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FIELD GENERATORS IN TWO VARIABLES
AND BIRATIONAL ENDOMORPHISMS OF AZ

PIERRETTE CASSOU-NOGUES AND DANIEL DAIGLE

In memory of Shreeram S. Abhyankar.

ABSTRACT. This article is a survey of two subjects: the first part is devoted to
field generators in two variables, and the second to birational endomorphisms of the
affine plane. Each one of these subjects originated in Abhyankar’s seminar in Purdue
University in the 1970s. Note that the part on field generators is more than a survey,
since it contains a considerable amount of new material.

This article is a survey of two subjects: the first part of the paper is devoted to
field generators in two variables, and the second to birational endomorphisms of the
affine plane. Each one of these subjects originated in Abhyankar’s seminar in Purdue
University in the 1970s. The authors of the present article were introduced to these
questions by Peter Russell, who participated in Abhyankar’s seminar and who made
early contributions to both problems.

As explained in Section 1, the two subjects are entangled one into the other. It is
therefore natural to present them together in a survey. Note that Part I is more than
a survey, since it contains a considerable amount of new material (see Section 1); and
that Part II is less than a survey, since it restricts itself to certain particular aspects
of the subject under consideration (see Section 6).

CONVENTIONS

The symbol “C” means strict inclusion of sets, “\” means set difference, and 0 € N.

If R is a subring of a ring S, the notation S = R means that S is R-isomorphic
to a polynomial algebra in n variables over R. If L/K is a field extension, L = K
means that L is a purely transcendental extension of K, of transcendence degree n.
We write Frac R for the field of fractions of a domain R.

If k is a field and A = k2 (i.e., A is a polynomial ring in two variables over k) then
a coordinate system of A is an ordered pair (X,Y) € A x A satisfying A = k[X,Y].
We define €(A) to be the set of coordinate systems of A. A wvariable of A is an element
X € A satisfying A = k[X, Y] for some Y.
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2 PIERRETTE CASSOU-NOGUES AND DANIEL DAIGLE

Consider F' € A =k?. For each v = (X,Y) € €(A), we write deg. (F) for the total
degree of I as a polynomial in X, Y (let us agree that deg (0) = —oc). We set

deg,(F) = min { deg.(F) | v € €(A) }.

Given a field k, we write A? = A? for the affine plane over k, i.e., A2 = Spec A for
some A = k. By a coordinate system of A%, we mean a coordinate system of A. That
is, a coordinate system of A? is an (X,Y) € A x A satisfying A = k[X,Y]. The set of
coordinate systems of A? is denoted €(A?) or simply €; so € = €(A?) = €(A).

By “curve” we mean “irreducible and reduced curve”.

Part I: Field generators

Throughout Part I, the following convention about the base field k is in effect:

e In all examples, k is tacitly assumed to be an algebraically closed field of char-
acteristic zero.

e Everywhere else, k denotes an arbitrary field unless the contrary is explicitly
specified.

1. INTRODUCTION

1.1. Definition. Let A = kP! and K = FracA. A field generator of Ais an F € A
satisfying K = k(F,G) for some G € K. A good field generator of A is an F € A
satisfying K = k(F, G) for some G € A. A field generator which is not good is said to
be bad.

The notions of good and bad field generators are classical. The two fundamental
articles on this subject were written by Russell in 1975 and 1977 (cf. [Rus75] and
[Rus77]). The main results of those two papers will be explained in the course of
the present article. Bad field generators were once supposed not to exist, then two
examples were given, the first one by Jan [Jan74] (unpublished) in 1974, of degree
25, and the second one by Russell [Rus77] in 1977 of degree 21. There were no more
examples until 2005, when the first author showed [CNO05] that for any N there exists
a bad field generator F of A = k? such that deg,(F) > N.

It is an open question to classify field generators.

Throughout Part I we shall use the convention that the notation “A < B” means
that all of the following conditions are satisfied:

A=k B=kxP ACB and FracA = FracB.

Observe that if ' € A < B, then F' is a field generator of A iff it is a field gen-
erator of B. So the problem of classifying field generators is intertwined with that of
describing all pairs A < B, or equivalently, with the problem of classifying birational
endomorphisms of A2. The latter problem is the subject of Part II of the present paper,
and is a hard and interesting problem in its own right. It therefore seems reasonable to
keep those two problems separated, i.e., if our aim is to classify field generators, then
we should primarily try to classify those field generators that are not composed with
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a birational endomorphism. A polynomial F' € A = k@ that is not composed with a
birational endomorphism is said to be “lean”:

1.2. Definition. Let F € A = kP2, We say that F is lean in A if, for each A’ such
that F' € A" < A, there holds A’ = A. We say that F € A admits a lean factorization
if there exists A’ < A such that ' € A’ and F is lean in A'.

The problem of classifying field generators contains the following subproblems:

(i) Determine which field generators do not admit a lean factorization, and classify
them.
(ii) Classify the field generators that are lean.

By composing the polynomials (ii) with all birational endomorphisms of A? one obtains
precisely all field generators that admit a lean factorization; then adding the polynomi-
als (i) to this set gives all field generators. We regard (i) and (ii) as the most interesting
components of the problem of classifying field generators. There is, however, another
aspect that is of crucial importance:

(iii) Describe how field generators behave under birational extensions A < B.

In some sense, (iii) is a theme that underlies the whole paper. Results 2.13, 2.14, 5.3,
5.7 and 5.9 are good illustrations of the type of theory that (iii) calls for.

Before discussing (i) and (ii), we need to define the notions of very good and very
bad field generators. We already noted that if F' € A < B, then F' is a field generator
of A iff it is a field generator of B. Moreover, if F'is a good field generator of A then
it is a good field generator of B (and consequently, if it is a bad field generator of B
then it is a bad field generator of A). However, it might happen that F' be a bad field
generator of A and a good field generator of B. These remarks suggest the following:

1.3. Definition. Let F € A =k be a field generator of A.

(1) F is a very good field generator of A if it is a good field generator of each A’
satisfying F' € A’ < A.

(2) F is a very bad field generator of A if it is a bad field generator of each A’
satisfying A" > A.

Problem (i) is partially solved by 5.4, which asserts that the field generators that
do not admit lean factorizations are precisely the very good field generators. This is in
fact the reason why we became interested in the concept of very good field generator.
The very good field generators are not yet classified, but Sections 4 and 5 give several
results about them (4.1, 5.11 and various examples and remarks).

Problem (ii) is probably the hardest part of the whole question. Although Section 5
gives some results on this subject, our understanding is still very incomplete.

Most of the results given in Sections 2—4 can be found in the article [CND14a].
However, most of the examples never appeared in the literature before. All the material
of Section 5 is new. Note in particular that 5.14 gives an example of a very bad field
generator that is also lean, and that no such example was known before.

1.4. Remark. If k is an algebraically closed field of characteristic zero then F'is a field
generator of A = k[ if and only if it is a “rational polynomial” of A. (By a rational
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polynomial of A, we mean an element F' € A\ k such that, for all but possibly finitely
many A € k, F' — X is irreducible and the plane curve “F' — X\ = 07 is rational.) For
this equivalence and analoguous results in positive characteristic, see [Dail4].

2. DICRITICALS

2.1. Definition. Given a field extension L C M, let V(M /L) be the set of valuation
rings R satisfying L C R C M, FracR = M and R # M.
Given a pair (F, A) such that A = kI? and F € A\ k, define

V*(F,A)={ReV(K/k(F)) | AZ R} where K = Frac A.

Then V*°(F, A) is a nonempty finite set which depends only on the pair (k(F), A). For
each R € V®(F, A), let mg be the maximal ideal of R. Let Ry, ..., R; be the distinct
elements of V°(F, A) and d; = [R;/mpg, : k(F)] for i = 1,...,¢t. Then we define

A(F,A) =[dy,...,d] and dic(F,A) =|V®(F,A)| =t

where [dy, ..., d;] is an unordered t-tuple of positive integers.

Given A = kP? and FF € A\ k, we call the elements of V*°(F, A) the dicriticals of
(F,A), or of F'in A; given R € V*(F, A), we call [R/mp : k(F)] the degree of the
dicritical R.

Except for the notations, our definitions of “dicritical” and of “degree of dicritical”
are identical to those given by Abhyankar in [Abh10] (see the last sentence of page 92).
The following fact is very useful for determining the degree list A(F, A) of an explicit
polynomial:

2.2. Lemma. Assume that k is algebraically closed, let A = kP and F € A\ k. Let
f A2 = Spec A — A' = Speck[F] be the morphism determined by the inclusion
k[F] — A. Then there exists a (non unique) commutative diagram

A2 o X

1l

Al P!
where X 1s a nonsingular projective surface, the arrows “—7 are open immersions and
f is a morphism. Among the irreducible components of X \ A%, let C,...,C, C X be
the curves that satisfy f(C;) =P, and for eachi=1,...,t, let d; be the degree of the
surjective morphism f|c, : C; — P, Then A(F, A) = [dy, ..., d,].

Proof. We sketch the proof, and refer to [CND14a, 2.3] for details. Foreachi=1,...,t,
let & € X be the generic point of C;. Then the local rings Ox ¢, are valuation rings,
Vo (F,A) = {Oxg | 1 <i<t} and, for each i, the degree of f|c, : C; — P! is equal
to [K(Ci) : K(PY)] = [Ox¢,/mxe, : k(F)]. O

We shall make tacit use of 2.2 in all examples of the present paper. In practice,
we find a diagram (1) by resolving the base points of the linear system A(F) on P?
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defined as A(F) = { V(aF*(X,Y,Z) +bZ") | (a :b) € P'}, where n = deg F’ and
F*(X,Y,Z)=Z"F(X/Z,Y/Z) is the standard homogenization of F.

The following fact appears as “GCD(degqy, ...degq,) = 1”7 in the proof of [Rus75,
3.8], and is also a special case of [CND14a, 2.5]:

2.3. Corollary. If F' is a field generator of A = kK and A(F, A) = [di,...,d,], then
ged(dy, ..., dy) = 1.

2.4. Lemma. Let A=k F e A\k and A(F,A) =[dy,...,d;]. Then
t
deg,(F) > Zdi'
i=1

Proof. Let v = (X,Y) € €(A); let us prove that

(2) deg, (F) > S ds.

We first consider the case where k is an infinite field. For each A € k*, let X, =
X =AY € k[X,Y] = A. Since A = k[X,,Y], there exists a unique G(S,T) € k[S, T
such that F' = G\(X,,Y). Moreover,

3 dogr(GA(,T) < deg, (F).
Consider the field M = k(F,X,). Since FracA = M(Y) and Y is a root of the
polynomial G(X,,T) — F € M[T], (3) implies that

[Frac A : k(F, X,)] < deg (F), forevery A € k™.

Let V(F,A) = {Ry,...,R;}. Foreachi=1,...,t let d; = [R;/mpg, : k(F)] and
let v; : (Frac A)* — Z be the valuation such that R, = R,,; note that at most one
element \; € k* satisfies v;((X/Y) — A;) > 0. Since k is infinite, we may choose A € k*
satisfying

v ((X/Y)—=A) <Oforalli=1,... ¢t
We claim:
(4) v (X)) <Oforali=1,...,t.
Indeed, let @ € {1,...,t} and observe that min(v;(X),v;(Y)) < 0. If v;(X) # v;(Y)
then v;(X,) = min(v;(X), v;(Y)) < 0. If v;(X) = v;(Y) then v;(Y) < 0 and v;(X,) =
0;(Y) +v;((X/Y) = A) <v;(Y) < 0. This proves (4).

Since X, € A, v(X,) > 0 for all valuations v of Frac A over k(F') other than vy, ..., v;.
This and (4) implies that the divisor of poles of X} is div (X)) = Zle m;R; where
m; = —v;(X,) > 0 for all . Consequently,

22:1 d; < 22:1 m;d; = deg (diVoo(X)\)) = [Frac A : k(F, X))] < degV(F),

so (2) is true whenever k is an infinite field.
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Now drop the assumption on k (so k is now an arbitrary field). Pick an indeterminate
7 transcendental over Frac A, let k = k(7) = k¥ and A = k[X,Y] = k?. Since
F e AC A, we may consider V®(F, A) and V>*°(F, A). It is easy to see that

(5) S+ SN Frac A is a surjective map V*(F, A) — V*(F, A).

Let us adopt the temporary notation Af(F, A) = S°!_, d; where A(F, A) = [dy, ..., d].
It’s enough to show:

(6) AY(F,A) > A¥(F, A).
Indeed, we have deg, (F') > A*(F, 121) by the first part of the proof and the fact that k is

an infinite field, so if (6) is true then we are done. To prove (6), consider S € V°(F, A),
let R = S NFrac A and consider the field extensions:
S / mg
~ / ~

T~
k(F)

Since R/mp, is algebraic over k(F) and k(F) is purely transcendental over k(F), R/mp
is linearly disjoint from k(F') over k(F); thus [S/mg : k(F)] > [R/mpg : k(F')]. As this
holds for each S € V*°(F, A), (5) implies

Y [S/ms:k(F)] > Y [R/mp:k(F)],

Seveo(F,A) REV(F,A)
which is exactly (6). O

2.5. Observation ([Rus75, Rem. after 1.3]). Let F be a field generator of A = kil
Then F is a good field generator of A if and only if “17 occurs in the list A(F, A).

Remark. Recall that in all examples of Part I, k is assumed to be an algebraically closed
field of characteristic zero (see the introduction to Part I). The terms “Newton polygon”
and “Newton tree” are sometimes used in the examples below. The Newton polygon of
a polynomial .. a;; X'Y7 is the convex hull in R? of {0} U{(i,5) | ay #0}; the sides
of that polygon that are not included in the axes of coordinates are called the “faces”
of the Newton polygon. See [CN11] for the notion of Newton tree. From the Newton
tree at infinity of F'(X,Y’), one can deduce the genus of the curve “F(X,Y) = t” for
general ¢t € k; however, readers not familiar with these notions may ignore Newton
trees altogether, and use the well known genus formula (more is said about this in 2.6).

2.6. Example. The first example of bad field generator was given by Jan (A. Sathaye

kindly gave us the equation of that polynomial). Let A = k[X,Y] = kiZ and
FiX,Y)=Y(X3* -~ 1) +3X3YV3(X®Y* - 1) + 3XOYV3 + X € A

It has two points at infinity. The Newton polygon has two faces, one linking the point

(1,0) to the point (16,9) with slope 3/5 and the other one linking the point (0,1) to

(16,9) with slope 1/2.
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Let F;(X,Y,Z) € k[X,Y, Z] denote the standard homogenization of F;. At the
point [0 : 1: 0], we have
Fi(X,1,2)+t2% = (X® — Z")? + 3X3(X® — Z'%) 28 + 3X° 7210 + X 7 + 17,
After the blowups: X — XZ and divide by Z'¢, Z — ZX and divide by X®, and
X — XZ and divide by Z®, the strict transform of F;(X,1,7Z) + tZ* is
(X* =12 +3X3(X* - 1)Z+3X* 22 + X222 +tX 7%

In view of 2.2, this shows that we have four dicriticals of degree 2, corresponding to
the roots of X* — 1 (these four dicriticals are over the point [0 : 1 : 0]). At the point
[1:0:0], we have

Fy(L,Y,Z)+tZ* =Y (Y* = Z")? 4 3Y3(Y* — Z12) 728 + 3Y3 210 + 724 v 17
After the blowups: Y — Y Z? and divide by Z'8, Z — ZY and divide by Y°, and
Y — Y Z? and divide by Z%, we get

Y31 - 2% +3Y2(1 - ZY) +3Y + 1 +tY 25
After the change Y — Y —1 we have Y2 + h(¢) Z% 4+ Y Gay 0, Y *1 Z°2 with oy 4+ ag > 3,

and h(t) is a polynomial in ¢ of degree 1. This proves that (over the point [1: 0 : 0])
we have one dicritical of degree 3. Then

A(FLk[X,Y]) =12,2,2,2,3].
From the above computations one deduces the configuration of singularities at infinity,
from which one obtains the Newton tree at infinity of F; shown in Figure 1. From that
Newton tree—or directly from the configuration of singularities at infinity and the genus
formula—it follows that (for general ¢ € k) the plane curve “F;(X,Y) = —t” is rational.

So Fj is a rational polynomial and hence (1.4) a field generator of A = k[X,Y]. By
2.5, F is a bad field generator of A.

T 1

o

FIGURE 1
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The second example of bad field generator was given by Russell in [Rus77], and is
the following polynomial of degree 21:!

V(XY + )"+ Y2XY + 1)(XY + 1)+ D)(Y(XY +1)° +2XY(XY +1)* + X).
We shall refer to this polynomial as “Russell’s polynomial”. It is a bad field generator

of k[X, Y], where k is an arbitrary field. The same paper contains the following fact,
valid for an arbitrary field k (we use the notation Z<s; = {x € Z | 2 < 25 }):

2.7. Let A=Kk then
{ deg,(F) | F is a bad field generator of A} N Z<ss = {21,25}.

2.8. Example. We give an infinite family of bad field generators of degree 21. Given
(ag, a1, as) € k3, let o(T) = T3+ ayT? +a; T +ag € k[T] = kI, and define Fr(X,Y) €
A=Kk[X,Y] by

(7) Fr(X,Y)=Xp(XY)?+ X?p(XY)*(4XY + ay + 2)
+ Xp(XY)(6X?Y? + (44 3a2) XY + 1+ a; + ap)
+4X3Y? 4+ (24 3a2) X2Y2 + (ay + 2a,) XY + Y.
Let us sketch the proof of:

(8)  Fg is a bad field generator of A of degree 21 and A(Fg, A) = (2,3, ..., 3], where

the number of occurrences of “37 is equal to the number of distinct roots of .
For ¢ € k, consider the standard homogenization Fr(X,Y,Z) —tZ?' of Fr(X,Y) —t
and the corresponding local equations Fr(X,1,Z) —tZ*' and Fr(1,Y, Z) —tZ?" at the
points [0: 1:0] and [1: 0 : 0] respectively.

At the point [0 : 1 : 0], after the blowups X — XZ dividing by Z2, 7 — XZ
dividing by X®, X — X Z? dividing by Z®, changing X — X — 1, blowup Z — XZ
dividing by X2, again X — XZ dividing by Z2, changing X — X + 1, we get a
dicritical of degree 2.

At the point [1:0: 0], we apply Y — Y Z? dividing by Z'® and we get k dicriticals
of degree 3 where k € {1,2,3} is the number of distinct roots of ¢.

So A(Fgr,A) =12,3,...,3] where “3” occurs k times. The genus formula shows that
FRr is a rational polynomial and hence a field generator of A = k[X,Y]; by 2.5, Fg is
a bad field generator of A, proving (8).

Let us declare that F,G € A are equivalent if there exists 6 € Auty(A) such that
0(k[G]) = k[F]. We shall now prove:?

(9)  The family {Fr} contains almost all bad field generators of degree 21 up to
equivalence, and the members of {Fr} are pairwise nonequivalent.
Let V be the set of bad field generators F' of A = k[X, Y] of degree 21 satisfying:

IThere were some misprints in the polynomial given in [Rus77]. The polynomial that is displayed

here is the correct one.
2The meaning of “almost all” is made precise in (10).
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(i) the support of F' with respect to (X, Y) is included in {(0, 0), (9,0), (0, 12), (9, 12));
(11) if we write F' = Zi,j am-Xin (ai,j S k) then
Q9,12 = 1 and Q9,0 = Ap,12 = Ap,0 = 0.

See 3.1 for “support” and “(...)”. The set of all polynomials satisfying (i) can be
identified with A% so we may view V as a subset of A¥°. The appendix of [Rus77]
proves, among other things, that (a) every bad field generator of A of degree 21 is
equivalent to an element of V; and (b) V is a locally closed subset of A" and is an
irreducible algebraic variety of dimension 5 (isomorphic to the V; given there). We
shall prove:

(10)  There exists a dense Zariski-open subset U of V' such that each element of U
is equivalent to a member of {Fgr}.

We begin by enlarging the family {Fr}. Let W = (k*)? x k® C A® and, for each
(b, a, ag,a1,as) € W, define F(b,a,ag,ar,a2; X,Y) € k[X,Y] by
F(b,a,ag,a1,a2; X,Y) = X?p(XY)’b' + X?20(XY)? (40’ XY + agb® + 2ab?)
+ Xp(XY)(6X2Y20? + (4ab + 3a2b*) XY + a* + a1b® + aasd)
+4X3Y3b + (2a 4 3a20) X2Y? + (aag + 2a,:0) XY +Y.

Note that F(1,1, ag, a1, as; X,Y) is the right-hand-side of Equation (7) and hence is a
member of the family {Fr}. One can check that, for every (b, a, ag,ai,a2) € W, t € k*
and (r,s,u) € Z? satisfying 3s — 2r + u = 0, one has

t"F(b,a, a9, a1,a9; X,Y) = F(bt", at" ™", aot’*™ a2 agtt T 0 X, t7"Y)
and hence
F(b,a,ao,a1,a:; X,Y) ~ F(bt%, at*™" agt?*"), at?C7) agts T X, Y).
Taking (r,s,u) = (1,1, —1) and ¢t = b gives
F(b,a,ag,a1,a9; X,Y) ~ F(1,a/b,ag,a1,a9; X,Y);
then taking (r,s,u) = (3,2,0) and ¢t = a/b gives
F(1,a/b,a0,a1,a2; X,Y) ~ F(1,1,a0($)7%, a1($) 72, a2(%) "1 X, Y).

So, for every (b, a,ag, a1,a2) € W, F(b,a,ag,a1,a9; X,Y) is equivalent to a member of

{FR}. In particular, F(b, a, ag, a1, as; X,Y) is a bad field generator. It follows that if we

define G(b, a, ag, ar,as; X,Y) = b=*F(b,a, ag, ar, as; Y, X), then G(b, a, ag,ar,as; X,Y) €
V. So we have the morphism of varieties

v W =V, (ba,ag,a1,a3) — G(b,a,ag,ar,as; X,Y)
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and each element of the image of v is equivalent to a member of {F R}. Direct calcu-
lation shows that G(b, a, ag, a1, ag; X,Y) = 3. ¢;; X'Y7 satisfies

C779 = 4/6,
oo = (2a + 3agh) /b*,  cy5 = (4a + 9agh)/b?,
C1,1 = (2@1[) + GCL2>/b4, Co,1 = CL0<(I2 + CLCLQb + a1b2)/b4.

These equations show that if () = Zij ¢;; X'Y7 is an element of V such that co; # 0
then at most one w € W satisfies ¢(w) = Q. Since the image of v is not included in the
zero-set of ¢g 1, and since dim(WW) = dim V, it follows that ¢ is a birational morphism.
In particular, the image of 1 contains a dense Zariski-open subset U of V. Since we
have already established that each element of the image of v is equivalent to a member
of {Fr}, (10) is proved. This also proves the first part of claim (9). We don’t know
whether {Fr} contains all bad field generators of degree 21 up to equivalence.

The aforementioned appendix also describes the possible configurations of singular-
ities at infinity, for a bad field generator F' of A = k? of degree 21. That analysis
(from the last paragraph of p. 328 to the diagram at the top of p. 330) implies that
A(F, A) must be one of [2,3], [2,3,3], [2,3,3,3]. It is therefore interesting to note that
these three lists are realized by the family {Fg}.

To prove the second part of claim (9), consider elements F' and G of { Fr} and suppose
that F' ~ G. We may write F' = F(1,1,a9,a1,a2; X,Y) and G = F(1,1, by, by, by; X,Y)
with (ag, a1, az), (bo, b1, b2) € k3. There exists § € Auty A such that 6(k[F]) = k[G];
then 0(F) = aG + B for some o € k* and 5 € k. The fact that the supports of F
and G are included in ((0,0), (12,0), (0,9), (12,9)) \ {(0,0), (12,0), (0,9)} implies that
0(X) = uX and 6(Y) = vY for some u,v € k*. Then we must have F(uX,vY) =
u0?G(X,Y). Write H(X,Y) = F(uX,vY) —u*?G(X,Y) = 37, - hi ; X'Y7; each h;
is a polynomial expression in (u, v, ag, a1, as, by, by, bo) that can be computed explicitly,
and we must have h; ; = 0 for all i, j. Calculation gives hg; = —4uv"(u*v? — 1), so
u3v? = 1. So there exists r € k* such that u = 7% and v = sr~3 where s = £1. After
substituting these values in the expression of H, we find hy; g = 3(rag — sby) /73, so
by = sray. After substituting this value, we find hgo = 2(r — s)/r3, sor = s and hence
u=1=wv. It follows that F(1,1,a9,a1,a2; X,Y) = F(1,1,by,b1,be; X,Y) and hence
that (ao, a1, az) = (bo, b1, by). This completes the proof of (9).

Let us also point out that Russell’s polynomial is F(1,—1,1,3,3;Y, X), which is
equivalent to the member F'(1,1,—1,3,—-3;X,Y) of {Fg}, i.e., the member corre-
sponding to p(T) = (T — 1)3. Tt has A(F, A) = [2, 3] and its Newton tree is given in
Figure 2.

The next example gives a new family of bad field generators that shows that neither

the number of dicriticals nor their degrees are bounded (and we show in 5.15 that these
bad field generators are lean). This family generalizes Jan’s polynomial.
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2.9. Example. Let p(X) = X"+ ¢, 1 X"+, 2 X" 24+ ¢ € k[X] = k[! where
n >4, c,...,c,1 € k and ¢y # 0. Denote by
PX)=14cp 1 X +cpoX?+ -+ X"

the reciprocal polynomial of . Let

FCND(X,Y) = (X—|—Cn_1Xn71Y+"‘

1
P(X"2Y)
4 Cn,aniiY(Xnily 4 @(an2y>>ifl S Coy(xnfly 4 @(anQ}/))nfl)
Thus Fenp € k(X,Y); since
X + Cnilxnfly 4t cniiX(an)iJrlyi T Cox(an)nJrlyn — X@(an2y)’
we have Fonp € k[X,Y]. This polynomial has degree n(n—1)(n—2)+1. The monomial
with top degree is X™("=2*y ("=1)* The Newton polygon has two faces. One face links
the point (1,0) to the point (n(n — 2)%, (n — 1)?) and has slope (n? —3n +1)/(n — 1).
The other face links the point (0,1) to the point (n(n — 2)%, (n — 1)?) and has slope
n — 2. We shall now prove:
(11) Fenp is a bad field generator of k[ X, Y| with
A(Fenp, k[ X,)Y])=n—2,--- ;n—2,n—1],
where the number of dicriticals of degree n—2 is equal to the number of distinct
roots of .
Let
O(X,Y,Z) = 2"V ¢, 1 X" 2y 20707 4 g Xy
P(X\Y,Z)= X"y Z""D L (XY, Z)

QX,Y,Z) = Xz ¢, X"y Z(nmDimn=h)
+ CnfanfiYPFlZ("fi)("knfl) 4+ Y PP

QX,Y,2)

W\ 4 H) 7fzn(nfl)(nf2)+1
d(X,Y, 7)

F(X,Y,Z) =
Consider first
O(1,Y,2) = 2"V 4 ¢, YZO 4 Y
P(1,Y,Z) =Y Z"" 2 L &(1,Y, Z)
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Q(17 Y) Z) - Z?’l(n—l)2 + Cn—lYZ(n_l)(n2_n+1) + Tt
F Y PTY,Y, 2) 2000 ) oy Y PPY(LL,Y Z)

QLY. Z)
®(1,Y,2)
Consider the map Y — Y Z"~2. Then:

®(1,Y,2) = 2"=2d,(Y, Z), where &1(Y, Z) = Z™ + ¢, 1Y Z1) 4+ £ oY

P(1,Y,Z) = Z""=2P(Y, Z), where P\(Y,Z) =Y Z" 2+ ® (Y, Z);

Q(L,Y,2) = 220" =nt0Qy (Y, Z), where

E(l, K Z) — . tZTL(TL—l)(n—Q)-}—l

QI(K Z) — Zn2_2n+2 +Cn_1YZn2_1 4.
+ e Y PN (Y, 2) 20700 Y PPTNY, Z);

F(1,Y,Z) = 20200 F(Y, Z), where F\(Y, 2) = &5 — 12773+,
Consider the map Z — Y Z. Then:

(Y, Z) = Y"p(Z);

P(Y,Z) =YY" Py(Y, Z), where Py(Y,Z) = Z" 2 + Y o(Z);

Q1 (Y, Z) = Y™ =2012Q,(Y, Z), where

Q(Y, Z) = Zn?—2n+2 + cn_ly2(n—1)Zn2—1 4.
+ Cn,iYQ(nii)PQiil(Y’, Z)z(nfz)(n+l) I C(]Pznil(y’, Z),

R\(Y, Z) = Y752 Ey(Y, Z), where Fy(Y, Z) = S50 — 1y 70" =3+,
Finally, consider the map Y — Y Z"2. Then:

Py(Y,Z) = Z"2P(Y, Z), where P5(Y, Z) = 1+ Yo(Z);

Q2(Y, Z) = Z=DV=2Q4(Y, Z), where

Q3(K Z) AL + Cn_ly2(n—1)Z(n—1)(2n—1) 4.
+ e Y2OOPITNY, 2) 2 g PPN(Y, 2);

Fy(Y, Z) = 20"V Ey(Y, Z), where Fy(Y, Z) = L2 — 1y zn-L.

We have Pg(Y, Z) =14cY +cYZ+---, then Fg(Y, 0) = (1 + C()Y>n71. Let
Yy =1+cY. Weget Fy(Y1,Z) = Y"1 —tZ" 43" oy 0, Y 292 with g +ag > n—1.
This proves that, over the point [1: 0 : 0], we get one dicritical of degree n — 1.

Consider next
(P(‘X'7 17 Z) — Zn(n—l) + Cn_an—QZ(n—l)Q bt C()Xn(n_2)
P(X,1,2)=X""'2"""? + 9(X,1,2)

Q(X,1,2) = X7"D* ¢ X1z on=t)
+ Cn_an—iPi—lZ(n—i)(n2—n—1) 44 C()Pn_l

Q(X,1,2)

. tzn(nfl)(n72)+1
(X, 1,2)

Fi(X,1,2) =
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Consider the map X — X Z. Then:
®(X,1,2) = Z2""=29Y (X, Z), where
OUX, Z) =Z" 4 ¢ X227 o g XD,
P(X,1,7) = Z""=2PYX, Z), where P*(X,Z) = X" 17" + ®Y(X, Z);
Q(X,1,2) = zrn=V=2Ql(X | Z), where
Ql(X, Z) — in27n+l + Cnianflz(n—l)n 4o
+ i X" Z( )
Fi(X,1,2) = 2"=2"FY(X, Z), where F'(X, Z) = &5 g;
Consider the map Z — ZX" 3. Then:
PUX, Z) = X”("—3)<I>2(X Z), where ®2(X, Z) = Z" 4+ ¢, 1 XZ" L4 oo+ o X
PY(X,Z) = X""=3)P2(X, Z), where P*(X,Z) = X2Z"!' + ®*(X, Z);
QY X, Z) = Xnn=D0=3)02(X | Z), where
)

Q*(X,Z

(n— i)n‘i‘""i‘C(](Pl)n_l,
_tzn(n 2)+1

—= XTL*QZ'n,Qf’nJrl + Cnianflz(nfl)n + .
+ Cnianfz(PZ)iflz(nfi)n 4ot CO(PQ)”*l;

F\(X,Z) = X"0=20=9F2(X, 7), where FA(X, Z) = S04 — 1 X3 700241
Consider the map X — X Z. Then:

(X, Z) = Z2"p(X);

PX(X, Z) = Z"P3(X, Z), where P}(X, Z) = X2Z + $(X);

Q*X,Z) =z VQ3(X, Z), where

Q3(X7 Z) — Xn—QZn—l + Cn_an—IZn—l 4o
+ Cn_an—i(P3>i—lzn—i 4ot CQ(P3>n_1,
FX(X,7) = Z"=2F3(X Z), where F3(X,7) = L1%2)

) B(X)
One can write

_ tXn—SZn—Q'

FA (X, Z) = cop(X)" 7 + Zp(X)" Ay (X) +
+ Z"3P(X)An_g(X) —tX" 3272 + 27 IB(X)
This implies that, over the point [0 : 1 : 0], there are m dicriticals of degree n — 2 where
m is the number of distinct roots of . The Newton tree of Foyp is in Figure 3. From

that, or from the genus formula, we see that Fonp is a rational polynomial, hence a
field generator of k[X,Y]. So assertion (11) is proved.

Until the end of this section, k is an arbitrary field.

2.10. Notation. Let A = k2. Given F € A\ k, we let [ (F, A) denote the set of
prime ideals p of A such that the composite k[F| < A — A/p is an isomorphism.
We also let D(F,A) = {V(p) | p € Lug(F,A)}, ie., [(F, A) is the set of curves
C' C Spec A which have the property that the composite C' < Spec A — Speck[F] is
an isomorphism. Note that p — V(p) is a bijection I, (F, A) — I['(F, A).
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© n-2 n—1 \
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(0)
FIGURE 3

We shall now study how field generators behave under birational extensions.

2.11. Definition. Let ® : X — Y be a morphism of nonsingular algebraic surfaces over
k. Assume that ® is birational, i.e., that there exist nonempty Zariski-open subsets
U C X and V C Y such that ® restricts to an isomorphism U — V. By a missing
curve of ® we mean a curve C' C Y such that C'N®(X) is a finite set of closed points.
A contracting curve of @ is a curve C' C X such that ®(C') is a point. We write Miss(®)
and Cont(®) for the sets of missing curves and contracting curves of ®, respectively.
Note that Miss(®) and Cont(®) are finite sets.

2.12. Notation. Consider morphisms A2 2 A2 Iy A" where ® is birational and fis
dominant. Then we write

Misshor (@, f) = { C € Miss(®) | f(C) is a dense subset of A" }.
We refer to the elements of Missye, (P, f) as the “f-horizontal” missing curves of ®.

Our next objective is to study how A(F, A) and I'(F, A) behave under a birational
extension of A. This is accomplished by 2.13 and 2.14, which are respectively results
2.9 and 3.11 of [CND14a]. See the introduction for the notation “A < B”.

2.13. Proposition. Let A < B and F' € A\ k, and consider the morphisms
Spec B 2 Spec A ER Spec k[F]

determined by the inclusions k[F| < A — B. Let C4,...,C), be the distinct elements
of Misspe:(®, f) and, for each i € {1,...,h}, let §; be the degree® of the morphism
fle; = C; — Speck[F].
(a) A(F,B) = [A(F,A),01,...,6], i.e., A(F,B) is the concatenation of A(F, A)
and [0y, ...,04). In particular, dic(F, B) = dic(F, A) + | Misspo (P, )]
(b) For each i€ {l,...,h}, §; =1 C; € I'(F,A).

3Let R C S be integral domains and f : Spec S — Spec R the corresponding morphism of schemes.
Assume that Frac S is a finite extension of Frac R. Then we define deg f = [Frac S : Frac R|.



FIELD GENERATORS AND BIRATIONAL ENDOMORPHISMS OF AZ 15
2.14. Lemma. Let A < B and F' € A\ k, and consider the morphisms
Spec B % Spec A L Spec k[F]
determined by the inclusions k[F| < A < B. Then:
(a) For each C' € I'(F,B), ®(C") e T'(F, A).
(b) The set map v : I'(F,B) — I'(F, A), C" — ®(C"), is injective, and its image

is the set of C € I'(F, A) for which there exists a curve C' C Spec B such that
| is an isomorphism C" — C.

3. THE CARDINALITY OF I'(F, A) FOR FIELD GENERATORS

Proposition 2.13 shows the importance of T'(F, A) for field generators. We will see
two important features of that set: if [ is a field generator of A = kl? then (i) for
a suitable (X,Y) € €(A), all elements of I'(F, A) are lines “X = constant” or “Y =
constant”; (ii) except for a very special case, the cardinality of T'(F, A) is at most 2.
3.1. Definition. Let A = k%,

(1) Given F' € A and a pair v = (X,Y) such that A = k[X,Y], write F' =
>, ai; X'Y7 where a;; € k for all ¢, j; then supp, (F) = { (i,7) € N* | a; #0 }
is called the support of F' with respect to .

(2) Given a subset S of R?, let (S) denote its convex hull.

(3) Given F' € A, we write Rec(F, A) for the set of ordered pairs v = (X,Y)
satisfying A = k[X, Y] and

there exist m,n > 1 such that (m,n) € supp. (F) C ((0,0), (m,0), (0,n), (m,n)).

Let Rect (F, A) be the set of v = (X,Y) € Rec(F, A) satisfying the additional
condition “m < n”. Clearly,
Rect(F, A) # @ < Rec(F, A) # @.
(4) By a rectangular element of A we mean an F' € A satisfying Rec(F, A) # @.

See 3.6, below, to understand why the notion of rectangular element is relevant for
studying field generators.

3.2. Lemma ([CND14a, 3.4]). Let I be a rectangular element of A = k2.
(a) If (X,Y) € Rec(F, A) then

Rec(F,A) = { (aX +b,¢Y +d) | a,b,c,d €k, ac#0}
U{(cY +d,aX +b) | a,bc,d ek, ac#0}.

(b) Up to order, the pair (m,n) in 3.1(3) depends only on (F, A), i.e., is independent
of the choice of v € Rec(F, A).

3.3. Definition. For each rectangular element F of A = kl? we define

bideg 4 (F) = (degy (F), degy(F)) for any (X,Y) € Rec (F, A).
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By 3.2, bideg 4(F') is well defined and depends only on (F, A).
Moreover, if (m,n) = bideg,(F) and v € Rect(F, A) then
1<m<n and (m,n) € supp,(F) C ((0,0), (m,0), (0,n), (m,n)).

3.4. Remark. Let F' be a rectangular element of A = kIZ and let (m,n) = bideg ,(F).
It follows from 3.2(b) that if m = n then Rec’(F, A) = Rec(F, A).

We shall now consider the set [y (F, A) defined in 2.10. By the next fact, Iy (F, A)
is easy to describe when F' is a rectangular element of A.

3.5. Lemma ([CND14a, 3.7]). Let F be a rectangular element of A = kP ~ = (X|Y) €
Rec(F, A) and (m,n) = (degy (F'),degy (F')). Recall that
(m,n) € supp, (F) € ((0,0), (m,0), (0,n), (m, n)).
Write ' =37, ;a;; X'Y7 (a;; € k) and define
For(Y) = Z?:o am ;Y7 and Fu(X) =Y 1 ain X"

(a) Lag(F, A) is equal to
{(X—a)|ackand degF(a,Y)=1}U{(Y =) | b€k and deg F(X,b) =1}.

(b) If min(m,n) > 1 then Tyg(F, A) is included in

{(X—a) | ack and Fhoe(a) =0} U{ (Y —b) | b€k and Fer(b) =0 }.

The next result (3.6) is due to Russell, and has proved to be very useful in the
study of field generators. Here, one should observe that no variable of A = kl? is a
rectangular element of A, because any rectangular element has two points at infinity.

3.6. Theorem ([Rus75, 3.7 and 4.5)). If F' is a field generator of A = k2l which is not
a variable of A, then F is a rectangular element of A.

We now turn our attention to the cardinality of I'(F, A) where F is a field generator
of A = k. Note that there is no upper bound on |I'(F, A)| for rectangular elements
F of A and even for certain types of field generators:

3.7. Examples. Let A = k[X,Y] =kl
(a) Let F =u(Y)X?+ X, where degu(Y’) > 1; then F is a rectangular element of
A and 3.5 implies that |I'(F, A)| equals the number of roots of u(Y).
(b) Assume that k is infinite and let F' = a(Y)X + (YY) where degf(Y) <
deg a(Y’) > 0; then 3.5 implies that |['(F, A)| = |k|. Since k(F,Y) = k(X,Y),
F is a good field generator of A (of an especially simple type).

3.8. Theorem ([CNDI14a, 4.11]). Let F be a field generator of A = kP2l satisfying
IT(F, A)| > 2. Then there exists (X,Y) such that A=k[X,Y] and FF = a(Y)X +5(Y)
for some a(Y), B(Y) € k[Y].

The above theorem is one of the main results of [CND14a]. Its corollary (below) has

interesting consequences in the classification of field generators (for instance, 3.9(a) is
needed in the proof of 4.1(b)).
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3.9. Corollary ([CND14a, 4.12]). If F is a bad field generator of A = kP! then the
following hold.

(a) [T'(F,A)] <2

(b) Rec(F,A) # & and the pair (m,n) = bideg 4(F') satisfies 2 < m < n.

(¢c) There exists (X,Y) € Rec(F, A) such that

Lug(FLA) C{(X), ()} or Tug(F,4) € {(X), (X — 1)},

3.10. Examples. Using 3.5, we see that Lz (F;, A) = {(X), (Y)} = Lug(Fenp, A) and
Lag(Fr, A) = {(X)}. We will see examples of bad field generators F' of A satisfying
Lag(F, A) = &, but we do not have examples such that Iy, (F, A) = {(X), (X — 1)}

4. VERY GOOD AND VERY BAD FIELD GENERATORS

The next proposition gives a partial characterization of very good field generators.
For the moment, this is the best that we can say on that subject. (In part (a), let us
agree that ged @ = 00.)

4.1. Proposition ([CND14a, 5.3]). Let F be a field generator of A = k2l and A(F, A) =
[dy, ..., dy.
(a) If ged ({di, ..., d:} \ {1}) > 1 then F is a very good field generator of A. In
particular, if at most one i € {1,...,t} satisfies d; > 1 then F is a very good
field generator of A.
(b) If at least three i € {1,...,t} satisfy d; = 1 then F is a very good field generator
of A.
(¢c) If F is a good but not very good field generator of A then

A(F,A) =11,...,1,ep,...,¢e4

where “1” occurs either 1 or 2 times, s > 2, min(ey,...,es) > 1 and
ged(eq, ... e5) = 1.

4.2. Remark. By 4.1(a), the polynomials classified in [MS80], [NN02] and [Sas06] are
special cases of very good field generators. This gives many complicated examples of
very good field generators.

4.3. Example. Let F' be a bad field generator of A = k[X,Y] such that [, (F, A) =
{(X),(Y)} and A(F, A) = [3,4]. For example take Fonp for p(X) = (X—1)°. Let B =
k[X/Y, Y?/X] and note that A < B. Consider the morphisms Spec B 2, Spec A EN
Spec k[F] determined by the inclusions k[F] < A < B. Then the missing curves of ®
are C; = V(X) and Cy = V(YY) and these are f-horizontal, so Misspo, (P, f) = {C1, Ca}.
In the notation of 2.13 we have 6; = d; = 1 (because Cy,Cy € I'(F, A)), so that result
implies that A(F, B) = [3,4,1,1]. Note that F' is not a very good field generator of B
(because it is bad in A). This shows that, in 4.1(b), one cannot replace “at least three”
by “at least two”; and in the second part of 4.1(a), one cannot replace “at most one”
by “at most two”.
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Another application of 2.13 shows that I is a good field generator of B’ = k[ X, Y/ X]
which is not very good and which has A(F, B') = [3,4, 1].

4.4. Remark. We shall give in 5.13 an example of a very good field generator F' of
A = kP with A(F,A) = [3,4,1]. So the converse of 4.1(c) is not true. Moreover,
noting that A(F, B’) = [3,4, 1] in 4.3, this will also show that

There exist good field generators F,G of A = kI& such that F is very

good, G is not very good, and A(F, A) = [3,4,1] = A(G, A).
So the degree list A(F, A) does not characterize very good field generators among good
field generators.

The set I (F, A) characterizes very bad field generators among bad field generators:
result 4.5(a) gives such a characterization and, in fact, makes it easy to decide whether
a given bad field generator is very bad.

4.5. Proposition ([CND14a, 5.8]). Let F be a bad field generator of A = kIl
(a) F'is a very bad field generator of A if and only if Ly (F, A) = @.
(b) Suppose that Tyg(F, A) # @. Then there exists (X,Y) such that A = k[X,Y]
and (X) € Lug(F, A). For any such pair (X,Y), F' is a good field generator of
k[X,Y/X].

4.6. Example. Let F be a bad field generator of A = k[X,Y] = k& such that
Lag(F, A) = {(X)} (for instance, F' = Fp for any choice of ¢; see 3.10). By 4.5,
F is not a very bad field generator of A. Let B = k[X/(Y — 1),Y] and note that
F € A= B;so Fis a field generator of B and we claim:

(12) F' is a very bad field generator of B.

To see this, consider Spec B = Spec A ERN Speck[F| asin 2.13. We have I'(F, A) = {D}
where D = V(X) C Spec A and Miss ® = {C'} where C' = V(Y —1) C Spec A. If f(C)
is a point then Missy (P, f) = @ and 2.13(a) implies that A(F, B) = A(F, A); if f(C)
is not a point then Misspo, (®, f) = {C} and 2.13(a) implies that A(F, B) = [A(F, A), ]
where 0 is the degree of f|c : C' — Spec A, and where § > 1 by 2.13(b) and because
C ¢ I'(F,A). Since “1” does not occur in A(F, A) by 2.5, it follows (in both cases)
that it does not occur in A(F, B) either; so (by 2.5 again) F' is a bad field generator
of B.

In view of 4.5, there only remains to show that I'(F, B) = &. Suppose that there
exists an element D’ of I'(F, B). Then 2.14 implies that ®|p : D’ — D is an isomor-
phism. This is not the case, because D ¢ im @ (the maximal ideal (X,Y’) € Spec A is
a point of D but not of im ®). This proves (12).

Observe that the very bad field generators (of B) constructed in 4.6 are not lean in
B, due to the method of construction. All examples of very bad field generators given
in [CND14a] are constructed by that same method, and hence are not lean. In 5.14,
below, we give the first example of a very bad field generator that is also lean.
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5. LEAN FIELD GENERATORS

See the introduction for the statement of the problems “(i)” and “(ii)”, that will
occupy us in this section. See in particular 1.2 for the definition of the property of
being lean. We immediately observe:

5.1. Lemma. If F is a good field generator of A =Xk then F is not lean in A.

Proof. Since F is a good field generator of A, we may pick G € A such that Frac A =

k(F,G); then F € k[F, FG] < A and k[F, FG] # A. O
The paper [CND] (in preparation) contains the following result:

5.2. Theorem. For F € A=k, the following are equivalent:

(a) F' € A does not have a lean factorization.
(b) There exists a very good field generator G of A such that F € k|G].

We shall now give the proof of the special case 5.4 of 5.2, because it is considerably
simpler than that of the general case, and because we only need this special case in
the present paper. The proof of the special case is based on simple minded degree
considerations, an approach that does not seem to work in the general case. See the
introduction for the notations regarding degree.

5.3. Lemma. Let F be a rectangular element of A = k.
(a) degy(F') = deg,(F') for any p € Rec(F, A).
(b) deg,(F) < degg(F) for every strict inclusion A C B = kU,

Proof. Consider an inclusion A C B where A = kP!, B = k[ and F is a rectangular
element of A. Choose v = (X,Y) € &(B) such that deg (F) = degp(F). Choose
p= (U, V) € Rec(F,A); then

there exist m,n > 1 such that (m,n) € supp,(F) € ((0,0), (m,0), (0,n), (m,n)).

If we define e; = deg, (U) and e; = deg (V) then deg (U™V™) = me; + ney and, for
cach (i, j) € supp,(F) \ {(m,n)}, deg, (U'V?) = ie; + jes < mey + ney; so

degp(F) = deg, ' = me; + ne,.

Since deg,(F) = m + n, we have

(13) degp(F) — deg,(F) > m(e; — 1) +n(ez —1) >0
and consequently
(14) deg, (F) < deg,,(F) < degp(F).

Assertion (a) follows from the special case A = B of (14). To prove (b) we note that
the condition deg,(F') = deggz(F') implies (by (a) and (13)) that e; = 1 = eg, so
A=K[U,V] =Kk[X,Y] = B. O
5.4. Proposition. For a field generator F of A =k, the following are equivalent:

(a) F' € A has a lean factorization.
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(b) F is not a very good field generator of A.

Proof. Suppose that (b) holds. Then there exists A’ such that FF € A” < A and F
is a bad field generator of A’. Consider the set ¥ = {R | FER=<A }, which is
nonempty since A" € ¥. For each R € X, F is a bad field generator of R and hence
(by 3.6) a rectangular element of R. So 5.3 implies that if Ry C R, is a strict inclusion
with Ry, Ry € ¥, then degp (F) < degg, (F). It follows that ¥ has a minimal element
Ry. Then F € Ry < A and F is lean in Ry, so (a) is true.

Conversely, suppose that (a) holds. Then there exists A’ such that F' € A’ < A and
Fislean in A’. Then (by 5.1) F'is a bad field generator of A’, so (b) holds. O

Result 5.4 partially solves problem “(i)” stated in the introduction. To complete
the solution of (i) there would remain to classify very good field generators, but this
question is open.

We shall now make some modest contributions to the problem (called “(ii)” in the
introduction) of classifying lean field generators. Recall (5.1) that if a field generator
is lean then it is bad. Also observe that, by 5.4, it is a priori clear that lean field
generators exist (we know that there exists a bad field generator F of A = k[? and 5.4
implies that there exists A’ satisfying F' € A” < A and such that F' is lean in A’; then
F' is a bad field generator of A’ that is lean in A’). For specific examples, consider 2.8
with:

5.5. Corollary. Fvery bad field generator of degree 21 is lean.

Proof. Let F be a bad field generator of B = kl such that degz(F) = 21. By
contradiction, assume that F' is not lean in B. Then F' € A < B for some A such that
A # B. Then F is a bad field generator of A, so 2.7 gives the first inequality in

21 < degy(F) < degp(F)
while the second inequality is 5.3. This contradicts the assumption. U

It is much more difficult to determine whether there exist very bad field generators
that are lean. In fact this question remained open for several years. The very bad field
generators exhibited in 4.6 are—by construction—mnot lean. In 5.14, below, we give
an example of a very bad field generator that is lean. First, we need to develop some
tools.

5.6. Notation. Given a birational morphism ® : A2 — A? and a coordinate system ~
of A%, we write

5. (®) = max { deg (C) | C € Cont(®) }, if Cont(®) # @;
! L, if Cont(®) = o.

See 2.11 for the notation Cont(®), and observe* that Cont(®) is empty if and only if
® is an automorphism of AZ.

4This is well known and easy to show when k is algebraically closed (e.g., [CND14b, 2.6(b)]), and
it is straightforward to generalize this to arbitrary k.
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5.7. Lemma. Assume that k is algebraically closed. Let F € A < B where F is a
rectangular element of A and let ® : Spec B — Spec A be the morphism determined by
the inclusion A — B. Then
deg, (F)
deg,(F) < ———
egA( ) — 57((1))
Moreover, if A # B then the above inequality is strict for all v € €(B).
Proof. Let v = (X,Y) € &(B). If Cont(®) = @ then 6,(®) = 1 and the claim is
an immediate consequence of 5.3. So we may assume throughout that Cont(®) # @.
Under this assumption we shall prove that deg,(F) < deg, (F)/d,(®).
Choose C' € Cont(®) such that §,(®) = deg, (C); let P be an irreducible element of
B such that C'= V(P). Pick p = (U,V) € Rec(F, A). Let us first prove that
(15) min(eq, e2) > 6,(P)

where we define e; = deg, U and e; = deg, V. Note that ® is given by the formula
O(z,y) = (U(z,y),V(z,y)), where we use coordinates X, Y (resp. U, V) to identify the
set of closed points of Spec B (resp. Spec A) with k%. As ® maps V(P) to a point (a, b),
we have P | gedg(U — a,V —b). In particular,

(16) min(ey, e) = min(deg, U,deg, V) > deg, P = deg, C = 0,(®).
So (15) is proved. Since p € Rec(F, A),
there exist m,n > 1 such that (m,n) € supp,(F) € ((0,0), (m,0), (0,n), (m,n)).

We have deg (U™V™) = me;+ney and, for each (4, j) € supp,(F)\{(m,n)}, deg, (U'V') =
1e1 + jes < mey + nes; so

for every v € €(B).

(17) deg, F' = me; +ney > (m +n) min(ey, ey).

Since m +n = deg,(F) = deg,(F') by 5.3, inequalities (15) and (17) imply
deg, (F)

18 degy(F) < ——-.

( ) egA( ) — 5"/((1))

Assume for a moment that equality holds in (18). Then equality must hold in (17)
(so €1 = eg) and in (16) (so deg, P = deg, U = deg, V). As P | gedp(U —a,V — D),
it follows that P,U — a,V — b are associates, so U,V are algebraically dependent, a
contradiction. So inequality (18) is strict, and the lemma is proved. U

5.8. Notation. Let B = kiZ and FF € B\ k. Write A(F,B) = [dy,--- ,d;] and let
D(F, B) be the set of nonempty subsets I of {1,...,t} satisfying V;c;(d; # 1) and
ged{d; | i € I} =1. Define:

min{ Y..;d; | I € D(F,B)}, if D(F,B)+# &;

(F,B) = { }
00, it D(F,B) = @.
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5.9. Lemma. Let F' be a field generator of B = k2. Then
0(F, B) < degy(F) < degp(F)
for every A satisfying F' € A < B and such that F' is a bad field generator of A.

Proof. Suppose that ' € A < B and that F is a bad field generator of A. We have
deg4(F) < degp(F) by 5.3. By 2.13, A(F, A) is a sublist of A(F, B); so we may write
A(F,A) = [dy,...,ds] and A(F,B) = [dy,...,d;] where s <t. Since F'is a bad field
generator of A, we have Vicq1, . s (d; # 1) by 2.5 and ged(dy,...,ds) = 1 by 2.3, so

{1,...,s} € D(F,B) and hence > ;_, d; > 6(F, B). Since deg,(F) > >, d; by 2.4,

we are done. U
5.10. Notation. Let F' € B\ k, where B = klZ. For each v € €(B) we define
subdeg. (F) = min { deg (P) | P € P}

where P denotes the set of irreducible elements P of B such that P | (F — \) in B for
some A € k.
5.11. Corollary. Assume that k is algebraically closed and let F' be a field generator
of B = KB, If there exists v € &€(B) satisfying

deg, (F)
subdeg, (F)
then exactly one of the following conditions is satisfied:

(a) F is a bad field generator of B and is lean in B;
(b) F is a very good field generator of B.

5(F,B) >

Proof. Assume that there exists a 7 as in the above statement and that condition (b)
is not satisfied. Then E # &, where we define

E={A| FeA=BandF is a bad field generator of A }.

We claim that £ = {B}. Indeed, assume the contrary. Because E # &, there exists
an A € F satisfying A # B. Then the birational morphism ® : Spec B — Spec A
is not an isomorphism; so (cf. [CND14b, 2.6(b)]) Cont(®) # @ and each element of
Cont(®) is an irreducible component of a fiber of Spec B — Speck[F]; consequently,
0,(®) > subdeg, (F). By the assumption, it follows that J(F, B) > deg. (F)/d,(®P).
Note that F' is a rectangular element of A, because it is a bad field generator of A. So
by 5.7 we get deg, (F")/d,(®) > deg,(F), so deg,(F) < §(F, B), which contradicts 5.9.

This contradiction shows that £ = {B} and hence that (a) holds. O

The following is a technical lemma that we need in 5.13, 5.14 and 5.15. We say that
an element r of a ring R “is a power” if r = r{ for some ro € R and k > 1.

5.12. Lemma. Assume thatk is algebraically closed and that F is a rational polynomial
of A=Kk, Letd = dic(F, A), lett,, ..., tq_1 be distinct elements of k and suppose that,
for each i € {1,...,d—1}, we have a factorization F —t; = G;H; with G;, H; € A\ k.
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Moreover, assume that for each i € {1,...,d—1} there exists (X,Y) € €(A) such that
one of the following conditions is satisfied:
(i) Gi(X,0) ¢ k and G;(X,0) is not a power, H;(X,0) ¢ k and H;(X,0) is not a
power, and ged(G;(X,0), H;(X,0)) = 1;
(ii) Gi(X,0) € k*, H;(X,0) ¢ k and H;(X,0) is not a power, G;(0,Y) ¢ k and
G;(0,Y) is not a power, and H;(0,Y") € k*.
Then {t €k | F —t is reducible in A} = {t1,...,t4_1} and
F —t, = G;H; 1s the prime factorization of ' —t; in A

for eachi e {1,...,d—1}.

Proof. For each t € k, denote by n; the number of irreducible components of the closed
subset “F' = t” of Spec A. Then (see, e.g., [Dail4, 1.11]), since k is algebraically closed

and F is a rational polynomial of A = k2,

(19) d—1=7% (s —1).

Let S = {t € k | F—tisreduciblein A} and note that if ¢ € S then n, > 1
(otherwise F' — t would be a power, so F' — s would be reducible for all s € k, which
would contradict the definition of rational polynomial). Then formula (19) implies that
S=A{ty,...,tg_1} and that n, =2 for all t € S.

Fix 1 € {1,...,d — 1}; let us prove that G;, H; are irreducible. Since n;, = 2, there
exist irreducible P, P, € A such that G; = Plk1 PQ’I€2 and H; = PlllPQZ2 with k; +ky > 1
and [; + [y > 1. Interchanging P;, P, if necessary, we may arrange that k; > 1. Choose
(X,Y) € €(A) such that (i) or (ii) holds. Given M(X,Y) € k[X,Y] = A, write
M = M(X,0) and M = M(0,Y). We have G; = F?FSQ and similarly for G;, H;, H,.

Assume that (i) holds. Then G; € k*, G; ¢ k, H; ¢ k and H; € k*, so:

> 02 Plek LS B g k=2 g, = 0

Hﬁk“
H,ek* Gigk Hiek*

7

so G; = Plk”1 and H; = PQlQ. Since G; and H; are not powers we get k; = 1 = Iy, so
G, H; are irreducible (in case (ii)). The argument in case (i) is left to the reader. [

The following examples construct field generators and use 5.11 to establish their
properties. The relevance of Example 5.13 is explained in 4.4.
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5.13. Example. Define F' € A = k|z,y] by

F(z,y) = 2+ 2+ 272%3 + 2y + 802*y? + Yyx + 16ya? + 9125y* + 1423y
+ 122207 + 752 7y% + 196295 + 274yt + 828yt + 732%y0 + 29622%°
+ 70027 + 10642'%9° + 107823y + 7282'%* + 31627y + 322%y + Sx?y?
+ 2162%y> + 2236y 4 242%3y'2 + 13223091 + 44027y 4 990224y° + 158422142
4 184828y ™ 4 15842'%9% 4+ 99022y° + 4402%y* + 1322%° + 2423y 4 22y,
The polynomial F' is a rectangular polynomial of bidegree (36,13). We claim:
(20) F is a very good field generator of A with A(F, A) = [1,3,4].

First note that the Newton polygon of F' has 3 faces with face polynomial fi(z,y) =
y(3y + D2 folz,y) = 2ty(2x®y® + 1)* and f3(x,y) = x + 2'y. The last one produces
a dicritical of degree 1. We study the two other.

Let Fy(z,y,2) = (F(x/z,y/2) — t)2%.

We first consider Fj,(x,1,z) and we apply the blowups x — zz divided by 23¢,
2z — zz? divided by z** and « — xz divided by 22 and then the change z — x — 1.
We get

20" — S 4t (1 — 1) + Z Aoy 0 T 22
with a; + 4as > 12. Then the face with face polynomial f; produces a dicritical of
degree 3.

Now consider Fj(1,y,2) and apply y — yz* divided by 2%, 2 — zy divided by y°

and y — yz? divided by z®. Apply the change y — vy — 1. We get

2y* — 23y°z + 100y%2” — 194y2" + (t + 140)2° + Y ba 0,7 2

with aq + ap > 4, which proves that we have a dicritical of degree 4. So A(F, A) =
[1,3,4]. The Newton tree at infinity of this polynomial is shown in Figure 4.

0 (0)

FIGURE 4

It is easy to check that F'is a rational polynomial (hence a field generator) of A.
Two fibers of F' are reducible namely, let

hi(z,y) = o + 2 + 827> + 823y + 122%)2 + 22'%y* 4 22y,
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ho(z,y) = 2*'y” + 82*'y® + 2823y + 32'%° + 562'°y° + 162'%y°
+ 702%9° + 34210 + 562%y? + 328y + 3627y + 2828y + 8x5y?
+ 1922 + 823y* 4 6ya® +4yx + 1+ y,
hs(x,y) = 2%y® + 1 + 2 + 32°y + 32597,

hy(x,y) = 22°7y"0 + 182 y” + 7221 y® + 62"y" + 1682'%y" + 372'%°
+ 25221%9°% + 95213y° + 25221245 + 62 y* + 13020y* + 16827y* + 2025y3
4 10027y® + 72259 4 232597 + 412"y + 182%y? + 223y 4 ya® + Tyx + 1+ 2y.

We have F(x,y) = hy(z,y)ho(z,y) and F(z,y) — 1 = hs(x,y)hs(x,y); then 5.12(ii)
implies that these are the prime factorizations of F' and F' — 1 respectively, and that

F —t is irreducible for all ¢ € k \ {0,1}. So subdeg. (F) = 12 (where v = (z,y)) and

49 deg. (F)

S(FLA)=T> = = o)
(£, 4) ~ 12 subdeg, (F')

By 5.11, F'is a very good field generator of A, so (20) is proved.
5.14. Example. Let A = k[v, w] = kI?. Define P,Q € A by
P = v*(vw — 1) + w?(v3w?® + 1)% — vBw™ — 700wt + 3740w
+ (—=1400"" — 12100"*)w? + (588v'° 4 2640v'")w®
+ (—1400° — 146407 — 40920'")w™ + (43007 + 23940v° + 46200")w°

+ (—=700° — 75705 — 2688v" — 3828v%)w® + (21000° + 137v* + 231007 + 8350°)w*

4 (—11280° —9900° — 5900 — 1402 — 1420%)w® 4 (2600° + 8102 +286v° 4 399v* + 120 )w?
+ (—84v* — 500" — 24v — 650% — 3)w + 3 + Tv + 8v* + 403,

Q = v’(vw — D + w@*w? +1)° — vBw' — 650w + 3200"%w?
+ (=1300™ — 9450")w® + (5020 + 18600 w™ + (—25620'° — 1300° — 11340°)w®
+ (16520° + 36607 + 25200 )w® + (=578 — 17700® — 650° — 161007 )w*
+ (5520° 4 10500° + 116v* + 8700 )w® + (—318v* — 104v® — 2850° — 130 — 4420°)w?
+ (1020* + 109v* + 460? + 10v + 56v°)w — 1 — 8v — 120° — vt — 14v?
Let
F=PQeA.

Then F' is a rectangular polynomial of degree 63. Its Newton tree at infinity is in

Figure 5. It follows that F' is a rational polynomial (hence a field generator) of A with
A(F,A) =19,2]. We claim:

(21) Fis a very bad field generator of A that is lean in A.



26 PIERRETTE CASSOU-NOGUES AND DANIEL DAIGLE

ol E

©0) 0) © ©0)

FIGURE 5

Indeed, we have Iy (F, A) C {(v), (w)} by 3.5(b); as deg F'(v,0) = 9 and deg F/(0, w) =
3, 3.5(a) gives Iy (F, A) = @. Then F is a very bad field generator of A by 4.5.
Lemma 5.12(i) implies that F' — ¢ is irreducible for every ¢t € k* and that F' = PQ is

the prime factorization of F; thus subdeg, (F) = deg.(Q) = 31 (where v = (v, w)) and

63 deg. (F)

S(F,A) =11> — = — 11—,
(F, ) 731 subdeg. (F)

So 5.11 implies that F is lean in A, i.e., (21) is proved.

5.15. Example (Continuation of 2.9). We showed in 2.9 that the polynomials Feoyp
are bad field generators of k[X,Y]. We now prove:

The polynomials Fonp are lean in k[ X, Y].
Let o(X) =[[(X — a;)™. Define P(X,Y) = X"V + ¢(X"?Y). We have

FCND(Xa Y) = W(X + YPn_l(X, Y)(Cn_l(m)n_l + -+ CO))
Fenn(X.Y) = Zrmges (X + VP X V) el 37) — ey
% X
FCND(X, Y) - (,(ND(X”_2Y)P(X, Y) H(X - CLiP(X, Y)) - m

Let a € k be a root of the polynomial ¢ (observe that a # 0). Then
Foenp —a = RoQa
where R, = X —aP(X,Y) and Q, € k[X,Y]. Note that deg (R,) = n(n —1) <
deg, (Qu) (7 = (X,Y)). Also,
F(X,0)—a=X—a and R,(X,00=X—-a = Q.X,0)=1
F(0,Y)—a=c¢Y —a and R,(0,Y)=—a =  Q.(0,Y) = (—c/a)Y + 1.
By 5.12(ii), we find that {¢ € k | Foyp —t is reducible } is the set of roots of ¢

and that, for each root a, Fonp — a = R,(Q), is the prime factorization of Foyp — a.
Consequently, subdeg, (Fonp) = n(n —1). Then

nin—1)(n—2)+1  deg, (Fonp)
n(n—1) ~ subdeg. (Fonp)'
so 5.11 implies that Fonp is lean in k[ X, Y].

5(FCND7k[X7 Y]) =2n—3 Z
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5.16. Remark. Let A = k?/. Given ' € A\ k, let us use the temporary notation
m(F,A) =min(t,dy,...,d;) where A(F,A) = [dy,...,d].
Then 2.9 and 5.15 show that the set
{m(F,A) | Fis a bad field generator of A which is lean in A }

is not bounded.

5.17. Remark. The polynomial® f(z,y) = z((2®y®>+1)?+2y?)? is a bad field generator
of degree 21 in B = k|z,y] with A(f, B) = [2,3]. It has the same Newton tree as
Russell’s polynomial. It is a lean bad field generator such that

(f,B)=5<21= % where v = (z,y).

Now the same f is a bad field generator of B" = k[x, y/x] of degree 33, with A(f, B") =
[2, 3], and which is not lean in B’. So there exist bad field generators with two dicriticals
and which are not lean, and there exist lean field generators f of B satisfying

deg, (f)
5(f’ B) < subdt:g,y(f)'

One has to note that in those two cases the reducible fiber is not reduced.

Part II: Birational endomorphisms of the affine plane

Throughout Part I1, k denotes an algebraically closed field of arbitrary characteristic
and A? = A is the affine plane over k.

6. INTRODUCTION

By a birational endomorphism of A?, we mean a birational morphism from A? to
A% (cf. 2.11). The set Bir(A?) of birational endomorphisms of A? is a monoid under
composition of morphisms,® and the group of invertible elements of this monoid is the
automorphism group Aut(A?) of A%2. An element f of Bir(A?) is irreducible if it is not
invertible and, for every factorization f = ho g of f with g, h € Bir(A?), one of g, h is
invertible.

The birational morphism ¢ : A2 — A% c(z,y) = (x,2y), is an example of a non-
invertible element of Bir(A?). One can ask:

(%) Is Aut(A?) U {c} a generating set for the monoid Bir(A?)?

That question was posed in Abhyankar’s seminar at Purdue University in the early 70s,
and was given a negative answer by P. Russell, who gave an example (which appeared
later in [Dai9la, 4.7]) of an irreducible element of Bir(A?) which is not of the form
wocowv with u,v € Aut(A?).

“Let g be the element of the family {FRr} of 2.8 obtained by setting ap = a1 = as = 0; then

f(z,y) = g(y, ).
OIn fact Bir(A2) is a cancellative monoid, since it is included in the Cremona group of P2.
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The above question (%) and its answer eventually gave rise to further studies of
the monoid Bir(A?). The reader is referred to [CND14b] for a summary of the state
of knowledge and a bibliography of this subject. Our aim, here, is to briefly review
some results of [CND14b] that are directly related to question (x). Section 7 gathers
some observations that show that if S is any subset of Bir(A?) such that Aut(A?) U S
generates Bir(A?), then S has to be large. Section 8 reviews what is known about the
submonoid A of Bir(A?) generated by the set Aut(A?) U {c}.

Let us give some definitions, notations, and facts.

Elements f,g € Bir(A?) are said to be equivalent (f ~ g) if f = uo gowv for some
u,v € Aut(A?). This is indeed an equivalence relation on the set Bir(A?), but keep in
mind that the conditions f ~ f" and g ~ ¢’ do not imply that go f ~ ¢’ o f’.

We write [f] for the equivalence class of an element f of Bir(A?).

Let f € Bir(A?). Recall from 2.11 that f has finitely many contracting curves and
missing curves. Let ¢(f) (resp. ¢(f)) be the number of contracting (resp. missing)
curves of f. Clearly, if f ~ g then ¢(f) = c(g) and ¢(f) = q(g). By [Dai9la, 4.3(a)],
c(f) = q(f) for every f € Bir(A?).

Consider the map f +— n(f), from Bir(A?) to N, defined in [Dai9la, 1.2(a)] or
[CND14b, 2.3]. Then [Dai9la, 2.12] shows that

(22) n : Bir(A?) — (N, +) is a homomorphism of monoids
and it is pointed out in [CND14b, 2.6(b)| that
(23) Aut(A?) = { f € Bir(A?) | n(f) =0},

Statements (22) and (23) immediately imply that each non—lnvertlble element of Bir(A?)
is a composition of irreducible elements, i.e.,

(24) the monoid Bir(A?) has factorizations into irreducibles.

Facts (22-24) were known in the time of [Dai9la] and [Dai91b], but were not stated
explicitly. Essentially nothing is known regarding uniqueness of factorizations.

In view of (24), it is natural to ask whether one can list all irreducible elements of
Bir(A?) up to equivalence. However, various examples and facts indicate that Bir(A?)
contains a great diversity of irreducible elements of arbitrarily high complexity, and
this suggests that the task of finding all of them may be hopeless. In this regard, let
us mention that [Dai9la, 4.12] implies in particular:

{n(f) | fis an irreducible element of Bir(A*) } = N\ {0}.

The results reviewed in Section 7 strengthen the impression that there are too many
irreducible elements to describe them. It therefore makes sense to turn our attention,
as we do in Section 8, to other types of questions regarding the structure of the monoid
Bir(A?).

7. IRREDUCIBLE ELEMENTS AND GENERATING SETS

The results of this section show that question (%), stated in the introduction to
Part II, has a “very negative” answer. The first three results are 4.1-4.3 of [CND14b].
The proof of the first one is based on Example 4.13 of [Dai9la], which constructs a
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family of irreducible elements of Bir(A?); the proof shows that that family already
contains |k| nonequivalent irreducible elements of Bir(A?). The vertical bars denote
cardinality (recall that k is algebraically closed, so |k| is an infinite cardinal).

7.1. Lemma ([CND14b, 4.1]). |{ [f] | [ is an irreducible element of Bir(A?) }| = |k|.

In the next result, (i) = (ii) is clear and the converse easily follows from the fact
that the monoid Bir(A?) has factorizations into irreducibles.

7.2. Lemma ([CND14b, 4.2]). For any subset S of Bir(A?), the following are equivalent:
(i) Aut(A?)U S is a generating set for the monoid Bir(A?);
(ii) for each irreducible f € Bir(A?), [f]NS # @.

The next fact is an immediate consequence of 7.1 and 7.2:

7.3. Corollary ([CND14b, 4.3]). Let S be a subset of Bir(A?) such that Aut(A?)U S
is a generating set for the monoid Bir(A?). Then |S| = |k|.

A question posed by Patrick Popescu-Pampu asks whether one can find a set S C
Bir(A?) such that Aut(A?) U S generates Bir(A?) and the elements of S have bounded
degree. Result 7.5, below, gives a negative answer to that question. First, we define
what we mean by the degree of an element of Bir(A?). See the general introduction for
the notions of coordinate system of ki or A2, and for the degree(s) of an element of
kP, Let € denote the set of coordinate systems of A2.

7.4. Definition. Let f € Bir(A?).

(a) Let v = (X,Y) € €. Using 7 to identify A? with k? we can consider that
f:A? — A? is given by f(x,y) = (u(z,y),v(z,y)) for some unique polynomials
u,v € k[X,Y]. We define deg, f = max(deg, u,deg, v).

(b) Define DEC f = min { deg, f | v € €} and

DEG f =min{ DEGg | g€ [f]} =min{ deg, g | g€ [f] and v € € }.
Note that 1 < DEG f < DEG f < deg, f € N, for every f € Bir(A?) and v € €.

7.5. Corollary. Let S be a subset of Bir(A?) such that Aut(A?)U S is a generating set
for the monoid Bir(A?). Then { DEG f | f € S} is not bounded.

Remark. This is a slight improvement of Corollary 4.5 of [CND14b], which states that
{ DEGf | f€S } is not bounded. The following proof is a small modification of that
of [CND14b, 4.5], and inequality (25) slightly improves [CND14b, 4.4].

Proof of 7.5. Remark 4.4 of [CND14b| shows that DEGg > (c(g) + 2)/2 for every
g € Bir(A?), where c(g) is the number of contracting curves of g. Given f € Bir(A?),
we may choose g € [f] such that DEG f = DEG g; since ¢(g) = ¢(f), it follows that
DEG f = DEG g > (¢(g) +2)/2 = (c(f) + 2)/2. We showed:

c(f)+2
2

(25) DEG f > for every f € Bir(A?).
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Now let S be as in the statement, and let n € N. By [Dai9la, 4.13], there exists
an irreducible element g € Bir(A?) satisfying c(g) > 2n. By 7.2, there exists f € S
satisfying f ~ g; then ¢(f) = ¢(g) > 2n, so DEG f > n by (25). O

8. SOME PROPERTIES OF A IN Bir(A?)

Let € denote the set of coordinate systems of AZ.

Let v € €, use v to identify A? with k? and define an element ¢, € Bir(A?) by
cy(x,y) = (x,zy). Then the equivalence class [c,] is independent of the choice of ~;
the elements of [c,] are called simple affine contractions (SAC).

By (22) and (23), all elements of { f € Bir(A?) | n(f) =1} are irreducible. Now
[Dai9la, 4.10] implies:

(26) { f € Bir(A?) | n(f) =1} is the set of simple affine contractions.

So SACs are irreducible and, in fact, SACs are the simplest irreducible elements and
the simplest non-invertible elements of Bir(A?).

Let A be the submonoid of Bir(A?) generated by automorphisms and simple affine
contractions. Equivalently, given any v € €, we may describe A by:

A = the submonoid of Bir(A?) generated by Aut(A%) U {c,}.

One has A # Bir(A?) by 7.3, or because question (x) (in the introduction of Part II)
has a negative answer.

8.1. Definition. Let M; be a submonoid of a monoid M. We say that My is factorially
closed in M if the conditions x,y € M and xy € My imply that x,y € M,.

For instance, note the following trivial fact:

8.2. Lemma. Let M be a monoid and § : M — (N, +) a homomorphism of monoids.
Then {x € M | §(z) =0} is factorially closed in M.

By (22), (23) and 8.2, we see that Aut(A?) is factorially closed in Bir(A?). However,
the following question turns out to be much more difficult:
() Is A factorially closed in Bir(A?)?
There are several reasons why (x*) is a natural question, for instance its relation with

the open question of uniqueness of factorizations in Bir(A?):

8.3. Lemma. Suppose that Bir(A?) has the following property:

(27)  For any irreducible elements fi,..., frig1,-..,gs of Bir(A?) satisfying
fio-rofi=gio---0gs, we haver =s.

Then A is factorially closed in Bir(A?).

Proof. Suppose that (27) is true. Then we may define a homomorphism of monoids,
¢ : Bir(A?) — (N, +), by stipulating that if f1, ..., f, are irreducible elements of Bir(A?)
then {(fio---0 f,) =r,and £(f) =0 for all f € Aut(A?). Define §(f) = n(f) — £(f)



FIELD GENERATORS AND BIRATIONAL ENDOMORPHISMS OF A? 31

for f € Bir(A?); then (23) implies that §(f) = n(f) — 1 > 0 for each irreducible
f € Bir(A?), and that 6(f) = 0 for each f € Aut(A?); thus
) =

 : Bir(A

We have { f € Bir(A?) | n(f) <1} CAC {f e Bir(A?) | o(f —O}by (23) and
(26). If f € Bir(A?) satisfies §(f) = 0 then either f € Aut(A?) or f = fio---o f, for
some irreducible elements fi, ..., f. of Bir(A?); in the first case it is clear that f € A,
and in the second case we have (for each i) 0 =6(f;) =n(fi) —1,s0 fi€ A;so f € A
in both cases, showing that A = { f € Bir(A?) | §(f) = 0}. The desired conclusion
follows from 8.2. g

(N, +) is a homomorphism of monoids.

Because we don’t know whether Bir(A?) has property (27), it is interesting to see
that A is indeed factorially closed in Bir(A?):

8.4. Theorem ([CND14b, 4.8]). If f, g € Bir(A?) satisfy go f € A, then f,g € A.

We want to mention another result of [CNDI14b] related to A. It is customary
to define families of elements of Bir(A?) by requiring that their missing curves (or
sometimes their contracting curves) satisfy some condition or other. For instance, the
introduction of Section 3 of [CND14b] defines three subsets Sy, D Sy D Saa of Bir(A?)
by that method. Let us consider in particular Sy, which is defined to be the set of
f € Bir(A?) satisfying:

there exists a coordinate system of A? with respect to which all missing
curves of f have degree 1.

Note that Aut(A?)U{c, | y€ €} CS,.

8.5. Example. Choose a coordinate system of A% and use it to identify A? with k2.
Define ¢, 0, f : A2 — A? by c(x,y) = (z,2y), 0(z,y) = (r +y*> — 1,y) and f =cofoc.
Asce {c, | v €€} and § € Aut(A?), we have ¢,§ € A and hence f € A. The
singular curve y? = 2% + 2® is a missing curve of f, so f ¢ Sy, and hence A € S,. As
¢, € Sy, this also shows that S, is not closed under composition of morphisms.

Remark. Russell constructed an example (which appeared later in [Dai9la, 4.7]) of an
element f of Bir(A?) with three missing curves Ci, Cy, C3, where (with respect to a
suitable coordinate system of A?) C; and C are the lines z+y = 0 and z —y = 0, and
Cs is the parabola y = 2%, Note that for each i € {1,2,3}, there exists a coordinate
system of A% with respect to which C; has degree 1. However, since C; N C3 consists of
two points, no coordinate system v of A? has the property that deg, € = deg, Cy =
deg, C3 = 1. So f ¢ Sy. This shows that, in order for f to belong to Sy, it is not
enough that each individual missing curve be isomorphic to a line; the correct condition
is that the missing curves be “simultaneously rectifiable”.

As a consequence of Theorem 3.15 of [CND14b], one has:
8.6. Corollary. The set Sy, is included in A.
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Note that Theorem 3.15 of [CND14b] gives a complete description of the three sub-
sets Sy D S, D Sa.a of A, and that it does so by describing which compositions of
automorphisms and simple affine contractions give elements of each of these sets.

REFERENCES

[Abh10] Shreeram S. Abhyankar. Dicritical divisors and Jacobian problem. Indian J. Pure Appl.
Math., 41:77-97, 2010.

[CN11] P. Cassou-Nogues. Newton trees at infinity of algebraic curves. In Affine algebraic geometry,
volume 54 of CRM Proc. Lecture Notes, pages 1-19. Amer. Math. Soc., Providence, RI,
2011.

[CNO5] P. Cassou-Nogues. Bad field generators. In Affine algebraic geometry, volume 369 of Con-
temp. Math., pages 77-83. Amer. Math. Soc., Providence, RI, 2005.

[CND] P. Cassou-Nogues and D. Daigle. Lean factorizations of polynomial morphisms. In prepara-
tion.

[CND14a] P. Cassou-Nogues and D. Daigle. Very good and very bad field generators. To appear in
Kyoto J. of Math.

[CND14b] P. Cassou-Nogues and D. Daigle. Compositions of birational endomorphisms of the affine
plane. To appear in Pacific J. of Math.

[Dai9la] D. Daigle. Birational endomorphisms of the affine plane. J. Math. Kyoto Univ., 31(2):329—
358, 1991.

[Dai91b] D. Daigle. Local trees in the theory of affine plane curves. J. Math. Kyoto Univ., 31(3):593—
634, 1991.

[Dail4] D. Daigle. Generally rational polynomials in two variables. To appear in Osaka J. of Math.

[Jan74] C. J. Jan. On polynomial generators of k(X,Y). PhD thesis, Purdue University, 1974.

[MS80] M. Miyanishi and T. Sugie. Generically rational polynomials. Osaka J. Math., 17:339-362,
1980.

[NN02] W. D. Neumann and P. Norbury. Rational polynomials of simple type. Pacific J. Math.,
204:177-207, 2002.

[Rus75] K.P. Russell. Field generators in two variables. J. Math. Kyoto Univ., 15:555-571, 1975.

[Rus77] K.P. Russell. Good and bad field generators. J. Math. Kyoto Univ., 17:319-331, 1977.

[Sas06] 1. Sasao. Generically rational polynomials of quasi-simple type. J. Algebra, 298:58-104, 2006.

IMB, UNIVERSITE BORDEAUX 1, 351 COURS DE LA LIBERATION, 33405, TALENCE CEDEX,
FRANCE
E-mail address: Pierrette.Cassou-nogues@nmath.u-bordeauxl.fr

DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF OTTAWA, OTTAWA, CANADA
KIN 6N5
E-mail address: ddaigle@uottawa.ca



