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Abstract –We present a new model to realize artificial 2D lattices with cold atoms investigat-
ing the atomic artificial graphene: a 2D-confined matter wave is scattered by atoms of a second
species trapped around the nodes of a honeycomb optical lattice. The system allows an exact de-
termination of the Green function, hence of the transport properties. The inter-species interaction
can be tuned via the interplay between scattering length and confinements. Band structure and
density of states of a periodic lattice are derived for different values of the interaction strength.
Emergence and features of Dirac cones are pointed out, together with the appearance of multiple
gaps and a non-dispersive and isolated flat band. Robustness against finite-size and vacancies
effects is numerically investigated.

Introduction. – Due to the fundamental role of car-
bon in biological systems, the investigations of physical
properties of its allotropes has always raised great inter-
est. This is the case for graphene, which is a flat mono-
layer of carbon atoms arranged in a two-dimensional (2D)
honeycomb lattice (HL) [1]. The experimental isolation
of graphene in 2004 [2] pushed out of the mere academic
interest the study of this intriguing material, with par-
ticular interest toward the outstanding transport prop-
erties of charge carriers. These follow from the pecu-
liar band structure of electrons: conduction and valence
bands touch in isolated point of k-space, around which the
energy-momentum dispersion relation is conical. In such
a scenario Schrödinger’s equation fails to describe the par-
ticles’ behavior, ruled by a Dirac-like equation for mass-
less fermions. The group velocity vg ' 106m/s of these
particles around the Dirac cone plays the role of an effec-
tive speed-of-light of the charge carriers. This intriguing
scenario allows for the investigation of quantum electro-
dynamics in benchtop experiments.

The interest towards these amazing properties led to the
realization of several kinds of artificial graphene: systems
whose geometrical symmetries allow for the appearance of
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Dirac singularities (for a recent review, see [3]). Among
these we find nano-structured surfaces on which hexago-
nal patterns are impressed [4, 5] and molecular graphene,
obtained by accurately deposing molecules on a substrate
[6]. Microwave analogs of graphene can also be imple-
mented making use of HL of dielectric resonators [7]. In
this domain ultracold gases in optical lattices (OL) re-
vealed themselves as a powerful and versatile tool due to
the tunability of inter-particle interactions and lattice ge-
ometries [8]. Several theoretical approaches predict the
existence of Dirac points in such kind of systems, analyz-
ing also their motion and merging acting on experimental
parameters [9, 10]. These effects have been recently ob-
served for a one-component ultracold Fermi gas [11]. The
emergence of non-dispersive and non-isolated flat bands
for cold-atoms in honeycomb lattices have also been pre-
dicted [12] and experimentally observed for polaritons [5].

In this letter we propose a general model for the real-
ization of 2D artificial lattices with cold atoms. We focus
in particular on a novel kind of artificial graphene consid-
ering a two-species system in which a 2D-confined matter
wave (MW) is subject to a periodic potential generated by
point-like atomic scatterers pinned at the nodes of a hon-
eycomb OL. We refer to this system as Atomic Artificial
Graphene (AAG) since, in contrast to previous proposal
and realizations involving cold atoms, the periodic poten-
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Fig. 1: (Color online) Schematic representation of our model
for the realization of atomic artificial graphene. Two atomic
species, namely A (depicted in blue) and B (depicted in red)
are strongly confined on a plane. Making use of a species-
selective optical lattice in trine configuration B atoms are
trapped to form a 2D honeycomb lattice of point-like scatter-
ers. In-plane confined A atoms form a 2D matter wave which
propagates through the artificial crystal.

tial felt by the MW, made of A-species atoms (electrons
in real graphene), is not a continuous optical potential
but it is made by atoms of the species B independently
trapped in the vibrational ground state of deep parabolic
lattice micro potentials (covalent atomic crystal in real
graphene). A schematic representation of our system is
proposed in fig. 1. This model, recently suggested to re-
alize disordered systems in 1D [13], 2D and 3D [14], due
to point-like interactions allows an exact evaluation of the
transport properties also for very large systems. Its lat-
tice, whose spacing is ' 0.5µm (> 103 times that of real
graphene), can be easily tuned and deformed. Finally dis-
order, in the form of a fraction of random empty sites, can
be naturally added.

A general model. – Thanks to the experimental de-
velopments of the last decades, ultracold gases in optical
lattices constitutes a perfect playground for the realiza-
tion of quantum simulators of condensed matter systems
[8]. On one hand several techniques allow to tune the in-
teraction between cold particles, for instance the s-wave
scattering length between atoms can be adjusted by an
external magnetic field thanks to Feshbach resonances.
On the other hand optical lattices consent to create pe-
riodic or quasi-periodic potentials of arbitrary geometry

by use of interfering laser beams. As an example three
beams in trine configuration generate an honeycomb OL
[15] (fig. 1). Recently a new holographic technique has
been employed to realize arbitrary lattices of microtraps
with exactly one atom per site [16], paving the way to the
realization of tailored OL in which geometry and lattice
spacing can be tuned at will. It is also possible to fix the
frequency of a lattice in order to make it invisible to some
atoms. This species-selective OL have been first realized
in [17] on a mixture of 87Rb and 41K by adding a 1D OL
whose frequency falls exactly in between two 87Rb reso-
nances, so that the attractive and repulsive contribution
of the optical potential cancel each other and only 41K re-
sults trapped in 2D sheets. In such kind of system atoms
of different species undergo the so-called mixed-dimension
scattering, theoretically investigated for nD-3D mixtures
[18]. The process can be described in terms of an effective
3D scattering length which, depending on the trapping
frequencies, experiences several confinement-induced res-
onances (observed in [17]).

With current experimental techniques it is thus possible
to implement our atomic artificial lattice in which A and B
atoms are confined on a plane and a 2D selective OL is ap-
plied on B atoms only (fig. 1). Properly tuning the lattice
depth and the B−B interaction, a Mott insulating phase
with one atom per lattice site can be reached [19, 20] and
controlled [21]. We may also assume A atoms to be non-
interacting with themselves, a scenario realizable by us-
ing polarized fermions or bosons at zero scattering length.
Concerning the A−B interaction, we have a 0D-2D scatter-
ing process for which, in analogy with [18], we can intro-
duce an effective 2D scattering length aeff

2D [22]. We recall
that for 2D systems, contrary to 3D and 1D cases, even at
low energies the scattering amplitude stays k-dependent
and only in the limit aeff

2D → 0 (aeff
2D → ∞) we can con-

sider the interaction to be overall weakly repulsive (at-
tractive) [23]. The strong-interaction regime is reached for
kaeff

2D∼ 1 and a bound-state of energy Ebs =−(2/eγaeff
2D)2

exists (γ'0.577 is the Euler-Mascheroni constant).
We introduce our general theoretical approach by con-

sidering an A-atom 2D MW interacting with N point-like
B-scatterers fixed at positions {ri}, with i = 1, 2, · · ·N .
We can write the MW hamiltonian as that of a free A
atom, H=− ~2

2m∇
2

2D, where∇2
2D is the 2D Laplace operator,

and take into account the A−B interaction by imposing
the Bethe-Peierls contact conditions, i.e. that the A atom
wave-function in the vicinity of the ith scatterer behaves
as ψ(r)→ m

π~2 Di ln
(
|r− ri|/aeff

2D

)
+O (|r− ri|), where Di

is an arbitrary complex coefficient. System’s eigenstates
correspond to poles of the Green’s function that, for point-
like scatterers and MW source in r0 is

G(r, r0) = g0(r− r0) +

N∑
i=1

Di g0(r− ri). (1)

Here g0(r) = −(im/2~2)H
(1)
0 (kr) is the 2D free space

Green function that we would obtain in absence of scat-
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terers for E = ~2k2/2m, and H
(1)
0 is the Hankel function

of the 1st kind of index zero. For the wave-vector k we
impose k>0 if E>0 and k= iκ with κ> 0 if E<0 (corre-
sponding to bound states). The N coefficients Di defining
G in eq. (1) come from the solution of the Schrödinger
equation, hence of the N×N complex linear system [14],

N∑
j=1

MijDj = −π~
2

m
g0(ri − r0) i = 1, 2, · · · , N, (2)

with

Mij =

{
π~2

m g0(ri − rj) ri 6= rj

ln
(
eγ

2 kaeff
2D

)
− iπ2 ri = rj .

(3)

It follows from eq. (1) that G would diverge if the linear
system (2) has no solution or, equivalently, if the matrix
M admits zero as eigenvalue, i.e. det(M)=0.

We can now consider the case of an arbitrary non-
Bravais lattice made by two identical Bravais sub-lattices
of primitive vectors a1 and a2 displaced by t with respect
to each other. Such a periodic structure results invariant
under translation R∈L with L={n1a1 + n2a2 : n1, n2 ∈
Z}. The reciprocal lattice vectors are defined as K∈RL
with RL = {n1b1 + n2b2 : n1, n2 ∈ Z}, where b1 and b2

satisfy ai · bj =2πδij (i, j=1, 2). Bloch’s theorem implies
that only Di coefficients corresponding to the same sub-
lattice are correlated as Dj = Di exp [iq · (ri − rj)] [24],
where q is a wave-vector belonging to the first Brillouin
zone (FBZ). Properly resorting to this property, and after
some algebraic manipulations of eqs. (2)-(3), the condition
for the existence of an eigenstate results det(T )=0, where
T is a 2×2 matrix:

T11 = T22 = ln

(
eγ

2
kaeff

2D

)
− iπ

2
+
∑

R∈L∗

π~2

m
g0(R)eiq·R,

T12 = T ∗21 =
∑
R∈L

π~2

m
g0(R + t)eiq·R, (4)

where L∗ = L \ {0}. As usual, to obtain a faster con-
vergence, the sums in eqs. (4) can be rewritten in the
reciprocal space using Poisson’s identity:

T11 = T22 = ln

(
eγ

2

)
+ α+ C∞ +

2π

A
1

k2 − q2

+
2π

A
∑

K∈RL∗

(
1

k2 − |K− q|2
+

1

K2

)
,

T12 = T ∗21 =
2π

A
∑

K∈RL

ei(K−q)·t

k2 − |K− q|2
, (5)

where A is the area of the real-space unit cell. Here the di-
agonal terms are explicitly real and the solution of T11 =0
provides the spectrum for one of the Bravais sub-lattices.
C∞ is a coefficient depending only on the geometry of
the Bravais sub-lattice [25]. For a triangular sub-lattice,
building-block of graphene, C∞' 0.959662. The interac-
tion strength α=log(aeff

2D/a) (a being the lattice spacing)

enters only through diagonal terms, and the band struc-
ture can be directly calculated by solving in q and E the
equations T11(α = 0) ± |T12| = −α. It is worth noticing
that this equation, together with eqs. (4)-(5), is one of
the main results of the paper and it is valid for arbitrary
non-Bravais lattices with two atoms per unit cell.
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Fig. 2: (Color online) Band structure (left) and DOS (right)
for the AAG at α = −0.5. The five lowest energy bands are
evaluated along the irreducible symmetry path in the inset.
To obtain the DOS, the energies of the same bands have been
evaluated in Ns'3300 points sampled inside the red path. For
each bin of the histogram (of width δE = 0.06ε, ε= ~2/ma2)
the band normalized density of states is DOS = NE/Ns δE,
where NE is the number of sampled energies falling in the bin.

Dirac cones and flat band in AAG. – We spec-
ify now to the exemplary case of the AAG. B-scatterers
form thus an HL in which a is the distance between an
atom and its three nearest neighbors. This arrangement
corresponds to a non-Bravais triangular lattice of primi-
tive vectors a1 = 3a

2 (1, 1/
√

3) and a2 = 3a
2 (1,−1/

√
3) with

relative displacement t=a (1, 0). Each unit cell have area
A = 3

√
3a2/2 and the reciprocal primitive vectors result

b1 = 2π
3a (1,

√
3) and b2 = 2π

3a (1,−
√

3).
In fig. 2 we show a typical band structure of the AAG

evaluated along an high-symmetry path in the k-space
of the HL, for α = −0.5. For sake of completeness it
is also possible to numerically evaluate the density of
states (DOS) of the system by sampling the eigenval-
ues E over the FBZ. The results are shown in fig. 2 be-
side the corresponding band structure. We find a multi-
gapped spectrum in which the two lowest bands touch at
E=ED'−1.40ε (ε=~2/ma2) in the inequivalent points
K,K′ = 2π/3a(1,±1/

√
3) of the FBZ, giving rise to the

typical Dirac-cone dispersion relation. Correspondingly
the DOS goes to zero. At higher energies we find an iso-
lated band followed by a continuum of states.

The remarkable tunability of the AAG emerges from
fig. 3, in which band structures corresponding to differ-
ent values of α are compared. We see how the gaps can
be modulated and closed tuning the interaction strength.
The two lowest bands support the Dirac cone, which for
α. 0 moves to negative energies, making the relativistic
physics played now by states bounded in the system [26].
The same two bands go fast deeper and flatter by reducing
α, but they still touch only at K and K′. It follows that
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the slope of the Dirac-cones’ walls decreases, leading to a
reduction of the group velocity vg around ED (see inset
of fig. 3) remarkably down to vg . 1mm/s, i.e. 10−9 the
value for real graphene.

It is worth stressing that for −2 < α < −1 the third
band changes concavity, becoming completely flat around
E ' 2.92ε for α ' −1.63. Remarkably, differently from
previously investigated graphene-like systems [5, 12], here
the flat band results also isolated. On this non-dispersive
band A atoms behave as particles of infinite mass and any
state of the matter-wave is localized. The flat band would
drastically enhance any effect of the A−A interaction (that
here we assumed to be zero) leading to the emergence of
strongly correlated phases and frustration [27].
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Fig. 3: (Color online) Band structure of an AAG for different
values of the interaction-parameter α. For α ' 1.63 an isolated
flat band appears. Here ε = ~2/ma2. Inset: Modulus of the
group velocity vg for an A-atoms MW around the Dirac’s cone
as a function of α. Velocities are normalized on vo = ~/ma
('1.5mm/s for MW of 87Rb atoms in an OL with a=500nm).

Beside allowing to tune interactions, the use of cold
atoms in optical lattices offers a large experimental control
on the potential landscape. For one-component artificial
graphene a manipulation of the optical potential can lead
to a displacement of the Dirac cones within the FBZ, even-
tually resulting in their merging and disappearance [9,10].
In the case of our two-component AAG, a distorsion in the
honeycomb arrangement of B scatterers results in similar
effects.

We investigated the motion and merging of Dirac points
by considering, fixed α=−0.6, different displacement vec-
tors of the form t = β(a, 0). Results are shown in fig. 4,
where the positions of the cones along the Γ−K′−M−K−Γ
path are plotted taking β as parameter. For β=1 we are
in the case of undistorted graphene, and we find again that
the Dirac points lay at K and K′. The cones depart ver-
tically by increasing β, i.e. by pushing horizontally apart
the scatterers within the unit cell. On the other hand for
β < 1 the cones approach each other and merge in M for

0.8 1 1.2 1.5
b for t=bHa,0L

G

G

G

M

K

K'
0.856

-0.2êa
0

0.2êa
0.857

Dirac cones’ positions

Fig. 4: (Color online) For an AAG with displacement vector t=
β(a, 0), we show as a function of the parameter β the position
of the Dirac cones, if existing, along the Γ−K′−M−K−Γ path
(highlighted in red to the left on a schematic representation
of the FBZ). Present results have been obtained for α=−0.6.
Right-side inset: Zoom-in around the merging region. Results
show that Dirac points meet and cancel each other in M for
β∼0.86. Bottom-part circular insets: Real-space arrangement
of the scatterers in the AAG for the indicated values of β: 0.8,
1 (i.e. undistorted) and 1.2 from left to right.

0.856< β < 0.857 (see zoom-in of fig. 4). The dispersion
relation at the merging point shows the typical semi-Dirac
behavior: it is parabolic along the merging direction but
stays linear along the perpendicular one [10]. For smaller
values of β a gap is opened and Dirac points finally dis-
appear. These features remains qualitatively the same if
α is set to a different value. As a technical comment we
point out that for exactly β=1.5 the lattice degenerates in
a Bravais rectangular one and the corresponding equation
should be solved.

Effects of finite-size and vacancies. – Up to now
we dealt with an ideal infinite system. For both theo-
retical and practical needs related to experiments, it is
crucial to understand how and when the features of an
infinite perfect AAG are modified if both finite-size and
vacancy effects are considered. It is typically possible to
manipulate atomic clouds in OLs extending over ∼60 sites
per direction [20], for a total of ∼ 103 available traps for
the scatterers in a 2D system. Given a set of N positions
for the B-scatterers, an eigenstate of the system exists
for each couple {α,E} such that det(M) = 0, being M
the N ×N matrix defined in eq. (3). The interaction-
dependent term results isolated by writing M=M0 + Iα,
where M0 =M(α= 0) does not depend on α and I is the
2×2 identity matrix. This reduces the condition for the
existence of an eigenstate to m0i=−α, where m0i is the ith

eigenvalue of M0(E). At negative energies the eigenstates
are bound states for which the wave is trapped inside the
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gas of scatters in virtue of the A−B interaction only. Cor-
respondingly the matrix M0 and its eigenvalues are real
and the conditions m0i(Ebs) = −α give exactly the real
bound states energies Ebs. At positive energies the prob-
lem is more delicate since the poles z of the Green func-
tion (1), analytically continued to the lower half complex
plane, are solutions of m0i(z) =−α, with z = E − i~/2τ
where E and τ are the energy of the state and its life-
time inside the scattering region of radius R. For a large
enough atomic lattice, and for quasi-Bloch bulk states,
lifetime scales as τ∝R/vg.

Fig. 5: (Color online) DOS per scatterer in the plane [E/ε, α]
for a system of N = 2167 scatterers arranged in a HL inside
a disk of radius R = 30a. The energies are discretized with
a step of 0.0025ε, ε = ~2/ma2. For given E < 0 all the N
solutions of m0i(E) =−α are selected. For E>0 the sampled
values are used as Newton’s method starting points to find
the N values of z solving m0i(z) = −α. Here we select only
quasi-Bloch bulk states, verifying τ & 5~/ε ' R/max(vg) (i.e.
τ & 2ms for 87Rb atoms MW with a = 500nm). The color-

map is applied to log10(
Neig

N
ε

δα δE
), where Neig is the number

of selected eigenstates within a rectangular bin of area δα δE
(δα = 0.0125 and δE = 0.0125ε). ×, •, and arrows indicate,
respectively, the positions of Dirac cones, gap boundaries, and
isolated flat band as expected from the analysis of an infinite
system (figs. 2 and 3).

In fig. 5 we present the DOS as a function of E and α for
a set of ∼2000 scatterers. The features of the infinite sys-
tem are already well reproduced, as can be inferred from
a comparison with figs. 2 and 3. The large dark areas, in
which no states are allowed, exactly correspond to gaps
in the infinite system. The expected boundaries of the
gaps for α=−0.5 are marked by • in fig. 5. The finger-
print of the Dirac cone can be recognized in the thin dark
region separating the two lowest bands. The expected po-
sitions of the cones, as deduced from the infinite-system
results, are marked by ×. The existence of a flat band
is confirmed in the finite-size system, and its position is
in perfect agreement with predictions from the ideal HL

(see arrows in fig. 5, top-left). As a final remark we point
out that in the weak-interaction limit, i.e. for |α| � 1,
no states are allowed for E<0 while the DOS tends to a
constant for E>0, as expected for a free MW in 2D.
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Fig. 6: (Color online) DOS per scatterer for an HL with
N = 3870 sites, inside a circle of radius R = 40a, randomly
occupied with filling factor 100% (a), 98% (b), 20% (c), 10%
(d). The eigenstates are evaluated as for fig. 5 fixing α=−0.5.
Histograms are obtained for a bin size δE = 0.06ε in (a)-(b)
and δE = 0.03ε in (c)-(d), with ε = ~2/ma2. In order to fa-
cilitate the comparison, the histograms are normalized as the
corresponding DOS of the infinite periodic system (dashed red
histogram in (a)), i.e. to ∼ 1.82. The vertical lines in (c)-(d)
show the energies of few-body bound states: AB dimer (solid
black), AB2 trimer with B atoms separated by a (dashed blue)
and a

√
3 (dot-dashed red).

In the field of graphene simulation a large interest is
devoted to the realization of disorder and the analysis of
its effects [3, 7]. Our AAG naturally offers the possibility
to introduce it in the form of a fraction of empty sites
[28]. By just loading the species-selective OL below the
unitary filling one would end up with random vacancies
in the HL. In fig. 6 we present the DOS at negative ener-
gies for different filling factors of an OL of ∼ 4000 sites,
fixed α=−0.5. For a fully occupied HL (filing 100%), in
panel (a) the finite-system DOS is compared to the corre-
sponding quantity for the infinite one, showing again the
robustness of the Dirac cones with respect to the finite
size of the system. Panel (b) shows the combined effect of
a lattice of finite size and of 2% unoccupied lattice sites.
The behavior is qualitatively the same as in panel (a),
while the central minimum is higher but still clearly visi-
ble. It starts disappearing when the fraction of empty sites
is further increased. When the filling factor drastically de-
creases to 20%-10% (panels (c)-(d)), the systems becomes
more and more disordered [14], and few-body effects start
playing a crucial role, giving rise to strong peaks in the
DOS around the energies of AB dimers and AB2 trimers.
The existence of disorder-localized states in such kind of
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2D systems has been already investigated in [14]. It is
worth notice that the possibility of having an imperfect
filling due to a fraction of empty sites is not available in
one-species graphene realizations [11], and makes this sys-
tem considerably richer toward the realization of quantum
simulators of disordered graphene with cold atoms.

Conclusions. – We presented a new model for the
realization of bi-dimensional artificial lattices with cold
atoms, investigating the properties of artificial atomic
graphene. For an ideal infinite system the band struc-
ture and DOS point out the existence of remarkable fea-
tures: tunable multiple gaps, Dirac cones for bound states,
reduced group velocity, and completely flat and isolated
bands. We also showed that Dirac points move and merge
if the honeycomb structure is distorted. The robustness
of these features has been proved for finite systems of ex-
perimentally reasonable size, including the presence of va-
cancies in the lattice. More disordered configurations, cor-
responding to large number of vacancies, show the emer-
gence of few-body physics. This system results then not
only promising to mimic graphene physics on a bench-
top scale, but also to quantum simulate and predict the
physics of 2D strongly correlated systems in arbitrary ge-
ometries. In this direction, an interesting development
would be the introduction of an effective p-wave A−B in-
teraction, as well as the A−A one. Furthermore the general
approach presented is suitable for the analysis of other 2D
geometries, with particular attention to disordered sys-
tems, not easily implementable with present one-species
cold-atoms models.
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