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Abstract

This paper is concerned with the existence and qualitative properties of pulsating fronts
for spatially periodic reaction-diffusion equations with bistable nonlinearities. We focus
especially on the influence of the spatial period and, under various assumptions on the
reaction terms and by using different types of arguments, we show several existence results
when the spatial period is small or large. We also establish some properties of the set of
periods for which there exist non-stationary fronts. Furthermore, we prove the existence of
stationary fronts or non-stationary partial fronts at any period which is on the boundary
of this set. Lastly, we characterize the sign of the front speeds and we show the global
exponential stability of the non-stationary fronts for various classes of initial conditions.

1 Introduction and main results

In this paper, we study the existence and qualitative properties of periodically propagating solu-
tions of periodic reaction-diffusion equations of the type

ur = (ap(x)ug). + fr(z,u), teR, x€R (1.1)
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with L > 0, where w; stands for u.(t,z) = Owu(t,z) = Ou/0t(t,x), u, stands for u,(t,z) =
Oyu(t,r) = Ouf/Ox(t,x) and (ar(z)uy), stands for (arp(x)u,).(t,z) = O.(apu.)(t,x) =
d(aru,)/0z(t,xz). The diffusion and reaction coefficients ay, and f; are given by

ar(z) = a(z/L) and  fr(z,u) = f(z/L,u),

where the function a : R — R is positive, of class C1*(R) (with 0 < o < 1) and 1-periodic, that
is a(x +1) = a(x) for all z € R. Throughout the paper, the function f : R x [0,1] = R, (z,u)
f(x,u) is continuous, 1-periodic in z, of class C%® in z uniformly in u € [0,1], and of class C't?
in w uniformly in z € R with 9,f(-,0) and 9,f(-,1) being continuous in R. One assumes that,
for every x € R, the profile f(z,-) is bistable in [0, 1], that is, there is 0, € (0, 1) such that

f(z,0) = f(z,1) = f(z,0,) =0, f(z,-) <O0on (0,6,), f(x,-) >0on (6,,1). (1.2)

One also assumes that 0 and 1 are uniformly (in z) stable zeroes of f(z,-), in the sense that there
exist v > 0 and 0 € (0,1/2) such that

flz,u) < —vyu for all (z,u) € R x [0, ], (1.3)

>~(1 —u) forall (z,u) € R x [1—4,1]. '

Notice that this implies in particular that § < 6, < 1—¢ and max (9, f(z,0), 0, f(x,1)) < —~ for
all x € R.

A particular case of such a function f satisfying (1.2) and (1.3) is the cubic nonlinearity

where z — 6, is a l-periodic C%*(R) function ranging in (0,1). Notice that in (1.4) or more
generally in (1.2), the intermediate zero 6, of f(z,-) is not assumed to be constant in general.
For mathematical purposes, the function f is extended in R x (R\[0, 1]) as follows: f(z,u) =
Ouf(z,0)u for (x,u) € Rx (—00,0) and f(x,u) = 0y f(z,1)(u—1) for (z,u) € Rx (1, +00). Thus,
f is continuous in R x R, 1-periodic in &, mingeg f(z,u) > 0 for all u < 0 and max,eg f(x,u) <0
for all w > 1, and f(x,u), 0, f(x,u) are globally Lipschitz-continuous in u uniformly in z € R.

Pulsating fronts

For each L > 0, the functions a; and fy(-,u) (for all u € [0,1]) are L-periodic (in x). One
is especially interested in the paper in understanding the role of the spatial period L on the
existence of solutions connecting the two stable steady states 0 and 1 and propagating with a
constant average speed, the so-called pulsating, or periodic, fronts. Namely, a pulsating front
connecting 0 and 1 for (1.1) is a solution u : R x R — [0, 1] such that there exist a real number ¢,
(the average speed) and a function ¢ : R x R — [0, 1] such that

t,x) = ¢(x — cpt,x/L) for all (t,z) € R x R,
¢,y) is l-periodic in y, (1.5)

u

¢
¢(—o00,y) =1, ¢(+00,y) = 0 uniformly in y € R.

(
(

If ¢;, # 0, then the map (t,z) — (z — cpt,xz/L) is a bijection from R x R to R x R and ¢ is
uniquely determined by u. Furthermore, in this case, for every x € R, the function ¢ — u(t, x+cpt)
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is L/cp-periodic (in time). The notion of pulsating front with nonzero speed was first given in [45].
On the other hand, a pulsating front with a speed ¢, = 0 simply means a stationary solution
u(t,z) = ¢o(x) of (1.1) such that ¢ : R — [0, 1], ¢o(—o00) = 1 and ¢g(+00) = 0. In this case, the
function u can be written as in (1.5) where the function ¢, which is then not uniquely determined,
can be defined as ¢(&,y) = ¢o(&) for all (§,y) € R x R.

In this paper, we will show the uniqueness of the speed ¢y of pulsating fronts for any L > 0,
and we will then give some conditions which guarantee the existence of pulsating fronts with
nonzero or zero speed. In particular, we will focus on the dependence with respect to the spatial
period L of the underlying medium and we will consider the limits as L — 0% (the homogenization
limit) and L — 400 (slowly varying media). We will finally discuss the global and exponential
stability of pulsating fronts with nonzero speed.

Some known existence results

Before going further on, let us mention a very important case where the existence of fronts is
known, that is the case of a homogeneous medium in the sense that the function a is equal
to a positive constant d and the function f does not depend on x. In this case, the function
f :[0,1] — R is such that f(0) = f(0) = f(1) = 0 for some 0 € (0,1), f < 0 on (0,6), f >0
on (6,1) and f'(0) <0, f'(1) < 0. It is well known [4, 23] that for this homogeneous equation

up = dug, + f(u), (1.6)
there exists a unique speed ¢ € R and a unique (up to shifts in ) front
u(t,x) = ¢(x —ct) such that 0 < ¢ <1in R, ¢(—o0)=1 and ¢(+o0) = 0. (1.7)

Such a front is decreasing in x and, for the equation (1.1) with an arbitrary L > 0, with a;, = d and
with fr(x,-) = f, it can also be viewed as a pulsating front with speed ¢, = ¢. Furthermore, the
speed c¢ has the same sign as the integral fol f and the front is globally and exponentially stable [23]
(we will come back later to the precise notions of stability, directly in the framework of the periodic
equation (1.1)). In particular, if we fix y € R and if in (1.1) we freeze the coefficients ar and ff
around the position Ly, that is if we set a¥(z) = ap(Ly) = a(y) for all x € R and fY(u) =
fo(Ly,u) = f(y,u) for all u € [0, 1], then the homogeneous equation (u¥); = a¥(u¥),, + f¥(u¥)
(with (¢,z) € R x R) admits a unique front u¥(t,x) = ¢¥(x — ¥t) and a unique speed ¢ € R,
with 0 < ¢¥ < 11in R, ¢¥(—00) = 1 and ¢¥(+00) = 0. Furthermore, the speed ¢V has the sign
of [y f¥(u)du= [y f(y,u)du.

When the coefficients a;, and f of (1.1) truly depend on z, the question of the existence of
pulsating fronts is much more delicate. Actually, no explicit condition guaranteeing the existence
or the non-existence has been known so far in general. Nevertheless, some particular cases have
been dealt with and some more abstract conditions have been given. On the one hand, for a given
L > 0, the pulsating fronts are known to exist for (1.1) if f = f(u) does not depend on z and if the
coefficient ay, is close to a constant in some norms, see [22, 48, 50, 51]. On the other hand, again
for a given L > 0, if the equation (1.1) has no stable L-periodic steady state 0 < u(z) < 1 (see
Definition 1.9 below for the precise meaning), then it admits pulsating fronts [22]. Moreover, (1.1)
admits pulsating fronts with a positive speed under the additional assumption that at least
some compactly supported initial conditions give rise to solutions converging to 1 at t — +o0



locally uniformly in z € R, see [19]. However, pulsating fronts with nonzero speed ¢ do not
exist in general for some diffusions a; (not too close to their average) and some z-independent
reactions f = f(u) = u(l — u)(u — 0) with § ~ 1/2, see [50, 52] and the comments following
equation (1.8) below.

The bistability assumption (1.2), that is, the change of sign of f(z,-) in (0,1) and the fact
that 6, depends on x in general, makes the questions of the existence of possible intermediate
L-periodic steady states of (1.1) and of the existence of pulsating fronts connecting 0 and 1
quite subtle. Many more existence results have actually been established for other types of
nonlinearities f such as combustion, monostable or specific Fisher-KPP nonlinearities: for in-
stance, for 1-periodic (in #) combustion nonlinearities f for which f > 0in R x [0,1], f = 0
in R x ([0,6] U {1}) for some ¢ € (0,1) and f(z,-) is nonincreasing in [1 — 4,1] for some § > 0
independent of z, it is known that for every L > 0, there is a unique (up to shifts in ¢) pulsating
front u(t, z) = ¢(x — cpt,x/L) connecting 0 and 1, with ¢z, > 0, see [8, 49]. This existence result
holds whatever the size of a and f may be. On the other hand, when f is positive on R x (0, 1),
then for each L > 0, pulsating fronts u(t,z) = ¢(x — ct,x/L) exist if and only if ¢ > ¢}, for
some positive minimal speed ¢}, see [8, 35, 38, 39, 46]. Furthermore, some variational formulas
for ¢; in the positive case and in the more specific KPP case have been derived in [10, 12, 20] and
some further qualitative and uniqueness properties for each speed ¢ € [¢}, +00) have been given
in [25, 28, 29].

Uniqueness of the speed and further qualitative properties of pulsating fronts

In this paper, we first discuss the question of the uniqueness of the speed of pulsating fronts
for the bistable equation (1.1), under assumptions (1.2) and (1.3), as well as the monotonicity
and the uniqueness of pulsating fronts with nonzero speed. In [9], qualitative properties of tran-
sition fronts, which are more general than pulsating fronts, were investigated in unstructured
heterogeneous media. Some results of [9] can be applied to the pulsating fronts of the periodic
equation (1.1), provided that the propagation speeds are not zero. More precisely, [9, Theo-
rems 1.11 and 1.14] (see also [47] for z-independent reactions f = f(u)) lead to the uniqueness
of the speed and of the fronts (up to shifts in time) in the class of pulsating fronts with nonzero
speed, as well as the negativity of O¢¢ for a pulsating front ¢(x—ct, z/L) with ¢ # 0 and £ = z—ct.
In the present paper, we prove the uniqueness of the speed in a more general class of pulsating
fronts with zero or nonzero speed. Furthermore, we show that if the speed is not equal to 0, then
it has a well determined sign, as in the homogeneous case. Throughout the paper, we denote f
the arithmetic mean of the function f with respect to the variable x, defined by

flu) = /0 f(z,u)dx for u € [0,1].

Theorem 1.1. For any fized L > 0, the speed of pulsating fronts for (1.1) is unique in the sense
that if up(t,z) = ¢r(x — cpt,x/L) and Ur(t,z) = ¢p(x — ¢t x/L) are two pulsating fronts,
then ¢, = cy. Furthermore, if c;, # 0, then it has the sign of fol f(u) du, the functions uy, and tr,
are increasing in t if cp > 0, resp. decreasing in t if c;, < 0, and the front is unique up to shifts
in t, that is, there is T € R such that ur(t,x) = ur(t + 7,x) for all (t,z) € R%

When ¢, # 0, given the uniqueness of the speed stated in the first part of Theorem 1.1, the
monotonicity and uniqueness of uy up to shifts in ¢ can then be viewed as a consequence of [9].
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Here, we will see that the uniqueness follows from the global stability of the pulsating fronts with
nonzero speed (see Theorem 1.12 below and the end of Section 4.1 for the proof of the uniqueness
in Theorem 1.1). Theorem 1.1 also shows that the sign of the front speed, if not zero, is that
of fol f(u)du and therefore, it does not depend on L. But we point out that this property is

only valid under the condition ¢, # 0. In other words, one can not say that if fol flw)du # 0
then ¢y, # 0. Consider for instance the equation

uy = (d(z)uy)s + p’g(u), tER, z €R, (1.8)

where d(z) = 1+ dAsin(27x), p € R, 0 € R, A € R, and g(u) = u(1l — u)(u — 1/2 4 ¢). Xin [50]
proved that there are p1 > 0, § € (0,1/2) and A # 0 such that equation (1.8) admits a stationary
front, that is, a pulsating front with speed ¢ = 0, whereas fol g(u)du # 0. In this case, for which
pulsating fronts with nonzero speed do not exist by Theorem 1.1, it follows from [48, 50] that the
variation of d with respect to its mean value can actually not be too small.

Existence of pulsating fronts for small L > 0

In this section and the following two ones, we present new results on the existence of pulsating
fronts for the bistable equation (1.1). We first begin with the case of rapidly oscillating environ-
ments. For combustion-type and z-independent nonlinearities f = f(u), Heinze proved in [30]
that pulsating fronts for equation (1.1), which exist in this case for every L > 0, can be homoge-
nized as L — 07. He also showed in [31] that the homogenization process still held for semilinear
higher-dimensional reaction-diffusion equations of the type u; = Au + f(u) with z-independent
bistable nonlinearities f = f(u) in periodically perforated domains (see the beginning of Sec-
tion 2.1). By using variational principles for the speeds, the asymptotic expansions of the speeds
for both models were established in [32]. In the case of periodic Fisher-KPP type of nonlinearity,
the convergence of the minimal speeds ¢} to the homogenization limit was proved in [21].
Inspired by the aforementioned homogenization results and the methods which were used,
mostly in [31], we will show here that, under some assumptions guaranteeing their existence,
pulsating fronts uy(t,z) = ¢p(x —cpt,xz/L) of (1.1) converge as L — 07, in a sense which will be
made clear in Lemma 2.2, to the following limit:
aHng + CQ¢6 + f(QbQ) =01in R, (1 9)
(250(—00) = 1, (bo(—i-oo) = 0, .

where ay > 0 denotes the harmonic mean of the function a, defined by

ag = (/Ola(x)_ldx> _1. (1.10)

Theorem 1.2. Assume that there is a unique (up to shifts) front ¢o, with speed cq # 0, for the
homogenized equation (1.9). Then there is L, > 0 such that for any 0 < L < L., equation (1.1)
admits a unique (up to shifts in time) pulsating front uy(t,x) = ¢r(x—cpt, x/L), with speed c;, # 0,
and ¢, — ¢o as L — 0. Lastly, up to translation of ¢o, there holds ¢r(&,y) — ¢po(€) — 0
in HY(R x (0,1)) as L — 0*.



This theorem does not only give the existence and uniqueness of pulsating fronts at small L > 0,
but it also provides the convergence of the speeds ¢y, to ¢y as L — 0T In particular, for small L > 0,
the speeds ¢y, have the same sign as the speed ¢y of the homogenized equation (1.9), that is, the
same sign as the integral fol f(u) du (notice that this sign property could also be viewed as a
consequence of Theorem 1.1).

Remark 1.3. By the assumptions (1.2) and (1.3), the function f is a C*(]0,1]) function such
that f(0) = f(1) =0, 7(0) < 0 and 7(1) < 0. In addition, if one assumes that there is a unique
real number @ € (0,1) such that f(f) = 0, then, as already mentioned, equation (1.9) admits a
unique solution (¢, ¢p) with 0 < ¢y < 1 in R, and ¢y has the sign of fol f(u) du. However, it is
easy to see that there are examples of nonlinearities f(x,u) which satisfy (1.2) and (1.3), but for
which f has more than one zero in (0, 1). The possible multiple oscillations of f on (0,1) do not
exclude the existence of fronts for the homogenized equation (1.9), although the existence does
not hold in general, see [23].

Recently, Fang and Zhao [22] considered the propagation property for the following reaction-
diffusion equation
up = (d(z) ug)e + f(u), tER, 2R, (1.11)

where d(x) is a positive C''-continuous periodic function and f(u) = u(1—u)(u—0) with € (0, 1).
Under an abstract setting, they first established the existence of bistable traveling waves for
monotone spatially periodic semiflows, and then applied the abstract results to the semiflow
generated by the solution operator associated with equation (1.11). By studying the stability
of the intermediate (i.e., ranging in (0, 1)) periodic steady states, they proved the existence of
pulsating fronts provided that d(z) is sufficiently close to a positive constant in C%-norm. Actually,
we will show in the present paper that some results of [22] can be used to prove the existence of
pulsating fronts for (1.1) when L is small enough, under some assumptions on f but for general
diffusion coefficients a (we will consider later the case of large periods L). More precisely, we have
the following result:

Theorem 1.4. Assume that there is 6 € (0,1) such that
T<00n(0,8), F>0on(8.1), and f(8) > 0. (1.12)

Then there is L, > 0 such that for all 0 < L < Z*, equation (1.1) admits a pulsating
front ur(t,z) = ¢p(x — cpt,x/L) with speed cr,, and ¢, — ¢y as L — 07, where ¢y is the unique
speed for the homogenized equation (1.9). Furthermore, c;, = co =0 for all0 < L < L, if co = 0.

The results stated in Theorems 1.2 and 1.4 and the methods used to prove them are dif-
ferent. On the one hand, the proof of Theorem 1.2 relies on a perturbation argument and on
the application of the implicit function theorem in some suitable Banach spaces. It provides the
local uniqueness (up to shifts in time) of the pulsating fronts wuy(t,z) = ¢p(x — cpt,xz/L), as
well as the uniqueness and the nonzero sign of the speeds c;. The proof uses as an essential
ingredient the fact that the front speed of the homogenized equation (1.9) is not zero. On the
other hand, the main tool in the proof of Theorem 1.4 is to show that equation (1.1) does not
admit any semistable L-periodic steady state ranging in (0,1), and this strategy may well give
rise to pulsating fronts up(t,x) = ¢r(x — cpt,z/L) with speed ¢, = 0. Consider for instance
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the equation (1.8) again, which admits some stationary fronts for some parameters d(x), u > 0,
g(u) = u(l —u)(u—1/2+9) and § € (0,1/2). For the equation (1.1) with ar(z) = d(z/L)
and fr(z,u) = f(u) = p®g(u), Theorem 1.2 can be applied since f(u) = pu(l —u)(u — 1/2 + )
and the speed ¢ associated with (1.9) is positive (it has the sign of fol f). As a consequence,
the period L, given in Theorem 1.2 satisfies L, < 1, since the interval (0, L,) is an interval of
existence (and unlqueness) of pulsating fronts with nonzero speeds. Theorem 1.4 can also be
applied in this case since f satisfies (1.12) with § = 1/2 — . We believe that in this case, for
every L > 0, equation (1.1) has no semistable L-periodic steady state ranging in (0,1). If that
were true, then the method used in the proof of Theorem 1.4 would imply that the threshold L,
would actually be infinite. More generally speaking, Theorem 1.2 provides an interval of existence
and uniqueness of pulsating fronts with nonzero speeds, while the fronts given in Theorem 1.4
may be stationary in general.

Finally, we point out that even if Theorem 1.2 can cover the case of functions f with multiple
oscillations on the interval [0,1], it does not hold if fol f(u)du = 0, while Theorem 1.4 does,
under the additional assumption (1.12). As an example, fix an z-independent function f = f(u)
satisfying (1.2) and (1.3) and fix a positive constant d > 0. It follows from [22] that there is n > 0
such that for every L > 0 and for every a satisfying the general assumptions of the present paper
together with ||a — d||~®) < 7, equation (1. 1) admits a pulsatlng front. From Theorem 1.1, this
pulsating front has to be statlonary since fo u) du = fo u)du = 0. The existence of these
stationary fronts cannot be covered by Theorem 1 2, but it can by Theorem 1.4, for small L > 0
(and actually, for all L > 0 since all L-periodic stationary states 0 < u(z) < 1 are unstable
if [[a — d|| @) < 7, and the proof of Theorem 1.4 is based on this property).

Existence of pulsating fronts for large L > 0

The method used in the proof of Theorem 1.4 can also be applied to prove the existence of
pulsating fronts of equation (1.1) with large L > 0.

Theorem 1.5. Assume that
1 af
/ f(z,u)du>0 and %(:c,ﬁx) >0 forallx € R. (1.13)
0

Then there is L* > 0 such that for all L > L*, equation (1.1) admits a pulsating front ur(t,z) =
or(x —cpt,x/L) with speed cg, > 0.

Notice that, similarly, equation (1.1) admits a pulsating front with negative speed ¢, < 0
for large L large if (1.13) is replaced by fol f(z,u)du < 0 for all z € R. On the other hand, if

mingcp fol f(x,u)du < 0 < max,eg fol f(x,u)du, then there is in general no pulsating front with
nonzero speed for large L, but there are stationary fronts (see our upcoming paper [17]).

Theorem 1.5 shows the existence of pulsating fronts with speed ¢, > 0 for large L. Actually,
in the proof of Theorem 1.5, we first prove the instability of all intermediate L-periodic steady
states to get the existence of pulsating fronts with ¢, > 0 for L large under the assumption (1.13)
and we exclude the case ¢, = 0 for large L by using again (1.13). We also point out that, as in
Theorems 1.2 and 1.4, the existence of pulsating fronts stated in Theorem 1.5 does not require that
the coefficients of (1.1) be close to their spatial average. Thus, one can say that Theorems 1.2, 1.4
and 1.5 are of a different spirit from the aforementioned existence results of [22, 48, 50].
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Remark 1.6. From the proofs of Theorems 1.4 and 1.5 in Sections 2.3 and 2.4, one will see that
the conditions (1.12) and (1.13) are only used to show the instability of the L-periodic steady
states of equation (1.1), and this stability property is invariant by changing x into —z. Thus, these
conditions do not only imply the existence of fronts u(t, x) = ¢(x — crt, x/L) satistying (1. 5) but
they also provide the existence of pulsating fronts of the type u(t,z) = gb(x —¢pt,x/L) where gb
is 1-periodic in its second variable and satisfies reversed limiting conditions:

5(—oo,y) =0 and 5(+oo,y) =1, uniformly for y € R.

Moreover if both speeds ¢y, and ¢;, are nonzero, then they must have the same sign, which is that
of fo u)du, as a consequence of Theorem 1.1. But whether ¢, = ¢, for general coefficients a
and f is not clear in general. We thank Dr. X. Liang for mentioning this question.

Remark 1.7. Let a and f satisfy the general assumptions of the paper, in particular, (1.2), (1.3)
as well as the 1-periodicity in z, and consider now the equation

up = (a(x)ug)e + M f(z,u), tER, z€R, (1.14)

where the positive parameter M measures the amplitude of the reaction. A solution w
of this 1-periodic equation is a pulsating front with speed o if and only if the function
v(t,z) = wu(t/M,z/v/M) is a pulsating front for the equation (1.1) with L = +/M and
speed o/ VM. Therefore, under the assumption of Theorem 1.2, there is M, > 0 such that
for all 0 < M < M,, equation (1.14) admits a unique (up to shifts in time) pulsating front,
with speed oy # 0, and oy ~ VM ey as M — 0t Similarly, under the assumption (1.12) of
Theorem 1.4, there is M, > 0 such that for all 0 < M < M*, equation (1.14) admits a pulsating
front with speed oy, and oy ~ VM ¢y as M — 0% if the unique speed ¢y of the homogenized
equation (1.9) is not zero, while oyy = 0 for all 0 < M < M, if ¢y = 0. Lastly, under the
assumption (1.13) of Theorem 1.5, there is M* > 0 such that for all M > M*, equation (1.14)
admits a pulsating front with speed oy, > 0.

Set of periods L for which pulsating fronts with nonzero speed exist

After establishing some conditions for the existence of pulsating fronts for small or large periods,
we derive some properties of the set of periods L for which (1.1) admits pulsating fronts with
nonzero speeds. We had already emphasized the particular role played by the stationary fronts
and we focus in this section on the fronts with nonzero speeds. We define

E = {L >0, (1.1) admits a pulsating front with speed ¢, # 0} (1.15)

and we investigate the properties of E under the assumption fol f(uw)du # 0. Indeed,

if fol f(u)du = 0, then Theorem 1.1 excludes the existence of pulsating fronts with nonzero
speeds for any period L: in other words, E is empty in this case. It will also follow from [17] that
there is a constant C' which only depends on a and f such that

le| <C, VLeE, (1.16)

that is, the front speeds are globally bounded independently of the period L. As we will see in [17],
the same property actually holds for the broader notion of global mean speeds of generalized
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transition fronts. In the present paper, we do not prove this global property (1.16) and we deal
with local properties of the set E. In particular, it will follow from Theorem 1.8 below that the
speeds ¢y, with L € E are locally bounded around any point Ly € E and we will also prove
in Lemma 3.4 below that the speeds ¢, with L € E are locally bounded around any boundary
point Ly € OEN(0, 4+00). Motivated by the implicit function theorem used in the homogenization
process in Theorem 1.2, we will first prove the following result.

Theorem 1.8. The set E is open and for any Ly € E, one has c;, — cr, as L — Ly and L € E.

Under the assumptions of Theorems 1.4 and 1.5, that is, under conditions (1.12) and (1.13),
it is natural to wonder whether £ = (0, 4+00), namely, whether there exist pulsating fronts with
nonzero speed for all L > 0. As a matter of fact, the answer is no in general, since quenching
may occur even for some z-independent nonlinearities f = f(u) (see again the example given
with (1.8)), that is, stationary fronts connecting 0 and 1 may exist. In view of Theorem 1.1,
the periods L for which (1.1) admits stationary fronts cannot belong to E, but they may appear
at the boundary of E. Hence, it is of interest to investigate the question of the solutions of
equation (1.1) when L € (0, +00) is a boundary point of E.

To do so, we first need to define precisely the notion of stability of periodic steady states and,
actually, that of general steady states. Namely, let L > 0 and let u : R — [0, 1] denote a steady
state of (1.1). For any R > 0, let A\; (L, ) be the unique real number A such that there exists
a C?([-R, R]) function 1) satisfying

{ (ar (@)Y + O, fr(z, a(x)) = M in [-R, R),

¢>0in (=R, R), ¢(-R)=1(R)=0. (1.17)

The real number A\ g(L, ) is the principal eigenvalue of equation (1.17), and ¢ is the (unique up
to multiplication) corresponding eigenfunction. It is well known that A\; z(L, u) exists uniquely,
and that A\ p(L,u) is increasing in R.

Definition 1.9. Let \i(L,u) = limp_, 400 A1 r(L, ).
stable if \y(L,u) < 0, and semistable if \;(L,u) < 0.
1(L,

By comparison, it is immediate to see that A\i(L,u) < [|0ufr(-,u(-))|[zo®). It also follows
from [11] that if @ is L-periodic, then \;(L, @) is the r1n01pal eigenvalue of the periodic eigenvalue
problem

One says that u is unstable if \y(L,u) > 0,

(1.18)

(ar(2)¢")" + Oufrz, u(z))p = Ap in R,
¢ >0in R, ¢ is L-periodic.

The following theorem gives some information about the existence of steady states or other
pulsating fronts of (1.1) at a positive boundary point of the set E. We first point out that
if L € O0E N (0,400), then (1.1) cannot admit a pulsating front with a nonzero speed, as a
consequence of Theorem 1.8.

Theorem 1.10. If fo u)du # 0 and L € OEN(0,400), then one of the following cases occurs:

(i) either there is ¢ > 0 such that equation (1.1) admits some L-periodic steady states 0 <
u(z), v(z) < 1, with u being semistable, and some pulsating fronts

{ 0<¢(x—ct,x/L)=u(t,x) <v(t,z) =¢(x—ct,z/L) <1

o(&,y) and (&, y) are 1-periodic in y (1.19)
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with speed ¢ and with limiting values
Y =u(L ; ) = 07 . .
é(=c0,y) = u(Ly), 9(+o0,y) B uniformly in y € R; (1.20)
h(—00,y) =1, (oo, y) = v(Ly),

(ii) or there is ¢ < 0 such that equation (1.1) admits some L-periodic steady states 0 <
u(z), v(z) < 1, with v being semistable, and some pulsating fronts 0 < u(t,xz) < v(t,z) < 1,
with speed ¢, satisfying (1.19) and (1.20);

(iii) or equation (1.1) admits a semistable L-periodic steady state 0 < u < 1 and a semistable
steady state u such that 0 < u < u, u(- + L) < u with the limiting values

u(z) —u(zr) -0 asx — —oo and u(z) = 0 as © — +00;

(iv) or equation (1.1) admits a semistable L-periodic steady state 0 < v < 1 and a semistable
steady state v such thatv < v < 1, v(-+L) < v with the limiting values v(x) — 1 asx — —oo
and v(z) —v(x) = 0 as © — +o0.

Furthermore, if fol f(u)du > 0, then only cases (i) and (iii) can occur, while only cases (ii)

and (iv) can occur if fol flu)du < 0.

Remark 1.11. It follows in particular that if L € OF N (0, 4+00), then equation (1.1) admits
either at least one semistable L-periodic steady state 0 < « < 1 or a stationary front connecting 0
and 1. Cases (i), (ii), (iii) and (iv) have some similarities to the limiting behavior of homogeneous
equations of the type

Up = Uz + fr(w), (1.21)

where (f,)nen is a family of C*([0,1]) functions satisfying (1.3) uniformly in n with f,(0) =
fa(1) = 0, and converging uniformly in [0,1] to a C'([0,1]) function f. On the one hand, if,
for instance, each function f, has a unique zero 6, in (0,1), 6, — 0 € (0,1), fol fu 0, f <0
in (0,0), f >0in (#,1) and fol f =0, then each equation (1.21) admits a traveling front ¢,,(z—c,t)
connecting 0 and 1, with ¢, # 0, while the limiting equation u; = u,, + f(u) admits a stationary
front but does not admit any non-stationary front connecting 0 and 1. The conclusion would
then be in some sense similar to that of cases (iii) and (iv) in Theorem 1.10. On the other hand,
assume now that there are 0 < 6,,, < ,, < 03, < 1 such that f,(01,) = f.(02,) = fu(b3,) =0,
fo < 0in (0,61,) U (02n,05,), fn > 0in (01,,602,) U (03,,1) and let ¢, and ¢ be the speeds
of the traveling fronts of (1.21) connecting 0 and 65, and 65, and 1, respectively. If ¢, < ¢,
then (1.21) admits a traveling front connecting 0 and 1, with a speed ¢, such that ¢/, < ¢, < 7,
see [23]. Now, if the real numbers 0 < 6, < 65, < 63, < 1 converge to 0 < 0; < 05 < 03 < 1,
if f <0in (0,0;)U(62,65), f > 01in (01,6,) U (05,1), and if ¢/, and ¢ converge to the same
real number ¢, then the limiting equation w; = u,, + f(u) does not admit any traveling front
connecting 0 and 1 [23], but it admits some traveling fronts with speed ¢ connecting 0 and 6,
and 0y and 1, respectively. Furthermore, 8, € (0,1) is necessarily a semistable steady state of
the limiting equation in the sense that f/'(6y) < 0. If ¢ > 0 or ¢ < 0, then the conclusion for this
limiting equation is similar to that of cases (i) or (ii) in Theorem 1.10.
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As already emphasized, F = (0,400) for equation (1.1) under some additional assumptions
on the coefficients a and f, see [22, 23, 48, 50, 51] and the comments after equation (1.11).
When E = (0,+400), it is interesting to investigate the effect of environmental fragmentation
on the speed of pulsating fronts: from Theorem 1.8, the map L + ¢y is continuous, but can
one say that it is monotone? As known in [41] for equations with periodic Fisher-KPP type
nonlinearities f, the minimal wave speed ¢} of pulsating fronts, which is well defined for all L > 0,
is nondecreasing with respect to the period L > 0. The limits of ¢} as L — 07 and L — +oo
have been determined in [21, 26, 27], and the proofs use as an essential tool a variational formula
for ¢5, which only involves the derivative 9, f(-,0) of f at u = 0. For the bistable equation (1.1)
under assumptions (1.2) and (1.3), Theorems 1.2 and 1.4 give the limit of ¢z, as L — 0%, but the
determination of the limit, in any, of ¢, as L — +o00 under the assumptions of Theorem 1.5 is still
open, as is the question of the monotonicity of ¢;, with respect to L on the connected components
of the set E.

More generally speaking, for general diffusion and reaction coefficients a(x) and f(z,u) satis-
fying (1.2) and (1.3), the question of the existence of pulsating fronts with zero or nonzero speed ¢y,
for the L-periodic equation (1.1) is very challenging. We conjecture that the existence does not
hold in general, but we leave this open question for further investigations. The possible presence
of multiple ordered steady states could prevent the existence of fronts with zero or nonzero speed
in general, as in the homogeneous case f = f(u) (see [23] and Remark 1.11 above), but no example
has been known for functions f satisfying (1.2) and (1.3) (apart from a non-existence result of
fronts in straight inifinite cylinders with non-convex sections, see [7]). So far, the related “non-
existence” results have been concerned with the non-existence of pulsating fronts with nonzero
speed, for some specific equations such as (1.8) (see [50, 52]) or in the case of large periods
(see [17]). We mention that the existence of stationary solutions (preventing the existence of truly
propagating solutions) has also been investigated for spatially discrete models [1, 5, 13, 15, 36, 40],
for some non-periodic equations [3, 37, 42, 43] or in some higher-dimensional situations [6, 14].

Exponential stability of pulsating fronts

The last main result of the paper is concerned with the global and exponential stability of the
pulsating fronts with nonzero speed. In this section, we fix L € (0,00) and we assume that
equation (1.1) admits a pulsating front ¢ (x — ¢pt, z/L) with nonzero speed ¢, # 0. We study
the asymptotic behavior as t — +o00 of the solutions of

{ w = (ap(v)ug), + fr(z,u), t>0, z€R,

u(0,z) = g(x), r € R, (1.22)

for the class of “front-like” initial conditions g € L*(R, [0, 1]) (the initial condition u(0,x) = g(z)
is understood for a.e. x € R). From [23], it is well known that for the homogeneous equation (1.6),
if the initial value g is above 1 — 4 at —oo and below ¢ at +oo, where § > 0 is as in (1.3), then the
solution of associated initial value problem converges at large time to a translate of the traveling
wave solution (1.7), and this convergence is exponential in time. For scalar reaction-diffusion
equations with bistable time-periodic nonlinearities, such exponential stability of time-periodic
traveling waves was first proved in [2], and then a dynamical systems approach to these results
was presented in [55, Section 10]. For a special class of equations in periodic habitat with z-
independent bistable reaction f = f(u), only the local stability of pulsating fronts had been
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shown, see [48] (see also [44] for some results on the local stability of fronts for time almost-
periodic bistable equations). In the current paper, we show the global and exponential stability
of pulsating fronts for the more general equation (1.1).

Theorem 1.12. Assume that equation (1.1) admits a pulsating front uy(t,z) = ¢r(x —cpt,z/L)
with speed ¢, # 0. Then there exists a positive constant > 0 such that for every g € L>=(R, [0, 1])
satisfying

liminf g(x) >1 -9 and limsupg(z) <0, (1.23)

T——00 T—+00

where § is the constant given in (1.3), the solution u(t,z) of (1.22) satisfies
lu(t,z) —up(t+74,7)| = |u(t,z) —¢r(x—crt—cp7y,x/L)| < Cype ™ for allt >0, z € R, (1.24)
for some constants 7, € R and C, > 0.

This theorem implies in particular that for the large class of initial values satisfying (1.23),
the solutions of (1.22) have the same profile and the same wave speed at large time. Furthermore,
Theorem 1.12 also immediately provides the uniqueness of the speed of pulsating fronts as well as
the uniqueness of the pulsating fronts up to shifts in time in the case where the speed is not zero
(as consequences of Theorem 1.12; these uniqueness properties stated in Theorem 1.1 are proved
at the end of Section 4.1). More generally speaking, the global stability of pulsating fronts will
be used in [17] to prove a uniqueness result in the larger class of generalized transition fronts.

In Theorem 1.12, the assumption c¢; # 0 is essential. Namely, there are equations of the
type (1.1) which admit stationary fronts (with speed ¢, = 0) that are not stable: in [17] we
construct generalized transition fronts which connect unstable stationary fronts to stable ones.

In Theorem 1.12, the initial conditions are assumed to be close enough to 0 and 1 at 4oo0.
Actually, the convergence holds under other types of assumptions for the initial conditions, as
the following result shows.

Theorem 1.13. Assume that equation (1.1) admits a pulsating front ur(t,x) = ¢p(x —cpt,z/L)
with speed ¢, # 0 and assume that the L-periodic stationary states 0 < u(xz) < 1 of (1.1) are
all unstable. Then for any L-periodic stationary states 0 < uy(z) < 1 of (1.1) and for any
g € L*(R,[0,1]) satisfying

liminf (g(z) — a_(2)) >0 and limsup (g(z) — a4 (z)) <0, (1.25)

r——00 T—r+00
the solution u(t,x) of (1.22) satisfies (1.24).

Under the assumptions of Theorem 1.13 (we thank Dr. J. Fang for mentioning initial conditions
of the type (1.25)), it follows that any two L-periodic stationary states 0 < @;(z) < 1 and
0 < us(x) < 1of (1.1) are either identically equal, or unordered in the sense that ming(u; —us) <
0 < maxg(u; — ug). Given this fact, the proof of Theorem 1.13 is then based on the following
argument. On the one hand, if a function v solves the Cauchy problem (1.22) with an L-periodic
initial condition g € L>(R, [0, 1]) such that g > u; in R (resp. ¢ < @y in R), then v(t,z) — 1
(resp. v(t,x) — 0) as t — +oo uniformly in z € R. On the other hand, the solution u of (1.22)
with an initial condition g satisfying (1.25) can be estimated from below or above as © — 400
by solutions v of the above type. Therefore, u(7,-) satisfies the limiting conditions (1.23) for
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some time 7' > 0 large enough and Theorem 1.12 can be applied to u(T + ¢, x) and leads to the
conclusion.

However, we point out that even if Theorem 1.12 is used in the proof of Theorem 1.13,
the assumption (1.25) does not imply (1.23) in general, so Theorem 1.13 cannot be viewed as
a direct corollary of Theorem 1.12. To see it, let us consider the homogeneous equation (1.6)
with an a-independent function f = f(u) satisfying (1.2), with 6, = 6, together with (1.3)
and fol f(u)du > 0. The assumptions of Theorems 1.12 and 1.13 are fulfilled, and any initial con-
dition g € L*(RR, [0,1]) such that liminf, , . g(z) > 0 and limsup,_, ., g(x) < 0 satisfies (1.25)
but not (1.23) in general.

In Theorems 1.12 and 1.13, the initial conditions g are front-like in the sense that g is not
too small at —oo and not too large at +00. We mention that the Cauchy problem with initial
conditions which are compactly supported or at least not too large at 00 has been extensively
studied in the homogeneous and periodic cases, see, e.g., [4, 18, 23, 24, 50, 56].

Outline of the paper. Section 2 is devoted to the proof of the existence results for small
and large periods L, that is, Theorems 1.2, 1.4 and 1.5. We also show part of Theorem 1.1
on the sign property of the speed of non-stationary pulsating fronts. In Section 3, we prove
Theorems 1.8 and 1.10 on the properties of the set of periods of non-stationary fronts. Lastly,
Section 4 is devoted to the proof of the stability results, Theorems 1.12 and 1.13, while the
Appendix (Section 5) is concerned with the proof of some auxiliary lemmas used in the proofs of
Theorems 1.2 and 1.8.

2 Existence of pulsating fronts

As already emphasized, the proofs of Theorems 1.2 and 1.4 on the existence of pulsating fronts
for small periods L use different methods. They are carried out in Sections 2.1 and 2.3, whereas
Section 2.4 is devoted to the proof of Theorem 1.5 on the existence of pulsating fronts for large
periods L. In Section 2.2, we show that the sign of non-stationary pulsating fronts is that of the

integral fol f(u) du.
2.1 Small periods L: the implicit function theorem

This section is devoted to the proof of Theorem 1.2. The strategy is similar to that used by Heinze
in [31]. There, the homogeneous process for the following equation as ¢ — 07 was considered

uw = dAu+ f(u), teR, x €y, 2.1)
w, = 0, teR, x € oS, '
where d is a positive constant, f : R — R is a bistable function of class C?, u, = %, v denotes

the exterior normal vector to ). and 2. = €2, with € being a smooth open connected set of R"
which is 1-periodic in all directions x; (1 <1 < n). Assuming the existence of a traveling wave for
a homogenized problem and then using the implicit function theorem in an appropriate function
space, Heinze obtained a unique (up to shift in time) pulsating front for the equation (2.1) at
small €. Although a portion of the arguments of Theorem 1.2 follows the same lines as those used
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in [31] for problem (2.1), the oscillations in the diffusion coefficient a; and the nonlinearity f,
in equation (1.1) make the analysis different and more complicated. In addition, we provide a
different approach in the convergence to the homogeneous process (see Lemma 2.2 below). As a
matter of fact, the approach we use here allows us to prove some continuity results at any L > 0
and not only at L = 0" (see Lemma 2.4 below). This strategy can then later be applied to the
proof of Theorem 1.8 in Section 3, where a pulsating front for equation (1.1) is assumed to exist
at a fixed Lo > 0. Thus, for the sake of completeness of the proof here and also for convenience
of that of Theorem 1.8, we include the details as follows.

We assume that the homogenized equation (1.9) has a (unique up to shifts) front ¢q, with
speed ¢o # 0. Without loss of generality, one may assume that the speed satisfies ¢g > 0
throughout this subsection. Indeed, if ¢y < 0, then the function tg(x) = 1 — ¢o(—x) solves (1.9)
with speed —cy (> 0) instead of ¢y and with g(u) = —f(1 — u) instead of f, where g(x,u) =
—f(—=z,1 — u). Furthermore, if u(t,z) = ¢(x — cpt,x/L) is a pulsating front for (1.1) with
speed ¢y, then v(t,z) = 1 — ¢(—x — cpt, —x/L) is a pulsating front with speed —cy for the
equation vy = (arv, ), + gr(z,v) with a(x) = a(—z) (and ay = ay). Therefore, even if it means
changing a into @ and f into g, one can assume here that ¢q > 0.

Define the new variables

=x—crt and y= L

{=x—cp I

For a given L > 0, finding pulsating fronts u(t,z) = ¢ (x —cpt,xz/L) of (1.1) with a speed ¢, # 0
amounts to finding solutions ¢y, of the following problem:

(2.2)

9(a(y)ror) + crdedr + f(y, o) = 0 for all (€,y) € R x R,

or(&,y) is 1-periodic in v, (2.3)
¢r(—o00,y) =1, ¢r(+00,y) = 0 uniformly in y € R,
where 1
O = 0t + zay.

By the periodicity condition, equation (2.3) can be restricted in y € T := R/Z. Let L*(R x T)
and H'(R x T) be the Banach spaces defined by

L*RxT) = {UELZOC(RX]R |ve LR x (0,1)) and v(&,y + 1) = v(&,y) ae. in R?},
H(RxT) = {ve H.(RxR) ‘UGHl(RX(O 1)) and v(&,y + 1) = v(&,y) a.e. in R?*},

loc

embedded with the norms ||v||z2mxm H’U”LQ ®x0,1) and [[v]m@exry = ||[v]lm@x01) =

(Ioll 2oty + 19evl 2 + 19,01l z2(enmy) ', respectivly
For the homogenization limit as L — 0", we introduce some auxiliary operators. Namely, fix
a real > 0 and for any ¢ > 0, define

M, 1.(v) =81 (aBpv) +cdev— B, v e Dy={v € HY(RxT)|d(adpv) € L2(RXT)}, LeR*,

— " I - 2 (24)
M.o(v)=apv” + cv' — o, ve D(M.y) = H*(R),

where ay > 0 is the harmonic mean of a defined in (1.10). The fact that v € Dy means
that v € H'(R x T) and there is a constant C' > 0 such that }foTaﬁLvﬁLgo} < Cll¢ll 2@x)
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and foTagngch =— foT 5L(a5Lv)g0 for all p € H'(R x T). Notice that the operators M, 1,
are also defined for negative values of L, that the domain Dy, is dense in H'(R x T) and that
M. (v) € L*(R x T) for all v € Dy, and L € R*. Furthermore, the domain D(M,,) = H?*(R)
of M, is dense in H'(R) and M, (v) € L*(R) for all v € D(M, ;). We first state in the following
three lemmas some of the basic properties of the operators M, 1, M. and their inverses.

Lemma 2.1. The operators M.o : H*(R) — L*(R) and M.y : D, — L*(R x T) for L # 0
are wnvertible for every ¢ > 0. Furthermore, for every r1 > 0 and ro > 0, there is a constant
C = C(r1,m9, B,a) such that for all ¢ >ry, |L| <1y, g € L*(R x T) and ¢ € L*(R),

IM (D lm@xry < Cllglle@xry if L#0,
1Mo (D)@ < Cllellm.-

The following lemma deals with the convergence of M, %Ln to M o when L,, — 0 with L, € R*,
¢, — ¢ > 0 and the operators Mc_nlL are applied to g, with g, — g in L*(R x T).

Lemma 2.2. Fiz 8> 0 and ¢ > 0. Then for every g € L*(R x T),

M1, (92) = Mep(g) in H'(R X T), (25)
M, o(pn) = Myy(9) in H'(R) '

as n — +oo for every sequences (gn)nen in L*(R X T), (¢n)nen i L2(R), (cp)nen in (0, +00)

and (Ly)nen in R* such that |g, — gl r2@xty — 0, [|¢n — Gll2@y = 0, ¢, = ¢ and L, — 0
as n — 400, where g € L*(R) is defined as

9(6) = / g(ey)dy for€ €R, (2.6)

and M;()l (9) € H?(R) is viewed as an H*(RxT) function by extending it trivially in the y-variable.
Furthermore, the limits (2.5) are uniform in the ball By = {g € L*(R x T) | ||g|lr2@xm) < A} for
every A > 0.

The following lemma is the analogue of Lemma 2.2, when L,, — L # 0 as n — +o0.

Lemma 2.3. Fiz 3> 0, ¢> 0 and L € R*. Then for every g € L>(R x T) and every sequences
(gn)nen in LR x T), (¢p)nen @ (0,+00) and (Ly)nen in R* such that ||g, — g||r2@xt) — O,
¢n — ¢ and L, — L as n — +o0, there holds Mc*nan(gn) — M;i(g) in HY(R x T) as n — +oo.
Furthermore, the limit is uniform with respect to g € B for every A > 0.

In order not to lengthen the course of the proof of Theorem 1.2, the proofs of these auxiliary
lemmas are postponed in the Appendix (Section 5).

Coming back to the solution (¢, cg) of the homogeneous equation (1.9), it is well known
that there are some positive constants A; and A, such that ¢y(&) ~ Aje ¢ as € — +oo and
1 — ¢o(€) ~ Aze™€ as € — —o0, with A = (¢ + (@ — dag f (0)Y2)/(2a) > 0 and Ay =
(—co + (2 — day f (1))¥2)/(2ay) > 0. Now, in order to apply an implicit function theorem
around the homogeneous front (¢g, o) to get the existence of pulsating fronts for small L, we
need to introduce a few more notations. Firstly, let Y € C?(R) be a solution of the equation

(a(x'+1))=0in R and x(y+ 1) = x(y)for all y € R. (2.7)
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The function y is unique up to a constant, and it satisfies a(y)(x'(y) + 1) = ay for all y € R.
Secondly, for any v € HY(R x T), ¢ > 0 and L € R*, define

K (v, ¢, L) (&) =(an + (ax)' (1)) #4(€) + La(y)x < >¢é3’ (€) + c(6h(&) + Lx(y)#}(€))
+ (g, 0(&y) + do(€) + Lx(y)d4(€)) + Bu(€,y).
Since ¢y € L*(0,+00), 1 — ¢y € L*(—0,0), ¢ € H2( ) and f(y,u) is globally Lipschitz-

continuous in u uniformly for y € T, it follows that K (v,c, L) € L*(Rx T) for any v € H'(R x T)
(and even for any v € L*(R x T)). For L = 0, define

K(v,¢,0)(&,y) = (am + (ax)' () #5(€) + con (&) + f (y, v(&, y) + do(€)) + Bu(&, y).

Similarly, K(v,c,0) € L*(R x T) for any v € H'(R x T). Finally, for v € H'(R x T), ¢ > 0
and L € R, let us set G(v,c¢, L) = (G1,G2)(v, ¢, L) with

U+M;L1(K(U,C,L)) if L #£0,

G 77L = —
v, L) {v+mgﬂmeﬁ» if L =0,

(2.8)
Galvre L) = [ (6l) + vl&) + Lxn)@) - | o4

where K(v,c,0) € L*(R) is defined as g in (2.6). In view of Lemma 2.1, the function G' maps
H' (R x T) x (0,+00) x R into H'(R x T) x R. Note that G(0,c,0) = (0,0) by the definition
of (¢o,co) and f. Moreover, it is also straightforward to check, using in particular (2.7) and
a(X' +1) = agy, that a pair (¢,c1) € (¢ + H' (R x T)) x (0,400) solves the first two lines

of (2.3) for L # 0 with
[ oa-[a 29)
R+ xT R+

if and only if G(¢p — ¢po — Lx¢y, cr, L) = (0,0).

The general strategy of the proof of Theorem 1.2 is to use the implicit function theorem for
the existence and uniqueness of a solution of (2.3) and (2.9) for small L. For this, we use some
continuity and differentiability properties of G.

Lemma 2.4. The function G : H'(R x T) x (0,4+00) x R — HYR x T) x R is continuous,
and it is continuously Fréchet differentiable with respect to (v,c). Furthermore, the operator
Q = 04w,)G(0,¢0,0) : HHR x T) x R - H'(R x T) x R s invertible.

The proof of Lemma 2.4 is quite lengthy and is therefore postponed in the Appendix (Sec-
tion 5). We just point out here that the proof of the invertibility of the operator @) uses as
key-points some properties of the linearization of (1.9) at ¢o. Namely, denoting

H(u) = agu” + cou’ + 7/(<b0)u = My o(u) + fu+ 7((;50) u for u € H*(R) (2.10)

and the adjoint operator H* being given by H*(u) = agu” — cou/ +7(¢>0)u for u € H*(R) in such
a way that (H*(v),u)r2m®) = (v, H(u))2m) for all u,v € H*(R), it follows from Section 4 of [31]
that the operators H and H* have algebraically simple eigenvalue 0 and that the range of H is
closed in L?(R). Furthermore, the kernel ker(H) of H is equal to ker(H) = R¢). We will see in
the proof of Theorem 1.8 that similar properties hold for the linearization of the equation (2.3)
around a pulsating front for a period Ly > 0.
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End of the proof of Theorem 1.2. From Lemma 2.4, one can apply the implicit function theorem
for the function G : HY(R x T) x (0,+00) x R — HYR x T) x R (see, e.g., the remark of
Theorem 15.1 in [16]). Then there exists L, > 0 such that for any 0 < L < L,, there is a unique
(vp,cr) € HYRXT)x (0, +00) such that G(vr, ¢z, L) = (0,0) and (vg, cz) — (0,¢p) as L — 0. Let
Br(E,y) = do(&)+vr (&, y)+ Lx(y)dp(€) for (£,y) € RxT. Tt follows in particular that ¢, — ¢y — 0
in HY(R x T) as L — 07. According to the definition of G, for every L € (0, L.), (ér,cr) is a
weak solution and then, by parabolic regularity, a bounded classical solution of the equation (2.3)
which satisfies, in particular, the limiting conditions in (2.3) since O:¢;, and 0,¢,, actually belong
to L>°(R x R). The strong maximum principle together with f(y,u) > 0 (resp. f(y,u) < 0) for
all (y,u) € R x (—00,0) (resp. (y,u) € R x (1,400)) implies that ¢, ranges in (0, 1).

Lastly, for any given L € (0, L,), if ti,(t,z) = ¢(x — ¢pt, x/L) is a pulsating front for (1.1),
then ¢, = ¢, > 0 by Theorem 1.1 (whose proof is independent of the present one), while v, (£, y) :=
&L(g, y) — ¢o(&) — Lx(y)dy(€) € H' (R x T) from the general exponential decay estimates of o1
and 1 — gZL as & — £oo (see Lemma 2.5 below). By continuity, there is §~ € R such that
fR+><']1* (b%(g + &, y) = fR+ (b%v whence G(ﬁL( + &, ')7 CrL, L) = <07 0) and (bL(f + &, y) = ¢L(£7 y) for
all (¢,y) € R x T by uniqueness of vy. The proof of Theorem 1.2 is thereby complete. O

2.2 The sign of the speeds of non-stationary pulsating fronts

The notations and tools used in the previous section enable us to prove the part of Theorem 1.1
which is concerned with the sign of the speed of non-stationary pulsating fronts. We state this
result (see Lemma 2.6 below) as an independent lemma, since it will be used later and is also of
interest in its own. Before doing so, we first establish some exponential bounds for the pulsating
fronts when they approach their limiting states, whether they be stationary or non-stationary. The
proof is similar to that of the exponential decay of pulsating fronts for combustion nonlinearities
in [49]. We include it here because its strategy is useful.

Lemma 2.5. Fora fired L > 0, if u(t,z) = ¢p(x—cpt,x/L) is a pulsating front of equation (1.1)
with speed cp, € R, then there exist Ay, Ay € R, uy >0, s >0, Cy >0, Cy > 0 such that

0 <ult,z)=¢p(z —cpt,x/L) < Cre™ME=eLt) if g et > Ay, (2.11)
0<1l—wu(t,x)=1—¢r(x —cpt,x/L) < Coet2@=ert) if g — et < A,. (2.12)

Proof. From the strong parabolic maximum principle, we know that 0 < w(t,xz) < 1 for all
(t,7) € R% According to the sign of ¢z, two cases may occur.

Case 1: ¢, = 0. In this case, u(t,z) = wu(x) is a stationary solution of equation (1.1)
with limiting conditions lim, , . u(z) = 1 and lim, . u(x) = 0. Then there exists A; € R
such that u(zx) < § for all x > Ay, where 6 > 0 is as in (1.3). It follows from (1.3) that
(apu’) (z) — yu(z) > 0 for all z > A;. Choose p; > 0 small enough so that ar(x)u? — af () —
v < 0 for all z € R, and define w(z) = Cie "% where () is a positive constant such that
Cre 4 > y(Ay). But (apw') (z) — yw(z) = Clap(z)p? — ay () — v)e ™ < 0 for all z € R.
Then the inequality (2.11) follows from the elliptic weak maximum principle, and (2.12) can be
obtained in the same way, using this time the second line of (1.3).

Case 2: ¢ # 0. In this case, consider the variables (£,y) as in (2.2). Upon substitu-
tion, ¢ (&, y) satisfies equation (2.3). For any p € R, let 7, be the linear operator defined by

Tu() = L7*(ay') = 207 pa)’ + (= L™ pa’ — cpp+ ap® — 7))
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for all v € C*(T). The Krein-Rutman theory provides the existence and uniqueness, for any
p € R, of the principal eigenvalue A (u) of 7,, associated with a (unique up to multiplication)
positive eigenfunction v,. By uniqueness, A\;(0) = —vy < 0. Moreover, there are a@ > 0 and
B > 0 such that —pa'(y)/L — cpp + a(y)u* — v > ap® — B for all p € R and y € R, whence
A(p) > ap? — B and A(p) > 0 for |u| large enough. Since p +— (i) is continuous, there is
p1 > 0 such that A;(uq) = 0. A direct computation shows that

91 (a(y) (e, (y)) + crde (€759, (1)) — ve S, (y) = 0 for all (€,y) € R x T, (2.13)

that is, W — (ap(2)u,), + v = 0 with u(t,z) = e @by (x/L). On the other hand,
since limg_, oo ¢r(€,y) = 0 uniformly for y € T, there is A; € R such that 0 < ¢(&,y) < 0
for all ¢ > Ay and y € T. It then follows from (1.3) that

5L(a(y)5L¢L) -+ CLa§¢L — ’Y(bL > 0 for all g > A1 and (VRS T. (2.14)

One can normalize 1, in such a way that e 41, (y) > ¢r(A1,y) for all y € T. Define
e* =inf{e > 0| u(t,x) —e <u(t,z) for all z — ¢zt > A;}. The real number ¢* is well defined
and u(t,x) —e* <u(t,z) for all x — et > A;. Assume by contradiction that €* > 0. Since u(t +
L/cp,z+L) =u(t,r) in R? and u(t,x) — 0 as x —cyt — 400, there is then (t*, z*) €R? such that
r* —cpt* > Ay and u(t', o) —e* =u(t*, 2*), whence z* —cpt* > A; from the normalization of ¢, .
Define z = @ — u. From (2.13) and (2.14), one has 0 < z; — (ar(z)z;), + vz for all x — ¢t > A;.
But z has a minimum at the point (¢*, 2*) with z* — ¢ t* > A; and z(t*,2*) = —* < 0. Hence
0 < —y¢*, which is a contradiction. Thus, ¢* = 0, that is, (2.11) holds C; = maxy,, > 0.
Similarly, there is A € R such that 0 <1 — ¢ (&, y) <6 for all £ < Ay and y € T. As above,
by working this time with the function 1 — ¢ (£, y) on the set (—oo, Az) x T, (2.12) follows. O

Lemma 2.6. If equation (1.1) admits a pulsating front u(t,z) = ¢p(x — cpt,x/L) with ¢, # 0,
then cr, has the sign of fol f(s)ds.

Proof. Use the variables (&,y) as in (2.2) and notice that, since ¢, # 0, standard parabolic
estimates applied to u and wu; imply that the function ¢ (§,y) is a classical solution of the
equation (2.3) and, by Lemma 2.5, all functions O¢¢r,, 0y 1, Oeedr, Ocy@r, and Oy, ¢y, converge to 0
exponentially as £ — fo0. Integrating by parts the first equation of (2.3) against O:¢;, yields

/R Ta(y)5L¢L5L(a§¢L) — c(0e01)” — f(y, ¢1)0cr = 0.

Since [5 ¢ a(y)ngbLgL(@ggbL) = (1/2) Jg.r a(y)Oe (5L¢L)2 = 0, one infers that

“ /RX’]T<8£¢L>2 T qurﬂy’ 1) 0br =~ /RxT 85(/0%(@) [y, S)ds) = /01 f(s)ds.

Hence, ¢, has the sign of fol f(s)ds. O
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2.3 Small periods L: the instability of L-periodic steady states

In this section, we do the proof of Theorem 1.4. To obtain the existence result, we employ the
abstract theory in [22] by checking that the semiflow generated by the equation (1.22) satisfies
the general assumptions for bistable monotone semiflows in that paper. Namely, we first prove a
series of lemmas to verify the general conditions in [22].

To do so, we first recall that for any L > 0 and any L-periodic steady state @ : R — [0, 1]
of (1.1), Ai(L,u) denotes the principal eigenvalue of the problem (1.18) and that, by Defini-
tion 1.9, @ is unstable if \(L,u) > 0. By comparison, one has minger (9,f1(z,u(z))) <
M(L, @) < maxger (Oufr(z,u(2))). In particular, the steady state u = 0 is stable since
Ouf(x,0) < —~. Similarly, the steady state u = 1 is stable. Then the Dancer-Hess connect-
ing orbit theorem (see, e.g., [34, Proposition 9.1]) implies that there exists at least one L-periodic
steady state u such that 0 < u < 1 in R. In addition, it turns out that for small L > 0, all such
intermediate L-periodic steady states are unstable under the assumption (1.12), as the following
lemma shows.

Lemma 2.7. Under the assumption (1.12), there is L, > 0 such that \\(L,u) > 0 for every
0 < L < L, and for every L-periodic steady state w of (1.1) with 0 < u < 1.

Proof. Assume by contradiction that there are some sequences (Lj)nen in (0, +00), (Un)nen
and (¢, )nen in C?(R) such that L, — 0% as n — 400 and, for each n € N, #, satisfies

(ap, @) + fr,(x,u4,) =0 in R, (2.15)
Uy is L,-periodic, 0 < u, < 1in R, '
and 1), satisfies
(aLn’l/};,)/ + 0ufL, (:L’, an)wn =AM (Ln7 ﬂn>wn in R, (2 16)
¥y, is Ly-periodic, 1, > 0in R, '
with principal eigenvalue \i(L,,, u,) < 0. Since
min (aqun(x,u)) <M (Lp,u,) < max | (6qun(x,u)), (2.17)

z€R, u€e(0,1] z€R,ue(0,1

the sequence (Al(Ln, ﬂn))neN is then bounded. Up to extraction of some subsequence, there is a

real number A\; < 0 such that \(L,, 4,) — X\ as n — +00. Now, denote Un(y) = Un(Lyy). Each
function v, is 1-periodic and obeys a(y)v” (y)+a'(y)v), (y)+ L2 f(y, v, (y)) = 0 for all y € R. It then
follows from standard elliptic estimates that there is a 1-periodic C*(R) function 0 < vy, < 1 such
that, up to extraction of some subsequence, v, — v in C*(R) as n — +oo, and the function v,
solves av, +a'v, = 0 in R. Thus, av), is a constant function, and then v/ has a sign. Since v,
is 1-periodic, v, is then a constant function.

Next, one shows that v, = 0. Integrating (ar, @)’ + fr,(z,,) = 0 over [0, L,] yields

0= Lin /OL" Jr. (@, U (x))dr = /01 Fy,va(y))dy — f(vso) as n — +o0.

Therefore, f(vs) = 0. If v, = 0, then the assumption (1.3) would imply that 0 < v, < § in R
for n large enough, whence f(y,v,(y)) < —yv,(y) < 0 and (av))’ = —L2 f(y,v,) > 0 in R for n
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large enough, which contradicts the fact that av), is 1-periodic. Similarly, one obtains that v, # 1.
It then follows from the assumption (1.12) that v, = 6.

Finally, for any n € N, multiply the equation (2.16) by ¢, ! and integrate by parts over [0, L,].
It then follows that

f))de + /Ln Oufr, (x,un(x))dx = LyXi(Ly, ).
0

As a consequence,

ML) > 1 / O (1 () = / 0 (1, va(y))dy.

Taking the limit as n — +oo yields that A > 7(5) > (, which contradicts the assumption
that A\; < 0. The proof of Lemma 2.7 is thereby complete. O

A consequence of Lemma 2.7 is the following non-existence result. Before doing so, we first
introduce an important notation: in the sequel, for any uo € C(R, [0, 1]), u(t, z;ug) denotes the
unique solution of equation (1.1) with initial value u(0, z;ug) = ugp(z).

Lemma 2.8. For every 0 < L < L, and for every L-periodic steady state 0 < u < 1 of (1.1),
there is no steady state v of (1.1) such that 0 < v < u and there is no steady state w of (1.1)
such that u < w < 1.

Proof. We only prove the first conclusion, since the proof of the second one is similar. Thus, let
0 <L <L, let 0 <u<1bean L-periodic steady state of (1.1) and let v be a steady state
of (1.1) such that 0 < v < . Our goal is to show that v =0 in R.

Step 1: sup,eg (v(z) — u(z)) < 0. First, since A(L,u) > 0 by Lemma 2.7, it follows from
Definition 1.9 that there is R > L/2 large enough such that A\ g(L,u) > 0, where A\ g(L,u) is
the principal eigenvalue of (1.17). For any £ > 0, define

(2.18)

I~y

u(z) —evr(x) if |z| < R,
v(x) = ‘
() if |z| > R,
where g is a fixed positive eigenfunction of (1.17) corresponding to Ay gr(L,u). Choose g9 > 0
small enough such that, for all 0 < e <&y, 0 < v. <@ in R and

Mor(L,a)
2

fL(x7U€> - fL(xvﬂ> < —8qu(£L’,?_L) X 51/11% + X €¢R in <_R7 R)

It then follows that
(ar (Ve)a)e + fr(w,v:) = (aLle)s — (aL (EVR)2)s + fL(z,ve) — fr(z,0) + fr(z, u)

M r(L, ) (2.19)

< —)\17R(L,’Ij) X E'QZ)R + 5 X E'QZ)R <0 in (—R, R)

for all 0 < & < gy. This together with the fact that w is a stationary solution of equation (1.1)
implies that v. is a supersolution of equation (1.1).
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Now, for any k € Z and for any 0 < ¢ < g¢, the function v.(- — kL) is also a supersolution
of (1.1). Since v < w in R, it follows then from the strong elliptic maximum principle that, for
every 0 < e < g, there holds v(z) < v.(x—kL) for all x € (kL—R, kL+R) and for all k € Z. Since
R > L/2 and vy is continuous and positive in (—R, R), one infers that sup,.p (v(z) — u(z)) < 0.

Step 2: v =0 in R. Finally, let ¢ be a principal eigenfunction of the periodic problem (1.18),
associated with the principal eigenvalue A\; (L, w). With similar calculation as above, there is 7y > 0
such that for all 0 < n < g, the L-periodic function u — ny satisfies v < @ —ny < u and

(ap (@ —nY)e)e + fr(z,a—np) <0 in R, (2.20)

that is u — np is a strict supersolution of (1.1). As a consequence, the solution u(t,z;u — 1)
of (1.1) with initial condition u—mny¢p is decreasing in t > 0 and, from standard parabolic estimates,
it converges as t — 400 to an L-periodic steady state uo.(z) of (1.1) such that

0<v<ux <u—np <u<linkR.

If uw # 0 in R, then 0 < uy < 1 from the strong maximum principle, whence u, is unstable
from Lemma 2.7, in the sense that A\ (L, us) > 0. Therefore, as above, by calling ¢ a principal
periodic eigenfunction of the periodic problem (1.18) associated with u.,, it follows that the
functions u., + Kkt are subsolutions of (1.1) for all £ > 0 small enough. In particular, since
U < U — Mo in R and both functions are L-periodic and continuous, there is ko > 0 such that
Uso+ Ko s a subsolution of (1.1) and us + Ko < u—1npp in R, whence uq+ ko) < u(t, 5 u—1nop)
in R for all £ > 0, from the maximum principle. Finally, passing to the limit as t — 400 gives
Uso + Ko < Uy in R, which is impossible. Hence, u, = 0 and v = 0 in R, and the proof of
Lemma 2.8 is complete. O

As a consequence of Lemma 2.8, for every 0 < L < L, and for every L-periodic steady
state 0 < @ < 1, equation (1.1) restricted to E; = {u € C(R,[0,1])|]0 < u < @ in R}, and
to By = {u € C(R,[0,1]) |z < u <1 in R} respectively, has a monostable structure. In order to
prove the existence of pulsating fronts for (1.1), one will verify a counter-propagation condition
on the spreading speeds of these subsystems, as defined in [22]. To do so, denote

C(0,u) = {ue C(R,[0,1]) |0 < u < u, limsup(u(z) — u(z)) < 0 and u(z) = a(x) for z < —1},

T—r+400

Ct(a,1) ={ue C(R,[0,1])|u < u <1, liminf(u(z) — a(z)) > 0 and u(z) = u(z) for z > 1}.
T——00
Lemma 2.9. For every 0 < L < L, and for every L-periodic steady state 0 < u < 1 of (1.1),
there are some real numbers ¢ > 0 and ¢~ > 0 such that

limsup u(t,z;ug) =0 for all ug € C~(0,u),
t——4o0,x>—c"t N N (221)
liminf  w(t,z;0) =1 for all ug € C*(u,1).
t——+oo, z<ctt
Proof. We only give the proof of the first assertion (2.21), since the arguments for the other one
are similar. First, one claims that for any ug € C~(0,u) and any constant C' € R, there holds
lim wu(t,z;up) =0 uniformly for z € [C, +00). (2.22)

t—-+o00
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So, fix any uy € C~(0,u), any real number C', any kg € N such that C' > —kgL, and let > 0 be
arbitrary. There are then € > 0 small enough and ny € N large enough such that

uo(- +nL) <wv. forall n>ng, neN,

where v, is defined in (2.18) and is a strict supersolution of (1.1), in the sense of (2.19). It
follows from the parabolic maximum principle that u(t, z;v.) < v.(x) and u(t, x; v.) is decreasing
in ¢ > 0. By standard parabolic estimates, u(t,x;v.) converges as t — oo locally uniformly
in 2 € R to a stationary solution v. , of equation (1.1) with 0 < v, < @. Lemma 2.8 and the
strong elliptic maximum principle imply that v. ., = 0. Therefore, there is 7' > 0 such that

0 <wu(t,y;v.) <n forallt >T and |y| < (ko +mno+ 1)L.

For any x > C' (> —koL), there is I, € Z such that [, > —ky and [, L < z < (I, + 1)L. With
nge = ko + 1o+ lz > ng, one has |z —n,L| < | —1,L|+ (ko +no)L < (ko +nog+ 1)L. Hence, from
the maximum principle and the periodicity of (1.1), it follows that, for all ¢ > T,

0 <wult,z;up) = u(t,x — nyL;uo(- + n, L)) < u(t,x —n,L;v.) <.

The claim (2.22) is thereby proved.

Next, we fix a real number o such that 0 < ¢ < ming @ and a function wy € C~(0, @) such that
o <wy<uinR and wy = o in RT. From (2.22) applied to wy, and since 0 < u(t, z; wy) < u(x)
for all t > 0 and = € R, there is a time ¢; > 0 such that 0 < u(ty, z;wp) < wo(x+ L) for all z € R.
From the maximum principle, it follows by immediate induction that

0 < u(nty, z;wp) < wo(x +nlL) foralln € Nand x € R. (2.23)

Finally, one shows that the first assertion in (2.21) holds with any positive constant ¢~ such
that 0 < ¢~ < L/t;. Fix any function ug € C~(0,u). By (2.22) and u(t, -;up) < @, there is T' > 0
such that 0 < u(T, -;up) < wp, whence

0 <u(T + nty, x;up) < u(nty, x;wy) < wo(z+nl) foralln € Nand z € R (2.24)

by (2.23) and the maximum principle. Let us now argue by contradiction and assume that
limsup; ., o 4> ¢u(t, 7;u9) > 0. Then there are some sequences (7 )ren in (0, +00) and (24)ren
in R such that z, > —c¢ 7, for all k € N, 73, — +00 as k — 400 and lim inf,_, ;o u( Tk, Tx; ug) > 0.
For k large enough, one can write 7, = T + ngty + 7 with n, € N, 0 < 7, < ¢; and np — 400
as k — 4o0. Write also x, = ) + 2 with 2} € LZ and —L < 2}, < 0. Up to extraction of a
subsequence, one can assume that 7, — 7 € R and 2 — y € R as k — 400. For k large enough,
denote
u(t, ) = u(t + 7, v + x4 up) for t > —73, v € R.

From standard parabolic estimates, the functions wu; converge locally uniformly in R?, up to
extraction of a subsequence, to a solution us(t,z) of (1.1) defined for all (¢,z) € R? and such
that 0 < uno(t, z) < u(z) for all (¢, z) € R?, while u(0,y) > 0. Furthermore, for any given m € Z
and z € R, one has, for all k£ large enough,

0 < up(—mty — T, x) = w(T 4 ngty — mty, x + x5 u0) < wo(x + ), + (ng —m)L) (2.25)
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by (2.24). But o} = xp — ) > o > —c 1, > —c (T + nyty + t1), whence z}, + npL — +oo
as k — +o0 since ¢~ < L/t1 and ny — +00. As a consequence, it follows from (2.25) and the
definitions of u., and wy that 0 < us(—mty — 7,2) < 0 < wy(z) for all m € Z and x € R. One
infers that us, = 0 in R?. Indeed, for any (¢, z) € R?, one has, for all m € N large enough,

0 < ult,z) = u(t +mty + 7, x5 uo(—mity — 7,-)) < ult +mty + 7, 25 w).

The property (2.22) applied with wy implies that u(t + mt; + 7,2;wy) — 0 as m — +oo
whence uq(t,7) = 0 for all (t,z) € R? which contradicts u.(0,y) > 0. Therefore, the first
assertion of (2.21) is shown and the proof of Lemma 2.9 is complete. U

Based on the above preparations, one is ready to prove Theorem 1.4.

Proof of Theorem 1.4. Fix a period L such that 0 < L < L,. For any t > 0, define Q; :
C(R,[0,1]) = C(R, [0,1]) by
Q:i[uo] = ult, -5 ug). (2.26)

By classical parabolic theory, together with Lemmas 2.7 and 2.9, the semiflow (Q;):>o satisfies
the following properties:

(A1) (Periodicity) T,[Q:l¢]] = [ T,l¢]] for all ¢ € C(R,[0,1]), t > 0 and y € LZ, where
T, : C(R, ][0, 1]) (]R 0,1]) is the translation operator defined by T[] = ¥ (- — y).

(A2) (Continuity) For any ¢ > 0, @, is continuous with respect to the compact open topology.

(A3) (Monotonicity) For any ¢t > 0, @; is order preserving in the sense that Q:[p1] > Q:[ps]
whenever ¢ > ¢y in C(R, [0, 1]).

(A4) (Compactness) For any t > 0, ; is compact with respect to the compact open topology.

(A5) (Bistability) Let Cp,e be the set of L-periodic functions in C'(R, [0, 1]). For any ¢t > 0, Q;
maps Cpe, to itself and is strongly monotone on Cp, in the sense that inf,cg (Qt[gol](:c) —
Qt[cpg](x)) > 0 whenever ¢; > @9 in Cp, with ¢1 # . Furthermore, the constant
functions 0 and 1 (€ Cp.,) are stationary solutions of (1.1) and they are strongly stable
from above and below, respectively, in the sense of [22], namely, for every ¢ > 0 there
is €9 > 0 such that sup,cp (Q:[e](z) — ) < 0 and infyep (Q¢[1 — €](z) — (1 —¢€)) > 0 for
all 0 < & < gg, which follows from the assumption (1.2). Lastly, any stationary solu-
tion 0 < @ < 1 in Cp, is strongly unstable from above and below in the sense of [22] since
for every t > 0, there is go > 0 such that inf,ep (Q:[@ + ep|(z) — (U(z) + ep(x))) > 0
and sup,cp (Q:[u — ep](x) — (U(z) — ep(x))) < 0 in R for all 0 < & < &y, where ¢ de-
notes the periodic principal eigenfunction of (1.18) with A = A\;(L,u) > 0. Indeed, the
inequalities Q:[u + ] > U + ep and Qi[u —ep] < u —ep in R for all 0 < € < ¢ follow
from the fact that the L-periodic functions u + ep and uw — € are respectively strict sub-
and supersolutions of the elliptic equation associated with (1.1), which can be verified by
calculations similar to (2.20).
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(A6) (Counter-propagation) For each stationary solution @ € Cp, with 0 < @ < 1, one
has ¢; (0, @) + ¢ (u,1) > 0, where ¢, (0,u) and ¢} (0, @) are the spreading speeds defined by

¢, (0,u) =sup{ce R‘ limsup w(t,z;uo) = 0 for all ug € C(0,a)},

t——+o0,x>—ct

tlr 1) — Lo A ~ +(m

¢f(a,1) =sup{ceR } t_}ﬂlo}g;tu(t,x, o) = 1 for all uy € C*(u,1)}.
Indeed, Lemma 2.9 implies that ¢, (0,a) > ¢~ > 0 and ¢ (a,1) > ¢t > 0, with the
notations of Lemma 2.9. Following [22], ¢, (0,u) is called the leftward spreading speed of
equation (1.1) on C~(0,u), and ¢} (u, 1) the rightward spreading speed of equation (1.1)
on C*(u,1) (Lemma 2.9 is then stronger than the counter-propagation condition given
in [22], which is just defined as the positivity of the sum of these spreading speeds).

Having in hand the properties (A1)-(A6), we then see from [22, Proposition 3.1 and Theo-
rems 3.4 and 4.1] that for any 0 < L < L,, equation (1.1) admits a pulsating front u(t,z) =
or(x — cpt,x/L) with speed ¢, € R such that ¢ (&, z) is nonincreasing in §.

Lastly, the assumption (1.12) yields the existence (and uniqueness) of a front (¢, cy) for
the homogenized equation (1.9). If ¢y # 0, then Theorem 1.2 implies that the speeds ¢ of
the pulsating fronts given in the previous paragraph, which exist for all 0 < L < Z*, are such
that ¢, — ¢ as L — 0%. On the other hand, if ¢ = 0, then fol f(uw)du = 0 and Lemma 2.6

implies that ¢, =0 for all 0 < L < L.. Hence, the proof of Theorem 1.4 is complete. O

2.4 The case of large periods L

This section is devoted to the proof of Theorem 1.5. That is, under the assumption (1.13), we
show that the equation (1.1), for any period L > 0 large enough, admits a pulsating front with
positive speed. Firstly, as for the proof of Theorem 1.4, we will show that for L large enough, any
L-periodic intermediate steady state 0 < @ < 1 of (1.1) is unstable and, applying the abstract
results in [22], we will then obtain the existence of a pulsating front with nonnegative speed. To
complete the proof, we need to exclude the case of pulsating fronts with zero speed (stationary
fronts), at least for L large enough. This proof, as well as that of the instability of the intermediate
steady states of equation (1.1), will use a passage to the limit as L. — +oo and the properties of
the solutions to

a(y)(uw?)"(x) + fY(w¥(x)) =0 and 0 <u¥(x) <1 forall x € R, (2.27)

where y is any real number and f¥(u) = f(y,u).
We first begin with the instability of all intermediate steady states of equation (1.1) at large L.

Lemma 2.10. Under the assumption (1.13), there is L* > 0 such that \{(L,u) > 0 for every
L > L* and for every L-periodic steady state u of (1.1) with 0 < u < 1, where \{(L,u) is the
principal eigenvalue defined in (1.18).

Proof. Assume by contradiction that there are some sequences (Lj)nen in (0, +00), (Un)nen
and (¢, )neny in C*(R) such that L, — 400 as n — +oo and, for each n € N, 4, and 1,
satisfy (2.15) and (2.16) with principal eigenvalue A\i(L,,u,) < 0. By (2.17), one can assume
that, up to extraction of some subsequence, A;(Ly, @in) — A € (—00, 0] as n — 400,
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One first observes from the assumption (1.2) that, for any n € N, there is z, € [0, L,]
such that @, (x,) = 0,,/r,. Otherwise, by continuity and L,-periodicity of u,, one would have
either 0,/ < () < 1lforallz € Ror0 < @,(r) < 0,/, forallz € R (notice also that, by (1.2)
and (1.3), the function = + 6, is continuous), whence the function (ar, )" would have a fixed
strict sign; this last property would contradict the fact that ar, u!, is an L,-periodic function.

Define now p,(x) = u,(x + z,) for x € R and n € N. Each function p, is a solution
to (ar,(x + x,)p),) + fr.(® + 25, p,) = 0 in R with p,(0) = 6,,/r, and 0 < p, < 1 in R. Up
to extraction of some subsequence, one can assume that z,,/L, — s € [0,1] as n — +o00 and
that, from standard elliptic estimates, there is a C*(R) function 0 < p,, < 1 such that p, — ps
in C?_(R) as n — +oo. Moreover, p,, solves

a(To0) P+ f(Zoos Pos) = 0 in R, 2.28)
Poo(0) =0, and 0<p, <1in R, '

the strict inequalities following from the strong maximum principle. Similarly, by normalizing 1,
in such a way that 1, (z,) = 1, there is a nonnegative C*(R) function 1., such that, up to
extraction of some subsequence, ¥, (- + ) — 1o in C?_(R) as n — +o00, and 1., solves

{ (00) V", + Ouf (oo Poc) oo = Mt in R,

¥o(0) =1 and ¢ >0in R (2:29)

(notice here that the function v¥,, may not be bounded or periodic, since the convergence is only
local as L,, — +00).

By (1.2) and (1.13), according to phase diagrams of equation (2.28), the solution p., can only
be of one of the following three types: either a constant function, or a non-constant periodic
function, or a ground state solution such that p,(+oo) = 0. In what follows, one will get a
contradiction in each of these three cases.

Case 1: ps 1S a constant solution, that is ps, = 0, in R. In this case, 1, obeys the linear
equation ¥ + Bihs = 0 in R with 8 = (9uf (Too, O0) — M1)/a(20s). Since O, f (oo, bs) > 0
and \; < 0, it follows that 8 > 0 and that the positive function ¢/, is strictly concave in R, which
is impossible. Hence, Case 1 is ruled out. B

Case 2: poo is a non-constant L-periodic solution with L > 0. In this case, p/  is a non-
signed L-periodic function satisfying

a(xoo)(p/oo)" + &Lf(xoovpoo)pgo =0 in R, (2.30)

whereas 1., solves a(z )V + (auf(xoo,poo) — Xl)woo = 0 in R. Since Xl < 0, it follows from
Sturm comparison theorem that 1., must vanish somewhere, which is impossible since ¢, > 0
in R. Hence, Case 2 is ruled out too.

Case 3: pos is a non-periodic solution and limy,_, 1 poc(z) = 0. Denote F(s) =[5 f(@o0, u)du

for all s € [0,1]. From the assumptions (1.2) and fol f(Zoo,u)du > 0, there is a real number
5 € (0,.,1) such that F(0) = F(5) =0, F'(s) <0forall 0 < s <5and F(s) >0foralls <s <1
It then follows that there is Z € R such that p..(Z) = s, p, (z) =0, p’, > 0in (—o0,z) and p/_ < 0
in [Z,400). Notice also by (1.2) that

f (2o, P (T)) f(2os, 5)

Poo(T) = — (70 = — (i) <0




and that there is x < Z such that p”_(z) = — f (%o, Poo(¥))/a(2) > 0 for all z < z. Furthermore,
lim, oo P () = lim, o pi () = 0. Denote

q(x) = Vo (¥)p(¥) — Yoo ()Pl (x) for z €R.
It follows from (2.29) and (2.30) that ¢/(z) = Athee(2)pl (2)/a(zs) < 0 for all 2 < Z, whence
q(x) > q(z) = oo (Z)pl () > 0 for all x < Z. (2.31)

Therefore, ¥/ _(x)pl () > Voo (z)pZ () > 0 for all x < z (< z). In particular, ¥/_(x) > 0 for all
x < z and, since 1), is positive, the limit ¢, (—00) € [0, +00) exists. By (2.29), the function ¢”
has a finite limit as © — —oo and it follows then from elementary arguments that ¢/_(x) — 0 as
r — —oo. Lastly, since p/_(—o0) = p (—o0) = 0, one gets that ¢(z) — 0 as © — —oo, which
contradicts (2.31). As a consequence, Case 3 is ruled out too and the proof of Lemma 2.10 is
complete. O

Proof of Theorem 1.5. For any fixed L > L*, consider the semiflow (Q;);>0 generated by (2.26)
with the period L, that is, by the equation (1.1) with L-periodic coefficients. The properties (A1)-
(A4) used in the proof of Theorem 1.4 are easily verified. Because of Lemma 2.10, (Q);):>o satisfies
the bistability condition (A5) and the same analysis as that in Lemma 2.9 implies that (Q)i>0
satisfies the counter-propagation property (A6). Thus, it follows from [22] that for any L > L*,
equation (1.1) admits a pulsating front u(¢,z) = ¢r(x — cpt, z/L) with speed c¢p. Furthermore,
assumption (1.13) and Lemma 2.6 imply that ¢, > 0. To end the proof, even if it means
redefining L*, one needs to show that ¢;, > 0 for all L > L* (large enough).
Assume by contraction that there is a sequence (L, )nen in (L*, +00) converging to +oo and
such that ¢z, = 0 for all n € N. Namely, for each n € N, there is a C*(R) solution ¢,, of
(ar,9,) + fr.(z,¢n) =00 R, (2.32)
On(—00) =1, ¢p(+00) =0 and 0 < ¢, <1 in R. '

Since fol f(z,u)du >0 for all z € R and f is bounded in R x [0, 1], there is 7 € R such that
l1-0<7<1 and / f(z,u)du >0 for all x € R and s € [r,1], (2.33)
0

where § > 0 is the constant in (1.3). For every n € N, there is y, € R such that ¢,(y,) = 7.
Write vy, = y), + Un, with y/, € L,Z and y,, € [0, L,], and set v,(z) = ¢,(x + y,) for x € R
and n € N. Since both a;, and f;, are L,-periodic in z, each function v, obeys

(ar,(x +Yn)v,) + fr, (T + Yn,vn) = 0 in R,
v, (0) =7, v(—00) =1, v,(+00)=0 and 0 < v, <1in R.

Up to extraction of some subsequence, one can assume that y,/L, — ys € [0,1] as n — +oo
and that, from standard elliptic estimates, v, — v, as n — +oo in C?_(R), where the function
0 < v5 < 1 solves

a(Yoo) Vg + (Yoo, Vo) = 0 in R (2.34)
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and v, (0) = 7, whence 0 < v, < 1 in R from the strong elliptic maximum principle. As
for equation (2.28) used in Lemma 2.10, it follows from (1.13) that there are three types of
solutions to equation (2.34): the constant solutions (equal to 6, ), the non-constant periodic
solutions and the non-periodic ground state solutions converging to 0 at +oco. In all cases, by
multiplying the equation (2.34) by v/, and integrating on suitable intervals, it follows easily
that f: f (Yoo, w)du = 0, where 0 < infrv,, = 8 < 3 = maxg vy < 1. It follows then from (1.2)
and (2.34) that s < 0, < 5 and that [ f(yoo,u)du < 0 for all 0 < s < 5. In particular,
since v,(0) = 7 € [0,5], one gets [ f(Yoo,u)du < 0. One has then reached a contradiction
with (2.33) and the proof of Theorem 1.5 is thereby complete. O

3 The set F of periods L for which (1.1) admits pulsating
fronts with nonzero speed

This section is devoted to the proof of Theorems 1.8 and 1.10 on the set E of periods L for
which pulsating fronts with nonzero speed exist. Theorem 1.8 is similar to Theorem 1.2 in the
sense that they are both concerned with the existence and convergence of pulsating fronts as L
converges to a fixed Ly > 0, given that (1.1) when Ly > 0 (resp. (1.9) when Ly = 0) admits a
non-stationary pulsating front. Namely, to prove Theorem 1.8, we apply the implicit function
theorem for some suitable function space as in Theorem 1.2, and the arguments are actually
simpler since no singularity occurs when L converges to Ly > 0. The proof of Theorem 1.10 relies
on several passages to the limit and the analysis of the stability of the limiting solutions.

3.1 Proof of Theorem 1.8
Throughout the proof, we assume that equation (1.1) with L = Ly > 0 admits a pulsating front

U(tv I) = (bLo (LU - CLotv x/L())

with a nonzero speed cr,. From parabolic regularity applied to the equations satisfied by v and
uy, the function u is of class C? in R? and so is the function ¢r,. As in the proof of Theorem 1.2,
one can assume without loss of generality that (¢r,(&,y), cr,) solves (2.3) with ¢, > 0.

We use here the same notations Dy, T, L*(R x T) and H'(R x T) as in Section 2.1. A positive
real number > 0 is given. For any ¢ > 0 and L > 0, the linear operator M, j, : Dy, + L*(R x T)
defined in (2.4) is invertible by Lemma 2.1. Now for v € H'(R x T), ¢ > 0 and L > 0, we define

K(,c,L) = f(y,v+ ér,) + Bv+ 0 (adpdr,) + cOe¢r,, where 9, = ¢ + L7109, and

Gv,e.1) = (v+ M_L(K(v,e, L), /

R+xT

(61a(6,9) +0(E)" = 03, (6,9) ).

Note that G(0,cr,, Lo) = (0,0). Moreover, as done in the proof of Theorem 1.2 and using also
parabolic regularity, a pair (¢r,cr) € (¢r, + H'(R x T)) x (0, +00) solves (2.3) for L # 0 with

the normalization [, ¢ = [y, @7, if and only if G(¢r, — b1y, ¢, L) = (0,0). On the other
hand, using Lemma 2.3 and similar arguments as in the proof of Lemma 2.4, it follows that,
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in H'(R x T) x (0, +00) x (0,400), the function G is continuous with respect to (v,c, L) and
continuously differentiable with respect to (v, c) with derivative given by

Otw,eyG (v, ¢, L) (v, ¢)
(7 M (Ouf (0 -+ 610) + BF) — M Qe (K v, 1)) = 00,) 2 [

R+txT

(61, +0)7)

for all (3,¢) € HY(R x T) x R. In particular, Q := 01v,0)G (0, ¢y, Lo) is given by

Q0.0 = (74 M 1y (0uf 001 + 5)0) + M2 1, 0c0n).2 [

O1a).
Rt T

Now, in order to apply the implicit function theorem for G around the point (0, ¢, Lg), one
needs to show that the operator @ is invertible as a map from H'(R x T) x R to itself. The
method used in Lemma 2.4 can be adapted to prove this property under the condition that the
linearization of equation (2.3) at (¢r,, cr,) satisfies similar properties as the operators H and H*
given by (2.10). More precisely, let

Hyy(u) = 31, (adpyu) + cr,0cu + 8, f(y, dr)u for u € Dy, (3.1)

and let the adjoint operator Hj  be defined by Hj (u) = 5LO(Q5LOU) — ¢cr,0cu + Oy f(y, dr,)u
for u € Dy,. Let us now work with complex valued functions. Namely, for © = v 4 iw with
v,w € Dp, and i* = —1, we set Hp,(u) = Hp,(v) + iHp,(w) and similarly for Hj (u). One
has <Hzo(v),u>L2(RxT7C) = <v, Hp, ) for all u,v € Dy, +iDy,, with <w,z>L2(RxT7C =

<u)>L2(R><T,(C )
Jaop wZ for w, z € L*(R x T, C).

Lemma 3.1. The operators Hy, and Hj  have algebraically simple eigenvalue 0 and the range
of Hr, is closed in L*(Rx T,C). Furthermore, if A € C* is an eigenvalue of Hp,,, then Re(\) < 0.

Notice that Hp, and H}  are not elliptic operators in the variables (£, ), but by the change of
variable defined in (2.2) they are equivalent to standard parabolic operators in the variables (, )
and the parabolic theory helps overcome this degeneracy. As a matter of fact, the simplicity of
the eigenvalue 0 is highly dependent on the following maximum principle for Hy, (similar results
can be obtained for Hy ).

Lemma 3.2. Let ¢ be a C*(R x T,R) solution of Hr,(¢) <0 on R x T with ¢ > 0 in R x T.
Then either =0 in R x T, or ¢(&,y) > 0 for all (§,y) € R x T.

Proof. This conclusion follows from the strong parabolic maximum principle applied to the func-
tion u(t,z) = ¢(x — cpyt,x/Ly) and from the periodicity of ¢(£,y) in the y-variable (see also
Proposition 3.1 of [51]). O

Now one is ready to prove Lemma 3.1. Note that similar conclusions were obtained in [49]
for the linearized operator of an equation with combustion nonlinearity. Special weighted spaces
(requiring functions to decay to zero at a certain exponential rate as |z| — oo) are introduced in
that paper, whereas they are not needed here due to the bistable assumption (1.3). The strategy
for the poof of Lemma 3.1 is actually a little bit different from that used in Section 2 of [49].

28



Proof of Lemma 3.1. We proceed with five steps.

Step 1: 0 is a geometrically simple eigenvalue of Hy, in Dy, + iDy,. First, by parabolic
regularity, the time-derivative U, of the function U(t,z) = ¢, (x — cr,t, x/Lo) is of class C12(R?).
Thus, one can differentiate the equation (2.3) (with L = L) satisfied by ¢, with respect to &.
More precisely, the function ¢y, satisfies

1o (a(y)D10(0cb10)) + C1o0e(edro) + Duf (Y, d1)ebr, = 0 for all (€,y) € R x T,

where 8§¢L0 (E, y) - —CZ;Ut((LO?/ - 5)/CL0, Loy), 5[,0 (6§¢L0)(§, y) - _CzolUtx((LOy - 5)/0Lm LO?/)a
66(85¢Lo)<fa y) = CZOQUtt«LOy —&)/cry, Loy) and

/!
aLo (CL(y)aLo <a£¢L0)) (£7 y) = - CL(y) Utmm (L(Jy ga LOy) - - <y) Ut:v <L0y 57 L0y> :
CLo CLy Locr, CLo
Therefore, it follows from Lemma 2.5 that O¢¢r, € Dr,. On the other hand, Theorem 1.1 and
the strong parabolic maximum principle imply that U; > 0 in R?, whence d¢¢y, is a negative
eigenfunction of Hy,, for the eigenvalue 0.

Next, suppose that v € Dy, +iDy, satisfies Hr,(v) = 0 and v # 0. Without loss of generality,
one can assume that v is real valued. By rewriting the equation Hy,(v) = 0 in its weak form in
the variables (t,x), it follows from parabolic regularity theory and bootstrap arguments that v
is of class C?(R?) and is a bounded classical solution of Hp,(v) = 0 such that v(+oo,-) = 0
uniformly in T. For any g € R and (§,y) € R x T, let

w,u(&, y) = v<£7 y) - :uaf(bLo (57 y)

Each w,, is a classical solution of Hp,(w,) = L, (a(y)gLowﬂ) + ¢, 0cw, + Ouf(y, Oro)w, = 0
in R x T with w,(#00,-) = 0 uniformly in T. One sees from (1.3) and the uniform continuity
of 9,f in R x [0, 1] that there is N > 0 large enough such that

Ouf(y, dr,(&y)) < —% <Oforall [([> N and y € T. (3.2)

Since O:¢r, is negative and continuous in R x T, it follows that, for this chosen IV, there exists
o > 0 such that w, > 01in [-N, N| x T for all u > 9. We claim that, for such p, w,(§,y) > 0 for
all (¢,y) € RxT. Indeed, otherwise, w,, achieves a nonpositive minimum at a point (&g, y9) € RxT
such that |{o| > N. If w, (&, y0) < 0, then evaluating all terms of Hy, (w,) at (£, yo) yields

O10 (a1 1,,) (€0, Y0) + CroOew (€, Yo) + Ouf (Y, Sro (€05 Y0)) (0, o)
> 0uf (46140, 90))wi (G0 y0) = = Fw,(So,0) > O,

which contradicts the equation Hy,(w,) =0 in R x T (notice here that Hy,(w,) < 0 would have
been sufficient to conclude, that is Hy,(v) < 0 would have been sufficient). If w, (&, o) = 0, then
strong maximum principle in Lemma 3.2 shows that w, = 0, which is also impossible. Thus, one
gets that w, > 0in R x T.
Now define
V:inf{uGR}wM:v—,u@ggbLo ZOinRx']T}.
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Obviously, —oo < v < pp and w, = v — Ve, > 0in R x T. If w, > 0 in the compact
set [-N, N| x T, then w,,. > 0 in [N, N] x T for ¢ > 0 small enough. Hence, as in the previous
paragraph, it follows that w, . > 0 in R x T for all € > 0 small enough, which contradicts the
definition of v. Therefore, w, vanishes somewhere in [—N, N] x R and Lemma 3.2 again implies
that v — V0, = w, =01in R x T. That is, v = v0e¢r, in R x T (with v # 0 since v # 0).

Step 2: 0 is an algebraically simple eigenvalue of Hr,. Suppose that H!(v) = 0 for some
integer m > 2 and v € Dy, +iDy, such that Hy,(v),..., H" '(v) € Dy, +iDy,. Without loss of
generality, one can assume that v is real valued. Since ker(Hy,) = Cos¢r, and v is real valued, it
follows that Hﬂ_l(v) = C10¢0¢1, with some constant C; € R. Without loss of generality, even if it
means changing v into —v, one can assume that C; > 0. On the other hand, parabolic regularity
theory implies that H}' *(v) is a bounded C?(R x T) solution of Hy,(H}" *(v)) = C18¢¢r, <0
in R x T. By considering functions of the type Hﬂ_z(v) — pOe@r, with o € R, it follows then as
in Step 1 that H}' *(v) = C20¢¢y, for some constant Cy, whence H}" '(v) = 0. By an immediate
induction, one concludes that v = C30¢¢r,, for some constant C'.

Step 3: if X € C* is an eigenvalue of Hy,, then Re(\) < 0. Let A € C be an eigenvalue of Hy,,
with an eigenfunction ¢» € Dy, + iDp,, and assume that Re(\) > 0. By standard parabolic
estimates applied to its real and imaginary parts, the function u(t,x) = ¥ (x — ¢ t,x/Lg) is a
classical solution of

ty — (ap, (2)Up)e — Oufry (@, U(t,2))u = —Au in R% (3.3)

Furthermore, u € W1*(R? C) and then u(t,z) — 0 as |x — ¢z, t| — +00. Denote p = |u] the
modulus of u. In the open set Q := {(t,z) € R? | p(t,z) > 0}, one can write u(t, z) = p(t, z) e"2)
where the real-valued functions p and 1 are of class C'! with respect to t and C? with respect to
in Q. By putting u = pe” in (3.3) and taking the real part, one infers that

Pt — (aL0<x>pr)x - anLo (xv U(tv x))p = _(Re<)‘) + a’Loﬁi) p< 0 in Q. (34)

By (1.2-1.3), there is N > 0 such that 0, fr,(x,U(t,z)) < —v/2 < 0 for all |x — cL,t| > N.
Since U, is positive and continuous in R? and since U;(t + Lo/cr,,* + Lo) = Us(t,x) in R?, one
has infj; ¢, <n U(t,x) > 0 and there is o > 0 such that

p < oU; forall (t,x) € R? with |z — cp,t| < N.

It follows then as in the end of the proof of Lemma 2.5 that p < oU; for all © — ¢t > N
(otherwise, there would exist ¢* > 0 with z := oU;, — p > —&* in {& — ¢, > N} and a
point (t*,z*) such that * — ¢ t* > N and z(t*,z*) = —&*; since p(t*, z*) = oU,(t*, x*) +* > 0,
there holds z; — (ar,(2)22)e — Oufro (2, U(t,2))z > 0 in a neighborhood of (t*, z*), and one gets a
contradiction at (t*,z*), since —0, fr,(x* U(t", x*)) 2(t", %) =e* 0y fr, (" U(t", 2*)) < —*v/2 <0).
Similarly, p < oU; for all z — cz,t < —N, whence p < oU; in R2

Set now ¢* = inf{g > 0] p<cU in R2}. One has ¢* > 0 since p # 0, and p < o*U;
in R2. If infl; ¢, f<n (a*Ut(t,x) — p(t,x)) > 0, then there would exist o, € (0,0%) such
that p(t,z) < o,U(t,x) for all |z — ¢pt] < N (since Uy is bounded) and it would follow as
in the previous paragraph that p < 0.U, in R?, contradicting the minimality of o*. Conse-
quently, infj, ¢, y<n (U*Ut(t, x) — p(t, x)) = 0. By continuity and the properties

Ui(t + Lo/cry, x4+ Lo) = Ui(t, ), p(t+ Lo/cry, v + Lo) = p(t,z) for all (t,x) € R*,  (3.5)
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there is (tg, 79) € R? such that p(ty,rq) = c*Uy(to, 29). Hence, p > 0 in (at least) a neighborhood
of (ty, o) and the strong parabolic maximum principle implies actually that p = o*U; > 0
n (—o0,ty] X R and then in R? by (3.5). Therefore, Re(\) = 0 and 9, = 0 in R?, by (3.4). On the
other hand, by taking the imaginary part of (3.3), one infers that ¥; = —Im(\) in R% Finally,
since 9(t + Lo/cr,, x + Lo) = 9(t,x) in R?, one gets that 9 is constant in R? and that A = 0. As
a conclusion, Re(\) < 0if A # 0.

Step 4: the range of Hy, is closed in L*(R x T,C). Let (vp)nen in Dr, +iDr, and (g, )nen
in L*(R x T,C) be some sequences such that Hy,(v,) = g, — g in L*(R x T,C) as n — +oo.
Without loss of generality, one can assume that all functions v,, g, and g are real valued and
that v,, is orthogonal to d¢¢r, in L*(R x T,R).

Let us now show that the sequence (||vn| r2@xt))nen is bounded. Suppose the contrary,
let wy, = v, /[|vn||L2mxT) With [|wy||L2@xmy = 1 and observe that Hp, (w,) = gn/||vn||L2@xT) — 0
as n — 4o00. Notice that

MCLoyLo (wy) = Hry(wy) — (0uf(y, é1,) + B)w, for all n € N.

By Lemma 2.1, the sequence (wy,)nen is then bounded in H!(R x T) and then a subsequence con-
verges in H 1(R x T) weakly and in L7 (R x T) strongly to some wo € H (R T). Furthermore, wy
is orthogonal to d¢¢r, in L*(R x T) and [, pa(y )(Oywo) (o) — Lo PO wo— Oy f (Y, Pr,)Wop =0
for all ¢ € HY(R x T), whence wy € Dr, and Hp,(wy) = 0. Since ker(Hp,) = C(0¢or,), it
follows that wy = 0. Let N > 0 be as in (3.2) and let p : R — [0,1] be the piecewise affine
function defined by p(§) = 0 for all £ < N, p(§) = & — N for all £ € [N,N + 1] and p(§) =1
for all £ > N + 1. Then, by integrating the equation Hy,(wy,) = gn/||vn| L2(rxT) against w,p, one
gets that

- ) G - [ el wni,
(N,400)xT (N,N+1)xT
CrL pg GnWn
[ e [ oot - [ D8
(N,N+1)xT 2 (N,+00)xT (N,+00)xT HUTLHLQ(RXT) n—+00
Since the sequence (wy,),en is bounded in H'(R x T), since w,, — 0 in L?, (R x T) and since both
terms — f(N’JrOO)XTa(y) p(&) (Or,wy)? and f(N,+oo)><']I‘p(€) Ouf(y, ¢r,) w? are nonpositive, it follows
that they both converge to 0 as n — +oo0. In particular, by (3.2), |[wal/z2(N+1,400)xm) — 0
as n — +o0o. Using the same analysis over (—oo, —N) implies that |lwy||r2((—co,—n—-1)xT) — 0
as n — +oo. Finally the sequence (w,,)nen tends to 0 strongly in L*(R x T) as n — +o0, which
contradicts the fact that ||w,||r2gxm) = 1. Hence, the sequence (v,)nen is bounded in L?(R x T).
Since M, 14(vn) = gn—(Ouf (Y, ¢1,) +B)vn, Lemma 2.1 again implies that (v,)nen is bounded
in HY(R x ']I') Therefore, a subsequence converges weakly in H'(R x T) to some v € Dy, such

that HLO( ) =4d.
Step 5: 0 is an algebraically simple eigenvalue of H . Choose a sufficient large real number Aq

such that Ao > 0, f(x,u) for all (z,u) € R x [0,1]. Denote Hy,(v) = Hp,(v) — M for v €
Dy,+1Dy,. The adjoint operator H* of Hy, is given by H; ,(v) = Hf (v)=Av for v € D, +iDy,,
in such a way that <HL0 ,u>L2(RxT7C) = <v, HLO >L2(RxT,9 for all~u,v € Dr, +1iDy,. Asin
the proof of Lemma 2.1, it is easy to see that the kernels of Hy, and Hj  are reduced to {0}. In
addition, similar arguments as in Step 4 above imply that the range of Hy, is closed in L*(RxT, C).
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Thus, the operator I:TLO : Dy, +1iDyr, — L*(R x T, C) is invertible. Then the arguments in p. 220
of [49] imply that there is a strictly positive function v* € Dy, such that H} (v*) = 0. That is, 0
is an eigenvalue of Hj with a positive eigenfunction v*. Applying the above analysis in Step 1-2
to Hj, provides the algebraic simplicity of the eigenvalue 0. The proof of Lemma 3.1 is thereby
complete. O

Proof of Theorem 1.8. Given the above preparations, it follows as in Lemma 2.4 that the ope-
rator QQ = 9(u,0)G(0,¢c0,Lo) : H'(R x T) x R — H'(R x T) x R is invertible. The proof of
Theorem 1.8 is then almost the same as that of Theorem 1.2, so we omit the details. O

3.2 Proof of Theorem 1.10

This section is concerned with the proof of Theorem 1.10. We first show by contradiction in
Lemma 3.4 below that the speeds ¢y, are bounded when L, € E approaches L € OE N (0, 4+00).
This property could actually be viewed as a consequence of the more general boundedness pro-
perty (1.16), which follows from an even more general boundedness result on the global mean
speeds of transition fronts, see [17]. Here, for the sake of completeness, Lemma 3.4 is proved.
Then, the strategy of the proof of Theorem 1.10 is the following: if for some sequence the
speeds ¢y, converge to a nonzero real number as L,, — L with L, € E, then equation (1.1) admits
some pulsating fronts connecting 0, resp. 1, to some L-periodic steady states. On the other hand,
if the speeds ¢y, converge to 0, then equation (1.1) admits either a semistable stationary front
connecting 0 and 1, or some semistable stationary fronts connecting 0, resp. 1, to some semistable
L-periodic steady states.
Before doing so, we first state an elementary lemma which will be used several times.

Lemma 3.3. Let 6 € (0,1/2) be as in (1.3) and let L > 0 be arbitrary. If u is a classical
stationary solution of (1.1) such that 0 < u < ¢ in R, then u = 0 in R. Similarly, if u is a
classical stationary solution of (1.1) such that1 —§ <u <1 in R, thenu =1 in R.

Proof. We only prove the first assertion, since the second one is similar. Let u be a classical steady
state of (1.1) such that 0 < u < 4. From (1.3), the function apu’ is nondecreasing. Assume by
contradiction that u is not constant in R. Then there exists xy € R such that u/(zg) # 0.
If w'(xg) > 0, then ar(xo)u'(z) < ar(z)u'(x) for all 2o < z and inf,>,, v'(z) > 0, contradicting
the boundedness of u. Similarly, if u/(z) < 0, then sup,., u'(x) < 0, which is impossible too.
Finally, u is a constant, between 0 and §, and assumption (1.3) yields u = 0 in R. O

Lemma 3.4. If (L,)nen is a sequence in E such that 0 < inf,ey L,, < sup,,cy Ly, < 400, then
the sequence (¢p)nen of the front speeds associated with (1.1) and the periods L, is bounded.

Proof. Assume first by contradiction that, up to extraction of a subsequence, one has 0 < ¢, —+o00
and L, — L € (0,+00) as n — +o0. For each n € N, let w,(t,z) = ¢, (x — cyt,x/L,) be a
pulsating front associated with (1.1) and the period L,,. By Theorem 1.1, each function u, is
increasing in t. Since u,(t,-) — 0 as t — —oo and u,(t,-) — 1 as t — +o0, locally uniformly
in R, there is by continuity a unique ¢,, € R such that

g}gﬁu( ) (3.6)
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By standard parabolic estimates the functions (¢, ) +— w,(t + t,,2) converge in CL>(R?), up
to extraction of a subsequence, to a classical solution 0 < wu(t,z) < 1 of (1.1) such that

maxjy 1] %(0,-) = 6 and u is nondecreasing with respect to ¢. Furthermore, since

Up, (t +t, + ﬁ,x + Ln> = Uy, (t +t,, ) for all (t,r) € R* and n € N, (3.7)
one infers that u(t,z + L) = wu(t,z) for all (t,z) € R?. 1In other words, u is L-periodic
in z. By monotonicity in ¢ and from standard parabolic estimates, one has wu(t,z) — u™(x)
as t — — oo uniformly in x € R, where 0 < u~ < 1 is an L-periodic steady state of (1.1)
such that maxp ) u™(-) < maxp,z)u(0,-) = d, whence v~ < d in R by L-periodicity. Lemma 3.3
implies that v~ = 0 in R. As a consequence, there is tyg < 0 such that u(tp,-) < /2 in R and,
since /2 is a supersolution of (1.1), it follows necessarily that u(¢,-) < /2 in R for all ¢ > ¢,
contradicting in particular maxy, rj u(0,-) = .

Lastly, if there is a subsequence such that 0 > ¢, - —o0 and L,, — L € (0, +00), one reaches
a similar contradiction by changing the normalization condition (3.6) into

' n\Tn, ") = 1— 57 3.8
i (7, ) (3.8)
with 7,, € R. The proof of Lemma 3.4 is thereby complete. O

Proof of Theorem 1.10. Let (L,)nen be a sequence in E such that L, — L € F N (0,+00)
as n — +4o00. Thus, for each n € N, equation (1.1) with the period L, admits a pulsating
front u,(t,x) = ¢, (v — cut,x/L,) with speed ¢, # 0. It follows from Lemma 3.4 that, up to
extraction of a subsequence, there is ¢ € R such that ¢, — ¢ as n — +00. According to the sign
of ¢, four cases may occur.

Case (1): ¢ > 0. In that case, by Theorem 1.1, there holds necessarily ¢, > 0 for each n € N
and fol f(u)du > 0. Furthermore, each function u,, is increasing in . As in the proof of Lemma 3.4,
for each n € N, there is a unique ¢, € R such that the normalization condition (3.6) holds. By
standard parabolic estimates, up to extraction of a subsequence, the functions (¢, x) +— wu,(t+t,, )
converge in C%(R?) to a classical solution 0 < u(t,z) < 1 of (1.1) such that maxio,z) u(0,-) = 9
and u is nondecreasing with respect to t. The strong maximum principle implies that 0 <wu(¢,z) <1
for all (t,z) € R?. Furthermore, by passing to the limit as n — +o0 in (3.7), one infers that

L
u(t + e + L) = u(t,z) for all (¢,z) € R?, (3.9)

that is, u can be written as

u(t,z) = <;5<:U — ct, %),

where ¢(&,y) = u((Ly — &)/c, Ly) is 1-periodic in y. Furthermore, by monotonicity in ¢ and
standard parabolic estimates, it follows by passing to the limit as ¢ — oo in (3.9) that there
exist two L-periodic steady states 0 < @(z) < u(x) < 1 such that

u(t,z) = u(x) ast - —oo and u(t,x) — u(z) as t — +oo, locally uniformly in z € R.

The steady state u > 0 is L-periodic and satisfies maxjo z; u(-) < maxp ) u(0,-) = 0, whence @ = 0
by Lemma 3.3. In other words, ¢(+o00,:) = 0. Furthermore, the steady state u(x) =
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¢(—o0,z/L) (> u(t,z) > 0) cannot be equal to 1, otherwise u would be a pulsating front (con-
necting 0 and 1) with the speed ¢ # 0 and L would then belong to F, contradicting Theorem 1.8
and the assumption L € 0F N (0,4+00). Therefore, from the strong elliptic maximum princi-
ple, 0 < @ < 1 is a non-trivial L-periodic steady state of (1.1). Notice also, from the strong
parabolic maximum principle, that the nonnegative function u, is positive in R?, whence ¢(&,y)
is decreasing in & and 0 < ¢(&,y) < u(Ly) for all (£,y) € R?.

Let us now show that u is semistable. Suppose on the contrary that w is unstable, that
is A\ (L,u) > 0, where \(L,u) is the principal eigenvalue of (1.18) corresponding to the
steady state w. By Definition 1.9, one can choose R large enough such that A\ g(L,u) > 0,
where A\; (L, u) is the principal eigenvalue in (1.17), associated with a positive principal eigen-
function ¢g. For any & > 0, define v, as in (2.18). Since u(t,z) < u(z) for all (¢,z) € R? and both
functions are continuous, one can choose € > 0 so small that u(0,z) < v.(x) for all z € R and, as
in (2.19), v. is a supersolution of the elliptic equation associated with (1.1). It then follows from
the parabolic maximum principle that u(¢,z) < v.(z) for all ¢ > 0 and = € R. Hence, u(x) < v.(z)
for all x € R, which is clearly impossible. Finally, 0 < u < 1 is a semistable L-periodic steady
state of (1.1).

Now, instead of the normalization (3.6), one can choose 7, € R such that (3.8) holds. Since
0 < 1 — ¢ and each function u, is increasing in t, one infers that ¢, < 7,. As above, up
to extraction of a subsequence, the functions (t,x) — wu,(t + 7, 2) (> un(t + t,,x)) converge
in C;%(R?) to a classical solution 0 < v(t,2) < 1 of (1.1) such that miny v(0,-) = 1 — 4, v
is nondecreasing with respect to ¢, v > w in R? and v satisfies (3.9) that is v can be written
as v(t,r) = Y(x — ct,x/L), where (£, y) = v((Ly — &) /c, Ly) is 1-periodic in y. Furthermore,
there are two L-periodic steady states 0 < v(z) < v(z) < 1 such that v(¢t,z) — v(z) as t — —o0
and v(t,x) — v(z) as t — +oo locally uniformly in z € R. The steady state v < 1 is L-
periodic and satisfies minjy 1 0(-) > minp z;v(0,-) = 1 — 0, whence ¥ = 1 by Lemma 3.3. In other
words, ¢(—o0,-) = 1. In particular, since u(z) = u(+00, ) < 1 = v(+00,z) and u < v, it follows
then from the strong maximum principle that

u(t,r) < v(t,z) for all (t,x) € R%

Lastly, the steady state v(z) = (4o00,2/L) (< v(t,z) < 1) cannot be equal to 0, otherwise v
would be a pulsating front (connecting 0 and 1) with the speed ¢ # 0, contradicting Theorem 1.8
and the assumption L € 0F N (0,4+00). Therefore, 0 < v < 1 is a non-trivial L-periodic steady
state of (1.1). Notice that, in this case, ¥ may not be semistable in general, the maximum principle
leading to no obvious contradiction if v were assumed to be unstable.

Case (i1): ¢ < 0. The analysis is similar to that done in case (i), but now fol f(u)du < 0 and
the functions u,, and their limits u and v are nonincreasing in ¢. One has lim; , , u(t,z) =0 <
u(r) = limy, oou(t,z) < 1and 0 < 0(z) = limy, 400 v(t,2) < 1 = limy, o, v(t,x). Lastly, the
functions u and v are L-periodic steady states of (1.1) and v is semistable.

Case (iii): ¢ =0 and fol f(u)du > 0. Hence, ¢, > 0 for all n € N, by Theorem 1.1. Let t, € R
be as in (3.6). Up to extraction of a subsequence, the functions (¢, x) — u,(t + t,,z) converge
in C2(R?) to a classical solution 0 < wue(t,z) < 1 of (1.1) such that maxp,rj ux(0,-) = &
and u. is nondecreasing with respect to t. It also follows that u(t,z) — u(x) as t — +o0
locally uniformly in € R, where 0 < u < 1 is a steady state of (1.1). One has maxp ;ju >
maxjg 1] Uoo (0, -) = 9, whence v > 0 in R from the strong maximum principle. Furthermore, for
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every € R and t € R, since u,, is increasing in time, there holds

L,
Un(t +tn, z+ Ly) = un<t +t, — —,x) < Up(t + t,, ),

n

whence uo(t,x + L) < us(t, x) and
u(z+ L) <wu(x) forall z € R. (3.10)

Now, for any fixed t € R and = > L, and for all n large enough, one has t — L,,/c,, < 0 and
there is k,, € N such that k, > 1 and k, L, <z < (k, + 1)L, whence t — k, L,,/c,, < 0 and

Un(t + t,, ) = uy (t +t, — k:an,:p — k:nLn> < up(ty,r — kL) < [%1?}? Up(tp, ) =0

by (3.6) and the monotonicity of u, with respect to t. Therefore, us(t,z) < § for all t € R
and z > L (and x > L by continuity), whence u(xz) < ¢ for all x > L. In particular, the strong
maximum principle yields u < 1 in R. Furthermore, by (3.10) and standard elliptic estimates, the
functions = — u(z + kL) (with parameter k € N) converge decreasingly as k — +o0 in C? (R) to
an L-periodic steady state u(z) of (1.1) such that 0 < u(z) < 6 for all x € R. Lemma 3.3 implies
that u = 0 in R, whence u(x) — 0 as  — +o00. Since u is (strictly) positive in R, it then follows
from (3.10) and the strong maximum principle that

u(zr+ L) <u(zx) forall z € R. (3.11)

Similarly, the functions x +— u(x — kL) (with parameter k& € N) converge increasingly as k — +o00
in C?_(R) to an L-periodic steady state #(x) of (1.1) such that 0 < @(z) < 1 in R. In particular,

loc
u(z) —u(z) -0 as v — —o0. (3.12)

Notice that (3.11) and (3.12), together with the L-periodicity of u, imply that u(x) < u(z) for
all z € R. We also point out that, if @ is equal to 1, then u is a stationary front (connecting 0
and 1).

Let us now prove that, whether u be equal to 1 or less than 1, both steady states 0 < u(z) < 1
and 0 < u(x) < 1 are semistable. We will actually first prove that u is semistable, and @ will then
immediately be semistable too by (3.12). So, assume first by contradiction that u is unstable. By
Definition 1.9, there is R > 0 large enough such that R > L and Ay g(L,u) > 0, where A\; r(L, u)
denotes the principal eigenvalue of (1.17) in [— R, R], associated with a principal eigenfunction .
As in (2.19), there is then 5 > 0 such that, for all € € (0, g¢], the function

ou(a) = 4 UE) —evle) el < B
@ 2] > R,

satisfies 0 < v. < u in R and is a supersolution of the elliptic equation associated with (1.1). On
the other hand, since uq (¢, z) < u(z) for all (¢,x) € R?, the strong parabolic maximum principle
implies that either uy(t,z) = u(x) for all (t,x) € R?, or uy(t,z) < u(x) for all (t,2) € R
In the latter case, by continuity, there would be ¢ € (0,g¢] such that u.(0,z) < v.(z) for
all x € R, whence ux(t,z) < v.(x) for all £ > 0 and € R from the maximum principle. By
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passing to the limit as ¢t — +o00, one would infer that v < v. in R?, which is clearly impossible.
Therefore, u.(t,r) = u(z) for all (t,z) € R?. Now, since 0 < v., < 1 is continuous and since, for
each n € N, u, is continuous and increasing in ¢ with wu,(—o0,-) = 0 and u, (400, ) = 1, there is
a unique ¢/, € R such that u,(t,,) < v., in [-R, R] with equality somewhere in [—R, R], that is
max (un(t ) —v.,) =0.
[—R,R} ( ( n ) 50)
Since R > L and v,, — u = —&¢p¢ is continuous and negative in (—R, R), one has L, < R for n
large enough, and there is n > 0 such that

/
n’

) < maxv., < maxu — 7 = max s (0,) — 7,

max uy (t
[0, L] [0, L] [0,Lm]

[0, L]
whence maxjg, ] un(t;,,-) < max,r,] tn(t,,) for n large enough. Therefore, t,, < t, for n large
enough and the functions (t,z) ~ wu,(t + t,,x) converge in C*(R?), up to extraction of a
subsequence, to a classical solution us, of (1.1) such that 0 < Uy (t, z) < us(t, z) = u(z) < 1 for
all (t,2) € R? and max_p g (U (0, ) — v,) = 0. In particular, s(0,-) < v., in R with equality
somewhere in [—R, R]. The maximum principle yields @y (¢,2) < v, (z) for all ¢ > 0 and z € R
and since U, is nondecreasing in ¢, the function u(x) = limy_, | Us(t, z) is a classical steady
state of (1.1) such that

u<v,inR

with equality at a point xy € [—R, R]. If |xg| = R, one has u < u in R with equality at z,
whence u = u in R by the strong maximum principle which is clearly impossible since u < v, < u
in (=R, R). If |z9] < R, then u = v, in (—R, R) from the strong maximum principle, whence
u(£R) = v, (£R) = u(£R) by continuity, which is again impossible. Finally, one has reached a
contradiction and one has shown that 0 < u < 1 is a semistable steady state of (1.1).

Let us now conclude that the L-periodic steady state 0 < u < 1 is also semistable. Remember
that 0 < u < w in R. Actually, if u were unstable, then the arguments of Step 1 of the proof
of Lemma 2.8 would imply that sup,cp (u(z) — @(z)) < 0. This is clearly impossible by (3.12).
Therefore, u is semistable.

Case (iw): ¢ =0 and fol f(u)du < 0. Here, ¢, < 0. For each n € N, let 7,, be the unique real
number such that (3.8) holds. As in case (iii), up to extraction of a subsequence, the functions
(t,2) = up(t + 7, ) converge in Cpo>(R?) to a classical solution 0 < v (t, ) < 1 of (1.1) such
that minjy 1) v (0, -) = 1—0 and v is nonincreasing with respect to t. Therefore, v (t, ) = v(x)
as t — +oo locally uniformly in x € R, where 0 < v < 1 is a steady state of (1.1). As in case (iii),
there holds v (t, 7+ L) < voo(t, z) and v(z + L) < v(z) for all (¢, 7) € R?, while vy (t,z) > 1 -0
for all t € R and < 0. As a consequence, v(z) > 1—4 for all z <0 and v(z) - 1 as ¢ — —o0
by using Lemma 3.3. Hence v(x + L) < v(x) for all x € R by the strong maximum principle.
Lastly, there is an L-periodic steady state 0 < v(z) < 1 of (1.1) such that v(z) < v(z) < 1 for all
r € Rand v(z) — 0v(x) = 0 as x — +o00. The semistability of v and v can then be proved as it
was done in case (iii) for v and @. The proof of Theorem 1.10 is thereby complete. U

4 Exponential stability of pulsating fronts

In this section, we first prove Theorem 1.12 on the exponential stability of the non-stationary
pulsating fronts of (1.1). The proof is divided into two parts. In the first part, in Section 4.1, we
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present a dynamical systems approach to the global stability of the fronts. Namely, the solution
of the Cauchy problem (1.22) with an initial value satisfying (1.23) converges at large time to a
translate of the pulsating front. The uniqueness results stated in Theorem 1.1 can then be viewed
as consequences of this global stability. In the second part, in Section 4.2, by using spectral
analysis we show that this convergence admits an exponential rate that is independent of the
initial values. Lastly, in Section 4.3, initial conditions satisfying assumptions of the type (1.25)
are considered and Theorem 1.13 is proved. For the sake of simplicity, throughout this section,
even if it means rescaling the variables and renormalizing the reaction, one assumes that L =1
and that equation (1.1) admits a pulsating front U(t,z) = ¢(z — ct, ) with a nonzero speed c.
Without loss of generality, as explained in Sections 2 and 3, one can assume that ¢ > 0.

4.1 Global stability of pulsating fronts

Consider the moving coordinates
(gv t) = (.’L‘ - Ct7 t)v (41)

and write the solution of (1.1) as v(t,&) = u(t, z), so that v(t, ) satisfies the following T-periodic
parabolic equation with 7'=1/¢:

v = (a(& + ct)ve)e + cve + f(E+ ct,v). (4.2)

Clearly, the assumption (1.3) implies that 0 and 1 are two stable T-periodic solutions of (4.2).
Note that for any 7 € R,

V(&) = o+ 7.6 +ct) (4.3)

is also a T-periodic solution of (4.2). Let P be the Poincaré map of the T-periodic equation (4.2),
that is,

P(g) =v(T,+9), (4.4)
where v(t,&;g) is the unique solution of the Cauchy problem of (4.2) with initial condition
v(0,59) = g € C(R,[0,1]). Throughout this section, we denote || - || = || - ||rem). It easily

follows that 0, 1 and V7(0,-) (for any 7 € R) are fixed points of P in C(R, [0, 1]). Since ¢(&, z)
is decreasing in £ by Theorem 1.1, there holds V™ (0,&) > V™(0,¢) for all 3 < 7 and £ € R.
Hence, the set {V7(0,-) |7 € R} is totally ordered in C(R, [0,1]). In order to prove the global
stability of the pulsating front U(t,z) = ¢(x — ct, z) with phase shift in time, we will apply the
following convergence theorem to the Poincaré map P.

Lemma 4.1. ([55, THEOREM 2.2.4]) Let C be a closed and ordered convex subset of an ordred
Banach space E and let F': C'— C be a continuous and monotone map. Assume that there ezists
an increasing homeomorphism h from [0, 1] onto a subset of C' such that

(1) for each s € [0,1], h(s) is a stable fized point of F;

(2) for each x € [h(0),h(1)]p = {z € E | h(0) <g = <g h(1)} C C, the forward orbit
v (z) = {F"(2) |n € N} is precompact;

(3) if w(x) >g h(so) for some x € [h(0),h(1)]r and sy € [0,1), then there exists s; € (sg,1)
such that w(x) >p h(sy). Here w(x) = NgenyT (F*(x)) denotes the w-limit set of {x} for F.
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Then for any precompact forward orbit vt (y) of F in C with w(y) N [h(0), h(1)]z # 0, there is
s* € [0,1] such that w(y) = {h(s*)}.

This abstract convergence result and its continuous-time analog were used, respectively, to
prove the global attractiveness and uniqueness of bistable traveling waves for two classes of time-
periodic reaction-diffusion equations in [55, 54] and an autonomous reaction-diffusion system
in [53]. Here we should point out that the arguments used there are dependent on the property
that both planar and time-periodic traveling fronts are monotone in the spatial variable. For
equation (1.1), a pulsating front ¢(x — ct, x) is no longer monotone in x in general, but it is in the
first variable & = x —ct. Thus, to make use of this monotonicity, we introduced the new variable 7
n (4.3). In what follows, we provide a series of lemmas to verify that the strategy in [55] works
for the functions V7(0,-).

Lemma 4.2. For any g € C(R, |0, 1]) satisfying (1.23) and any € > 0, there exist some integers
k= k(g.e) and m = m(g,e) such that VF(0,€) —e < v(mT, & g) < VR0,€) + ¢ for all € € R.
Proof Let us first set a few notations. Recall that § € (0,1/2) and v > 0 are given in (1.3). Denote
wi(t) =14 (1—4§)e " and w2 5 (t) = de™ 7 for t > 0, and notice that (w;")(t) = v(1 — w (t)),
(W) (t) = —ywy (t) and 0 < wy (t) < w; (t) <2—§ for all t > 0. Set (&) = (1 + tanh(—£/2))/2
for £ € R and notice that n’ = —n(1 —n) and n” = n(1 —n)(1 — 27n) in R. Furthermore, since the
function f(x,u) is of class C'! in w uniformly for x € R, there exists K > 0 such that

[f (@, 81) = (@, 82)[ + [0uf (€, 51) = Ouf (2, 52)| < K[s1 — s forall z, 51, 55 € R. (4.5)
Lastly, define ¢™ = ¢ — ||a|| — ||| — 2K and
wh(t, &) = wi () n(€+ct)+wi (t) (1 —nE+ctt)) fort >0and € €R.

Let now g € C(R, [0, 1]) satisfy (1.23). There is & € N such that g(§ + &) < 0 for all £ > 0.
Without loss of generality, even if it means working with the shifted function g(- + &), one can
assume that {, = 0. Next, one shows that w™ is a supersolution of (4.2). To do so, observe first
that v(0,&;9) = g(§) <w™(0,&) for all £ € R. On the other hand, for all ¢ > 0 and £ € R,

Lw"):=w —cwf —(a(§ + ct)wl)e — f(§+ct,w™)
= (1 —w)n —yws (1 - )—f(€+ct,w+)+c+(w1+77'—wz+77')
—c(win —w3n) = d' (€ + ct)(win' —win') = al€ + ct) (win" — win"),
where 7, i’ and 7" are taken at & + ct, while w] and w; are taken at . Remember that

flz,u) = 0y f(z,1)(u—1) for all w > 1 and x € R, with 9,f(z,1) < —v. It follows from (1.3)
and (4.5) that

(1 —wi)n —yws (1 —n) = f(§+ct,w™)

> f(E+ct,w )+ f(E+ct,wy) (1 —n) — f(E+ct,w™)n— f(E+ct,w) (1 —n)

= (Quf (& +ct, 0w + (1 = D)wh) — Auf (€ + ct, owy + (1 = Da)w™)) (wi — wy)n(1 —n)
> _K<w1 —w2) n(1—mn),
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where 01 = 01(t,§), ¥a = ¥5(t, &) € [0,1]. Then, owing to the definitions of n and ¢*, one has

Lw") > —K(wf —w))*n(l —n) + (—ct +c+d' (€ + b)) (wf — w3 )n(l —n)
— a(é 4 ct)(wy —wy)n(1 —n)(1 - 2n)
= (2K — K(wf —wy))(wf —wi)n(l —n) + (||| +a'(§ + ct)) (wi — w3 )n(l —n)

+ (llall — a(€ + ct)(1 = 2n)) (wy” — w3 )n(1 —n)
>0

in (0,+00) x R. The parabolic maximum principle implies that v(¢,&;9) < w' (¢, ) for all
(t,€) € [0,+00) x R.

Finally, let € > 0 be any positive real number. There exist an integer m = m(g,¢) and
a positive real number C' = (C(g,¢) such that 1 < w(mT) < 1+¢/2, 0 < wyi(mT) < /2
and (wy (mT) — wy (MT))n(€ + c™mT) < e/2 for all £ > C. Thus, it follows that, for all £ > C,

V(T € g) < wh (T, €) = (wy (MT) — wf (MT))(E + ¢ MT) + wi (FT) < & < VO(0,€) + .

In the case where & < O, since lim,_, o, V°(0,€ — s) = 1 uniformly for £ < C', there exists an
integer k = k(g,¢) such that v(mT,&g) <1< V0,6 —k) +e =V 50,8) +¢ forall € < C.
Since V0(0,¢&) = ¢(£,€) < ¢(€ —k, &) = VF(0,€) for all £ € R by Theorem 1.1, one finally gets

that v(mT,&;g) < V7F(0,€) + ¢ for all £ € R,

Similarly, even if it means increasing the integers m and 75, one can show that V*(0,£) — ¢ <
v(mT,&; g) for all & € R, by constructing an analogous subsolution of equation (4.2). More
precisely, letting wy (t) = 1 — de ", wy (t) = —(1 +0)e " and ¢~ = ¢+ [la|| + ||| + 2K, the
function w=(¢,£) = wy (t)n(E+ct)+wq (£)(1—n(§+c¢t)) defined in [0, +00) x R is a subsolution
of (4.2) and one can conclude as in the previous paragraph. Therefore, the proof of Lemma 4.2
is complete. O

The above lemma reveals that a “vaguely resembling wave initial condition” (i.e. ¢ satisfy-
ing (1.23)) evolves into a “resembling wave front” (i.e. close to 0 and 1 as £ — +o0) after a
certain time. Next by constructing similar super- and subsolutions of (4.2) as in [23, 50|, one
shows that a “resembling wave front” preserves its structure uniformly at later times.

Lemma 4.3. (i) There exist some positive real numbers €y and ko such that for any g €
C(R,[0,1]) satisfying g < V™(0,-) + ¢ (resp. g > V™(0,:) —¢) in R for some ¢ € (0,
and 79 € R, then v(t,&;g) < VOhoe(t &) 4 ce™2 (resp. v(t, & g) > Votkes(t €) — ge™2) for
allt >0 and € € R.

(11) There exists a positive real number ky such that if ||g — V™(0,-)|| < e for some € € (0,
and 19 € R, then ||v(t,-;9) — V™(t,-)|| < ke for all t > 0.

Proof. (i) We only consider the case g < V™(0,-) 4 ¢, since the case ¢ > V™(0,-) — ¢ can be
treated similarly. The general strategy can be described as follows. We set

V(t, &)=V (t, &) +q(t) fort >0 and ¢ €R,

where 7 and ¢ are C'([0, +00)) functions such that 7(0) = 7, 7/(¢) < 0 for all t > 0, ¢(0) = ¢
and 0 < ¢(t) < e for all t > 0. Here € > 0 will be chosen small enough and 7y € R is arbitrary.
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The assumption g < V™(0,-) + ¢ in R means that ¢ < V(0,-) in R. By choosing appropriate
functions 7(t) and ¢(t), one will actually show that V(¢,&) is a supersolution of equation (4.2).
To do so, let ((t,&) = & + 7(t) and z(t,£) = € + ct, so that V(t,€) = ¢(C(t,€), x(t,€)) + q(t).
To avoid any confusion, let us denote here 9y¢ and 0,¢ the partial derivatives of ¢ with respect
to its first and second arguments. A straightforward calculation gives, for all £ > 0 and ¢ € R,

LV =Vi—cVe—(alE+ct)Ve)e — f(E+ct,V)
= 7'(t)01¢ + cDap + ¢ (t) — c(D1p+D2) — d(2)(D1d+029) — a(z)(D1+02)¢ — f(x, d+q(t))
=7 (1) +d(t) — f(z, ¢+ q(t) + f(z,9)
- (Calcb +d/(x) (Do + 020) + ax) (01 + 82)*0 + f(x, ¢))7

where ¢, 01¢ and 0y¢ are taken at (((¢,€),x(t,€)), while z = x(¢,€). Since (¢, ¢) is a pulsating
front of equation (1.1), it follows that, for all ¢ > 0 and £ € R,

LV =7'(t)0hd +q'(t) + f(z,9) — f(z, 0 +q(t)). (4.6)

Now, since f(y,u) satisfies (1.3) and is of class C™! in u uniformly in y € R, there exists
a positive real number gy such that, if (e,,£) € (0,g0] x [0, +00) x R and ¢(((t,§), z(t,§)) €
[0,e0) U[L — £¢, 1], then

o, €). 6(C(1,€),2(0,€) — Fla(t,€).0(C(L. ). x(t. ) +a0) = TXL a7)

On the other hand, since the derivative 0;¢ is continuous and negative in R x T from Theorem 1.1
and the strong parabolic maximum principle applied to the function Uy, there is 5 > 0 such that,

if (e,t,€) € (0,e0] x [0, +00) x R and ¢({(t, &), x(t,€)) € [0, 1 — €], then
hp(C(t, &), x(t, §)) < =B (4.8)

Given these positive parameters g and 3, let us now consider ¢ € (0,0}, g € C(R,[0,1])
and 79 € R such that ¢ < V™(0,-) + ¢ in R, and let us then choose ¢(t) and 7(¢) so that

vq(t)

2K
a(0) = ¢, ¢'(t) = =5 for all £ 0, 7(0) = 7o and 7'(t) = ~ nalt)

26
that is ¢(t) = ce™? and 7(t) = 79 — (2K +7)(1 — e 2)/(7B) for all t > 0. It is then easy to

check from (4.5-4.9) that LV >0 for all t > 0 and ¢ € R, while g < V(0,-) in R. That is, V is a
supersolution of (4.2). As a consequence, by the comparison principle, one infers that

q(t) for all t > 0, (4.9)

v(t, & g9) < VO, €) + q(t) forallt >0 and € € R.

Since V*(t,€) is decreasing in s € R, letting kg = (2K + )/(y5) > 0, one has 7(t) > 19 — koe
for all t > 0, whence v(t,&;g) < Vomkoe (¢ &) 4 ce™/2 for all t > 0 and ¢ € R. The proof of
assertion (i) is thereby complete.

(ii) Since V™(0,£) —e < g(&) < V™(0,&) + ¢ for all £ € R, one sees from assertion (i) that
Vrotkos (¢ €) — ge ™2 < w(t, & g) < VOTRE(E &) 4 ee”/2 for all t > 0 and € € R. Therefore,

U(t, £7 g> . ya (t, é‘) < VTo*k()E(t’ é) . v (t, g) + Eef’yt/2
= A&+ 70— koe, E+ct) — (€ + 10, + ct) +ee 2,
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and, similarly, v(t,&; g) — V™ (t,€) > ¢(€ + 7o+ koe, E+ct) — d(E+ 79, E+ct) —ee 2 for all t > 0
and £ € R. Since ¢ is globally Lipschitz-continuous, there exists a positive real number k;
depending only on ¢ and kg such that ||v(¢,-;9) — V™(t,-)|| < ke for all ¢ > 0. The proof of
Lemma 4.3 is thereby complete. O

Lemma 4.3 implies in particular that for each 7 € R, V7(0, -) is a Lyapunov stable fixed point
of the Poincaré map P defined in (4.4). Now we are in a position to employ Lemma 4.1 to prove
that the non-stationary pulsating fronts of (1.1) are globally stable. Due to Lemmas 4.2-4.3 and
the monotonicity of V7 (¢, ) in 7, the arguments in [55, Theorem 10.2.1] carry through with minor
modification. For the sake of completeness, we include the details below.

Proposition 4.4. Let ¢p(x — ct,x) be a pulsating front of equation (1.1) with L =1, ¢ # 0 and
let u(t,x;g) be the solution of (1.22) with u(0,-;g) = g € L¥(R,[0,1]) satisfying (1.23). Then
there exists T, € R such that

sup ’u(t,x;g) - U(t+ Tg,:p)} = sup }u(t,x;g) — ¢(x —ct — CTg,:p)} — 0 ast— +oo,
zeR zeR

that is, ||v(t,;9) — V~(t,-)|| = 0 as t — +o0.

Proof. Recall that P : C(R,[0,1]) — C(R,[0,1]) is the Poincaré map defined in (4.4), that is,
P(p) = v(T, ;) for all ¢ € C(R,[0,1]). We are going to apply Lemma 4.1 with £ = C(R,R)
endowed with the norm || || = || ||z~@®) and the standard order between real-valued functions,
C = C(R,[0,1]) and FF = P. We first notice that C' is a closed and ordered convex subset of F
and that the map P : C' — (' is monotone and continuous, by the parabolic maximum principle.

Consider now any g € L*(R, [0, 1]) satisfying (1.23). Since v(t,-;g) € C'(R,[0,1]) for all ¢ > 0
and since limsup,, (1 —v(t,&9)) < (limsup,, (1 — g(€)))e™" and limsup,_, , , v(t, & g) <
(limsupg , , o, g(£))e" for all t > 0 with K as in (4.5), one can assume without loss of generality
that ¢ € C(R,[0,1]) satisfies (1.23), even if it means replacing g by v(p,-;¢g) for some small
enough p > 0. Under the notations gy and ko of Lemma 4.3 (i), fix any ¢ € (0,0]. Lemmas 4.2
and 4.3 provide the existence of some integers k = k(g, ¢) and m = m(g, ) such that

VRS (4 €) — e M2 < (T 41,6, 9) <V FRE(4 €) + 2o 2 forall t > 0 and € € R. (4.10)

Since the sequence (P"(g))n>1 = (v(nT,-;g))n>1 is bounded in C'(R,R) by standard parabolic
estimates and since V7(t,—o0) = 1 and V7 (t,4+00) = 0 uniformly in ¢ € R, it then follows
from (4.10) that the forward orbit v (g) = {P"(g) | n € N} is precompact in C(R, [0, 1]). Hence,
the w-limit set w(g) is nonempty, compact and invariant by P. Letting p = k+ kos > 0and t = nT
in (4.10), one then concludes that

w(g) C I:={p e CR,[0,1]) | VP(0,") <o <V P0,)inR} C C.

Now define h(s) = VP=25(0,-) for s € [0,1]. Thus, I = [h(0),(1)]z and h is an increasing
homeomorphism from [0, 1] onto a subset of C. On the other hand, by Lemma 4.3 (ii), h(s)
is a stable fixed point for P for each s € [0,1]. As done for g, one can also observe that for
each o € I = [h(0), h(1)]g, the forward orbit v (¢) is included in I and precompact in C'(R, [0, 1]).

Let us finally check the last condition in Lemma 4.1. To do so, assume that h(sg) <gp w(po)
for some sy € [0,1) and ¢y € I. In other words, one has h(sg) <g ¢, that is, VP=2%(0,.) < ¢
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in R and VP=2%((,.) # ¢, for all p € w(py). By the strong maximum principle, there holds
VP=2so(t &) < wu(t, &) for all ¢ > 0 and € € R, whence VP~%%(T ) < P(p) in R. By the
T-periodicity of VP72P% and the invariance of w(ipg) for P, it then follows that

VP=250(() ) < @ in R for all ¢ € w(gy). (4.11)

Furthermore, since V7(0,&) = ¢(£ + 7,€) and lime_,1 o O:(€,2) = 0 uniformly in x € R, there
is M > 0 such that
5 [VP2(0,) — VP2 (0,9)]

D<= s | < in
$,8'€[0,3/2], s#£s/, |€|>M |S — S |

2eq 2p )
—, . 4.12

On the other hand, since w(yp) is compact, it follows then from (4.11) that there exists a real
number s; € (sg, 1) such that VP=PBs1=50)(( £) < (&) for all £ € [-M, M] and ¢ € w(gy).

Let ¢ € w(pg) be given. Then there is a sequence n; — 400 such that [|[P" () — ¢| — 0
as j — +00. Let ny, € N be such that | P™(g)—¢| < & (s1—s0). Since (€£)—VPPBs1=50)(0 £) > 0
for all ¢ € [~M, M] and (&) — VPPBs1i=s0)(( &) > VP=2s0(( &) — VPPBs1=50)(¢) for all € € R,
one infers that

P (0)(6) = VP PO179(0,6) 2 —[[ P () — ] + (€)= VP (0,
> =5 (s1 = s0) = sup [V770(0,€) = VP00,

B €=M

> —&o

> _55(81 — 80)
2

for all £ € R, by (4.12). Thus, by Lemma 4.3 (i), there holds

55(81 — SQ)

U(t g Pnk(ﬁpo)) > Vp—p(381—80)+5k05~(81—80)/2(t 5) o
A - ; 9

e 2 for all t > 0 and € € R.

Letting t = (n; —ny,)T and j — 400 yields ¢ > VP7PBs1=s0)+5kod(s1=50)/2(() ) > V/P=2ps1(() ) in R
since p — p(3s1 — So) + Hhkod(s1 — $0)/2 < p — 2ps; by (4.12) and V7 is decreasing with respect
to 7. Hence, w(pg) =g VP72P51(0,-) = h(sy).

Finally, since () # w(g) C I = [h(0), h(1)]g, it follows from Lemma 4.1 that there is s, € [0, 1]
such that w(g) = {h(s,)} = {VP~%(0,-)}. That is, lim,,, o || P"(g) — V?~?45(0,-)|| = 0. It then
follows from Lemma 4.3 (ii) that lim; ., ||Jv(¢,-;9) — VP~?%(¢,-)|| = 0. Since v(t,z — ct;g) =
u(t,z;g) and VP25 (t, 0 — ct) = ¢p(x — ct + p — 2psy,x) for all t > 0 and = € R, one gets the
conclusion of Proposition 4.4 with 7, = (2ps, — p)/c. O

Once the global stability of pulsating fronts is established, the uniqueness results in Theo-
rem 1.1 is an easy corollary.

Proof of the uniqueness result in Theorem 1.1. First of all, as in Proposition 4.4, one can assume
without loss of generality that L = 1. One has to show that if U(t,z) = ¢(z — ct,z) and

U(t,z) = ¢(x — ct, z) are two pulsating fronts of equation (1.1) with ¢ # 0, then ¢ = ¢, and U
and U are equal up to shift in time. Since U(0,-) € C(R, [0,1]) and U(0, —o0) = 1, U(0, +00) = 0,
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Proposition 4.4 yields the existence of 7 € R such that sup,g U(t,z) — ¢p(x — ct — c7, )| = 0
as t — 400, whence

sup ’gb(f —cr, €+ ct) — gz?(g +(c—0)t, &+ ct)} — 0 as t = 4o0. (4.13)
£eR

Remember that ¢(+00,2) = ¢(+00,x) = 0, ¢(—00,2) = ¢(—o00,z) = 1 uniformly in = € R,
that ¢(&, z) is continuous in R?, 1-periodic in # and decreasing in &, whence 0 < min,cg ¢(&, ) <
max,er ¢(&, x) < 1forall £ € R. Therefore, if ¢ # ¢, by fixing £ € R and letting t — 400 in (4.13),
one derives a contradiction. Thus, ¢ = ¢ and one infers from (4.13) that, for every (£,z) € R?

and k € N,

~ B x—& k ~ r—§& k
B —era) = o 0) = 0§ —engte(— =+ 1)) (66 e = 1) S0
Thus, (€ — cr,x) = ¢(€,z) for all (€,2) € R2, that is, U(t,z) = U(t + 7, z) for all (t,z) € R
Hence, the proof of the uniqueness result in Theorem 1.1 is complete. O

4.2 Exponential stability of pulsating fronts

Here, we prove Theorem 1.12 by using the general theory of exponential stability of invariant
manifolds with asymptotic phase. This theory was first established by Henry [33] in the context
of reaction-diffusion equations, and then applied to bistable time-periodic equations in [2]. Once
again, one assumes that L = 1 and that (1.1) admits a pulsating front U(t,x) = ¢(x — ct,x)
with a speed ¢ > 0. Consider the moving coordinates (£, ) defined in (4.1) and the resulting
time-periodic parabolic equation (4.2). One uses the notations 7" = 1/c and V7 given in (4.3),
and P : C(R,[0,1]) — C(R,[0,1]) is the Poincaré map defined in (4.4). Note that M :=
{VT|T € R} € C(R?0,1]) is a one-dimensional manifold of special solutions of (4.2). By
Proposition 4.4, M attracts the solutions of the Cauchy problem of (4.2) with initial values g
satisfying (1.23). In order to show that this convergence is also exponential in time, it is sufficient
to prove the local exponential stability of the manifold

M= {V7(0,)) | T € R} C C(R,[0,1]).

Notice that since each element in M is a fixed point of P, the manifold M is invariant under P.
One is thus interested in the linearization of P around the points of M. Without loss of

generality, consider the point Vy := V?(0,-). Let X = BUC(R,C) be the Banach space of
bounded and uniformly continuous functions on R, with the norm || || = || ||ze®,c). It is easy to
check that the derivative of P at Vj is given by P'(Vy)(w) = W (T, -;w) for w € X, where W (¢, &; w)
obeys

Wy = (a(§ 4+ ct)We)e + cWe + 0, f(E+ ct, VO )W, t>0, £ ER,

W(0,6) =w(§), R

Denote WO(t,£) := 0.V (t,£) ;=0 = D1¢(&, {+ct) and notice that 1 is an eigenvalue of P’'(V;) with
eigenfunction wy := W°(0,-) € X. Asin [2], in order to prove the local exponential stability of M,
we need to show that 1 is algebraically simple, and that the rest of the spectrum is contained in
a disk of radius strictly less than 1. Namely, we prove the following two lemmas.
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Lemma 4.5. The value 1 is an algebraically simple eigenvalue of P'(Vy) with eigenfunction wy
and, if X € C is an eigenvalue of P'(Vy) with eigenfunction w ¢ Cwy, then || < 1.

Proof. Assume that A € C* is an eigenvalue of P'(V}) with eigenfunction w € X. Let p € C be
such that e*T = 1/ and set h(t,£) = "W (t,&;w) for t > 0 and € € R. The function h satisfies

— (a(&+ ct)he)e — che — Oy f(§ + ct, VO (t,€))h = ph for all t > 0 and £ € R,
(0 (4.14)

§) =h(T,§) forall £ € R.

Hence, the eigenvalue problem P’'(Vj)(w) = Aw can be recast as the spectral problem (4.14) in the
space of time periodic functions {h € C(R? C) | h(t,-) = h(t + T,-) for all t € R}. Clearly, W°
solves (4.14) with p = 0. In addition, following similar arguments as in Step 3 of the proof of
Lemma 3.1 or in 2, Lemma A.2], one infers that if h & CW? solves (4.14) with some u € C, then
Re(p) > 0. In other words, if w € Cwy, then |A| < 1.

On the other hand, since t = (x — &) /¢, setting ¥(&,x) = h(t,€) in (4.14) yields

O(a()00) + cOetp + 0, f (x, (€, 7)) = —pap for all (€, ) € R?,
V(& +1) = (&) forall (¢ 7)€ R?,

where 0 = O¢ + 0,. But, from Lemma 3.1 and standard parabolic estimates, it follows that 0 is
an algebraically simple eigenvalue of the operator H; defined in (3.1) with Ly = 1 in the space of
spatially periodic functions & := {¢) € BUC(R?,C) | (&, 2) = (&, z + 1) for all (¢, z) € R?}. !
Thus, 1 is an algebraically simple eigenvalue of P'(V4) and the proof of Lemma 4.5 is complete. [

Lemma 4.6. The essential spectrum of P'(Vy) is contained in the disk {\ € C | [\ < e 77/2}.
Thus, if X is in the spectrum of P'(Vy) and |N| > e 77/2, then X is an eigenvalue, and for any
r > e /2 there are only finitely many eigenvalues of P'(Vy) in {\ € C | |A\| > r}.

Proof. Firstly, (1.3) yields the existence of N > 0 such that 9,f(§ + ct, VO(¢,€)) < —v/2 for
all t € R and |£] > N. Let r1(t,€) and ko(t, €) be the continuous T-periodic functions defined by

L e) = Ouf (€ + ct, VO(t,€)) if £ < —N, L) = Ouf(E+ct, VO(L,€)) i E>N,
1t,8) = Ouf(=N +ct, VO(t,—N)) if £ > —N, (t:8) = Ouf(N +ct, VO(t,N)) if £ < N.

Let ¢ € C(R,[0,1]) be a function satisfying ¢(§) = 0 for £ < —N and ¢(§) = 1 for £ > N, and
define s (t,&) = (1 —s(£))r1(t, &) +5(E)ra(t, €) for (t,€) € R% The function x is continuous in R?,
bounded, T-periodic with respect to ¢, and x < —~/2 in R?. Consider now the operator K defined
on X by K(w) = W(T,f; w) for w € X', where /W(t,f; w) solves the equation

W, = (a(& + Ct)Wg)g + C/Wg + k(t, §)W, t>0 €R
W(O, Sw) = w.

'We point out that for any v € £ such that Hy(1)) = 0 in the sense of distributions, one can assume without
loss of generality that 1 is real valued, and the function v is a classical solution by parabolic estimates. Hence
(£o0,z) = 0 uniformly in € R because of (1.3) and ¢ and its derivatives decay exponentially as £ — o0, as
in Lemma 2.5. Thus, ¥ € D;.
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By the maximum principle, ||/I/I7(t, sw)|| < e 2||wl| for all + > 0, whence ||IC(w)| < e /2w
for all w € X. Thus, the spectral radius of K is at most e 77/,

Next, one shows that —P'(Vp) : X — X is a compact operator. To do so, consider a bounded
sequence (wy,)peny in X and denote 0, = (K — P'(Vp))(w,) for n € N. From standard parabolic
estimates, up to extraction of some subsequence, the functions 7, converge to a function 7.,
locally uniformly as n — 400, with 7., € X. To show the uniform convergence in R, one needs to
estimate the values of 7, (§) for |£| > N uniformly in n € N. Without loss of generality, one can
assume that the functions w,, (and 7,) are real-valued and one only considers the case £ < —N
since the case £ > N can be dealt with similarly. For each n € N, let ®,,(¢,¢) := W(t, & wy) —
W(t, & w,) for t > 0 and £ < —N. Owing to the definition of s, each function ®,, solves

( ) = ( (5 + Ct)(q)n)f)f + C((I)n)ﬁ + ’%(tag)q}m t>0, < —N, (4 15)

$,(0,) =0, £ <—N. '
As in Lemma 2.5, for any v € R, the linear operator 7, defined on {¢ € C*(R) | ¢ = ¢(- + 1)
in R} by To[¢] = (a¢') + 2vay’ + (va’' + cv + av® — v/2)¢ admits a principal eigenvalue A;(v),
and there is v; > 0 such that A\;(r1) = 0. Let ¢,, be a positive corresponding eigenfunction.
Since supye(o 7y, nen | Pn(t, -)|| < +00 by the parabolic maximum principle and the boundedness of
the sequence (wy,)nen in X, there is a constant A > 0 such that

Ae N, (=N + ct) > |®,(t,—N)| forallt e [0,7] and n € N,

An immediate computation shows that Ae”¢¢,, (£ + ct) is a supersolution of (4.15) in [0, 7] x
(=00, —N], whence [1,(&)| = |®,(T,&)| < Ae"Cp,, (€ + cT) for all ¢ < —N and n € N by the
maximum principle. Thus, 7, (&) converges to 0 as £ — £oo uniformly in n € N. Together with
the local convergence of the functions 7, to 7., one concludes that |7, — 1| = 0 as n — +o0.

Finally, there are then finitely many eigenvalues of P'(V4) in {\ € C | |A\| > r} for any
r > e 77/2 and the essential spectrum of P’(V;) is the same as that of K, whence the radius of
essential spectrum of P'(V;) is not larger than e=77/2, O

End of the proof of Theorem 1.12. Consider any g € L*(R,]0,1]) satisfying (1.23). As in the
proof of Proposition 4.4, one can assume that g € C(R, [0, 1]). By Proposition 4.4, there is 7, € R
such that ||u(t,;9) — Ut + 74, )| = |Jv(t,;9) — V™ 9(t, )| = 0 as t — 4o00. Without loss of
generality, even if it means shifting U in time, one can assume that 7, = 0. From Lemmas 4.5
and 4.6, 1 is an algebraically simple eigenvalue of P’(V) and the rest of the spectrum of P’(1})
is contained in a disk with radius 7(P'(Vy)) € (0,1). Therefore, the manifold M is locally
exponentially stable with asymptotic phase for P, see [33, Chapter 9]. Since P(Vp)=V,=V"°(0,")
and ||P"(g) — Vol = ||v(nT,-; g) — VO(nT,-)|| = 0 as n — +o00, there are then some real numbers
p=—In((r(P'(Vy)) +1)/2) > 0 independent of g, and C depending on g, such that

|lv(nT,-; g) — Vol = | P"(g) — Vol| < Ce™ ™ for all n € N.

Under the notations of Lemma 4.3, there is then ny € N such that |[v(nT, ; g)— V|| < Ce " < g,
for all n € N with n > ng, whence |[v(nT + t,-;9) — VO(t,)|| < kiCe ™ for all n > ng
and ¢ € [0,7T]. Since V? is T-periodic in ¢, one infers that

lv(t, - g) — VO, )| < kyCerTe ™ for all t > ngT.
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Finally, since 0 < v(-,+;g), V? < 1in [0, +00) x R, there is a constant C, (depending on g and on
the parameters of (1.1)) such that ||v(¢, -5 g)—=V(¢, )| < Cye # forall t > 0. Since v(t, z—ct; g) =
u(t,z; g) and VO(t,x—ct) = ¢p(x—ct,z) = U(t, x), one concludes that ||u(t,;g)—U(t, )| < Cye
for all £ > 0 and the proof of Theorem 1.12 is thereby complete. O

4.3 Proof of Theorem 1.13

This section is devoted to the proof of Theorem 1.13. That is, we show that any solution of (1.22)
with initial value satisfying (1.25) converges to a translate (in time) of the pulsating front of
equation (1.1), and this convergence is exponential in time. Thanks to the assumption that
all L-periodic stationary states of equation (1.1) are unstable, we will prove that such solution
of (1.22) will evolve into a “front-like” wave (i.e., satisfying (1.23)) after a certain time. Then
the conclusion of Theorem 1.13 will follow easily from Theorem 1.12.

Proof of Theorem 1.13. Since the initial value g satisfies (1.25), there is ¢ > 0 such that

liminf (g(z) — u_(x)) > 20, u-+20<1inR, (4.16)
T——00

and limsup,_, , . (g(z) — 4 (z)) < =20 with @ — 20 > 0 in R. Let u*(¢, ) denote the solutions
of the Cauchy problems

ui = (ap(2)uy)s + fo(o,u®), t>0, v €R,
u®(0,2) = Uy F o, z eR.
Since by assumption uy are unstable, it follows as in Step 2 of Lemma 2.8 that u=(t,2) — 1

and u™(t,z) — 0 as t — +oo uniformly in = € R.
Next, one shows that liminf, ,_. (u(t,z) —u~(t,z)) > 0 for all ¢ > 0. Assume by contradic-

tion that there are ¢ty > 0 and a sequence (x,),eny With lim,, o z, = —o0 and
lim (u(to, z,) — u (to, 2,)) < 0. (4.17)
n—-+o00

By (4.16) and since g ranges in [0,1], there is a C*%(R,[0,1]) function w, such that u, < g
in R, uy(z) = 0 for z > 1 and uy(z) = u_(x) + 30/2 for x < —1. Let u be the solution of
the Cauchy problem (1.22) with initial condition u(0,-) = wu,. The maximum principle yields
0 < ut,r) <u(t,r) < 1forallt >0 and z € R. Write now z,, = ) + z, with 2/, € LZ
and z!! € [0, L], and set w,, (¢, ) = u(t, z+x)). Since ay, and f;, are L-periodic in z, the functions u,,
obey (1.1) for t > 0 and z € R. Up to extraction of some subsequence, one can assume that z// —
Too € [0,L] as n — +oo and that, from standard parabolic estimates, u,(t,z) — u. (¢, )
as n — +oo locally uniformly in [0, 400) x R, where u_, solves (1.1). In particular, for any = € R,
U (0,z) = limy, 100w, (0, 2) = u_(z) + 30/2 > u (0, ), whence u (t,x) > u (t,z) for all t >0
and x € R by the maximum principle. On the other hand, since u < w and u™ is L-periodic
in z, (4.17) yields

U (to, Too)= lim w,,(to, )= lim wu(to,z,) <limsupu(ty,x,)<limsupu (to, z,)=u"(tg, Too).
n—r+o00 n—+00 n—+00 n——+o00

This contradicts wu., (to, Too) > u™ (fo, o). Hence liminf, o (u(t,z) — u™(¢,x)) > 0 for every
t > 0. Similarly, there holds lim;_, o u"(¢,2) = 0 uniformly in 2 € R and limsup,_,  (u(t,z) —
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ut(t,z)) < 0 for every ¢ > 0. Thus, there is 7" > 0 such that liminf, , o u(T,z) > 1 — § and
limsup,_, . u(T,z) < 6, where ¢ is the constant given in (1.3). By Theorem 1.12, as applied to
initial value u(7',-), the conclusion of Theorem 1.13 follows. O

5 Appendix

The appendix is devoted to the proof of some technical auxiliary lemmas which were stated in
Section 2 and used in the proofs of Theorems 1.2 and 1.8. We first begin with the proofs of the
properties of the operators M. ; and M., stated in Lemmas 2.1, 2.2 and 2.3.

Proof of Lemma 2.1. Consider only the case L # 0, since the case L = 0 follows the same lines,
and is actually simpler. Let 8 > 0, ¢ > 0 and L > 0 be fixed, and let v be in the kernel
of M, . Integrating M, (v) = 0 against v in L?*(R x T) gives foT( y)(00)% + pv?) =0,
whence v = 0. The adjoint operator M of M,y is defined as M, (v) = A (adLv) — cOev — Po
with domain Dy, in such a way that (MC,L<U) u) 2wyt = (v, Me (1)) 2y for any u, v € Dy,
The same arguments yield that the kernel of the operator M is reduced to {0}. Then in order
to get the invertibility of the linear operator M, , it is sufficient to show that the range R(M, 1)
is closed in L*(R x T). To do so, let M, (v,) = g, with v, € Dy and g, — ¢ in L*(R x T)

asn — +oo. Integrating M., 1 (v,) = g, against v, gives foT ((aly)(Dpvn)?+5v2)) = — Sz GnVn,s
whence 5

Y P2 L 2
| o) @p+fi<gs [ g (5.1

For any A > 0, let us define the symmetric difference quotient in &-direction as follows:
Dy (&, y) = (va(E+h, y)—v,(E—h,y))/(2h) for (£, y) € Rx T and notice that Dyv, € H'(RxT).
Taking it as a test function in M, 1,(v,) = gn, one gets that

/ a(y>5LUn5Lthn — O Dy, + B Dyvy, = — / InDpvy,.
RxT

RxT

Observe that foT (GLthn) LU, = foT B(Dpvp)v, = 0, and that Dyv, — v, in L*(R x T)
weakly as h — 0. Hence, by letting h — 0, one concludes that

/ 0(851)”)2 = / GnOcy, (5.2)
RxT RxT

and then, by the Cauchy-Schwarz inequality,

”gn”LQ(RXT)

|1 0cvn || L2(mxT) < :

The uniform L*-estimate for d,v, can be obtained from (5.1) and (5.3) as follows:

||ayvn||L2(RxT) = ||L(8Lvn - 8§Un)||L2(R><’]I‘) < |L|(||8Lvn||L2(]R><T) + ||8§Un||L2(]R><’IF))

1 1 (5.4)
< [Dllgallzoen (5 + —55=)
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with @™ := minger a(y) > 0. Hence, there is a subsequence (vy,)ien such that v,, — v in
H'(R x T) weakly as i — +oo. This implies that [ . a( y) O vdpp— c(0ev) o+ P = — [o, 0 99
for all p€ H'(R x T). It follows that 9y (ad,v) € L2(R x T). It follows that v € Dy, M. (v) =
g and g € R(M.). Since the kernel of M, is trivial, the limit v is unique and the whole

sequence (v,)nen converges to v weakly in H'(R x T) as n — +oo. Finally, the calculations
n (5.1), (5.3) and (5.4) imply that

1 2
Iolfieer) < (55 + 7+ 1EP G + —55=) lalsmcn (5.5)
and the proof of Lemma 2.1 is thereby complete. O

Proof of Lemma 2.2. We only give the proof of the first assertion in (2.5), the second one being
obtained similarly and being actually simpler. For the proof, we first begin with the special case
where the sequences (¢, )nen and (g, )nen are constant, and we then deal with the general case.
Step 1: the case ¢, = ¢ and g, = g. Consider any sequence (L,,),en in R* converging to 0 and
let v, = Mc_in (9) € H'(Rx T). By the estimate (5.5) and the Sobolev injections, the functions v,
converge, up to extraction of a subsequence, strongly in L? (R x T) and weakly in H'(R x T), to
some vy € H(R x T) as n — +o0. Note that 9,u9 = 0 because of the estimate (5.4). Then the
function vy can be viewed as an H'(R) function and we can set v = dcvg. For any ¢ € H*(R),
taking ¥(&,y) = ¢(&)+ Lox(y)¢'(€) € HY(RxT) (where x € C*(R) solves (2.7)) as a test function

in M., (v,) = g gives

/ a((X' 4+ 1)¢' + Lox¢") dp, vn + / (—cOevy, + Buy) (¢ + Lox¢') = — / g(¢+ Lnxd'),
RxT RxT RxT

where a, y and ' are evaluated at y, while ¢, ¢’ and ¢” are evaluated at . The second term of
the left hand side clearly converges to fR(—cvé + Bvg)¢ as n — +o0o, and so does the right hand
side to — foT g = — fR g¢. The first term can be written as

/ a((X +1)¢ + Lx¢") Oy, vn = / ~va0p, (a (X' +1) &) + Lnax ¢"d,v,
RxT R

xT

- / a(x' +1) ¢ 0cvy + (Oyvn + LnOevy) ax ¢,
RxT

which converges to [, pvpa (X' +1) ¢ = ag [y v)d" as n — 400, since dyvy = 0. Hence,

/ apved’ — cvpd + Brop = — / 9o,
R R

for all ¢ € H?(R) and then for all ¢ € H'(R) by density. This implies that vy € H?*(R) and
that MC,O('UO) = g

Next we show that v, converges to vy in L*(R x T) as n — +oo (the convergence has only
been known in L} (R x T) so far). Let (,(&,y) = va(&,y) — vo(€) — Lux(y)vh(€). By Lemma 2.1,
the sequence (v,,),en is bounded in H!(R x T) and so is the sequence (¢, )nen. Taking ¢, as a test
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function in M, 1, (v,) = g gives foTaganngLnCn — € Ocvp, + Prp(y = — foTgCn. Observe that

RxT RxT
- / a(gLngrz)2 + aHvégLngn + Lnaxv(,)/gLnCn
RxT

— / a(gLnQn)z — agvyCy + Lyaxvy0eG, — (ax)'v)Ca,
RxT

and that [, G0V, = [, 0 VG + LuexvgG, since [o o CngLnCn = 0, while [, Bv,( =
Jaer B2+ BuoGn + LnBxvCy- Since M, o(vo) = G, one obtains that

/R L (0r,6)” + BGr = / (9 = 9)¢n + (aX) 05 Cn = Ln(axvhOen — exvgCn + BXx(Cn)

RxT

- / (@ — 9)(00 — v0) + (ax)el (v — o)
RxT
L, / XU DeC — XV + BTG + (T — 9) 0 + (ax) el vl
RxT

Since v, — vy in L*(R x T) weakly as n — o0, and since the sequence ((,)nen is bounded
in H'(RxT) and vy € H*(R), it follows that ¢, — 0 in L*(R x T) and hence v,, — vg in L*(Rx T).

Finally, we prove that the sequence (v, )neny converges to vg in H*(R x T). Now by using the
symmetric difference quotient in ¢-direction for v, and vy as in (5.2) and the weak convergence
of Dev,, to v)y as n — +o00 in L*(R x T), one concludes that

c/ (85%)2 :/ 90ev, — / gvé = /§v6 :c/(v())Q. (5.6)
RxT RxT n—=+00 JryT R R

By the weak convergence of d¢v,, again, this implies that d¢v,, converges to vj strongly in L?*(RxT)
as n — 400. From arguments similar to (5.4), one has 9,v, — 0 in L*(R x T) as n — 400. As
a conclusion, v,, converges to v in H'(R x T) as n — +o0o and this holds for the whole sequence
by uniqueness of the limit. Lastly, once one knows the convergence of (v,,),en to vy in the strong
sense in H*(R x T), it is easy to see that the above estimates show that the convergence is actually
uniform with respect to g in the ball By = {g € L*(R x T) | ||g|l z2®x1) < A}, for every A > 0.

Step 2: the general case. We first claim that for any r > 0 and any w € L*(R x T) such
that [|w||z2mxm) < 7, there holds

||M;L1Ln(w) — Mc_,llm(w)HHl(RXT) < Cle, —c|r forallm € N, (5.7)

where C' is a constant independent of n and r. In fact, let p, = Mc_nan (w) and ¢, = M;Lln (w).
Then M. 1, (pn — qn) = (¢ — ¢,)0epn. Testing it with the function (p, — ¢,) € H'(R x T) and

using arguments similar to the ones used (5.1), one obtains that

(ca —c)?

AUV an%
. /Mup)

(pn - qn)2 S

™

/ 0 (G pn — Bran)? +
RxT
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Similar arguments to (5.3) and (5.4) yield

|0 (pn — Qn)HH(RxT)
10y (pn — Qn)HL?(RxT)

lcn — ¢ C_l”aéanLQ(RxT)a

<
< |Lallen = cl(e™ + (28a7)72) 0¢pnll p2 -

Note also that [|Oepn||r2@xr) < (1/¢n)||w]|2@xT) from the estimate (5.3). Then the proof of our
claim (5.7) is finished, since the sequences (L, )nen and (1/¢,)nen are bounded.
Next, we observe that

1M (9n) =Moo (Gl @xry < 1M1, (9n) =M} (9n) |l @xT)

+ 1M, 1, (90) =M1 (Dl @xry + 1M 1, (9) = Mg (@) 111 ey -
From (5.7), the first term of the right hand side converges to 0 as n — +o0o, and this holds
uniformly with respect to g € By, for every A > 0. By Lemma 2.1 and the boundedness of the
sequences (Ly)nen and (1/¢;,)nen, one has HMC_Lln(gn — 9|l rxT) — 0 as n — +oo, uniformly

with respect to g € B4 for every A > 0. Lastly, the convergence of the last term to 0 follows from
Step 1. Hence, the proof of Lemma 2.2 is finished. O

Proof of Lemma 2.3. By Lemma 2.1 and (5.7), one only needs to prove that
M;Lln(g)—>Mc_L1(g) in H*(R x T) as n — +o0, (5.8)

uniformly for g € By, for every A > 0, and for every sequence (L,),eny € R* such that L, — L
as n — +00. Given any g € L*(R x T), let w, = M_} (g) and w = M_/(g). Then, by similar

estimates in Lemma 2.1, the functions w, converge to w strongly in L2 (R x T) and weakly

loc
in H'(R x T) as n — +oo. Note that
M, 1, (w, — w) = My, (w,) — My (w) — (M, 1, (w) = M, p(w)) = =8y, (adp,,w) + Ip (adpw).
—_——— —
=g =g
Integrating the above equation against w,, — w yields

/R ] a (O, wy — O, w)> + Blw, —w)? = /R ] (5L(Q5Lw) — 5Ln(a5an))(wn —w)

a Oyw (B, w, — Oy, w)
Ly

= / (w, —w) 5L(a5Lw) +
RxT
+/ aﬁgw (gann — gan),
RxT

which converges to 0 as n — o0, since dy,(adpw) € L*R x T) and w € HY(R x T), and
since w, — w and Jy,, w, — dp,w weakly in L2(R x T). Thus, |wy, —w||L2exm) — 0 and 10, w, —
5an||L2(R><’]T) — 0 as n — +o00. The convergence d¢w, — dew in L*(R x T) follows then from
the weak convergence and the fact that ||8§wn||%2(RxT) = (L/¢n) [goqp 90cwn — (1/¢) [5, 0 90cw =
”ag’w”%g(RXT), as in (5.6). On the other hand, observe that

10, (wn — )| 2xry = 1L (Or,wn — Bewn) — L(Opw — Bew) | r2gc)
<||LnOp,wn — L, w|| 2@x) + |L[[|0r, w — Orw||r2®xT)
+ | Ll Ocwn — Ocwl| 2wy + |Ln — L|||Ocw|| 2 xr),
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which converges to 0 as n — +o00. Hence, the proof of the convergence (5.8) is complete. Lastly,
the above calculations together with Lemma 2.1 imply that (5.8) holds uniformly with respect to
the functions g such that ||g||z2mxm) < A, for every A > 0. O

Next, we do the proof of the continuity and differentiability properties of the function G
defined in (2.8), which were stated in Lemma 2.4.

Proof of Lemma 2.4. Step 1: the continuity of G. The continuity of G5 is obvious from Cauchy-
Schwarz inequality. Next we consider the continuity of Gy at (v,¢,0) with (v,¢) € H'(R x T) X
(0, +00). To do so, we first prove that MC:LILn (K (n, s L)) — M g (K(v,c,0)) in H'(R x T)
as n — +oo for any sequences (vy,)peny in L2(R x T), (¢y)nen in (0,+00) and (L,)pen in R
such that v, — v in L*(R x T), ¢, — ¢ and L, — 0. By Lemma 2.2, it is sufficient to show
that K (vy,cn, Ly) = K(v,¢,0) in L?(R x T) as n — +o0. Since the function f(y,u) is globally
Lipschitz-continuous in u uniformly for y € T, one has that

”KcnyLn (Un> - K<U7 C? O)HLQ(RXT)
= ||Luax ey + (ca—c)dh + caLnxdy + Bvn—0) + (4, vat o+ Laxdh) — f(y, v+do) [Py

< |Ln|||ax¢é3)||L2(RXT) + |Cn - C|||¢6||L2(R) + |CnLn|||X¢g||L2(RXT) + 6””71 - UHLQ(RXT)
+ Cllvn — v||L2@xt) + C'| L[| X D0 2R xT),

where C' is a constant depending only on f. Thus, K(v,,cn, L,) — K(v,c,0) in L*(R x T)
as n — +oo. Similarly, the fact that K (v,,c,,0) — K(v,¢c,0) in L?(R) as n — +oo together with
Lemma 2.2 implies that M (K (vy, ¢n,0)) = M g (K (v,¢,0)) in H'(R) as n — +00. Therefore,
the arguments of this paragraph show that G is continuous at (v, ¢,0).

For the continuity of Gy at (v,¢, L) € HY(R x T) x (0, +00) x R*, the arguments are similar
to those for L = 0, the only additional fact being the use of Lemma 2.3 instead of Lemma 2.2.

Step 2: G is continuously Fréchet differentiable with respect to (v, c). First, forv € H (R xT),
we set g[v](&,y) = f(y, do(&) +v(&,y)) in R x T and we prove that the function g is continuously
Fréchet differentiable from H*(RxT) to L?*(RxT). Since the function f(y,u) is globally Lipschitz-
continuous in u uniformly for y € T, and since ¢y € L*(R*) and 1—¢o € L*(R™), there is constant
C1 > 0 independent of v such that

olgn = [ oot o) = F)F+ [ 1ot o) = £ 0

R+xT
< CL (I = ollZe@y + 9ol Zz@ey + 10122 @)

Hence, g : v + g[v] is a map from H'(R x T) to L?(R x T). Since f(y,u) is of class C*' in u € R
uniformly for y € T, it follows from Sobolev injections and Cauchy-Schwarz inequality that for
any v, h € HY(R x T) and ¢ € (0, 1],

Hg[v . ﬂ;] e ~uf(y, G0+ v)h’ L2(RXT)

= ||8uf(ya gbO +v+ tnh)h - auf(ya ¢0 + 'U)hHL2(]R><’IF)
< N8uf (y, b0+ v+ tnh) — 0uf (y, do + V)|l s@xm 12l sy < Catllhll @),

(5.9)
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where 7 is a function from R x T to [0, 1], and C5 > 0 is independent on ¢. Thus,

glv +th] — g[v]
t

— Ouf(y, o +v)h in LR xT)ast— 0",

which implies that ¢ is Gateaux differentiable at any point v € HY(R x T) with its derivative
given by A(v)h = 0,f(y,¢0 + v)h for any h € HY(R x T). Actually, (5.9) implies that g is
Fréchet differentiable and since the map v — A(v) from H'(R x T) to L(H*(R x T), L*(R x T))
is continuous, the function g is continuously Fréchet differentiable in H'(R x T).

In order to show the Fréchet differentiability of G with respect to (v,c), pick now any
point (v,c,L) € H'(R x T) x (0,+00) x R. Consider first the case L # 0. Since g is Fréchet
differentiable at v, K(v,c, L) is also Fréchet differentiable with respect to v with

K (v,¢, L)(0) = (0uf(y,v+ ¢o + Lxepy) + 8)v for all v € H' (R x T).

Since the linear operator M} : L*(RxT) — Dy, € H'(RxT) is bounded, one has 9, (M_} (w)) =
M, .. Then, by the chain rule,

Oy (M} (K(v,¢,L))) (@) = M} ((9uf(y, v+ ¢o + Lxgy) + 8)0) forallv € H'(R x T).

On the other hand, 0.K (v, ¢, L)(¢) = (¢ + Lx¢y)c for all ¢ € R while, by Lemma 2.3,

Mer(My1(v)) = v>~

0:M, r(v)(¢) = lim M;,Ll( T ¢=—M_}(0:M_}(v))¢ forall €€ R.

As a consequence,

0c(M, 1 (K (v, ¢, L)) (€) = = M, (0cM, [ (K(v,c, L)))e+ M, (&) + Lx¢p)e
— M) (85(M;L1(K(v, ¢, L)) — o — qusg)) for all 7€ R.
Hence, the function G(v, ¢, L) is Fréchet differentiable with respect to (v, ¢) with derivative
O1w,e)G (v, ¢, L) (v, ¢)
U+ Mo (@ 9,0+ b0 L)+ B)8) — EMZE (9 (MK (v e, L) =d0=Lxdh) )\ (5.10)

2 /Rw@o + v 4 Lx¢g)v

Similarly, for L = 0, G is Fréchet differentiable with respect to (v,c) and for every (v,c) €
H' (R x T) x (0,+00) and (v,¢) € H}(R x T) x R,

5+Mt;(]1(<8uf<yu U+¢0) —|—ﬁ)5> _EM;Ol(a& (Mr;,()l (K(U, C, O)) —¢0))

2 /IR+XT<¢0 + U)U

Finally, we prove that 9(,,c)G : H'(RxT) x (0, +00) xR — L(H'(RXT) xR, H'(RxT) xR) is
continuous. Since the continuity of )G is obvious from the Cauchy-Schwarz inequality, we only

Doy G (v, ¢,0)(,8) = . (5.11)

D2



need to show that d, )G is continuous. Let (v, ¢, L) be any point in H*(Rx T) x (0, +00) xR and
let (vy)nen in HY(R X T), (¢y)nen in (0, +00) and (Ly)nen in R be such that ||v, — v|| g1 @xry — 0,
¢, — cand L, — L as n — +o0o. In the case L = 0, by Lemma 2.2 and by (5.10) and (5.11), for
the continuity of .G at (v, ¢, 0), it is sufficient to prove that, whether L, be 0 or not,

ag(M;jLn (K (v, e, L)) — o — Lnxqsg) . ag(Mchl (K(v,¢,0)) — ¢0) in L2(R x T),

n—-+o00

a§<Mc;{O(K(vn,cn,0)) —¢0) — 85(M;01(K(v,c,0)) —¢0> in L*(R).

n—-+o00

In fact, these limits follow from Lemma 2.2 and the fact that K(v,,cn, L,) — K(v,¢,0) in
L*(R x T) (whence K(v,,cn, L,) — K(v,c,0) in L*(R)) as n — +oo. By Lemmas 2.1, 2.2 and
by (5.10) and (5.11), for the continuity of 0,G; at (v, ¢, 0), it is sufficient to show that

(Ouf (y, vy + G0 + Luxdp) + ﬁ)ﬁnjoo (Ouf(y, v+ ¢o) + B)v in L*(R x T)

(whence the same property for the averaged functions with respect to y), uniformly with respect
to ||| mrmxm) < 1. Since the function f(y,u) is of class C*! in w € R uniformly for y € T, these
convergences follow from similar arguments as (5.9).

In the case L # 0, as in the previous paragraph, one has

e (M, 1, (K (0n, cny Ln)) = do = Lnxdt) = Oe(Mc (K (v,¢, L)) = do — Lx))
(Ouf (s 0n + G0+ Luxdo) + B)0 == (9uf (y,0 + do + Lxp) + B)0
in L?(RxT), uniformly with respect to ||0]| g1 (rx) < 1. Thus, the continuity of d(, G at (v, ¢, L)

with L # 0 follows from Lemma 2.3.
Step 3: the invertibility of Q) = 0x,G(0,¢0,0). We first observe that, from (5.11)

and K (0, ¢, 0) = 0, the operator @ is given by

QE,) = (M.} ((Buf (y, 00)+ B)D) + M (), 2 / 607 ) for all (7,2) € H' (RXT)xR. (5.12)
R

+xT

Let us now show that @ has a closed range R(Q). Let (Up)nen, (Gn)neny in H'(R x T)
and (¢, )nen, (dn)nen in R be such that Q(vy,, ) = (Gn, dn) — (¢, d) in HY(RXT) xR as n — +oc.
Define v, = U,—gyn. One can see from (5.12) that v, = —M_ ' ((0uf (y, ¢o) + B)vn) —a M1 (#)) €

H?*(R). Then, by definition of H and since v, is independent of y, it follows that
H<Un> = Mco,Ovn + (?1@50) + B)Un = _(8uf<y7 (bO) + 6)5n - En(bé) + (auf<y7 (bO) + ﬁ)vn

Testing it with 0 # w € ker(H*) implies that &, [y w) = — [o o (uf (Y, ¢o) + B)wgy,. Notice
now that [, wey # 0. Indeed, otherwise, ¢{ would be in the orthogonal of Rw = ker(H*), that is
in the closed range R(H ). But the property ¢f, € R(H) is impossible since ker(H) = R¢; and 0 is
an algebraically simple eigenvalue of H. Then, since g, — ¢ in H'(R x T) as n — +o0, it follows
that ¢, converges to some ¢ € R and then, by (5.13), H(v,) converges to some g in L*(R) with

—(0uf(y. o) + B)g — ¢y = g. (5.14)

(5.13)
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Since R(H) is closed, there is v € H?*(R) such that H(v) = g. Set v =v +n¢, +g € H' (R x T),
where 77 € R is chosen as the unique real number satisfying 2 [, . ¢o0 = d. Since v—g = v+ne;, €
H?*(R) and H(v—g) = H(v+n¢)) = g, one has M, o(0—9)+ (0uf(y, d0) + 8) (0 —g) = g. Then
by composing by M_ ', and using (5.14), one gets that v+M_ o ((9uf (y, do)+B)0)+cM_ () =
Therefore, (§,d) = Q( ,¢), and R(Q) is closed.

Next, we prove that @ has a trivial kernel. Suppose that Q(v,¢) = (0,0) for some (v,¢) €
HYR x T) x R. Since M., is a map from L*(R) to H*(R), then 9,0 = 0 and v € H*(R)
by (5.11). Furthermore, M, o(v) + (0uf(y, ¢0) + B)0 = —c¢;, that is, H(v) = —c¢f. Since 0
is an algebraically simple eigenvalue of H with kernel Ry, it follows that ¢ = 0 and v = o¢,
with o € R. Since 0 = 20 [, ¢ ¢0¢) = —0(¢0(0))* and ¢o(0) # 0, one infers that ¢ = 0. Thus,
the kernel of @ is reduced to {(0,0)}.

Finally, we prove that the kernel of the adjoint operator @* is also reduced to {(0,0)}.
Let (v,¢) € HY(R x ']I') x R such that Q*(v,¢) = 0, that is,

0= <Q w, d ~)>H1 (RxT)xR

— (w+Moo(8 f(y; ¢o) + B)w )J“dMOO(%) )HI(RXT) JFZE/R+ T%@

(5.15)

for all (@,d) € H'(R x T) x R, where (v1,v2)
vy, vy € HY(R x T). We notice that

¢+ Mego (0uf v, 60) + B)oh) = 6 + Me,o((F (0) + £)d) = Mel(H () = 0.
Therefore, taking (@, d) = (¢, 0) in (5.15) yields 0 = 2¢ [, o oy = —¢(po(0))?, whence ¢ = 0.
Next, by choosing (w,d) = (0, 1) in (5.15), it follows that

0= (MC;}0<¢6>’§)H1(R><’]T) - (MC;}0<¢6)’5)H1(R) (5.16)
since M

woo(@h) € H'(R). On the other hand, if w € H*(R) is independent of y € T and d=0
in (5.15), then

0 = (@ + My, s ((9uf (y; $0) + B)D), %) 1 ey
= (Mg (Mayo (@) + (F (60) + B)88), ) sy = (M (@), ) -
Since the closed image R(H) of H is orthogonal to ker(H*) and since ¢ ¢ R(H) (as already
emphasized), it follows from (5.16) and (5.17) that (M_(P(¢))), ) () = 0, where P(¢y) # 0

is the orthogonal projection of ¢ onto ker(H*). Since 0 is an algebraically simple whence geo-
metrically simple eigenvalue of H*, it follows that ker(H*) = R P(¢}) and (M, y(w), ) g =0
for all w € ker(H*). This together with (5.17) and the fact that R(H) is orthogonal to ker(H™)
implies that (Mcolo(w)ﬁ)Hl(R) = 0 for all w € L?(R). Then, back to equation (5.15), one gets
that

HY(RXT) foTvlvz + 0cv10:v2 + Oyv10,v, for all

(5.17)

0= ({‘7’5)H1(Rx1r) + ( co, 0((8 f(y, do) + B)w ) )Hl(]RXT)

= (@0,7) yrgmy + (Meglo ((0uf (4. d0) +5)0),0) a1y = (@.9) gy

for all w € HY(R x T). Thus, ¥ = 0 and Q* has a trivial kernel. The proof of Lemma 2.4 is
thereby complete. O
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