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CONVEX OPTIMIZATION AND PARSIMONY OF L,-BALLS
REPRESENTATION*

JEAN B. LASSERRET

Abstract. In the family of unit balls with constant volume we look at the ones whose algebraic
representation has some extremal property. We consider the family of nonnegative homogeneous
polynomials of even degree p whose sublevel set G = {x : g(x) < 1} (a unit ball) has the same fixed
volume and want to find in this family the polynomial that minimizes either the parsimony-inducing
{1-norm or the ¢o-norm of its vector of coefficients. Equivalently, among all degree-p polynomials
of constant £1- or f2-norm, which one minimizes the volume of its level set G? We first show
that in both cases this is a convex optimization problem with a unique optimal solution gj or
g%, respectively. We also show that g7 is the Lp-norm polynomial x — > 7" wf , thus recovering a
parsimony property of the Lp-norm polynomial via £1-norm minimization. This once again illustrates
the power and versatility of the ¢1-norm relaxation strategy in optimization when one searches for
an optimal solution with parsimony properties. Next we show that g3 is not sparse at all (and
thus differs from g¢7) but is still a sum of p-powers of linear forms. In fact, and surprisingly, for
p = 2,4,6,8, we show that g5 = (3, w?)p/z, whose level set is the Euclidean (i.e., the La-norm)
ball. We also characterize the unique optimal solution of the same problem where one searches for
a sum of squares homogeneous polynomial that minimizes the (parsimony-inducing) nuclear norm
of its associated (positive semidefinite) Gram matrix, hence aiming at finding a solution which is a
sum of a few squares only. Again for p = 2,4 the optimal solution is (3_, x?)p/Q, whose level set is
the Euclidean ball, and when p € 4N, this is also true when n is sufficiently large. Finally, we also
extend these results to generalized homogeneous polynomials, which include Lp-norms when 0 < p
is rational.

Key words. convex optimization, computational geometry, Lp-balls, parsimony-inducing norms
AMS subject classification. 90C22
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1. Introduction. It is well known that the shape of the Euclidean unit ball
By = {x: ), x7 <1} has spectacular geometric properties with respect to other
shapes. For instance, the sphere has the smallest surface area among all surfaces
enclosing a given volume, and it encloses the largest volume among all closed surfaces
with a given surface area; Hilbert and Cohn-Vossen [8] even describe eleven geometric
properties of the sphere.

But Bs has also another spectacular (nongeometric) property related to its alge-
braic representation which is obvious even to people with only a little background in
mathematics: Namely, its defining polynomial x + ¢(® (x) := 37" | #? cannot be sim-
pler. Indeed, among all quadratic homogeneous polynomials x — g(x) = >, ; 9ijTiT;
that define a bounded ball {x : g(x) < 1}, ¢ is the one that minimizes the “car-
dinality norm” ||g|lo := #{ (¢,J) : g;; # 0} (which actually is not a norm). Only n
coefficients of ¢(? do not vanish, and there cannot be fewer than n nonzero coeffi-
cients to define a bounded ball {x : g(x) < 1}. The same is true for the Lj-unit
ball By = {x: Y1, #¢ < 1} and its defining polynomial x + g(®(x) := 3, 2¢ for
any even integer d > 2, when compared to any other homogeneous polynomial g of
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degree d whose sublevel set {x : g(x) < 1} has finite Lebesgue volume (and so g is
necessarily nonnegative). Indeed, again ||¢(? o = n; i.., out of potentially ("¢ 1)
coefficients of ¢(¥), only n do not vanish. In other words, ¢(¥ is an optimal solution
of the optimization problem

(1.1) Py : irglf{ lgllo = vol(G) < pa; ¢ € Homy},

where the minimum is taken over all homogeneous polynomials of degree d and pq
denotes the Lebesgue volume of the Lg-unit ball By.

So a natural question arises: In view of the many “geometric properties” of the
unit ball By, is the “algebraic sparsity” of its representation {x : > ,2¢ < 1} a
coincidence or does it also correspond to a certain extremal property on all unit balls
with the same volume?

Thus we are interested in the following optimization problem in computational
geometry and with an algebraic flavor.

Given an even integer d, determine the homogeneous polynomial gi (resp., g3)
of degree d whose {1-norm ||gi||1 (resp., a-norm ||g;||2) of its vector of coefficients
is the minimum among all degree-d homogeneous polynomials with the same (fized)
volume of their sublevel set G = {x: g(x) < 1}. That is, solve

(1.2) inf { ||gllp=1,2 : vol(G) = pa; g homogeneous of degree d }.
g

(Notice that in (1.2) the constraint vol(G) = pg implies that g is nonnegative, and one
may also replace the constraint vol(G) = pg with vol(G) < pg4.) In particular, we have
the following: Can the parsimony property of the Lg-unit balls be recovered from (1.2)
with the parsimony-inducing ¢1-norm ||g||1 (instead of minimizing the nasty function
[ -llo in (1.1))?

By homogeneity, this problem also has the equivalent formulation: Among all
homogeneous polynomials g of degree d and with constant norm ||gll1 = 1 (or||g|l2 =1)
find the one with level set G of minimum volume.

One goal of this paper is to prove that (1.2) is a convex optimization problem with
a unique optimal solution g7 = ¢®. In addition, ¢(¥) cannot be an optimal solution
of (1.2) when one minimizes the fo-norm ||g||2 (except when d = 2). This illustrates
in this context of computational geometry that, again, the sparsity-inducing ¢;-norm
does a perfect job in the relaxation (1.2) (with ||-||1) of problem (1.1) with ||-||o. This
convex “relaxation trick” in (nonconvex) fp-optimization has been used successfully
in several important applications; see, e.g., Candes, Romberg, and Tao [4], Donoho
[5], and Donoho and Elad [6] in compressed sensing applications and Recht, Fazel,
and Parrilo [15] for matrix applications (where the small-rank induced nuclear norm
is the matrix analogue of the ¢1-norm). For more details on optimization with sparsity
constraints and /or sparsity-induced penalties, the interested reader is referred to Beck
and Eldar [3] and Bach et al. [2].

To address our problem we consider the following framework: Let Hom,; C R[x]q4
be the vector space of homogeneous polynomials of even degree d, and given g €
Homy, let g = (go) be its vector of coefficients, i.e.,

x»—)g(x)zZano‘ <:Zgax‘f1---xg">, Zai:d,
a « 4
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with standard ¢;-norm ||g|1 = [g| = >, [9a]- With any ¢ € Homy is associated its
sublevel set G C R™ defined by

(1.3) G:={xeR": g(x)<1}, g € Homg.
In particular, with x — ¢(49(x) := S 2, the associated sublevel set is nothing less
than the standard Lg-unit ball

Bd:{X:foﬁl}zi{X3|X|g§1}v

=1

whose Lebesgue volume vol (By) is denoted pg. (When g € Homy is convex, then
x + g(x) defines a norm ||x||, := g(x)/* with G as associated unit ball.)

Contribution. (a) In the first contribution we prove that the optimization prob-
lem

(1.4) P, : irglf{ lgllx = vol(G) < pa; ¢ € Homg}

4. Observe

has a unique optimal solution g7 which is the Lg-norm polynomial g
that g has the minimal number n of coefficients over potentially s(d) := ("%
coefficients. (Indeed, for a polynomial ¢ € Hom, with m < n nonzero coefficients,
its sublevel set G cannot have finite Lebesgue volume.) Therefore the Lg-norm poly-
nomial ¢(? associated with the unit ball By is the “sparsest” solution among all
g € Homy such that vol (G) < vol (Bg). In particular, ¢() not only solves problem
P, but also solves the nonconvex optimization problem Py of which P; is a “con-
vex relaxation.” But this is also equivalent to stating that among all homogeneous
polynomials ¢ of degree d with constant ¢;-norm, the Lg-norm polynomial g(® is the
one whose associated Lg-unit ball B4 has minimum volume (i.e., vol (Bg) < vol(G)).
(Notice that, in fact, Py is easy and even easier than Py.)
(b) In our second contribution we consider the ¢3-norm version of (1.4):

(1.5) P, : irglf{ lgll2 = vol(G) < pa; ¢ € Homyg},
with weighted Euclidean norm g + ||g||2 defined by

d!

2 2 '

llgll5 == E Ca Jos g € Homy, where ¢, := ——
ot op! o)

with g now written as g(x) = ) cagax®. (This norm on forms has very specific
properties, as discussed in, e.g., Reznick [16].)

We then show that P, also has a unique optimal solution g3, but in contrast to
the sparse optimal solution gf = ¢'¥ = Y. x¢ of problem Py, the optimal solution
g5 of Py is not sparse. Indeed, as we will see in section 4, all coefficients of g3
corresponding to monomials x?# with |3| = d/2 are nonzero. In addition, g5 is a
particular sum of squares (SOS) polynomial as it is a sum of d-powers of linear forms.
(Notice that g7 is also a (very particular and simple) sum of d-powers of linear forms.)
In fact, one proves the rather surprising result that if d = 2,4,6, and 8, the unique
optimal solution of Py is g5 = (3, 22)%/?, whose level set is the Euclidean ball By.

3 K3
We conjecture that the result also holds for arbitrary even d.
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(¢) We also consider the SOS version of Py; that is, one now searches for a
degree-d SOS homogeneous polynomial gq(x) = v4/2(%x)Qva/2(x), Q = 0 (where
Vi/2(x) = (x*), |a| = d/2). That is, one characterizes the unique optimal solution
g3 = gq+ associated with optimal solutions Q* of the optimization problem

(1.6) P;: éréfo{trace (Q) : vol(Gq) <p4; Q=0}.

In this matrix context, trace (Q) is the parsimony-inducing nuclear norm of Q, and
solving P3 aims at finding an optimal solution Q* with small rank, which translates
into a homogeneous polynomial g5 = gq+ which is a sum of few squares (again, a
parsimony property). For d = 2 we prove that the optimal solution of P is g5 = g@.
However, for even integers d > 4, the polynomial ¢(* is not an optimal solution
of P3. In fact, for d = 4, gj(x) = 0(>;2?)%? (with 6 a scaling factor to make
vol ({x : g5(x) < 1}) = pg). The same result holds for any d of the form d = 4p (for
some integer p > 1), provided that n is sufficiently large. Notice that in this case
(3, 22)%2 is the single square ((3; x2)P)? (again a parsimony property), and so the
associated optimal solution Q* has rank 1.

(d) Finally we also show that results in (a) and (b) extend to the case of Lg-unit
balls with other values of d (including d = 1 and d rational), in which case one now
deals with positively homogeneous “generalized polynomials” (instead of homogeneous
polynomials), and one has to define an appropriate finite-dimensional analogue of
Homy. This includes the interesting case of the Li-unit ball {x: >, [z;| <1} and,
when d < 1, balls which are not associated with norms.

To conclude, this paper should be viewed as a contribution of convex optimization
to show that the usual representation of Lg4-balls has extremal properties with respect
to some well-known norms and, in particular, parsimony-inducing norms.

2. Notation, definitions, and preliminary results.

2.1. Notation and definitions. Let R[x| denote the ring of real polynomials in
the variables x = (z1,...,,), and let R[x]q be the vector space of real polynomials of
degree at most d. Similarly, let X[x] C R[x] denote the convex cone of real polynomials
that are SOS polynomials, and let X[x]; C X[x] denote its subcone of SOS polynomials
of degree at most d. Denote by 8™ the space of m x m real symmetric matrices. For
a given matrix A € 8™, the notation A > 0 (resp., A > 0) means that A is positive
semidefinite (PSD) (resp., positive definite); i.e., all of its eigenvalues are real and
nonnegative (resp., positive). For every real d > 1, let [|x||q := (31, [24|4)Y/ <.

A polynomial p € R[x]4 is homogeneous if p(Ax) = A\¥p(x) for all x € R", A\ € R.
A function f : R™ — R is positively homogeneous of degree d € R if f(Ax) = A% f(x)
for all 0 # x € R™, A > 0. For instance, x — |x| is not homogeneous but is positively
homogeneous of degree 1.

Let NJ = {(a1,...,00) : >, 5 =d}, s(d) := ("_;'Hi))7 and let Homy C R[x]q
be the vector space of homogeneous polynomials of degree d. Also let |af := ", oy
for all @ € N". Every homogeneous polynomial g € Hom, can be identified with its
vector of coefficients g = (go) € R*(Y) in the usual canonical basis of monomials; i.e.,
one writes

XHQ(X):E Go X° :§ Ga it |
aGNg aGNg

and therefore Homy can be identified with R*(9). Denote by G C R" the sublevel set
G = {x: g(x) < 1} associated with every g € Homy,.
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2.2. Some preliminary results. Some results of this section are already con-
tained in Lasserre [10], but to make the paper as self-contained as possible, they are
restated (and sometimes with additional information).

We first characterize the set of homogeneous polynomials of degree d whose asso-
ciated level set G has finite Lebesgue volume.

THEOREM 2.1. Let P[x]s C Homy be the set of homogeneous polynomials of
degree d whose associated level set G has finite Lebesgue volume. Then the following
hold:

(a) P[x]g # 0 if and only if d is even, and every g € P[x]q is nonnegative.
Moreover, P[x]q is a convezx cone,* and 0 ¢ P[x]q.

(b) For g € P[x]q the following assertions are equivalent:

(i) g belongs to the interior of P[x]q.
(ii) g is strictly positive on R™\ {0}.

(ili) The level set G = {x : g(x) < 1} is compact.

Proof. (a) Let g € Hom, with d odd. Then necessarily there exists x such that
g(x0) < 0, and so g(x) < 0 for all x € B(xq, p) := {x: ||[x —x0||2 < p} for some p > 0.
Hence G contains the cone {Ax : x € B(xg, p), A > 0} generated by B(xg, p), and so
G does not have a finite volume. Therefore P[x]; = () whenever d is odd. Next, let d
be even, g € P[x]q, and suppose that g(x¢) < 0 for some xg. Then by the previous
argument, vol(G) = +o0. Therefore g > 0 whenever g € P[x]q4.

Next let g1, g2 € P[x]q with respective associated level sets G and Gg, and let
g=2Xg1+ (1 —XN)ga, A € (0,1), with level set G = {x: A\g1(x) + (1 — N)ga(x) < 1}.
Write G = 0, U @2, with

O1:=GN{x:91(x) > g2(x)}; BO2:=GN{x:g1(x) <ga(x)},

and observe that ©; C Gag, whereas O3 C Gj. Therefore vol(G) < vol(Gy) +
vol(Gz) < +oo, which proves that ¢ € P[x]4, and so P[x]; is convex. Finally,
g =0¢ P[x]q because G = {x:0 <1} =R" (hence vol(G) = o).

(b) (i)=(ii). Suppose that g € int(P[x]4) and g(xg) = 0 for some xg € R™ \ {0}.
Consider the polynomial g.(x) := g(x) — €||x[|¢ with € > 0 fixed, arbitrary. Then
ge € Homy, and g.(x¢) < 0. Therefore by (a), g ¢ P[x]q for every € > 0, which in
turn implies that ¢ ¢ int(P[x]q).

(ii)=(iii). g(x) >0 on R™\ {0} implies g(x) > § > 0 on S"~! (the unit sphere of
R™) because g is continuous and S"~! is compact. Next if x € G, then by homogeneity
of g, x/||x|| € S*~!, and so

1> g(x) > |x1g(x/[1x])) > ]| 6.

Therefore ||x|| < 6=/, which shows that G is bounded (hence compact).

(iii)=(1). If G is compact, then g > 0 on R™ \ {0}. Indeed, if g(x¢) < 0 for
some xo € R™\ {0}, then g(Axg) < 0 < 1 for all A > 0. But then G would not be
compact as it contains the half-line {A\xo : A > 0}. Hence there is some 6 > 0 such
that g(x) > & ||x||? for all x. We next construct a constant p > 0 such that for any
f € Homy satisfying || f — g|l1 < p (with || f|l1 = >_,, | fal), its level set F is bounded,
and thus f € P[x]q4, implying that g € int(P[x]4). Let C > 0 be a constant such that
|x¥| < C for all x € S"~! and |a| = d. By homogeneity of f and g,

Fo0) = 9(x) = > (fa = ga)x* < C|If = gl |Ix]|.

aeNn?

'In Rockafellar [17, p. 13] a convex cone does not necessarily contain the origin (whereas some
authors add this restriction in the definition of a convex cone).
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Fic. 1. G with g(x) = =} + 23 — 1.925 2222 (left) and g(x) = 2§ + 2§ — 1.925 2323 (right).

Choose p > 0 such that p < §/C. Then for every x € F,
§x[[? < g(x) = g(x) = F(x) + f(x) <C[f =gl [x[|" +1 < 1+ pC x|,

implying that ||x||? < 1/(6 —pC). Therefore F is compact, which in turn implies that
f € Plx]a. a

It is important to realize that the sublevel set G need not be convex. See Figure 1,
which displays two examples of nonconvex sets G.

Ea:ample 1. A noncompact set G with finite volume. The polynomial x — g(x) :=
riz3 + 2223 is in P[x) but not in int(P[x]¢). (Notice that g is positive on (R \ {0})"
but not on R™ \ {0}, and its level set G is not compact as it contains the four axes.)
To prove vol(G) < oo, by symmetry it suffices to prove that the smaller set,

Gy :={x>0: oz +air; <1},
has finite volume.? Now observe that
G, C{x>0: 2223 <1;a2l22<1}
and

G, CGiN{x>0:1 >21}UG N{x>0:20>1}UGN{x>0:x<1}.

Ay Ao As

Clearly As is compact and hence has finite volume. Next

Ay C{x>0:af23 <121 > 1} C {x>0: 20 <1; 29 > 1}

oo 1/x? o q
VOl(Al) S / / dxg diCl :/ -3 dCEl = 1,
1 0 1

and similarly vol(As) < 1. The shape of the associated level set G is displayed in
Figure 2.

Hence

2This simple proof was suggested to us by Prof. Tien Son Pham.
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FI1G. 2. A noncompact set G with g(x) = z}z3 + z3z3.

We will also need the following result of independent interest, already proved in
[10]. We provide a brief sketch. In particular, formula (2.2) below appeared earlier in
Morozov and Shakirov [14, 13] with a different proof. We use the same technique based
on Laplace transform as in Lasserre [9] and Lasserre and Zeron [12] for providing closed
form expressions for a certain class of integrals. Recall that the Gamma function T" is
defined by

z = T(2):= / 7~ exp(—t) dt, z€C; R(z) >0
0
and zI'(z) = I'(z + 1) for all z (and I'(1 +n) = n! for all n € N\ {0}). A classical
reference for the Laplace transform is Widder [18].

THEOREM 2.2. Let h : R™ — R be a nonnegative positively homogeneous function
of degree 0 # d € R such that vol ({x: h(x) <1}) < co. Then for every o € N,

« = ! x% exp(—h(x)) dx
1) /{mx)gl}x = r<1+<n+|a|>/d>/ P(=h(x)) dx,

whenever either integral is finite (for instance, if h € int(P[x]q4) ).
In particular, when d is an even integer, let v : P[x]q :— Ry be the function

1

(2.2) g —v(g) :=vol(G) = TA+n/d)

/ exp(—g(x)) dx.
Rn

Then the function v is nonnegative, strictly convez, and homogeneous of degree —n/d.
Moreover, if g € int (P[x]4), then v is differentiable® and

Ovu(yg n+d o "
(2.3) Béa) = / x“ dx, o € Ng,

(2.4) /G( dx——/ dx.

The proof is postponed to the proofs section, section 7.
Given Theorem 2.2, the function g — v(g) = vol(G) is a strictly convex function
which is differentiable on the whole interior int(P[x]4) of its domain P[x]4. For

3For the same statement in [10], g € P[x]4 should be corrected to g € int(P[X],), as here.
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instance, the function v is not differentiable at the point ¢ ¢ int(P[x]4), where x —
g(x) = zia3 + x3x3.

We also have the following.

LEMMA 2.3. Let v : Homg — R4 U {400} be the function defined by v(g) :=
Jo dx, so that

vol(G) if g € P[x]a,
+00 otherwise.

g ola) = {

The function v is strictly conver and lower semicontinuous (l.s.c.) on its domain
P[x]q. Hence for every a € Ry, the set {g € Homy : v(g) < a} is a closed convex
set.

Proof. Let (g,) C P[x]|q be such that g, — g (i.e., gn.a — go for all o € N7)
as n — oco. Then the pointwise convergence g,(x) — ¢g(x) as n — oo holds for all
x € R™. Therefore by Theorem 2.2,

o 1 o
la?l}éréfv(gn) = m 1;“;@?/” exp(—gn(x)) dx,

and by Fatou’s lemma? [1],

liminf/n exp(—gn(x)) dx > /" (hminfexp(—gn(x))) dx

n—oo n—oo
- / exp(—g(x)) dx,

which shows that v is l.s.c. (and by Theorem 2.2, v is strictly convex). Therefore its
sublevel set { g € Homy : v(g) < a} is closed and convex for every a € Ry. a

3. The £;-norm formulation. With d € N a fixed even integer and g € Homy
written as

X g(x) = Z G X%, x € R",
a€eNY

let By C R™ be the Lg-unit ball and pg its Lebesgue volume; i.e.,
(3.1) B, = {X : fo <1 } and pq:=vol(Bg) = / dx.
i=1 By

Let |lg|1 := ZQGNZ |ga|, and consider the optimization problem Py:
(3.2) P;: ir;f {llgll1: v(g) < pa; g€ Homy}.

In fact, one may replace the constraint “v(g) < pg” with “v(g) = pg.” That is, among
all degree-d homogeneous polynomials g whose level sets G have the same Lebesgue
volume as the Lg-unit ball By, find one that minimizes the £;-norm of its coefficients.
Indeed, the following holds.

4Fatou’s lemma states that if g, : R — R, n € N, is a sequence of nonnegative measurable
functions, then liminf, s co fR" gndx > fR" (liminf,, gn(x)) dx.
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PROPOSITION 3.1.

(3.3) P;: opt; = ir;f {llglli: v(g) <pa; g€ Homy}

= ir;f {llgll1: v(g) = pa; g€ Homgy},

and P1 is a convex optimization problem.

Proof. As v is positively homogeneous of degree —n/d, v(Ag) = A~"/%v(g) when-
ever A > 0, and so one may replace the constraint v(g) = pg with the inequality
constraint v(g) < pg. Indeed, if v(g) < pa, then v(Ag) = pa if X% = v(g)/pa (so
that A\ < 1), and therefore ||Ag||1 < ||g|l1, which shows that a better solution ¢’ = \g
is obtained with v(g’) = p4. Therefore P; reduces to minimizing a convex function
(the ¢1-norm) on the closed convex set {g € Homyg : v(g) < pq} (see Lemma 2.3), a
convex optimization problem. d

THEOREM 3.2. Let d > 2 be an even integer. Then problem Py in (3.3) has a
unique optimal solution g7 € P[x]q, which is the Lq-norm polynomial

n

x> g W) =) af (= IxIl).

i=1
and moreover,

2"I(1/d)" / 4. vol(Ba)
4) vol(By) = | dx=-—— b0 lax = 220,
(3:4) vol(Ba) /B *Tnd Ty Je, T Tawa s T

The proof is postponed to section 7.

An alternative formulation. We may also consider the alternative but equiv-
alent formulation

(3.5) Py: p=mf{v(g): gl <n; g€ Homg}.

PROPOSITION 3.3. Let Py and Py be as in (3.3) and (3.5), respectively. Then
P and Py have the same unique optimal solution x +— g(¥(x) = S"1 | a¢.

Proof. Again, as v(\g) = A™"/%v(g), we may consider only those h € Homy with
[lh]l1 = n. Suppose that h is an optimal solution of P} with v(h) = p/ < pg and
|h|l1 = n. Then take § = kh with k=/(Dp’ = p; so that k < 1. Then v(§) = pa, and
lglli = E|ln|l1 = kn < n. But this implies that g would be a better solution for Py
than g9, a contradiction. Therefore p’ > pq, and in fact p’ = pg, as ¢(¥ is feasible
for P} with v(g(¥) = pg. Next, observe that P/ is a convex optimization problem
with a strictly convex objective function; hence an optimal solution is unique. a

Therefore problem P; has the equivalent formulation: Among all homogeneous
polynomials g € Homy with ||g|l1 = 1, find the one with minimum associated volume.
By Theorem 2.2 the Lg4-unit ball has minimum volume.

4. The £2-norm formulation. For every a € N” introduce the multinomial
coefficient ¢, := ((E%LCLZ" Recall that N := {a € N : |a| = d} and sq = ("_Cll+d).
We now write

X = p(x) = Z Ca Pa X7, p € Homyg,
aeNY
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for some vector p = (po) € R% (called Bernstein coefficients of p), and equip Homy
with the scalar product

<p7 q>d = Z CaPalas P,q € Homy,
aeNYy

with associated norm ||p||3 ; = (p,p)a. Next, denote by Py C Homy the convex cone
of homogeneous polynomials of degree d which are nonnegative, and let Cq € Homy
be the convex cone of (positive) sums of d-powers of linear forms. Then Cq is the dual
cone of Pg; i.e., P; = Cq; see, e.g., Reznick [16].

As in section 3, let pg = vol(By), and consider the following optimization problem:

(4.1) Po: opty =inf{llgll5a: v(9) < pa; g€ Homa},

a (weighted) fo-norm analogue of Py in (3.2). In view of Lemma 2.3, the feasible set
is a closed convex set, and so problem P5 is a convex optimization problem.

THEOREM 4.1. Problem Py in (4.1) has a unique optimal solution g5 € P[x]4.
If g5 € int(P[x]a), then its vector of coefficients g5 = (g5,) € R*(4) satisfies

ntd Jg.x*dx
fG* dx

where G* = {x : g5(x) < 1} and vol(G*) = pa. Therefore, g5 = (g5,), o € N}, is
an element of Cq = P;. More precisely,

(4.2) 9.0 = OPty VaeNj,

n+d Jg-(z-x)" dz
Ja-dz

and in fact there exist z; € R", 0, >0, i=1,...,s, with s < ("7;”1) + 1, such that

(4.3) X — g5(x) = opty

(4.4) X — g5(X) = opty ntd Z 0; (z* - x)<.

n :
=1

Conversely, if g € int(P[x]q) satisfies (4.2) (with opty := ||g[l3 4), then g is the unique
optimal solution of Ps.

Proof. That P has a unique optimal solution g3 follows exactly from the same
arguments as for P;. As Slater’s condition also holds for Ps, if v is differentiable
at g5, then by the Karush-Kuhn-Tucker (KKT)-optimality conditions, there exists
A* > 0 such that

0v(g3) n+d
A* =\"
8ga d G*

2030 Ca = — cax®dx Vo e N7,
where we have used Theorem 2.2. Therefore, multiplying each side with g3 ,, summing
up, and using that v is positively homogeneous yields

LN

* * * * * n *
2 ||92||§,d = 20pty = —A"(Vu(g3),95) = A a v(g3) = A d Pd-

Hence \* = 2opty d/(npq), and g3 , = opty s Jg- X¥ dx, which is (4.2).

npd
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But then (4.2) means that (g5 ,) € P; = C4, which yields (4.3). Finally, (4.4)
follows from Caratheodory’s theorem.®

Finally, for the converse statement, as Slater’s condition holds and v is differen-
tiable at g € int(P[x]4), the KKT conditions (4.2) are also sufficient conditions of
optimality. O

So both optimal solutions g7 of Py and g5 of Py are sums of d-powers of linear
forms. But g5 does not have the parsimony property, as shown below.

COROLLARY 4.2. If d > 4, then the polynomial x — g(?(x) = S ad (optimal
solution of P1) cannot be an optimal solution of Ps.

Proof. Suppose that the unique optimal solution gj = g(? of Py is also the unique
optimal solution of Py. As v is differentiable at g = g7, then by the characterization
(4.2) of the unique optimal solution of Py, every coefficient gj ,5 with 2|8| = d must
be strictly positive, a contradiction. a

Corollary 4.2 states that the optimal solution of Ps does not have a parsimony
property as it has at least (n+g;§71) nonzero coefficients!

The only case where the optimal solution of Py also solves Ps is the quadratic
case d = 2. Indeed, straightforward computation shows that (4.2) is satisfied by the
polynomial g} = g9 of Theorem 3.2.

Ezxample 2. Let n =2 and d = 4. By uniqueness of the minimizer we may guess
that the optimal solution g5 € Homy is symmetric and of the form

X g3(x) = gio (21 + x3) + 6 g35 27 73,
with opty = 2(gi)? + (932)* and
Jo-xidx Jg- 23 23 dx
Jg- dx Jawdx

with G* = {x : ¢g5(x) < 1}. Observe that by homogeneity, an optimal solution g¢;
of P5 is also optimal when we replace pg with any constant a > 0; only the optimal
value changes, and the characterization (4.2) remains the same with the new optimal
value opt,. After several numerical trials we conjecture that

gip = 30Dty G323 = 3 0pty

x — g5(x) ~ a:iL —|—JJ% + 23:%3:% = (:r% —|—a:§)2,

ie, gs=(1,0,1/3,0,1), is an optimal solution. But then observe that
G'={x:g3(x)<1}={x: (27 +23)*< 1} =By!

That is, g5 is another representation of the unit sphere By by a homogeneous poly-
nomial of degree 4 instead of quadratics:

/ dx = 3.1415926 ; / ] dx =~ 0.392699 ; / 2222 dx ~ 0.130899.

With a := [q. dx, (4.2) yields (up to 10~%)

Jo- xtdx Jg- rla3dx 1
—_— = ]_ = g* - ty 22— = — = .
fG* dx 9105 30Dty fG* dx 3 922

5Every point in the convex hull of a set S C R™ is a convex combination of at most n + 1 points
of S; see, e.g., [17, p. 153].

3opty -
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Observe also that

(@3 + a3 = 5(or + o)+ o —22)* + 5 (o + ),
i.e., a sum of 4-powers of linear forms as predicted by Theorem 4.1.

In fact, we have the following theorem.

THEOREM 4.3. Ifd = 2,4,6,8, then the unique optimal solution of Py is g5(x) =
0 (3" 22)4/? (for some scaling factor 6 > 0) whose level set G is homothetic to the
unit ball Bo.

The proof is postponed to section 7.

In other words, when d = 2,4, 6,and 8, surprisingly, the Euclidean unit ball By =
{x: Y ;22 < 1} (which has the equivalent representation {x : (3 ;_, 2?)%/2 < 1})
solves problem Pj! In other words, its associated homogeneous polynomial, x
g5(x) == [|x[|§ = 3, ca gox®, minimizes the (weighted) Euclidean norm lgll34 =
>, Ca g2 among all homogeneous polynomials g of degree d whose unit ball G has
the same volume.

5. The SOS formulation. As we have seen, optimal solutions of both the ;-
norm and ¢s-norm formulations are (positive) sums of d-powers of linear forms, hence
sums of squares of d/2-forms since d is an even integer. Therefore we now restrict the
discussion to homogeneous polynomials in Hom, that are SOS, i.e., polynomials of
the form

x = gQ(x) = va2(x)TQva2(x),

n

where vg/s(x) = (x%), @ € N, and Q is some real PSD symmetric matrix (Q = 0)

of size s(d/2) = ("_Ull;gd/ %). If we denote by Sy the space of real symmetric matrices of
size s(d/2), there is not a one-to-one correspondence between g € Hom, and Q € Sy,
as several Q may produce the same polynomial gq.

Given 0 = Q € &y, denote by Ggq the sublevel set {x : gq(x) < 1} associated

with gq € Hom,. Denote by ¢ : Sq — Ry U {+o0} the function

Q — 9(Q) = v(9q) = vol (Gq)-

Observe that © inherits properties of v, and in particular, © is positively homogeneous
of degree —n/d, convex, and ls.c. (but not strictly convex). Moreover, when gq €
int(P[x]4), then ¢ is differentiable at Q, and its gradient reads as

V@)= mv & exp(—(Vay2 () Va2 ()", Q)) dx
I Jrln/d) /Rn —Vay2(X)vaya (x)" exp(— (Va2 (X)vay2(x)", Q) dx
_ —I'(1+(n+d)/d)
~ I(1+n/d)

= w /GQ Va2 (x)vaye(x) " dx,

/ Va(X)Va/2 (x)T dx
Gaq

where we have used Theorem 2.2 and the identity 2I'(z) = T'(z + 1).
Thus the natural analogue for Q of the ¢1-norm ||g||1 for ¢ € Homy is now
the nuclear norm of Q, which (as Q = 0) reduces to (I, Q) = trace (Q). It is well
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known that optimizing the nuclear norm on convex problems with matrices induces
a parsimony effect; namely, an optimal solution is expected to have a small rank. In
our context, Q having a small rank means that gq can be written as a sum of a small
number of squares. However, when expanded in the monomial basis, gq may have
many nonzero coefficients, and so its ¢1-norm ||gql||1 may not be small.

So in the same spirit as for the ¢;- and the f3-norm, we now consider the opti-
mization problem

(5.1) Ps: opty = Qiggd{ﬂ, Q): 9(Q)<ps; Q=0}.

We show that there exists a unique homogeneous polynomial g5 € Hom, such that
93 = gq-~ for every optimal solution Q* of Ps.

THEOREM 5.1. Problem P3 has an optimal solution, and there exists a unique
g5 € Homg such that g5 = gq- for every optimal solution Q* € S of P3. Next, we
have the following:

(a) Assume that g5 € int(P[x]q). Then for every optimal solution Q* € Sq of P,

(n+d)I,Q%)

5.2 U.=1-
(5.2) e

/ Va/2(x) vd/Q(X)T dx = 0,
Gq-

where x — gq-(X) 1= v4/2(x)TQ*vy/2(x) = g5(x) and (Q*,¥) = 0.

(b) Conversely, suppose that 0 % Q* € Sy satisfies (5.2), gq+ € int(P[x]q), and
0(Q*) = pa. Then Q* is an optimal solution of Ps and g5 = gq~.

Finally, if d > 2, the polynomial x — g@ (x) =>0", x¢ cannot be an optimal
solution of Ps. For d = 2,4 (as well as for all d € 4N, provided that n is suf-
ficiently large), the optimal solution g5 is the polynomial x — 6 (3 i, x2)¥? with
0 = (pa/pa)¥"; i.e., G* is homothetic to the Buclidean ball By.

The proof is postponed to section 7.

The fact that the Lg-unit ball is not an optimal solution of P3 is not a surprise, as
the parsimony-inducing norm trace (Q) (when Q > 0) aims at finding a polynomial
gq € Hom, which can be written as an SOS with as few terms as possible in the sum.
On the other hand, the sparsity-inducing norm ||g||; aims at finding a polynomial g €
Hom, with as few monomials as possible when ¢ is expanded in the monomial basis.
These are two conflicting criteria, and indeed the single square g}(x) = (3, #2)%/2
which minimizes the nuclear norm in problem P3 contains a lot of monomials!

Again the Fuclidean ball By exhibits a rather strong property: Namely, its repre-
senting quadratic polynomial g(x) := ||x||? (= ¢/*(x)) is such that that ¢%/> € Homy
is the unique optimal solution of problem Py for the f5-norm, and of problem P3 for
the parsimony-inducing nuclear norm of its associated Gram matrix Q (when d € 4N
and n is sufficiently large)!

6. Extension to generalized polynomials. In this section d is now a (pos-
itive) rational with Lg-unit ball {x : >  |z;/¢ < 1}. Even though the function
X = > |z;|? is now a “generalized polynomial” and not a polynomial, it is still
a nonnegative positively homogeneous function of degree d for which Theorem 2.2
applies. On the other hand, the vector space of positively homogeneous functions of
degree d is not finite-dimensional, and so for optimization purposes we need to define
an appropriate finite-dimensional analogue of Homy.

We will use the notation |x| € R for the vector (|z1|,...,|zs]), and |x|* for the
generalized monomial |z1|** - - |2,|*", whenever o € Q.
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DEFINITION 6.1. Let 0 < d € Q. Define the space €y as

(6.1) Ga :z{ Z 9o IX|% 1 ga ER; |a|(::Zai>:d},
i=1

aEQi

where only finitely many coefficients g, are nonzero. Then
lglls =" lgals llgll3 = cagl
« «

The space %y is a real infinite-dimensional vector space, and each element of €,
is a positively homogeneous function of degree d.

DEFINITION 6.2. With q € N, let Z) C R™ be the lattice {z € R" : qz € Z" }.
With 0 < d € Zg, denote by N, the finite set {a € Zy : o > 0; i =d} of
cardinality m(d, q), and denote by HomY, C €, the vector space of functions g : R™ —
R defined by

(6.2) Hom! := { Z go [X%: (ga) € R™ED },

aGNé‘q

which is a finite-dimensional vector space.
For instance, with n = 2 and d = 1, one has By := {x € R" : > | |a;] <1},
and with 0 < ¢ € N,

k q—k
qu:{<gaq7>k:07ﬂ}7 m(dﬂq):q+1’

and g € HomY can be written as
4 k q—k
XHQ(X):ZQI@|$1|E|5€2|T, x € R?
k=0

for some vector g = (gi) € RIFL.

Obviously HomY is a vector space of dimension m(d, ¢), and every function in
Hom! is positively homogeneous of degree d. As we did in section 3, with ¢ € Hom
associate the level set G := {x : g(x) < 1}, and whenever G has finite volume, let
v(g) := vol(G), g € Hom. It follows that v is positively homogeneous of degree
—n/d. Therefore (2.2)—(2.4) in Theorem 2.2 hold for v. Finally, again let

n

x = gD (x) = Z 12| Ba={x:9"9x) < 1}; pg=vol(By),
i=1

and consider the finite-dimensional optimization problem
(6.3) Py, : opty, = ir;f {llglh : v(g) <pa; g€ Homl}.

When d < 1, the unit ball B, is not convex and is not associated with a norm, as can
be seen in Figure 3, where d = 1/2.
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1

FIG. 3. The Ly o-unit ball {x: \/|z1] + /|x2] < 1},

However, we have the following analogue of Theorem 3.2.
THEOREM 6.3. Let 0 < g €N and 0 < d € Zg/o. The generalized polynomial

(6.4) x> gtV (x) = Y |l
=1

is the unique optimal solution of Problem P14 in (6.3), and moreover,

97(1/d)"

(65) Vol (Ba) = oo / s i =

vol (Bd)

, 1=1,...,n.
n+d

Proof. The proof is almost a verbatim copy of that of Theorem 3.2 except that we
now have to deal with generalized moments [ [x|*dx, a € N}, instead of standard
monomial moments fG x%dx, a € N". But the crucial fact that we exploit is that v is
strictly convex and Theorem 2.2 holds for v. As in the proof of Theorem 3.2, to show
that ¢(® in (6.4) satisfies the KKT-optimality conditions, we need only prove that

/|X|°‘dx§/ |lz1]¢ dx Va € Ny,
By By

Define the Hankel-type moment matrix M to be the real symmetric matrix with rows
and columns indexed by o € N, gq and with entries
2

M(ev, B) ;:/B x|t dx, B ENT,
d

Equivalently, letting N = {8 € N* : .5 = dg/2} and reindexing rows and
2
columns of M with & := qa € qu,
2

M(a, 3) ;:/B (%[0 dx =iy 5, d,BeN’é .
d
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Define y = (ya), & € Njj,, and X = |x|'/4. Observe that from (6.2) one may write

Hom! ::{ > ga(lx[0)*: <ga>eRm(d’Q)}'

&eNy,

Let Ly : Hom? — R, be the linear mapping defined by

g Ly(9) = > Gava= 3. 9a X&dx:/B g(x) dx.
d

aeNy, aeNy, By

By an adaptation of Lemma 4.3 in Lasserre and Netzer [11] to the present homoge-
neous context, one has

lya| < sup Ly(f(fq) = sup / || ¢ dx (:/ |x1|ddx> Va € Ny,
1, ;e JByg B,

Indeed, in Lemma 4.3 of [11] one uses only the Hankel structure of the moment matrix
M and its positive definiteness. Therefore for every o € N dg>

/|x|°‘dx: X&dx:ydg/ |21 | dx,
By By By

and so, as in the proof of Theorem 3.2, ¢(49) satisfies the KK T-optimality conditions.
We obtain the following even more general extension of Theorem 3.2.
COROLLARY 6.4. For every 0 < d € Q the generalized polynomial

x> g D)= Jail?
i=1

is the unique optimal solution of
Pir:opty =if {{lgll: v(g) <pa; g€ Ca},

and (6.5) holds.

Proof. Let 0 < d € Q, and suppose that there exists g € €, such that vol (G) = py
and ||g|l1 < n. Write d = po/qo with 0 < po,qo € N. For each nonzero coefficient g,
one has «; = p;(a)/q;(«) for some integers 0 < p;(a), g;(a). Let ¢ = 2¢' with ¢’ € N
being the least common multiple of {qo, (¢i(®v)), i = 1,...,n, go # 0}. Then d € Z/,
and g € Hom?. Therefore by Theorem 6.3, ||g|l1 > [|¢/¥|l1 = n (where ¢\ (x) =
S Jz]?), in contradiction with our assumption ||g|| < n. Hence ||g|li > n for all
g € %y such that v(g) < pg. Therefore g% is an optimal solution of P;. Uniqueness
again follows from the strict convexity of v. O

Then again the parsimony property of the Lg-unit ball B; can be retrieved by
minimizing the ¢;-norm over all nonnegative generalized polynomials g € % whose
associated unit ball G has finite volume.

Next, concerning the fo-norm, with 0 < ¢ € N, an analogue of problem (4.1) now
reads as

(6.6) Py i opty =inf{flgl3: v(g) <pa: g€ Homj},
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and we have the following analogue of Theorem 4.1.

THEOREM 6.5. With 0 < g € N and 0 < d € Zq, problem Pyq in (6.6) has a
unique optimal solution g5 € HomY whose vector of coefficients g5 = (95.4) € R™(d:9)
satisfies

n+d.fG* x|* dx
n Jo- dx

where G* = {x: g5(x) < 1} and vol (G*) = pq.

We omit the proof as it is again a verbatim copy of that of Theorem 4.1. But
in contrast to the case of polynomials in Theorem 4.1, in the optimal solution g5 of
Py, all coefficients (g3,), o € N, , are nonzero! This follows from (6.7) and the fact

n

Va e dg>

(6.7) 95,0 = ODty

that all generalized moments [. [x|* dx, a € N}, are nonzero! For instance, with
d=1/2 and g =8,

0</ o [/2 dx 0</ o [/ 375 dx 0</ o [V [V dix
G G G

0</ (o [3/3]a /5 dix 0</ 112 dix.
G G

Hence the unique optimal solution g3 of Pg, is not sparse. Even more, with fixed
0 < d € Q, the larger is ¢, the more complicated is g5. Therefore an analogue of
Corollary 6.4 for the /5-norm cannot exist.

7. Proofs.

7.1. Proof of Theorem 2.2. For a € N”, let v, : R — R be the function
y = va(y) = f{x:h(x)<y}x"‘ dx, assumed to be finite. Observe that v,(y) = 0
whenever y < 0. Next, with A > 0,

v (Ay) = / x“ dx
()< Ay}

:A<n+a|>/d/{ o }(A—l/dx)"‘ d(A"Vx) = A HleD/d g (y);
x: - xX)=Y

that is, v, is positively homogeneous of degree (n + |«a|)/d. Therefore v,(y) =
ytlel/dy (1), Tt remains to determine v, (1). So let L[v,] : C — C be the Laplace
transform L[v,] of the function v,, i.e.,

Ao Lal(h) = /OOO (=N valy)dy (A€ T RO > 0)

= va(l)/ y(H1eD/d exp(—\y) dy
0

T(1+ (n+lal)/d)
A+ (n+|al)/d

= v4(1) A e C; R(A) > 0).
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On the other hand, whenever A € R,

Llva](A) = /0 exp(—Ay) </{x:h(x)§y} x* dX) dy

= / x* ( / exp(—Ay) dy) dx (by the Fubini-Tonelli theorem [1])
Rn h

(x)
1
=— x“ exp(—Ah(x)) dx
A Jgn

1 / .
= x% exp(—h(x)) dx (by homogeneity)
A+ (n+|al)/d .-

T+ (n+|al)/d) <fRn x@ exp(—h(x)) dx)
= TR \ T T fa)/d) )’

C

and 80 v, (1) = ¢, which yields (2.1).

Strict convexity. The function v is convex on P[x]q because with g1, g2 € P[x]q
and A € (0,1),

v(Agr + (1 = N)g2) = m /exp(—)\gl (x) — (1 — N)ga(x)) dx
< s [ et + (- Y exp(-ga(x) dx
. Jen(—g1) dx [ exp(—gs) dx
BRI (e R G i ey

= Mv(g1) + (1 — Nv(g2),

where we have used convexity of the function ¢ — exp(—t). Next the strict convexity
of v follows from the strict convexity of ¢t — exp(—t) and the fact that

{x:exp(=Agi(x) = (1 = A)ga(x)) = Aexp(—g1(x)) + (1 — A) exp(—g2(x))}
={x:91(x) = g2(x)},
and this set has zero Lebesgue measure.

Differentiability. When ¢ € int(P[x]q), one takes partial derivatives under the
integral sign, which in this context is allowed. Indeed, for every a € N} with |a| = d,
let (e,) C R*(D be the standard unit vectors of R*(4) and let ¢ := I'(1 +n/d)~*.
Then as g € int(P[x]q), for every ¢ > 0 sufficiently small, x — g(x) + tx* € P[x]4,
and so

v(g + teq) —v(g) . /n exp(—g) exp(—tx®) — 1 dx

t t
~—_————

P (t.x)

is well defined and finite. Notice that for every x, by convexity of the function
t — exp(—tx®),

. _ _ e/ Y
lt%lw(t,x) = %ggw(t,x) = exp(—tx") ;=9 x,
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because for every x, the function ¢ — (¢, x) is nondecreasing; see, e.g., Rockafel-
lar [17, Theorem 23.1]. Hence, the one-sided directional derivative v’(g;eqs) in the
direction e, satisfies

by vlgttes) —wlg) / B
v'(g;€eq) —ltlﬁ)l . —1&610 nexp( g)U(t,x)dx

—c [ ew(-g) limuttx)dux) = ¢ [ —x*exp(-g)dx
where the third equality follows from the Extended Monotone Convergence Theorem
[1, Theorem 1.6.7]. Indeed for all ¢ < to with ¢y sufficiently small, the function ¥ (t, -)
is bounded above by t)(t,-) and [, exp(—g)v(to,x)dp < oc.
Similarly, for every t > 0

v(g —teq) — v(g) _. /n exp(—g) exp(tx®) — 1 i,

t t
—_——

(%)

and by convexity of the function ¢ — exp(tx®),
. . _ )/ — X
ltlﬁ)lg(t,x) = %ggg(t,x) = exp(tx®)|;—o = x".

Therefore, with exactly the same arguments as before,

iy (g —tea) —w(g)
v'(g; 6"‘)_1518 ;

—c / x® exp(—g) dx = —v/(g; ea),

and so

dv(g)
09a

= —c/ x% exp(—g) dx

for every o with |a| = d. Finally, to obtain (2.3) one combines the above with (2.1)
and the identity I'(z + 1) = zT'(2).

Similar arguments can be used for the Hessian V?v(g), which yields (2.4). Finally,
to get (2.4) observe that v is a positively homogeneous function of degree —n/d, and
so Euler’s identity (Vu(g), g) = —nwv(g)/d for homogeneous functions yields

n n+d
_E/dez<g’w(g)>:_ y /Gg(x)dx. a

7.2. Proof of Theorem 3.2. Problem P, has an optimal solution g; € Hom,.
Indeed, let (gi), k € N, be a minimizing sequence with ||gx|1 — opt; > 0 as k — co.
Hence the sequence (gy,) is ¢1-norm bounded, and therefore there are a subsequence
(kt)ten in N and a polynomial g7 € Homy such that for every a € N}, gx, .0 — 97 4
as t — oo (and so ||g7]|1 = opty). Next, by Lemma 2.3, v is L.s.c., and so

Pd Z liminfv(gkt) 2 ’U(gr)v
t—o0

which proves that g7 is feasible for P; and thus is an optimal solution of P;.
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We next prove in two steps that g7 = gD is the unique optimal solution of Py:
First we show uniqueness (due to the strict convexity of the function v). Then we
provide an equivalent formulation of Py for which we can apply the KKT-optimality
conditions and show that ¢(?) satisfies those optimality conditions.

e Uniqueness. Suppose that P; has another optimal solution & € Hom, (hence
such that h # g7 and ||hl|1 = ||gf]]1 = opty). As we have seen, necessarily v(h) =
v(g}) = pa = vol(Bg). Let hy := A+ (1 — X)g7 € Homg, A € (0,1), so that
v(hy) < pg because the feasible set is convex. By strict convexity of v,

v(hy) < Av(h) + (1 — Nv(g]) = pas

and by taking £~/ %v(hy) = pq (so that £ < 1), we exhibit another feasible solution
g := khy € Homy with ¢1-norm ||g]|1 = kopt; < opty, in contradiction with opt,
being the optimal value of P;. Hence g7 is the unique optimal solution of P;.

e KKT conditions. Next, Problem P; has the equivalent formulation

inf Z Ao
(71) Xga aeNY
subject to v(9) < pd; Aa—G9a>0; Aa+9ga >0 VaeNJ,

which is a convex optimization problem for which Slater’s condition holds. Indeed,
let ¢ € Homy be an arbitrary feasible solution, and let h := 2g so that v(h) =
27 y(g) < v(g) < pa. Then set A\, := 2|hy| so that A\, > +h, for all a, and
therefore (A, h) is a strictly feasible solution.

Hence at an optimal solution (¢g*, A), if v is differentiable at g*, then the (neces-
sary) KKT-optimality conditions state that

1—uqg —vo=0 VoaeNj,

ov(g* n
Ua—Ua-Fa—aSi) =0 VaeN],

Aoy Uas Vo, 0 >0 Vo e N,
Uae (Ao —62)=0; va(Aa+9gh)=0 VYaeN],
v(g*) < pa; 0(1—v(g"))=0

for some dual variables (u,v,#). The meaning of the above optimality conditions
is clear. Indeed, at an optimal solution (¢*,A) we must have A\, = |gk| for all .
Moreover, from the complementarity conditions one also has u, v, = 0 whenever
g% # 0. In addition, from the two first equations and the fact that 1 = u, + vy =
[ua — val, Aa = |94, all moments [. x*dx must be equal whenever g}, # 0.

We next show that x — gi(x) := Y1, #¢ = g(¥)(x) satisfies (7.2) and so is the
unique optimal solution of (7.1). First observe that the set By = {x : ¢(¥(x) < 1}
is compact, and so by Theorem 2.1, ¢'¥ € int(P[x]4), and by Theorem 2.2, v is
differentiable at g(¥). Recall also that by Theorem 2.2, v(g\?) /g, = ”T*d de X dx.

Choose
-1
0:= d (/ a:fdx) ; ua:0n+d/ X dx;
n+d By d B,

and \}, = g&d) for all @ € NJJ. Then set v, = 0 whenever g&d) #0,and vy, =1 —uq
otherwise. (Notice that u, = 1 whenever x® = z¢ for some i.) Hence u, > 0 for all
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a € NI (because u, = 0 whenever some «; is odd). Finally, v, = (1 — uq) > 0 for all

a € N} because
/ x% dx
By

Therefore, (¢(¥, A\*, u, v, 6) satisfies the (necessary) KKT-optimality conditions (7.2),
and as Slater’s condition holds and (7.1) is convex, the KKT-optimality conditions
are also sufficient. Indeed, the Lagrangian (g, A) — L(g, A, u, v, 8) defined by

L(Q,Auve Z/\ _ua a_ga)_va(Aa+ga)+9(U(g)_pd)

g/ x{ dx Vo € Nj.
By

is convex, and VL(g(?, X*,u,v,#) = 0. Hence by convexity, for any feasible solution

(g, A) of (7.1),
Z/\* gD N, v, 0) < L(g, A\, u, v, 0) <Z/\a,

ie., (¢'P, A*) is an optimal solution of (7.1). Equivalently, ¢(¥) is the unique optimal
solution of P1. Next observe that

opt; = ¢l =n= Y A= (ta —va)gl"

aeNY aeNy
= —0(Vu(g ), g) = 0 Z0(gD),

from which we deduce

1
/ zddx = dx
By n—l—d By

for i = 1,...,n, which is (3.4). Finally, for the numerical value of vol (Bg) in (3.4),
see Lemma A.1. o

7.3. Proof of Theorem 4.3. In (4.1) one may replace pg with the volume
of the Euclidean ball By since by homogeneity, the optimal solution is the same
(up to a scaling factor). By Theorem 4.1 it is enough to prove that (4.2) holds for
x = g(x) = (3;22)%2. We will use the fact that all moments of the Lebesgue
measure on Bs can be obtained in closed form.

e The case d = 2. Then opty, = n, and

A= . 22 dx (/B dx>_1 = (n41-2) (by (3.4)),

n+dA:nM;:1’
n  (n+2)

so that

opty

a

which is indeed the coefficient 1/c, of 22 in g3 (x ) =2 0CalsaX
e The case d = 4. Let x — g3(x) := (>, 27)2. It is enough to prove that (4.2)
2y _

holds. Since g3(x) = >, + 232, 727, we have opt, = (n + nlnl) 6(2)%)
n(n + 2)/3. Moreover,

A= [ wtas (L;”‘)lzm'
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Therefore with d =4 and « = (4,0,...,0),

n+d nn+2) n+4 3
A= =1
oPtz n 3 n  (n+2)(n+4) ’

which is the coefficient 1/c, of x} in gj(x). Similarly, with o = (2,2,0,...,0),
B::/ x? 2% dx </ dx) =
B, J B- (n + 4) (n + 2)

vt n+4B_n(n—|—2)n+4 1 1
Pz N 3 n (n+2)(n+4) 3

so that

which is the coefficient 2/c,, of 2727 in g3 (x).
e The case d = 6. Let x — g5(x) := (31—, 27)3, ie.,

n
gx) =Y a8 +33 ala?+6 Y atatad.
=1 i#£] i<j<k

Again it is enough to prove that (4.2) holds. First one obtains opt, = n(n + 2)(n +
4)/15. Then

am [ tox () = G

and therefore with d = 6 and « = (6,0,...,0),

n—+d

2 4 6 15
opt, s nn+2)(n+4) n+
n

15 n (n+2)(n+4)(n+6)

:17

which is the coefficient 1/c, of 2§ in g3(x). Similarly, with o = (4,2,0,...,0),

B:/*x?x?dx </*dx)1: (n+2)(n—?—4)(n+6)’

so that

ot n+dB_n(n+2)(n+4)n+6 3 1
P2 N 15 n (n+2)(n+4)(n+6) 5

which is the coefficient 3/c,, of z}23 in g5 (x).
e The case d = 8. Let x — g3(x) := (3i—, 2?)%. Again, it is enough to prove
that (4.2) holds. Since

n
g5(x) = Z:rf +4 Za:?a:f +6 Z;rfa:? +12 Z a:fa:?:ri +24 Z :rfa:?:ri:r?,
i=1 i i<j i3k i AhA
we obtain opty, = n(n + 2)(n +4)(n + 6)/105. Next,

-1 105
A= BQ“””?dX (/132dx> T8+ 6)(ntdHnra)
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and therefore with d = 8 and o = (8,0,...,0), one obtains (n + 8)opty, A/n = 1,
which is the coefficient 1/c, of 2% in gj(x). Similarly, with a = (6,2,0,...,0),

A= - ajaj dx (/32 dx>_1 B (n+8)(n+6§?n+4)(n+2)’

S) th(it in + 8)0p)t2 A/n = 1/7, which is the coefficient 4/cq of 2027 in g5(x). With
a=(4,4,0,...,0),

A= Bf?x?dx </B2dx>1 - (n+8)(n+6)9(n+4)(n+2)’

so that (n + 8)opty A/n = 3/35, which is the coefficient 6/c, of z}z} in g5(x).
With o = (4,2,2,0,...,0),

—1
3
._ 4,22 _
A= g, 1T dx (/B dx) (n+8)(n+6)(ntd)(nt2)

so that (n + 8)opty A/n = 1/35, which is the coefficient 12/c, of z}z3xf in g3(x).
Finally, with o = (2,2,2,2,0,0,...,0),

—1
1

= 2 2 2 2 =

A.—/BQ:I:ija:ka:gdx (/Bde) DIk

so that (n + 8)opty A/n = 1/105, which is the coefficient 24/c, of a7z}aja; in
95(x). O

7.4. Proof of Theorem 5.1. Let (0 < Qy), £ € N, be a minimizing sequence
of P3; i.e., (I, Qi) — opty as k — oco. As sup, (I, Qx) < (I, Qq), the sequence (Qy) is

norm-bounded in §;. Therefore it has a converging subsequence Qy, — Q* € Sy as
j — oo, with Q* > 0. Then (I, Q*) = opts, and as ¥ is Ls.c.,

pa > liminf 5(Qg;) > 9(Q"),
j—00

so that Q* is an optimal solution of P3. Let g5 = gq+ € Homy be the homogeneous
polynomial associated with an optimal solution of Q* of P35, and suppose that there
exists another optimal solution 0 < H € S; of P35 such that g # ¢5. Then we have
v(g3) = 0(Q*) = 0(H) = v(gu) = pa. For X € (0,1) fixed, arbitrary, the polynomial
hx == Agi + (1 — X\)gm satisfies v(hy) < pq because g5 # gu. Moreover,

ha(x) := Ag5 (%) + (1= N) gr(x) = Va2 (x)T(AQ" + (1 = NH)vyys(x),

H, =0

and so H) is also an optimal solution of P3 since (I, \Q*+(1—A)H) = opts. But then
as we have already shown before, by homogeneity of v, there is 0 < # < 1 such that
v(@hy) = 0(0H)) = pg. Hence (0 <) 0H, is a feasible solution of P3 with associated
cost (I,0H,) = 0(I,H,) = fopty < opts, a contradiction. Therefore g5 € Homy is
the unique solution associated with all optimal solutions of Pg.

(a) Next, assume that g5 € int(P[x]4) so that v is differentiable at g5 and so is
v at Q*. Slater’s condition obviously holds for P3, which is a convex optimization
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problem. Therefore the KKT-optimality conditions read as

(7.3) I+AVo(Q") =T = 0,

(7.4) (Q*,v) =0,

(7.5) Q") < pa; A(D(QT) —pa) =0

for some dual variables (A, ¥) € Ry x Sg. By homogeneity one must have 09(Q*) =
pd- By Euler’s identity for homogeneous functions, (Vo(Q*),Q*) = —no(Q*)/d.

Therefore using (7.3) and (7.4), one obtains opty = (I, Q*) = An pgq/d; that is, A =
dopts/(npq). Hence

(n+d){I1,Q")

n pd

U=1-— / Vs (x) Vd/Q(X)T dx =0,
Gq-
which is (5.2).
(b) Conversely, assume that 0 < Q* € Sy, gq- € nt(P[x]q), 9(Q*) = pg, and
(5.2) holds. Then let

d{I,Q* +d) (I, Q"
A= 7<np(3 ) ;o Ui=1- % /GQ* Va2(x) Vd/z(X)T dx.

Obviously A >0, ¥ > 0, and

" " n+d y
Q") =(L,Q") |1 - / (Q*, Va2 (x) va(x)") dX]
L pd JGq-
[ n+d /
= 17 ¥ 1-— «(x) dx
Q|- GQ*ng]
‘ [ n+d n
=(L,Q") |1 npa n+d Jag. dx| (by Theorem 2.2)
:O7

which shows that the triplet (Q*, A, ¥) satisfies the KKT-optimality conditions (7.3)—
(7.5) and so is an optimal solution of Pg; therefore g5 = gq-.

Finally, of course, when d = 2, it is immediate to check that g5 = >, z7. On the
other hand, if d > 2, the polynomial x — ¢(¥(x) := S°I' | 2¢ (so that G = B,) cannot
be the optimal solution of P3. Among all Q = 0 such that ), xf =Vg/2 (X)Tde/Q(x),
the one that minimizes trace (Q) has all of its entries equal to zero except the diagonal

. . . . . /2
entries corresponding to columns associated with the monomials x;
and trace (Q) = n. By Lemma A.1, observe that

, 1 =1,...,n,

Jgaddx Jg,aldx 1

Jo dx Pd Cn+d

and so (5.2) cannot hold because, for instance, the northwest and southeast corner
elements of the matrix

(n+d) {1 Q)

n pd

U.=1- / Vas2(x) Vd/Qd(X)T dx
G

(x) Vd/Qd(X)T dx

fc; Va/2
—TI-(n+d
(n+d) To dx
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vanish, whereas the northeast and southwest corner elements are nonzero, in contra-
diction with A > 0.

Next, if d = 4, consider the quartic form x — (3, 27)?, which is the single square
(q"v2(x))?, where the entries of the vector q € R*(?) corresponding to monomials z?
are equal to 1, and zero otherwise. Hence Q = qq” = 0 with trace(Q) = n. To avoid
the presence of a scaling factor, in problem P35 in (5.1), one may and will replace py
with po (the volume of the Euclidean unit ball). In the proof of Theorem 4.3 we have

already seen that

3p2 P2
A — P2 / 22— P2
/GQ“ Tt 2n+4) Jo T T T 2)

Therefore, in view of its specific form, the matrix ¥ in (5.2) is PSD because 1 —3/(n+
2)>0,1-1/(n+2)>0,and ((n—1)/(n+2))? > 1/(n + 2)2. For instance, with
n =3,

[ Z—T—% 0 0 n+2 0 n+2
0 25 0 0 0 0
n+1
SR
n+2 n+2 n+2
o 0 0 0 zE 0
L5 0 0 L0 a

From the definition of Q, (¥, Q) = 0 so that Q is an optimal solution of P3; that is,
by uniqueness, g5(x) = (3, 22)2.

Finally, consider the case d = 8. Again, to avoid the presence of a scaling factor, in
problem P3 in (5.1), one may and will replace pg with ps (the volume of the Euclidean

unit ball). The degree-8 form

4 2\ 2
xH(fo) = (Zw?) = fo+22xfﬁf

i<j

2

is the single square (q7v4(x))?, where the entries of the vector q € R**) are equal to
1 (resp., 2) when they correspond to monomials z} (resp., w?x?), and zero otherwise.
Hence Q = qq” = 0, and with ¥ as in (5.2), one has (¥, Q) = 0. To prove the result
it remains to show that ¥ = 0. Observe that trace(Q) = ||q||*> = n +4n(n —1)/2 =
O(n?). Next, from the proof of Theorem 4.3,

fB x® dx s 4
2 _ @ _ — v Ns(d)
o, dx (4 8)(n+6)(n+4)(n+2) O(n™) Vo € N7,

where depending on «, s, is 105,15, 9, 3, or 1. Hence the entries of the matrix

(n+d)(I,Q) f132 Va2 (X)Va/e (x)T dx
n f132 dx

are all O(n=2), and so ¥ =1 — A = 0 whenever n is sufficiently large.
Finally, the same limiting argument also holds for all d = 4p, p € N. Indeed,
one may repeat the above argument when d = 8 by considering the degree-d form

(7.6) A=
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g(x)? with g(x) = >, 2?)P. Writing g(x) =
q € R*??) one has Q = qq” = 0 and trace(Q)
have

q?va,(x) for an appropriate vector
= O(nP). On the other hand, we also

Jg, x* dx s p
2 _ a _ —d/2 s(d)
Lol it dmrd-2 -tz o0 ) Veel

and so all entries of the matrix A in (7.6) are O(n~%*). Therefore for n sufficiently
large, ¥ =1 — A = 0 and so g5(x) = (>, #2)%/2. 0

Appendix A.
LEMMA A.1. Let d be a positive real, and let g : R™ — R be the function

n

x = g(x) ::Z|aji|d; G ={xeR":g(x)< 1}

=1

Then

2" T(1/d)" 2" L(1/a)"
(A1) /de T Fn/d /|gcz| dx = n T dd T(njd)

foralli=1,...,n
Proof. The function g is positively homogeneous of degree d. Observe that by
Theorem 2.2, [ dx = Tn/d Jgn €xp(—g(x)) dx, and again by Theorem 2.2,

[ exoig)ix = ( [ expl-le) dt)n - (r (1+3) /.. dt> . (M)

where we have used the identity zI'(z) = T'(1 4+ x). This yields the result on the
left-hand side of (A.1). Similarly, for every i =1,...,n,

(F (1 i d%ll> /t|d<1 |’5|ddt> <r (1 + %) /t|d<1 dt) o
G o)

2n \"
=t (3)
2n I(

1
/G|xi|ddX:F(T%d) /n 1] exp(—g(x)) dx = n(n+d)d—1 T(

Therefore,

)TL
)

=

a3
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