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ON THE PRODUCT OF FUNCTIONS IN BMO AND H!
OVER SPACES OF HOMOGENEOUS TYPE

LUONG DANG KY

ABSTRACT. Let X be an RD-space, which means that X is a space of ho-
mogeneous type in the sense of Coifman-Weiss with the additional property
that a reverse doubling property holds in X. The aim of the present paper
is to study the product of functions in BMO and H' in this setting. Our
results generalize some recent results in [4] and [10].

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

A famous result of C. Fefferman state that BMO(R™) is the dual space
of H'(R™). Although, for f € BMO(R") and g € H'(R"), the point-wise
product fg may not be an integrable function, one (see [2]) can view the
product of f and g as a distribution, denoted by f X g. Such a distribution
can be written as the sum of an integrable function and a distribution in a
new Hardy space, so-called Hardy space of Musielak-Orlicz type (see [1, 8]).
A complete study about the product of functions in BMO and H!' has been
firstly done by Bonami, Iwaniec, Jones and Zinsmeister [2]. Recently, Li and
Peng [10] generalized this study to the setting of Hardy and BMO spaces
associated with Schrodinger operators. In particular, Li and Peng showed that
if L =—A+V is a Schrodinger operator with the potential V' belongs to the
reverse Holder class RH, for some ¢ > n/2, then one can view the product of
b€ BMOL(R") and f € HL(R") as a distribution b x f which can be written
the sum of an integrable function and a distribution in HY(R™, du). Here
HY(R™ du) is the weighted Hardy-Orlicz space associated with L, related to
the Orlicz function p(t) = t/log(e+1t) and the weight dv(z) = dz/log(e+ |x]).
More precisely, they proved the following.

Theorem A. For each f € H}(R"), there exist two bounded linear operators
% BMOL(R™) — LYR") and #; : BMOL(R") — HY(R™ dv) such that
for every b € BMOL(R"),

b x f = Zf(b) +%(b)
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Let (X, d, 1) be a space of homogeneous type in the sense of Coifman-Weiss.
Following Han, Miiller and Yang [7], we say that (X, d, u) is an RD-space if
1 satisfies reverse doubling property, i.e., there exists a constant C' > 1 such
that for all x € X and r > 0,

p(B(x,2r)) = Cu(B(z,r)).

A typical example for such RD-spaces is the Carnot-Carathéodory space with
doubling measure. We refer to the seminal paper of Han, Miiller and Yang [7]
(see also [5, 6, 12, 13]) for a systematic study of the theory of function spaces
in harmonic analysis on RD-spaces.

Let (X, d, ) be an RD-space. Recently, in analogy with the classical result
of Bonami-Iwaniec-Jones-Zinsmeister, Feuto proved in [4] that:

Theorem B. For ecach f € H'(X), there exist two bounded linear operators
% BMO(X) — LYX) and #; : BMO(X) — H®(X,dv) such that for
every b € BMO(X),

bx f = Z5(6) + HG(0).

Here the weight dv(z) = du(z)/log(e + d(zo,z)) with 2y € X and the
Orlicz function p is as in Theorem A. It should be pointed out that in [4], for
f= Zj; Ajaj, the author defined the distribution b x f as

(1.1) bx f:=Y N(b—bg)a;+ Y Absa;
j=1 j=1

by proving that the second series is convergent in H®(X,dr). This is made
possible by the fact that H¥ (X, dv) is complete and is continuously imbedded
into the space of distributions (G§(5,7))" (see Section 2), which is not estab-
lished in [4]. Moreover one has to prove that Definition (1.1) does not depend
on the atomic decomposition of f. In this paper, we give a definition for the
distribution b x f (see Section 3) which is similar to that of Bonami-Iwaniec-
Jones-Zinsmeister.
Our first main result can be read as follows.

Theorem 1.1. For each f € H'(X), there exist two bounded linear operators
% BMO(X) — LY(X) and #; : BMO(X) — H"%5(X) such that for every
be BMO(X),

bx f=2Z;(b) + H5(b).

Here H'#(X) is the Musielak-Orlicz Hardy space related to the Musielak-

Orlicz function (2, ) = :f:))Jrlog(eth) (see Section 2). Theorem 1.1 is an

improvement of Theorem B since H'°¢(X) is a proper subspace of H?(X, dv).

Let p be an admissible function (see Section 2). Recently, Yang and Zhou
[12, 13] introduced and studied Hardy spaces and Morrey-Campanato spaces
related to the function p. There, they established that BMO,(X) is the dual
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space of H pl(X ). Similar to the classical case, we can define the product of
functions b € BMO,(X) and f € H)(X) as distributions b x f € (G5(5,7))"-
Our next main result is as follows.

Theorem 1.2. For each f € H;(X), there exist two bounded linear operators
%Ly BMO,(X) — LYX) and S, : BMO,(X) — H"“8(X) such that for
every b € BMO,(X),

bx f=2,;(b) + 7, (b).

When X = R",n > 3, and p(z) = sup{r > 0 : W%QIB(W) V(y)dy < 1},
where L = —A 4+ V is as in Theorem A, one has BMO,(X) = BMO(R")
and H)(X) = Hi(R"). So, Theorem 1.2 is an improvement of Theorem A
since H'°(R") is a proper subspace of Hf (R",dv) (see [9]).

The following conjecture is suggested by A. Bonami and F. Bernicot.

Conjecture. There exist two bounded bilinear operators £ : BMO(X) x
HY(X) — LY(X) and 5 : BMO(X) x HY(X) — H'8(X) such that

bx f=2L(,f)+ (0, f).

It should be pointed out that when X = R"™ and H'%(X) is replaced by
H#®(R", dv), the above conjecture is just Conjecture 1.7 of [2], which answered
recently by Bonami, Grellier and Ky [1] (see also [9]).

Throughout the whole paper, C' denotes a positive geometric constant which
is independent of the main parameters, but may change from line to line. We
write f ~ g if there exists a constant C' > 1 such that C71f < g < Cf.

The paper is organized as follows. In Section 2, we present some notations
and preliminaries about BMO type spaces and Hardy type spaces on RD-
spaces. Section 3 is devoted to prove Theorem 1.1. Finally, we give the proof
for Theorem 1.2 in Section 4.

Acknowledgements. The author would like to thank Aline Bonami, San-
drine Grellier, Dachun Yang and Frédéric Bernicot for very useful suggestions.

2. SOME PRELIMINARIES AND NOTATIONS

Let d be a quasi-metric on a set X', that is, d is a nonnegative function on
X x X satisfying
(a) d(z,y) = d(y, x),
(b) d(x,y) > 0 if and only if z # y,
(c) there exists a constant £ > 1 such that for all z,y,z € X,
(2.1) d(z, z) < k(d(z,y) + d(y, 2)).
A trip (X, d, p) is called a space of homogeneous type in the sense of Coifman-

Weiss [3] if p is a regular Borel measure satisfying doubling property, i.e. there
exists a constant C' > 1 such that for all z € X and r > 0,

u(B(a,2r)) < Cu(Bla,r)).
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Following Han, Miiller and Yang [7], (X,d,u) is called an RD-space if
(X,d, ) is a space of homogeneous type and u also satisfies reverse doubling
property, i.e. there exists a constant C' > 1 such that for all x € X and r > 0,

p(B(x,2r)) = Cu(B(z,r)).

Set diam(&) := sup, ,cy d(z,y). It should be pointed out that (X,d, u) is
an RD-space if and only if there exist constants 0 < ? < n and C' > 1 such
that for all z € X, 0 < r < diam(X)/2, and 1 < A < diam(X)/(2r),

(2.2) C*Nu(B(z,7)) < w(B(z, Ar)) < CX"u(B(z,7)).

Here and what in follows, for z,y € X and r > 0, we denote V,(z) :=
u(B(z,r)) and V(z,y) := p(B(z, d(z,y))).

Definition 2.1. Let xp € X, r > 0, 0 < 8 < 1 and v > 0. A function f
is said to belong to the space of test functions, G(xo,r,3,7), if there ezists a
positive constant Cy such that

: . ¥
(i) |f(z)] < CfVT(xO)_,’_lV(w()’x) <T+d(x07$)) for allxz € X;

(ii) 1f(z) — fy)| < Cp( e ) Y forall .y € X
yn = by r+d(zo,) Vi (zo)+V (zo,x) \ r+d(zo,z) Y
satisfying that d(x,y) < %ﬁ“’@.
For any f € G(xg,r, B,7), we define
| fllg@o.r.3y) = inf{C} : (i) and (i1) hold}.

Let p be a positive function on X. Following Yang and Zhou [13], the
function p is said to be admissible if there exist positive constants Cy and kg
such that for all z,y € X,

p(y) < Colp(z)]Y R [p(2) 4 d(w, y)]ke/ (o),

Throughout the whole paper, we always assume that X is an RD-space with
pu(X) = 0o, and p is an admissible function on X. Also we fix 25 € X.

In Definition 2.1, it is easy to see that G(zo,1,/,v) is a Banach space.
For simplicity, we write G(f,) instead of G(xzo,1,/3,7). Let ¢ € (0,1] and
B,7 € (0,¢], we define the space G§(3,7) to be the completion of G(e, €) in
G(5,7), and denote by (G§(3,7))’ the space of all continuous linear functionals
on G§(B,7). We say that f is a distribution if f belongs to (G§(8,7))".

Remark that, for any z € X and r > 0, one has G(z,r, 3,7) = G(xo, 1, 5,7)
with equivalent norms, but of course the constants are depending on x and r.

Let f be a distribution in (G§(5,))’. We define the grand maximal functions
M(f) and M, (f) as following

M) (@) = sup{|{f,0)] : ¢ € G5(B,7), [ llgterpny < 1 for some > 0},
M,(F)() = sup{| (£, @] : ¢ € Go(B D), Illotersn < 1 for some 7 € (0, p(a))}.
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Let L'°8(X) (see [1, 8] for details) be the Musielak-Orlicz type space of -
measurable functions f such that

f(@)
/ loa(e + [f@)]) +log(e + d(ao ) (7)<

X

For f € L1°5(X), we define the "norm” of f as

|/ ()]

£l sos = inf )\>O:/ 2 du(z) < 1
" log(e + L) + log(e + d(xo, 2))

X
Definition 2.2. Let e € (0,1) and 5,7 € (0,¢€).
(i) The Hardy space H(X) is defined by

HY(X) ={f € (G5(B.) : [l = M)l < o0}
(i) The Hardy space H)(X) is defined by

Hy(X) = {f € (G5(B.7) : [flmy = IMp(f)llzr < o0}
(iii) The Hardy space H'°8(X) is defined by

H 5 (X) = {f € (G5(8,7))" : [fllrox == [M(f)[ 1o < 00}

It is clear that H'(X) C H}(X) and H'(X) C H'°#(X) with the inclusions
are continuous. It should be pointed out that the Musielak-Orlicz Hardy space
H™8(X) is a proper subspace of the weighted Hardy-Orlicz space H?(X,v)
studied in [4]. We refer to [8] for an introduction to Musielak-Orlicz Hardy
spaces on the Euclidean space R".

Definition 2.3. Let g € (1, o0].

(i) A measurable function a is called an (H',q)-atom related to the ball
B(x,r) if
(a) supp a C B(z,r),
(b) llallze < (Vi (@) /e,
(c) [y aly)du(y) =0.

(i1) A measurable function a is called an (H),q)-atom related to the ball
B(z,r) if r < 2p(x) and a satisfies (a) and (b), and when r < p(z),
a also satisfies (c).

The following results were established in [5, 13].

Theorem 2.1. Let e € (0,1), 8,7 € (0,¢) and q € (1,00]. Then, we have:

(i) The space H'(X) coincides with the Hardy space H3(X) of Coifman-
Weiss. More precisely, f € HY(X) if and only if f can be written as f =
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> o2y Ajaj where the a;’s are (H', q)-atoms and {)\;}52, € {'. Moreover,

| £l 1 ~ inf {Z (Al f = Z)\j%} -
j=1 j=1

(it) f € HYX) if and only if f can be written as f = Zj’;l Aja; where the
a;’s are (H), q)-atoms and {\;}32, € (. Moreover,

[ flles ~ inf{z (Al f = )\j@j}-
j=1 j=1

Here and what in follows, for any ball B C X and g € L _(X), we denote
by gg the average value of g over the ball B and denote

MO(g, B) := ﬁ / 19(z) — galdu(z).

Recall (see [3]) that a function f € L{ _(X) is said to be in BMO(X) if

loc

| fllBrmo = s%p MO(f, B) < o0,

where the supremum is taken all over balls B C X.

Definition 2.4. Let p be an admissible function and D := {B(x,r) C X :r >
p(x)}. A function f € Li, (X) is said to be in BMO,(X) if

loc

1 fllBao, = I fllBrro + Zlégﬁjg/ﬁ(xﬂdu(x) < 0.

The following results are well-known, see [3, 5, 12].

Theorem 2.1. (i) The space BMO(X) is the dual space of H'(X).
(i) The space BMO,(X) is the dual space of H)(X).

3. THE PRODUCT OF FUNCTIONS IN BMO(X) AND H'(X)
Remark that if g € G(3,7), then

1
3.1 o < OC—r—r
(3.1) gz < V(o) 9llg(5.+)
and
(3.2) lgllzr < (C+> 27 gllgsa < Cligllaes.-

j=0
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Proposition 3.1. Let § € (0,1] and v € (0,00). Then, g is a pointwise
multiplier of BMO(X) for all g € G(3,7). More precisely,

1
l9fllBro < C‘/l<x0> l9llgay I fllBraro+

for all f € BMO(X). Here and what in follows,

1

[ fllBaro+ = lfllBro + Vilzo) / |f (@)]dp().

B(zo,1)

Using Proposition 3.1, for b € BMO(X) and f € H'(X), one can define the
distribution b x f € (G§(5,v)) by the rule

(3.3) (b f,0) = (b, f)

for all ¢ € G§(B,7), where the second bracket stands for the duality bracket
between H'(X) and its dual BMO(X).

Proof of Proposition 3.1. By (3.1) and the pointwise multipliers characteriza-
tion of BMO(X) (see [11, Theorem 1.1]), it is sufficient to show that

1
(3.4) log(e +1/r)MO(g, B(a,r)) < C l9llges.)
Vi(o)
and
1
(3.5) log(e + d(xo,a) +r)MO(g, B(a,7)) < C————ll9llgs,)

Vi(zo)

hold for all balls B(a,r) C X. It is easy to see that (3.4) follows from (3.1) and
the Lipschitz property of g (see (ii) of Definition 2.1). Let us now establish
(3.5). If r < 1, then by (3.5) follows from the Lipschitz property of g and the

fact that limy_,o 10%,\) = 0. Otherwise, we consider the following two cases:

(a) The case: 1 < r < 5d(xo,a). Then, for every z,y € B(a,r), one has

d(xg,a) < 4;15: and d(x,y) < d(g—?f). Hence, the Lipschitz property of ¢
yields

9(2) = 9] < Clalo i (70)

10g()\) . O.

= =

This implies that (3.5) holds since limy
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(b) The case: r > p5d(x0,a). Then, one has B(z,r) C Bla, k(4x* 4 1)r).

Hence, by (2.2), we get

log(2r
g+ d(s0.0) + MO, Bla.r)) < CTE gl
log(2r) 1
< C
< - %@@MM“”
1

< C—— .
= ‘/1(370) ||g||g(57"{)

This proves (3.5) and thus the proof of Propsition 3.1 is finished.
U

Next we define L=(X) as the space of y-measurable functions f such that

o1
/ (14 d(xg,x))* ) < oo
X

Then, the norm on the space L=(X) is defined by

@I
e du(z) <1

= =1inf { A 0:
Iz = inf 3> 0+ [ e
X

Recall the following two lemmas due to Feuto [4].
Lemma 3.1. For every f € BMO(X),
If = fB@o.nll= < Cllfllzaro-
Lemma 3.2. Let q € (1,00|. Then,
I(b = bp)M(a)||z < C|lbllsro
for allb € BMO(X) and for all (H', q)-atom a related to the ball B.
The main point in the proof of Theorem 1.1 is the following.
Proposition 3.2. (i) For any f € LY(X) and g € L=(X), we have
1£gll o < 640 f]l2]lgllz=.
(ii) For any f € L*(X) and g € BMO(X), we have
1fgllzros < Cllf Nzt lgll Baro--

Proof. (i) If || f|lz: = 0 or ||g||z= = 0, then there is nothing to prove. Otherwise,
we may assume that ||f|,1 = ||g]lz= = 5 since homogeneity of the norms.
Then, we need to prove that

/ f(@)g(a)
J Tog(e+ 17 @)g(@)]) + log(e + d(ao, )

du(z) < 1.
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Indeed, by using the following two inequalities
log(e + ab) < 2(log(e + a) + log(e + b)), a,b > 0,

and
ab

log(e + ab)
we obtain that, for every z € X,

(1 + d(wo, 2))*"|f (x)g(x)]
4n(log(e + |f(z)g(x)|) + log(e + d(xo, x)))
(1 + d(wo, )| f ()g(x)|
2(log(e + [ f(x)g(x)]) +log(e + (1 + d(xo, 2))*"))
(1 + d(xo, 2))*"|f ()l lg ()|

log(e + (1 + d(wo, )| f()]]g()])

< (1 d, )P )]+ () - 1),
This together with the fact 8n(eld@| — 1) < 39 — 1 give

/ |f(x)g()]
log(e + | f(2)g(x)[) + log(e + d(xo, 7))

X

A 1 eSlg(@)| _ q J
U+ | ey )
X

<a+(e"—=1), a,b>0,

IA

IN

dp(z)

IA

SRR S
= 2 2_7

which completes the proof of (i).
(ii) It follows directly from (i) and Lemma 3.1.

Now we ready to give the proof for Theorem 1.1.

Proof of Theorem 1.1. By (i) of Theorem 2.1, f can be written as
f=2 N
j=1

where the a;’s are (H', 00)-atoms related to the balls B,’s and Yoo <
C||fllg:- Therefore, for all b € BMO(X'), we have

(3.6) i Aj(b—bg,)a,

<> Nl = bs)a;llr < Clbllzaoll fllan.

L J=l

By this and Definition (3.3), we see that the series Z;’il Ajbp;a; converges
to b x f =372 Aj(b = bp,)a; in (G5(B,7))". Consequently, if we define the
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decomposition operators as

o0

Z(b) =D \(b— b)),
=1
and .
H7(b) = Ajbs,a;,
j=1

where the sums are in (G§(3,7))’, then it is clear that %y : BMO(X) — L'(X)
is a bounded linear operator, since (3.6), and for every b € BMO(X),
bx f = Z5(b) + H5).

Now we only need to prove that the distribution #;(b) is in H'8(X). Indeed,
by Lemma 3.2 and (ii) of Proposition 3.2, we get

MO e < | N 1[b8, I M (a;)
Jj=1 Llog
< D INIIb = bg IM(a) ||+ (16D [MIM(ay)
j=1 L j=1 Ilog

< Cllfllallol saro+-

This proves that % is bounded from BMO(X) into H'°8(X), and thus ends
the proof of Theorem 1.1.
U

4. THE PRODUCT OF FUNCTIONS IN BMO,(X) AND H}(X)
For f € BMO,(X), a standard argument gives

(4.1) [fllBaro+ < Clog(p(xo) + 1/ p(x0)) || Sl aso,-

Proposition 4.1. Let § € (0,1] and v € (0,00). Then, g is a pointwise
multiplier of BMO,(X) for all g € G(B,v). More precisely, for every f €
BMO,(X),

log(p(xg) + 1/p(x
lgfllBaro, < C (elo) £ 1/nt 0>)”9H9(6ﬁ)”fHBMOp'
Vi(zo)

Proof. By Proposition 3.1, (4.1) and (3.1), we get

loflasio, < Nofllasio + ol sup —o / £(@)ldn(z)

1 1
e Og(pwov)l(;o/p(%)) I9llgsm 1112010,
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Using Proposition 4.1, for b € BMO,(X) and f € H}(X), one can define
the distribution b x f € (G§(8, 7)) by the rule

(4.2) {0x f,¢) = (¢b, f)

for all ¢ € G§(B,), where the second bracket stands for the duality bracket
between H)(X) and its dual BMO,(X).

Proof of Theorem 1.2. By (ii) of Theorem 2.1, there exist a sequence of
(H),00)-atoms {a;}32, related to the sequence of balls {B(x;,7;)}52, and

E;il I\ < C||f||H% such that
F=Y _Naj=fi+fo
=1

where f1 = er<p(:vj) )\jaj c H1<X) and f2 = ZTJ'ZP(JBJ') )\jCL]’.
We define the decomposition operators as following

Zpp(b) = L4 (b) + bf>
and
%J(b) = ‘%‘1 (b),

where the operators %%, and 7%, are as in Theorem 1.1. Then, Theorem 1.1
together with (4.1) give

1L Ol < 1La @)+ D IAllbagllee

5 >p(x5)

< ClAallmlIbllsao + Clbllsao, Y Il
r;>p(x;)
< CllfllmlbllBaro,

and
17,1 (0) | zr0s. < C|| fill 0l Baro+ < C| fl 2 16l B, -

This proves that the linear operator .%, ; : BMO,(X) — L*(X) is bounded
and the linear operator %, ; : BMO,(X) — H'"&(X) is bounded. Moreover,

be = be1+be2
= (L5 (b) + 77, (b) + bfs
= "gpvf(b) + %,f(b)v

which ends the proof of Theorem 1.2.
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