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A first analysis of the Monge problem
with vanishing gradient penalization

Luigi De Pascale! Jean Louet! Filippo Santambrogio!
July 25, 2014

Abstract

We investigate the approximation of the Monge problem (minimizing [, |7(x) — 2| du(x) among
the vector-valued maps T with prescribed image measure Ty i) by adding a vanishing Dirichlet energy,
namely & fQ |DT|?, where ¢ — 0. We study the T-convergence as € — 0, proving a density result for
Sobolev (or Lipschitz) transport maps in the class of transport plans. In a certain two-dimensional
framework that we analyze in details, when no optimal plan is induced by an H' map, we study the
selected limit map, which is a new “special” Monge transport, different from the monotone one, and
we find the precise asymptotics of the optimal cost depending on &, where the leading term is of order
e|loge|.
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Introduction

This paper investigates the following minimization problem: given u, v two - smooth enough - probability
densities on R? with p supported in a domain €, we study

inf {J.(T) : Tpp =v} where  J.(T) = /Q |T(x) — x| dp(x) + E/Q |DT|? da.

Here ¢ is a vanishing positive parameter, |- | is the usual Euclidean norm on R¢ or My(R), DT denotes the
Jacobian matrix of the vector-valued map T and Tl is the image measure of p by the map T (defined by
Typu(B) = p(T~1(B)) for any Borel set B C RY). We aim to understand the behavior of the functional
J. in the sense of I'-convergence and of characterize the limits of the minimizers 7.

If we do not take in to account this gradient penalization, we recover the classical optimal transport
problem originally proposed by Monge in the 18th century [27]. For this problem, the particular constraint
T4 i = v makes the existence of minimizers quite difficult to obtain by the direct method of the calculus
of variations; when the Euclidean distance is replaced with nicer functions (usually strictly convex with
respect to the difference © —T'(x)), strong progresses have been realized by Kantorovich in the *40s [20, 21]
and Brenier in the late '80s [6]. In the Monge’s case of the Euclidean distance, the existence results have
been shown more recently by several techniques: we just mention the first approach by Sudakov [30]
(later completed by Ambrosio [I]) and the differential equations methods by Evans and Gangbo [15], for
the case of the Euclidean norm. More recently, this has been generalized to uniformly convex norms by
approximation [TT} 31]; finally, [T2] generalizes this result for any generic norm in RZ. We refer to [32] for
a complete overview of the optimal transport theory, and, again, the lecture notes [I] for the particular
case of the Monge problem.

Adding a Sobolev-like penalization is very natural in many applications, for instance in image pro-
cessing, when these transport maps could model transformations in the space of colors, which are then
required to avoid abrupt variations and discontinuities (see [16]). Also, these problems appear in me-
chanics (see [I8]) and computer-science problems [22] , where one looks for maps with minimal distance
distortion (if possible, local isometries with prescribed image measure).
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However, in this paper we want to concentrate on the mathematical properties of this penalization.
Notice first that this precisely allows to obtain very quickly the existence of optimal maps, since we
get more compactness and we can this time use the direct method of the calculus of variations (see
Prop. [[L4 below; actually, this is trickier in the case where the source measure is not regular, cf. [24] and
[25, Chapter 1]; this requires to use the theory developed in [4]). Multiplying this penalization with a
vanishing parameter ¢ is motivated by the particular structure of the Monge problem. It is known that the
minimizers of Jy (that we will denote by J in the following) are not unique and are exactly the transport
maps from p to v which also send almost any source point x to a point T'(z) belonging to the same
transport ray as x (see below the precise definition). Among these transport maps, selection results are
particularly useful, and approximating with strictly convex transport costs c.(z,y) = |r — y| + ¢l — y|?
brings to the monotone transport (i.e. the unique transport map which is non-decreasing along each
transport ray). Some regularity properties are known about it (continuity in the case of regular measures
with disjoint and convex supports in the plane [I7], uniform estimates on an approximating sequence
under more general assumptions [23]). The question is to know which of these transport map is selected
by the approximation through the gradient penalization that we propose here. This is a natural question,
and, due to its higher regularity as other maps, one could wonder if it is again the monotone map in this
case.

For this, we analyze the behavior of J. when € vanishes in the sense of the I'-convergence (see [5] for
the definitions and well-known results about this notion). The convergence of J. to the transport energy
J is straightforward but requires a density result of the set of Sobolev maps T € H'(Q) sending u to v
among the set of transport maps. This result looks natural and can of course be used in other contexts,
but was surprisingly not so much investigated so far:

Theorem. Let Q, ' be two bounded open star-shaped subsets of R? with sufficiently smooth boundaries.
Let p € P(Q), v € P(QY) be two probability measures, both absolutely continuous with respect to the
Lebesgue measure, with densities f, g; assume that f, g belong to C%*(Q), C%* (V) for some a > 0 and
are bounded from above and below by positive constants. Then the set

{T €eLip(Q) : Typ=vr}
is non-empty, and is a dense subset of the set
{T:Q—=Q : Tup=v}

endowed with the norm || - |12 ().

) r
As a consequence, under these assumptions on , Q' u, v, we have J. — J as ¢ — 0.

Notice that the above result would be completely satisfactory if the assumptions on the measures in
order to get density of Lipschitz maps were the same as to get existence of at least one such a map.
The assumptions that we used are likely not to be sharp, but are the most natural one if one wants
to guarantee the existence of C transport maps (and it is typical in regularity theory that Lipschitz
regularity is not easy to provide, whereas Holder results work better; notice on the contrary that a well-
established LP theory is not available in this framework). Anyway, from the proof that we give in section
2, it is clear that we are not using much more than the simple existence of Lipschitz maps.

Now a natural question concerns the behavior of the remainder with respect to the order . Namely,
if we denote by W7 the optimal value of the Monge problem (i.e.=. the Wasserstein distance between 1q

and ps), we need to consider % The result is the most natural that we expect (this time with an
almost a trivial proof):
Je(Te) — W,
Jede) = Wh r, o (1)
€
DT|* T HY(Q
where  wry— | LIPTE T €0 nH(@)
+00 otherwise

where we have denoted by O;(p,v) the set of optimal maps for the Monge problem. Notice that this
result allows immediately to build some examples of measures p, v for which the minimal value of the
function H is not attained by the monotone transport map from g to v, thanks to suitable analysis of
the minimization of the H!'-norm among the set of transport maps on the real line (which has been very
partially treated in [260]).



The convergence (Il) gives immediately a first order approximation (meaning inf J. = W; +einf H +
o(g)) provided that inf H # +o0, i.e. when there exists at least one map which minimizes the Monge
cost and belongs to the Sobolev space H'(€). If no such map exists, the question arises to investigate
the order of convergence of inf J. to Wy, the I'-limit of the “rest” (provided that we are able to correctly
define this rest), and which map is selected as e goest to 0.

The rest of this paper is devoted to the complete study of this case in a particular example, which
has very interesting properties in these issues. We take as source domain the quarter disk in the plane
Q={z=(r0) : 0<r<1,0<0<7/2} and as target domain an annulus located between two regular
curves in polar coordinates Q' = {z = (r,0) : R1(0) <1 < R2(0),0 < 6 < 7/2}; we endow these domains
with two regular densities f, g satisfying the condition:

1 Ra(6)
for any 0, / f(r,0)rdr = / g(r,0)rdr
0 R1(9)

which means that the mass (with respect to f) of the segment with angle 6 joining the origin to the
quarter unit circle is equal to the mass (with respect to g) of the segment with same angle joining the
two boundaries of €. Under these assumptions, the transport rays are the lines starting from the origin
and the optimal transport maps for the Monge problem send each z € Q onto a point T'(z) with same
angle; in other words, any optimal 7T is written as

T(z) = w(x)|—

x|

for some scalar function ¢ with inf¢ > 0. It then follows from an elementary computation that, for
such a T, fQ |DT|? = +o0; thus, this is precisely a framework where H = +oco and we cannot have
inf J. = W7 4+ O(¢e). Indeed, we obtain a logarithmic term, namely

K /2
inf JE = Wl + §€| 10g€| + O(E) where K = inf {/ (802 —+ 80/2) . Rl(@) S s0(9) S RQ(Q)} (2)
0

which means that K is the smallest “cost” (in the sense of the H'-norm on the interval [0,7/2]) of a
curve in polar coordinates belonging to the target domain €. In order to justify, a formal computation
suggests that, if T, — T for an optimal T,

1
Je(Te) = W1 + 31l (0, NI 0,772 log ] + O(e)
if T(x) = o(r, 9)% In other words, some new phenomena appear:
T
e the approximation of the minimal value of the Monge problem has the order £|loge|;

e the main “rest” (namely, (J.(T.)—W1)/(e|logel|)) involves only the behavior of T' around the origin,
which is, in this case, the only crossing point of all the transport rays (and also a common singular
point for any element of O1(u,v));

e it could be the case that this rest is not minimized (among the transport maps from u to v) by the
monotone transport map (if the function which realizes the infimum in (2]), that we call ® in that
follows, differs from the lower boundary Ry).

These remarks are consequences of the following main result of this paper:

Theorem. With the above notations, let us assume that Ry, Ro are Lipschitz functions of 6 and f, g
are both Lipschitz and bounded from above and from below by positive constants on €2, €. We denote by

1 K
F.=- (J8 - W - —5|10g€|)
€ 3

and by F the function of T which is equal to +0co0 when T does not belong to O1(p,v) and such that, for
T(x) = o(r, 9)% belonging to O1(u,v), we have
x

r

(Mg om ) — K :
F(T) = / Ox/2 7 gy / 10007, )12 0,m 2 7 A



1. For any family of maps (T:)e such that (F-(T:))c is bounded, there exists a sequence e, — 0 and a
map T such that T., — T in L*(Q).

2. There exists a constant C, depending only on the domains Q, Q' and on the measures f, g, so that,
for any family of maps (T:)eso with T. — T as € — 0 in L*(2), we have

- S _
hg{r)lf F.(T.)>F(T)-C

3. Moreover, there exists at least one family (T:)e>0 such that (F.(T:))e is indeed bounded.

Notice that this result does not give precisely the I'-limit of the functional F. but only a lower bound
on the I'-liminf. However, it is enough to obtain some important consequences on the behavior of the
approximation. Indeed:

e the fact that there exists a family (7:). such that (F.(7%.))c is bounded implies that this is the
case when we take a sequence T of minimizers (and in this case we necessary have T, — T with
F(T) < +00);

e it is possible to prove that |[¢(r,-)||%:1 — K > ||p(r,-) — ®||2, (see Lemma 3.1l below). This implies
that with the above notations, if F(T) < 400, then ¢(r,-) is a continuous function of the variable r
(and valued in the space L?([0,7/2])) and we have ¢(0,-) = ®, the optimizer for the Sobolev norm
among the curves which are valued in §V'.

The fact that the ¢|loge| term in the energy is due to the blow-up of the Sobolev norm at a single
point suggests a formal but deep analogy with the Ginzburg-Landau theory (see for instance [3]), where

we look at the minimization of )
w5 [a=fP)+ [ vaP
e Ja Q

with Neumann boundary conditions. Here two terms are contradictory in the functional: the first one
suggests to select unit vector fields parallel to the boundary, and the second requires H'-regularity, which
is impossible since the previous point creates a vortex. In our case, up to a 90° rotation, the situation
is similar. The two contradictory phenomenas are the fact that T has to preserve the transport rays (to
optimize the Monge problem) and that it has a finite Sobolev norm; this also leads to the creation of
an explosion (a vortex, rotated by 90°; here the origin, which is sent to a whole curve belonging to the
target domain). The excess of order ¢|loge| is a common feature of the two problems (but the analogy
is likely to stop here).

Plan of the paper. Section 1 collects general notations and well-known facts about the Monge problem,
basic notions of I'-convergence and some useful and elementary results about the optimal transport with
gradient term. In Section 2, we prove the density of the Sobolev transport maps among the transport
maps and state the results of I'-convergence with order 0 and with order 1 of (J;). for generic (regular)
domains and measures. In Section 3, we study precisely the example of ¢|loge| approximation in the
above framework; the main results and its interpretations are given in Paragraph 3.3, following a formal
computation that we present in Paragraph 3.2. Section 4 is completely devoted to the rigorous proof of
the main result of this paper (Theorem B]).
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1 Preliminary notions

1.1 Known facts about the Monge problem

In this section, we recall some well-known facts and useful tools about the optimal transportation problem
with the Monge cost ¢(x,y) = |x — y|, where | - | is the Euclidean norm on R<.



Let 2, Q' be two bounded open set on R p € P(Q), v € P(Q) and assume that yu is absolutely
continuous with respect to the Lebesgue measure with density f. Then we set

Wi (p, v) = min {/Q IT(z) —2|du(z) : T:Q =R Typ= y}

the minimal value of the Monge transport cost from p to v, and
O1(p,v) = {T :Q =R Typ=vand / |T(z) — x| dp(z) = Wl(,u,u)}
Q

the set of optimal transport maps for the Monge cost (if there is no ambiguity, we will simply use the
notations Wi and ;). Notice that the above Monge problem is a particular issue of its Kantorovich
formulation, i.e.

min{/Q . ly — x| dy(z,y) : y€PQX Q) : (m0)py = u, (my)py = u},
X 4

and the minimal value of this problem coincides with Wi (u,v) as well.

Theorem 1.1 (Duality formula for the Monge problem). We have the equality

Wi(p,v) = sup {/ u(y) dv(y) — /QU(w) dp(z) cu € Lipl(Rd)}

where Lip;(R?) denotes the set of 1-Lipschitz functions R? — R. Such optimal Lipschitz functions
are called Kantorovich potentials. Moreover, the Kantorovich potential is unique provided that € is a
connected set and that the set {f > 0} \ Q' is a dense subset of .

As a direct consequence of the duality formula, if 7' : Q — R? sends x to v and u € Lip; (R?), we have
the equivalence:

{ T € O1(p,v)

u is a Kantorovich potential for pra.e. w €, u(l'(x)) —u(z) = |T(x) - |
We now introduce the following crucial notion of transport ray:
Definition 1.1 (Transport rays). Let u be a Kantorovich potential and x € Q, y € Q'. Then:

e the open oriented segment (x,y) is called transport ray if u(y) — u(z) = |y — z|;

e the closed oriented segment [x,y| is called maximal transport ray if any point of (z,y) is contained
into at least one transport ray with same orientation as [x,y], and if [x,y] is not strictly included
i any segment with the same property.

Proposition 1.1 (Geometric properties of transport rays). The set of mazimal transport rays does not
depend on the choice of the Kantorovich potential u and only depends on the source and target measures
and v. Moreover:

e any intersection point of two different mazimal transport rays is an endpoint of these both maximal
transport rays;

e the set of the endpoints of all the maximal transport rays is Lebesque-negligible.
These notions allow to prove the existence and to characterize the optimal transports:

Proposition 1.2 (Existence and characterization of optimal transport maps). The solutions of the Monge
problem exist and are not unique; precisely, a map T sending p to v is optimal if and only if:

o for a.e. x € Q, T(x) belongs to the same mazimal transport ray as x;
e the oriented segment [z, T(x)] has the same orientation as this transport ray.

We finish by recalling that, among all maps in O (y, ), there is a special one which has received
much attention so far, and by quickly reviewing its properties.



Proposition 1.3 (The monotone map and a secondary variational problem). If p is absolutely contin-
uwous, there exists a unique transport map T from pu to v such that, for each maximal transport ray S,
T is non-decreasing from the segment S N to the segment SN Q' (meaning that if x,x’ € Q belong to
the same transport ray, then [x,2'] and [T (z),T(x')] have the same orientation). Moreover, T solves the
problem

inf{ 5 |T(x) —z]? du(z) : T € O1(u, l/)} .

Notice that this solution is itself obtained as limit of minimizers of a perturbed variational problem,
namely

it { [ 170) ~ alaute) + = [ (@) = oP duta) s Ty =v

This very transport map is probably one of the most natural in Oy (u, ) and one of the most regular. In
particular, under some assumptions on the densities f, g and their supports 2, ' (convex and disjoint
supports in the plane and continuous and bounded by above and below densities), this transport has also
be shown to be continuous [I7], and [23] gives also some regularity results for the minimizer T, of an
approximated problem where ¢ is replaced with c.(x,y) = y/e2 + |z — y|? (local uniform bounds on the
eigenvalues of the Jacobian matrix 7).

1.2 Tools for optimal transport with gradient penalization

Existence of solutions. We begin by showing the existence of solutions for the penalized problem
with an elementary proof:

Proposition 1.4. Let Q be a bounded open set of R? with Lipschitz boundary. Let u € P(Q) be absolutely
continuous with density f, and v € P(R?) such that the set

{TeH () : Tup=v}

is non-empty. Then for any € > 0, the problem

inf{/Q T (x) —:U|f(:v)dx+5/ﬂ |DT (x)]*dx : T € HY(Q), Typ = 1/} (3)

admits at least one solution.

Proof. We use the direct method of the calculus of variations. Let (7},), be a minimizing sequence; since
this sequence is bounded in H!(Q), it admits, up to a subsequence, a limit T for the strong convergence
in L?(Q); moreover, we also can assume T, (z) — T(x) for a.e. z € €, which also implies that the
convergence holds p-a.e.. This implies that T still satisfies the constraint on the image measure (since,
for a continuous and bounded function ¢, the a.e. convergence provides fQ pol, du — fQ poT du) and is
thus admissible for [B). On the other hand, it is clear that the functional that we are trying to minimize
is lower semi-continuous with respect to the weak convergence in H'(2). This achieves the proof. [l

This existence result can be of course adapted to any functional with form [, L(z,T(z), DT (z)) du(z)
under natural assumptions on the Lagrangian L (continuity with respect to the two first variables, con-
vexity and coercivity with respect to the third one).

Existence of smooth transport maps and Dacorogna-Moser’s result. In the above existence
theorem, the existence of at least one admissible map 7' was an assumption. If the measures are regular
enough, it can be seen as a consequence of the classical regularity results of the optimal transport maps
for the quadratic cost |8, [9, 10, [14]. We recall here another result which provides the existence of a
regular diffeomorphism which sends a given measure onto another one, which will be used several times
in the paper. This result is due to Dacorogna and Moser [I3] (this construction is nowadays regularly
used in optimal transport, starting from the proof by Evans and Gangbo, [15]; it is also an important
tool for the equivalence between different models of transportation, see [29]; notice that the transport
that they consider is in some sense optimal for a sort of congested transport cost, as pointed out years
ago by Brenier in [7]). The version of their result that we will use is the following:



Theorem 1.2. Let U C R? be a bounded open set with C* boundary OU. Let fi, fa be two positive
Lipschitz functions on U such that
/ fi :/ f2
U U

Then there exists a Lipschitz diffeomorphism T : U — U satisfying

det VT'(x) = %, xelU
T(z) ==z, x €U

Moreover, the Lipschitz constant of T is bounded by a constant depending only on U, on the Lipschitz
constants and on the lower bounds of f1 and fo .

Notice that the equation satisfied by T" exactly means (as T is Lipschitz and one-to-one) that it sends
the measures with density f; onto the measure with density fa. The result of the original paper [13|
Theorem 1°] deals with more general assumptions on the density f1 (f € C**3*(U) and the result is
a CF+1a diffeomorphism) but only considered fo = 1. We gave here a formulation better suitable for
our needs, easy to obtain from the original theorem. We do not claim this result to be “sharp”, but it is
sufficient in the case which we are interested in (see paragraph [£.2).

The one-dimensional case. We finish by giving some very partial results about the optimal transport
problem with gradient term on the real line. First, we recall the classical result about the one-dimensional
optimal transportation problem (we refer for instance to [28] for the proof):

Proposition 1.5. Let I be a bounded interval of R and p € P(I) be atom-less and v € P(R). Then there
exists a unique map T : I — R which is non-decreasing and sends p onto v. Moreover, if h is a convex
function R — R, then T solves the minimization problem

inf{/ﬁh(T(m) ) dulz) : Typ = 1/}

with uniqueness provided that h s strictly convex.

Now we state the results concerning the optimality of this monotone map 7" for transport problems
involving derivatives:

Proposition 1.6. Let I be a bounded interval of R. Let p be a finite measure on I with positive density
f, and v a positive measure on R with same mass. Let h be a convex and non-decreasing function R — R.
Then, if f is constant on I (and p is therefore the uniform measure on I), the monotone transport map
from p to v is optimal for the problem

iﬁ{l}ﬂw@mdmm:TemﬂwnJ;uy}

inf 1
The same stays true if f is not constant but satisfies inf / > —
supf — 2
inf
On the other hand, the same is not true for arbitrary f, if - J; is too small. Indeed, define U on
sup

[0,1] as being the triangle function

20 if0<z<
2-20 ifg<u<
and, for o > 0, take f =« on [0, ﬂ U [%, 1] and f =1 elsewhere, thus obtaining a measure po. If Ty is
the unique non-decreasing map sending po onto Uxpq, then

1 1
/ U] < / |T.|>  for a large enough.
0 0

We refer to [26] and [25, Chapter 2| for proofs and details (and notice that this construction has been
used to find counter-examples to the optimality of the monotone transport for other variational problem
in [22]).



1.3 Definitions and basic results of I'-convergence

We finish this preliminary section by the tools of I'-convergence that we will use throughout this paper.
All the details can be found, for instance, in the classical Braides’s book [5]. In that follows, (X,d) is a
metric space.

Definition 1.2. Let (F,),, be a sequence of functions X — R. We say that (F},), I'-converges to F, and
we write Fy, LF if, for any x € X, we have
n

e for any sequence (xy,)n of X converging to x,

liminf F), (x,) > F(x) (T-liminf inequality);

o there exists a sequence (), converging to x and such that

limsup F,,(z,) < F(z) (T-limsup inequality).

This definition is actually equivalent to the following equalities for any x € X:

F(z) = inf {hmiann(zn) DXy — z} = inf {hmsupFn(xn) Py — x}

n

The function z — inf {lim inf Fy(xy) : @ — x} is called T'-liminf of the sequence (F,),, and the other

one its T-limsup. A useful result is the following (which, for instance, implies that a constant sequence
of functions does not I'-converge to itself in general):

Proposition 1.7. The T-liminf and the T-limsup of a sequence of functions (F,,), are both lower semi-
continuous on X.

The main interest of I'-convergence is its consequences in terms of convergence of minimas:

Theorem 1.3. Let (F,), be a sequence of functions X — R and assume that F, L F. Assume moreover
n

that there exists a compact and non-empty subset K of X such that

Vn € N, inf F,, = inf F,
X K

(we say that (Fy,)n is equi-mildly coercive on X ). Then F admits a minimum on X and the sequence
(infx Fy,)n converges to min F. Moreover, if (xn)n is a sequence of X such that

lim F, (x,) = lim(iQf F,)

and if (Ty(n))n 15 a subsequence of (), having a limit x, then F(x) = infx F.

We finish with the following result, which allows to focus on the I'-limsup inequality only on a dense
subset of X under some assumptions:

Proposition 1.8. Let (F,), be a sequence of functionals and F be a functional X — R. Assume that
there exists a dense subset’ Y C X such that:

e for any x € X, there exists a sequence (Tn)n of Y such that x, — x and F(z,) = F(z);
o the I'-limsup inequality holds for any r € Y.

Then it holds for any x belonging to the whole X .



2 Generalities and density of Sobolev transport maps

In that follows, we consider two regular enough domains Q, ' and two measures p € P(Q), v € P(') with
positive and bounded from below densities f, g; we assume moreover that the class of maps T € H'(Q)
sending p onto v is non-empty (for instance, the assumptions of the Dacorogna-Moser’s result are enough).
The functional that we will study is defined, for € > 0, by

J. T|—>/Q|T(x)—x|d,u(ac)+5/Q|DT(ac)|2dx

and we denote by J the corresponding functional when e = 0 (which is thus the classical Monge’s transport
energy); moreover, we extend J., J to the whole L?(Q) by setting J.(T) = J(T) = +oo for a map T
which is not a transport map from u to v.

As usual in transport theory, we consider as a setting for our variational problems the set of transport
plans v which are probabilities on the product space Q x Q' with given marginals (7,)xy = p and
(my)#7y = v and all the I-limits that we consider in that follows are considered with respect to the weak
convergence of plans as probability measures. However, due to our choices of the functionals that we
minimize, most of the transport plan that we consider will be actually induced by transport maps, i.e.
yr = (id X T) g p with Tiepe = v. These maps are valued in €', which is bounded, and are hence bounded.
We could also consider different noions of convergence, in particular based on the pointwise convergence
of these plans, and we will actually do it often. For simplicity, we will use the convergence in L?(€; )
(but, since these functions are bounded, this is equivalent to any other LP convergence with p < 00). As
the following lemma (which will be also technically useful later) shows, this convergence is equivalent to
the weak convergence in the sense of measures of the transport plans:

Lemma 2.1. Assume that Q, ' are compact domains and p is a finite non-negative measure on Q. Let
(Th)n be a sequence of maps Q@ — Q. Assume that there exists a map T such that yr, — vyr in the weak
sense of measures. Then T, — T in L2 (9Q).

Conversely, if T, = T in Li(ﬂ), then we have yr, — vy in the weak sense of measures.

Proof. If yp, — vr and ¢ € Cp(Q) is a vector-valued function, we have
[ @ Tu@an) = [ plw) ydrm @) > [ ela)yduroy) = [ olo) T(@)du(o)
Q QxQ’ QxQ’ Q

which proves that T,, — T weakly in L7 (€2). On the other hand,

[@P @ = [ P = [P = [ 176@F )

thus (1 Tllzz = 170z

and the convergence T,, — T is actually strong.
Conversely, assume that T, — T in L2 () and let (ny); be such that the convergence T, (z) = T'(x)
holds for a.e. z € Q, then for any ¢ € C,(2 x ) we have

/M/ e(z,y) dvr,, (w,y)=/Q<p(x7Tnk(fc))du(w)—>/Q<p(w7T(fc))du(w) =/Q p(z,y) dyr(z,y).

xQ/

QxQ

This proves VT, — VT but, the limit being independent of the subsequence we easily get full convergence
of the whole sequence. [l

Since the set of transport plans between u to v is compact for the weak topology in the set of measures
on Q x ', a consequence of lemma 2.1 is that the equi-coercivity needed in Theorem [[.3] will be satisfied
in all the I'-convergence results that follows. Therefore, we will not focus on it anymore and still will
consider that these results imply the convergence of minima and of minimizers.

2.1 Statements of the zeroth and first order ['-convergences

Zeroth order I'-limit. The first step is to check that J. L, J. Here we must consider that Je is
extended to transport plan by setting 400 on those transport plans which are not of the form v = ~p
for '€ H', and that J is defined as usual as J(v) = [ |z — y| dy for transport plans. This I'-onvergence
actually requires a non-trivial result which states that the set of Sobolev transport maps is a dense subset
of the set of transport maps from p to v. We prove this result in the next paragraph (see theorem 2]
below) for Holder densities and a large class of domains given by the following definition:



Definition 2.1. We call Lipschitz polar domain any open bounded subset €2 having form

Q=<3zeR?: |z —xz0| <7 LT
|z — zo]

for some xg € Q and a Lipschitz function v : S4=1 — (0,4+00). In particular, such a domain §) is
star-shaped with Lipschitz boundary.

Proposition 2.1 (Zeroth order I'-limit). Assume that Q, Q' are both Lipschitz polar domains and that
f, g are both C%® and bounded from below. Then J. L Jase—o0.

Proof. The T-liminf inequality is trivial (we have J. > J by definition, and J is continuous for the weak
convergence of plans), and the I'-limsup inequality is a direct consequence of the Prop. [[8 and of the
density of the set of Sobolev transports for the L2-convergence. [l

First order I'-limit. We state it as follows, with this time a short proof:

Proposition 2.2 (First order I-limit). Assume simply that f, g are bounded from below on Q, Q' and

Je =W
that £ has Lipschitz boundary. Then the functional e 1 I'-converges, when ¢ — 0, to
€

H:T {f” IDT(2)*dx if T € O1(u,v) N H'(Q)

400 otherwise,

where, again, H is extend to plans which are not induced by maps by +o0.

Proof. T-limsup inequality. If T € O1(u,v), then by choosing T. = T for any € we obtain automatically
T.) — T.) —
J(T) =W _ Jo |DT'|? for each e. It remains to show that if T' ¢ Oy (p, v), then we have J(T) =W —
€

+oo for any sequence (7;). converging to T'; but since the map

is continuous for the L?-convergence, we have for such a (7%).
J(T.) — W
lim inf 78( :) !

e €

> 1imainf§ (/Q IT(2) — 2| dpu(z) — Wl)

which is 400 since T is not optimal for the Monge problem.
J(T:) — W,
I'-liminf inequality. We can concentrate on sequence of maps T, with equibounded values for M,
€

which provides a bound on [, [DT.|*. Assuming the liminf to be finite, from

o> l) =W _1 (/ T (2) — | dp(z) — Wl) +/ IDT.|? > / \DT.|?
S 9 Q Q Q

we deduce as above that T must belong to O1(p, ) and, since the last term is lower semi-continuous with
respect to the weak convergence in H'(Q) (which is guaranteed up to subsequences since (Je, (1%, ))x is
bounded) we get the inequality we look for. O

Since the I'-convergence implies the convergence of minima, we then have
inf J. =inf J + einf H + o(e) = Wi + einf H + o(e)

provided that the infimum is finite, which means that there exists at least one transport map T also
belonging to the Sobolev space H!(f2). In the converse case, and under the assumptions of the zeroth
order I'-convergence, we have

inf J. — W,

inf J. — Wy and — Tl 4
€

which means that the lowest order of convergence of inf J. to J is smaller as . The study of a precise
example where this order is | loge| is the object of the section Bl
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What about the selected map ? The first-order I'-convergence and the basic properties of I'-limits
imply that, if 7. minimizes J;, then 7. — T which minimizes the Sobolev norm among the set O1 (u, v/) of
optimal transport maps from p to v. This gives a selection principle, via secondary variational problem
(minimizing something in the class of minimizers), in the same spirit of what we presented for the
monotone transport map along each transport ray. A natural question is to find which is this new “special”
selected map, and whether it can coincide with the monotone one. Thanks to the non-optimality results
of this map for the Sobolev cost on the real line, the answer is that they are in general different. We can
look at the following explicit counter-example (where we have however Oy (u,v) N HY(Q) # 0).

Let us set Q = (0,1)%, ' = (2,3) x (0,1) in R% Let F, G be two probability densities on the real
line, supported in (0,1) and (2, 3) respectively; we now consider the densities defined by

f(z1,22) = F(21) and g(z1,22) = G(x1)

Then, if ¢ is a transport map from F' to G on the real line and T'(z1,22) = (t(x1), 22), it is easy to check
that T sends the density f onto g and if u(z1,22) = 1 we have

|T(z) — z| = |t(x1) — 21| = t(x1) — 21 = w(T (21, 22)) — u(z1, 22)

This proves that T is optimal and u, which is of course 1-Lipschitz, is a Kantorovich potential, so that
the maximal transport rays are exactly the segments [0,3] x {22}, 0 < 22 < 1. As a consequence,

ﬁ(-,l‘g)#F =G

T e O1(pu,v) = T(x1,22) = (t(x1,22),22) with for a0, Ty

In particular, the monotone transport map along the maximal transport rays is « — (t(z1), z2), where ¢
is the non-decreasing transport map from F' to GG on the real line. For this transport map 7', we have

1
|DT(SC)|2dIL':/ t'(21)? day
Q 0

Now, one can choose F', G such that the solution of

mf{/o1 U'(z1)*day U#F:G} (4)

is not attained by the increasing transport map from F, to G. Thus, if ¢ minimizes (@) and f(xl, x9) =
t(x1), we have

1 1
|DT (2)|* da :/ ' (x1)? day </ t'(21)* day :/ |DT (z)|? da
Q 0 0 Q
and T is also an optimal transport map for the Monge problem.

2.2 Proof of the density of Lipschitz transports

In this section, we prove that, under natural assumptions (domains which are diffeomorphics to the unit
ball, Holder and bounded from above and below densities), the transport maps from g to v which are
Lipschitz continuous form a dense subset of the set of transport maps from p to v. Notice that, for
the sake of the applications to the zero-th order I'-convergence of the previous section, we only need the
density of those maps belonging to the Sobolev space H!(f2); also, we needed density in the set of plans,
but since it is well known that transport maps are dense in the set of transport plans, for simplicity we
will prove density in the set of maps. This result, that we need in this paper to study the I'-convergence of
the functional J., could of course be useful for other aims; however, it was, to the best of our knowledge,
not investigated until now.

Theorem 2.1. Assume that Q, € are both Lipschitz polar domains and that f, g are both C*% and
bounded from below. Then the set
{T € Lip(Q) : Typ=v}

is non-empty, and is a dense subset of the set
{T:Q—=Q : Typ=v}

endowed with the norm || - [|12(q)-

11



Notice that, exactly as for the density of transport maps inside the set of transport plans, the best
possible result would be to show the density under the same assumptions guaranteeing the existence of
at least such a map (for the density of maps into plans the assumption is that g must be atomless, which
is the same as for the existence of at least a map T'). Here we are not so far since the already known
results about regularity of some transport maps (by Caffarelli et al. or Dacorogna-Moser) deal with at
least Holder densities. Also, one can see from the proof below that we do not use much more of the
existence of Lipschitz maps. Concerning the assumption on the domains, this is used to send them onto
the unit ball in a Lipschiz-diffeomorphic way (in order to get sufficiently regular measures), as shown in
the following lemma which is used several times:

Lemma 2.2. If U is a Lipschitz polar domain with

U=qzeR: |z —m| <7y Sl
|z — o]

then there exists a map o : U — B(0,1) such that:

e « is a bi-Lipschitz diffeomorphism from U to B(0,1);
e det Do is Lipschitz and bounded from below (thus, det Da~! is also Lipschitz);

e for any x # xg, () )
()|

|z — o]
(We will not use the third property in the proof of Theorem 2] but it will be useful later in section[4.2).

Proof. Up to a translation and a dilation, we can assume g = 0 and v < 1 on S%~!. Now we set

. 1 T
x if |[x] < =y (—)
a(z) = - 2 |z

A(x) 2l otherwise

for a suitable choice of the function A : U — [0,4+00). Assuming that A is Lipschitz, we compute Da on

1 A A
the region {|x| > —7(m/|x|)} Here we have Da =2 @V (ﬂ> + — I thus, in an orthonormal basis

2 v ) "l
whose first vector is e = |x_|,
T
A A A
1210 (ﬂ) 1210, (ﬂ) o (aenﬂ)
|z] ] 7] A
Da=| 0 0 ...0 LA
: ||
0 0 0

- aea= (o (37) + 47 (3

We write A = A(r, ) where r = |z|, which leads to

n—1 n—1
det Dar = (r@T (i) T i) (i) — 0.\ (i)
T T T T

At this time, we see that the following conditions on A allow to conclude:

e )\ is Lipschitz on the domain {w <Jz| < 'y(z/|z|)},

e if we fix e € S%71, then A(-, e) is increasing on the interval [7(26) ) ’7(6):| ;

o (26) = 22 and A0 =

e 0.\ (%)n_l is Lipschitz and is equal to 1 for r = 7(;), which means 0, \ (V(;) , e) =2n1

12



To satisfy these conditions, it is enough to choose for A(-,e) a second-degree polynomial function with

prescribed values at @, ~(e) and prescribed first derivative at @ ([l
Proof of Theorem[21l First, we assume Q = )/ = [—%, %]d but we will also identify (for convolution

purposes, see below) the cube Q with a Torus. We will generalize later to any pair of Lipschitz star-
shaped domains. Thus, let T : Q — Q sending f to g, and let us build a sequence (T},), of Lipschitz

maps such that

T, L*(9)

n—-+oo

T and VneN, (T,)sp=v

Step 1: regularization of the transport plan. We denote by - the transport plan associated to T'; let
us recall that it is defined by

//Q2 o(x,y)dy(z,y) = /S)w(x,T(x))f(x) da

for any continuous and bounded function ¢ on 2xQ’. We use the disintegration of measures (see Theorem

5.3.1in [2]) to write
//Q pdy = /Q </Q w(xvy)d%(y)) du(z)

for a family of measures (7;)zcq on Q. Now we take a family of periodic convolution kernels (p ), we
define, for each x, the measure v¥ on Q by v¥ = pp x 7., where the convolution product is taken in
the distributional sense on the torus ', and set dyg(x,y) = dy¥(y) ® du(x); the fact that (py)x is an
approximate identity guarantees that 5, — v for the weak convergence of measures.

On the other hand, notice that

//Q2 oz, y) dy(z,y) = ///Qd oz, y)pr(y — 2) dvz(2) f(x) dx dy

:/Q(/Q (p(x,y)Pk(y_Z)d'Y(xaz)> dy

= [ amnty - T@)s@ dyds

for any test function ¢. Thus, 7 is absolutely continuous with respect to the Lebesgue measure on Q2
and its density is px(y — T'(x)) f(z). In particular, this density is smooth with respect to y and bounded
from below by a positive constant c;. Moreover, if we denote by v the second marginal of i, then vy
has also a Lipschitz and bounded from below density.

Step 2: construction of a transport map corresponding to the regularized transport plan. The goal of
this step is to build, for each k, a family of regular maps (T,’f) n each sending the first marginal of 7, onto
the second one and such that, for a suitable diagonal extraction, T,’fk — T for the L2-convergence.

We fix k € N and a dyadic number h, and decompose = |J @; into a union of cubes Q;, each with

K3

size-length 2h, via a regular grid. For each i, we set

i = W Qs and Vf - (WQ)#(,WA(QZXQ))

Notice that v, has 4 as first marginal, thus we have also p; = (1) % (7|, x0)); in particular, p; (which
is a measure on the cube @;) and v* (which is a measure on the whole cube ) have both same mass.
Moreover, p; still has f as density and the density of ¥ is

v [ @)~ i

which is smooth and bounded from below by a positive constant. We finish this step by building a map
Ufh 1 Qi — 2 such that

° Ui’fh is Lipschitz continuous;
. Ui’fh(z) =z for € 9Q; (this is allowed since the source @); is included in the target Q);

e UF, sends p; onto vF.

13



Let us notice that the two first points guarantee that the global map defined by T} (x) = UF, ()
(which depends on the radius h and the original integer k) for x € @; will be globally Lipschitz on Q and
the third point implies that 7} sends globally the measure x onto the measure v, = (m2)x7) (which is
equal to the sum of the vF).

Now we explain very brleﬂy the construction of such a Uk . For the sake of simplicity, we give the
details only in the case where @); is not an extremal cube of Q i.e. where 0Q; N 0S) is empty, and claim
that the extreme case can be treated in a similar way.

We denote by ; the center of Q; which has radius h (for the infinite norm in R%), and by &; and &,
the two positive numbers such that

pfz 2 01 <z —2illoo <h}) = p({z : 62 < |z — 2illoc < d1}) = %Vf(Q\Qi)

(such positive numbers exist by the intermediate value theorem since § — (B (x;,d)) is continuous).
Now we consider:

e a first Lipschitz map V; from {z : &1 < ||z — 2i]|oc < h} to Q\ Q;, with (Vi)gp; = 2vF(Q\ Q;) and
such that Vi (z) = z for ||z — ;|| = h;

e asecond Lipschitz map V5 from {z : d; < [[z—;||sc < 61} to Q\Q;, such that (Vo) = 3v5(Q\Q:)
and Va(z) = Vi (z) for ||a — x;|| = dq;
e a third Lipschitz map V3 from {0 : ||z — 2;]|cc < d2} to @y, such that V3(z) = Va(z) on the boundary
and (V3)gu = vf(Qi).
and we set Uz-lfh(:c) = Vi(z) if &1 < ||z — zilloo < h, Va(x) if J2 < ||z — Zi||leo < 01 and Vs(z) if
[l — zi||oc < 2. The constraints on (Vi)zxp, (Va)zu, (V3)zp imply that Ukh defined on the whole Q;
sends globally u|g, onto Vf, and the constraints on the boundary on each domain guarantee that Ul’fh is
Lipschitz on Q;. We construct Vi, Va, V3 using Dacorogna-Moser’s result (a simple adaptation is needed,
since the source and target domains are not the same here, but are diffeomorphic to each other: either
they are both cubes, or they both have the form “large cube minus small cube”).
In particular, v, and YT give both same mass to each @; x €2 which have radius h. Now if u is a
1-Lipschitz function Q x ' — R, we compute

| we ) vy ) = [ utednten) = > / ey — dw)ie)

Since ~; and gl have both the same second marginal on each Q; x €0,

[ty (o) = dutag) =0
Qi x

where, for each i, x; denotes the center of ;. Thus
| uen e - [ e =3 [ () - )i - duwi)
i X

< Z/ o= ail(dry — d) (o)
i X

where in the last inequality we used the fact that u is supposed to be 1-Lipschitz. We deduce

/m u(z,y) dyps (z,y) — /Q2 u(z,y) dye(z,y) < h//m(dyT’,f — dy) < 2h

This inequality holds for any 1-Lipschitz function u : Q2 — R. Thus, if W denotes the classical Wasser-
stein distance (on 2: this is just a technical trick to metrize the weak convergence of plans), we deduce
Wi (’yk,'yT};:) < h for any k. Since we know that v, — v as k — 400, we also have Wi (g, yr) — 0
and if we set h = 1/2]C we have Wy (VT;;WT) — 0. Thanks to the lemma 2], we deduce T,’f — T for the
L2-norm in Q.

Step 3: rearranging T,f. It remains to compose each map T,’f with a transport map Uy from v to

v, which will ensure the obtained map to send p onto v as well. We use the following classical result of
Caffarelli (|[32], Theorem 4.14): if

14



e X, Y are two bounded open sets of R?, uniformly convex and with C? boundary;
o f€C%(X), ge C%(Y) are two probability densities

then the optimal transport map from f to g belongs to C1*(X). The assumption on the source domain
is of course not satisfied here, thus we use the lemma 22 to get a bi-Lipschitz map a : Q — B(0,1) such
that det Do is also Lipschitz. We then denote by

g = axug and U = a0k

where g is the density of v (we know that gj is Lipschitz and bounded from below). The fact that
det D« is Lipschitz and bounded guarantees that g is Holder and g,, is Lipschitz as well.
We know that g, — g in the weak sense of measures, thus g,, — g also, and

Wz@k,y):/ () — 2Fa(z) dz — 0
B(0,1)

where Uy is the optimal transport map from g, to g for the quadratic cost; the Caffarelli’s regularity
result guarantees Uy, to belong to C1*(B(0,1)), and we deduce from the convergence W(gy,g) — 0 that
Ui(x) — x for almost any = € B(0,1). Now if we consider

Tk:a_10UkOaOT,iC

then we can check that Ty — T'in L2(€2), and we have (Tj)4u = v for each k by construction. The proof

is complete in the case Q = Q) = [—%, %}d.

Step 4: generalization to any pair of domains. If , €' are now two star-shaped domains with
Lipschitz boundaries and 7T is a transport maps from u to v, we consider two Lipschitz diffeomorphisms
ap : Q= [0,1]%, az : © — [0,1]¢ as in the Lemma The regularity of det Doy, det Das guarantees
that the image measures (a1)xp, (a2)xv have both C%* regularity, thus we are able to find a sequence
(Ug)x of transport maps from (aq)gp to (ag)4v converging for the L2([0, 1]4)-norm to (ag) o T o (o)~ F,

and it is now easy to check that T} = (ag)_l o Ui, oy sends p to v and converges to T' as well O

3 An example of approximation of order ¢|loge|

As we said in the above section, the convergence 2= ;Wl — H allows to know the behavior of inf .J. and
of any family (7¢). of minimizers in the case where inf H < +oo. This paragraph is devoted to the study
of an example where this assumption fails (i.e. where any optimal transport map for the Monge problem
is not Sobolev).

3.1 Notations and first remarks

In the rest of this paper, we set d = 2 and we will denote by (r, #) the usual system of polar coordinates
in R?. Our source and target domains will be respectively

and Q':{x:(r,e):R1(9)<T<R2(9),0<9<g}
where Ry, Rs are two Lipschitz functions [0, %] — (0,400) with inf Ry > 1 and inf Ry > sup R;. We
also suppose R; to be such that R} is a function of bounded variation Notice that we can choose Ry, R
such that the target domain ' is convex (for instance if the curves r = Ry(0), r = R2(f) are actually

two lines in the quarter plane). We assume that f and g are two Lipschitz densities on 2, €', bounded
from above and below by positive constants, with the following hypothesis:

Vo € (0, g) , /1 f(r,0)rdr = /RZ(O)g(r, 0) rdr (5)
0

R1(9)

which means that, for any 6, the mass (with respect to f) of the segment joining the origin to the
boundary of  and with angle 6 is equal to the mass (with respect to g) of the segment with same angle
joining the “above” and “below” boundaries of Q' (i.e. the curves r = R1(#) and r = Ra(6)).

Then the structure of the optimal maps for the Monge cost is given by the following:
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Proposition 3.1. Under these assumptions on Q, ', f, g, the Euclidean norm is a Kantorovich potential
and the mazimal transport rays are the segments joining 0 to (R2(0),0). Consequently,

Tyf=g
and T(z) = p(x)—

TeO(p,v) <— z
||

for some function ¢ € Q — (inf Ry, +00).

Proof. For 6 € (0, %), we denote by ¢(-, 8) a one-dimensional transport map from the measure r — rf(r, 6)
to the measure r +— rg(r,0) (such a transport map exists since these two measures have same mass thanks
to the equality (@)). It is then easy to check that the map

T:z=(r0)e— t(r,@)ﬁ
x
is a transport map from f to g, and if we set u = |- |, u is of course 1-Lipschitz and
x x x
u(T'(z)) —u(z) = t(?‘ﬁ)m —lz| = ([t (r, 6’)|—|90|)m = |(¢(r,0) — |90|)m =|T(z)—x|  forany z € Q.
We deduce that that « = | - | is a Kantorovich potential. Consequently, a segment [z, y] is a transport
ray if and only if
u(y) —ul@) =ly—af de |y—z[=]yl - |z

Thus, we have y = Az for a positive . In particular, y and x belong to the same line passing through the
origin. In other words, the transport rays are included in the lines passing through the origin. Moreover,
a transport map T belongs to O1(u,v) if and only if, for a.e. z € Q, |T(z) — z| = |T(z)| — |#| which
again means that T'(z) = gp(z)i for some positive function ¢. O

]

Corollary 3.1. Under the above assumptions on 2, ', p, v, we have O1(u,v) N HY(Q) =0

Proof. Let T € O;1(u,v). By Prop. Bl we have T'(x) = o(r, 9)% for x = (r,6), where ¢ is a real-valued
x

function; the fact that T sends p onto v implies T'(x) € € for any z, thus ¢ is bounded from below on
Q by the lower bound of R;. We now compute the Jacobian matrix of 7. Denoting by z* the image of

x by the rotation with angle 7/2, we have in the basis ( 2 T ):

Jz[ Ta]

z o) Orp 0
' '

1,z 2 1
2 0 d
thus / |DT ()| da > / / W%rd@dr > / T (inf Ry)? L et O
Q o Jo r 0o 2 r

3.2 Heuristics

In this paragraph, we give a preliminary example of analysis of the behavior of J.(7T.) when ¢ — 0 and
T. approaches an optimal map T for the Monge problem; this will not lead directly to a rigorous proof

of the general result, but gives an idea of which quantities will appear.
Assume that T € Oy (u, v) with T'(z) = ¢(r, 9)%, and let us build an approximation (7). defined by
x

T.(2) :{ S(z) ifzeQs

T(x) otherwise

where § will be fixed (depending on €), Q5 = B(0,8) NQ and S will be build to send (f - £%)|q, onto the
same image measure that the original 7" has on 5. Notice that S depends indeed both on § and on &,
but we omit this dependance. In this case, we have

J(T:) — Wy :/Q|T€(z)fx|f(:c)d:c—W1+/Q |DS|2+/Q |DT)?

Qs
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Since T is optimal for the Monge problem and coincides with T, outside of 25, we have
[ @) = als@)de = Wi = [ (7.0) =l = [7@) =al) f@)do = [ (S(a) ol = T(@) =) f(0) da
3

We now claim that

[ 1@ - slf@ o= | (5@ s do
Qs Qs

Indeed, we still have the equality |T'(x) — z| = |T'(x)| — |z|, and the image measures of (f - £L%)|q, by T
and S are the same. As a consequence,

[ 170) = alp(@)de = Wa = [ (S(2) = 2] - S(@)] + [ol)f(0) dz
Q Qs
and, by the triangle inequality, |S(x) — z| — |S(z)| + |z| < |(S(x) —z) — S(x)| + |z| < 2|x| so that

3
/|Tg(x)—x|f(ac)dx—W1§/ 2|x|dx<2/ / 2 drd6’<i
Q Qs

In order to estimate the norm of the Jacobian matrix DT outside of €25, we recall that, in the
x L
basis (— )
] Ja]
0
Doy ¥
r
0)?

+ 39@(7" 0)?

+ rorp(r, 9)2) dfdr

so that / |DT(x |2dz*/ / <
Q\Qs

Now we note that, for 8 € (0,7/2), the one-dimensional map ¢(+,0) sends the density rf(-,8) onto the
density rg(r,0). The first density is bounded from above (but vanishes around r = 0), and the second
one from below (also from above). Thus, one can assume that 9,¢(-,6) is bounded (by the way, if T is
the monotone map along the transport rays, we also have d,¢(r,0) — 0 as r — 0), so that

EY
/ / GT@(T,H)QrdeG <C
o Js

where C is a constant independent of 4. On the other hand,

1 s 2 2 1 -
2 (p?‘,@) +69(P r,0 dr
/5 /O ( : 0 4gar — 5 o (ry )3 0.m/2)

In this last integral, we make the change of variable r = §*, which gives

// o(r,0)? +30<P(7" 0)* dgdr—|1og5|/ 10(8°, )IE (0,7 2) At

We moreover assume that || (8%, )| |31 9.z /o) = [1€(0,)[[F1 (g r/2) @8 & — 0. This leads to

2 9 5
: /Q\Qa DT e,ﬁo"s' 10g 6[[[(0, [z (0, /2) + O(0” +¢)

It remains to estimate the L?-norm of the Jacobian matrix of S on Q5. We recall that S has to be
built so that T;, defined on the whole 2, is still a transport map from p to v with finite Sobolev norm;
thus, the map S, defined on s, must send Qs onto its original image S(£25) in a regular way and keep
the constraint on the image measures:

Sy (plas) = Ty (plas)
Moreover, the regularity of the global map 7. implies a compatibility condition at the boundary:

S(x) =T(x) for || =¢
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Thanks to the Dacorogna-Moser’s result, we are indeed able to build such a map S. Yet, the diameter of
Qs is v/20; on the other hand, T'(€25) contains the whole curve 8 + (0, §), so that its diameter is bounded
from below by a positive constant independent of §. Thus, the best estimate that one can expect is

C
Li < =
1pS_6

For a reasonable transport map 7', one can show that such a map S can be found with moreover S(z) =
T(z) for |x| = & (see the paragraph below). In this case, the global map 7. still sends p to v and

we have
o\ 2
ot (5) <o
Qs Qs 6

Jo(T2) — Wi = ¢|10g 8]||(0, )| 1 (0,2 /2) + O(° + €)

Finally,

3

If we choose § = /3, we obtain

1
Je(T:) = Wi + €| 10g€|§||<P(0, N 0,n/2) + O(e)

In particular:
e the first order of convergence of J.(T.) to W is not anymore ¢, but ¢|loge|;

e the first significative term only involves the behavior of ¢ around 0, which is the crossing point of
all the transport rays (and also the singularity point of the measure restricted to any transport ray,
since it vanishes at 0). This suggests that 7. — T, where T at r = 0 minimizes ||p(r, )|z -

3.3 Main result and consequences

The analysis in the above paragraph suggests to introduce the minimal value of [[¢(0, -)|| 1 (0,x/2) among
the functions ¢ such that

x
2 plr, )
||
x
is a transport map from p to v. In particular, for such a ¢ and for any x € Q, the point (r, Q)H still
x

belongs to the target domain €)'; thus, its value at » = 0 verifies
for a.e. 6 € (0,7/2), Ri1(0) < ¢(0,0) < R2(0)

We will thus set

K = min { / @0+ 00 pe (0,2, Ra(0) < () < R2<9>}

and, following the ideas of the last sub-section,
1 K
F.:Tw— B <J€(T) - Wh - §€| log5|>

Notice here that the assumption inf Ry > sup Ry allows to remove the constraint ¢(8) < Ry(#) in
the minimization problem defining K (indeed, if ¢ > Ry on a subset of (0,7/2), one can replace it with
min(¢p, inf R) on this subset and this will decrease its Sobolev norm): in other words, we have

0

K = min {/2(@(9)2 +(0)2)d0 : e HY (o, g) , Ri(0) < w(e)}

The main result of this paper is the following:

18



Theorem 3.1. Let us denote by
G: pE H1(07W/2) = ||<10||§{1(0,7r/2) -K
and
too T ¢ Ouluv)

F(T) = 1 r 1 x
| Gt T+ [loeroliarar T € 0w T@) = e(r0)

||

1. For any family of maps (T:)e such that (F-(T:))c is bounded, there exists a sequence e, — 0 and a
map T such that T., — T in L?(£2).

2. There exists a constant C, depending only on the domains 2, Q' and of the measures [, g, so that,
for any family of maps (Tt)eso with T. — T as ¢ — 0 in L?(2), we have

liminf F.(T.) > F(T) - C

e—0

3. Moreover, there exists at least one family (T:)eso such that (F:(T:))e is indeed bounded.

Notice that we have not stated here a true I'-convergence result, but we only provide an estimate on
the I'-liminf, and the existence of a sequence with equibounded energy. We conjecture indeed that the
I-limit of the sequence F. is of the form F — C' for a suitable constant C' depending on the shape of
Q' and f(0) (again, the main important region is that around z = 0 in ©, which must be sent on the
curve ®); precisely, the constant C' that we expect is

C= lim (inf{)\3f(0)/Q (|y|_y.M) dy—l—/Q|DS(y)|2dy—Klog)\ : szﬂl—m'})

A—rto0 [S(y)]

with may be some additional constraint in the minimization problem for each A (see below a justification
at the end of the paragraph [.1]).

However, we do not prove it here and we only use the estimate that we are really able to prove to get
some consequences on the minima and the minimizers of F..

Consequences on the minimal value of J.. If we apply the Theorem Bl to a sequence (T;). where
each T, minimizes J. (which is equivalent with minimizing F.), we obtain that the sequence (F.(7%)). is
bounded and

K
inf J. = F.(T:) = Wy (1, v) + §€| loge| + O(e)

which is both the order in ¢ and the constant K which appeared at the end of the above paragraph.
Notice that a full knowledge of the I-limit would allow to compute the constant in the term O(e).

Consequences on the behavior of (7.).. We first note the following:

Lemma 3.1. The problem which defines the constant K, namely

inf { / 02+ 00 o e (0,7, Ral0) < () < R2<9>} , (6)
0
admits a unique minimizer ®. Moreover, if ¢ € H(0,7/2) verifies Ry < ¢, then
G(p) = llp — @[7p

Proof. Let us denote by C the set of functions ¢ € H'(0,7/2) verifying the constraint R; < ¢ on (0,7/2).
Notice that C is a convex closed subset of H'(0,7/2), so that (@) admits as well a unique minimizer ®,
which is the orthogonal projection of 0 onto C in the Hilbert space H'(0,7/2). This implies

V@EC,(‘I),QD—(I)>ZO (7)
If now ¢ € C, then
G(p) = lle = @l[in =llellin — 1@lFn —llo = @llFn =2(2, ¢ — @)

which is non-negative thanks to the inequality (7). [l
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As a consequence, we obtain:

T

Proposition 3.2. Let T € O1(p,v), T(x) = o(r,0) such that F(T) < +oo. Then r — o(r,-) is

|z’
continous from [0,1] to L*(0,7/2), and we have p(0,-) = ®.

This, combined with Theorem Bl implies that that if (7;). has an equi-bounded energy (meaning
that F.(T:) is uniformly bounded in ¢), then it has, up to a subsequence, a limit T' = o(r, 9)‘7””‘ where

©(r,0) is continuous with respect to r and has ®(f) as limit as » — 0. In other words, T" sends 0 onto
the curve r = ®(6) which has the best H!-norm among the curves with values in the target domain ',
This is in particular true if each 7. minimizes J; (thus F.).

Proof of Prop.[3.2. The assumption on 7' implies that the integrals

1 1
/0||arso<r,->||%z<o,w/2>rdr and /O||arso<r,->||%z<o,ﬂ/g>rdr

are both controlled by some finite constant A. Now we have for 6 € (0,7/2):

T2 T2 1/2 T2 1/2
1.0 = o200 = [ onptroyar < ([ optnoprar)  ([7F)

7_‘_/2 T2 "2 d?"
thus / lo(r1,0) — p(re,0))% dO < (/ |0 (7, -)H%Z(O,ﬂ'/Q) Tdr) (/ 7)
0 1 "

,
so that — [|o(r1,-) — @(ra, )[72(0.x/2)d0 < Alog f (8)

This proves the continuity of r — ¢(r, -).
On the other hand, thanks to the Lemma [B], we have

1 dr 1 9 dr
A> | Gle(r,)— = [ llelr,) = @ll7200,7/2—
0 r 0 r

t

By setting r = e™", we obtain

+oo
Az/ (e, ) — @[22 dt
0

But, for t; < t3 € (0,+00), we have

2

llpe™, ) = @72 — [lp(e",) = @[[72] = [{p(e™™,) —p(e™","), ®) 2]
<llple™,) —ple™™=, )l ]|2]]
—ts
< AlOg i A(tg — tl)

where the last inequality comes from (B). Thus, the function ¢ — ||¢(e™*, -)—®||2, is Lipschitz and belongs
to L1(0,+00). This implies that it vanishes at 400, so that ¢(r,-) — ® in L*(0,7/2) as r — 0. O

4 Proof of Theorem [3.1]

4.1 TI'-liminf estimate

Let (T)c be a family of maps and let us begin by writing precisely the expression of F.(T;) for any ¢ > 0
and any transport map T.. We have

1 K
F.(T.) = - (/ |Te(x) — x| f(x) de — W1> +/ | DT (x)]* do — §|log5|
Q Q
We set § = £1/3 and notice that

K 'd
§|log5|:K|log6|:K/ &
s T
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We decompose T into radial and tangential components:

Tu(e) = oo (r.0) 5 4 ()
)= r,0)— r,0)—
£ 808 9 |$| g Y |.’L'|
and compute
1 1
DT, = % @ V. (x) + 22 (Id LA i) + 2 o V() + L@ (R I e i)
|| || 2| || || || lz|  |a]

where R denotes the rotation with angle 7/2 and we still set 2 = Rx. Thus, the matrix of DT in the

1
basis (i,i > is
2| ||

aT(pE a”‘wt’:‘
DT (.T) - Ogpe — Ve e + Opie
r T
so that 5 , ) ,
DT = 0,62 + 0,02 + (202 ;ws) 1 e +T2‘”/’5>
We obtain
L 1 dr
LDl = [ DT+ [0t + N0yt [ 1owoe = el + llpe+ o)
) 2s

On the other hand, we already know that

[ 170) = sl (@) dz = W = [ (1To(0) = o] = [T2(a)| + e f o) da
Q Q

Finally, the complete expression of F. is the following:

RUT) = 2 [ (Ta) =] = IT.@)| + e f(@)do+ [ |DT.P

€ ;s
' 2 2 dr ' 2 2
+/6 (1B e = ve)(r, )z + [|(pe + Fptpe) (1, )2 — K) — +/6 (10rpe(r, |72 + [10rtel[f2) 7 dr
/2
thus, if we denote by H(p,v) = / (' (0) —(0))? + (p(0) +(0))* A0 for ¢, € H'(0,7/2), we have
0
1
FAT) = 1 [ (2.0) = ol = [T2(a)| + o) f(@)do+ [ TP
Q Q
! adr ! 9 9
+ [ #0000 = K) T+ [0 + 0 B rar 9
The following lemma collects some properties of the function H.
Lemma 4.1. We recall that
H: (p,9) € HY0,7/2) x H'(0,7/2) = ||¢" = ¥|[72 + |l¢ + /][]
for o, € HY(0,7/2). Then:
o The function H is lower semi-continuous with respect to the strong L?-convergence.

o Assume that (p,v) satisfies, for any 0,
p(0)2(0) +¥(0)2*(0) € O
where £(0) = (cos0,sind). We denote by p(6) = max(p(0), R1(0)). Then we have the inequality

1 2/3
H(p, %) 2 K + 5116 = @Il — BIIY|[Fa(.0/0) (10)

for some positive constant B which only depends on .
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Proof. Step 1: the semi-continuity of H. We take a sequence (¢, 1), converging to some (@, 1) for the
L%-norm. Up to subsequences, we can assume that

liminf H(p,,¥,) = lim H(p,,¥y)

n—-+o0o n—-+o0o

and we also assume that (H(¢n, %)), is bounded. Now we remark that
H(pn,n) = [1¢h = ¥allz2 + llen +¥0lIZ2 = (1@hllze = [[¥nllz2)® + (1€hllz2 — llenllZ2)

thus  |lhll2 < VH(pn, ¢n) + [1gnlle2 and  [[¢yllee < VH(Pn, ) +l@nllz2

We deduce that (©n)n, (¢n)n are bounded in H'(0,7/2) so that the convergence (©,,1,) — (¢,v)
actually holds, up to a subsequence, weakly in H*(0,7/2). Now the convexity of (¢, ¢, 1,9") = (¢ —
)2+ (p+10")? implies that H is lower semi-continuous with respect to the weak convergence in H(0, 7/2),
which allows to conclude.

Now we pass to the proof of the inequality ([I0). We begin by a kind of “sub-lemma” which will be
useful several times in the proof.

Step 2: preliminary estimates. We recall that ¢ = max(Ry,¢) and denote by h = ¢ — ¢ > 0. Now
we claim that:

e for any ¢ € (0,7/2), we have the inequality
0 < h(t) < Bilp(t)| (11)
for some constant By depending only on €.

e we have the inequality
[(#, ) 1| < Bal|h|| (12)

for some constant By depending only on €;
e the above both inequalities lead to the estimate
lelltn = K+ 18 — 2|3 — Bsll¥llo (13)
for some constant Bz depending only on €.
First, we remark that the constraint ()2 (0) + 1(0)2+(0) € ' implies
Ri(0)? < 0(0)? +v(0)® < Ra(0')?>  where 6 = 0 + arcsin ————t—
207 + 0(0)?

Thus, we have
h(0) = Ri(0) — o(0)
=R (0) — Ri(0') + Ra(0") — 0(0)
< (Lip R1)|0 = 0| + \/*(0) + ¥*(0) — ¢(0)

< (Lip Ry) arcsin W((?,') + [(0)]

Ry
m Lip Ry
< (=
< (32 1) w0

LipR
which is ([l with B; = g iIﬁ’)Rll

Second, we recall that h = (R; — )™, thus ¢ +h = R; on any point where h # 0. This leads to

/2 /2

0 0

/2 /2 ) /2
/ (o +h)'h / RiW| = |[Ryh]5" - / R/h
0 0 0

We get (I2) with By = (g sup Ry +2Lip Ry + ||R/1I||L1)-

™
< 2 sup o)l o

ond _ _ < (2sup B + || R[] Hl]oe
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Third, we write
lellzn = 1817 + (Rl +2(2, k) (14)

Since ¢ > Ry on (0,7/2) and thanks to the Lemma B3] we have ||¢|[3, > ||¢ — ®||3, + K. On the other
hand, by using (1) and ([I2]), we have

(6, h) = =Bs||hl[oc > —B1Ba|[1)]|os
We insert into (4] and skip ||||%, since it is nonnegative to get
lollf = K + 1§ = @7 — 2B1Bs|[¢] |

thus (3) holds with Bs — 2B, Bs.
Step 3: the inequality (IQ) holds if ||¢'||L2 is large enough. We start from

/2 /2 /2
He) =gl + 0l +2 [ ow =2 [ o = gl +1lollz =4 [ v’ — 2wl
0 0 0
First, the condition on (¢, 1)) implies that ||¢||co, ||t]|cc < sup Rz so that

lev]s/?| < 2(sup Ry)?

77/2 !/ ™ / T !/
[ 08| < il 312 s < 5w R [F 16
0

s
H(p.) 2 gl + Wil — 450 Ry 1lz2 — 4(oup o)

On the other hand,

This leads to

1
> Sllel + (3112 — 4sup R 3111 — 46 o)

By using ([I3)), we obtain
1 s
H(p.9) 2 30+ 13— 0l — Balloloe)+ (3112 — 4sup Ry [ 162 — atsup R)?)
and, since || < /2 + 12 < Ry, we have

B
H(p.0) 2 36 + 5= 0ll) + (311 — 5w Ray 1 — (4660w R + L up 2 )

K
The announced estimate (I0) holds provided that the term in brackets is greater that > which is true
provided that ||¢’||L2 > By where By is the largest root of the polynom

B K
— 4sup Rg\/7X ( supRg) +73SHPR2+E)

and By only depends of €.
Step 4: case ||¢'||2 < Bs. In this case, we still have

/2
Hp, ) = Il 2 + [[0] 20 — 4 / o' — 2oyl

' /2 . e , e
with | [ | < Il G < |G Ballvle

/2
and  [[pv]5"%] < 2/[¢llsoll¥]]oe < 25up Ral[t)|oo

This leads to
™
1o 2 il + 10l — (/3 Be+ 20 B ) ol
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> K +|¢ = @l + 1917 — Bsllvlls
where we have again used ([3)) and set Bs = (\/§B4 + 2sup Rg) + B3, which only depends on .

It now remains to estimate |[¢||3, — Bs|[¢)||s from below with *”7/’”%/23 The condition on (¢, )
implies that ¢(0) > 0 and ¥(7/2) < 0, so that there exists to such that ¢ (t9) = 0. We then have

t d t
0= [ S0 = [ 200 <oullallln tus (6]l < VoV TR

We use the Young inequality

P b/e)d 1 1
P U U0 L S S
p q p q
with p=4, ¢ =4/3, a = /||¢V'||z2 and b = /||¢||L2, to get
V2et 112 3v2 2/3
1¥llee < —— 11122 + Il
We deduce
V2Bse* 3V2Bs,, 12/3
1B = Bs 1o > (1 - e — S
2Bset
By choosing ¢ such that \/_455 =1, we obtain
2/3
161137 = Bslllloo > ~BllwlI75
3v2B
where B = % only depends on €’ and K. This achieves the proof. O
€

We also will need the following estimate on the first term of the expression ().

Lemma 4.2. Let T be a transport map from p to v. We write

T x L

T(x) = p(x)— +¥(r)—

|| ||

Then, for a.e. x,
T (2) — 2| = |T(2)] + |2 > Alz[*(z) (15)

for some constant A which only depends on .

Proof. We compute:
| T(@) —=* — T (2)
T (z) — z[ +[T(z)|

We have |T'(x) — z|? = (o(z) — |z|)? + ¢ (x)? and |T|* = ¢? + 1?2, so that

T(x) — 2| = [T(x)| + || = + ||

|z]* — 2]zlp(z)
T(x) — x| + [T ()|

|z + [T (x) — 2| +|T(2)| = 2¢(x)

IT(x) — x| — |T(x)| + |z = T(x) — x| + [T (x)|

+ [a| = ||

We remark that

IT(x) = 2| = @(2) + |2] = V/(p(2) = |2])? + ¥(2)? = (p(z) = |2]) > 0

= |T@)| + J2] = o] L@ =) T (@) — p(x)?
thus 1) =l =L@+l 2 My = r @) = M T =l + r@D (T @] + @)

Since z € Q and T'(z) € €, we have
|T(x) — x| + |T(z)] < 2|T(x)] + || <2supRg + 1

and |T(x)] + ¢(x) <2|T(x)| < 2sup Ry
1
(2sup R + 1)(2sup Rs)
O

On the other hand, |T'(z)|> — ¢(x)? = 1(x)?. This leads to the result with A =
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The estimate (15 leads to

J(70) = ol = 1@)] + al) fa)do = Aint £ [ [t |
Q 0

and the estimate (I0) to

1 dT 1 2/3 ~ 2 dT
[ o0y = 5 2 [ (=Bl + 5180 - 1B )

where we again have set . = max(R1, ¢:). By inserting into (@), we have

A inf dr
R = 20 [l ar = B [ et 5

+3 | W00 = K+ Bl /H&% Yiardr (16)

1

Let us denote by X, = —/ |[¢be (r, )||327% dr. By the Holder inequality applied with respect to the
€Jo

measure with density 1/r on (§,1), we have

dr 1 1 dr L1 ar 3/4
[ et = [ 2 < ([t ) ([ 55
! dr 1 dr 3/ 1 3
. 2 347" i
with /5 l[eelzr oS eX. and /5 A3 s 4 <54/3 1> < 55173

which leads to
1 3/4
[ et & < (e ( ) _ (3
s ro 264/3 22

since § = £!/3. We insert into (I6) to obtain

1/3

F.(T.) > (Ainf f)X. — B' X}/

[ )00 = K + Bl S+ [ lowgatrlfarar ()
§ 6

where B’ = ,/%B.
Let us assume that (F-(7;)). is bounded by a positive constant M. This implies that (X;). is bounded

by some constant M’ (otherwise the term (Ainf f)X, — B’ 13
is positive), thus

would tend to +o00, and the other term

1
/ [1e (r, )l[72r? dr < M'e
0
and 1. — 0 a.e. on . Since (X.). and (F¢(T:)). are bounded, (I7) provides
1 23, , 1
| et 000 = K + Bl )+ [ 10l rar < 07

for some constant M which does not depend on e. We now use the estimate (I0) to get

1 1 _ d7" 1
—/H%fﬂﬁr—+/H&%WN@TWSM”
2 /s T s

We thus have a L -loc bound 9,¢. and on 9y, but since $(r,0) = max(R; (), ¢(r,0)), the bound on

Orp implies a bound on 9,@.. Thus, the family ($.). is bounded in H} () and there exists ¢ — 0
and @ such that g, — @ a.e. on Q. But we recall that the estimation (1) still holds and provides

|50€k - 6€k| < Bl|"/’€| —0
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which leads ¢., — @ a.e. on Q. If we set now T'(z) = g5|$—|, we have proved that T;, — T a.e. on .
T

This convergence also holds in L? (Q) since |T.| < sup Ry for any €. This proves the first statement of the
Theorem [B.11

Assume now that (7%). is a family of transport maps converging to some T for the L?-norm on Q.
We deduce from (7)) that, if we set C' = — )i{n>fO(A inf X3 — B’X), which only depends on ', we have

EU&Z—C+A(W%WAWHWM—K+BMHh)w /H&% s rdr

Assuming that (F.(T%)). is bounded, the above computations give a H'-loc bound for (p.), thus

1 1
hnnn{/ Haﬁk@fn@2rdrzu/ 18ro(r, )] 2
e—0 5 0

since this functional is lower semi-continuous for the weak convergence in H*(£2). On the other hand,
the estimate (I]) shows also that

H(pe(r, ), ve(r,)) — K + Bllwe(r, )35 >

for any ¢ and r, thus we can apply the Fatou lemma since the semi-continuity of H provides

lim inf (H (0. (r, ), e (r,-) = K + Blloe(r,)[[75°) = Glo(r, )

k——+oo

for a.e. 7 € (0,1). Thus

e—0

1 1
d
liminf > —-C +/ G(p(r,")) TT —|—/ ||0y0(r, |22 7 dr
0 0
as announced.

Remark. If we choose to set & = A\e!/3, where \ is to be fixed (and possibly sent to 0 or oo, or taken
depending on ¢), the precise expression (@) becomes

zumzééunmfﬂwﬂm+mmmM+/uw|mex

1
+—/ﬁ (Te(@) — 2| — |T(2)| + |2) f(z) dz — B /|ws N3 rar
€ Ja\Qs

+A(W%WJWHWD—K+BMH MDY+ [ospetrNzrar (19

By using the above estimates (I0) and (&), we get that the second line is this time bounded from below by

Al )X - 2y

which is itself bounded from below by —C) = inf{A(inf /)X — %Xl/g}, which goes to 0 as A — +o0.
Thus, these terms disappear if we allow A — 400. Let us now compute the first line of (I8]):

1 2
- /Qé(|T€(z) — x| —|T(x)| + |z|) f(x) de + /Qs |DT.|* — K log A
-2 | (Ue(w) — byl - IUa(y)I+|5y|)f(5y)dy+/Q|DUsl2—KlogA

where we have set = dy and U, (y) = T-(dy). Now we use the following expansion

|Ue(y) — 0yl — [Uc(y)| =6 (Iyl -y gf;” + 0(6?)
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and recall that 6 = X\e'/3, to get

52
T [ 10 = 891~ U]+ 181 F @) -+ [ IDULP ~ Ko

_ 3 o Ue(y) 2 4.4/3
—/Q)\ <|y| Y |U5(y)|>f(6y)dy+/Q|DU8| Klog)\—i-o()\a )

We can bound this term from below (up to the rest with order A\*c'/3, that we can make going to 0 with
a good choice of A, and another rest taking account of f(dy) — f(0)) with

C’Ainf{f(())/gﬁ <|y|y- éﬁi;l) dy+/Q|DU|2Klog)\}

where the constraint on U has to be precised. For a good choice of A\, as ¢ — 0, we skip the first constant
—C and get, since the third line of (I8]) is lower semi-continuous,

liminf F. > F(T) — lim C}

e—0 A—+o0

which corresponds to the result that we conjectured in order to make more precise the Theorem [B.11

4.2 Construction of family of transport maps with equi-bounded energy

The last point of the proof of Theorem Bl consists in building a family of maps (7). such that (F.(7%))

is as well bounded. The sketch of the proof is the following: we start from a transport map T = ¢ ﬁ

x
with ¢(0,-) = @ (that we call “the original T” in the following), assume that ¢ is regular except around
the origin, and modify T only on €.

Step 1: construction of the original transport map. We set T'(z) = ¢(r, 9)%, where ¢ is built
x
as follows:

e ©(0,60) = ®(0), and ©(-,0) is increasing and sends the one-dimensional measure pp (the starting
measure p concentrated on the transport ray with angle 0) onto vy /2 (where vy is the target measure
on the same transport ray), until the radius p; such that ¢(p1,0) = R2(0);

e starting from this radius p1, ¢(-,0) is decreasing with the same source and target measure, until
the radius po such that, again, p(pe,8) = ®(6). Therefore, on the interval (p1, p2), ©(-, 0) sends ug
onto Vol (a(6),ro(6))}

e on the last interval (if it is non-empty, which corresponds to ®(0) > R;(0)), ¢ is still decreasing
and sends j1g onto vpl(r, (6),5(0)

Precisely, we fix # and the expressions of g, vy are
dpg(r) =rf(r,0)dr and dvg(r) = rg(r,0)dr

which have both same mass on (0,1) and (R;(6), R2(6)) respectively. Now we define successively p;(6)

and p2(6) by
p1(0) R2(0) 1 p2(0) R2(6) |
/ dupg = / —dvy and / dupg = / —dvy
0 ®(0) 2 p1(0) ®(0) 2

which are proper definitions thanks to the intermediate value theorem, and imply

1 a(0)
/ dpe = / dvg
p2(0) 0

Thus, we have the equality between masses:

1

1o(0,p1(0)) = pe(p1(9), p2(0)) = 5v6(2(0),1) and  pe(p2(0), 1) = v(0, 2(0))

and the measures pg, vy are absolutely continuous on these intervals. We now define the function ¢(-, 6)
as being:
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e on the interval (0, p1(6)), the unique increasing map (0, p1(6) — (®(0), 1) sending pg onto 1vp;

e on the interval (p1(0), p2(#)), the unique decreasing map (p1(0), p2(6)) — (®(0), 1) sending up onto

1.,
5V0;

e on the interval (p2(6),1) (if this interval is not empty), the unique decreasing map (p2(0),1) —
(0, ®(0)) sending pg to vy

It is easy to check that (-, ), defined on the whole (0, 1), sends globally pg onto vy. As a consequence,
the two-dimensional valued function

T:z=(r0) EQH@(T,@)% e

is a transport map from pu to v.

Step 2: estimates on ¢ around the origin. As above, we set § = ¢!/3 and we aim to modify T only
on Qs = QN B(0,6). In order to obtain as well a transport map from p to v, we have to guarantee that
the new map S sends the domain Qs on its image T'(€s), with the constraint of image measure. For this,
the following estimates on the original transport 7" will be useful:

Proposition 4.1. The above function ¢ has Lipschitz reqularity on (0,1) x (0,7/2). Moreover, there
exists some positive constants ¢, C' depending only on ', f, g such that

cr? < o(r,0) — ®(0) < Cr? (19)
for any r small enough and 6 € (0,7/2), and
Lip(p(r,) — @) < Cr? (20)
for any r € (0,1).

Proof. The Lipschitz regularity of ¢ is actually a consequence of its definition and of the inverse function
theorem. First, let us recall that py(6) is defined by

F(p1(6).6) = 5(G(Ba(0).6) ~ G(2(0),0))

_ R R ~ R R
where F(R,0) = / dpe = / rf(r,0)dr and G(R,0) = / dvg = / rg(r,0) dr
0 0

R1(0) R1(6)

Notice that we have necessary p1(0) > dg > 0, where g verifies, for instance,

/ du = / dv
B(0,60)NQ sup R1 <r<inf Ry

(such a & exists since & — p(B(0,8) N Q) is continuous and increasing). Thus, F is C! with respect to

its first variable and its derivative is Lipschitz and bounded from below by d¢ inf f, and the same holds

for G moreover, F and G are both Lipschitz with respect to 6. As a consequence of the inverse function

theorem, p; is well-defined and Lipschitz. The same reasoning shows that ps is well-defined and Lipschitz.
Then we know that ¢ is defined if 0 < r < p1(0) by

r @(r,0) ~ ~
/ dpiy = / dve  ie.  F(r0) = Glo(r,0),0) — G®(0),0)
0 &(

)

Again, by the inverse function theorem, ¢ is C' with respect to » and Lipschitz with respect to §. The
same reasoning can be applied on the intervals (p1(6), p2(6)) and, if it is non-empty, (p2(0),1). We get
that the function ¢ is Lipschitz with respect to its both variables (r, 6).

Notice also the following estimate on ¢(r, ) for r small enough: we have fOT dug = fg((g)’e) dvy, with
the inequalities

v o (r,0)
r?inf f < / dug <r’supf  and  (infg)(p(r,6) — ®(9)) < / dvg < (sup g)(e(r,0) — ©(6))
0 0
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This leads immediately to (I9). On the other hand, we know that ¢(r,8) has Lipschitz regularity with
respect to 6 and

©(R,09) R
/ rg(r,0)dr = / rf(r,0)dr (21)
0

R1(9)

If 0 is such that the equality (2I]) is differentiable with respect to 6 (which is true for a.e. 6 since all the
considered functions are at least Lipschitz), we get

R
O2p(R, 0)¢(R, 0)G(2(R,0),0) — Ry (0)R1(0)G(p(R, 0),0) = /0 2 f(r,0)dr
thus
R
69 (‘P(Ra 9) - (‘%)‘P(Ra H)G(‘:D(R’ 9)’ 9) + R/l (9)(90(R’ 9) - Ry (9))G(90(R’ 9)’ 9) = /0 Tan(ra 9) dr

and _
(Lip R1)(sup G)

|69((P(Ra9) - Rl(e))l < m

R2
o(R,0) — Bi(9)| + —- Lip F
Thanks to the inequality ([I9), we get
06(¢(R,0) — R1(0))| < CR?

for some constant C' depending only on f, g, ', which proves (20). O

Step 3: perturbation of the optimal 7. In that follows, we denote by
Qs =0 NB0,))={zx=(r0):0<r<dand 0 <l < 7/2}

and Qs =T(Qs) ={z=(r,0): ®(0) <r <¢(,0) and 0 < 0 < 7/2}
We now denote by:

1
o Sz e % € Oy and fs(x) = f(dx). Notice that f5 = 5—2(8’1)#(f|95);

e ()5 is the rectangle (0,1) x (0,7/2) and
Syt (N, 0) € Qy = x=(P(O) + A\(p(d,0) — 2(0)),0) € Qs

1
where z is here written in polar coordinates. We also denote by g5 = 52 ((Sg)*l #g|gg).
As above, S7 and Sy actually depend on § but we omit the index ¢ for the sake of simplicity of notations.

We have of course inf f < fs(x) < sup f for any « € Q;, and Lip fs < dLip f. On the other hand, since
So is Lipschitz and one-to-one, the Monge-Ampére equation provides

det DS3(A,0) = %

thus  gs(A0) = (#(6,0) — 2(0)) 559(52(1,0) (22)

We deduce from ([[3) and 22) that ¢ < gs < C for ¢, C positive and independent of §. Moreover, (22)
provides

. 1. . 1
Lipgs < sup(s — ) 55 Lip(g © S2) + Lin(ps — @) 55 supg

Again, thanks to (I9) and (22 and using that Lip So is uniformly bounded with respect to §, we get
Lip gs < C independent of 4.

We would like to use the Theorem [L.2] but this result works a priori only to connect two measures
defined on a same domain. Thus, an intermediate step consists in sending Qs, Q5 onto the unit ball,
which can be done (with the regularity that we need) thanks to the Lemma Moreover, let us notice
that €4, Q9 are infinitely diffeomorphic to the following domains (which are obtained directly thanks to
rotations/translations/dilations):
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In the above picture, the upper right and lower right corners of the second domain are equal to the
upper right and lower right corners of the first domain. Since the maps provided by the Lemma 2.2 from
these two domains to the unit disk both preserve angles (with respect to the origin, see the angle 6 on
the picture), if we denote by «, § the corresponding maps starting from 4, Q2, we have

B loa(xr)=(1,\0) if |z|=1and x has @ for angle.

where A is a bi-Lipschitz map from the interval (0,7/2) onto (0,1); by composing the second coordinate
with A=!, one can actually assume that 8! o a(z) = (1,6). On the other hand, we deduce from the
regularity of det Do, det D that, if

fo=oaufs and 95 = Bu9s

then f5, g5 have also infimum, supremum and Lipschitz constant bounded independently of 6. Now
the Dacorogna-Moser result provides the existence of a bi-Lipschitz diffeomorphism us, whose Lipschitz
constant is bounded independently of , sending the density fs onto gs, and with us(z) = z for |z| = 1.
Finally, we consider
S:SgoﬂflowoaoSl

If |z| = 6, we have |S1(x)| = 1, thus a(S(z)) € 9B(0,1) and
B (us(a(S1(2)))) = 871 (a(S1(2)))

so that B~ (us(a(S1(x)))) = (1,60), where 6 is the angle of z. Consequently, Sa(8~!(us(a(S1(x))))) has
(p(6,0),0) as polar coordinates, so it is equal to T'(x).

To summarize, S and T coincide on the line {|z| = d}, S is Lipschitz on Qs and, thanks to the
estimates on ¢, T' is Lipschitz on Q \ Q5. This implies that T. is globally Lipschitz on €2, thus it belongs
to H(€). Moreover, we have

1
Lipus < C, LipSy; <Lip® and Lip$5; = 5

thus LipsS < %

for some constant C' which does not depend on 4.

Step 4: estimates on F.(T.). We restart from the expression (@), and use the facts that ¢ = 0 and
that T, = T outside of Qs:

PUT) = = [ (18) = al = S@) + lahf @) do+ [ 1DS(@) ds

€ 5
! 2 2 dr ! 2
+ : (e (rs Iz +1100p(r, )lIz2 — K) =+ : |07, )| 72 mdr

We still have |S(x) — x| — |S(z)| + |x| < 2|z| and |DS(z)| < C/4, so that

2 [ 8@) —al - 8@ + e fe)do+ [ |DS@) o <

€ 5 Qs

ﬂ'supff n C?n
3 ¢ 4
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which is bounded since § = £'/3. On the other hand,
lo(rs 72 + 1Be(r, )72 — K = (llo(r )72 = [19][72) + ([18ai0(r, )1 72 — ||97]172)
= <90(T7 ) - (I)a 50(7’5 ) + (I)>L2 + <89<10(T7 ) - q)/v 3080(73 ) =+ q)/>L2

< llp(r,-) = @"l[Lr(llo(r, oo + [12lloc) + [10a0(r, ) — @[ 1 (Lip ¢ + Lip @)

Since @, ¢(r,-) are valued in €', their L>°-norm are controlled by sup Ry. By combining this and the
estimates (I9) and (20), we obtain

0 < lle(r, )72 + 1100(r, )72 — K < Cr?

for r small enough (and where C' does not depend on r). On the other hand, we know that ¢, ® and
their derivatives are globally bounded on (0, 1) x (0,7/2). This proves that

1
dr
/O (lp(r, )72 + 118e0(r, )72 — K) — < +oo

1
and [ et I rdr < oc
0

and we conclude that (F;(7:)). is bounded as well.
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