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Abstract

In a closed manifold of positive dimension n, we estimate the expected volume
and Euler characteristic for random submanifolds of codimension r € {1,...,n} in
two different settings. On one hand, we consider a closed Riemannian manifold and
some positive A. Then we take r independent random functions in the direct sum of
the eigenspaces of the Laplace-Beltrami operator associated to eigenvalues less than
A? and consider the random submanifold defined as the common zero set of these r
functions. We compute asymptotics for the mean volume and Euler characteristic of
this random submanifold as A goes to infinity. On the other hand, we consider a complex
projective manifold defined over the reals, equipped with an ample line bundle £ and
a rank r holomorphic vector bundle £ that are also defined over the reals. Then we get
asymptotics for the expected volume and Euler characteristic of the vanishing locus of
a random real holomorphic section of £ ® £ as d goes to infinity. The same techniques
apply to both settings.

Keywords: FEuler characteristic, Riemannian random wave, spectral function, random
polynomial, real projective manifold, ample line bundle, Bergman kernel, Gaussian field.

Mathematics Subject Classification 2010: 14P25, 32A25, 341.20, 60D05, 60G60.

1 Introduction

Zeros of random polynomials were first studied by Bloch and Polya [7] in the early 30’s.
About ten years later, Kac [22] obtained a sharp asymptotic for the expected number of
real zeros of a polynomial of degree d with independent standard Gaussian coefficients, as
d goes to infinity. This was later generalized to other distributions by Kostlan in [23]. In
particular, he introduced a normal distribution on the space of homogeneous polynomials of
degree d — known as the Kostlan distribution — which is more geometric, in the sense that it
is invariant under isometries of CP!. Bogomolny, Bohigas and Leboeuf [8] showed that this
distribution corresponds to the choice of d independent roots, uniformly distributed in the
Riemann sphere.

In higher dimension, the question of the number of zeros can be generalized in at least
two ways. What is the expected volume of the zero set? And what is its expected Euler
characteristic? More generally, one can ask what are the expected volume and Euler char-
acteristic of a random submanifold obtained as the zero set of some Gaussian field on a
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Riemannian manifold. In this paper, we provide an asymptotic answer to these questions in
the case of Riemannian random waves and in the case of real algebraic manifolds.

Let us describe our frameworks and state the main results of this paper. See section 5 for
more details. Let (M, g) be a closed smooth Riemannian manifold of positive dimension n
equipped with the Riemannian measure |[dVys| associated to g. This induces a L?-inner
product on C>°(M) defined by:

Vo € CO(M),  (6.0) = / o) 4V,

It is well-known that the subspace V), C C*°(M) spanned by the eigenfunctions of the
Laplacian associated to eigenvalues smaller than A? has finite dimension. Let 1 < r < n and
let f € (Va)" be a standard Gaussian vector, we denote by Z; the zero set of f. Then, for A
large enough, Z; is almost surely a submanifold of M of codimension 7 (see section 7 below)
and we denote by Vol (Zy) its Riemannian volume for the restriction of g to Z;. We also
denote by x(Zy) its Euler characteristic.

Theorem 1.1. Let (M,g) be a closed Riemannian manifold of dimension n. Let V) be
the direct sum of the eigenspaces of the Laplace-Beltrami operator associated to eigenvalues
smaller than A?. Let f be a standard Gaussian vector in (Va)", with 1 < r < n. Then the
following holds as \ goes to infinity:

E[Vol (Zy)] = (ﬁ) Vol (M) % + O\ h).

Here and throughout this paper, E[ - | denotes the mathematical expectation of the quantity
between the brackets.

If n — 7 is odd, Z¢ is almost surely a smooth manifold of odd dimension. In this case,
x(Z7) = 0 almost surely. If n — r is even, we get the following result.

Theorem 1.2. Let (M,g) be a closed Riemannian manifold of dimension n. Let V) be
the direct sum of the eigenspaces of the Laplace-Beltrami operator associated to eigenvalues
smaller than N\2. Let f be a standard Gaussian vector in (Vy)", with 1 < r < n. Then, if
n —r is even, the following holds as A goes to infinity:

Vol (S"="*1) Vol (S71)
vn+2 7 Vol (S™) Vol (S7—1)

We also consider the framework of the papers [15, 16] by Gayet and Welschinger, see
section 5.6 for more details. Let X be a smooth complex projective manifold of complex
dimension n. Let £ be an ample holomorphic line bundle over X and £ be a holomorphic
vector bundle over X' of rank . We assume that X', £ and £ are equipped with compatible
real structures and that the real locus RX of X is non-empty. Let hs denote a Hermitian
metric on £ with positive curvature w and he denote a Hermitian metric on £. Both metrics
are assumed to be compatible with the real structures. Then w is a Kéhler form on X and
it induces a Riemannian metric g and a volume form dVy = “7’1—7,1 on X. For any d € N, the
space ['(£ ® £4) of smooth sections of £ ® L% is then equipped with the L2-inner product:

Ely ()] = (-1)"7" ( ) Vol (M) Lo,

Vs1,s0 € D(E @ LY, (s1,892) = / X(hg ® hd[:)(sl(z), s2(x)) dVa.

Let RH®(X, & ® L) denote the space of real global holomorphic sections of £ ® £4. This
is a Euclidean space for the above inner product. Let s be a standard Gaussian section in
RHO(X,€ @ £4). We denote by Z, the real part of its zero set. Once again, for d large
enough, Z, is almost surely a smooth submanifold of RX of codimension r. Let Vol (Z)
denote the Riemannian volume of Zs and x(Zs) denote its Euler characteristic. We get the
analogues of theorems 1.1 and 1.2 in this setting.



Theorem 1.3. Let X be a complex projective manifold of dimension n defined over the reals
and r € {1,...,n}. Let L be an ample holomorphic Hermitian line bundle over X and &
be a rank r holomorphic Hermitian vector bundle over X, both equipped with real structures
compatible with the one on X. Let s be a standard Gaussian vector in RHY(X,E @ L4).
Then the following holds as d goes to infinity:

E[Vol (7,)] = (Vd)' Vol (R) % +o(vd™).

Theorem 1.4. Let X be a complex projective manifold of dimension n defined over the reals
and r € {1,...,n}. Let L be an ample holomorphic Hermitian line bundle over X and &
be a rank r holomorphic Hermitian vector bundle over X, both equipped with real structures
compatible with the one on X. Let s be a standard Gaussian vector in RHY(X,E @ L4).
Then, if n — r is even, the following holds as d goes to infinity:

e n o n—r-+1 (o) r—1 n—2
E[x(Z,)] = (-1)"% (Vd) Vol (RX) Vﬂléil(gn))vzl(lg(fl)) +o(Vd').

In the case of random eigenfunctions of the Laplacian, theorem 1.1 was already known to
Bérard [9] for hypersurfaces. See also [33, theorem 1] where Zelditch shows that, in the case
of hypersurfaces, %E[Z t] — |dVas| as A — 400, in the sense of currents. He also proves a
similar result in the case of band limited eigenfunctions.

Let us discuss theorems 1.3 and 1.4 when X equals CP™ with the standard real structure
induced by the conjugation in C"*!, with £ equal to the trivial bundle X x C" and £ = O(1)
with its usual metric. Then RA = RP"™ and w is the Fubini-Study metric on CP", normalized
so that it is the quotient of the Euclidean metric on the sphere S?"*+1. Besides, RH(X, L?)
is the space of real homogeneous polynomials of degree d in n+ 1 variables, and Z; is the set
of simultaneous real zeros of r independent Gaussian such polynomials. Then, theorems 1.3
and 1.4 read respectively:

(L1)  E[Vol(Z,)] = (Vd) Vol (RP"") +0(Vd ) and,

12)  Elz) - (0= (va) LED Vf([é Ififlfp ) o(va.

In this setting (1.1) was proved by Kostlan [23]. In fact, Kostlan proved that for any d > 1,
E[Vol(Zy)] = (\/E) Vol (RP™ 7). See also the paper [30] by Shub and Smale, where they

compute the expected number of common real roots for a system of n polynomials in n
variables. The expected Euler characteristic of a random algebraic hypersurface of degree d
in RP™ was computed by Podkorytov [28]. Both Kostlan’s and Podkorytov’s results were
generalized by Biirgisser. In [10], he computed the expected volume and Euler characteristic
of a submanifold of RP™ defined as the common zero set of r standard Gaussian polynomials
Py, ..., P of degree dy,...,d, respectively. In particular, when these polynomials have the
same degree d and n — r is even, he showed that:

3

—r

(1.3) E[x (Zp,....n)] = (V)] S (- ap LeEE)

= P (3)

where I" denotes Euler’s gamma function. Equation (1.2) agrees with this result.

Recently, Gayet and Welschinger computed upper and lower bounds for the asymptotics
of the expected Betti numbers of random real algebraic submanifolds of a projective manifold,
see [15, 16]. This relies on sharp estimates for the expected number of critical points of index



1€{0,...,n—r} of a fixed Morse function p : RX — R restricted to the random Z,. More
precisely, let N;(Zs) denote the number of critical points of index i of p,z_, let Sym(i, n—7r—1)
denote the open cone of symmetric matrices of size n — r and signature (i,n —r — i) and let
dp denote the standard Gaussian measure on the space of symmetric matrices. Gayet and
Welschinger show [16, theorem 3.1.2] that:

Vd' (n—1)!
Vol (RX) (n )T (%)

a4 ENGE) Ve

er(i,m —r —1i),

where eg(i,n —r —i) = / |det(A)| du(A).
Sym(i,n—r—1)

One can indirectly deduce theorem 1.4 from this result and from [10] in the following way.
By Morse theory:

EI(Z2)] = S (~DEN(Z)]  ~_ Car/d" Vol (22)
=0

where C), , is a universal constant depending only on n and r. Specifying to the case of RP",
equation (1.3) gives the value of C,, .. Gayet and Welschinger also proved a result similar to
(1.4) for hypersurfaces in the case of Riemannian random waves, see [14]. It gives the order
of growth of E[x(Z)] in theorem 1.2, for r = 1.

In their book [1], Taylor and Adler compute the expected Euler characteristic of the
excursion sets of a centered, unit-variance Gaussian field f on a smooth manifold M. This
expectation is given in terms of the Lipshitz-Killing curvatures of M for the Riemannian
metric gy induced by f, see [1, theorem 12.4.1]. One can deduce from this result the expected
Euler characteristic of the random hypersurface f~1(0), always in terms of the Lipschitz-
Killing curvatures of (M, g¢). It might be possible to deduce theorems 1.2 and 1.4 from this
result, in the case of hypersurfaces, when the Gaussian field (f(z))zenm (resp. (s(x))zerx)
has a constant covariance function (see section 5.3 for the definitions of these objects), but
one would need to estimate the Lipschitz-Killing curvatures of (M, gy) (resp. (M, gs)) as A
(resp. d) goes to infinity.

In a related setting, Bleher Shiffman and Zelditch [5] computed the scaling limit of the
“k-points correlation function” for a random complex submanifold of a complex projective
manifold. See also [6] in a symplectic framework. In particular, for £ = 1, one can deduce
the expected volume of a random submanifold from their result. It is possible to adapt
the formalism of those papers to our frameworks and to use it to prove our results on the
expected volume (theorems 1.1 and 1.3). We give a different proof of these results which is
the toy-model for the proof of theorems 1.2 and 1.4.

We now sketch the proofs of our main results in the harmonic setting. The real algebraic
case is similar. The first step is to express Vol (Zy) (resp. x(Zs)) as the integral of some
function on Z¢. In the case of the volume this is trivial, and the answer is given by the
Chern-Gauss-Bonnet theorem (see section 3.2 below) in the case of the Euler characteristic.
Then we apply Federer’s coarea formula twice (see section 2) as in [15, 26]. This allows us
to express E[Vol (Z)] (resp. E[x(Zf)]) as the integral on M of some explicit function that
only depends on the geometry of M and on the covariance function of the smooth Gaussian
field defined by f.

It turns out that the covariance function of the field associated to a standard Gaussian
f € (Va)" is given by the Schwartz kernel of the orthogonal projection from C*(M,R")
onto (Vy)", for the L2-inner product defined above. In the harmonic case, this kernel is
related to the spectral function of the Laplacian. In the algebraic case, the covariance
function is given by the Bergman kernel of £ ® £¢. This was already used in [5, 26].



Then, our results follow from estimates on the kernels and their derivatives (see section 6).
In the case of random waves, the estimates we need for the spectral function of the Laplacian
were proved by Bin [4], generalizing results of Hérmander [20]. In the algebraic case, much
is known about the Bergman kernel [3, 5, 25, 32] but we could not find the estimates we
needed in codimension higher than 1 in the litterature. These estimates are established in
section 6.3 using Hormander-Tian peak sections. Peak sections were already used in this
context in [15, 16], see also [31]. The author was told by Steve Zelditch, after this paper was
written, that one can deduce estimates for the Bergman kernel in higher codimension from
the paper [3] by Berman, Berndtsson and Sjéstrand.
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2 The double-fibration trick

In this section, we start by recalling Federer’s coarea formula in the case of a smooth map
between smooth Riemannian manifolds. A proof in this special case can be found in the
appendix of [19]. See [12, theorem 3.2.12] for the general case. Then we describe what
Nicolaescu [26] refers to as the double-fibration trick, that is apply the coarea formula twice
for different fibrations, which provides an alternative to the use of Kac-Rice type formulas.
This was already used in this context in [15, 26].

2.1 The coarea formula

Let L : V — V' be a linear map between two Euclidean vector spaces of dimension m and
n respectively. We define the orthogonal determinant }detJ- (L)} of L in the following way.

Definition 2.1. Let A be the matrix of the restriction of L to ker(L)* in any orthonormal
basis of ker(L)* and V’. Then we set:

|det(A)| if L has rank n,

‘detJ‘ (L) = { .
0 otherwise.

Equivalently, one can set ‘detJ-(L)‘ = /det(LL*) where L* denotes the adjoint operator

of L. In particular, ‘detl (L)‘ does not depend on a choice of orthonormal basis.

Let 7 : M — M be a smooth map between two smooth Riemannian manifolds of re-
spective dimensions m and n. We assume that m > n. Let |dVy;| (resp. |dVas|) denote
the Riemannian measure on M (resp. M) induced by its metric. By Sard’s theorem, for
almost every y € M, m—*(y) is a smooth submanifold of dimension (m —n) of M. For such
y € M, we denote by |dV,| the Riemannian measure on 7~!(y) induced by the metric of M.
When m = n, the dimension 7! (y) is 0 and |dV,,| is just > zen—1(y) 0= Where & is the Dirac
measure at the point x. The following result is proved in the appendix of [19].

Theorem 2.2 (Smooth coarea formula). Let 7: M — M be a smooth map between smooth
Riemannian manifolds of dimension m and n respectively, with m > n. Let ¢ : M — R be
a Borel measurable function. Then:

+ | = x
[ e e a@mliavgl= [ ( [ e |dvy|> Vi

whenever one of these integrals is well-defined.

Note that the innermost integral on the right-hand side is only defined almost everywhere.

2.2 The double-fibration trick

Let M7 and M5 be two smooth Riemannian manifolds of dimension n; and ns respectively.
Let F : My x My — R” be a smooth submersion, and let ¥ = F~1(0). We equip ¥ with
the restriction of the product metric on My x M and denote by |dVay, |, |[dVay,| and |dVs
the Riemannian measures on the corresponding manifolds. Finally, let m : ¥ — M; and
o : 3 — Mo be the projections from 3 to each factor.

Assuming that » < min(ny,ns), we have dim(X) = ny + ny — r > max(nq, ng). Thus we
can apply the coarea formula twice, for m; and me. Let ¢ : ¥ — R be a Borel measurable



function, then:

: d d = det™* (d, d
en [ </m€ﬁ11<yl>¢(“’“)' vy1|>| Vinl = [ o) fdet* (@) ave

det* (dym)|
= ¢($)’7 [dVyo| | [dVas, |
/y2€M2 </m€7r21(y2) |detL(dI7T2)| vz :

whenever one of these integrals is well-defined. Note that if |det"(dym2)| vanishes then 72 ()
is a critical value of 7o, and the set of such critical values has measure 0 in Ms.

Let 01 F and 0> F denote the partial differentials of F' with respect to the first and second
variable respectively. For any = = (z1,22) € &,

T, = {(v1,v2) € Ty, My X Tpu Mo | 1F () - v1 + 02 F () - vo = 0}.
Lemma 2.3. Letx € X, then |det* (d,m2)| = 0 if and only if |det™ (81 F(x))| = 0. Moreover,
(2.2) |det™ (dym1)| |det™ (81 F(x))] = |det™ (dyma)| |det™ (02 F (2))] .
Proof. First note that d, F = 01 F () o dym1 + 02 F () o dyma = 0 on T, 3. This shows that:
(2.3) ker(d,m ) = {0} x ker(02F(z)) and ker(d,ms) = ker(01 F(z)) x {0}.
The space T, X splits as the following orthogonal direct sum:
(2.4) T,% = ker(d,m1) @ ker(d,m) & G,

where G is the orthogonal complement of ker(d,m) @ ker(dyms).

Then, |detL(dI7r2)‘ = 0 means that d,ms is not surjective. Recalling that dim(Ms3) = ns
and dim(X) = ny 4+ ng — r, this is equivalent to dim(ker(d,m2)) > n; — r. In the same way,
|det* (01 F(x))| = 0 if and only if dim(ker(d1 F(x))) > ny —r. But ker(dym2) and ker(d1 F(z))
have the same dimension by (2.3), so that |det™ (d,m2)| = 0if and only if |det* (81 F(x))| = 0.
A similar argument shows that ‘detJ-(dzm)’ = 0 if and only if ‘detJ-((?gF(x))‘ = 0. Thus
the lemma is true if any of the four maps in (2.2) is singular.

From now on, we assume that these maps are all surjective. In this case, we have:

dim(G) = r, dim(ker(d1 F(x))) = dim(ker(dym2)) =ny — r,
(

and dim(ker(02 F(x))) = dim(ker(dym)) = ng —r.

We choose an orthonormal basis of T,,M; adapted to ker(d; F(x)) @ ker(d1 F(x))t and an
orthonormal basis of T, M, adapted to ker(ds F(z)) ® ker(0oF (z))+. From these, we deduce
orthonormal basis of ker(d,m) = {0} x ker(02F(x)) and ker(dyms) = ker(01 F(x)) x {0}.
Finally we complete the resulting basis of ker(d,m1) @ ker(d,m2) in an orthonormal basis of
T, % adapted to the splitting (2.4).

0 Inlfr Al

In these basis the matrix of d,m has the form
0 0 B,

) where I,,, —, stands for the

Ingfr 0 A2
0 0 By)’

and the matrices of 0 F () and 8,F(x) have the form (0 Ci) and (0 Cb) respectively.
Thus By, By, C; and (5 are square matrices satisfying the following relations:

identity matrix of size n; — r. Similarly, the matrix of d,ms has the form

|det ™ (dym1)| = |det(By)], |det™ (01 F(z))| = |det(Cy)|,
|det ™ (dyma)| = |det(By)] |det " (82 F (x))| = |det(Ca)| .
Besides the relation 01 F(x) o dym 4+ 02F () o dymo = 0 means that C1B; = —CsBa, hence
|det(Ch)||det(By)| = |det(Cs)| |det(Bz)|. This proves (2.2). O



An immediate consequence of (2.1) and (2.2) is the following.

Proposition 2.4. Let M, and Ms be two smooth Riemannian manifolds of dimension ny
and ny respectively. Let F : My x My — R”™ be a smooth submersion, and let ¥ = F~1(0).
Let ¢ : ¥ — R be a Borel measurable function. Then:

_ |det— (@2 F ()]
/ylel\/ll </7r1(y1) ¢(-T) |dvty1|>|dvj\/f1| - /y2€M2 (/7T21(y2) ¢(£C) |detJ-(51F(x))| |d‘/;12| |dV]\/12| )

1
where m : % — My and mo 1 X — M denote the projections from X to each factor.

3 Material from Riemannian geometry

This section is mostly concerned with double forms. We start by recalling the formalism of
double forms, which was already used in this context by Taylor and Adler, see [1, section 7.2].
The Riemann curvature tensor and the second fundamental form of a submanifold being
naturally double forms, this provides a useful way to formulate the Chern-Gauss-Bonnet
theorem and the Gauss equation. Finally we express the second fundamental form of a
submanifold in terms of the derivatives of a defining function.

3.1 The algebra of double forms

We follow the exposition of [1, pp. 157-158]. Let V be a real vector space of dimension n.
For p and q € {0,...,n} we denote by A”?(V*) the space A*(V*) @ AY(V*) of (p+ q)-linear
forms on V' that are skew-symmetric in the first p and in the last ¢ variables. The space of
double forms on V is:

ANVHeN V)= D A7),

0<p,g<n

Elements of A”?(V*) are called (p, q)-double forms, or double forms of type (p,q). We also
set: A"*(V*) = @,_¢ \""(V*). Note that the space A"V of (1,1)-double forms is
merely the space of bilinear forms on V.

On A*(V*)®@ A*(V*) we can define a double wedge product. It extends the usual wedge
product on \*(V*) ~ @, _, APP(V*), so we simply denote it by A. For pure tensors a ® f3
and o/ ® B’ € A\*(V*) @ A\*(V*), we define:

(a@B)A(@@p)=(and)2(BAB)

and we extend A to all double forms by bilinearity. This makes A*(V*) ® A*(V*) into an
algebra, of which A*®(V*) is a commutative subalgebra. We denote by ¥ the double
wedge product of a double form v € A®*(V*) with itself k times.

Lemma 3.1. Let « be a symmetric (1, 1)-double form on' V', then for every x,y,z andw € V,
a/\Q((‘Ta y)’ (Z, w)) =2 (O‘('T’ Z)O‘(ya w) — O‘(-Ta w)a(y, z)) .

Proof. Let (e1,...,en) be a basis of V and (e7,...,e}) its dual basis. We have:

T n

a= g aikel ® ej, and then oM = g airagi(ef Nej) @ (e Aej).
1<i,k<n 1<,k I<n



Note that we do not restrict ourselves to indices satisfying ¢+ < j and k < [ as is usually
the case with skew-symmetric forms. By multilinearity, it is sufficient to check the result on
elements of the basis. Let 4,7,k and [ € {1,...,n}, then,

aA2((€z‘, ej)v (ek, el)) = Qi — QG — QG QGE + QGO
= 2(upaj — k) using the the symmetry of «,
= 2(ale;, en)alej, er) — ales, e)alej, ex)). O
Assume now that V is endowed with an inner product. It induces a natural inner product
on A*(V*) such that, if (eq,...,e,) is an orthonormal basis of V then
{e:-‘l/\---/\e;‘p 1<p<nandl<i <i2<---<z'p§n}
is an orthonormal basis of A\*(V*). We define the trace operator Tr on A**(V*) in the
following way. If a ® 8 € A**(V*) is a pure tensor, then:

Tr(a® p) = (a, B)
and we extend Tr to A**(V*) by linearity.

Notation 3.2. Here and throughout this paper (-,-) will always denote the inner product
on the concerned Euclidean or Hermitian space.

Let M be a smooth manifold of dimension n. Applying the previous construction
pointwise to T, M, we define the vector bundle A*(T*M) ® A*(T*M) on M. Sections
of this bundle are called differential double forms on M, and we can take the double
wedge product of two such sections. Finally, if M is equipped with a Riemannian met-
ric, we have a trace operator Tr which is C°°(M)-linear and takes sections of the subbundle
A(T*M) = P)_, \"P(T*M) to smooth functions.

3.2 The Chern-Gauss-Bonnet theorem

Let (M, g) be a smooth Riemannian manifold of dimension n. We denote by VM the Levi-
Civita connection of M, and by x its curvature operator. That is k is the 2-form on M with
values in End(T'M) defined by:

KX, Y)Z = VYW Z - VYV Z -V Z

for any vector fields X, Y and Z. We denote by R the Riemann curvature tensor of M,
defined by:
R(X,Y,Z, W) =g(k(X, Y)W, Z),

for any vector fields X, Y, Z and W on M. This defines a four times covariant tensor on M
which is skew-symmetric in the first two and in the last two variables, thus R can naturally
be seen as a double form of type (2,2). All this is standard material, except for the very last
point, see for example [21, section 3.3]. We now state the Chern-Gauss-Bonnet theorem in
terms of double forms.

Theorem 3.3 (Chern-Gauss-Bonnet). Let M be a closed (that is compact without boundary)
Riemannian manifold of even dimension n. Let R denote its Riemann curvature tensor and
X(M) denote its Euler characteristic. We have:
1 n
X (M) = Tn/ Tr (R"2) [dVi],
(27'(') 2 (§)| M ( )

where |dVs| is the Riemannian measure on M.

If M is orientable, this can be deduced from Atiyah-Singer’s index theorem. The general
case is treated in [27]. The above formula in terms of double forms can be found in [1,
theorem 12.6.18], up to a sign coming from different sign conventions in the definition of R.



3.3 The Gauss equation

Let (M, g) be a smooth Riemannian manifold of dimension n and M be a smooth submanifold
of M of codimension r € {1,...,n—1}. We denote by VM and V the Levi-Civita connections
on M and M respectively. Likewise, we denote by R and R their Riemann curvature tensor.
We denote by II the second fundamental form of M C M which is defined as the section of
T*M & T*M @ T+M satisfying:

(3.1) I(X,Y) = — (V%Y - @XY) = (V¥Y)*

for any vector fields X and Y on M. Here, (V%Y)J‘ stands for the component of VY'Y in

TLM. Tt is well known that IT is symmetric in X and Y, see [21, lemma 3.6.2]. The second
fundamental form encodes the difference between R and R in the following sense, see [21,
theorem 3.6.2].

Proposition 3.4 (Gauss equation). Let X, Y, Z and W be vector fields on M, then

(32)  R(X,Y.Z,W)=R(X,Y,Z,W) + g(I(X, W), 1LY, Z)) — g(1(X, Z), TI(Y, W)).
Let = denote the four times covariant tensor on M defined by:

for any vector fields X, Y, Z and W on M. Then (3.2) can be rewritten as: R = R + E.
Remark 3.5. If M is an hypersurface, we can think of II(z) as a (1,1)-double form on T.M
by contracting it with a unit normal vector to T, M. Then = = %HAQ whatever our choice

of normal vector. If M is of higher codimension this does not even make sense, but we will
find a good substitute using Gaussian vectors, see lemma 4.16 below.

3.4 An expression for the second fundamental form

Let us now express the second fundamental form IT of a submanifold M of M defined as
the zero set of a smooth map. For this we need further definitions. Let V and V' be two
Euclidean spaces of dimension n and r respectively. Let L : V — V' be a linear map of
rank 7, then L* is injective and its image is ker(L)*, so that LL* is invertible in End(V").

Definition 3.6. Let L : V — V' be a linear map of rank r, the pseudo-inverse (or Moore-
Penrose inverse) of L is defined as LT = L*(LL*)~! from V' to V.

The map LT is the inverse of the restriction of L to ker(L)*. Tt is characterized by the fact
that LLT is the identity map on V'’ and LTL is the orthogonal projection onto ker(L)*. Let
f: M — R” be a smooth submersion and assume that M = F710). Let V2f = VMqf
denote the Hessian of f.

Lemma 3.7. Let M be a Riemannian manifold and let M C M be a submanifold of M
defined as the zero set of the smooth submersion f : M — R". Let Il denote the second
fundamental form of M C M. Then,

Vo e M, 1(z)=(d.f)f o V3f.

Proof. Since both II(z) and (d, f)' take values in T, M* = ker(d, f)*, we only need to prove
that, for any x € M, d, f oIl(z) = V2f. Let X and Y be two vector fields on M. The map
df - Y vanishes uniformly on M. Hence for all x € M:

de(df - Y) - X = (V¥df). - Y +dof - (VXY) = 0.
Then, using that ker(d, f) = T, M,
(dof oT(@))(X,Y) = —dof - (VAY)E = —dof - (VYY) = (VY df). - Y = V2f(X,Y). O
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4 Some results about Gaussian vectors

We start this section by a quick reminder of some basic facts about random vectors, especially
Gaussian ones. We then state and prove one of the key ingredients in the proof of theorems 1.2
and 1.4. The last subsection is devoted to a probabilistic version of the Gauss equation
and some useful technical result on Gaussian double forms. The first two subsections are
essentially borrowed from [26, appendix A]. We include them here for the reader’s convenience
and to introduce some notations.

4.1 Basics of random vectors

Let V be a real vector space of finite dimension and X be a random vector with values in
V. For any £ € V*, £(X) is a real random variable, and from now on, we assume that these
variables have finite first and second moments (we will shortly restrict ourselves to Gaussian
variables anyway). The expectation (or mean) of X is the linear form on V* defined by:

(4.1) mx : &= EE(X)].

Under the canonical isomorphism V** ~ V., mx = fV x dPx where dPx stands for the
distribution of X. If myx = 0, we say that X (resp. dPx) is centered.
The variance of X is the non-negative symmetric bilinear form on V* defined by:

(4.2) Var(X) : (€§,1) = E[§(X —mx)n(X —mx)].

As a bilinear map from V* x V* to R, Var(X) is naturally an element of V@ V.

Lemma 4.1. Let X be a random vector in V with finite second moment. We have:
Var(X) = E[(X — mx) ® (X —mx)]

Proof. For any £ and nn € V*, we have:

Var(X)(¢,n) = EE(X — mx)n(X —mx)] =E[({ ®n)((X —mx) ® (X —mx))]
= (E@nE[(X —mx) ® (X —mx)]. O

The variance operator of X is the linear map Ax : V* — V such that, for any £ and n € V*,
(4.3) € (Axn) = Var(X)(£, 7).
By lemma 4.1 we have:

Ax :n—=E[(X —mx) ®@n(X —mx)].

IV =Vi@®V;and X = (X3, X5) with X; a random vector in V;, then mx = mx, + mx,
and the variance form Var(X) splits accordingly into four parts:

Var(X;) : V" x Vi* = R, Cov(X1, X2) : Vi x V5" = R,
Var(Xs) : Vi x V¥ = R and Cov(Xg, X1) : Vo' x V" = R.
These bilinear maps are associated, as above, to the following operators:

Ay s Vi =W, Ao : V3 =V,
AQQS‘/Q*%‘/Q and Agl ‘/1*%‘/2

Since Var(X) is symmetric, Cov(X7, X2)(&,n) = Cov(Xa, X1)(n, ) for any £ and 7. Equiva-
lenty (A12)* = Aay. We say that Cov(X7, X2) is the covariance form of X; and X, and that
Aqs is their covariance operator. As above, Cov(X1, X3) is naturally an element of V; ® V5.

11



Lemma 4.2. Let X1 and X5 be random vectors in Vi and Vs respectively, with finite second
moments. We have:

COV(Xl,XQ) = E[(Xl — le) [ (X2 — mX2)] .
Moreover, for any n € V5, A12(n) = E[(X1 —mx,) @ n(Xa —mx,)].

Assuming that V' is endowed with an inner product, we denote by v* the linear form (v, -),
for any v € V. The Euclidean structure allows us to see Var(X) as a bilinear symmetric
form on V, and Ax as a self-adjoint operator on V. Then, lemma 4.1 gives:

Ax = E[(X — mx) (24 (X — mx>*] .
If X = (X1, X5), one can see Ao as a linear operator from V5 to V4 and by lemma 4.2:
Az =E[(X1 —mx,) ® (X2 —mx,)"].

Lemma 4.3. Let V be a Fuclidean vector space and let X be a random vector in V' with
finite second moment. We have:

(4.4) YoeVVweV, E[(v,X-—mx)(w,X —mx)]=(v,Axw).
Moreover, if V.=V, ® V4 and X = (X3, X2) with X; € V;, then:
(4.5) Yo e Vi,Yw € Vo, E[(v,X1 —mx,) (w,Xs —mx,)] = (v, Apw) .

Proof. Let v and w € V, we have:

E[(v,X —mx){(w,X —mx)] = Var(X) (v, w) as a bilinear form on V,
= (v, Axw) where Ax : V = V.
This proves (4.4). The proof of (4.5) is similar. O

Let L : V — V' be a linear map between finite-dimensional vector spaces and X be a
random vector in V. Then L(X) is a random vector in V'’ whose distribution is given by
dPp(xy = L«(dPx). An immediate consequence of definitions (4.1), (4.2) and (4.3) is that
mpx) = L+(mx) and Var(L(X)) = L.(Var(X)), that is:

@7) VeV ¥neV*, Var(L(X))(E n) = Var(X)(L*E, L'n), and
(4.8)  Ap = LAxL*.

4.2 Gaussian vectors

The following material can be found either in [2, section 1.2] or in [1, section 1.2]. In both
cases, it is written in a coordinate-dependent fashion in R™. We present it in a more intrinsic
way, in the spirit of [26].

Let m € R and o > 0, the Gaussian (or normal) distribution on R with expectation m
and variance o2 is the distribution whose Fourier transform is y — exp (imy — $0%y?). If
o = 0, this is the Dirac measure at m, otherwise it has a density with respect to the Lebesgue

2
measure, given by x m}% exp (7%)

Let V' be a real vector space of dimension n, a random vector X in V is said to be
Gaussian, or normally distributed, if for any & € V* ¢(X) is a Gaussian variable in R.
Recall that such a distribution has finite moments of all orders and that the distribution of

12



a Gaussian vector in V is totally determined by its expectation and variance. We denote
by N(m,A) the Gaussian distribution with expectation equal to m and variance operator
equal to A. We also denote by X ~ N(m,A) the fact that X is distributed according to
N(m,A). The following lemma is a consequence of (4.6), (4.8) and of the above definition
of a Gaussian vector.

Lemma 4.4. Let L : V — V' be a linear map between finite-dimensional vector spaces and

X ~N(m,A) in V. Then L(X) ~ N(Lm,LAL*) in V'.

IV =Vi®V, and X = (X1, Xs) ~ N(m,A) then, with the notations of section 4.1,
lemma 4.4 shows that X; ~ N(mx,,A11) and Xo ~ N(mx,, Aaz). Besides, X; and X3 are
independent if and only if Cov(X7, X3) = 0, or equivalently A1o = 0.

Proposition 4.5 (Regression formula). Let X = (X1, X2) be a Gaussian vector in V4 & Va.
If Var(Xy) is non-degenerate then X has the same distribution as

mx, + Aot (A1) (X1 —mx,) +Y

where Y is a centered Gaussian vector in Vs, independent of X1, with variance operator equal

to Aoo — Aoy (A11) "1 Ags.

This is shown in [2, proposition 1.2]. See also [26, lemma A.2]. From this, we deduce that
the distribution of X5 given that X; = x; is a Gaussian vector in V5 with expectation equal
to mx, + Aa1(A11)"(z1 — mx,) and variance operator equal to Ags — Aoy (Aj1) 1A, We
will make use of this in the special case where X is centered and z; = 0.

Corollary 4.6. Let X = (X1,X3) be a centered Gaussian vector in Vi @ Vo and assume
that Var(Xy) is non-degenerate. Then the distribution of Xo given that X1 = 0 is a centered
Gaussian in Vo with variance operator Aoy — Aoy (A11) 1 Aq2.

In what follows, we assume that V is a Euclidean space. Recall that in this case, we can
see the variance operator of a random vector as an endomorphism of V. We will say that
N(0,1d) is the standard normal distribution on V, where Id denotes the identity map on
V. If X ~ N(0,1Id), then, as a linear map from V* to V, Ax : v* — v is the isomorphism
induced by (-, ).

If Var(X) is non-degenerate, then dPx has the following density with respect to the
Lebesgue measure on V:

1 1 1
x mexp (—§<(Ax) (ac—m),x—m>) .

Notation 4.7. We will denote by du, the standard Gaussian measure on any Euclidean
space of dimension n.

Lemma 4.8. Let X ~ N(0,1d) with values in a Euclidean space of dimension n and let
k € R such that k > —n. Then,

k Vol (8771

E[quk} =Vor Vol T

Proof.

n—1 —+o0
E[lx]] = ﬂl_n/ z][F e~ Hel? g — %/ in1 3 g
m Jv NG o
k
—_ w +oo \/Ek"rn—Qe_t dt _ V 2 VO] (Snil) F<k+n> .

2 O
V2 Jo 2/m " 2
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4.3 A useful result

Let V and V' be two Euclidean spaces of dimension n and r respectively, with 1 < r < n.
The space V' ® V* of linear maps from V to V'’ comes with a natural scalar product induced
by those on V and V’. Let L be a standard Gaussian vector with values in V' ® V*. This
means that L is a random linear map from V to V' such that, in any orthonormal basis, the
coefficients of the matrix of L are independent real standard Gaussian variables. The set of
linear maps of rank less than r is an algebraic submanifold of V' ® V* of codimension at
least 1, hence it has measure 0 for the Lebesgue measure and for any non-singular Gaussian
measure. Thus the rank of L is almost surely r. Let U be a standard Gaussian vector in V/
independent of L, the random variable (|det*(L)|, (LT)*U) is defined almost surely (recall
the definition 3.6 of LT).

The remainder of this subsection is devoted to the proof of the following technical result.
This is a reformulation of proposition 3.12 in [10]. It will be one of the key arguments in the
proof of theorems 1.2 and 1.4. The proof is mostly tedious computations.

Proposition 4.9. Let V and V' be two Euclidean spaces of dimension n and r respec-
tiely, with 1 < r < n. Let L ~ N(0,Id) in V' @ V*, let U ~ N(0,Id) in V and let
U' ~ N(0,Id) in V'. For allp € {n —r+1,...,n}, let X, ~ N(0,Id) in RP such that
U', Xn,..., Xn_pq1 are globally independent. Then (|det™(L)|,(L")*U) has the same dis-

tribution as (HXnH Xl Xy ey ) -

Let us introduce some further notations. Let B C V/®V™* denote the set of maps of rank 7.
We set F = {(L,U) € BxV |U € ker(L)*} and S = {(L,U) € Bx V | U € S(ker(L)*)}.
Here and in the sequel, S(-) stands for the unit sphere of the concerned space. Given L € B
and U € V, we denote by U the orthogonal projection of U onto ker(L)*. Then we set:

- U (LH)*o
p=|U]|, 0=— and 0 = .
U]l I(LF)=0]l
x0l __ (LTL)*G _ 0 * _ 1 .
Note that L*¢' = TEan = Teoh=ay hence |IL*¢'|| = ey and finally:
(4.9) 0= ——0nm- and L™U = LU = pL™0 = ———0.
I1L*6"]| [ L*6"]|
We choose orthonormal basis (e, ..., e,) and (€],...,¢el), of V and V' respectively, such

that e, = 0, ¢/. = 0" and (e, ...,e,) is a basis of ker(L)*. Then,
Vie{l,...,n}, (Le;,0) = {e;, L*0") = ||L*0| {e;,0).

Thus the matrix of L in these basis has the form:

A‘} 0

oo [[[L*][ | o0

(4.10)

and ‘detJ-(L)‘ = |det(A)| ||L*0'|.

Let mp and mg: denote the orthogonal projections along R - # in V and along R - 6" in V'
respectively. We define L' : V. — (R - ')+ by L' = mg: o L o mg. Then |det(A)| = |det(L")],
and L’ does not depend on our choice of basis. Finally, we have:

(|det™(L)| , L™*U) = (|detL(L')\ Lol %) :
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To prove proposition 4.9, we will show that ’detl- )’ [IL*¢"||, p and ¢ are independent
and identify their distributions.

If L and U are independant standard Gaussians, then almost surely L € B and we can
consider (L,U) as a random element of B x V. Then (L,U) is a random element of F and
its distribution is characterized by:

Bfow.0)] = [ < / O 0ye 17 j%) Qs (L),

for any bounded continuous function ¢ : F — R, where dU stands for the Lebesgue measure
on ker(L)*t. From this, we compute the distribution of (L, #, p) € S x Ry by a polar change
of variables in the innermost integral: for any bounded continuous ¢ : § x Ry — R,

Feo P2 dp
E[¢(L, 0, p =/ / / O(L,0,p)p" " 'e” T —= df dpun, (L),
o ) LeB JoeS(ker(L)+) J p=0 ( V2T (

where dp is the Lebesgue measure on R and df is the Euclidean measure on the sphere
S(ker(L)1). This distribution is a product measure on S x R thus (L,6) and p are in-
dependent variables. Since (|det™(L’)|,¢’,||L*¢’||) only depends on (L,#), this triple is
independent of p. Besides, p has the distribution of the norm of a standard Gaussian vector

. . . . . Vol(s"~!
in R™: its density with respect to the Lebesgue measure is p — %pr le=7 on R,

and vanishes elsewhere. Finally, the distribution of (L, #) satisfies:

(a.11) s o) = [ [ o g )

for any bounded and continuous ¢ : S — R. We will now compute the distribution of (L, 8")
in B x S(V").

Lemma 4.10. For any bounded and continuous ¢ : B x S(V') = R,

d tJ‘ 2 /
(4.12) 6(L,0) / / L oylde T )1\6 we_ 4o dL
res(vY) LeB ||L Al Vol (S"—1) \/2r

where d9" stands for the Fuclidean measure on S(V') and dL stands for the Lebesgue measure

on V' @ V*.

Proof. Fixing some ¢, we see from (4.11) that:

, (LT)*0 > ez de dL
L.o) = L — 2
AL 0] /LGB /GGS(ker(L)L)¢< L) Vol (S*=1) \/ar"

(L1)"0
IEm)-ell
& 7o from S(V") to S(ker(L)*). Now the

Then we make the change of variables §' = 1/1(9) =

L fixed. Recalling (4.9) we have ¢y~ : ¢/ —
differential of =1 at 6’ € S(V') satisfies:

_ 1 Lo L*o’ mo(L*v)
YoeR-0)E, doy 1~v—<L*v<L*v, > ) .
L0 [L*60"|| /|| L=6"]] [[L*0"]]

in the innermost integral, with

IIL*

As above, we choose an orthonormal basis (e},...,e\._;) of (R-6)+ and an orthonormal
basis (e1, ..., er—1) of (R-60@ker(L))". In these coordinates we have:

N ’det (”HOL?«)/)L)‘ _[det(A*)]  |det(A)]  |det! (L)
‘det(d(w/) )’ - wnr||m—1 - «gr|T—1 xgr||m—1 wgr||7 L7
L] L] L6 L6
where A is the same as in (4.10). This proves (4.12). O
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We can now compute the joint distribution of (‘detJ-(L’)’ ,0',|IL*¢’||) from the one of
(L,0"). If we fix 0’ € S(V') and an orthonormal basis (e],...e}) of V' such that e, = ', the
choice of L € V' ® V* is equivalent to the choice of L*e},..., L*e. ~ N(0,1d) independent
in V. For simplicity, we set L; = L*e}. Note that if we choose a basis for V' as well, these
are the rows of the matrix of L. We can rewrite (4.12) as

dett(L")| e=3 ZILil® ¢’ AL, - - - AL,
AL, &) / / / P 2] i 0 kel U AR 173
'eS(V’) JL1,....Lr—1€V J L€V IIZ |l Vol (S*—1) Vor

.....

where dL; denotes the Lebesgue measure in the i-th copy of V. We set a, = and

Ly
[
pr = ||Ly||. Here, L' = mp: o L o m,, depends on «, and 6’ but not on p,. Making a polar
change of variables, the above integral equals:

/ /+OO o167y dpr T BRI Jdett ()] 49" day Ly - -dEy
0'es(v — — 1 '
afes(w? pr=0 Vo + Vol (S*—1) \/ﬁ( +1)(r—1)

Li,...;Lr—1€V

Then p, = ||L*¢'|| is independent of (¢', ., L1, ..., Ly_1), hence of (¢', (L’)D More-
over, looking at its density, we see that p, has the distribution of the norm of a standard
Gaussian vector in R*~"+1. Besides (¢, a., L1, ..., L,_1) has the density:

e~ TiTiIIL® |det (L)
\/ﬁ(nJrl)(rfl) Vol (Srfl) Vol (Snfr)

(9',ar,L1, .. -;erl) —>

with respect to d¢’ ® do, ®dL; ® - - ®dL,_1. Fori € {1,...,r—1} we denote by L;" the or-
thogonal projection of L; onto the orthogonal of the subspace spanned by (a-, L1, ..., Li—1).

Lemma 4.11. For any L € B, |det>(L')| = || L1 - - || L4 |-

Proof. 1f one of the L; is zero, then the vectors ., L1, ..., L,_1 are linearly dependent and

L
L is singular. Since we assumed L € B this is not the case and <|§i|, Hi |)
1

an orthonormal basis of ker(L’)1. Writing the matrix of the restriction of L’ to ker(L')*

in this basis and (e],...,e._;), we see that it is lower triangular with diagonal coefficients
HL%H,...,HL%?lH. This proves the lemma. o

Let ¢ be a continuous bounded function from S(V’) x Ry to R. We have:

e~ 7 UL |dett(L)| 46’ da, Ly ... d L,y
\/2_(n+1)(r,1) Vol (S7=1) Vol (§*—7)

— 9, L i |Lt]| AL, ... dL{ d¢’ day,
/ame/ /LIL.”/Lil HH H) \/—(n—i-l—l)(r 1) Vol (Sr_l)Vol (Sn—r)'

Note

E[6 (6, |det* (1)])] = / 6 (¢, |det (L))

Then we make polar changes of variables, for each ¢ we set p; = HLZJ- H and a; = ||L o f

that, when Ly, ..., L;_1 are fixed, Li is a vector in a space of dimension n —i. We have:

_1 ZPZ n—i ,
' det=(LN)] = / N e 2=l pf ™" dpy...dp,1day ... da, df
E[¢ (¢, |det™(L)])] = /¢ (9 ,sz) _27T(n+1—g)(r—1) Vol (§—1) Vol (S"~7)

r—1
e 2 2 pn i d@’
¢ (9/, pz) Vol (Sn Z) % dp1 e dprflir_.
/Pl »»»»» pr—1,0 H i=1 vV 2w 1 Vol (S 1)
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This shows that 6’ p1,..., pr_1 are independent variables, that 6" is uniformly distributed

in S(V’) and that, for all ¢ € {1,...,r — 1}, p; is distributed as the norm of a standard

Gaussian vector in R+~ Finally, this shows that |det(L’)| is distributed as []/_, pi.
Putting all we have done so far together, we see that (|detL(L)| ,LT*U) is distributed

s (Il 1 Xl ey

n—r+1ll
Moreover, #' is uniformly distributed in S(V’), p is distributed as the norm of a standard

Gaussian vector in R”, and all these variables are globally independent. Finally U’ = pf’ is a
standard Gaussian in V', independent of X, ..., X,,_,11 so we have proved proposition 4.9.
An immediate corollary of this is the following.

) where X, is a standard Gaussian vector in R? for all p.

Corollary 4.12. Let V and V' be two Euclidean spaces of dimension n and r respectively,
with 1 <r < n. Let L ~N(0,1d) in V' @ V*.

Then |det™(L)| has the same distribution as || Xn—ri1| - || Xn |, where X, ~ N(0,1d) in RP
forallpe {n—r+1,...,n}, and these vectors are globally independent.

Remark 4.13. This can also be seen as follows. Fix basis for V and V' and notice that
|detL(L)| is the r-dimensional volume of the parallelepiped spanned by the lines Lq,..., L,
of the matrix of L. Using that the volume of a parallelepiped is basis times height (r — 1)
times we get: ’detL(L)’ = HL%H HLQLH e HLTLH Here we denoted by le the component of
L; in the orthogonal complement of the space spanned by (L1,...,Lj_1). Since the lines of
L are independent the distribution of L; is the same as that of L; given (L1,...,L;_1), that
is dggr,. Then, for (Lq,...,L;j_1) fixed, le is the orthogonal projection of L; onto a space
of dimension n — j 4 1, hence its distribution is dg,,—;41. Moreover, HLJLH is independent of
(L1,...,Lj_1), even if L; is not. One can deduce corollary 4.12 from this.

Lemma 4.14. Let V and V' be two Euclidean spaces of dimension n and r respectively,
with 1 <r < n. Let L ~N(0,1Id) in V' @ V*. Then:

~ Vol (S*~"
E[|det"(L)|] = v2r %.

Proof. Since by corollary 4.12 |det*(L)| is distributed as || Xp—pi1] - - [ X[ with X, stan-
dard Gaussian in R? and the X,,’s independent, we have:

E[|det* (L)) = EllXuoral - 1%l =[] ElXM= [ vareol)

p=n—r—+1 p=n—r+1 V 1(817)
r Vol (S” ™
V2T ol (s
The last but one equality comes from lemma 4.8. O

4.4 Random double forms

We will use the following result in the proof of theorems 1.2 and 1.4. See [1, lemma 12.3.1]
for a proof.

Lemma 4.15. Let V be a vector space of finite dimension n. Let o € /\1’1 V* be a Gaussian
bilinear form on V. If a is centered, then for any p < 5,

Efa*] = 220 (£[a"?])".
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Going back to the setting of 3.3, let M be a smooth submanifold of the Riemannian
manifold (M, g), with dim(M) > dim(M) > 1. Let II be the second fundamental form
of M C M, defined by equation (3.1), and let = be defined by (3.3). Let z € M and
U ~ N(0,1d) be a random vector in T, M. Recalling lemma 4.3, we get the following: for
any X, Y, Zand W € TZM,

E(X, Y, Z, W) =(II(X, Z),I(Y,W)) — (II(X, W) ,I(Y, Z))
E[II(X,2),U) I(Y,W),U)] — E[QU(X,W),U) (1LY, Z) ,U)]
E[(

[
[ H(X’ ) ’ > <H(Ya W) ’ U> - <H(Xa W) ’ U> <H(Y, Z) ’ U)]

E[(IL,U)" (X, Y),(2,W)],

Z),U
Z),U

(
1
2

where we applied lemma 3.1 to the random symmetric (1,1)-double form (IT,U). We have
proved the following version of the Gauss equation.

Lemma 4.16. Let (M, g) be a Riemannian manifold and let M be a smooth submanifold of
M, such that dim(M) > dim(M) > 1. Let R and R denote the Riemann curvature of M
and M respectively, and let 11 be the second fundamental form of M C M. Then:

Va € M, R:R+%E[<H,U>A2},

where U ~ N(0,1d) with values in T, M.

5 Random submanifolds

This section is concerned with the precise definition of the random submanifolds we consider.
The first two subsections explain how we produce them in a quite general setting. The third
one introduces the covariance kernel, which characterizes their distribution. We also describe
the distribution induced on the bundle of 2-jets in terms of this kernel. Then we describe
what we called the harmonic setting, before explaining how to adapt all this in the real
algebraic case. This kind of random submanifolds has already been considered by Bérard
[9], Zelditch [33] and Nicolaescu [26] in the harmonic case, and by Gayet and Welschinger in
the real algebraic case, see [15, 16, 17]. See also [10, 11, 24] in special cases.

5.1 General setting

Let (M, g) be a smooth closed manifold of positive dimension n. We denote by |dV),| the
Riemannian measure on M induced by g. Let (-, ) denote the L?-scalar product induced by
|dVas|, that is for any ¢1 and @9 € C*°(M),

(5.1) (o1 02) = / (o) V.

Let V be a subspace of C*°(M) of finite dimension N’.
From now on we fix some r € {1,...,n} that will be the codimension of our random
submanifolds. We equip V" with the L2-scalar product defined by:

(5.2) Vi € VT, (fif) = / (@) h@) 4Vl

where the inner product on the right-hand side is the standard one on R". Let N = rN’
denote the dimension of V.
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Let f € V", we denote by Z the zero set of f : M — R". If f vanishes transversally then
Zy is a smooth submanifold of M of codimension r and we denote by |dV}| the Riemannian
measure induced by the restriction of g to Zy. We also denote by Vol (Z¢) the volume of Z;
and by x(Zy) its Euler characteristic. In the case r = n, when f vanishes transversally Z
is a finite set, so we define [dVy| =3 ., 0., where 0, stands for the Dirac measure at the
point x. Let D denote the discriminant locus of V7, that is the set of f € V" that do not
vanish transversally.

In the sequel, we consider a random f € V" with standard Gaussian distribution. This
means that the components of f are independent standard Gaussian vectors in V. Recall
that duys stands for the standard Gaussian measure on V and duy = duny' ® -+ - @ dun-
stands for the standard Gaussian measure on V. Under some further technical assumptions
on V (see 5.2 below), f vanishes transversally almost surely. Hence, the random variables
Vol (Z) and x(Zy) are well defined almost everywhere, and it makes sense to compute their
expectation.

5.2 The incidence manifold

Following [26], we say that V" is 0-ample if the map jO : f — f(z) is onto for every x € M.
For » = 1 this is just saying that V has no base point. From now on, we assume that V" is
0-ample. Note that it is equivalent to assume that V' has no base point.

We introduce an incidence manifold, following the idea of Shub and Smale [30], see also
[15, 16]. Let F: (f,z) € V" x M > f(z) € R" and ¥ = F~1(0). For any (fo,z) € V" x M,
we have:

d (fo, I)F (f, ) — f(.%') + dsz - .

Then d(4,,.)F is onto, indeed 01 F(fo, r) = 49 is already onto. Thus F' is a submersion and
3 is a smooth submanifold of codimension r of V™ x M. As in 2.2, we set w1 : X — V" and
o : X — M the projections from X to each factor. Let (fo,z) € V" x M, we have:

Tifo.)2 = {(f,v) €V X ToM | dy fo - v + f(z) = 0},
and dfom)ﬂ'li(f, )ETfOx)ZHfEVT

Let f € V", it is in the range of dy, ,)m1 if and only if there exists some v € T, M such
that (f,v) € T(4,,2)%, that is f(x) is in the range of d, fo. Since V" is 0-ample, the map 49
is onto, and d, fo is surjective if and only if d(y, ,ym1 is. Thus the discriminant locus D is
exactly the set of critical values of 1. By Sard’s theorem, D has measure 0 in V", both for
the Lebesgue measure and duy, and f vanishes transversally almost surely.

Later on we will apply the double-fibration trick of section 2.2 for the fibrations induced
by 7 and ms. For this we will need the partial differentials of F":

(5.3) OF(f,x)=3° and O F(f,x) =d.f.

We also equip ¥ with the restriction of the product metric on V" x M. Then, whenever
f ¢ D, (m) 1 (f)={f}x Zs is isometric to Z¢, hence we will identify those sets. Similarly,
we will identify (m2)~!(z) = ker(j2) x {z} with ker(59).

5.3 The covariance kernel

In this subsection we introduce the Schwarz kernel and covariance function associated to our
space of random functions. It turns out (see proposition 5.2 below) that these objects are in
fact the same. The first to use this fact seem to have been Bleher, Shiffman and Zelditch in
the case of complex projective manifolds [5] and in the case of symplectic manifolds [6]. In
the harmonic setting this was used by Zelditch [33] and Nicolaescu [26].
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We denote by R” the trivial bundle R™ x M over M and by V the trivial flat connection
on R”. This connection and VM induce the connection VM @ Id+I1d®V on T*M @ R".
Let V2 = (VM @ Id+1d®V) o V denote the second covariant derivative on R”. In what
follows, we identify canonically smooth functions from M to R” with sections of R". Under
this identification, V corresponds to the exterior differential d and, V2 corresponds to the
usual Hessian defined in 3.3. Let P; (resp. P») denote the projection from M x M onto the
first (resp. second) factor. Recall that R” W R” denotes the bundle Pf(R") ® Py (R") over
M x M.

In C*°(M) equipped with the L?-inner product (5.1), the orthogonal projection onto V'
can be represented by its Schwartz kernel, denoted by e. That is there exists a unique
e: M x M — R such that for any smooth ¢ : M — R, the projection of ¢ onto V is given
by « — (e(z,-), ). This function has the following reproducing kernel property :

VoeV, Ve e M,  o(a) = {e(e,),0) = / _ele)ply) [4Vi.

Likewise, there exists a kernel for the orthogonal projection onto V" in C*°(M,R"). Tt is
the unique section E of R” X R” such that, for any smooth f : M — R", the projection of f
onto V" is given by:

(5.4 o (B@) S = | (Bl £0)1dVal.

yeM

In the previous formula, the inner product on the right-hand side is the usual one on R",
acting on the second factor of R” @ R". Note that (E(z,y), f(y)) € (R"),, the fiber of R"
over x. Again, F has a reproducing kernel property:

(5.5) VeV, Vee M, f(z)= / y (E(z,y), f(y)) |dVar] .

Remark 5.1. It may seem odd to consider E as a section instead of a map from M x M to
R”™ ® R". It turns out to be the right point of view when we consider sections of a vector
bundle instead of functions, as will be the case in the real algebraic setting.

If (f1,..., fn) is any orthonormal basis of V", one can check that E is defined by:

Then E is smooth, for all x € M, E(z,x) is in the span of {{ ® ¢ | ¢ € R"}, and for all
¢eR™

N N

(5.7) (B(2,2),¢ 20 =3 (fil@) @ fil2),¢ 0 Q) = S ((file) , )2 > 0.

i=1 =1

Thus V7 is 0-ample if and only if for all z € M and ¢ € R"\ {0}, (E(z,z),¢ ®¢) > 0. That
is if and only if F(z,z) is a positive-definite bilinear form on (R")* for any = € M.
Let (¢1,...,on+) be an orthonormal basis of V. As above, e can be expressed as:

e: (z,y) — thi(ﬂﬁ)@ (v)

Thus e is smooth and e(z,-) € V for all x € M. Moreover e(z,z) = Zivzll vi(z)? > 0, and
equality holds if and only if z is a base point of V. Then, e and E are related as follows.
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Let ((1,...,¢-) denote the canonical basis of R" and let gp(Q) = @i(q for 1 < i < N and

i

1< g<r. Then ((pz(-q))(iyj) is an orthonormal basis of V" and, for all z and y € M,

r N T N’ r
By =3 e?@) @ @) =3 | D eil@)eiy) | o ¢ = elr,y)¢® .
g=11i=1 g=1 \i=1 g=1

Thus, for any x,y € M and any (,{’ € R",
(5.8) (BE(z,y), (@) =e(2,y)((, ).

On the other hand, the standard Gaussian vector f € V" defines a smooth centered Gaus-
sian field (f(z))zem indexed by M, with values in R". Its distribution is totally determined
by its covariance function, that is the section of R” XR" defined by (z,y) — Cov(f(x), f(y)).
By this we mean that the covariance function determines all finite-dimensional marginal
distributions (cf. [1, section 1.2], for example).

Proposition 5.2. Let V be a finite-dimensional subspace of C°(M) and let E be the
Schwartz kernel of V'. Let f ~ N(0,1d) in V". Then,

Ve,ye M, Cov(f(z), f(y) = E[f(z) ® f(y)] = E(z,y).

Proof. Let x and y € M, the first equality is given by lemma 4.2. We will now show that
E[f(z) ® f(y)] satisfies condition (5.4) to prove the second equality. Let fo : M — R" be a
smooth function and z € M,

/ (B @S] o) 4| = / E[(f(x) ® £). fo())] [dVau]

yeM

- / _EU@) ) So)] 14Vl = ELF@) (7 o).

If fo € (V") this equals 0. If fo € V", we have:

Elf(z)(f, fo)l = E[E(z,"), f) (fo, )] = (E(z,"), fo) = fo(z),

where we applied lemma 4.3 to f ~ A(0,Id) and made use of the reproducing kernel prop-
erty (5.5) for fo. In both cases, z — (E[f(z) ® f], fo) is the projection of fy onto V. This
shows the second equality in proposition 5.2. O

Remark 5.3. Similarly, for the field induced by ¢ ~ N (0,1d) in V, we have:

V(z,y) e M x M,  Elp(x)p(y)] = e(z,y).

This tells us that the distribution of our Gaussian field is totally determined by the
Schwartz kernel E. It is the main motivation for the use of the L2-scalar product on V. In
our cases of interest, asymptotics are known for E and its derivatives, see section 6 below.
This is what allows us to derive asymptotics for the expectation of the volume and Euler
characteristic of Zy.

5.4 Random jets

We will now describe the distribution induced by our random f on the bundle of 2-jets. Let
x € M, we denote by J¥(R") the vector space of k-jets of smooth sections of R” at x. Let
Sym(T* M) denote the space of symmetric bilinear forms on 7, M, and let

§2:C®(M,R") - R" ® (R® T M & Sym(T;) M)),
fe (f@),Vaf,Vif)
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where V and V? are as in section 5.3. This maps induces an isomorphism between J2(R")
and R" @ (R & T M @ Sym(T;M)), and in the sequel we will identify these spaces via jZ.
Note that the isomorphism depends on our choices of connection on R” and T*M. We
still denote by j2 the restriction of j2 to V", which takes f € V" to its 2-jet. Likewise,
we denote by jl : f — (f(x),V.f) the map that takes a smooth function to its 1-jet in
JIR) ~R" @ (RS T:M).

Since j2 is linear and f ~ N(0,1d), lemma 4.4 shows that j2(f) is a centered Gaussian
random vector. Let t € R", L €¢ R"®T M and S € R"®@Sym(T} M) be random vectors such
that (t, L, S) is distributed as j2(f). Then ¢, L and S are three centered Gaussian vectors,
and their variances and covariances are determined by Var(j2(f)).

Let 9, (resp. 9,) denote the partial covariant derivative with respect to the first (resp. sec-
ond) variable for sections of R”"XIR”. When these sections are seen as functions from M x M
to R" @ R", d, and 0, are just the usual partial differentials. Likewise, we denote by 0
(resp. Oy,y) the second partial derivative with respect to the first (resp. second) variable
twice.

Lemma 5.4. Let V be a finite-dimensional subspace of C>°(M) and let E be the Schwartz
kernel of V™. Let f ~ N(0,1d) in V". Let x € M and let (t,L,S) € J2(R") be distributed
as j2(f), the 2-jet of f at x. Then (t,L,S) is a centered Gaussian vector, and its variance
is characterized by the following relations:

(5.9) Var(t) = E[f(z) ® f(z)] = E(z,2),

(5.10) Var(L) = B[V, f ® V. f] = (0:.0,E)(z,z),
(5.11) Var(S) =E[V2f ®@ V2f] = (02,20y,yE)(z,2),
(5.12) Cov(t,L) = E[f(z) ® V. f] = (0, E)(x,z),
(5.13) Cov(t,5) = E[f(x) ® v?vf] = (OyyE)(z, ),
(5.14) Cov(L,S) =E[V,f @ V2f] = (0.0, E)(z, ).

Proof. The vector t is the projection on the factor R" of (¢, L,S), thus it is distributed
as f(x). Hence Var(t) = Var(f(x)) = E[f(z) ® f(z)] = E(x,x), by proposition 5.2. This
proves the first equation (5.9). Likewise, one shows that Cov(¢, L) = Cov(f(z), V. f). Then
by lemma 4.2 this equals E[f(x) ® V,f], and the first equality in (5.12) is proved. Applying
dy to the relation given by proposition 5.2, one gets:

Elf(z) @ Vyf] = (9, E)(x,y).

For & = y, this establishes the second part of (5.12). The remaining relations are proved in
the same way. 0

With this lemma, we have characterized the distribution of j2(f) only in terms of E.
Since j2(f) and jL(f) are the projections of j2(f) onto R” and R" ® (R T} M) respectively,
their distributions are also given by lemma 5.4. Precisely jO(f) has the same distribution
as t and j1(f) has the same distribution as (¢, L).

5.5 The harmonic setting

Let A denote the Laplace-Beltrami operator on the closed Riemannian manifold (M, g). Re-
call the following classical facts from the theory of elliptical operators, see [13, theorem 4.43].

Theorem 5.5. 1. The eigenvalues of A : C®°(M) — C>®(M) can be arranged into a
strictly increasing sequence of non-negative numbers (A2 )en such that A2 k—> +00.
— 400
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2. The associated eigenspaces are finite-dimensional, and they are pairwise orthogonal for
the L%-inner product defined by equation (5.2)

Let A > 0, we denote by V) the subspace of C>°(M) spanned by the eigenfunctions of A
associated to eigenvalues that are less or equal to A2. This space is finite-dimensional and
we can apply the construction of sections 5.1 to 5.4 to V). We denote by ey, the Schwartz
kernel of the projection onto V). In this case, ey is known as the spectral function of the
Laplacian. We also denote by Ey the Schwartz kernel of (V3)".

Remark 5.6. Note that for every A > 0, V) is base-point-free since the constant functions
on M are eigenfunctions of A associated to the eigenvalue 0.

5.6 The real algebraic setting

Let us now describe more precisely the framework of the algebraic case. It is the same as
in [15, 16]. Let X be a smooth complex projective manifold of complex dimension n. We
equip X with a real structure, that is with an antiholomorphic involution cy. We assume
that its real locus, the set of fixed points of cy, is not empty and we denote it by RX. Let L
be an ample holomorphic line bundle over X equipped with a real structure ¢, compatible
with the one on X. By this we mean that cy o™ = mo ¢, where 7w : L — X stands for the
projection map onto the base space. Similarly, let £ be a holomorphic vector bundle of rank
r over X, with a compatible real structure ce¢.

Let he and hg be real Hermitian metrics on £ and £ respectively, that is ¢} (he) = he
and ¢ (he) = he. We assume that hp is positive in the sense that its curvature form w is
Kaéhler. Locally we have:

wia = 5:00m (he (6, 0))

where ( is any non-vanishing local holomorphic section of £ on the open set 2 C X. This
form corresponds to a Hermitian metric gc = w(+,¢-) on X whose real part is a Riemannian
metric g on X. We denote by dVx the volume form #y on &'

Remark 5.7. The normalization of w is the one of [3, 5], but differs from our references
concerning peak sections [16, 31]. This will cause some discrepancies with the latter two in
section 6.2. With our convention, the Fubini-Study metric on RP™ induced by the standard
metric on O(1) is the quotient of the Euclidean metric on S".

Let d € N, the vector bundle £ ® £¢ comes with a real structure cq = cg ® cd[: compatible
with cy and a real Hermitian metric hg = he ® hd[:. We equip the space I'(€ ® L) of smooth
sections of £ ® £ with the L? Hermitian product defined by:

(5.15) Vs1, 89 € F(g X ﬁd), <81 ,82> = / hd(Sl, 82) dVy.
X

We know from the vanishing theorem of Kodaira and Serre that the space H°(X,E ® L%)
of global holomorphic sections of £ ® £ has finite dimension Ny and that Ny grows as a
polynomial of degree n in d, when d goes to infinity. We denote by:

RH' X, e L) ={se H* (X, L") |cgos=s0cx}

the space of real holomorphic sections of @ L%, which also has dimension Ny. The Hermitian
product (5.15) induces a Euclidean inner product on RH®(X,€ ® L£?). Notice that we
integrate on the whole of X and not only on the real locus, even when we consider real
sections. Finally, we equip RH?(X, € ® L£?) with the standard Gaussian measure duy, .

If s € RH(X,E @ L) is such that its restriction to R vanishes transversally, then its
real zero set Z; = s71(0) NRX is a (possibly empty) submanifold of RX of codimension 7,
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and we denote by |dV;| the Riemannian measure induced on this submanifold by the metric g.
As in 5.2, we consider the incidence manifold:

Y ={(s,2) e RH(X,E@ L) x RX | s(z) =0} .

In this setting ¥ is the zero set of the bundle map F : RHY(X,£ ® £L?) x RX — R(£ ® L?)
over RX defined by F(s,x) = s(x). In a trivialization, the situation is similar to the one
in 5.2. Thus, if RH%(X,£ ® L) is 0-ample, ¥ is a smooth manifold equipped with two
projection maps, m; and 7o, onto RH?(X, £ ® £4) and RX respectively. By Sard’s theorem,
the discriminant locus of RH?(X, € ® L£?) has measure 0, since it is the set of critical values
of 71, as in section 5.2. Here, by 0-ample we mean that jO : RHO(X, £ ® £4) — R(E ®@ L),
is onto for every x € RX.

Let V¢ denote any real connection on £® £, that is such that for every smooth section s,
ve (caosocy) =cqgo (Vds) odcy. For example one could choose the Chern connection. We
consider the vertical component VF of the differential of I, whose kernel is the tangent
space to X. For any (sg,z) we have:

(5.16) VEISOJ)F- (5,0) = s(z) + Visg - v.

As in 5.2, we have ¢ F(sg, z) = jO and 04F (so, ) = Vlsg. Note that we only consider point
of the zero section of £ ® L%, hence all this does not depend on the choice of V<.

Let F; denote the Schwartz kernel of the orthogonal projection from the space of real
smooth sections of £ ® £4 onto RH?(X,€ ® L£4). Tt is the section of (€ ® £4) K (£ @ L?)
over X x X such that, for every real smooth section s of & ® L%, the projection of s onto
RHO(X,E ® L£4) is given by:

s (Balw,),8) = / _ PalBa(z ), () AV

Here, hq acts on the second factor of (£ ® £4), ® (5 ® L4),. The kernel E, satisfies a
If

reproducing kernel property similar to (5.5). (s1,...,8n,) is an orthonormal basis of
RHO(X,€ ® L£%) then for all z and y € X,

Na
(5.17) Ea(z,y) =Y si(z) @ si(y).

i=1

For any z and y € RX this shows that E4(z,y) € R(€ ® L), ® R(€ ® L), and for z = y,
E4(z,7) is in the span {( ® ¢ | ¢ € R(€ ® £4),}. Moreover, RH(X,£ ® L) is 0-ample if
and only if for any z € RX, Ey(x, ) is a positive-definite bilinear form on (R(£ ® £9),,)*.
This time, (s(x))zcx defines a Gaussian field with values in £ ® £¢ and its covariance
function is a section of (€ ® £4)K (£ ® £L?) over X x X. With the same proof as 5.2 we have:

Ve, y € X, Cov(s(z),s(y)) = Els(z) ®@ s(y)] = Ealx,y).

Remark 5.8. The kernel Ey is also the kernel of the orthogonal projection onto H%(X, £ ® L4)
in the space of smooth sections of £ ® L%, for the Hermitian inner product (5.15). It is called
the Bergman kernel of € ® L.

Let € RX and, as in 5.4, let R7* (€ ® £?) denote the space of real k-jets of real smooth
sections of £ @ L% at z. Let j1? : s — (s(x),V9s) and j29 : s +— (s(x),Vis, V29s) be
defined on the space of smooth real sections of £ @ £4. Here Vs and V29s are implicitly
restricted to T,RX. These two maps induce isomorphisms:

RINE® LY ~R(E @ LY, ® (R®TIRX), and
RJZ(E ® L) ~ R(E ® L), ® (R TIRX @ Sym(T;RX)),
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and we still denote by j1*¢ and j2¢ their restrictions to RH?(X,€ ® L£?). Note that the
above isomorphisms are, once again, non-canonical since they depend on our choices of
connections. Since s ~ A(0,1d), the same arguments as in 5.4 show that j2%(s) is a centered
Gaussian vector in R72(€ ® £4). Let t € R(E ® LY),, L € R(€ ® £%), @ T/RX and
S € R(E® L), @ Sym(TRX) be random vectors such that (¢, L, S) is distributed as j29(s).
Then ¢, L and S are centered Gaussian vectors and we have the following equivalent of
lemma 5.4, with the same proof and similar notations.

Lemma 5.9. Let E; denote the kernel of RH(X,€ @ L%) and let s be a standar Gaussian
vector in RHY(X,E @ LY). Let x € RX and let (t,L,S) € RJ2(E @ L) be distributed
as jg’d(s), the 2-jet of s at x. Then (t,L,S) is a centered Gaussian vector, and its variance
is characterized by:

Var(t)
Var(

Els(z) ® s(z)] = Ea(z, v),

E[Vis® Vis] = (0,0, Eq)(z, ),

E[V29s @ V2] = (01,20, F4q)(z, ),
E[s(2) © V5] — (0, Ea)(2,2),
E[s(x
El

\Y
\Y

Cov(t
Cov(L

s(a) ® V3! s] = (OyyBa) (@, ),

(L)
()
Cov(t, L)
(t,9)
,9) Vis®@V2%s| = (0,0, Ea)(z, 2).

6 Estimates for the covariance kernels

We state in this section the estimates for the kernels described above and their first and
second derivatives. These estimates will allow us to compute the limit distribution for the
random 2-jets induced by the Gaussian field (f(z))zear (resp. ($(2))zex).

In the case of the spectral function of the Laplacian ey, the asymptotics of 6.1 were
established by Bin [4], extending results of Hormander [20]. In the algebraic case, Bleher
Shiffman and Zelditch used estimates for the related Szego kernel instead of the Bergman
kernel, see [5, theorem 3.1]. In terms of the Bergman kernel, a similmar result was established
in [3]. Both these results concern line bundles. Here, we establish the estimates we need for
the Bergman kernel in the case of a higher rank bundle using Hérmander-Tian peak sections
(see 6.2 and 6.3 below).

6.1 The spectral function of the Laplacian

We consider the harmonic setting of section 5.5. Let M be a Riemannian manifold of dimen-
sion n, let * € M and let (z1,...,z,) be normal coordinates centered at x. Let (y1,...,yn)
denote the same coordinates in a second copy of M, so that (x1,...,%n,y1,...,Yn) are nor-
mal coordinates around (z,z) € M x M. We denote by 9, (resp. 9,,) the partial derivative
with respect to x; (resp. y;), and similarly we denote by 0., .; (resp. Jy, ;) the second
derivative with respect to z; and z; (resp. y; and y;). Let

1 1 1
Iy e ——) MN=_—F—n_ - N and Y2 = =
Var'T (1+2) 2VAr T (2+2) 4/ar T (3+2)
We have:
(6.1) 0 _pyo and N ntd
B! Y2

Let us recall the main theorem of [4].
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Theorem 6.1 (Bin). Let V) be as in section 5.5 and let ey denote its Schwartz kernel. The
following asymptotics hold uniformly in x € M as A — +oo:
(6.2) ex(x, ) = A" + O(\"71),
(6.3) Opex(z,z) = O(\"),
— A2 O df i =k,
O™ ifi £k,

NAT2 O if i =g,

OW"™h) ifi#j,

(6.4) O,z €A (z,2) = {

(65) aziayje,\(x7:c) = {

(6.6) ami,mkayje,\(x,x) = O()\"+2),
3RO fi=j=k=1,
(6.7)  OpianOyymen(@,2) =4 RX"THOWNT?) fi=jtk=1lori=k#j=1,

O(A\"™3)  otherwise.

Since ey is symmetric, this also gives the asymptotics for 9, ex, 0y, y,ex and 0;,0,, 4 ex
along the diagonal. This theorem, together with equation (5.8), gives the estimates we need
for the kernel Ey of (Vi)". Let ((i1,...,¢{) be an orthonormal basis of R”. With obvious
notations, the following estimates hold as A — 400, and they do not depend on = € M or
our choice of basis.

WA+ O ifp =g,
. FE =

(65) (B, )G ) {0 o
(6.9) (Ou, Ex(2,2) , (p ® () = O(A"),

A2 O ifp=qand i =k,
6.10 By wn EA(2,2) ,Cp ® (o) =
610) (s Ba0). G 06 { D) othernion

A2 O\ ifp=gqand i =,

6.11 00,0y B (2,7) , Cp ® C) =
(6.11) (0200, Br(@,2) .6 © o) { O(\"!)  otherwise,
(6.12) <ari,1kaij/\(za z),Cp @ §q> = ()\n+2),
(6.13)

3N ONT3) ifp=qgandi=j=k=1I,
YA L OA" ) if p =g and
(i=jAk=lori=k#j=1),
O(A\"™3)  otherwise.

<8Iiymkaijyl Ex(z,7) yCp ® §q> =

As above, E) is symmetric, so this also gives the asymptotics for 9, Ex, 0y, ., FEx and

0z Gy],ylE,\ along the diagonal, as A — +o0.

6.2 Hormander-Tian peak sections

We now recall the construction of Héormander-Tian peak sections in the framework of 5.6.
Let X be a complex projective manifold. Let £ be a rank r holomorphic Hermitian vector
bundle and £ be an ample holomorphic Hermitian line bundle, both defined over X. We
assume that X, £ and £ are endowed with compatible real structures, and that the Kéahler
metric gc on X is induced by the curvature w of L. Let x € RX and (x1,...,2,) be real

holomorphic coordinates centered at z and such that ( B ,...,6,6;—”) is orthonormal at z.
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The next lemma is established in [17, lemma 3.3], up to a factor = coming from different
normalisations of the metric.

Lemma 6.2. In this setting, there exists a real holomorphic frame (o for L, defined over
some neighborhood of x, whose potential —In(hz (o, o)) vanishes at x, where it reaches a
local minimum with Hessian gc.

We choose such a frame {y. Let ((1,...,{-) be a real holomorphic frame for £ over a
neighborhood of x, which is orthonormal at z. Since X" is compact, we can find p > 0, not
depending on z, such that local coordinates and frames as above are defined at least on the
geodesic ball of radius p centered at x. The following results are proved in [16, section 2.3].
See also [15, section 2.2] and the paper by Tian [31, lemmas 1.2 and 2.3], without the higher
rank bundle £ but with more details.

Proposition 6.3. Let p = (p1,...,pn) EN", o' >p1+---+p, and g € {1,...,7r}. There
evists dy € N such that, for any d > do, there exist Cyp > 0 and s € RHO(X, € @ L) such
that ||s|]| = 1 and, in some neighborhood of x,

s(@1,...,20) = Cap (zfl - o(||(z1, o ,xn)||2p’)) (1 n O(d*QP')) o ®CE,

where the estimate O(d_Qp/) is uniform in x € RX. Moreover, Cqp is given by:

(Ca) 2 = /{”( a2 -2t P B (2 ) AV,
z1

and dg does not depend on x, p, q or our choices of local coordinates and frames.

Note that dy does depend on p’. The following definitions make use of proposition 6.3 with
p’ = 3 and the corresponding dp.

Definitions 6.4. For any d > do and g € {1,...,7} we denote the sections of RH®(X, £2.L?)
given by 6.3 by:

° Sg’qform:"':pn:(),

. s’ii’q for pj=1and Vk # i, pp =0,

o s for p; =2 and Yk # i, pj, = 0,

° SZ’;] for p, =p; =1l and Vk ¢ {i,j}, pr =0, when ¢ < j.

Computing the values of the corresponding Cy,, (see [15, lemma 2.5]), we get the following
asymptotics as d goes to infinity. Once again, O(d~!) is uniform in .

Lemma 6.5. For every q € {1,...,r}, we have:
1 n
(6.14) 7= Vi (1+ 0l 2)l?)) (L+0(d ) ¢ @ &,

(6.15)

vie{l,...,n}, st7= j%n VA" (20l w)°)) (1+0(d ) G @ ¢,

(6.16)
2
vie{l,...n}, sif=—L v (% +0(|(@, . ,xn)||6)> (1+0(d™") ¢ ® ¢,
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and finally, Vi,j € {1,...,n} such that i < j,

(6.17) 529 j%" Vi (w1 Ol z)|°)) (1+0(@ ) ¢ @ G

1
Remark 6.6. These values differ from the one given in [16, lemma 2.3.5] by a factor ( [, dVx)?
and some power of /7 because we do not use the same normalization for the volume form.
For the same reason they also differ from [31, lemma 2.3] by a factor /7.

The sections defined in 6.4 are linearly independent, at least for d large enough. In fact,
they are asymptotically orthonormal in the following sense. Let Hgym C RH(X, € ® LY)
denote the subspace of sections that vanish up to order 2 at x € X.

Lemma 6.7. The sections (s&7)1<,<r and (s’ii’]‘-z) 1<q<r defined in 6.4 have L?-norm equal
0<i<n IEi<<n

to 1 and their pairwise scalar product are dominated by a O(d~') independent of x. More-

over, their scalar product with any unit element of Hgﬁz is dominated by some O(d~') not

depending on x.

6.3 The Bergman kernel

Let X be a complex projective manifold of dimension n, let £ be a rank r holomorphic
vector bundle over X' and let £ be an ample holomorphic line bundle over X'. We assume
that X, £ and L equipped with compatible real structures and that £ and £ are equipped
with Hermitian metrics hg and h,. Finally, we assume that RX is equipped with the
Riemannian metric induced by the curvature of £. Let x € RX and let (z1,...,xz,) be real
holomorphic coordinates around z as in 6.2. We denote by (y1,. .., y,) the same coordinates
as (r1,...,2,) in a second copy of X. Let {y be a real holomorphic frame for £ given by
lemma 6.2 and ({3, ..., () be a real holomorphic frame for £ that is orthonormal at x.

Let V¥ be any real connection on £€® £ such that V¥((, ®({) vanishes in a neighborhood
of  for every p € {1,...,7}. We set V2% = (V¥ @ Id + Id ®V?) o V¥ the associated second
covariant derivative, where V< is the Levi-Civita connection of X. In a neighborhood of x,
we have for every function f:

6.18)  VHf,L®@) =df®¢G o and V(£ @ (E) = V@ ®

As usual, V¢ induces a connection on (€ ® £4) K (£ ® L). We denote by 94, and 97,
the partial covariant derivatives with respect to x; and y; respectively. We also denote by
8;11_@], (resp. 851_7%) the second derivative with respect to z; and z; (resp. y; and y;). For
simplicity, let §g denote (,(z) ® (J(x) for every p € {1,...,7} and d € N, so that (¢{,...,¢?)
is an orthonormal basis of R(£ ® £%),..

Proposition 6.8. In this setting, the following asymptotics hold as d — 400, and they are
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independent of x € RX and of the choice of the holomorphic frame (C1,...,¢).

dn
ot o) ifp=rp,

(6.19) (Eg(w,2),l @ ¢t =
O(dn_l) otherwise,
(6.20) <a Ey4(z, ;l/> — 03
(6.21) <3§1 o Ea(, g/> —0(d
dn+1 o / o
(6.22) <<’9i<95jEd(:c,:c ¢l ®c/>: O@") ifp=p' andi=j,
O(d™) otherwise,
(6.23) (88 0,0 Bal, ) G © G ) = O+ )
(6.24)
dn+2
+O(d"+1) ifp=p andi=j=k=1,
d d d n+2
<8Z“Z’“ay w @), 6, @ Gy > —d +0(d™) ifp=p andi=j#k=1,
ﬂ"’l

O(d"™*)  otherwise.

Proof. First we build an orthonormal basis of RH?(X, £ L) by applying the Gram-Schmidt
process to the family of peak sections. Then we use formula (5.17) and the asymptotics of
lemma 6.5 to prove the proposition. We order the sections of definition 6.4 as follows:

d,1 d,r d,1 d,r d.1 d,r .d1 d,r d,1 d,r d,1 d,r

80" 5380 ST e ST ey Sy ey Sy S e 8115 82/25 582700+ Splns e s Sl
d,1 d,r d,1 d,r d,1 d,r d,1 d,r d,1 d,r
512,.. 512,813,.. 513,.. Sl’n,7" Sln7823""’82,37""Sn—l,’rﬂ""sn—l,n'

This family is linearly independent for d large enough and spans a space whose direct sum
with HY , is RHO(X,E ® L%). Recall that Hf, is the subspace of section whose 2-jet at

vanishes. We complete it into a basis B of RH%(X,£ ® £¢) by adding an orthonormal
basis of Hﬁ{z at the end of the previous list. We apply the Gram-Schmidt process to B,

starting by the last elements and going backwards. Let B denote the resultlng orthonormal

. ~d,1 ~dr ~d,1 ~d,r :
basis, and 5577, . . ., s;if, 811558 denote its ﬁrst elements. This way, s is a linear

’nln nln

combination of sn 1,» and elements of HQJ, and 30 is a linear combination of (possibly)
all elements of B.
We denote by (b;) the first elements of B listed above (with 1 < ¢ < M), and

by (51) the corresponding elements of B. Let i € {1, cee M} and assume that

for any £ < i and any j > i we have <bk ,l;j> = O(d™1'). Note that this is the case for
i=1%(n+1)(n+2). Then,

bi - Zj>i <bl s 6J> I;j — T
bi — Zj>i <bZ , B]> l;j — T
where 7; stands for the projection of b; onto Hy . By lemma 6.7, 7il|* = (bs ,mi) = O(d™1).

b= Xy (b by )by — ’

the above hypothesis once again, we get:

(6.25) by =

=1+ 0O(d™'). Using lemma 6.7 and

Then by our hypothesis

<bk75i> = (1+0@d™) | (b, bi) — Z <bk ;Z;j> <bi;l~7j> — (bx,mi) | =0(d™1),

J>i
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for any k < i. By induction, for any 1 < 7 < j < %’ <bi,l~)j> = O(d~1). Us-

ing (6.25), for any i € {L.“,iﬁﬁi§ﬂia},6i::(m-+(%d*1)§;>i@<—7m)uf+CXd*U)
Another induction gives:

(6.26) bi=|bi+0d™")) b+ | (1+0d™)),

J>i
for any i, where 7; € HY, is such that |7]|> = O(d~'). Moreover, all the estimates are

independent of z and ¢ € {1, ceey M}

Among the elements of B, only 58’1, ey Eg’T do not vanish at z. Using formula (5.17),
we get Eq(r,7) = 301 ¢ e, 58(2) @ 509(x). Then,

T

(Baw,2), Gl @ G) = D (50°@), 1) (56(2) . G5 )

q=1

Because of the above decription (6.26) of bo = 581’1, ...,b

(58@). ) = (s6(@) . ¢ ) + Ota™) ( = (st (@),
)

(6.27) 1 »
= d (140

O(d="1) otherwise,

= 58”, forall g € {1,...,7},

where the last equality comes from lemma 6.5, equation (6.14). This etablishes (6.19).
Likewise,

(05, Ea(x,2), () @ G < > aiéz*%m®§§’q<x>,gg®gﬁ>

1<qg<sr

IECERERGICEER

1<gsr

The description (6.26) shows that agi Eg’q(x) does not necessarily vanish, but it equals:

o) > e s (z).
1<q'<r
1<j<n

By (6.15), one gets that <6§Zi§g’q($) ,Cg> = O(d"=), for all p and ¢. Besides by (6.27),

<§g’q($) ,Cg> = O(d?) for all p and q. This proves (6.20). The remaining estimates can

be proved in exactly the same way, using lemma 6.5 and the fact that the estimates for the
elements of B are the same as those for the elements of B. O

7 Proofs of the main theorems

We now set to prove the main theorems. The proofs will be detailed in the harmonic case
but only sketched in the real algebraic one, since they are essentially the same. We start
with the expectation of the volume. In this case, the first part of the proof is closely related
to [5, 6], in a slightly different setting.
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7.1 Proof of theorem 1.1

For a start, we consider the general setting described in sections 5.1 to 5.4. That is M is a
closed Riemannian manifold of dimension n, V' is a subspace of C*°(M) of finite dimension
without base point, and f is a standard Gaussian vector in V". We denote by N the
dimension of V". For almost every f € V", Z; is a smooth submanifold of M, and its
volume is Vol (Zy) = fo |dVy|. We have:

Tk
BVl (Zp) = [ ( I3 |de|>dMN /.. ( I |dvf|> a.

where df stands for the Lebesgue measure on V. Then, using the incidence manifold of
section 5.2 we apply the double-fibration trick of proposition 2.4.

/ em3llI |dett (02 F(f, )|
ker(50) \/%N |det- (01 F(f, z))]

B[Vol (27)] = [

TEM

df) |dV|

1 1 B
=7 Lo </f&er<]—g> et d“““”) AVl

Where ;0 : f +— f(z) and the last equality comes from equation (5.3) and the fact that
|det*(j2)| does not depend on f. We also used that, for every x € M, ker(j%) has dimension
N —r, since V" being 0-ample.

Let us express this in terms of the Schwartz kernel E of V. Let x € M and recall from
section 2.1 that |det(j9)| = \/det(j259%). Since f ~ N(0,1d), equation (4.8) shows that
J9j9* is the variance operator of f(z) = j2(f). But det(Ay)) = det(Var(f(z))), that is
the determinant of the matrix, in any orthonormal basis, of Var(f(z)) seen as a bilinear
form. By lemma 5.4, Var(f(z)) = E(z,x) hence |det*(j2(f))| = \/det(E(x,z)). Then,
V" = ker(j9)* @ ker(j0) and by corollary 4.6 applied to this splitting,

/ |det™ (do )] dpp(v—ry = E[|det" (do f)| | f(2) = 0]
feker(52)

Thus,

1

1
Vor /zeM Vdet(E(z,))

Let € M, E[|det*(d, f)| | f(z) = 0] = E[|det*(L)| | t = 0] where (¢, L) is a random
vector in R"® (R®T M) distributed as j1(f). Recall section 5.4, (t, L) is a centered Gaussian
vector whose variance is given by lemma 5.4. In particular, the distribution of (¢, L) only
depends on the values of F and its derivatives at (x, z). Thus E[Vol (Z;)] will only depend on
the values of E and its derivatives along the diagonal as was expected from [5, theorem 2.2].

Let (z1,...,x,) be normal coordinates centered at x, and ({1, ..., () be an orthonormal
basis of R". We equip R" ® (R & T} M) with the orthonormal basis:

(7.1)  E[Vol(Z;)] =

E([|det™ (do f)| | f(z) = 0] [dVa].

(7.2) (C1y--5 ¢ QL ®day, .., @ dy, G ®dry, ..., (2 @ dTp,y ., G @ dry, .., G @ day).

With respect to this basis, the matrix of the variance of (¢, L) is:

Ao Aoy
(7.3) (Aw Au)’
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where Agg and A; are the matrices of Var(t) and Var(L) respectively, and A9 = "Ag; is the
matrix of Cov(L,t). We can decompose further A1y and Aq; into blocks of size r x r:

(7.4) Ao = (A§0)1§i<n’ Ap = (Azn])

< 1<i,j<n’

Then by lemma 5.4 we have:

Aoo = ((E(z,2),6 ® <q>)1<p,q<r ’
vie{l,...n}, Ao = (00 B@.2) .6 @ 6) 1 g
Vi,je{l,...,n}, Ay = ((02,0y, E(w, ), G ®<‘1>)1<M<T'

We now specify to the harmonic setting of section 5.5, that is V = V), is spanned by the
eigenfunctions of the Laplacian associated to eigenvalues smaller than A\?. The estimates of
. . . _ 1 _ 1
section 6.1 suggest to consider the rescaled variables t) = —\/Wf(z) and Ly = def.

Aoo(A) Ao (A)
Ao(A) A (V)

(tn,Ly). The r x r matrices A%y(A) and A% ()) are defined as above. Using the estimates of
section 6.1:

We denote by A(X\) = ( ) the variance matrix of the rescaled variables

. A ) = ((EX(I,I),CP®C,;>)
(7.5) 00(A) o L<pa<r

((6961' E)x(z,z) 1<p®<fl>)
VoAt 1<p,q<r

= IT + O(/\il)a

(7.6) vie{l,...,n}, Aly(N) =0\,

and, Vi,j € {1,...,n},

(7.7) AN = (<6zi8yj B (2.2) 6,9C,)

) B L+O\Y) ifi=j,
A2 1<pa<r

O(\™') otherwise,
where I, stands for the identity matrix of size r. Thus A(X) = I,(,11) + O(A™!) and by
corollary 4.6, the distribution of L conditionned on ¢y = 0 is a centered Gaussian with
variance operator A()\) = Id +O(A71).
Lemma 7.1. Let L be a standard Gaussian vector in R" ® T M, then:

E[|det™(Lx)| | tA =0] = E[|det(L)|] + O(A™1).
Proof. By Lebesgue’s theorem,

2
(241

/ |det (L)| exp <% <[\(A)1L,L>> L ——— / |det (L) e~ %" dL.

A—~+o00

Note that ]\()\) is invertible for A large enough and that these integrals are finite since
|detL(L)| is the absolute value of a polynomial in the coeflicients of L. Thus we have:
1

L /3t
N det(]\()\))/|d‘3tL(L)|6Xp (5 <A()\) L,L>> dL

_ ﬁ / |det " (L)| exp (—% <A(A)—1L,L>) AL+ 0\ 1.

E[|det™(Ly)| | ta =0] =
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Besides,

V |det™ (L)| exp (% <A(A)‘1L,L>) drL — / et (L)] e 5= dL
/‘detl _ip?

and (A(A\)~! —Id) is bounded by % for some positive C. Then for any L,

exp <% <(]\(A)*1 - Id)L,L>) - 1‘ dr,

(AN —1az, )] < S )P

and o
el 2 2 C 2
e IL 71’ <5z eI,

exp <% <(Z\(A)*1 . Id)L,L>) - 1' <

by the mean value theorem. Then for A\ > 2C, the above integral is less than:

31 [ laer @ ILIP e 2 = 0017,

Finally we have proved:
E[|det (Ly)| | tr = 0] W/ydeti e dL + oY),

Note that all the above estimates do not depend on = or our choices of coordinates. O

By remark 5.6, V) has no base point. Thus (V))" is 0-ample for all A > 0, and we can
use formula (7.1). Besides, by equation (6.8) the matrix of E)(z,z) in the orthonormal basis
(C1yenyGr) is A (I + O(A71)). Hence, det(Ey(z, 7)) = 45 A" (1 + O(A71)).

detL(s/vl)\"”LA)’ ‘ ty = o} V|

E[Vol (Zf

\/27‘(‘ /zeM \/det( E,\ x,x) H

=¢%hé(tgi)ﬂW@H@nHm=mu+oulnwm|

1 AV
= — | == E[|det* (L O\ Y |dVu|, by (6.1) and 1 7.1
= () [ Bl @) + 00 Vil by (6:1) an lemuma 7.1,

(A velstT) o
() 2 v s o

In the last equality we applied lemma 4.14 to L, and used the uniformity in x of the error
term. This proves theorem 1.1.

Remark 7.2. The same proof shows that for any open set U C M we have:

Vol (S"7)

E[Vol (Z; NU)| = (%) Vol ) i eny

r—1
= + O,

7.2 Proof of theorem 1.3

We now consider the real algebraic setting described in section 5.6. The proof goes along
the same lines as above. Recall that X is a complex projective manifold of dimension n,
equipped with a rank r holomorphic vector bundle £ and an ample holomorphic line bundle
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L, and that X, £ and L are endowed with compatible real structures. Let E; denote the
Bergman kernel of £ ® £%.

By equation (6.19), the matrix of Ey(z,x) is d"7r~"(I, + O(d™')) in any orthonormal
basis of R(€ ® L),, and det(E4(z,z)) = d™n~"(1 + O(d™')). Since the estimates are
uniform in € RX, this shows that, for d large enough, E4(x, x) is positive-definite for all x.
Hence RH?(X, £ @ L?) is 0-ample for d large enough. Applying proposition 2.4 for d large
enough, and using the partial differentials given by equation (5.16) we get:

E[Vol (Z,)] E[|det™(Vs)| | s(x) = 0] |dVra|,

1 1
ﬁ/meuu det(Eq(z,x)) [

where s ~ N(0,1d) in RH?(X,E®L%) and V¢ any real connection on E@ L. Let (¢f,. .., (%)
be any orthonormal basis of R(€ ® £%),. We can assume that this basis is realized as the
value at x of a real holomorphic frame ((; ® (¢,...,¢ ® (¢) satisfying the conditions of
section 6.3. We will compute the variance matrices in an orthonormal basis similar to (7.2),
with ¢, replaced by ¢, ® (

Let z e RX, E Hdetl (Vis) ’ } s(x) = 0] does not depend on the choice of V¥, since V%s
does not depend on V¥ when s € ker( 9). We choose a connection that satisfies the conditions
of section 6.3. That is, the frame (¢; ® (¢, ..., ¢ ® (J) is flat in a neighborhood of z.

We consider the rescaled variables ¢4 = \/dins( ) and Lg = di{—ilvgs. Using the
estimates of proposition 6.8, we get A(d) = I,.(,11)+O(d™ "), where A(d) denotes the variance
matrix of (tq, Lq) and I.(,41) stands for the identity matrix of size r(n +1). More precisely,
using notations similar to (7.3) and (7.4), one gets:

(7.8) Aoo(d) = (G (Balz,2), ¢ @ ¢)) o) o = I +O(d7),
(7.9)  Vie{l,....n}, Ald) = (dn# (O Ea(z,2) ,Cp @ cq>) —0(d™Y),

1<p,gsr
and, Vi,j€{1,...,n},

L+0(d™Y) ifi=j,
O(d™") otherwise.

n

(7.10) Asz (d) = (# <5Zi5ij>\(x, ), Gp® Cq>)1gp7qu = {

As in lemma 7.1, E[|det* (Lq)| | ta = 0] = E[|det>(L)|] + O(d~"), where L is a standard
Gaussian vector in R(é‘ ® L) ® T*(RX). Then, as above:

E[Vol(Z,)] =

(Wndn) E[|det" (x"d" "' La)| | ta = 0] (1 + O(d™")) |dVkx|

i 5 L !deﬁ L)[] +0(d™") [dVia]

=/d Vol (RX) % rowd .

Remark 7.3. In the same way, we can compute E[Vol (Z; N U)] where U is an open subset
of RX. The result is the same with Vol (RX) replaced by Vol (U).

7.3 Proof of theorem 1.2

Consider first the general setting of section 5.1. For almost every f € V", Z is a closed sub-
manifold of dimension n — r. The Euler characteristic of a closed manifold of odd dimension
is 0, see [18, corollary 3.37]. Thus if n —r is odd, x(Zy) is almost surely 0. From now on, we
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n—r

assume that n —r is even and set m = #5=. If n = r, then Zy is almost surely a finite set,
and x(Z5) = Vol(Zy) is just the cardinal of Z;. In this case theorems 1.2 and 1.1 coincide,
so we only need to consider the case r < n in the sequel.

For any f € V" we denote by R; the Riemann curvature tensor of Z¢, and by Il its
second fundamental form. By the Chern-Gauss-Bonnet theorem 3.3, the double-fibration
trick of proposition 2.4, and (5.3):

1
(2m)mm!

_ 1 Sk nm

m!mNHm /fevr </Zf e Tr (Ry(x)"™)[dVy| ) df

_ 1 _%Hf”2 Am ‘detJ‘(aQF(f,l'>>|
N /mEM </ker<jg> R e YT TRl

1
reM f

mly/ o T €ker(j9) |det(52)]

Recall that n = 2m + r and |det*(j0)| = /det(E(z,z)). As in the volume case, we can
express the innermost integral as a conditional expectation, using corollary 4.6:
(7.11)

E[x(Zy)] =

E[x(Zy)] = E /Z Te (Ry)™) V)|

1 1
m!\/ﬁn zEM m

Let € M and let U ~ N(0,Id) in T, M be independent of f. We denote by R the
Riemann curvature tensor of M. By lemmas 4.16 and 3.7,

E[|det™ (dy f)| Tr(Ry(2)"™) | f(z) = 0] [dVar].

Ry(z) = R(z) + %EU [<Hf(z) , U>A2] = R(z) + %IEU [(dsz o V2f, U>A2] .

The notation Ey[ - | means that we take the expectation with respect to the variable U only.

Remark 7.4. Here and in everything that follows, R(z) and V2 f are implicitly restricted to
ker(d, f) =Ty Z;.
As in the volume case, let (t,L,S) e R"®@ (R®TxM & Sym(T; M)) be a random vector

distributed as the 2-jet, j2(f), of f at x. It is a centered Gaussian vector whose variance is
given by lemma 5.4. Then, the conditional expectation in (7.11) is:
- o] |

|det ™ (L)| Tr <(R(m) + %EU [(LTS , U>A2} ) Am)

As above, R(x) and S are implicitly restricted to ker(L). This shows that the expected Euler
characteristic only depends on R and the values of E and its derivatives (up to order 2 in
each variable) along the diagonal in M x M. It turns out that the asymptotics no longer
depend on R, both in the harmonic and the algebraic case.

In the case of random eigenfunctions of the Laplacian, we will consider the following
rescaled variables:

(7.12) EL s

1 1 1
ty = f(x), Ly=——d,f and Sy = 7Vif.
/’YO)‘n ( ) /,71)\71-‘,-2 /,72)\71-‘,-4
As in 7.1 we choose (z1,...,2,) normal coordinates centered at = and ((1,...,¢.) an or-

thonormal basis of R". For any ¢ and j such that 1 < ¢ < j < n, we set dry; = dr; ® dx;
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and dz;; = (dz; ® dz; + dz; ® dz;). We complete the basis of 7.} (R") given in (7.2) into an
orthonormal basis of J2(R") by adding the following elements at the end of the list:

G ®drit, .., G ®dr11, (G Q@ dres, ..., G @ dras, ..., (1 @dTpn, - .. (r Q dTpp,
(713) (1 ®dxria, ..., ®drio, (1 ®d213, ..., ®dr13, ..., (1 QdX1n, ... ,(r Q dT1p,
o aCl & d'r(n—l)nv s 7§T 02y dz(n—l)n'

The matrix of Var(¢y, Ly, Sx) with respect to this basis is:

Aoo(A)  Ao1(A) Ag2(N)
AN) = [ Awo(N) A (A)  Az(N)
Aoo(A)  A2r(A)  Ax(N)

Here Ago(\), A1o(A) = "Ag1(A) and Ajq()\) are defined similarly to (7.3), for the rescaled
variables. Besides, Agz(\) is the matrix of Var(Sy), Ago(\) = "Ag2()) is the matrix of
Cov(Sy,tx) and Aai(A) = “Aj2()\) is the matrix of Cov(Sy, Ly). We can decompose further
each of these matrices in blocks of size r x r as in (7.4). Then Ago, Ao and Aq; satisfy (7.5),
(7.6) and (7.7) respectively. Moreover,

— (Aik _ (Aikyj _ (Adkogl
Az = (A§0)1<i<k<n’ Aor = (A3 )1<i<hen and Mgz = (A3y”")1<i<hsn »
AN . .
1<j<n 1<j<I<n

where for all ¢, j, k and [ € {1,...,n}, with ¢ < k and j <[,

2
71 1 [P
ik — <6mi,mkE>\ ($,$) a<p®<q>) — - IT+O()\ ) lf 1= k?
(7-14) AQO()\) ( Yoy An+2 1<pg<sr 1072

O\ ifi#k,

ik,j _ <6mi,mk6ij)\(zvz)7<p®<q> — —1
(7.15) AfI () = (Len®y Do) )Kp’qg ont),
3LA0ONY ifi=j=k=1,
—1 Y _
(7.16) A () = (LesmPunPren Goa)) _ ] o) =g Ak =t
y2An T4 1<p,q<r ori==%k 75_] = l,

O(A™1) otherwise.

Here I, denotes the identity matrix of size r and we used (6.10), (6.12) and (6.13). Recall-

ing (6.1), we set: v = f\/,yz—}j2 =— Z—Ig. Then A(\) writes, by blocks of size r x r:
L. 10 - 0|~ AL, -+ ~L |0 - 0
0 | I,
0 I,
’717‘ SI’!‘ Ir e Ir
AN = | AL I, 3l +0(\™),
o I,
Vv I I, 31,
0 I,
0 I,
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where the empty blocks are zeros. By corollary 4.6, the distribution of (Ly, Sy) given ¢y = 0
is a centered Gaussian whose variance matrix is:

I,
I,
ﬂOIT ﬂIr e ﬂIT
717y A = By Polr Lo,
; . B
ﬂIr e ﬂIr ﬂOIT
I
I
where 8 =1 —~2 = _7%2 and By =3 -2 = 27?:22. Let /~\(00) denote the leading term

in (7.17). It is non-singular since

det (A(c0)) = (B + (n — 1B (8o — By ") = <4<2”+74))

(n+2)"

Thus /~X()\) is invertible for A large enough. Let (i xS ») be random variables with the same
distribution as (Ly, Sy) given ¢y = 0 and (L, S) ~ N (0, A(0)). Note that we can choose all
these variables to be independent of U. We need to compute (7.12) which in this context is:

<\/%AL§SA,U>A2 )Am> th = 0]
|det(Ly)| Tr ((R(z) + Q(%izx)EU [<E§S‘A , U>A2]>Am>]
_ XE (72;) %ELS det(L)| Tx <R($)/\mq A Ey [@153 : U>A2] Aqﬂ .

We still have to prove that the conditional expectations in this sum converge to some limit
as A goes to infinity, and compute the asymptotic for the leading term.

When L, and Sy are fixed, LLS’A ,U ) is a Gaussian bilinear form on ker(Ly) to which

we can apply lemma 4.15. Let ¢ € {1,...,m}, we have:

(7.18)

z 1
s l(“"“ﬁ [det(L)| Tr ((R(z) + 5B

=(mA")IE; 5

(119) Bz, 5, “de“@“’ o (R(””)Am_q nme(248.0)"] )1

_ (22(1—;)!!1@5& [ detj_(i)\)‘ T <R(x)Amq AEy |:<E;g)\ : U>/\2q:|):|
- GEunn s e ] 1 (B (Eig0) ™)
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Lemma 7.5. Forallqg € {1,...,m},
L Am—q It & N2
By L,.6, |[det* ()] Tr ( RE@) =0 A (1§55, U)

B, ;s Udem>\ T (Rmm—q A (3, m>“q)] Lo,

Proof. First, we prove that the right-hand side is finite. Let ( € R", then,
- N2q
(7.20) Eg {Tr (R(z)“”q A <S , <> >]

is finite since it is the expectation of some polynomial in S. Again S is implicitly restricted
to some 2m-dimensional subspace V of T, M, and it is not obvious that (7.20) depends
only on ¢ and not on V. This is the case because the distribution of S is invariant under
orthogonal transformations of T,, M. Thus (7.20) only depends on ¢, and it is an homogeneous
polynomial in ¢ of degree 2q.

We assumed that U was independent of (L, S), and the expression (7.17) of A(co) shows
that L and S are independent. Let U’ ~ N(0,1d) in R" and X,,_,41,...,X, be standard
Gaussian vectors with X, € R? such that U’, S’, Xn—rt1,...,Xp are globally independent.
Applying proposition 4.9, we have:

(721) Eyys UdetL )‘ Tr (R(gg)Am—q A <§,ET*U>A2q)]

(52707

(R(x)”"_q A <S ﬁy%)H

~ N2
By [nxnn 1 Xn—rall [Tr (R(x)m_q A (3,07) )H

||Xn T+1||2q '

LXn G 1] Ew 5 [Tr (R(x)Am_q A <§,U’>A2q)} ﬂ E[[| X, |]]-

=Eur x, [IIXnII | X[ By | T

p=n—r-+2
Since 2¢ —1 < 2m —1 < n—r —1and X, is a standard Gaussian in R"~"+1,
E [W} < 400 (see lemma 4.8). The other factors on the right-hand side of (7.21)

are all finite since they are expectations of polynomials is some Gaussian variables.
Then, (A(A\)~' — A(c0)™!) is bounded by < for some positive C. Hence, as in the proof
of lemma 7.1:

(7.22) / ’detL(L)’ Tr (R(x)/\m—q A <LTS , U/>/\2q) 5
(e—%(A(A)—l(L,s),(L,s» _ e_%</~\(oo)’1(L,S),(L,S)>) AL dS dyun (U)

is bounded by:
C

for A large enough. As for (7.21) above, this integral is finite, hence (7.22) is O(A™!).
Moreover, det(A(\)) = det(A(o0)) + O(A~1), and this is enough to establish lemma 7.5. O

Tr (R(x)Am*q A <LTS N AQq)‘ (L

e—%<A(oo> HLS)(L9) 4L dS dpan (U”)

)
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Using lemma 7.5 and equation (7.19), the sum in (7.18) equals:

029 i A g et )| ((3,200)) | 1+ 00

(n+4)™ (2m)!

Then, for a standard Gaussian vector f in (V})", equations (7.11), (7.12), (7.18) and (7.23)
yield:

AZm 1 o
(n+4)™ (2m)V2r"

E Udetl(i)‘ Tr (<S , ET*U>A2m)] AV (14 0(AY),

E[x(Z)] = (nA"?)%

zeM +/det(Ex(z,x))

where we used the fact that all our estimates are uniform in x € M. Recall from section 7.1
that det(E\(z,7)) = (0A™)"(1 + O(A71)). Then, by (6.1),
(7.24)
7 \2 A2t Vol (M) D e } ( S /\zm)] .
Elx(Z:)] = | = —E||det—(L)| Tr ( (S, LU 1+ 0(A
Mz = (1) i e e @ (3. 200) ™) a0y
~ A" Vol (M) 1

= e em) (D Ude“@] Tr <<S , ET*U>AQW>} +onY),

We still have to compute the expectation on the right-hand side. Recall from (7.21) that:
- - - A2m
EﬂdetL(L)‘Tr<<S,LT*U> )]
1 ~ A2m i
| B |1 ((5.0)7)] T mn,
1 Xl ] wa ({50 L

where U’ ~ N(0,1d) in R” and X, ~ N(0,Id) in R? for all p. Then, by lemma 4.8, this
equals:

Ve e e [ ((80)7)]

where S is restricted to any 2m-dimensional subspace of T, M. We will compute this term
for S restricted to the span of ( 9. 6—).

Oz’ ? OT2m

Lemma 7.6.
s [ (3.0 = () ottt

Proof. First we keep U’ fixed and apply lemma 4.15 to the random bilinear form <§ U’ >
We have:

m Am
(7.26) E§[<S‘,U’>A2 ] = gﬂﬂ:’z:]ES[<SU>A1
Assume that S/V = Z S’ikd:ci ® dxy with S}k € R". Then,
1<i,k<2m
S, U = Sie U N dz; @ day,,
)= 3 (SaV)dnodn
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and

E, Kg/v | U/>/\2:| Z Es Kﬁzk , U’> <§jl , U’>} (dz; AN dz;) @ (dzg A dxy)

(7.27) 1<,k 1<2m
Z <U/, ([\ik,le/>) (dz; N dzj) @ (day A dxy),

1<i,5,k,1<2m

where we denoted by A%! the covariance operator of Sy and Sj and applied lemma 4.3 to
these random variables. The matrix of A% is the limit of A;’;J l()\) as A — 400, hence is
given by the leading term of (7.17). By (7.26) and (7.27), we get:

s[(s0) ] - v (T ) o)

1<i1,. . im <2m
1<), jm <2m
1<ky, ... km <2m
1<, lm <2m

(dxiy Adzj, A -+ Ndwxg, Adxj,,) @ (deg, Adzy A -+ ANdeg, ANdzy,)
(Qm)' / = ! Ao(2p—1)o’(2p—1),0(2p)o’ (2p) /
== Y elo)(d) [T (V. (A : U (dz ® dz),
3 <@ (U )U')

where &g, is the set of permutations of {1,...,2m}, ¢ : &g, — {—1,1} denotes the
signature morphism and dx = dx1 A- - - Adza,. We get the last line by setting o(2p—1) = i,,,
o(2p) = jp, 0'(2p — 1) = k, and o’(2p) = [, and by reordering the wedge products. Now,
Tr(dz ® dz) = ||dz||* = 1, because our local coordinates are such that (é(?_xl’ e %) is
orthonormal at . Thus:

(7.28)
T (E [<g,w>“m]) = Ol S o)) 1I (', (Reter-ve' Go-aane’ o) Y,

0,0'€Gam
By equation (7.17), for any o, ¢’ € Gy, and for any p € {1,...,m},
Ao@p=1)a"(2p=1),02p)0" () — K (p 5, 0")1d,
where,

B ifo(2p—1)=0'(2p—1) and o(2p) = o’(2p),
(7.29) K(p,o,0')={ 1 ifo(2p—1)=0'(2p) and o(2p) = o' (2p — 1),
0 otherwise.

Note that K(p,o,0') = K(p,id,0~! o ¢’), where id stands for the identity permutation.

Then, setting 7 = o~ 00’

(7.30) ”2 g(g)g(gf)ﬁ@/,(Aa@p—l)a'(zp—1>,a<2p>a'<2p>) U,>
= Y e@e@) )" [ Ko 0")
0,0'€Gam p=1

m

= m)[U*™ > () [[ K p.id. 7).

TEG2m p=1
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From the definition (7.29) of K(p,id, 7), we get that H;":l K(p,id,7) # 0 if and only if 7
is a product of transpositions of the type ((2p — 1) (2p)). Now, if I C {1,...,m} and
7= [l,e:((2p — 1) (2p)), then:

H (p,id, 1) = g1 and e(r) = (-1,

where |I| stands for the cardinal of I. Thus,

S o [[Kpidn= S (—pllgni = Z() 1prgmer

(7.31) TE€G2m p=1 Ic{1,..,m} p=1

=B-D7= <n+2)m

Finally, by lemma 4.8, (7.28), (7.30) and (7.31):

Es [Tr (<§,U’>A2m>} = %E[HU’IIQW} (=™ (Zi;l)m

n+4\" m)!)? Vol ("~ 1)
= (=)™ O
(=1) (n+2) ™ m! Vol (

By equations (7.24), (7.25) and by lemma 7.6,

(—=1)™A" Vol (M) (2m)! Vol (S"~") Vol (Sr—l) Vol (Sn—r+1)

7.32) E[x(Z;)] = - o™ h.
( ) Elx(Zy)] (n+2)% Vol (S*) m! gn—r+17 25 L\l (Sn—1) + O( )
Then,

(2m)! o 20(n—r41)ya Cei1 ener

Vol (ST = =

) = T e e

where we used that I'(2)['(z + ) = /72! 723T'(2z). This concludes the proof of theorem 1.2.

7.4 Proof of theorem 1.4

Let us now adapt the proof of the previous section to the case of real algebraic submanifolds.
Once again we need only consider the case where r < n and n — r is even. Recall that X is
a complex projective manifold of dimension n, equipped with a rank r holomorphic vector
bundle £ and an ample holomorphic line bundle £, and that X, £ and £ are endowed with
compatible real structures. Let F4 denote the Bergman kernel of £ ® £¢. Applying the
Chern-Gauss-Bonnet theorem 3.3 and the double fibration trick yields:

(7.33)

E[x(Z.)] = —

E——— —_—— et (VEs)| Tr(Rs(2)"™) | s(z) = ,
mar" Joera det(Ed(z,z))EHdt (Vo) Tr(Ro(@)™™) [ s(a) = 0] |4V

where V¢ is any real connection on (£ ® £%), s is a standard Gaussian in RH?(X, € ® £?)
and R, denotes the Riemann tensor of Z,. We need to compute the conditional expectation
in (7.33) for some fixed x € RX. Since it does not depend on our choice of connection, we
will use one that is adapted to x as in sections 6.3 and 7.2.

Let z € RX and U ~ N(0,Id) in T,RX. By lemmas 4.16 and 3.7 and by (6.18),

R.(z) = R(z) + %EU (I, () , U)AQ} = R(z) + %EU [((vgs)f o V2is U>A2} :
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where R is the Riemann tensor of RX and Il stands for the second fundamental form of
Zs C RX. We consider the rescaled variables:

" " "
ta =1/ d—ns(:c), Lg=1/ Jn vis and Sq =1/ inads.

Asin 7.2 let (¢¢,...,¢%) be an orthonormal basis of R(€ ® £4), that we assume to be the
value at x of a real holomorphic frame ((; ® (¢,...,¢ ® (&) satisfying the conditions of
section 6.3. Then we get an orthonormal basis of R72(€ ® £?) similar to the one defined
by (7.2) and (7.13) and we compute the matrix A(d) of Var(t4, Lq, Sq) in this basis. For this
we use (7.8), (7.9), (7.10), and similar estimates for the blocks implying second derivatives
given by proposition 6.8. Namely, for all 4, j, k and [ € {1,...,n}, with ¢ < k and j <,

(7.34) Asy(d) = O(d™1),
(7.35) A (d) = 0@d™),

21, +0(d™) ifi=j=k=I,
(7.36) ARGy = L+0@d™Y) ifi=j#k=I,

O(d™') otherwise.

Note that in this case tg, Lq and Sy are asymtoticaly independent. By corollary 4.6, the
distribution of (L4, S4) given ¢4 = 0 is then a centered Gaussian whose variance matrix is,
by blocks of size r x r,

I

21,
(7.37) A(d) = +0(d™),
21,

I

W~h€£€ the empty blocks are Zeros. Let (id, S’d) b~e distributed as (Lq4, Sq) given t4 = 0 and
(L,S) ~ N(0,A(c0)) where A(o0) is the limit of A(d) as d — +oo. The proof of lemma 7.5
adapts immediately in this setting.

Lemma 7.7. Forallqg € {1,...,m},
~ =t N2q
Ey 7,5, UdeH(Ld)’ Tr <R(x)Amq A <Lde , U> ﬂ
1,7 Am—q Qo T N2q —1
—Eyis ‘det (L)‘ Tr ( R(z) ™9 A <S,L U> L O(d™).

Then the same proof as in 7.3 gives:

E [|det (V2s)| Tr(RS(:f)/\m) | s(z) = 0]
_ (dz:l) ’ zm: (?) éqqq)!!E Udeﬁ(id)‘ T (R(x)“”q A (84, EZI*U>AQQ)]
= () e e | (5.
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We denote by U’ a standard Gaussian vector in R(€ ® £%),, and by X,, a standard Gaussian
in RP for every p € {n —r+1,...,n}. Then:

E Udeﬁ(i)‘ Tr <<S,ET*U>A%)]
s lW] B [ ((8.0)™)] TT e

p=n—r+2
r—2m Vol (Sn—r) Vol (Sni?ﬂrl) , A2m
= 2 E 7 Q T‘r 5 .
ver Vol(SL)  Vol(Sm) W' < v >

U

Lemma 7.8.

o [ (5.7 )] - oo )

Proof. The proof is the same as for lemma 7.6. The only difference comes from the fact that
the A%l are now given by (7.37). Hence we have to change the definition (7.29) of K. In
this setting:

1 ifo(2p—1)=0'(2p) and o(2p) = o' (2p — 1),

0 otherwise,

K(p,a,a'):{

so that H K(p,id, 7) is 0, unless 7 is the permutation 5 = H((Qp —1)(2p)). Once again,
p=1 p=1
id denotes the identity element of &s,,,. Then (7.31) becomes:

=k

Z e(r) H K(p,id, 7) = &(9)

T€EG2m p=1 P

K(p,id, 7) = (=1)™.

I
—

The same computations as in lemma 7.6 give the result. o

Recalling from section 7.2 that \/det(Eq(z, z)) = (i—i)% (1+0(d™1)), we get:

n—r n f6) n—r+1 o r—1 2
Elx(Z,)] = (-1) = (\/&) Vol (RX) lex(/il(sn))vz(lg(fl)) +0(\/& )

by the same kind of computations as in the harmonic case.

7.5 Two special cases

In some special cases, the covariance kernel is known explicitly. It is then possible to prove
more precise results. In this section, we sketch what happens on the flat torus, and in the
projective space.

The flat torus. Let T" = R"/(27Z)" denote the torus of dimension n that we equip with
the quotient of the Euclidean metric on R™. We have Vol (T") = (27)™. In our notations,
we identify functions on T™ and (27Z)™-periodic functions on R™. Then, the Laplacian is

2
A=->", %, and it is known that its eigenvalues are the integers of the form [|p||°,

with p = (p1,...,pn) € N™. The eigenspace associated to 0 is spanned by the constant
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function x — ﬁ For A > 0, the eigenspace associated to A? is spanned by the normalized
functions of the form:

x % sin({p, x)) and x> % cos({p,x)),

where p € Z" is such that ||p|| = A, and (-, -) is the canonical scalar product on R™.
We set By = {p € Z" | ||p|| < A}. Then, after some computations, we get ey, the spectral
function of the Laplacian on T":

1
VA}Ov VZL',’IJET”, eA(x7y>:W Z COS(<p7:C7y>)'
PEBA

Let A > 0 and r € {1,...,n}, let V) be spanned by the eigenfunctions of A associated
to eigenvalues smaller than A2, and let E\ denote the Schwarz kernel of (V3)". Then E) is
determined by the above expression for ey, see (5.8). Let f ~ A (0,1d) in (V))". Going back
to equation (7.1) we have:

E[Vol (Zy)] = !

1
B V2r Jn det(Ey)

where (ty, L) is distributed as j1(f). The variance of (¢, L) is explicit, and it only depends
on E) and its derivatives along the diagonal in T™ x T™ (see lemma 5.4). Moreover, F and its
derivatives are constant along the diagonal. By computations similar to those of section 7.1
we get the following.

E[|det™(Lx)| | ta = 0] |dVin],

Proposition 7.9. On the flat torus T™, let A > 0 and let f ~ N(0,1d) in (V))". We have:

BVl(Zpl = (G 3 0] en
(p1,---spn ) EBA

where By = {p € Z™ | ||p|| < A} and |By| denotes the cardinal of Bj.

This result was already known, see [29], where Rudnick and Wigman compute the variance
of Vol (Z¢) when r = 1, and the references therein.
Assuming that n — r is even and equals 2m, equations (7.11) and (7.12) yield:

1 1 A2 Am
_ E ||det™(L\)|Tr [Ey [(L1Sy, U }
2mmly/21 Jrny/det(Ey) [det™ (L) r( U[< AP > )

where (ty, Ly, Sy) is distributed as j2(f) and U ~ N(0,1d) in T, T". Indeed, the Riemann
curvature of T™ is uniformly 0. Once again, the variance of (tx, Ly, Sy) only depends on E)
and its derivatives along the diagonal, and it does not depend on z € T". Computations
similar to those of 7.3 give the following.

Elx(Zy)]= tx=0[dVra],

Proposition 7.10. On the flat torus T™, let A > 0 and let f ~ N(0,1d) in (Va)". Then, if
n —r is even, we have:

,, Vol (S"="*1) Vol (S"~1)
7 Vol (S7) Vol (Sn—1) ’

En(Zl = (-0 [ — 3 @)?] @n

B
| A|(P1 ----- Pn)EBA

where By = {p € Z" | ||p|| < A} and |By| denotes the cardinal of By.
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The projective space. We consider the algebraic case with X = CP", £ = C" x CP"
with the standard Hermitian metric on each fiber, and £ = O(1) with its usual metric.
Then, w is the standard Fubini-Study form. We consider the real structures induced by
the standard conjugation in C. Let ey denote the Bergman kernel of £¢ and E,; denote the
Bergman kernel of £ ® £4. Since & is trivial, E; and eq satisfy a relation similar to (5.8),
that is:
VZL', NS (Can v§a C/ € CT? <Ed(x7y) aC & </> = ed(xvy) <§ ) §/> :

As we said in section 1, we have RX = RP", and elements of RH?(X, € ® L?) are just

r-tuples of real homogeneous polynomials of degree d in n + 1 variables. We denote by

Rom[X,, ..., X,] the space of real homogeneous polynomials of degree d in X, ..., X,.
For any a = (ag,...,an) € N*T we set || = ap + -+ + a;,, and X* = X§°--- X, If
|a| = d, we also set (i) = ao!_‘??a - It is well-known, see [5, 8, 10, 23], that an orthonormal

basis of RH?(CP",0(d)) ~ Rh*™[X,, ..., X,] for the inner product (5.15) is given by the
sections:

_ [(n+a) (d

Sa
mnd! «

)X”‘, with |a| = d.

Then, formally,

., (nxd) 3 (d)XaYa _ et dl

wnd! @ !

|a|=d
More precisely, we consider the chart (z1,...,2,) — [1 : 21 : -+ : 2] around the point of
homogeneous coordinates [1 : 0 : --- : 0], and the real holomorphic frame s(4,....0) for O(d)
around this point. In these coordinates:

(n+d)!
eq(x,y) = T (14 (z,y))? (S(d,o,...,o)(x) ® S(d,o,...,o)(y)) ;

with * = (z1,...,2,) and y = (y1,...,¥Yn). Since everything is invariant under unitary

transformations of CP™, this totally describes eq, and Ej.
Letd € Nandr € {1,...,n}. Let s ~ N(0,1d) in RH®(X, ERLY) ~ (Rh™[Xo, ..., X,])"
Then, as in 7.2:

E[Vol (Z, E[|det™(Lq)]| | ta = 0] |[dVip~|,

1 1
e
V2r Jrpr \/det(Ey)
where (tg4, Lq) is distributed as j14(s). Since Ey is explicit, we can compute the variance
of (tq, Lq). Some further computations yield Kostlan’s result [23]:

E[Vol (Z,)] = (Vd)' Vol (RP"").

Assuming that n — r is even and equals 2m, we have:

)]m!;%n/wn@E |detJ‘(Ld)‘Tr<<R+%EU [<L;Sd,U>A2} )Am>

where R is the Riemann curvature of RP", (t4, L4, Sq) is distributed as j2¢ and U ~ N(0,1d)
in T,RP™. In this expression we already used the fact that t4 is independent of (L4, Sq),
this is why the expectation is not conditionned on ¢4 = 0.

Since everything is invariant under orthogonal transformations of RP", we only need to
compute the expectation on the right-hand side at the point  =[1:0: ---: 0]. In the same
chart as above we get:

Elx(Zs |dVep=|,

1
R(zx) = 3 Z dr; N dxj @ dx; A dz;.

1<i,j<n
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Then, following the computations of section 7.3, we have:

o (o))

Var 2 Vol (S7T) Vol (Sr=+1)
20 Vol (S7) Vol (S"—7+1-24)

=Vd é(d — 1) (Z‘) x

o |1 (R0 nEs 15077 )

;. . . d o 1 . ~
where U’ is a standard Gaussian vector in R(€ ® £L%), and S = de. Using equa

tion (7.27) and the values of the variance of Sy, we get:

Eg [(S,U’>A2} = U1 Y dai Aday © dai A da;.
1<i,j<n
Then, restricting R and S to the span of (66—“, cee afﬁ), we get:
Am— N2 Ng 11129
Vge{0,...,m},  Tr(R(z)"™¢ /\ES[(S,U) ] = (~1)? g 2 U7

Some further computations, similar to those of section (7.3), yield Biirgisser’s result [10]:

E(Z)] = (Vd) (- dy Hotg)

2
— P! T(5

n—r

N3

~—
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