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Posterior concentration rates for counting
processes with Aalen multiplicative intensities

Sophie Donnet * and Vincent Rivoirard T and Judith Rousseau ¥ and Catia Scricciolo

Abstract. We provide general conditions to derive posterior concentration rates
for Aalen counting processes. The conditions are designed to resemble those pro-
posed in the literature for the problem of density estimation, for instance in|Ghosal
et al. (2000), so that existing results on density estimation can be adapted to
the present setting. We apply the general theorem to some prior models includ-
ing Dirichlet process mixtures of uniform densities to estimate monotone non-
increasing intensities and log-splines.

Keywords: Aalen model, counting processes, Dirichlet process mixtures, posterior
concentration rates

1 Introduction

Estimation of the intensity function of a point process is an important statistical problem
with a long history. Most methods were initially employed for estimating intensities
assumed to be of parametric or nonparametric form in Poisson point processes. However,
in many fields such as genetics, seismology and neuroscience, the probability of observing
a new occurrence of the studied temporal process may depend on covariates and, in this
case, the intensity of the process is random so that such a feature is not captured
by a classical Poisson model. Aalen models constitute a natural extension of Poisson
models that allow taking into account this aspect. |[Aalen (1978) revolutionized point
processes analysis developing a unified theory for frequentist nonparametric inference
of multiplicative intensity models which, besides the Poisson model and other classical
models such as right-censoring and Markov processes with finite state space, described
in Section encompass birth and death processes as well as branching processes. We
refer the reader to|/Andersen et al.|(1993]) for a presentation of Aalen processes including
various other illustrative examples. Classical probabilistic and statistical results about
Aalen processes can be found in |Karr| (1991)), /Andersen et al.| (1993), Daley and Vere-
Jones| (2003} 2008). Recent nonparametric frequentist methodologies based on penalized
least-squares contrasts have been proposed by |Brunel and Comte| (2005, 2008]), |(Comte
et al.| (2011) and Reynaud-Bouret| (2006). In the high-dimensional setting, more specific
results have been established by |Gaiffas and Guilloux| (2012) and [Hansen et al.| (2012)
who consider Lasso-type procedures.

Bayesian nonparametric inference for inhomogeneous Poisson point processes has
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2 Posterior concentration rates for Aalen counting processes

been considered by |Lo| (1982) who develops a prior-to-posterior analysis for weighted
gamma process priors to model intensity functions. In the same spirit, [Kuo and Ghosh
(1997) employ several classes of nonparametric priors, including the gamma, the beta
and the extended gamma processes. Extension to multiplicative counting processes has
been treated in [Lo and Weng| (1989)), who model intensities as kernel mixtures with
mixing measure distributed according to a weighted gamma measure on the real line.
Along the same lines, Ishwaran and James| (2004) develop computational procedures for
Bayesian non- and semi-parametric multiplicative intensity models using kernel mix-
tures of weighted gamma measures. Other papers have mainly focussed on exploring
prior distributions on intensity functions with the aim of showing that Bayesian non-
parametric inference for inhomogeneous Poisson processes can give satisfactory results
in applications, see, e.g., |[Kottas and Sanso| (2007)).

Surprisingly, leaving aside the recent work of Belitser et al.| (2013)), which deals with
optimal convergence rates for estimating intensities in inhomogeneous Poisson processes,
there are no results in the literature concerning aspects of the frequentist asymptotic
behaviour of posterior distributions, like consistency and rates of convergence, for in-
tensity estimation of general Aalen models. In this paper, we extend their results to
general Aalen multiplicative intensity models. Quoting Lo and Weng (1989), “the idea
of our approach is that estimating a density and estimating a hazard rate are analogous
affairs, and a successful attempt of one generally leads to a feasible approach for the
other”. Thus, in deriving general sufficient conditions for assessing posterior contrac-
tion rates in Theorem of Section [2] we attempt at giving conditions which resemble
those proposed by |Ghosal et al.| (2000)) for density estimation with independent and
identically distributed (i.i.d.) observations. This allows us to then derive in Section
posterior contraction rates for different families of prior distributions, such as Dirichlet
mixtures of uniform densities to estimate monotone non-increasing intensities and log-
splines, by an adaptation of existing results on density estimation. Detailed proofs of
the main results are reported in Section 4} Auxiliary results concerning the control of
the Kullback-Leibler divergence for intensities in Aalen models and existence of tests,
which, to the best of our knowledge, are derived here for the first time and can also be
of independent interest, are presented in Section [5] and in Section [6]

1.1 Notation and set-up

We observe a counting process N and denote by (G;); its adapted filtration. Let A be
the compensator of N. We assume it satisfies the condition A; < oo almost surely for
every t. Recall that (N; — A;); is a zero-mean (G;);-martingale. We assume that N
obeys the Aalen multiplicative intensity model

dA; = YVA(t)dt,

where A is a non-negative deterministic function called intensity function in the sequel
and (Y:); is a non-negative predictable process. Informally,

PNt ¢ +dt] > 1]G,-] = YiA(t)dt, (1.1)
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see [Andersen et al.| (1993, Chapter III. In this paper, we are interested in asymptotic
results: both N and Y depend on an integer n and we study estimation of A (not
depending on n) when T is kept fixed and n — oo. The following special cases motivate
the interest in this model.

Inhomogeneous Poisson processes

We observe n independent Poisson processes with common intensity A. This model is
equivalent to the model where we observe a Poisson process with intensity n x A, so it
corresponds to the case Y; = n.

Survival analysis with right-censoring

This model is popular in biomedical problems. We have n patients and, for each patient
i, we observe (Z;, §;), with Z; = min{X;, C;}, where X, represents the lifetime of
the patient, C; is the independent censoring time and §; = 1x,<c,. In this case, we
set Nj = 8; x 1z,<¢, Y;' = 1z, and X is the hazard rate of the X,’s: if f is the
density of X7, then A(¢) = f(t)/P(X; > t). Thus, N (respectively Y') is obtained by
aggregating the n independent processes N’s (respectively the Y?’s): for any t € [0, T,
Ny =321 N and Yy = 30 Yy

Finite state Markov processes

Let X = (X (t)): be a Markov process with finite state space S and right-continuous
sample paths. We assume the existence of integrable transition intensities Ap; from state
h to state j for h # j. We assume we are given n independent copies of the process
X, denoted by X!, ..., X™. For any i € {1, ..., n}, let N/ be the number of direct
transitions for X? from h to j in [0, t], for h # j. Then, the intensity of the multivariate
counting process N = (N"9), i is (A\p;Y")pzs, with Yih = 1ixi(t-)=h}- As before,
we can consider N (respectively Y") by aggregating the processes M! (respectively the
Yitg): oy =500 ML V=31 Vit and t € [0, T]. The intensity of each component
(N9 of (M), is then (Anj ()Y]"):. We refer the reader to|Andersen et al.[(1993), p. 126,
for more details. In this case, N is either one of the NI’s or the aggregation of some
processes for which the Ap;’s are equal.

We now state some conditions concerning the asymptotic behavior of Y; under the
true intensity function A\g. Define ., (t) := IE(A”O) [Y;] and i, (t) := n"tp,(t). We assume
the existence of a non-random set 2 C [0, T] such that there are constants m; and mo
satisfying

my < inf [, (¢) < sup i, (t) < ms for every n large enough, (1.2)
teQ) teQ
and there exists @ € (0, 1) such that, if T'), := {sup,cq|n™'Y: — fn(t)] < ami} N
{sup;cqe Y = 0}, where Q¢ is the complement of Q in [0, T, then
lim P (T,) = 1. (1.3)

n—oo

We only consider estimation over (N is almost surely empty on ¢) and define the
parameter space as F = {A: Q — Ry | [, A(t)dt < oo}. Let Ao € F.
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For inhomogeneous Poisson processes, conditions and are trivially satisfied
for Q = [0, T] since Y; = p,(t) = n. For right-censoring models, with Y = 17,5,
i =1,...,n, we denote by Q the support of the Z;’s and by Mo = max(Q € R,.
Then, and are satisfied if Mg > T or Mg < T and P(Z; = Mgq) > 0 (the
concentration inequality is implied by an application of the DKW inequality).

We denote by || - [|1 the Li-norm over F : for all \, X € F, A = X1 = [ [A(t) —
N (t)|dt.

2 Posterior contraction rates for Aalen counting processes

In this section, we present the main result providing general sufficient conditions for
assessing concentration rates of posterior distributions of intensities in general Aalen
models. Before stating the theorem, we need to introduce some more notation.

For any A € F, we introduce the following parametrization A = My x X, where
My = [oA(t)dt and X € Fy, with Fy = {A € F : [, A(t)dt = 1}. For the sake
of simplicity, in this paper we restrict attention to the case where M, and \ are a
priori independent so that the prior probability measure 7 on F is the product measure
m ® mpr, Where 7y is a probability measure on F; and 7, is a probability measure on
R,. Let v, be a positive sequence such that v, — 0 and nv2 — co. For every j € N,
we define

gn,j = {;\ € Fi: HS\ - 5\0”1 < 2(] + 1)Un/M,\O},

where My, = [, Ao(t)dt and Xg = M 'Ag. For H > 0 and k > 2, if k) = min{2’ : £ €
N, 2¢ >k}, we define

Ben (o v, H) :{A € Fit h200, N) < 02/(1+log | Ro/Ms),

L20ax B (oi D) < or, Ao/ Ao < 0, A, < H}
where h?(Xo, A) = [, (v/Ao(t) — /A(t))?dt is the squared Hellinger distance between g
and A, || - ||o stands for the sup-norm and E;(Ao; A) := [, Ao(£)]log Ao (t) —log A(t) [P dt.
In what follows, for any set © equipped with a semi-metric d and any real number € > 0,
we denote by D(e, O, d) the e-packing number of ©, that is, the maximal number of
points in © such that the d-distance between every pair is at least €. Since D(e, ©, d) is
bounded above by the (€/2)-covering number, namely, the minimal number of balls of
d-radius €/2 needed to cover ©, with abuse of language, we will just speak of covering
numbers. We denote by 7 (- | N) the posterior distribution of the intensity function A,
given the observations of the process N.

Theorem 2.1. Assume that conditions (1.2)) and (1.3|) are satisfied and that, for some
k > 2, there exists a constant Cp > 0 such that

([i- unwdt)k

E{" < Cyen®. (2.1)
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Assume that the prior mwy on the mass M is absolutely continuous with respect to
Lebesgue measure and has positive and continuous density on Ry, while the prior m on
A satisfies the following conditions for some constant H > 0:

(i) there exists F,, C JF1 such that, for a positive sequence v, = o(1) and v2 >
(n/logn)~1,
™ (Ff) < et (B (i vn, H)),

with

4 mo m3 mo(2M,y, + 1)?
=miM — 141 — 14+ 2 A _ 2.2
o= midh g [ (G )| (e )+ i 2

and, for any &, 0 >0,
log D&, Fn, ||+ 1) <nd  for all n large enough;

(ii) for all ¢, 6 > 0, there exists Jy > 0 such that, for every j > Jy,

_ 7Tl(ign,j) < eé(j—&-l)anf1
71 (Bk,n(Aoj vn, H)) —

and ~
log D(Cjvn, Sp.j N Fn, |- 11) < 6(j + 1)*n02.

Then, there exists a constant J; > 0 such that

E{ [r(0: A= Xolly > Jiv, | N)] = O((nw2)~*/2).

The proof of Theorem [2.1]is reported in Section @l To the best of our knowledge, the
only other paper dealing with posterior concentration rates in related models is that of
Belitser et al.| (2013]), where inhomogeneous Poisson processes are considered. Theorem
differs in two aspects from their Theorem 1. Firstly, we do not confine ourselves
to inhomogeneous Poisson processes. Secondly and more importantly, our conditions
are different: we do not assume that )y is bounded below away from zero and we do
not need to bound from below the prior mass in neighborhoods of Ay for the sup-norm,
rather the prior mass in neighborhoods of \g for the Hellinger distance, as in Theorem
2.2 of |Ghosal et al.| (2000). In Theorem our aim is to propose conditions to assess
posterior concentration rates for intensity functions resembling those used in the density
model obtained by parameterizing A as A = My x A, with A a probability density on .

Remark 2.1. If X € Bo,(\o; vn, H) then, for every integer j > 2, Ej(Ao; A) <
H'=22(logn)?=2 so that, using Proposition if we replace By n(No; v, H) with
Bg,n(j\o; Un, H) in the assumptions of Theorem we obtain the same type of conclu-
sion: for any k > 2 such that condition s satisfied, we have

EPM A A = Aol > Jivn | N)] = O((n02) ™2 (log n) Fke=2)/2),

with an extra (logn)-term on the right-hand side of the above equality.
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Remark 2.2. Condition (2.1)) is satisfied for the above considered examples: it is ver-
ified for inhomogeneous Poisson processes since Yy = n for every t. For the censoring

model, Yy =Y " 17,5 Foreveryi=1,...,n, we setV; =1z,5, —P(Z1 >t). Then,
fork > 2,
k T n 2 k
E$>(/D4—M@WM)]=E%> /‘<§Iw>dt
@ 0 \i=1

< / E{" (iv) dt

T n n k
5/” ZE@M%+<2ﬁ&mﬂ> dt < n*

0 i=1 i—1

by Holder and Rosenthal inequalities (see, for instance, Theorem C.2 of |Hardle et al.
(1998)). Under mild conditions, similar computations can be performed for finite state
Markov processes.

Conditions of Theorem [2.1] are very similar to those considered for density estimation
in the case of i.i.d. observations. In particular,

_ - DY A
T

HwMWSH}

o0 oo

is included in By, (5\0; vp, (log n)l/z, H) as a consequence of Theorem 5.1 of [ Wong and
Shen| (1995). Apart from the mild constraints HS\O/;\HOO < nf and |||l < H, the set
B,, is the same as the one considered in Theorem 2.2 of |Ghosal et al.[(2000]). The other
conditions are essentially those of Theorem 2.1 in |Ghosal et al.| (2000)).

3 lllustrations with different families of priors

As discussed in Section [2] the conditions of Theorem [2.1] to derive posterior contraction
rates are very similar to those considered in the literature for density estimation so
that existing results involving different families of prior distributions can be adapted to
Aalen multiplicative intensity models. Some applications are presented below.

3.1 Monotone non-increasing intensity functions

In this section, we deal with estimation of monotone non-increasing intensity func-
tions, which is equivalent to considering monotone non-increasing density functions A
in the above described parametrization. To construct a prior on the set of monotone
non-increasing densities over [0, T, we use their representation as mixtures of uniform
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densities as in Williamson| (1956) and consider a Dirichlet process as a prior on the
mixing distribution:

_ 1 .

A(C) = / (()%)()dP(G), P| A, G ~DP(AG), (3.1)
0

where G is a distribution on [0, T'] having density g with respect to Lebesgue measure.

This prior has been studied by [Salomond)| (2013)) for estimating monotone non-increasing

densities. Here, we extend his results to the case of monotone non-increasing intensity

functions of Aalen processes. We consider the same assumption on G as in |[Salomond
(2013): there exist a;, az > 0 such that

0 < g(0) £ 0% for all § in a neighbourhood of 0. (3.2)

The following result holds.

Corollary 3.1. Assume that the counting process N verifies conditions and
and that inequality (2.1)) is satisfied for some k > 2. Consider a prior w1 on X\ satisfying
conditions an and a prior mp on My that is absolutely continuous with
respect to Lebesque measure with positive and continuous density on Ry. Suppose that
Ao is monotone non-increasing and bounded on R, . Let &, = (n/logn)~'/3. Then,
there exists a constant J, > 0 such that

ES [r(A: A= ol > Tien | N)] = O((né) =2 (log m) ke =2)/2),

The proof is reported in Section [4]

3.2 Log-spline and log-linear priors on \

For simplicity of presentation, we set 7" = 1. We consider a log-spline prior of order ¢
as in Section 4 of |Ghosal et al.| (2000). In other words, A is parameterized as

1
log Ao () = 0" B () — (), with exp (¢(6)) = / " Br(®) gy,
0

where B; = (B, ..., By) is the ¢g-th order B-spline defined in|de Boor|(1978]) associated
with K fixed knots, so that J = K + g — 1, see |Ghosal et al.| (2000) for more details.
Consider a prior on 6 in the form J = J,, = [n'/2o*tD ] o € [1/2, ¢ and, conditionally
on .J, the prior is absolutely continuous with respect to Lebesgue measure on [—M, M|’
with density bounded from below and above by ¢’/ and C”, respectively. Consider an
absolutely continuous prior with positive and continuous density on Ry on M,. We
then have the following posterior concentration result.

Corollary 3.2. For the above prior, if || log A||eo < 00 and Ao is Holder with regularity
a € [1/2, q], then under condition (2.1), there exists a constant J; > 0 so that

B0 A= dolly > Jn~ /@) | N)] = O/ 1042 (log ) F=2)/2)
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Proof. Set e, = n~%/2a+1)  Using Lemma 4.1, there exists 6, € R” such that h(Xgys Ao) <
| log Ao, — log Aolleo S J—%, which combined with Lemma 4.4 leads to

~

71 (Bi,n(Xo; €ny H) > e=Crnen,

Lemma 4.5 together with Theorem 4.5 of |Ghosal et al.| (2000)) controls the entropy of

Sp,; and its prior mass for j larger than some fixed constant Jy. O

With such families of priors, it is more interesting to work with non-normalized Ag.
We can write
Aapo() = Aexp (GtﬁJ(~)) , A>0,

so that a prior on ) is defined as a prior on A, say 74 absolutely continuous with respect
to Lebesgue measure having positive and continuous density and the same type of prior
prior on # as above. The same result then holds. It is not a direct consequence of
Theorem since M), , = Aexp(c(f)) is not a priori independent of 49. However,
introducing A allows to adapt Theorem [2.1] to this case. The practical advantage of the
latter representation is that it avoids computing the normalizing constant ¢(6).

In a similar manner, we can replace spline basis with other orthonormal bases, as
considered in Rivoirard and Rousseau| (2012), leading to the same posterior concentra-
tion rates as in density estimation. More precisely, consider intensities parameterized
as

/_\9(,) _ BZ;‘]:I 9j¢>.7‘(‘)—c(9)7 ec(0) — 62;’:1 9J¢j(z)d’r,
RJ
where (¢;)52, is an orthonormal basis of Lz([0, 1]), with ¢; = 1. Write n = (A4, 0),
with A > 0, and
Ay() = AeXi=198i0) = Aec®}y(.).

Let A ~ 74 and consider the same family of priors as in |[Rivoirard and Rousseau| (2012):
J ~ T T,
0/ ™ g, j<J, and 6;=0, Vj>J,

where g is a positive and continuous density on R and there exist s > 0 and p > 0 such
that
logmy(J) < —J(log J)?, logg(z) < —|z|P, s=0,1,

when J and |z| are large. Rivoirard and Rousseau| (2012) prove that this prior leads to
minimax adaptive posterior concentration rates over collections of positive and Holder
classes of densities in the density model. Their proof easily extends to prove assumptions
(¢) and (i7) of Theorem [2.1

Corollary 3.3. Consider the above described prior on an intensity function A on [0, 1].
Assume that g is positive and belongs to a Sobolev class with smoothness o > 1/2.
Under condition (2.1)), if 8 < 1/2+ «, there exists a constant J; > so that
E (s A= Aol > Ji(n/ logn) =/ @D (log n) 1=/2 | )
— O(nfk/(4a+2) (log n)k(k[2]72)/2).
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Note that the constraint 5 < o + 1/2 is satisfied for all & > 1/2 as soon as f < 1
and, as in Rivoirard and Rousseau| (2012, the prior leads to adaptive minimax posterior
concentration rates over collections of Sobolev balls.

4 Proofs

To prove Theorem [2.I] we use the following intermediate results whose proofs are post-
poned to Section [5] The first one controls the Kullback-Leibler divergence and absolute
moments of ¢,,(Ag) — £, (), where £,,()) is the log-likelihood for Aalen processes evalu-
ated at A, whose expression is given by

tn(A) = /OT log(A(t))dN; — /OT A(t)Ydt,

see |Andersen et al.| (1993).

Proposition 4.1. Let v, be a positive sequence such that v, — 0 and nv2 — co. For
any k > 2 and H > 0, define the set

Bk,n()\O; Un, H) = {)\ D € Bk,n(S\OQ Un, H), |M)\ — M)\0| < Un}.
Under assumptions (L.2) and (2.1), for all X € By n(Xo; vn, H), we have
KL(\o; \) < konv2  and  Vi(Ao; A) < n(nvi)kﬂ,

where kg, k depend only on k, Cyi, H, Ao, m1 and ms. An expression of kg is given in

2.

The second result establishes the existence of tests that are used to control the
numerator of posterior distributions. We use that, under assumption (1.2)), on the set
Fn?

>~<

t

VEeQ, (1—a)in(t) < L < (1+ a)in(t). (4.1)

= |

Proposition 4.2. Assume that conditions (i) and (ii) of Theorem[2.1] are satisfied. For
any j € N, define

Spji(vn) ={X: XeF, and ju, < A =Xl < (5 4+ Dv,}.

Then, under assumption (1.2), there are constants Jo, p, ¢ > 0 such that, for every
integer j > Jo, there exists a test ¢n ; so that, for a positive constant C,

E{[Ar, ¢n,) < Ce" v, sup  Ex[lp,(1— én )] < Cem™0, Jy<j< L
/\ESn,j(vn) Un

and

E{Y[1r, ¢n ] < Cemoivn, sup  Ex[1r, (1 — ¢y ;)] < Cemon, i>L.

AESR,j(vn) Un
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In what follows, the symbols “<” and “Z” are used to denote inequalities valid up
to constants that are universal or fixed throughout.

Proof of Theorem [2.1] Given Proposition [£.I]and Proposition[.2] the proof of Theorem
is similar to that of Theorem 1 in Ghosal and van der Vaart| (2007). Let U,, = {X:
||)\ — )\0”1 > Jl'l}n}. Write

fU Zn(k)_én(ko)dﬂ'()\)
f eln(N)—Ln ()‘O)d’ﬂ'()\) B

N,
n(Un | N) = i
We have

PE\TS) (Dn < ei(KOJrl)m}iﬂ'l(Bk,n(;\O;Una H)))

() / exp{ln(A) — ln(Xo)}
P dm(A
T ( Bg,n(Xo;vn, H) W(Bk,no‘(); Un,y H)) ( )

71 (Br,n(Ao; Vn, H))>) .

< - Doy, +1
< —(ko + 1)nv;, + log < 7T(Br,n(Ao; vn, H))

By the assumption on the positivity and continuity of the Lebesgue density of the prior

7y and the requirement that v2 > (n/logn)™!,

2

T(Brn(Mo; Uny H)) 2 71 (Brn(No; Vns H))vy 2 71 (Brn(No; vn, H))e ™n/2,
so that, using Proposition [f.I] and Markov’s inequality,
PE\HO) (Dn < 6_(R°+1)"”iW1(Bk,n(;\o; Up, H))) < () M2,
Note that inequality implies that 7(S, ;j(vs)) < 71(S,;). Using tests ¢, ; of

Proposition mimicking the proof of Theorem 1 of|(Ghosal and van der Vaart| (2007)),
we have that for J; > Jp,

Eg\’;) [Ir, 7 (A |IA = Xoll1 > Jivn | N)]

E(n)[ ¢ ] Lo/vn ] (k0 41) ) 7T1(S ])e—canvi
< z : 1r 14+ E e(ro nv;, )
= A n N,] .
i=n j=[n] ™1 (Brn(do; vn, H))
N e(no-l-l)nvnﬂ.l(s )e—cnjvn e(no-l-l)n'uiﬂ.l(]:ﬁ)
Z T1( B (Xo; vn, H)) T1(Bin(Ao; vn, H))

i>p/vn
+ P (D, < e 0t (B, (Mo; vn, H)))

< (m) )~ k/2

which proves the result since P&Z)(F%) =o(1). O
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Proof of Corollary[3.1. Without loss of generality, we can assume that Q = [0, T]. At

several places, using (1.1)) and (4.1), we have that, under IP’S\")C | T'),), for any interval I,
the number of points of IV falling in I is controlled by the number of points of a Poisson
process with intensity n(1 4+ a)mgA falling in I. Recall that €, = (n/logn)~'/3. For

Ko as in (2.2)), we control IP’&Z) (L (N) = £n(Xo) < —(Kko + 1)né2). We follow most of the
computations of Salomond| (2013). Let e,, = (née2)~*/2,

- 1
/\on(t):/\eo(t)itggn, with 6,, = inf / Aot dt>1—— ,
fO" Ao(u)du

and Ao, = Mx,\on. Define the event A, = {X € N : X < 6,}. We make use of the
following result. Let N be a Poisson process with intensity n(1+4 a)maXo. If N( )=k,
denote by N = {Xi, ..., X;}. Conditionally on N(T) = k, the random variables
X1, ..., X} are iid. “dth,density Xo- So,

PV (AS | T ZW) 3X; > 0, | N(T) = k) P (N(T) = k)

Now,
B (60 (M) = €n(M0) < —(si0 + 22 | T'y)
<P (,(N) = £a(No) < —(ko +2)ne2 | Ay, Tp) + PV (A [ T).
We now deal with the first term on the right-hand side. On '), N A,,,

B 0 )\ (t) T B
00 (M) = fn(Mon) + /0 10g< Aon())dNt /O Do(t) — Aon(1)]Yadt

2 Xo(t) Vit

n T
— 0, (Aon) + N(T)log ( / /\O(t)dt> My, /O So(t)Yidt + My, T
0 0

Jo. Xo(O)dt [} Xo(t)Yrdt T_
S en(AOn) + M/\O 0, ,O M)\o / Ao(t)Y;dt
fO /\0( )dt On
en(l+ a)mgy

So, for every A and any n large enough,
P (£,(A) = £a(Xo) < — (ko +2)né2 | A, T
< Pg\no) (€n(X) = £ (Aon) < —(ko + 1)néz | Ay, Ty)
=P (£a(\) — €a(Mon) < —(ko + 1)né2 | T,,)
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because ]P’ ( | A,) = IP’(") (). Let H >0 be fixed. For all A € Bk n(Aon; €, H), using
Proposmon [41] we obtaln

Pg‘? (n(N) = €n(Aon) < — (k0 + D)nés | Tyy) = O((néz)~*/2).

Mimicking the proof of Lemma 8 in [Salomond, (2013]), we have that, for some constant
Cr >0,
T (Bk,n(j\On; €n, H)) > e~ CME when n is large enough,

so that the first part of condition (ii) of Theorem [2.1]is verified. As in[Salomond| (2013)),
we set F,, = {\: A\(0) < M,,}, with M,, = exp(c;né2) and ¢, a positive constant. From
Lemma 9 of Salomond| (2013), there exists a > 0 such that m(F¢) < e-ci(a+Dne,
for n large enough, and the first part of condition (¢) is satisfied. It is known from
Groeneboom| (1985) that the e-entropy of F,, is of order (log M,,)/e, that is o(n) for

all € > 0 and the second part of (¢) holds. The second part of (i7) is a consequence of
equation (22) of Salomond| (2013). O

5 Auxiliary results

This section reports the proofs of Proposition [4.1] and Proposition [£.2] that have been
stated in Section @l Proofs of intermediate results are deferred to Section [6l

We use the fact that for any pair of densities f and g, ||f — gll1 < 2h(f, g).
Proof of Pmposition - Recall that the log-likelihood evaluated at A is given by £,,(\) =

fOT log(A(t))dN; — fo (t)Y;dt. Since on Q¢, N is empty and Y; = 0 almost surely, we
can assume, without loss of generality, that Q [0, T']. Define

T T
M, () = / AOun(dt,  My(ho) = / No(®)im()dt,

By straightforward computations,
KL(o; A) = ES, £ (%) — a(N)]

= M,(No) [KL(Xo,n; An) + ]\]\Zj((;\o)) Thole ( e )]

= M, (o) [KL(AM; An) + ¢ (

< nmaM), [KL()‘OJL? An) + ¢ (MH(AO))] ,
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where ¢(z) =x — 1 —logz and

KL(Ag.n; An) = /O ' log (?ﬂ"é?) Xo.n (t)dt.

We control KL(Xg ,; M) for A € Bi.n(Ao; vn, H). By using Lemma 8.2 of Ghosal et al.
(2000)), we have

Ao

An

< 20%(Xo,ns An) [1 + log ( ) + log

KL(Xo.n; An) < 20%(Nons An) (1 + log

} (5.2)

)

<2 [1 + log (m ﬂ B2 (Xo.ns An) (1 + log
1

because 1 + log(ma/m;) > 1. We now deal with h%(Xg.n, A\n). We have

2
h*(Xons An) :/ (\/)\on \/)\n(t)) dt
(i )
0 fOT ;\0 u fO fbn )
- 2
<2m2 <\/ >\O \/ Aot) ) dt
fO )\0 'u’” fo ﬂn
+ 2mo <\/ )\0 \/ 5\ ) dt
fO w)fin (u fo w) i (

< 2m2Un + 7h2()\07 )‘)7
my

U, = < \/ 1 B \/ 1 )2
"\ T e @immdt A @ar)

with

We denote by

1 T _ -
R — ME) — Ao ()] fin (£)dt,
iy DO (00
so that . .
|en|s—/ 2(E) — Ro(®)in(B)dt < 272 B(R, 3)
ma 0
Then,
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Finally,

_ _ 2 2 _
h2 Ao ny An) < e (M2 +1 h2 )\0, A). 5.3
; 2

T
§nm2/0 IA(E) — Ao(t)]dt

mo < <

< M, (o) [My, X = A My—M

S il (No) [M | olly + [My — My, |]
mao - <

< M, (Ag)[2My h(A, A M, — M

S i (Ao)[2Mx, h(A, Xo) + | My ol
ma

< ——M.,(Xo)(2M 1 .

= mlMAO n( O)( X t )vn

Since ¢(u + 1) < u? if |u] < 1/2, we have

My, (A 2
0] (M ((/\0))> < mg\;z (2M,, + 1)%v2  for n large enough. (5.4)
n 1% X\o

Combining (5.1)), (5.2), (5.3) and (5.4), we have KL()\g; A) < konv2 for n large enough,
with ko as in (2.2). We now deal with

Var(Ao; ) = ES 100 (M) = £a(N) = ES [0 (M) = a(N]*], > 1.

We begin by considering the case k > 1. In the sequel, we denote by C' a constant that
may change from line to line. Straightforward computations lead to

Vi Ohos A) = B H— / ) 20(6) = ) = Aaley o (3 ) | 4 el

T Ao(t)
v bg(&w)MNf—EM@ﬁﬂ

2k]
< 22571 (Agy, + Bay),

with
2k

T
B%:EQ‘AI%(xg)MM—an&
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and, by (ZI),

A =B ”/OT ot =200 = 2o (5 )| - o )

T k
( / v, —unmfdt) }

< < /0 ' {Ao(t) — () = Mo(f) log (AAO((Z)))]Q dt) ' < B

< 221C0nF (Agp 1 + Ask2)

where, for A € By »(Ao; Un, H),

r k
Ao = [/0 A5 (t) log® </\)\O(%)> dt]

T _
_ _ My A\
< M3F|| X%, l/ Xo(t) log? (AO)\

0

EY(Xo; ) +

< 22T Mol

- k
= (/0 {(My, — Ma)Xo(t) — MA[A(t) — 5\o(t)]}2 dt)

< 2257 X[ (M — M)
4 92k 2k

[ (A} (5 o) o]

< 22 Rol[ 2 (M, — Ma)** + 2 ME (Kol + [Noe) B2 (Ro, 3) < Ot

Therefore,
Agy, < C(nw?)*.

To deal with Bsy, for any T > 0, we set

Mp = [ "log ( A;(f))) (AN, — Yido(t)d],

so (Mr)7 is a martingale. Using the Burkholder-Davis-Gundy Inequality (see Theorem
B.15 in [Karr| (1991)), there exists a constant C(k) only depending on k such that, since
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) dN;

2k > 1,
k

ES (| Mr|?] < C(R)ES ”/ log?

Therefore, for k > 1,

Bay = EV[| M7 [?]

< 3k Ok n) ‘/ log?

)MM Yio(t)di]

+|f e (jg))) Vi — () Do (1)
+f " og? (*M(f))) aleri]

_ 0 1 2
=3 10()(B) + Biy + BiY).

with

0 n
B - 5

[, 1o () - vt k

N0 :
- . .
B =50 || [ 106 (20 ) i - s 0rato] |

k
“g)Mmew

() g
32:/1
0

This can be iterated: we set J = min{j € N: 27 > k} so that 1 < k2!=/ < 2. There
exists a constant C}, only depending on k, such that for

T i [ o(t)
[ o (A°<t))m—un<t>m<t>dt

k217

B

_ g™
Koi-i 20 = B,

and

b
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k21—J

Y fa, — viru(oa

Boi, < Ck ,\O ‘/

2
+ Z(Bl(cl;l*j,m' + BIEQ)l J 2J)

< Gy (Eg? [| / log”’

[ T Xo(t R
n J+1
Sy <E&J l /0 log? ( e )mo(wdtD + > (Biis 0 + By )

T g (do(t) ' L) B®
ZCk 0 10g )\(t) :“n(t))‘o(t)dt ZBk21 7,23 k21*J,2J)

_ 2: B2
- Ck 2 J 2J+1 + 21 J 2J 2171121')

Note that, for any 1 <j < J,

[ o™ (3200 3 >dt1 o ( N una)Pdt) k]

T i My, Mot b
/ 10g29+1 ( Ao 70( )) Ao(t)dt] % nkQ*J
0

BY ... <

k21-3 27

< C(Mgo‘lj\0||00)k2 M)\A(t)

git1 [ My IR L ko7
<C [log ( 0) + Egj+1(No; /\):l x nk?
M,

< C(n2)F? < )k,

where we have used (2.1)). Similarly, for any j > 1,

T _ k2t —d
(2) k29 2 (MxMo(t) ) 5
B < M. 1 ———— ) A\g(t)dt
k21—J 2J — (an Ao) l/() Og < MA)\(t) 0( )

i (M
<C [log2 ( ZWAO
A

Therefore, for any k£ > 1,

k2 A L
> + Eq5 (Xo; 5\)} xnk2 7 < Cn?)*? 7 < C(nv?)*.
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where k depends on Cig, k, H, Ag, m; and mso. Using previous computations, the case
k =1 is straightforward. So, we obtain the result for Vi (Ao; A) for every k > 2. O

To prove Proposition we use the following lemma whose proof is reported in
Section [Gl

Lemma 5.1. Under condition (1.2)), there exist constants &, K > 0, only depending on
My, , o, m1 and mq, such that, for any non-negative function A1, there exists a test ¢y,
so that

E[1r, @3] < 2exp (—Kn| A = Aol x mind[| A = Aofl1, ma})
and

sup Ex[1r, (1=6x,)] < 2exp (=Kn[A1 — Xoll1 x min{[[Ar = Ao|1, ma}).
Ar A=A [[1 <€A —=Noll1

Proof of Proposition[{.4 We consider the setting of Lemmaand a covering of Sy, j(vy,)
with IL;-balls of radius £;jv,, and centers (); ;)i=1,..., p,, Where D is the covering number
of S, j(vy) by such balls. We set ¢,, j = max;=1, ... p; ¢x, ;, Where the ¢y, ;’s are defined
in Lemma So, there exists a constant p > 0 such that

E{V[1r, ¢n ;] < 2Dje K70 and  sup  E{V[1r, (1-¢n ;)] < 2 K770 if j < 2

)\Gsn,j(’un) Un
and
E{"[1r, ¢n,] < 2Dje K" and )\essup( )EE\") [, (1—¢n ;)] < 2e~E™onif j > vﬁ,

where K is a constant gsee Lemma . We now bound D;. First note that for any
A= M)\)\ and )\/ = M)\/)\/,

A= N1 < My||A = N1 + | My — M. (5.5)

Assume that My > M),. Then,

A= Xollr > /A [MaA(t) — My, Ao(t)]dt

>Xo

= M, //\>>\o A(t) — Xo(D)]dt + (My — My,) //\>>\o Ao (t)dt

_ _ M,
> [ R0 = (Ol = 223~ Rol.
A>Xo

Conversely, if My < M),

A=l = [ (M e(t) - MaA(e)ae
Ao>A

_ M _ _
2 M)\o [ 7[)\0(?5) — )\(t)]dt = 72)\0 ||>\ — )\0”1.
Ao>A
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So, 2||IA — Xoll1 = (M V My,)||A — Aol|1 and we finally have

[A = Aoll1 = max {(Mx V Mx,)|A = Aoll1/2, [Mx — My,|} . (5.6)
So, for all A = M\ € S, j(vn),

Aol < 2L g gy - gy < (G4 Do (5.7

Ao
Therefore, Sy, j(vn) C (Sn,j NFn) X {M : |M — M,,| < (j + 1)v,} and any covering of
(SnjNFn) X {M : |M—My,| < (j+1)v,} will give a covering of S, ;(v,). So, to bound
D, we have to build a convenient covering of (S,, jNF,) x{M : |[M—M,,| < (j+1)v,}.
We distinguish two cases.

e We assume that (j + 1)v, < 2M),. Then, (5.7)) implies that My < 3M),. More-

over, if
U §jvn §jvn
A=V < —=" d |My— Myl <22
[ 1< 3M,, + 1 an | My n| < 3M,\0—|—1’
then, by (5.5),
My + 1)&ju,
A= N < QDD

3SMy, +1

By assumption (i7) of Theorem this implies that, for any § > 0, there exists
Jo such that for 57 > Jy,

e 5 . 3My, +1 1
Dy < DBMy, + 1) 70ms Sy 0 Fus 1+ 1) x |20+ Do x D20t

Ejvn 2
< exp(8(j +1)*nwy).
o We assume that (j + 1)v, > 2M,,. If
< < MV M
X< S and (- gy < SERY M)

using again (5.5 and (5.7)),

A= N, < EM) n E(My + M,y,) < 3EM ), n G+ Doy, - 75 + 1)y,

e
1 1 =7 2 = 8 < &Jvns

for n large enough. By assumption (i) of Theorem this implies that, for any
d >0,

Dj S D(&/4; Fus |- 111) x log((j + 1)vn) < log(jvn) exp(on).

It is enough to choose § small enough to obtain the result of Proposition O
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6 Appendix

Proof of Lemma[5.1 For any A, we denote by Eg\nlln[] = Eg\n) [1r, X -]. For any A, X,
we define

A=l = [ 1O = N (Olin )t

On I',, we have
mal|A = Aoll1 < IA = Aoz, < maflA = Aol (6.1)

The main tool for building convenient tests is Theorem 3 of [Hansen et al.| (2012) (and
its proof) applied in the univariate setting. By mimicking the proof of this theorem
from Inequality (7.5) to Inequality (7.7), if H is a deterministic function bounded by b,
we have that, for any v > 0,

P (

where we recall that A, = fot Y A(s)ds and v is a deterministic constant such that, on

T
b
/ H:(dN; — dAy)| > V20u + ?u and Fn> < 2eY (6.2)
0

r,, fOT H2Y;\(t)dt < v almost surely. For any non-negative function \;, we define the
sets
A={eQ: M) > )} and A :={teQ: \(t) <X(®)}

and the following pseudo-metrics

da(A1, Ao) 5=/

[ a0 =20l (0t and dae(, 2 o= / Polt) — A (0] (1),

c

Note that ||A17}\0H[Lw = dA()\h )\0)+dAc(/\1, )\0) For u > O, if dA()\l, )\0) Z dAa ()\1, )\0),
define the test

nal)i= 1N - [ da(O¥ide = g} with () = vEOa+ 5,
A
where, for any non-negative function A,

o) = (1 + ) / A in(t)dt. (6.3)

Q

Similarly, if dA()\l, )\0) < dge ()\1, )\0), define

ors ) =1 {0 = [ Doomide < <pw) |

AC
Since for any non-negative function A, on I';,, by (4.1)),

_ Y, N
(1fa)/Q/\(t)un(t)dt§/QA(t);dtg (1+a)/ﬂ)\(t),un(t)dt, (6.4)
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inequality (6.2]) applied with H =14 or H = 14, b =1 and v = nv(\g) implies that,
for any u > 0,

E{L (o a(w)] <2e7 and ESVL (6, a0 (u)] < 2e7% (6.5)
We now state a useful lemma whose proof is given below.

Lemma 6.1. Assume condition (1.2) is verified. Let A be a non-negative function.
Assume that

11—«
— [ G
||)‘ AlHMn — 4(1+Oé)

We set M, (\o) = Jo Ao(t)fun (t)dt and we distinguish two cases.

[Ad1 = Ao

fin

1. Assume that da(A1, Ag) > dac(A1, Xo). Then,

E(;,l%n[l — ¢x,,a(ua)] < 2exp(—ua),

where ~
fin S 2Mn ()\O)a

uranda(A, Mo)s if A — Nolla, > 2M(No),

and upa, ura are two constants only depending on o, My,, m1 and ma.

, { woandy (A1, Ao), if A — Ao

2. Assume that da(A1, Ao) < dac(A1, Ag). Then,

E{") [1— éapac (wac)] < 2exp(—uac),

where ~
Uge = UOACndic()\l, )\0)7 Zf ||)‘1 - )\(]Hﬂn S 2Mn()\0)7
uraendac (A1, Ao, if [|Adr = Aollg, > 2My(Xo),

and ugac, upae are two constants only depending on o, My,, mi and ms.

Note that, by (6.1), if da(A1, Ao) = dac(A1, o), by virtue of Lemma

uy > min{qundi(Al, X0), uranda (A1, Ao)}
Z TLdA()\l, )\0) X Inin{qudA()\l, )\0), UlA}

1 (1
> §nm1||>\1 — Xoll1 X min {2U0Am1|>\1 — Xoll1s UlA}

> KA”H/\I — )\0”1 X min{H)\l — )\0“1, ml},

for K4 a positive constant small enough only depending on «, M),, m; and my. Simi-
larly, if da(A1, Ao) < dac(A1, Ao),

1 . 1
UAce Z inm1||/\1 — )\0”1 X mm{Qqucmlﬂ)\l — )\0”17 ulAu}

> KACTLHAl — )\0”1 X mm{||)\1 — )\0”1, ml},



22 Posterior concentration rates for Aalen counting processes

for K 4c a positive constant small enough only depending on «, M),, m; and my. Now,
we set

Oxy = D1, A(UA)L{a, (0, Ao)>dac (Mrs o)} T Par,ae(ae)Lia, Ay, xo)<dac (M1, Ao)}s

so that, with K = min{K 4, K-}, by using (6.5]),

E\Z)pn (o] = AO, A, a(WA)L{a, (0, Ao)>dac (A1, Ao)}
+E(A0 g ac (WA )L {a, (A1, o) <dae (Mr, 2o)}
< 267" a0 h0)dac (A 2o)} T 2674 1 (A do)<duac (A, 20))
< 2exp (—Kn|[A1 — Aoll1 x min{||Ar — Aoll1, ma}).
If I = Arlr < €A — Mol € = mi(1 — ) /[4ma(1 + )], then

1-—

_ < - -
||)\ )‘1| b = 4(1 )

% Ax = Aol

and Lemma [6.1] shows that

EUL 1= 6] < 267 L, (0. 00) 2dae s 200} 2674 L (s da)<dae (0r, o))
< 2exp (—Knl||A — Xo|l1 x min{|[A1 — Xo|l1, m1}),

which completes the proof of Lemma O
Proof of Lemma[6.1, We only consider the case where dg(A1, Ao) > dac(A1, Ag). The

case da (A1, M) < dac(A1, Ag) can be dealt with using similar arguments. So, we assume
that da(A1, Ao) > dac(A1, Ao). On T, we have

[t = do(o¥ide = n(1 — ) [ ha(0) = do(Oln(t0
A

A
n(l —a«
> " Aol
> 21+ a)|A = Ml

> (1 / A(E) t>2/ IA(t) = A () |Vidt.

ES) (1 éa, a(ua)] = BS (N(A) - /A A(E)Yidt < po(us) + /A (Mo - A)(t)mdt)

)

Therefore,

_p) _ R t
=P, (M)~ [ aovide < patu) - [ 0= do)viar

+ /A (At — /\)(t)Ytdt>
<P, (N(A) - [ xmiar < puua) -5 [ ou- Ao><tmdt) |
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Assume that |[A\; — Ao|[z, < 2M,,(\o). This assumption implies that d(\;, Ao) <
||)\1 — )‘OHﬂn < 2Mn()\0) < 2moM,,. Since ’U()\o) = (1 —|—O¢)Mn(/\0), with ugq =
qund%(Al, Ao), where ugq < 1 is a constant depending on «, m; and msy chosen

later, we have

qundi ()\1, )\0)

pl104) < nda(M, Ao)y/2u04(1 + @)V (Ao) + .

< Kiv/upanda(A, o)

as soon as K > [2(1 4+ )M, (X\o)]"/? 4+ 2M,,(X\o)\/uoa/3. Note that the definition of
v(A) in (6.3]) gives

(3 = (1+a) /Q No(t)jin ()t + (1 + ) /Q () — Aolt))fim (1)l

<v(Xo) + (T +a)|[A = Aol

<v(Ao) + (1 +a) [[IA = Ailla, + 1A = Xolla,]
5+ 3«

< w(Ao) + A1 = Xollz, < Ch,

4

where C only depends on «, M),, my and my. Combined with (6.4)), this implies that,
on I'y, if K1 < (1 — «)/[4\/ugal, which is true for ugy small enough,

1/(/\1 = 0)()Yedt = pp(ua) = md,a\(/\h Ao) {1 — M}
A

2 2 11—«
(1—a)n r T

> TdA()‘la o) = v/ 2nCir + 3 > \/2nv(\)r + 3

with
. 1—a)? 31—«
r = nmin {(12803d’24(/\1’ Xo), gdA()q, )\0)} '
Inequality (6.2]) then leads to
E(An% [1— ¢x,,a(ua)] <277 (6.6)

n

For up4 small enough only depending on M),, o, m; and ms, we have

(1-a) = 2M,(Xo)/Uoa
Wy > /21 + )M, (Xo) + I —

SO is true. Since r > u4 for ug4 small enough, then

E( [1— éa,.a(u)] < 26704,

Ln

Assume that [|A; —Xolz, > QMH()\O). We take ug = uganda(A1, o), where uy4 <1
is a constant depending on « chosen later. We still consider the same test ¢, a(ua).
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Observe now that, since da (A1, Ao) > 3]\ — Aolla, = M, (M),

u
pn(ua) =/ 2nuav(Xo) + ?A
~ nu
< /201 -+ )ura ¥ (o)da(ha, do) + 24 d (A, Ao)

1
< |: 2(1 + Oz) + 3:| n\/ulAdA(/\l, )\0)
and, under the assumptions of the lemma,
v(A) < (14 @)Mu(Ao) + (14 ) [IA = Ml + 1A = Aollz,] < Coda(Ar, Xo),  (6.7)

where Cs only depends on a. Therefore,

%/A(Al — Xo)()Yydt — pp(ua)

Sl /A[)\l(t) = No(®))itn ()t - ( 2(1+a) + ;) Vanda(Ar; do)

[120‘ - ( 2(1+a) + ;) \/@} nda(A1, Ao)

11—«

Y

’I'LdA()\l, )\0),

where the last inequality is true for u; 4 small enough depending only on «. Finally,
using (6.7]), since ug = uganda(A1, Ao), we have

1-— 1
1 andA()q, Ao) > v/2nCsda (M1, No)uranda(Ai, No) + §U1And,4(/\17 o)

> /2nv(ANua + U?A

for u1 4 small enough depending only on . We then obtain

E(An%[l — Pay.a(ua)] <2744,

which completes the proof. O
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