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AN INEQUALITY A LA SZEGO-WEINBERGER FOR THE
p—LAPLACIAN ON CONVEX SETS

LORENZO BRASCO, CARLO NITSCH, AND CRISTINA TROMBETTI

ABSTRACT. In this paper we prove a sharp inequality of Szegé-Weinberger type for the
first nontrivial eigenvalue of the p—Laplacian with Neumann boundary conditions. This
applies to convex sets with given diameter. Some variants, extensions and limit cases are
investigated as well.
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1. INTRODUCTION

1.1. Overview. Given an open bounded connected Lipschitz set @ € R and an exponent
1 < p < 00, we consider A\, and p, the first nontrivial eigenvalues of the p—Laplace operator
with Dirichlet and Neumann boundary conditions, respectively. We remind that these can
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be variationally characterized by

Ap(2) = min {/ |VolP dz - / [v|P dox = 1},
vewy P () L/ Q

(@) = _min {/ﬂ VolP da - /Q|v\pda: — 1 and /Q|v|p21)da: _ o}.

Since exact values of such quantities are known only for specific values of p and special
domains €2, it is important to give (sharp) estimates for these quantities in terms of (simple)
geometric quantities such as measure, perimeter, diameter, relative isoperimetric constants
and so on. In this direction, the reader could consult for instance [1, 2, 3, 4, 10] and the
references therein.

and

With this respect the most celebrated example is the Faber—Krahn inequality (see [11,
Chapter 3] for example) which asserts that the following minimization problem

(1.1) inf{\,(Q) : Q| < ¢},

is (uniquely) solved by N—dimensional balls of measure c¢. By taking advantage of the
homegeneity properties of the functional £ +— X,(§2), the previous can be summarized as

(1.2) M) > A(B) (’,‘g;) v

where B is now any N—dimensional ball. Then A,(€2) can be bounded from below in a
sharp way just in terms the measure of the set {2. We point out that by using isoperimetric
inequality or isodiametric inequality, from (1.2) we can infer similar lower bounds for )\, in
terms of the perimeter or the diameter of 2.

Observe that problem (1.1) becomes trivial, when we replace \,(€2) with p,(£2). Indeed,
the latter is actually zero each time () is disconnected. It turns out that the natural
counterpart for y, is rather the maximization problem, i.e.

(1.3) sup{11p(©) : € = c}.
Again, this is generally expected to be solved by N —dimensional balls of volume c¢. Unfor-
tunately so far this problem has resisted all the attempts to be attacked with the unique
exception of the case p = 2 (and partially of the limiting cases p = 1 and p = oo, see [7]
and [8, 18] respectively). The Szegd—Weinberger inequality [19, 23] states in fact that for
p = 2 problem (1.4) is (uniquely) solved by N—dimensional balls of measure c¢. As before,
the result can be rewritten in scaling invariant form as

(1.4) 12(@) < pa(B) (','g;) v

with equality holding if and only if € is an N—dimensional ball. We recall that the proof
of (1.4) for p = 2 crucially exploits some pecularities of the Laplacian, like linearity and
the knowledge of the explicit form of eigenfunctions on balls.
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A couple of comments on the Szegé-Weinberger result are in order. First of all, inequality
(1.4) says that ps(€2) can be estimated from above just in terms of the measure of 2. But
differently from the case \,, now we can not directly infer similar upper bounds for £12(€2)
in terms of perimeter or diameter. Then one may wonder whether such a kind of estimates
hold true or not for every 1 < p < oo, at least for some particular classes of sets.

Secondly, we notice that if B is any N—dimensional ball, using the fact that pe(B) <
A2(B) (see [11] or Proposition 5.1 below), from (1.4) we can infer

(1.5) 12(2) < A2(B) ('SD ! ;

which can be see as a weak version of the Szegs-Weinberger inequality. Again, a natural
question is whether inequality (1.5) can be extended to the case of p # 2 or not.

The last two questions are the starting point of our analysis. In this paper we prove
indeed sharp upper bounds on p,(€2) in terms of diameter, as well as generalizations of
(1.5) for p # 2, under the additional constraint that €2 is a convex set.

1.2. A sharp upper bound. Then our main scope is to investigate the following shape
optimization problem with convexity and diameter constraints

(1.6) sup{pp(Q) : Q C RY convex, diam(Q) > 1}.

Of course, by homogeneity of the quantities involved the value 1 has no bearing and could
be replaced by any constant ¢ > 0. In Theorem 3.1 we show that the previous upper bound
w* is finite, then we compute it and show at the same time that this problem does not admit
a solution. Notably, we show that for every admissible set {2 there holds

NP(Q) < ,LL*,
and we exhibit a sequence {Q,} C R¥ of convex sets suitably degenerating to a segment

for which

li Qn) = u*.
Jim 1y (Qn) = p
We refer to Section 3 for more details. As we will show, the previous result can be sum-
marized by the following scaling invariant sharp inequality

(17) @) < 3(8) (o)

where B is any N—dimensional ball and inequality sign is strict. The proof of (1.7) is
based on a clever choice of a special test function which reminds idea exploited in [19, 23].
We point out that by joining (1.7) and the isodiametric inequality, we immediately get

@) < 0(8) (1) v

which generalizes (1.5) to p # 2 for convex sets, as announced above. By keeping in mind
the way such an estimate was proved for p = 2, the previous can be seen as the trace of a
potentially exhisting Szegd- Weinberger inequality for the p— Laplacian.
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For ease of completeness and in order to neatly motivate some of the studies performed
in this paper, it is useful to recall at this point that the minimization problem

(1.8) inf{11,(Q) : @ ¢ RN convex, diam(Q) < 1},

highlights the same features as problem (1.6). For example, here as well the infimum can
be computed and is not attained. More interestingly, a minimizing sequence is again given
by a family of convex sets collapsing on a segment. For p = 2 this is a celebrated result by
Payne and Weinberger (see [16]), which has been recently generalized in [9, 22] to p # 2.
The result can be summarized by the sharp inequality

Tp P
1.9 QD> |—F .
(1.9) @) > (o)
1.3. Generalized eigenvalues. It is quite natural to wonder if similar conclusions can
be drawn also in the case of the following generalized notion of eigenvalues

Apg() = min {/ |VoulPdz - / |v|?dx = 1},
vew, P () L/ Q

and

Lp.q(§2) :vevréllig(ﬂ){/g\vada: : /Q]v|qdz =1 and /Q|v|q27)da: = O}.

Quite interestingly, it turns out that for ¢ > p one has the following picture:

e one can prove the analogue of (1.7);

e this estimate is not sharp;

e the maximization problem (1.6) now admits a solution;

e a lower bound like (1.9) is not possible (and the infimum in (1.8) is 0);

On the contrary, for ¢ < p all the previous statements have to be reverted. In particular,
we have

sup{fip,¢(2) : Q C RY convex, diam(2) > 1} = 400,

and it is rather the minimization problem for p, , which is now well-posed (see Section 4
for more details).

1.4. Plan of the paper. In Section 2 we prove some basic results concerning properties of
tpq(2) and Ay 4(€2). Section 3 is devoted to the investigation of problem (1.6). In Section
4 we consider the case 1 < p < ¢ < p*, and we prove a lower bound for f, 4(€2) in terms of
measure and diameter of 2 when p > ¢. In Section 5 we prove a nodal domain property
which roughly speaking shows that for ¢ > p eigenfunctions associated to i 4(€2) can not
have a closed nodal line. Finally, the last Section is devoted to investigate the limit cases
qg=p*and p=N.

Acknowledgments. The first author has been partially supported by the Gaspard Monge
Program for Optimization (PGMO), by EDF and the Jacques Hadamard Mathematical
Foundation, through the research contract MACRO. Part of this work has been done
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2. PRELIMINARIES

We fix two exponents p and ¢ such that 1 < ¢,p < oo and

N

ij if1<p<N,
(2.1) q<p" = P

~+00, if p> N.

For every  C RY open bounded Lipschitz set, we use the standard Sobolev spaces
WP (Q) = {u e LP(Q) : Vue LP(RY)},

and W&’p(Q), the latter being the closure of C§°(2) with respect to the norm of W1P(€).
We then define the two quantities

/\Vv\pdm
Lp.g(Q) = inf /]v]q vdr=0y,

veWLP(Q)\{0} (/, 74 )
v X

/]Vv|pdx
Mg = imf L2

vEW P (Q)\{0} (/ !’U|pdx>§'
Q

It is useful to recall that i, 4(€2) can be defined through the unconstrained minimization
/ |VoulP dx
[pq(2) = inf “

Wie(Q
vewit )min </ |vt|qdaz)
teR Q

where we set W“’(Q) ={veW?(Q) : [,|Vv[Pdz > 0}. Also, we have that if A is such
that the equation

—Apu = Xul?, \u|q 2y inQ, u=0, ondQ,

and

D
q

admits a nontrivial solution in WO’ (), then A > X, ,(Q).

Remark 2.1. Observe that the quantity g, 4(S2) is always well-defined, we could have
p.q(£2) = 0 if © does not support a Poincaré inequality of the type

P
C min (/ v —t|qd:c>q < / |VolP dx.
teR Q Q
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The same remark applies to the quantity Ap 4(£2).
We start with a couple of preliminary results on the quantities p, , and A, 4.
Lemma 2.2. Let 1 <p < oo and 1 < s < q < p*, then we have
p_p p_p
Ap,q(€2) <[ 7 X, 5(2) and tp,g(2) < Qs pp 5(€2).

Proof. The result is a plain consequence of Holder inequality. Let us prove for example
the second inequality: we pick u, € W1P() a function minimizing the Rayleigh quotient
which defines g, 5(£2). We then define ¢, as the minimizer of

t— / lus — t|9 dx,
Q

/ |VolP da / |Vus|P dx
Hpg(@) = min ’ y < ——+ 7
v ’ q q
W in (/ lv —t|? dx) (/ lus — tq]? da:)
teR Q Q

. /|Vus|pdx . /|Vus|pdx
e p— 0 L p—

thus we get

S J— &1 p
(/ lus — tq|sdm> min </ lus — t]%lx)
Q teR Q
which in turn gives
p_p
fip,q(§2) < |4 1 5(62),
as desired. m

The following simple continuity result will be useful.

Lemma 2.3. Let 1 <p < oo and 1 < g < p*, then we have
lm Ap (2) = Apq(2) and lim ge, 5(2) = pp o (92).

s—q s—q

Proof. We just prove the second equality, the first one can be proved along the same lines.
Let u, € WHP(Q) \ {0} be a minimizer for the variational problem defining i, ,(€2), i.e.

such that
/ |Vug|? dx
Q

()

Observe that since uq # 0, the second condition above implies that u, is not constant. We
then define t; to be the minimizer of

= LUp.q(2), and / lug|? % uy dz = 0.
Q

tb—>/\uq—t|sdx, teR,
Q
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thus we obtain

/ |Vug|P dz
lim sup p 5(2) < limsup 2 -

s—q s—q . s s
min lug — t|* dx
teR [¢)

/\qu|pd:c /]qu|pdx
Q __Jo

= limsup > 5 = Ip,q(£2).

s—q s q
(/ [ug —tslsd:c> (/ ]uq]qda:)
Q Q

where we used that! ¢, goes to 0 as s goes to ¢. In order to prove that

lim inf 2, s(2) = 11, (€2),

as well, we have to distinguish two cases. If s 7 ¢, then we can simply apply Lemma 2.2,
thus we obtain

lim inf () = lminf [Q] 77 prp,0(2) > 11,4(9).
s,'q s/'q

On the contrary, for s \, ¢, we pick us € W1?(Q) such that

/ |Vus P doe = pp (), / lus|® dx =1, / ]u5]3_2 us = 0,
Q Q Q

then in particular {us} is a bounded sequence in WP (Q), thus there exists a subsequence
(not relabeled) which strongly converges when s N\, ¢ in L9(Q2). If we call u this limit
function, we have

/ |ulP = lim/ lus|® dz =1 and / lu|" 2 udr = lim/ lus|5 2 ugdz =0
Q s\ .Jo Q s\ .Jo
and of course
tpq(2) < / |Vul? dz < lim inf/ |Vus|P do = lim inf p, 4(£2).
Q s\a Jo 5™\
This concludes the proof. O

We will also need the following very simple geometric result for convex sets.

IThe convex functions

t»—>/ |u — t|° dz,
Q

are converging locally uniformly to the function

t»—>/|u—t|qdr.
Q

Moreover, for |s — g| sufficiently small, there exists m > 0 such that we have |ts| < m. Then by uniform
convergence and uniqueness of the minimizer ¢, we can infer lims_4ts =t, = 0.
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Lemma 2.4. Let Q C RY be an open conver set, and let zq € 0. Then
(x — xo,v0(x)) >0, for HN"1—a.e. x € 09,
where vo(x) denotes the outer unit normal to 0S) at the point x.

Proof. Since 2 is convex, given x € 9€) we have that
Qc{yeRY : (y—=z,vo(x) <0},

i.e. the hyperplane orthogonal to vo(x) and passing from x is a supporting hyperplane for
Q. In particular, since xzg € €2 we get

(rg — w,vq(x)) <0,

which concludes the proof. ]

3. A SZEGO-WEINBERGER INEQUALITY FOR CONVEX SETS

The following is the main result of the paper. This shows that the nonlinear spectral
optimization problem

sup{pp(Q) : @ C RY convex, diam(Q) > 1},

does not admit a solution, but a maximizing sequence is given by a family of convex sets
suitably degenerating to a segment. Of course, the value 1 for the diameter constraint
plays no special role and could be replaced by any constant ¢ > 0.

Theorem 3.1. Let Q C RN be an open bounded convex set and 1 < p < co. Then we have

iam p
(3.1) tp,p(2) < App(B) (M) )

where B is any N—dimensional ball.
Equality sign in (3.1) is never achieved but the inequality is sharp. More precisely, there
exists a sequence {Q Yren C RY of convex sets such that:

e diam(Qy) =d > 0, for every k € N;
e () converges to a segment of length d in the Hausdorff topology;
e we have

where Bgo is an N —dimensional ball having radius d /2.

Proof. We split the proof into two parts: at first we prove (3.1), then we construct the
sequence {Q}ren verifying (3.2).

Proof of (3.1). First of all, we observe that inequality (3.1) is in scaling invariant form.
Then without loss of generality, we can confine ourselves to prove that

tpp(€2) < App(B),
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FIGURE 1. The construction of the two caps € and ;.

where B is the ball centered at the origin such that diam(2) = diam(B). Let us take
u € CH*(B) N C>®(B\ {0}) the first Dirichlet eigenfunction for the ball B, normalized by
the condition u > 0. This solves

(3.3) —Apu = Ay p(B)uP™! and u=0 on JdB.

We then take two points xg, z; € 9 such that |z¢ — z1| = diam(Q2), and we define the two
caps

diam(2)

Qi:{x:]:n—xi]< 5

} N, 1=0,1,
which are mutually disjoint (see Figure 1). We then take the function
o(x) = u(x — x0) - 1, (z) — cu(x — x1) - 1o, (x) € WHP(Q),

where ¢ € R is the constant given by

/ u(z — z0)P L de

Qo

/ u(z — z1)P " Lde
1951

By using this function ¢ in the Rayleigh quotient defining 1, ,(£2), we get

c= , so that / P2 pdx = 0.
Q

/ |[Vu(x — x0)P dz + P |\Vu(z — )P dx
Q() Q1

ppp(€2) < )

/ |u(z — z0)|P dx + P lu(z — 1) dz
Qo Ql
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where the strict inequality holds since ¢ can not be an eigenfunction?. By performing an
integration by parts in the integrals at the numerator, we obtain®

[ ute—aoPde = [ 19— a2 2w = ) ule — o) dHV )
Qo 80 ovg

- Apu(zr — xo) u(r — xo) dx
Qo

_ / V(e — 20)72 2% (5 — 20) ulz — o) MY (2)
% dvg

Fn(B) [ futa — zo) da,
Qo

where we used the equation (3.3) solved by u. Observe that the first integral in the right-

hand side has a sign. Indeed w is a radially decreasing function, then (with a small abuse

of notation) we have

T — X0
(Vute = o0)v0)a)) = (e~ al) { =20 0(a) ).
|z — x|
and the claim follows from Lemma 2.4. The same computations apply to the other terms
appearing in the numerator, thus obtaining

/ |u(x—:v0)|qd:c—|—cp/ lu(z — 21)|P dz
Q Q
. : = Ap,p(B)’

/ |u(z — xg)|P do + P |u(x — x1)|? dz
QO Q1

Hp,p(2) < App(B)

which concludes the proof of (3.1).

Optimality of (3.1). Let B be a ball of diameter d. We prove optimality of (3.1) by
constructing a sequence of convex sets {Q }ren, all sharing the same diameter d, and such
that

(3.4) App(B) < likrg%)r;f Lp.p () and lim sup pip (k) < App(B).

k—o0

20bserve that if the Rayleigh quotient of ¢ achieves i, 4(€2), then ¢ would solve

—App = pip,q(Q) |80‘q72 ®, in Q,

in a weak sense. Let us take yo € 9Q0 N Q, by picking a ball B,(yo) with radius p sufficiently small so that
B,(yo) C 2\ Q1, we would obtain that ¢ is a nonnegative solution of the equation in B,(yo). Then by
Harnack’s inequality (see [21, Theorem 1.1]) one obtains
0< max ¢ < C min ¢ =0,
BQ(?/O)SO - Bg(y())so

thus getting a contradiction. We point out that we are not using any unique continuation argument.
3Observe that we have u(z — z0) = 0 on 9 N Q.
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FI1GURE 2. The maximizing sequence 2 of Theorem 3.1.

In view of (3.1) we only need to prove the liminf inequality in (3.4). For all s € R and
k € N let us denote by

Cp (s) = {(z1,2") e Rx RN ¢ (zy — s)_ > 2k|2/|}
and
Cii(s) = {(z1,2") e R x RV (2 —s)4 > 2k ||}

the left and right circular infinite cone in RV whose axis is the z1-axis, having vertex in
(5,0) € R x RV~! and whose opening angle is a = 2 arctan (%) We set

(3.5) Qp=Cp (g) NGt <—;l> :

In dimension N = 2, Q is nothing but a rhombus of diagonals d and 1/k. In higher
dimension {2 is obtained by gluing together the basis of two right circular cones of height
d/2 and radii 1/(2k) (see Figure 2).

We claim that for this family (3.4) holds true. We start observing that whenever u
belongs to W1P(€Q;) then the rescaled function v(z1,2’) = u (1, 2’/k) belongs to W1P(Q)
and we have

/ (102,0] + 162|Vg[;/v|2)g dx = kN1 / |VulP de, / lv|P do = N1 / |ulP dz,
Q1 Q. Q1 Qp

and

/ P2 vde = kN1 / [v|P~? vdx = 0.
Ql Qk
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Thus we obtain

/ |Vul? dz
L () = min I

: lulP~2ude =03,
ueWhp(Q)\{0} / ulP dx Q
Qp

2
2

/ (laxlv|2+kzlvx/v|2) dx
= min i}

veW L (@)\{0} / 0P da
951

:/ WP 2vde =0 p =: ().
941

Now we denote by uy a function which minimizes the Rayleigh quotient defining i, ,(2)
and by vg(z1,2") = ug (21, 2'/k) the corresponding function which minimizes the functional
defining v£(€2). Without loss of generality we can assume that |vg|z») = 1. Since
inequality (3.1) implies that

(3.6) / (|05, v |* + &2 |vm/u,€|2)g dr < ONp.d; for all k € N,
Q

then there exists w € WHP(Q) \ {0} so that vy — w weakly in W1P(Q) and strongly in
LP(Q). Moreover we also have?

Vyw =0, and / |w|P~2 wdz = 0.
Q

Since w does not depend on the z’ variable, we will write for simplicity w = w(z1) with a
slight abuse of notation. For all s € [—d/2,d/2] we denote by I's the section of Q which is

4The bound (3.6) implies that for every given ko € N, we have
kb / |Vrw|? da < / (Ve w|® + k3 |Vx/w|2)% dx < ligninf/ (Ve vi]® + kg |vgc,ru,€|2)g dx < C,
Q Q - Ja

which in turn gives V,w = 0 by the arbitrariness of ko.
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orthogonal to the 21 —axis at z1 = s and set g(s) = HY~1(T,). Then we get

D
(102, vk ]2 + K2 Vg ?) ¥ dz / 100, vlP d
lim inf 4;,(Q) = lim inf =2 > hrn mf
k—o00 k—o00 ’Uk’p dx |Uk|p dr
951 oh)

/2
wpds [ WP

1951
= — T2
wlde [ ) g(s)ds
Ul —d/2
/2
/_d [f'Pgds 4,
> min S I IfIP2fgds=0

B fewl’p( 2’2)\{0} /d/2 |f|p_gd8 —d/2

Let us denote by n the previous minimal value, then a minimizer f is a solution to the
following boundary value problem

—(gIf P2 ) =nglfP2 f, in(=d/2.d/2),
F(=d/2) = ['(d/2) = 0
Since g(s) = g(—s) it is easy to prove that f(0) = 0 and hence f solves
—(g1fP2 ) = nglfP2f, in (0,d/2),
f(0) = f'(d/2) =
Finally, by reminding that g(s) = wy_1(s — d/2)N~1, if we set h(r) = f(d/2 —r) then
— (PN P2 R) = N AP R, in (0,d/2),
R'(0) =h(d/2) =0

which means that H(z) = h(|z|) is a Dirichlet eigenfunction of —A, of a N-dimensional
ball of radius d/2, namely B. Hence n > A, ,(B) and we get

1ikn_1>g.}f () > )\PJJ(B)v

which concludes the proof. O

4. THE CASE p # q

In this section we discuss variants and extensions of Theorem 3.1 for the quantity s, 4
when p # q.
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4.1. The case p < ¢q. Actually, with the very same proof of Theorem 3.1 we can prove
the following upper bound (see Remark 4.2 below for a discussion on its sharpness).

Theorem 4.1. Let Q C RY be an open bounded convex set and 1 < p < q < p*. Then we
have

)

1am p+%7N
(4.1) Hp.a(§2) < Apq(B) <jiam£§>

where B is any N—dimensional ball.

Proof. We use the same notation as in the proof of Theorem 3.1. With v € C1*(B) N
C>(B\ {0}) we now indicate the function achieving A, ;,(B), normalized by the conditions

(4.2) ullLapy =1 and u > 0.

Though we do not need this, we recall that such a function is unique for B and radially
symmetric decreasing (see [6, Main Theorem]). Moreover it solves

(4.3) —Apu = \pg(B)ul™? and u=0 onJB.
As before, we consider the two caps €y and 2; and take
o(x) = u(x —x0) - lo,(z) —culr —z1) - 1o, (z) € I/Vl’p(Q)7

where ¢ € R is now given by

/ w(z — z0)4 dz

Qo

/ u(z — 1) da
971

By using this function ¢ in the Rayleigh quotient defining p, ,(€2) and proceeding as in
Theorem 3.1 we now end up with

/|u(x—x0)\qczx+cp lulz — 21)|7 da
Q() Ql

(/QO lu(z — 20)|9 dz + 1 /Ql (e _x1)|qu>2.

Observe that the term on the right-hand side is of the form
A+tiB
- .
(A+tB)s

For p < ¢ the previous expression is maximal for ¢ = 1. By observing that this maximal
value is given by (A + B)'"P/49, we thus get

@0 el <A |

Qo

CcC =

Ip,q(2) < Apg(B)

P

1
lu(z — w0)|¢ dz + / lu(z — x1)|qd:17] !
951
We have 1 — p/q > 0 and the sum of the two terms into square brackets is less than 1 by

(4.2), thus we can finally infer (3.1). O
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Remark 4.2 (About sharpness). This time, the estimate (4.1) is not sharp. We keep the
same notation as in the proof of Theorem 4.1 and still consider ¢ > p. By adding and
subtracting the term X, ;(B) on the right-hand side of (4.4), recalling (4.2) and using the

concavity of t — t17P/%, we get
1-2 1-2
q q
</ |u|qdaj> - </ ]u|qu>
QU B

< \o(B)+ 122\ (B) U \u|de—/ \u|qda¢}
q QoUQ B

q—0p
< na(B) = (B /B e
Q

Hp,g(2) < Apg(B) + Apg(B)

—_

Since u is radially decreasing, a simple rearrangement argument finally gives

qa—p
(4.5) p,q(82) < Apg(B) — ——= Xp4(B) / |u|? dx
q B\Tq

where T is the ball centered at the origin, such that |Tq| = |0 U £21]. Now observe that
by using the quantitative isodiametric inequality (see [14, Theorem 1])

2]

Cn

ol _ 1€/ 5

= 1|92 = Q0 U Q4] +C A(Q)=,
N

B\ To| = |B| - QU] > |9 + 5 AQ)* — [Qo U Q|

where Cy > 0 is a dimensional constant and A(Q) is the Fraenkel asymmetry of Q, defined
by

210\ Q
A(€) =inf{|m\#’ : Qy ball with [Qy| = |Q|}.
#

The estimate (4.5) shows that there can not exist a convex set 2 such that p,4(Q) =
Apq(B), for ¢ > p. Indeed, it this were true, one would obtain

/ |ul?dz =0,
B\Tq

and since v > 0 in B, this would imply |B \ To| = 0 and thus
(4.6) A(Q) =0 and | = |20 U Q).

The first condition in (4.6) implies that € is a ball, in contrast with the fact that |Q| >
|9 U Q] for a ball (see Figure 3).

From Theorem 3.1, we can also infer a couple of upper bounds on 4, in terms of
measure and diameter.
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FiGURE 3. The two caps €y and €21 can not cover the whole ball.

Corollary 4.3. Let Q C RN be an open bounded convex set and 1 < p < q < p*. Then we
have

_» (diam(B)\?
47 Q) < Ap(B) QT (S
(1.7 ol < Ap(B) 0 ()
and also

p p

(4.8) Ip,q(2) < Apg(B) (”QD ' 5

where B is any N—dimensional ball.

Proof. We first observe that (4.7) with p = ¢ coincides with (3.1). Let p < ¢, by applying
Lemma 2.2 we get

1-2
Hp,g(2) < Q77 py p(82).
It is then sufficient to apply Theorem 3.1 with ¢ = p in order to estimate the right-hand
side. This proves (4.7).

In order to prove (4.8), we can use the isodiametric inequality
1
diam(B) |BI\ ¥
4.9 i S g (et |
(4.9) diam(Q2) — (]Q\ ’
in equations (3.1) and (4.1). O

Remark 4.4. From estimate (4.7), we have that for p < ¢ the quantity p, () can not
be bounded from below in terms on diam(2) only. In other words, for ¢ > p we have

inf{1,4(9) : Q C RY convex, diam(Q) < ¢} = 0.
Indeed, for any sequence of convex sets {Q }ren C RN such that

lim [Q] =0 and diam(2) = ¢,
k—o0

we have that p, ,(€2%) converges to 0, as k tends to oco.
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As in the case p = ¢, we can then ask whether the following shape optimization problem
(4.10) sup{ftp,q(2) : © open and bounded convex set, diam(§2) > c},

admits a solution or not. We have the following existence result.

Theorem 4.5 (Existence of a maximizer). Let 1 < p < q < p*, for every ¢ > 0 problem
(4.10) admits a solution. In other words, there exists an open and bounded convez set
K C RY such that

>p+ﬂfN p+E-N

Hpq($) (diam(©) < typg(K) (diam(K) )T

for every Q C RN open and bounded convex set.

Proof. By Theorem 3.1 we already know that this supremum is finite. Let us call N, this
supremum and take a maximizing sequence of admissible sets {Q}xen C RN of course we
can suppose that

Ne
(4.11) p.qg () > 5 > 0, for every k € N.

Since p, 4 scales like a length to a negative power, we can also assume that
diam(Qy) = ¢, for every k € N.

Finally, thanks to (4.7) we can suppose that there exists a uniform constant § > 0 such
that

(4.12) |Q| > 9, for every k € N,

since otherwise we would have that /i, 4() goes to zero.

Thanks to the bound on the diameters, we can assume that the whole sequence {Q }ren
is contained in a common compact set D C RY. Thus the sequence is relatively compact for
the complementary Hausdorff topology in D: more precisely, there exists an open set 2 C D
such that Q (up to a subsequence) converges in the Hausdorff complementary distance to
Q2 (see [12, Corollaire 2.2.24]). Moreover, € is still convex and its diameter equals ¢ (see
[12, Section 2.2.3]). We also observe that the characteristic functions {1q, }xen converges
to 1q strongly® in L'(D) and *—weakly in L>(D).

Without loss of generality, we can assume that {2 contains the origin, since p, 4(€2) is
not affected by translations. We are now going to prove that

(4.13) hin SUP Lip,q (k) < fip,q(€2).
—00

At this aim, let us take u € WP(Q) a function attaining the infimum in the definition of
Ip,q(£2) > 0. Since Q contains the origin, for every € > 0 the set . = (1+¢) 2 is such that
Q ey,

5By convexity, a uniform bound on diam(§2x) implies a uniform bound on their perimeters and measures.
Then it is sufficient to use the compact embedding BV (D) «— L' (D).
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then by Hausdorff convergence for every ¢ > 0 there exists k. € N such that
Qp C Qy, for every k > k..

x
ua(x):u<1+€>, x € €,

then for every 0 < e < 1 and every k > k., we take ¢, € R such that

/ |ue — te | de = min/ |ue — t|9 dx,
QL teR Q.

We claim that the sequence {t. ;}ren in bounded uniformly in k& and 0 < e < 1, i.e. there
exists C' > 0 such that

(4.14) lte ] < C, forevery 0<e<1l and k> k..

Indeed, observe that by convexity of the map 7 — 77 and (4.12), we have

1
[ e = tealtdo = g 19 el — [ fucltda
Qg Q

)
2 501 |tex|? —/Q |ue|? du

We also set

0 N
= — |tk —(1+¢) /|u|qu,
2¢-1 ¢ Q

and on the other hand

/ |Vu|P dx . Nep
[ =t < 2 <202 v as,
o ’ Pp,q () N, Q

where we used (4.11) and the very definition fo u.. By keeping the two estimates together,
we finally get (4.14).

Thus we can suppose that . j converges (up to a subsequence) to t. € R as k goes to
oo, and t. is in turn uniformly bounded. Then we get

V.| dz / V| da
< Q
P =

lim sup f1p 4(Q) < limsup £

k—o00 k—o00 q %
/ |ue —te | dx / |ue — t-|? dx
Qp Q

for every 0 < € < 1, where we also used the x—weak convergence of the characteristic
functions, recalled above. We now observe that

|u€t5|qu:/|uﬂqu2min/|utqd:ﬂ,
Q teR Jq

where ¢ € R is an accumulation point of the sequence {t}.~0o, and also

lim
e—0 0

lim ”VUE - VuHLp(Q) =0.
e—0
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Thus it is now sufficient to take the limit as € goes to 0 in order to get (4.13). This finally
gives that € is a solution of (4.10). O

4.2. The case p > ¢. In this case, we can show that an upper bound on p, , like that of
(4.1) can not hold true and actually we have

sup{pipq(Q) : Q@ C RY convex, diam(Q) > ¢} = 4oo0.
Indeed, for every sequence of open convex sets {0, }nen € RY such that
diam(2,) =c¢ >0 and lim [Q,]| =0,
n—oo
we have
Jim g () = oo
Actually, this is a consequence of the following estimate.

Proposition 4.6. Let 1 < g < p and Q C RN be an open and bounded convex set. Then
we have

(1.15) (o) 1957 < ),

where the constant m, is given by
tP 5
P
<1 - ) i,
p—1

(p—1)
Ty = 2 /0

Proof. Again by Lemma 2.2 with s = p > ¢, we get

1-4
tipp(§2) < QU7 p1p,4(92).
By using the following lower bound on fi,,(€2) (see [9, Theorem 1.1])

Hpp(Q) > <diafnp(m>p’

we can then conclude O

D=

By combining (4.15) with the isodiametric inequality (4.9), we get the following coun-
terpart of Theorem 4.1 for the case ¢ < p

T ? diam(B) PN
(4.16) fip,q(£2) = <‘B’;_; diam(3)> (diam(Q)> ’

for every © € RY open and bounded convex set (as always B denotes any N —dimensional
ball). Thus this time it is the minimum problem

inf{1,,() : @ CRY convex, diam(Q) < ¢},

that actually makes sense. By proceeding as in the proof of Theorem 4.5, it is not difficult
to see that the previous problem admits indeed a solution.
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5. A NODAL DOMAIN PROPERTY

If u is a function achieving the infimum in the problem defining p, 4(€2), then by nodal
domain we mean every connected component of the sets

{zr e : uz) >0} and {z € Q : u(z) <0}
As a consequence of Theorems 3.1 and 4.1, in the case p > g we have the following result.

Proposition 5.1. Let Q C RY be an open and bounded convez set and 1 < p < q < p*.
Then

(5.1) Lp.g (1) < Apq(£2).

Moreover, every nodal domain of a function achieving i, 4(€2) has to intersect 0S.
Proof. The proof of (5.1) immediately follows from (3.1) in connection with the Faber-
Krahn inequality, i.e.
[BIa TN X0 (B) < 10177 H T 4y 0(9)
and the isodiametric inequality.
To prove the second assertion, let us argue by contradiction. We take v achieving p,, 4(£2)

and we assume that the open set {z € Q : v > 0} has a connected component w which is

compactly contained in §2. We can further suppose that ||v||r¢q) = 1, then v € Wol P(w)
and it solves

—Apv = pip ()07 in w,

P
q
[ 1907 = (@) [ oo < (@) ( / |v\qu) ,

thanks to the fact that
1 :/ |v|?dx > / |v|?dex,
Q w

and p/q < 1. This implies that
Apa(@) < pip,q(€2).

By using the strict monotonicity of A, ;(€2) with respect to set inclusion and (5.1), we then
get

so that

Ap,g(€2) < Apg(w) < pp g (82) < Ap g (82),

which gives the desired contradiction. O

Remark 5.2. When p = ¢ = 2, the previous argument to infer that first nontrivial
Neumann eigenfunctions can not have a closed nodal line was originally due to Pleijel (see
[15]). For the Laplacian, inequality (5.1) was conjectured by Kornhauser and Stakgold
(see [13]) and then proved by Szegé and Weinberger as a consequence of their celebrated
inequality (1.4).
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6. LIMIT CASES

6.1. Sub-conformal case. We consider 1 < p < N and for an open bounded set Q ¢ RV
we introduce the limit quantity

/|Vu|pdx
Q '/|u|p*_2udx20
Q

p_
E3

* P
p dx)

/ |Vul? dz
RN

min s

W RN\ (0} / )
RN

i.e. Tvyp is the best constant in the Sobolev inequality for VVO1 P(RN) (see for instance [20]).
We recall that the previous minimum is (uniquely) attained by functions of the form

Hp,p* () = inf

ueWbLP\{0} </|
U
Q

We also set

a:t—)cU(x_xO), ceR\ {0}, z0 € RV, A >0,
where U is the C"*° decreasing function
1
(6.1) Ulo) = 0> 0.

N—p?
P

(1 + Qp/(p—l))
The following result is well-known. We provide a proof for the reader’s convenience.
Lemma 6.1. Let Q C RY be an open set with finite measure. Then

(6.2) lim /\p’q(Q) =TnNp.
q,/'p*

Proof. At first we notice that by Lemma 2.2
p_ P
App (2) < [Qf 777 Apg(Q),
while by the embedding W, 7(Q) € Wy (RN) we get
Tnp < App-(2),

thus we can conlude that

Tnp < liminf Ay, ,(€2).
q—p*

To prove the limsup inequality, let » > 0 and z¢p € Q be such that the ball B,(xq) is
contained in €2, which is always possible since ) is open. Without loss of generality, we
can suppose that 7 = 1 and xg = 0. By recalling the definition (6.1) of U, we define

up(x) = <U(n!x\)—U(n))+, n e N,
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which belongs to T/VO1 P(Q)). We then observe that

/ |Vuy,|P de / |Vuy,|P dz
RN RN

lim sup Ay, 4(£2) < limsup 5 = n € N.

%7
* P
(/ |un|P dx)
]RN

/ V| da = n?~N / ()| dy,
RN B (0)

P )’
RN

By definition

and
? 5
" p¥ . P
([l ae)” = ([ ot vt as)
RN B (0)
Thus we get
[ webp s
lim sup Ay 4(£2) < Bn(0) -
q_)p* ) p*
( [ 1ot - v da:>
»(0)

then by taking the limit as n goes to oo we conclude. ([l

About the limit constant p, ,+ we have the following preliminary result.

Lemma 6.2. Let Q C RN be an open bounded set, then

(6.3) lim Hp.g () = fip p= ().
a/'p

In particular, if Q is convex we get

(6.4) (1) < T p.

Proof. The equality (6.6) can be proved along the same lines as Lemma 2.3.

To prove the estimate (6.4) is sufficient to take the limit on both sides of (3.1) and use
(6.6) and (6.2). O

The simple estimate (6.4) can indeed be enhanced.

Proposition 6.3. Let Q C RY be an open and bounded convex set. The following estimate
holds true

-k
p
«(Q) <[ inf T,
oo (@ < (int 2aan)) " T,
where for every xo € ON) the quantity yq(xo) is the blow-up measure of Q0 at xy, i.e.
Q- N By (0
oo — i T2 NBO]

r—-+00 WN
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Proof. We define
_ [ U@ ) = U(n), if|z] <1/n,
un(x) = { 0, otherwise,

where U is still defined by (6.1). For every n € N, the function u, is radially symmetric
decreasing, supported in the ball By /n(()). For zg € 092 we define

1
Qn:{xEQ:]x—w0!<n},

and consider the functions
on() = up(z — 20) - 1o, .
For every n € N there exists a unique ¢, € R such that

/ “pn - tn‘p*_Q (‘pn - tn) dr = 0.
Q

and we have t, = o(1) as n goes to co. Then we get

/ [Vipn]” de Vpul? da
(6.5) ppp+ () < lim “ ;= lim —% )
e L\ e .\
(/ |90n - tn’p d$> </ |90n’p d:L‘>
Q Q
where we used that
lon — tn|p* dz

lim =1

Q
n—00 / ‘@n‘p* d
Q

With a change of variables, we get

/ Vpnl? dz = n?®=N) / U ()P dy,
Q n2 (Q—x0)NBr(0)

/ oul?” dz = 02N / U(y]) - Uln)
Q n2 (Q—x0)NBy(0)

By using these in (6.5), we get

and
P dy.

U'(|ly) P dy
. /n? (Qfxo)ﬁBn(O)’ (oD
(6.6) fipp+(€2) < lim Z -

P
( / U(al) - U dy>
n2 (Q—xz0)NBy(0)

We then observe that by convexity of €2, the sets n (Q2—xz¢)NB1(0) have uniformly bounded
measures and perimters. Then we get that n (2 — z9) N B1(0) converges (up to a subse-
quence) in the sense of characteristic functions to a set V. Here V C B1(0) has measure

V| = ya(wo) wn,
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and is a conical set in the following sense

1
if z€V then txeV foreveryté(O,H>.
x

This in turn implies that n? (Q — xg) N B, (0) converges to the infinite cone centered at the
origin and generated by V, i.e.

{xe]RN\{O} : é'eav}.

By using this information in (6.6), the radial symmetry of the functions involved gives the
desired result O

Observe that for a convex set we have v(xo) < 1/2 for every xo € 9§2. Moreover, if the
convex set is C1, then y(z¢) = 1/2 for every xg € Q. In this case, we have the following
consequence.

Corollary 6.4. Let Q C RY be an open and bounded convex C set. Then

1\ "
fpp+ (Q) < <2> In,p

6.2. Conformal case. We consider the conformal case, i.e. we take p = N in (3.1) which
gives

N2
diam(B)\ ¢
. D) < Any(B) | ——==
(6.7 vl < wwa(B) (o))
where B is any N —dimensional ball. In what follows we set
ay = N(NwN)ﬁ.

We have the following preliminary result.

Proposition 6.5. Let Q C RY be an open and bounded convex set. There exists a dimen-
stonal constant BN such that we have

N N-1 ' N N-1
<N_1 BN e) < qlggoquzv,q(ﬁ) < (N — N e) :

For BN we have the estimate

an
SI/(N-T) < By L an.

Proof. To prove the upper bound, it is sufficient to multiply (6.7) by ¢ and then use that

N N-1
li B) =
Jim qAn.q(B) (N_lowe> )
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which follows from® [17, Lemma 2.2]. To prove the lower bound, we can adapt the proof
of [17, Lemma 2.1]. First of all, we recall that in [5] it is shown that

an N’ N
sup /exp(_ U — UQ > dx : / Vu dx§1}<+oo,
uEWl*N(Q){ Q 21/(N vl | Q’ |

where uq denotes the mean of u over 2. This implies that there exists a maximal constant
By such that the quantity

My (Q2) = sup {min/ exp (ﬂN|u—t|Nl> dx - / (V| de < 1},
Q Q

WLN(Q) teR
stays finite and of course we have

aN
On 2 Sy

since ¢t = ugq is always an admissible competitor. For every ¢ > N, let u, € WHLN(Q) be a
function achieving py (), normalized by

/ Vg |N doe =1, q> N.
Q

We also set t, to the the minimizer of

tb—>/exp (aN|uq—t]N/> dz,
Q

then we have

9 / L/
min/|uq—tqdaz§/\uq—tq|qda¢:ozNN/ / (aN|uq—tq]N>N dx
teR Jq Q
SF(ﬁ—i—l) /Qexp (aN\uq—tq]Nl> dx

<T (— + 1) Mp (),

which in turn implies

L _(fowrra)”

r (% + ) My (2 mln / |ug — t|?dx mln / lug —t|? dz:
that is
¢
q ! ! < q N ().
r (N, n 1) Mpr ()
By using Stirling formula, we can conclude. O

6The result in [17] is for N = 2, but the very same argument can be easily adapted for a geneal N > 2.
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For completeness, we give the following technical result which shows that the maximiza-
tion problem defining Myr(R) is unchanged if we replace WV (Q) by any dense subset.

Lemma 6.6. Let Q C RY be an open and bounded convex set. If X(Q) is a dense subset
of WHN(Q), then

My (Q2) = sup {min/ exp (ﬁN |u—t|N/) dz : / \Vu|N dz = 1}.
Q Q

X(Q) teR

Proof. Let us call

My(Q) = sup {min/ exp (ﬁN lu — t|Nl> dx - / \Vu|Y de = 1},
x(Q) LeR Jo Q

then of course we have M (Q) < My (€). In order to prove the reverse inequality, for
every € > 0 let u € WHY(Q) be an admissible function such that

My (Q) — ¢ g/

exp (B [u—tul ™) da,
Q

where t,, attains the minimum of

/Qexp (BN lue — t\N,> dx

Let {un}neny C X(€2) be a sequence strongly converging to u, thus in particular

lim / \Vun\Ndx—/ V|V de,
Q Q

n—oo

and wu, converges almost everywhere in  to u (up to a subsequence), then we define the

new sequence

Un

Up = , n € N.

[Vun Ly @)

Let t,, € RN be such that
/ exp (ﬁN |, — tn]N/) dr = min/ exp <5N |vp, — t\N/) dr < My (9).
Q teR J
Observe that we have
M@) 2 [ e (o — 1) = [0 + By / 0 — ]V da
Q Q
21900+ gy 120161 B [ fonl? do

which implies that the sequence of real numbers {t, },en is bounded, since

lim/\vn\N/dx:/|u]N/dx<+oo.
Q Q

n—oo
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Then there exists ¢ € R such that t, converges (up to a subsequence) to t. By Fatou
Lemma we then get

liminf/Qexp (BN |vr, — tn|N,) dx > /Qexp (BN lu — ﬂN,> dx

n—oo

Z/exp (BN ]u—tu]Nl) dx > My (Q) — ¢,
Q

thanks to the minimality of ¢,. Since the sequence {v, },en is admissible for the problem
defining M},(€), we thus get

My (Q) > My —e.
which in turn gives the desired result, thanks to the arbitrariness of € > 0. O
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