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Abstract

We consider Dirac, Pauli and Schrédinger quantum magnetic Hamiltonians of full rank in
L? (de), d > 1, perturbed by non-self-adjoint (matrix-valued) potentials. On the one hand,
we show the existence of non-self-adjoint perturbations, generating near each point of the essen-
tial spectrum of the operators, infinitely many (complex) eigenvalues. In particular, we establish
point spectrum analogous of Bogli results [Bog17] obtained for non-magnetic Laplacians, and
hence showing that classical Lieb-Thirring inequalities cannot hold for our magnetic models. On
the other hand, we give asymptotic behaviours of the number of the (complex) eigenvalues. In
particular, for compactly supported potentials, our results establish non-self-adjoint extensions of
Raikov-Warzel [RW02] and Melgaard-Rozenblum [MRO3] results. So, we show how the (com-
plex) eigenvalues converge to the points of the essential spectrum asymptotically, i.e., up to a
multiplicative explicit constant, as

d
1{ |Inr|
— 0
d!<1n|lnr|) IR

in small annulus of radius » > 0 around the points of the essential spectrum.

Mathematics subject classification 2010: 35P20, 47A75, 47A55, 81Q12, 35J10.

Keywords: Quantum magnetic Hamiltonians of full rank, non-self-adjoint (matrix-valued) perturba-
tions, complex eigenvalues, Lieb-Thirring inequalities.

1 Introduction

1.1 Models

In R?, consider Dirac, Pauli and Schrodinger quantum Hamiltonians, described below, see Subsec-
tions 1.1.1 and 1.1.2, with constant magnetic field of strength b > 0. To simplify the presentation, we
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shall not include any physical parameters. Namely, the particle mass, the particle charge, the speed of
light, or the Planck constant are chosen equal to one. We denote 2 = (1, z2) the variables in R, and
the magnetic field b is generated by the magnetic vector potential

b
A:A(x):i(—xg,ml), ie, b=curlA. (1.1)

Let us recall and fix some useful definitions and notations. Let M be a closed operator acting on
a separable Hilbert space .7#. An isolated point A in o (M), the spectrum of M, lies in ogisc(M)
the discrete spectrum of M if it’s algebraic multiplicity mult(\) := rank (5= [-(M — z)1dz) is
finite, C being a small positively oriented circle centred at A and containing A as the only point of
o(M). We define the essential spectrum oegs(M) of M as the set of A € C such that M — X is
not a Fredholm operator. When no confusion can arise in what follows below, we use the notation
L? (RQ) =12 (Rz, C”) for n = 1, 2, and similarly C§° (RQ) = Cy° (Rz, C”) forn =1, 2.

1.1.1 Magnetic Schrodinger operators

The unperturbed Schrodinger operator Hy(b) acting in L?(R?), describes a quantum non-relativistic
particle of zero spin confined to the x-plane, and subject to the magnetic field of strength b > 0. It is
essentially self-adjoint on C§°(R?) and is defined by

2 2
Ho(b)::(—z'V—A)Q—b:(—i%+m—2> +<—z‘i—bw—1> —b. (1.2)

In the literature, the operator Hy(b) is often called the Landau Hamiltonian, and it is well known that
its spectrum is given by the set of the Landau levels (LLs) 2bq, ¢ € N, and each LL is an eigenvalue
of infinite multiplicity. In other words, we have

o (Ho(b)) = 0ess (Ho(b)) = | J{2bg}- (1.3)
q=0

In the sequel, we set A, := 2bg, ¢ € N, and P, will denote the orthogonal projection onto the
eigenspace Ker (Ho(b) — A4). On the domain of Ho(b), we define the perturbed operator

Hy(b) := Hy(b) +V, (1.4)

where V' is the multiplication operator by the function (also) noted V', assumed to be complex-valued.
For further use, we formulate the following different hypotheses on the potential V.

Assumption 1.1. (i) V does not vanish identically.

(ii) There exists a function G € L* (RQ,Ri) N Lp/2 (RQ,Rj_) for some 2 < p < oo such that
|V(z)] < G(z), © € R2

(iii) V is continuous on R?.

(iv) 0 < |V| € L>(R?) is mesurable, compactly supported, and |V'| > 0 holds on an open non
empty set of R,



1.1.2 Magnetic Pauli and Dirac operators

In order to define the Pauli and Dirac operators, let us introduce the standard Pauli matrices

o1 = (g é) Go 1= (3 _OZ> b3 1= (é _01>. (1.5)

The choice of the matrices &1, 62 and &3 is not unique and is governed by the anti-commutation
relations

A A 10
00} + OK0; = 25jk127 IQ = (O 1) s (]6)

where d;, is the classical Kronecker symbol defined by d;, = 1if j = k, and 03, = 0 for j # k.

The unperturbed Pauli operator Py(b) acting in L2 (RQ), describes a quantum non-relativistic par-
ticle of %-spin confined to the x-plane, and subject to the magnetic field of strength b > 0. It is
essentially self-adjoint on C§° (RQ) and is defined by

Py(b) := (6 - (=iV — A))? = (—iV — A)’L — b63, & := (61,59). (1.7)

More explicitly, we have

(—iV —A)2—b 0 Hy(b) 0
Po(b) = ( 0 (=iV — A)? +b> = < 0 H) +2b> o A®)

showing, thanks to (1.3), that the spectrum of the operator Py(b) is given by the set of the Landau-Pauli
levels (LPLs) A, = 2bq, ¢ € N, with

o0

7 (Py(b)) = 0ess (Po (b)) = | {2bq}- (1.9)

q=0

In the sequel, we denote 13q the orthogonal projection onto the eigenspace Ker (Po(b) — Aq).

The unperturbed Dirac operator Dy (b) acting in L? (RQ), describes a quantum relativistic particle
of %—spin confined to the x-plane, and subject to the magnetic field of strength b > 0. It is essentially
self-adjoint on C§° (R?) and is defined by

Dy(b) :=6 - (—iV — A) + 63. (1.10)

Furthermore, we have the identity

(1.11)

Do(b)? = By(b) + Ip = (HO(b) 1 0 > .

0 Ho(b) +2b+1

It is well know that the spectrum of the operator Dy (b) is given by the set of the Dirac-Landau levels

(DLLs)
- * + .
Ay =—v2bg+1,qeN", and Aj:=+/2bg+1, q€N, (1.12)

and each DLL A;t is an eigenvalue of infinite multiplicity. In other words, we have

7 (Do) = 0es (Do) = { Uz {4733 U { U320 {45} (13



In the sequel, we denote Pqi the orthogonal projection onto the eigenspace Ker (Do(b) — A;t).

On the domain of the operators Py(b) and Dy(b), we define the perturbed operators
Py(b) := Py(b) +V and Dy (b) := Dy(b) +V, (1.14)

where V' is the multiplication operator by the non-hermitian matrix-valued function (also) noted

V= {Vie(2)}],_, = (%Eg KZEQ) £0, zeR> (1.15)

For further use, we introduce the following different conditions on V' and the coefficients V.
Assumption 1.2. (i) V does not vanish identically.

(ii) There exists a function G € L* (RQ,Rj_) N Lr/? (RQ,Rj_) for some 2 < p < oo, such that
Vik(z)| < G(x), 1 < j,k <2 x€R:

(iii) Vi, is continuous on R21<j, k<2

(iv) All the coefficients Vi, except finitely many that vanish identically, satisfy: 0 < |Vj| €
Lee (]RQ) is mesurable, compactly supported, and |V;i| > 0 holds on an open non empty set
of R?.

1.2 Description of our results

Let Hy (b) denotes either Hy (b), either Py (b), or Dy (b). Under Assumptions 1.1 (ii) or (iv),
and Assumptions 1.2 (ii) or (iv), we establish Schatten-von Neumann bounds implying in particu-
lar that V' is a relatively compact perturbation w.r.t. the operator H(b), see Propositions 3.1, 3.2
and 3.3 respectively. Thus, the Weyl criterion on the invariance of the essential spectrum implies that
Oess (’Hv(b)) = Oegs (’Ho(b)). However, [GGK90, Theorem 2.1, p. 373] implies that the operator
Hy (b) can have a discrete spectrum ogisc (’Hv(b)) that can only accumulate at geg (’Ho(b)) given by
the set of the Dirac-Landau-Pauli levels (DLPLs). Presently, the spectral analysis of non-self-adjoint
quantum Hamiltonians is widely addressed, and, recently, accumulation problems on complex eigen-
values are investigated by several authors in various (non-self-adjoint) situations, see for instance the
articles [AGH, Bogl7, CLT14, ET, Pav67, Sam17, Sal7, Wanl11] and the references cited there. It is
well known, see for instance [Rai90, MRO3] (see also the references therein), that when the operators
Ho(b) are perturbed by self-adjoint electric potentials, then, accumulation of (real) discrete eigenval-
ues can happen near each point of their essential spectrum. However, as far we know, there are no such
results when they are perturbed by non-self-adjoint electric potentials. The purpose of this paper is to
try to fill this gap by announcing and giving an overview of new results in this direction. In particular,
asymptotics of the counting function of the complex eigenvalues are obtained. More precisely, in a
small annulus Q4(ay,a2) = {A € C:a; < IA¥ — A] < ag} near a fixed DLPL AY, ¢ > 0, we
prove, see Theorems 2.1, 2.3, 2.5, the existence of the limit

iy 7Odise (Hv, (0)) N Qy(|w]r, [wlro)
™0 Tr 1}, o) (PF |W|P])

(1.16)

for some oriented potentials V,, = wW, w € C*, with W of definite sign, and where Pf denotes
the orthogonal projection onto the eigenspace associated with the eigenvalue A# . As consequence,
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we derive from our main asymptotics results, magnetic analogous, see Theorems 2.2, 2.4, 2.6 and
their generalizations, of the following recent results by Bogli established for non-magnetic Laplace
operators:

Theorem 1.1. [Bogl7, Theorem 1] Letp > d > 1 and £ > 0. There exists V € L (Rd) N LP (Rd)
with max {||V||o, |V ||lLr } < € that decays at infinity so that the Schrédinger operator H := —A +
V, D(H) := W??2 (Rd), has infinitely many eigenvalues in the open lower complex half-plane that
accumulate at every point in [0, 00).

Set Ri = {(wl, xR g > 0} and impose (real) Robin boundary conditions.

Theorem 1.2. [Bigl7, Theorem 2] Letp > d > 1 and £ > 0, and let ¢ € [0, 7). There exists V €
L (RL) NLP(RL) with max { ||V ||oo, |V ||lL» } < € that decays at infinity so that the Schrédinger
operator H := —A+V, D(H) := {f € W2’2(Ri) : cos(¢)Oy, f + sin(¢)f = 0on 8Ri}, has
infinitely many eigenvalues in the open lower complex half-plane that accumulate at every point in
[0, 00).

In particular, for V' compactly supported, our results establish non-self-adjoint extensions of Raikov-
Warzel [RWO02, Theorem 2.2] and Melgaard-Rozenblum [MRO3, Theorems 1.2 and 1.3], showing
how the (complex) eigenvalues converge to the DPLLs asymptotically, see Remarks 2.2 (b) and 2.6
(b), together with their generalizations (2.12) and (2.32). In comparison with Bogli results, note that
the nature of our accumulation phenomena is closely related to the degeneration of the DPLLSs, which
is characterized by the preponderance role of the Toeplitz operators P# ]W!P?f. A key ingredient
of the proof of our results is powerful theoretical recent results established in [BBR14]. Otherwise,
it is also interesting to mention the following fact: the classical Lieb-Thirring inequalities could be
interpreted as a bridge between quantum and classical mechanics, having important applications in
the mathematical theory of stability of matter. If we consider an appropriate decaying potential V' :
RY —3 R, d > 2, with a non trivial negative part, and consider ogisc(—A + V') the discrete spectrum
(namely the set of negative eigenvalues counted with the multiplicities) of the self-adjoint Schrodinger
operator —A + V/, then, the classical Lieb-Thirring inequalities, see [LT75] for the original work, read

> Ao [ v (1.17)

A€ agise(—A+V)

with appropriate v > 0, and a constant C'(y,d) > 0 which depends only on  and d. Theorems
2.2, 2.4, 2.6 and their generalizations below, point out in particular the existence of non-self-adjoint
perturbations V' for which each element of e (Hv(b)) is an accumulation point of a sequence of
complex eigenvalues lying in ogisc (Hv (b)). Therefore, this implies that the Lieb-Thirring inequality
(1.17) cannot be satisfied in this case for the operators Hy (b).

Our paper is organized as follows. In Section 2, we formulate our mains results. In Section 3,
we establish preliminary Schatten-von Neumann bounds we need on the free operators. In Section

4, we reduce our problem to the analysis of zeros of holomorphic regularized determinant functions.
Section 5 is devoted to the proof our main results.

2 Main results

Notations. We adopt mathematical physics and spectral analysis notations and terminologies from
Reed-Simon [RS79]. Recall that a compact operator K, i.e. K € S, defined on a separable Hilbert



space belongs to the Schatten-von Neumann class ideals S,,p > 1, if
IKs, := (Tr|KP)P < . 2.1)

We refer the reader to Simon [Sim79] and Gohberg-Goldberg-Krupnik [GGKOO] for further infor-
mation on the subject. In the sequel, as usual, the resolvent set of an operator M will be denoted

p(M).

2.1 Results on Schrodinger operators

We shall consider the following class of non-self-adjoint perturbations:

Assumption 2.1. V is a complex-valued potential of the formV =V, .= wW withw € Cand W a
real-valued potential such that +W > 0.

We recall that P, ¢ > 0, defines the orthogonal projection onto Ker (Ho(b) — Aq) for a given LLL
Ay = 2bg. Let V satisfy Assumptions 1.1 (ii)-(iii) and 2.1, or Assumptions 1.1 (iv) and 2.1. Firstly,
this implies that /| |P, is compact for any ¢ > 0. To see this, consider for instance the formula
(Ho(b) =\~ = > g0 Pq(Ag — A)~! for X € p(Ho(b)), and observe that

VIWIP, = (Ay — MVW][(Ho(b) — X) 'P, €8, C Swo, (2.2)

by Proposition 3.1 (see also [DRO1]). Secondly, [MRO03, Proposition 7.1] or [RW02, Lemma 3.5]
implies that rank (\/|[W[Pg/|[W]) = rank (P,|W|P;) = co. In the sequel, our results will be
closely related to the Toeplitz operator Pq|W|Pq, g > 0. Near a fixed LL A, = 2bg, ¢ > 0, the
eigenvalues of the operator Hy (b) can be parametrized by A\, = A;(k) := A, — k, with k& small
enough, see Section 4 for more details. For sy,  two positive constants fixed and s > 0 tending to
zero, we define the sector

S(0,8,80) := {:U—{—iy6C18<x<50,—6:6<y<5:6}, (2.3)
and the counting function
Nq,HV(b)(S,S()) = #{)\q(k‘) € Odisc (Hv(b)) cs < k| < 80}. 2.4)

Theorem 2.1. Let V = V,, satisfy Assumptions 1.1 (i)-(ii)-(iii) and 2.1, or Assumptions 1.1 (iv) and
2.1. Fixa LL A, = 2bq. Then, there exists a discrete set ¥, C C* such that for all w € C* \ ¥, the
operator Hy,, (b) satisfies the following: there exists ro > 0 such that:

(i) Ay = Ag(k) € oaise (Hy, (D)),

wlr < |k| < |wl|ro, satisfies
A €Ay £wWS(S,7r,19), 0>0. (2.5)

(ii) The number of eigenvalues of Hy,, (b) near A, is infinite. Moreover, there exists a sequence
(r¢)¢ of positive numbers tending to zero such that

N, wlre, |w|r
i Mo @ (lrelelro) (2.6)
=00 Trl[rzyoO)(Pq|W|Pq)

6



Remark 2.1.  (a) Theorem 2.1 remains valid if the condition w € C* \ ¥, is replaced by w small
enough.

(b) When the function |W| : R? — R, admits a power-like decay, an exponential decay, or is
compactly supported, then, asymptotic behaviours of Tr 1, o) (Pq|W|Pq) as r N\ 0 are well
known from [Rai90, Theorem 2.6], [RW02, Lemma 3.4] and [RW02, Lemma 3.5], respectively.
In particular, such asymptotics show that Tr 1. o) (Pq|W|Pq) — oo asr \(0. In this case, in
Theorem 2.1, the eigenvalues of the operator Hy;,(b) satisfy near the LL A, = 2bg,

- Ny, ) (lwlr, [wlro) _
m™NO Trl, o) (Pg|W|Py)

Q@.7)

A consequence of Theorem 2.1 is the following result:

Theorem 2.2. Let p > 2. Then, there exists a complex-valued potential V' € L™ (Rz) N Lr/2 (RQ)
decaying at infinity, generating near each LL A, = 2bq, ¢ > 0, infinitely many eigenvalues lying in
odisc(Hy (b)) that accumulate at Ag. Furthermore, they are located near a semi-axis.

Proof. According to Theorem 2.1, it suffices to consider any potential V' = V, satisfying Assumptions
1.1 (i)-(ii)-(iii) and 2.1, decaying at infinity, or Assumptions 1.1 (iv) and 2.1, with w € C* \ R* U
(UgeXy). O

Remark 2.2. (a) Theorem 2.2 provides a Landau analogous of Theorems 1.1 and 1.2.

(b) As shows the above proof, in Theorem 2.2, V =V, can be chosen compactly supported satisfy-
ing Assumptions 1.1 (iv) and 2.1. In this case, according to [MRO3, Proposition 7.1] or [RW02,
Lemma 3.5] together with Remark 2.1 (b), we have

- Na.my,, @) (|w]rs [wlro)
™0 | lnr|(ln | hr17“|)_1

=1, (2.8)

showing how the (complex) eigenvalues converge to the LLs asymptotically. So, Theorem
2.2 can be reformulated in such a way we have a non-self-adjoint extension of Raikov-Warzel
[RWO02, Theorem 2.2] and Melgaard-Rozenblum [MRO3, Theorem 1.2] (for d = 2).

Generalization to higher dimensions: The magnetic self-adjoint Schrodinger operators in L2(R"),
n > 2, have the form (—iV — A)?, where A := (A, ..., A,) is a magnetic potential generating the
magnetic field. By introducing the 1-form A := zyzl Ajdz;, the magnetic field B can be defined
as its exterior differential. Namely, B := dA = ZKV Bjydxz; A dx, with By, := 0y, Ay — Or, Aj,
J,v = 1,...,n. In the case where the B;, do not depend on x € R", the magnetic field can be
viewed as a real antisymmetric matrix B := {Bjy}zyzl. Assume that B # 0, put 2d := rank B and
m := n—2d = dim Ker B. Introduce b; > ... > b; > 0 the real such numbers that the non-vanishing
eigenvalues of B coincide with £4b;, j = 1,. .., d. Consequently, in appropriate cartesian coordinates
(x1,91,...,24,94) € R?* = RanBand z = (21,...,%,) € R™ = KerB, m > 1, the operators
(—iV — A)? can be written as

d

A (RS RTCTARL S RS L
=1

7=1



If m = 0, namely when rank B = n, the sum with respect to ¢ should be omitted and we get the full
rank Landau Hamiltonians

d by, 2 A
Ho(by, -+ ,bg) = Z < (—z'axj + %) + (—z'ayj — %) ) (2.10)

J=1

defined originally on C§° (R??). Itis well known, see for instance [DRO1, MRO3], that o (Ho(by, - -+ ,ba)) =
Oess (Ho(bl, cee bd)) = Ugio{Aq}, where the eigenvalues

{AO =by + -+ by = 1TrvVB*B,

. 2.11)
A, = 1nf{g ER:0>Aj1,0= Z;l:l(Zsj —1)bj, (s1,...,84) € fo}, q>1,

are known as the LLs. In the particular case b; = - -- = by = b, the LLs take the more simplest form
Ay = 2b(d + 2q), ¢ > 0. The Schrodinger operator Hy(b) defined by (1.2) we consider corresponds
the the case d = 1 with b; = b shifted by —b. Nevertheless, in view of [MRO03, Proposition 7.1],
which is an extension of [RW02, Lemma 3.5] to higher dimensions 2d, d > 1, Theorems 2.1 and 2.2
remain valid for the general Schrodinger operators of full rank in L2 (]RM), d > 1, defined by (2.10).
More precisely:

1) In Assumptions 1.1 (ii)-(iii)-(iv), R? should be replaced by R2?.

2) In Theorems 2.1 and 2.2, p should satisfy p > 2 ford = 1 and p > d for d > 1. Actually, the
condition p > 2 ford = 1 and p > d for d > 1 above, is the one we need to impose to get the
analogous of Proposition 3.1 in the general case.

3) In Theorem 2.2, the complex-valued potential V' should satisfy V € L>°(R2d) N LP/2(R2?).

4) In (2.11), the number s of different sets (s1,...,54) € N¢ which determine one and the same
LL A, is called the multiplicity of A,. In this case, in Remark 2.2 (b), according to [MRO3,
Proposition 7.1], (2.8) will take the more general form

In|lnr|

d
1 Inr
Nq7HVw(b)(‘w’7°, |wlrg) ~ za< [In 7] ) . T\, 0. (2.12)

2.2 Results on Pauli and Dirac operators
We conserve the notations introduced previously. As above, we need to put an additional assumption
on the matrix perturbation V' as follows:
Assumption 2.2. V is a matrix-valued potential of the form V. =V, := wW, with w € C, and
Wit (x) Wm(x)) . . .
W = is hermitian such that £W > 0 in the form sense.
<W21($) ng(x) - f

2.2.1 The Pauli case

Note that the matrix |W| satisfies |W| = +£W for £W > 0. We recall that ﬁq, g > 0, denotes
the orthogonal projection onto Ker (Po(b) — Aq) for a given LPL A, = 2bq. Thus, for V' satisfying
Assumptions 1.2 (ii)-(iii) and 2.2, or Assumptions 1.2 (iv) and 2.2, we have

VIWIP, = (Ag = MVIW][(Po(b) = ) 'P, €S, C Sa, (2.13)
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by Proposition 3.2, for A € p(Py(b)). Moreover, since
~ (P 0 - (P, 0
f— pu— > .
Py < 0 0) and P, ( 0 Pq—l) ,q>1, (2.14)

P,, g > 0, being the orthogonal projection onto Ker (Ho(b) — Aq), then, we have
~ =~  (Pg O Py 0\ [(£PWiuPo 0\  (Po|Wi1|Py 0
PO‘W‘P°_<0 0>’W’<0 0)‘( 0 0) ~ 0 0’

rank <\/ (W [Po+/ \W\) = rank (ISO\W\I?’O> = rank (Po|W11|Pg) = oo,

due to [MRO3, Proposition 7.1] or [RWO02, Lemma 3.5]. Our results will be closely related to the
Toeplitz operator lsq]W]lsq, g > 0. Near a fixed LPL A; = 2bg, ¢ > 0, the eigenvalues of the
operator Py, (b) can be parametrized by A, = A\;(k) := A, — k, with k small enough, see Section 4
for more details. As above, we define the counting function

so that

NqJDV(b)(S,SQ) = #{)\q(k) € Odisc (Pv(b)) s < V{?’ < 80}. (2.15)
Under the above considerations, we establish the following theorem:

Theorem 2.3. Let V' =V, satisfy Assumptions 1.2 (i)-(ii)-(iii) and 2.2, or Assumptions 1.2 (iv) and
2.2. Fixa LPL A, = 2bq. Then, there exists a discrete set =, C C* such that for all w € C* \ 2, the
operator Py, (b) satisfies the following: there exists ro > 0 such that:

(i) )\q = )\q(k?) € Udisc(PVw (b))’

wlr < k| < |wl|ro, satisfies
A €Ay £wS(S,7,10), 0>0, (2.16)

S(9,7,10) being the sector defined by (2.3).

(ii) If ¢ = O, the number of eigenvalues of Py, (b) near A is infinite. Furthermore, there exists a
positive sequence (jiy)y tending to zero such that

. Na, Py, ) ([wlpe, |wlro)
t—00 Tr 1, o0) (Po|W11|Po)

=1. (2.17)

(iii) If ¢ > 1, suppose moreover that rank (ﬁq]W]ﬁq> = 00. Then, the number of eigenvalues of

Py, (b) near A, is infinite. Furthermore, there exists a positive sequence (vy), tending to zero
such that

N, :
i Noreo (el wlro) (2.18)

£—o00 Tr l[w,oo) <f)q|W|f)q)

Remark 2.3.  (a) Theorem 2.3 remains valid if the condition w € C* \ 2 is replaced by w small
enough.

(b) Remark 2.1 (b) remains valid with |W | replaced by |W11| and the projection P, by P



Now, let V' satisfy Assumptions 1.2 (i)-(ii)-(iii) and 2.2, or Assumptions 1.2 (iv) and 2.2, with

W = Diag(Wi1, Wag) := <W1(1)(5”) WQS@Q : (2.19)

Then, (2.14) implies for ¢ > 1 that

~ ~ P, O© P, O© P,|Wi|P 0 )
P WP, =" w2 =("¢ e .
q‘ | / ( 0 Pq—1> Wl < 0 Pq—1> < 0 Pq—l‘W22‘Pq—1

Thus, as above, we have rank («/\W\ﬁq«/\W\) = rank (ﬁq’W’iSq) = 00, since

rank (Pq\WH\Pq) + rank (Pq_1]W22]Pq_1) = 00.
Therefore, this together with Theorem 2.3 (iii) give the following corollary:

Corollary 2.1. Under the assumptions and the notations of Theorem 2.3, assume moreover that
W = Diag(Wi1, Waz). Then, for w € C*\ 2, (¢ > 1), the number of eigenvalues of Py, (b)
near the fixed LPL A, is infinite, and, there exists a positive sequence (vy)y tending to zero such that
Nq7pvw(b) (\w[w, \w]ro) satisfies (2.18).

A consequence of Theorem 2.3 (i)-(ii) and Corollary 2.1 is the following result:

Theorem 2.4. Letp > 2. Then, there exists a non-hermitian matrix-valued potential V = {ij(:ﬂ) }j b1’
with Vi, € L™ (]RQ) nLP/2 (]RQ) decaying at infinity, generating near each LPL A, = 2bq, ¢ > 0, in-
finitely many eigenvalues lying in 0 gisc(Py (b)) that accumulate at A,. Furthermore, they are located
near a semi-axis.

Proof. Thanks to Theorem 2.3 (i)-(ii) and Corollary 2.1, it suffices to consider any matrix-valued
potential V' = V,, = Diag(wWi1,wWas), w € C* \ R* U (UFE,), satisfying Assumptions 1.2
(1)-(i1)-(iii) and 2.2, with W;;, j = 1, 2 decaying at infinity, or Assumptions 1.2 (iv) and 2.2. ]

Remark 2.4. (a) Notice that Theorem 2.4 provides a magnetic Pauli analogous of Theorems 1.1
and 1.2.

(b) The above proof shows that in Theorem 2.4, V. = V,, = Diag(wWi1,wWas) can be chosen
such that Wj;, j = 1, 2, satisfy Assumptions 1.2 (iv) and 2.2. In this case, if Wy vanishes
identically, then, (2.8) holds with Hy,,(b) replaced by Py, (b).

Generalization to higher dimensions: Let Hy(b1,...,bq), d > 1, be the Schrodinger operators
defined by (2.10), and I,4 denotes the 2¢ x 2¢ identity matrix. Then, see [Shi91] and [MRO03, Identity
(4.12)], the Pauli operators of full rank essentially self-adjoint in L2 (RQd, CQd), d > 1, are originally

defined on Cg° (R?%, C2*) by

PO(b17 s 7bd) = HO(b17 s 7bd)12d - A(b17 s 7bd)7 (220)
A(by, ..., by) being the diagonal 2¢ x 2¢ matrix having on the diagonal the sums Z;l:l g;bj, where
e = (€1,...,€4) belongs to the set {(e1,...,gq) : all possible combinations of £; = 1}. It is well-
known, see [MRO3, Proposition 4.2], that the spectrum of the operator Fy(by, - -- ,by) is given by the

eigenvalues set of the PLLs with

d
o (Po(b, -+ ,ba)) = Gess(Po(br, -+ ,b4)) = {221)]»(% 1) :(q1,...,qq) € Nd}. (2.21)
j=1
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The Pauli operator Py(b) defined by (1.7) we consider corresponds the the case d = 1 and b; = b.
However, in view of [MRO03, Proposition 7.1], Theorems 2.3, 2.4 and Corollary 2.1 remain valid for
to the general Pauli operators of full rank in L2 (R4, (Czd), d > 1, defined by (2.20). More precisely:

. 2d .
1) In(1.15), the matrix V' = {leﬁ()c)}j’l,g:1 should be of size 2¢,d > 1,x = (z1,Y1,...,%q,Yd) €
R2,
2) In Assumptions 1.2 (ii)-(iii)-(iv), R? should be replaced by R,

3) In Theorems 2.3, 2.4 and Corollary 2.1, p should satisty p > 2 for d = 1 and p > d for
d > 1. This condition is the one we need to impose to get the analogous of Proposition 3.2 in
the general case.

4) In Theorem 2.4, the coefficients of the non-hermitian matrix-valued potential V' should satisfy

Vi, € L (R?) nLP/2(R¥),1 < j,k <24,

2.2.2 The Dirac case

We recall that Pqi denotes the orthogonal projection onto Ker (Do(b)—A;t), where A = —/2bq + 1,
q € N*, and A;r = v/2bg+ 1, q € N, are the DLLs. Let V satisty Assumptions 1.2 (ii)-(iii) and 2.2,
or Assumptions 1.2 (iv) and 2.2. Then, we have

VIWIPE = (AF = \)V/IW[(Do(b) = N) 'PE €S, CSw, p>2, (2.22)

by Proposition 3.3, for A € p(Do(b)). Near a fixed DLL A;t, q > 0, the eigenvalues of the operator
Dy (b) can be parametrized by )\flt = )\qi(k) = Aqi — k, with k small enough, see Section 4 for more
details. As above, we define the counting function

N;Dv(b)(s,so) = #{)\qi(k‘) € odisc(Dv (b)) : s < k| < 80}, (2.23)

for a fixed DLL. Under the above considerations, we establish the following theorem:

Theorem 2.5. Let V =V, satisfy Assumptions 1.2 (i)-(ii)-(iii) and 2.2, with p > 2, or Assumptions
1.2 (iv) and 2.2. Fix a DLL A;t. Then, there exists a discrete set E;t C C* such that for all w €
C* \ XZ, the operator Dy, (b) satisfies the following: there exists Ty > 0 such that:

(i) Ne = ME(k) € agise (D, (D)),

wlr < |k| < |w|ro, satisfies
AF e AF +8S(6,r,m9), 0> 0, (2.24)
where S(6,r, 1) is the sector defined by (2.3), and @ := +w w.r.t. W > 0.

(ii) Suppose moreover that rank (P;EIW]P;E) = 00. Then, the number of eigenvalues of Dy, (b)
near A;t is infinite. Furthermore, there exists a positive sequence () tending to zero such that

N;Dvw(b)ﬂwhﬁa |w|ro) _
P |W|PF)

(2.25)

00 Trl[wpo)(
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Now, let V' satisfy Assumptions 1.2 (iv) and 2.2 with W = Diag(U,U) = Ul,. Then, by
[MRO3, Proposition 8.1], the Toeplitz operator Pgt |W|Pgt, q > 0, obeys up to a multiplicative explicit
constant, the asymptotic

| In7|

Trlj, o) (P;|WIPY) ~ as 1\, 0. (2.26)

In|lnr|
Therefore, this together with Theorem 2.5 give the following corollary:

Corollary 2.2. Let V = V,, satisfy Assumptions 1.2 (iv) and 2.2. Assume moreover that W =
Diag(U,U). Then, in Theorem 2.5, for w € C* \ XF, the number of eigenvalues of Dy, (b) near AF
is infinite, and there exists a positive sequence (), tending to zero such that ./\/qiDV ®) (|wle, [wlro)

satisfies (2.25).

Remark 2.5.  (a) Theorem 2.5 remains valid if the condition w € C* \ E;t is replaced by w small
enough.

(b) In Corollary 2.2, since |W| is compactly supported, then, the eigenvalues of the operator
Dy, (b) satisfy near the DLL A?f
N;Dvw(b) (|W|7’, |W|7"0)
im I I
N0 Tr l[r,oo) (Pq |W|Pq )

= 1. 2.27)

A consequence of Theorem 2.5 and Corollary 2.2 is the following result:

Theorem 2.6. Let p > 2. Then, there exists a non-hermitian matrix-valued potential V = {ij(:ﬂ) }j b1’
with Vi, € L™ (]RQ) nLP/2 (RQ) decaying at infinity, generating near each DLL A;t, q > 0, infinitely
many eigenvalues lying in ogisc.(Dy (b)) that accumulate at A;t. Furthermore, they are located near
a semi-axis.

Proof. According to Theorem 2.5 and Corollary 2.2, it suffices to consider any matrix-valued potential
V =V, = Diag(wU,wU) satisfying Assumptions 1.2 (iv) and 2.2, with w € C* \ R* U (U°SF). O

Remark 2.6. (a) Theorem 2.6 provides a magnetic Dirac analogous of Theorems 1.1 and 1.2.

(b) As shows the above proof, in Theorem 2.6, V' can be chosen of the formV =V, = Diag(wU, wU),
compactly supported satisfying Assumptions 1.2 (iv) and 2.2. In this case, according to [MRO3,
Proposition 8.1] together with Remark 2.5 (b), we have up to a multiplicative explicit constant,

|Inr|

Ny.y, ) (lwlr, [wlro) ~ N\ 0. (2.28)

In|lnr|’

showing how the (complex) eigenvalues converge to the DLLs asymptotically. Hence, Theo-
rem 2.6 can be reformulated in such a way we have a non-self-adjoint extension of Melgaard-
Rozenblum [MRO3, Theorem 1.3] (for d = 2).

Generalization to higher dimensions: To define the Dirac operators of full rank in higher dimensions
2d, d > 1, we refer for instance to the description given in [MRO03, Section 4] and [Shi91] for more
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details. For a given d > 1, let aﬁd), cee aéfl) , O'(()d) be the d + 1 Dirac matrices of size 29, governed, as

in (1.6), by the relations

d)y * d d) (d d) (d .
(O'](~ )) = Uj(» ) and O'](~ )J/,(C ) + J/,(C )J§ ) = 20k l0a, 0<j,k < 27, (2.29)
where 1,4 denotes the 24 x 2d identity matrix.. For b; € R, 1 < j < d, (1,Y1,---,2d,Yd) € R24,

introduce the operators Pyj_1 = (—i0,,+ bf%) and Pyj = (—i0,, — bj%) Then, the Dirac operators

of full rank essentially self-adjoint in L2 (]RM, CQd), d > 1, are originally defined on C§° (]RM, CZd)
by

2d
d d
Do(by, ..., ba) = > 0P+ o, (2.30)
j=1
It is well-known, see for instance [MRO03], that the spectrum of the operator Dg(by, - - ,bg) is given

by the eigenvalues set of the DLLs with
o(Do(b1, -+ ,ba)) = Oess(Do(b1, -+ ,ba)) = { £/ Iq+1:a=(q1,...,q0) €N}, (231

where I can be expressed as I = 2 2?21 |b;](¢j—1). Note that in (2.31), the symmetry of +,/I4 + 1
breaks down for the "lowest" DLL ++1/Iy + 1 = +1 corresponding to q = (1,...,1). It is either 1
or —1. The Dirac operator Dy(b) defined by (1.10) we consider corresponds the the case d = 1
and by = b. However, Theorems 2.5 remains valid for the general Dirac operators of full rank in
L?(R%, (Czd), d > 1, defined by (2.30). Furthermore, in view of [MRO3, Proposition 8.1], Corollary
2.2 and Theorem 2.6 remain also valid for the Dirac operators (2.30). More precisely:

. 2d .
1) In(1.15), the matrix V' = {leﬁ()c)}j’l,g:1 should be of size 2¢,d > 1,x = (z1,Y1,...,%q,Yd) €
R,
2) In Assumptions 1.2 (ii)-(iii)-(iv), R? should be replaced by R,

3) In Theorems 2.5, 2.6 and Corollary 2.2, p should satisfy p > 2d for d > 1. The condition
p > 2d, d > 1 above, is the one we need to impose to get the analogous of Proposition 3.3 in
the general case.

4) In Theorem 2.6, the coefficients of the non-hermitian matrix-valued potential V' should satisfy
Vik € L (R?) N LP/2(R%),1 < 4,k < 24,

5) In Remark 2.6 (b), according to [MRO3, Proposition 8.1], (2.28) will take the more general form

d
1 Inr
Na,py,, ) (lwlr, lwlro) ~a< [In7] ) . T\0, (2.32)

In|Inr|

up to a multiplicative explicit constant given by (4.17) of [MRO3].

3 Schatten-von Neumann bounds

In this section, we establish useful Schatten-von Neumann bounds implying in particular the rela-
tively compactness of the potential perturbation w.r.t. the free operators. We conserve the notations
introduced above.
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3.1 Bounds on Schrodinger operators

Proposition 3.1. (i) LetV be complex-valued satisfying Assumption 1.1 (ii), and A € C\UE‘;O{AQ}.

Then, \/|V|(Ho(b) — \) e S, and there exists a constant C = C(p,b) depending only on
p > 2 and b, such that

|VIVI(Ho(®) - A)*lusp <co|val, <1 I tol\{Aq})), (3.1)

dist (A, U2

(ii) For V. € L>®(R?) compactly supported, for each p > 2, the same conclusion holds with VG
replaced by /|V| in the r.h.s. of (3.1).

In particular, in both cases, V' is relatively compact w.r.t. the operator Hy(b).

Proof. (i) Due to Assumption 1.1 (ii), there exists a bounded operator 5 on L? (]RQ) such that \/|V| =
BVG. Thus, ||\/[V[(Ho(b) — \) - Hsp < CH\/@(HO(I)) - )\)_1 Hsp for some constant C' > 0. Since

VG e 1P (RQ), then, to show the claim, it suffices to prove that for any U € L? (]RQ), we have the
bound

U (Hov) - /\)—1HSP < Cpb)||U (1 + ot AMU; 10|{A » ) (32)

a) Firstly, we shall prove (3.2) for p even. To prove the general case, we shall use an interpolation
argument. Constants will change from an estimate to another. Let p be even. We have

HU(HO(b) SV L

. < | (0) + 1)

(Ho(b) + 1) (Ho(b) — A)‘1H . (33

P

The spectral mapping theorem yields

o+1 A+ 1]
= l< |1 . (34
0— )\‘ - < + dist (X, Us2o{Aq}) 4

The diamagnetic inequality, see for instance [AHS78, Theorem 2.3] and [Sim79, Theorem 2.13],
implies that there exists a constant C' > 0 such that

H (Ho(b) + 1) (Ho(b) — )‘)71” < SUDyeq(Ho (b))

1

lusm + 07| =|u-iv-a2-b+1)”

Sp

< |o(iv = AP+ 1) 7| |7 - a2+ 1) (=iv - AP —b+ 1)

Sp

1

= |U((=iV - A +1)"

I+ (Ho(®) +1) "t

<C|u(-a+ 1)7le,, Cb)=C@O)||U(-A+ Wle,, . (3.5)

Now, since p is even, then, by the standard criterion [Sim79, Theorem 4.1], it follows that

(-p+1)”

Thus, estimate (3.2), for p even, follows by putting together bounds (3.3), (3.4), (3.5) and (3.6).

|U(-A + 1)—1Hsp < CO||U||we (3.6)

LP
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b) Let us show now that (3.2) is true for each p > 2. For any p > 2, there exists even integers
po < pi such that p € (po,p1) with pg > 2. Let v € (0,1) with p = (1 — )pg + yp1, and consider
the operator

L7 (R?) 2 U U(Hy(b) = A) ' €8p. i=0,1.
Fori =0, 1, let C; = C(p;, b) denote the constant appearing in (3.2), and define

A+ 1]
C(\,pi,b) :=Ci| 1+ — .
( dlst()\, Ugio{Aq})

Bound (3.2) implies that | M || < C(A, p;, b) for i = 0, 1. By using the Riesz-Thorin Theorem, see for
instance [Fol84, Sub. 5 of Chap. 6], [Rie26], [Tho39], [Lun09, Chap. 2], we can interpolate between
po and p; to obtain the extension M : LP (R?) — S, with

- A+ 1]
M| < C(\po,b) " 7C (A, p1,b)Y < C(p,b)| 1 | '
| M| < C(A, po,b) (A, p1,0)7 < C(p, )< +dist()\,Uf;°o{Aq})>

Therefore, for any U € LP (RQ), we have

A+ 1]
[MU)s, <C(p,b)| 1+ — = U zr,
dist ()\, Uq:O{Aq})

or equivalently estimate (3.2).

(ii) For V € L°°(R?) compactly supported, \/|V| € LP (]RQ) for each p > 2. Thus, the claim
follows according to (3.2). This concludes the proof of the proposition. U

3.2 Bounds on Pauli and Dirac operators

Concerning the Pauli operator, we have the following proposition:

Proposition 3.2. (i) Let V be non-hermitian matrix-valued satisfying Assumption 1.2 (ii), and A €
C\ U o{Ay}. Then, \/|V|(Po(b) — )\)71 € S, and there exists a constant C = C(p,b)
depending only on p > 2 and b, such that

- A
[VIVI(Ro(d) = 2) 1HSP < C|IVal,, (1 + distd, U;J{Aq}) ) (3.7)

(ii) Assume that all the Vi, € L™ (R2) are compactly supported except finitely many that vanish
identically. Then, for each p > 2, (3.7) holds with /G replaced by e~ "1#|, 1 > 0.

In particular, in both cases, V is relatively compact w.r.t. the operator Py (D).

Proof. 1t is left to the reader since the use of the identity (1.8) allows to mimic easily the proof of
Proposition 3.1. Note that for the V;, as in (ii), Assumption 1.2 (ii) holds with G = e~ 207l k> 0.0

For the Dirac operator, we have the following result:
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Proposition 3.3. (i) LetV satisfy Assumption 1.2 (ii) and \ € (C\{Ug‘;l {A; } } U {U(C;io {A;IF } }
Then, \/|V|(Do(b) — )\)71 € S, and there exists a constant C = C(p, b) depending only on
p > 2 and b, such that

[VIVIRo®) = 2) 7" < OVl (14 (N + D) @+ + C0) ), 38)

where we have set
A2
dist (A2, U2 {Ay + 1})

A
dist (A2, U2 {Ag + 20+ 1})

Ci(\) == and Ca(A) := 3.9

A4 q > 0, being the LLs of the Schrédinger operator Hy(b).

(ii) Let all the coefficients Vi, € L>®(R?) be compactly supported except finitely many that vanish
identically. Then, for each p > 2, (3.8) holds with VG replaced by e*“‘x‘, k> 0.

In particular, in both cases, V is relatively compact w.r.t. the operator Dy(b).

Proof. Since in the second point (ii) Assumption 1.2 (ii) holds with G = e~ 207l 1o > 0, then, it
suffices to prove only (i). Let A € C\ { U2, {A;}}U{ Uy {Af}}. the resolvent set of the
operator Dy(b). We have
(Do(b) = A) " = Do(b) ™" + A(1 4+ ADo(b) 1) (Do (b)® =A%) . (3.10)
By setting
Ty (A) = A(1 + ADo(b) 1) (Do(0)? = A2) 3.11)
it follows from (3.10) that

VIVIDo(b) = 3) " = VIVIDo(0) ™ + VIVITL(A). (3.12)

Due to Assumption 1.2 (ii), there exists a bounded operator B on L2 (RQ) such that 1/|V| = BVG.
Thus, it follows from (3.12) that there exists a constant C' > 0 such that

|VIVI(Do(w) - A)—lHSP < CH@‘DO“’”W% +C|[VETI (W], - (3.13)

a) Firstly, we estimate the second term of the r.h.s. of (3.13). Using (3.11), we find that there
exists a constant C' > 0 such that

H VGTi())

! (3.14)

o SCOA+ AR)||VE (Do) - 22)

P

This together with the identity (1.11) implies that

H VGTi())

P

-1

C(|>\|+|>\|2)<H\/5(H0(b)+1—>\2)_1 .

(3.15)
sp>'

(Ho(®) +1) (Ho(b) +1-2%) " .
(3.16)

+||VG (o) + 25 +1- 2)

We have
Ve 1)

H\/_Ho )+1)7"

P
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Since o (Ho(b) + 1) = Ug2o{Aq + 1}, then, the spectral mapping theorem implies that

| (Ho®)+ 1) (Ho(0) +1-32) 7| < sub ety oy

<|1+ ’)\’2

- dist (A2, U2 {Ag +1}) |
(3.17)

Thus, reasoning as in the proof of Proposition 3.1, it can be shown by using (3.16), the diamagnetic

inequality, the standard criterion [Sim79, Theorem 4.1] and the interpolation argument, that

_e
0= N

2\ —1 ’)"2
|Va(H® +1-3)7"| < cw.0)|Valy, <1+ dist(v,u;ﬁomq“})) (3.18)

Similarly, we have

| VG (o) +20+1-32) 71|

? (3.19)

< H\/a(Ho(b) +20+1) 7Y {[(Ho(b) +2b+ 1) (Ho(b) +2b+ 1 — Az)le :

P

Since o (Ho(b) +2b+ 1) = Ug2o{Aq + 2b + 1}, then, the spectral mapping theorem implies that

H(Ho(b) +2b+1)(Ho(b) +2b+1— )\2)—1H

|>\|2 > (3.20)

< <11
= SUPyeq(Ho (b)+2b+1) 0 = < + dist ()\2’ Ugio{Aq + 2b + 1})

— 22

Thus, reasoning as in the proof of Proposition 3.1, it can be shown by using (3.19), the diamagnetic
inequality, the standard criterion [Sim79, Theorem 4.1] and the interpolation argument, that

a2\ ’)"2
(3.21)
By putting together bounds (3.15), (3.18) and (3.21), we get
H\/aTl()\)HS < CpB)|VE|,, (1A + AR) 2+ C1(N) + Co(N), (3.22)

where C(A) and Cy(\) are defined by (3.9).
b) Now, we estimate the first term H\/@Do(b)rl Hsp of the r.h.s. of (3.13). Thanks to (1.11) and

the identity | Do(b)|* = (Do(b)?)
s,,) . (323

Thus, as in the proof of a) above, the use of the diamagnetic inequality, the standard criterion [Sim79,
Theorem 4.1] and the interpolation argument, allows to show that for ap > 2, each term of the r.h.s.
of (3.23) is bounded by C(p, b, a)H\/EHLp, where C'(p, b, @) > 0 is a constant depending only on p,
b and «. In particular, for & = 1, we obtain

o
2

, o > 0, it follows that

o VG (Hm) 20+ 1) 2

H\/E|D0(b)|‘“HSp < (H\/@(Ho(b) L1)E

H\/E‘Do(b)‘_lusp < Clp D) VG, (3.24)

This together with bounds (3.13) and (3.22) give the proposition. ]
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4 The discrete eigenvalues as zeros of a holomorphic function

For further use, let us recall some useful concepts by following [GGK90, Section 4]. Let .77 be a
Hilbert space as above. We denote £ (.%7) (resp. GL(5¢)) the set of bounded (resp. invertible)
operators in J7 .

Definition 4.1. Let U be a neighbourhood of a fixed point w € C, and F : U \ {w} — L () be
a holomorphic operator-valued function. The function F is said to be finite meromorphic at w if its

Laurent expansion at w has the form F(z) = Y.t (2 — w)"A,, m > —oo, where (if m < 0) the
operators Ay, ..., A_q are of finite rank. Moreover, if Ag is a Fredholm operator, then, the function

Fis said to be Fredholm at w. In that case, the Fredholm index of Aq is called the Fredholm index of
Fatw.

Proposition 4.1. [GGK90, Proposition 4.1.4] Let D C C be a connected open set, Z C D be a closed
and discrete subset of D, and F : D — £ () be a holomorphic operator-valued function in D\ Z.
Assume that F' is finite meromorphic on D (i.e. it is finite meromorphic near each point of Z), F' is
Fredholm at each point of D, and there exists wy € D\Z such that F(wy) is invertible. Then, there
exists a closed and discrete subset Z' of D such that Z C Z', F(z) is invertible for each z € D\Z',
F~1:D\Z" — GL(H#) is finite meromorphic and Fredholm at each point of D.

In the setting of Proposition 4.1, we define the characteristic values of F' and their multiplicities
as follows:

Definition 4.2. The points of Z' where the function F or F~' is not holomorphic are called the
characteristic values of F'. The multiplicity of a characteristic value wy is defined by

1
mult(wp) := %Tr/| | F'(2)F(2)"tdz, 4.1)
w—wp|=p

where p > 0 is chosen small enough so that {w € C : |w — wo| < p} N Z" = {wo}.

According to Definition 4.2, if the function F' is holomorphic in D, then, the characteristic values
of F' are just the complex numbers w where the operator F'(w) is not invertible. Then, results of
[GS71] and [GGK90, Section 4] imply that mult(w) is an integer. Let 2 C D be a connected domain
with boundary 92 not intersecting Z’. The sum of the multiplicities of the characteristic values of the
function F' lying in €2 is called the index of F' with respect to the contour 02 and is defined by

1 1
I F:=_—T F'(2)F(2)"'dz = —T F(z)"'F' . 4.2
ndpo 57 Lt - (2)F(z) "dz 57 Lt - (2) (z)dz 4.2)

In order to simplify the presentation and to shorten the article, we will treat simultaneously the
three Hamiltonians. Hence, we recall that 7y (b) denotes the operators Hy (b), Py (b) and Dy (D).
Thus, by (1.3), (1.9) and (1.13), we have

U220 {Aq} if Ho(b) = Ho(b) or Py(b),
{uz {A ULV (AT} it Ho(b) = Do(b), s

where A, = 2bqg and A;} = £+/2bq + 1 are the DLPLs. In the sequel, w.r.t. (4.3), we will write

O’(Ho(b)) = UeSS(HO(b)) = U;;iO{Af}

J(’Ho(b)) = Jess(’H,o(b)) = {
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PZf , ¢ > 0, will denote the orthogonal projection onto Ker (’Ho(b) - AZf ), and Q?f, g > 0, will
denote the orthogonal projection onto ( J;_,, Ker (Ho(b) — Af) Thus, Qf =1- Pf.

For a fixed spectral threshold A?f € UpZo{Ag}, let
0<e<2b 4.4)

In the case A} = AF e {uz {A; FPU{uz, {Af}} fixed, we impose that

VvV2ab+1-1 f =0,
0<e<{ + ord

45
min (A —A_,Ay — AY) for ¢>1, *3)

where A4 denote the DLLSs respectively on the right and the left on A?f. Hence, we define Z,(e)* :=
{xeC:0< ‘A?f — A| < £}. Put the change of variables Af — A = k and introduce .@(0,6)* =
{k € C:0< |k| <e}. Thus, Z4(c)* can be parametrized by

A=M(k) :=AF -k, ke2(0,¢)", (4.6)

and we have the relation 7, (¢)* = AZf +9 (O, 5) *. We have the following proposition:

Proposition 4.2. Let V = V,, satisfy the assumptions of Theorems 2.1, 2.3 or 2.5. Then, for any fixed
spectral threshold A#, q > 0, the operator-valued function

2(0,6)* 3 k — Ty, (A (k) 1= wy/|W[(Ho(b) — Ay(k))

is analytic with values in the Schatten-von Neumann class S,,.

Proof. Assume that V' = V, satisfy the assumptions of Theorems 2.1, 2.3 or 2.5. Then, thanks to
Propositions 3.1, 3.2 and 3.3, together with X\;(k) € p(Ho(b)) = C\ U(‘;C;O{A?f} for k € 2(0,¢)*,
we have Ty, (A\g(k)) € S,.

Let us show the analyticity of the map 2(0,¢)* 5 k — Ty, ()\q(k)). We have, using (4.6),

VIW(Ho(b) = Ag(k)) ™ rwr
— VIWIPH (Ho(b) = Ag(k)) ™ \/—+\/—Q#(’H (6) = A (k) "' VW]

=k~ 1\/IW|P#\/|W|+\/IW|Q#(%0( (k) "'/ W, (4.7)

Now, each term of the sum (4.7) is analytic in Z(0,¢)*. Then, so is the map 2(0,¢)* > k —
Ty, (A\g(k)). This concludes the proof. O

Propositions 3.1, 3.2 and 3.3 imply that the operator wW (Ho(b) — )\)71 is of class S, p > 2, for
A € p(Ho(b)). Consequently, we can introduce the [p]-regularized determinant

ety (1+wW (Ho(b) = 2) ')

[p1—1 < _ WW(HO(b) _ A)_l)k (48)
A )

= det { (T +wW (Ho(b) = A) ) exp
k=1
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where [p| := min {n eN:n> p}. It is well known, see for instance [Sim79, Chap. 9], that we
have the characterization

X € Gae(Har, () & Jy(N) = detgyy (T +wW (Ho(6) = A) ') =0, 4.9)

Moreover, if the operator wW (Ho(b) — )\)71 is holomorphic in a domain €2, then so is the function
fp(X) in €, and the algebraic multiplicity of A € oqisc(Hy, (b)) is equal to its order as zero of the
regularized determinant f,(\).

Proposition 4.3. Let V = V,, satisfy the assumptions of Theorems 2.1, 2.3 or 2.5. Let Ty, (\q(k))
be the operator defined in Proposition 4.2. Then, for kg € 2(0,¢)*, the following assertions are
equivalent:

(i) Ag(ko) = A?f — ko € D4(e)* is a discrete eigenvalue of Hy,, (b),
(ii) det"m <I + va ()\q(ko))) =0,

(iii) —1 is an eigenvalue of Ty, ()\q(ko)). Moreover, the following equality happens

mult(A, (ko)) = Tndy (1 + Ty, (A(4) ). (4.10)

where v is a small contour positively oriented containing ko as the unique point k satisfying
g (k) is a discrete eigenvalue of Hy,, (b).

Proof. (1) < (ii) follows from (4.9) and the equality

1

detpy (1 +wW (Ho(b) = A) ") = detpyy (1 £ wy/IW(Ho(6) = )~ V/IWT).

(ii) < (iii) is a direct consequence of the definition of detp, (I + K), K €8, similarly to (4.8).

Let us prove (4.10). Let f,(\) be the function defined by (4.9). By the discussion just after (4.9),
if 4/ is a small contour positively oriented containing A,(ko) as the unique discrete eigenvalue of
Hy,, (b), then, we have

1 [

2um z f()\)

mult (A (ko)) = ind, f, =

dA. 4.11)

Now, (4.10) follows from the equality ind./ f, = Ind, (I + Ty, ()\q(-)) ), see for instance the identity
(2.6) of [BBR14] for more details. ]

5 Proof of Theorems 2.1, 2.3 and 2.5

We conserve the notations introduced in the previous Section. By (4.7), for \;(k) € Z,(e)*, k €
2(0,¢)*, we have

e Tl
Ty, (Ag(k)) = +w ’W’Pkf ’W’j:w\/|W|Qf(’Ho(b)—>\q(k))_l [W]. (5.1

Thus, the following proposition holds:
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Proposition 5.1. Let V =V, satisfy the assumptions of Theorems 2.1, 2.3 or 2.5. Let Tv,, (Aq(k))
be the operator defined in Proposition 4.2. Then, we have

#
Ty, (k) = TPV g, 52)

where the operator A (k) = \/|W|Q#(7—[0(b)—)\q(k))_1\/|W| € S is holomorphic in (0, ¢) :=
2(0,e)* U{0}.

Now, we formulate Proposition 4.3 in terms of characteristic values, see Definition 4.2.

Proposition 5.2. Let V = V,, satisfy the assumptions of Theorems 2.1, 2.3 or 2.5. Then, for ky €
2(0,¢)*, the following assertions are equivalent:

(i) Ag(ko) = A?f — ko € Dy(e)* is a discrete eigenvalue of Hy,, (b),

(i) ko is a characteristic value of I 4+ Ty, (A(k)). Moreover, we have mult(Aq (ko)) = mult(k).

By setting B
A (k) == /WPF/ W]+ kA4 (k), (5.3)
it follows from Proposition 5.2 that the study of the discrete eigenvalues A, (k) near a fixed spectral
threshold A?f, q > 0, can be reduced to that of the characteristic values of

A,k
I+ Ty, (A\(k)) :Iiw% =] -2 = (5.4)

z
where z = Fk/w and Aéw)(z) = Aq(:sz). In particular, we have Agw) (0) = Aq(O) = «/|W|P#\/|W|.
Furthermore, we have (Agw)),(z) = :Fw‘§21(:sz) implying ttiat (Aéw)),(O) = :|:w1~¥1(0). Let ﬁq
denote the orthogonal projection onto Ker A(0), and note that A (0)IT, is a compact operator. Thus,
there exists a discrete set

2, if Hy(b) = Hy(b),
C* D%, =<5, if Hy(b)=Py(b),
SEif Hy(b) = Dy (b),

such that the operator I — (A((Iw)),(O)ﬁq =1+ wgg(O)ﬁq is invertible for each w € C* \ i]q.

Thus, (i) of Theorems 2.1, 2.3 and 2.5 is an immediate consequence of [BBR14, Corollary 3.4. (i)
and (ii)] with z = Fk/w. More precisely, the discrete eigenvalues A, (k) satisfy

F Re <§> >0, k € FwS(0,7,10), (5.5)

for any ¢ > 0, with the sector S(d,r,7¢) defined by (2.3).
Now, Proposition 5.2 together with (5.4) show that \,(k) is a discrete eigenvalue of Hy, (b) if

and only if z = Fk/w is a characteristic value of Agw) (z) = Ay(Fwz), with the same multiplicity.
In the sequel, we denote this set characteristic values by Char(e). Futhermore, (5.5) shows that for
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lwlr < |k| < |w|rp, the characteristic values z = Fk/w are concentrated in a sector S(d, 7, ) for
any 6 > 0. In particular, for r N\, 0, we have

#{Aq(k) € oaise (Hy (D)) : wlr < [k] < |w|r0} - #{z = ¥k/w € Char(e)NS(3, 7, ro)} +O(1).

(5.6)
Due to (2.2), (2.13) and (2.22), we have A (0) = /WP /W] € S,. Then, if rank (A ') (0)) =
00, [BBR14, Corollary 3.9] implies that there exists a sequence (1;)¢ of positive number tending to
zero such that

#{z = Fh/w € Char(e) N1 S(6m,70) | = Trpy, oo (VIWIPE VW) (1 +0(1))
= Trlgy, ) (PFIWIPF) (14 0(1), € — .
(5.7)

Thus, by putting together (5.6) and (5.7), it follows Theorem 2.1 (ii), Theorem 2.3 (ii)-(iii), and
Theorem 2.5 (ii), with

Ty if Hv(b) = H\/(b),
N = 4 pg or vy if Hy(b) = Py (b),
Ve if Hy(b) = Dy (b).
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