Math. Helv. 68 (1993), no. 2, 289-307.

[NePa] Newhouse, Sheldon; Palis, Jacob. Hyperbolic nonwandering sets on two-dimensional man-
ifolds in : M. Peixoto (Ed.) Dynamical Systems, Salvador, 1973; pp. 293-301.

[Pl] Plante, J. F. Anosov flows, transversely affine foliations, and a conjecture of Verjovsky. J.
London Math. Soc. (2) 23 (1981), no. 2, 359-362.

[Sm] Smale, S. Differentiable dynamical systems. Bull. Amer. Math. Soc. 73 1967 747-817.

[Th] Thurston, William P. Hyperbolic structures on 3 -manifolds, II: Surface groups and 3-
manifolds which fiber over the circle. arXiv:math/9801045.

François Béguin
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Institut de Mathématiques de Bourgogne

UMR 5584 du CNRS
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