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Abstract

In this paper, we study degenerate parabolic system, which is strongly coupled. We prove
general existence result, but the uniqueness remains an open question. Our proof of existence
is based on a crucial entropy estimate which both control the gradient of the solution and the
non-negativity of the solution. Our system are of porous medium type and our method applies
to models in seawater intrusion.

2010 Mathematics Subject Classification: 35KS55, 35K65
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1 Introduction

For the sake of simplicity, we will work on the torus Q := TV = (R/Z)", with N > 1.
Let Qr := (0,T) x Q with T" > 0. Let an integer m > 1. Our purpose is to study a class of degen-
erate strongly coupled parabolic system of the form

ul = div <uiZAijVuj> inQp, fori=1,...,m. (1.1)

j=1
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with the initial condition
u'(0,7) = ui(z) >0 ae.inQ, fori=1,...,m. (1.2)

In the core of the paper we will assume that A = (A4;;)1<; j<m is areal m x m matrix (not necessarily
symmetric) that satisfies the following positivity condition: we assume that there exists dy > 0, such
that we have

EPAE > 60l€)?,  forall € € R™. (1.3)

This condition can be weaken: see Subsection 4.1. Problem (1.1) appears naturally in the modeling
of seawater intrusion (see Subsection 1.2).

1.1 Main results

To introduce our main result, we need to define the nonnegative entropy function W:

alna for a >0,
U(a) — - = 0 for a=0, (1.4)
400  for a <0,

. 1
which is minimal for a = —.
e

Theorem 1.1. (Existence for system (1.1))
Assume that A satisfies (1.3). Fori = 1,...,m, letu} > 0 in Q) satisfying

Z/\I/(ug) < 400, (1.5)
i=1 v

where W is given in (1.4). Then there exists a function u = (u')i<;<,, € (L*(0,T; HY(Q)) N
C([0,T); (W>(€Q))’))™ solution in the sense of distributions of (1.1),(1.2), with u’ > 0 a.e. in Q7,
for : = 1,..., m. Moreover this solution satisfies the following entropy estimate for a.e. t;,t, €
(0,T), with wi(f2) = i(ts, -):

ii/ﬂ\l/(ui(h))+5ozil/tlt2/9|vw|2 gi/gqf(ug), (1.6)

where U is given in (1.4).
Here || A|| is the matrix norm defined as

|All = ‘Slllp |AE]. (1.7)
¢l=1

Notice that the entropy estimate (1.6) guarantees that Vu' € L?(0,T’; L*(1)), and therefore allows

us to define the product v’ Z Ajj Va/ in (1.1). When our proofs were obtained, we realized that a

i=1
similar entropy estimate has been obtained in [6] and [8] for a special system different from ours.



Remark 1.2. (Decreasing energy)
If A is a symmetric matrix then a solution u of system (1.1) satisfies

% (ii/ﬂ%flmuzu]) = —Zm:/ﬂul zm:AijVuj
i=1 j=1 i=1 j=1

1.2 Application to seawater intrusion

2

In this subsection, we describe briefly a model of seawater intrusion, which is particular case of our
system (1.1).

An aquifer is an underground layer of a porous and permeable rock through which water can move.
On the one hand coastal aquifers contain freshwater and on the other hand saltwater from the sea can
enter in the ground and replace the freshwater. We refer to [3] for a general overview on seawater
intrusion models.

Now let v = 1 — ¢y € (0, 1) where

60:78_’7]”

Vs
with v, and 7, are the specific weight of the saltwater and freshwater respectively.

dry soil /

z=g y
freshwater

saltwater

Figure 1: Seawater intrusion in coastal aquifer

We assume that in the porous medium, the interface between the saltwater and the bedrock is given
as {z = 0}, the interface between the saltwater and the freshwater, which are assumed to be un-
miscible, can be written as {z = ¢(t, x)}, and the interface between the freshwater and the dry soil
can be written as {z = h(t,x) + g(t,z)}. Then the evolutions of h and ¢ are given by a coupled
nonlinear parabolic system (we refer to see [16]) of the form

{ht = div{hV(v(h+g))} inQyp,

g = div{gV(vh+g)}  inQyp, (1.8)
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This is a particular case of (1.1), where the 2 x 2 matrix

A= (Z Z) (1.9)

1.3 Brief review of the litterature

satisfies (1.3).

The cross-diffusion systems, in particular the strongly coupled ones (for which the equations are
coupled in the highest derivatives terms), are widely presented in different domains such as biology,
chemistry, ecology, fluid mechanics and others. They are difficult to treat. Many of the standard
results cannot be applied for such problems, such as the maximum principle. Hereafter, we cite
several models where our method applies for most of them (see Section 4 for more generalizations
on our problem).
In [27], Shigesada, Kawasaki and Teramoto proposed a two-species SKT model in one-dimensional

space which arises in population dynamics. It can be written in a generalized form with m-species

(@- + Z%‘Uj) u] = (az— - Z%—uﬂ’) W, inQx(0,T),  (1.10)
j=1 J=1

where u’, for i = 1,...,m, denotes the population density of the i-th species and 3;, vj, a;, b;;

are nonnegative constants. The existence of a global solution for such problem in arbitrary space
dimension is studied in [31], where the quadratic form of the diffusion matrix is supposed positive
definite. On the other hand, the two-species case was frequently studied, see for instance [22, 15, 30,
13, 28] for dimensions 1, 2, and [6, 25, 26, 5] for arbitrary dimension and appropriate conditions.

Another example of such problems is the electochemistry model studied by Choi, Huan and Lui
in [7] where they consider the general form

o’ i .
ZZ@@( (’9204) u=(u')i<icm for i=1,...,m, (1.11)

/=1 j=1

and prove the existence of a weak solution of (1.11) under assumptions on the matrices A;(u) =
(af’ (u))1<; j<m: it is continuous in w, its components are uniformly bounded with respect to u and
its symmetric part is definite positive. Their strategy of proof seeks to use Galerkin method to prove
the existence of solutions to the linearized system and then to apply Schauder fixed-point theorem.
Then they apply the results obtained to an electrochemistry model.

A third example of cross-diffusion models is the chemotaxis model introduced in [19]. The
global existence for classical solutions of this model is studied by Hillen and Painter in [14] where
they considered

u = V- (Vu—x(u,v)Vv), t>0,z€Q
v = plAv+ g(u,v), t>0,z €,



on a C3- differentiable compact Riemannian manifold without boundary, where the function u de-
scribes the particle density, v is the density of the external signal, the chemotactic cross-diffusion
X 1s assumed to be bounded, and the function g describes production and degradation of the exter-
nal stimulus. Another kind of chemotaxis model (the angiogenesis system) has been suggested and
studied in [8]:

u = kKAu—V-(ux(v)Vo), t>0,z€Q
v = —v"u, t>0,z €,

where m > 1 and k is a constant.
Moreover, Alt and Luckhaus prove the existence in finite time of a solution for the following
elliptic-parabolic problem

Ab (u) — div(a’(b(w), Vu)) = fi(b(w)), inQ x (0,T), (1.12)

where 0 C R is open, bounded, and connected with Lipschitz boundary, b is monotone and
continuous gradient and a is continuous and elliptic with some growth condition. This problem can
be seen as a standard parabolic equation when b(z) = z.

Another problem is the Muskat Problem for Thin Fluid Layers of the form

{ of = (1+ R)0.(f0.f)+ RO(fO.9),
Og = Ruax(gamf) + Ruax(g(%g).

It models, [10], the motion of two fluids with different densities and viscosities in a porous meduim
in one dimension, where f and g are the thickness of the two fluids and R, R, > 0 depending on
the densities and the viscosities of the fluids. The authors in [10, 11] studied the classical solutions
of such problem. Moreover, weak solutions are established under different assumptions in [9, 23,
17, 18].

1.4 Strategy of the proof

In (1.1), the elliptic part of the equation does not have a Lax-Milgram structure. Otherwise, our
existence result is mainly based on the entropy estimate (1.6). It is difficult to get this entropy
estimate directly (we do not have enough regularity to do it), so we proceed by approximations.
Approximation 1:

We discretize in time system (1.1), with a time step At = T/ K, where K € N*. Then for a given
u™ = (u"")1<icm € (H'(Q))™, we consider the implicit scheme which is an elliptic system:

ui,n-l—l - ui,n . — m it
——— =diviu’ > AV . (1.13)

j=1

Approximation 2:
We regularize the right-hand term of (1.13). To do that, we take » > O and 0 < ¢ < 1 < ¢, and we
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choose the following regularization

in+l _ ,in ) m A
E—Zyﬂ—:&v{ﬁ@#“ﬂz}%v%*%*wﬁH}, (1.14)

j=1
where T is truncation operator defined as

e ifa<e,
Ta) =< a ife<a</, (1.15)
¢ ifa>¢,

and the mollifier p,(z) = n~"p (z/n) with p € C(RY), p > 0, [pn p = 1 and p(—z) = p(z).
Now, with the convolution by p, in (1.14), the term Vp, * p, x u?"*! behaves like u/" 1.

Note that, considering the Z" - periodic extension on RY of u/"!, the convolution p, *x u?" ! is
possible over R,

Approximation 3:

Let § > 0. We will add a second order term like dAu’ to equation (1.14) in order to obtain an
elliptic one. More specifically, we consider div (67 (u’)Vu?) instead of §Au’, to keep an entropy
estimate.

Then we freeze the coefficients u>"*! on the right-hand side to make a linear structure (these coef-
ficients are now called §7(v*"*1)), we obtain the following modified system:

wn+l _ ,4n ) m . .
g—iggﬂé—:wﬁv{TWQU”H{)(E:vapn*pn*uﬁwH%5Vu””4>}. (1.16)

J=1

We will look for fixed points solutions v*"*1 = y*"*1 of this modified system. Finally, we will

recover the expected result dropping one after one all the approximations.

1.5 Organization of the paper

In Section 2, we recall some useful tools. In Section 3, we study system (1.1). By discretizing
our problem on time, in Subsection 3.1, we obtain an elliptic problem. We use the Lax-Milgram
theorem to show the existence of a unique solution to the linear problem (1.16). We demonstrate,
in Subsection 3.2, the existence of a solution of the nonlinear problem, using the Schaefer’s fixed
point theorem.

Then we pass to the limit in the following order: (At, ) — (0, 0) in Subsection 3.3, (¢,7) — (o0, 0)
in Subsection 3.4 and 6 — 0 in Subsection 3.5. Generalizations (including more general matrices A
or tensors) will be presented in Section 4. We end with an Appendix showing some technical results
in Section 5.



2 Preliminary tools

Theorem 2.1. (Schaefer’s fixed point theorem)[12, Theorem 4 page 504]
Let X be a real Banach space. Suppose that

¢: X - X
is a continuous and compact mapping. Assume further that the set
{ue X, uw=AP(u) forsome X\e€|0,1]}
is bounded. Then ® has a fixed point.

Proposition 2.2. (Aubin’s lemma)[29]
For any T > 0, and Q = T, let £ denote the space

E:={g € L*((0,T); H'(2)) and g, € L*((0,T); H ()},

endowed with the Hilbert norm

1
2 2 2
lwlls = (ol ormsay + 1ol sy )
The embedding
E < L*((0,T); L*(2)) is compact.

On the other hand, it follows from [20, Proposition 2.1 and Theorem 3.1, Chapter 1] that the

embedding
E < C([0,T); L*(Q)) is continuous.

Lemma 2.3. (Simon’s Lemma)[29]
Let X, B and Y three Banach spaces, where X — B with compact embedding and B — Y with
continuous embedding. If (¢"),, is a sequence such that

19" |aco.r:8) + 19" |1 0.mx) + 19¢ 22 o.7v) < €

where 1 < ¢ < oo, and C is a constant independent of n, then (¢g"),, is relatively compact in
LP(0,T;B) forall1 < p<gq.

Now we will present the variant of the original result of Simon’s lemma [29, Corollary 6, page
87]. First of all, let us define the norm |[.{|var(, ).y Where Y is a Banach space with the norm |[ ],
For a function g : [a,b) — Y, we set

HgHVar([a,b);y) = supz lg9(aj+1) — g(ay)lly (2.1)
J

over all possible finite partitions:
a<ap<---<ap<b



8 J. Alkhayal, S. Issa, M. Jazar and R. Monneau

Theorem 2.4. (Variant of Simon’s Lemma)
Let X, B and Y three Banach spaces, where X — B with compact embedding and B — Y with
continuous embedding. Let (¢"),, be a sequence such that

HgnHLl(O,T;X) + ||gn||L¢J(O,T;B) + ||9n||Var([o7T);y) <C, (2.2)

where 1 < ¢ < o0, and C' is a constant independent of n. Then (¢"), is relatively compact in
LP(0,T;B)foralll <p <gq.

Proof. Step 1: Regularization of the sequence
Let p € C°(R) with p > 0, [, p= L and supp p C (—1,1). Fore > 0, we set
pe(z) = e ple ).

We extend g" = ¢"(t) by zero outside the time interval [0, T"). Because ¢ < +o0, we see that for
each n, we choose some 0 < ¢,, — 0 as n — +oc such that

19" = 9" Laorp) = 0 as n— +oo, with g"=p., *g" (2.3)
For any 0 > 0 small enough, we also have for n large enough (such that ¢,, < ¢):

19" 26 r-s.x) < 19"l L1 0rix) <€
and

||gtn||L1(6,T—6;Y) < ||gn||Var([o7T);y) <C (2.4)
Step 2: Checking (2.4)

By (2.2) there exists a sequence of step functions f,, which approximates uniformly ¢g" on [0,7") as
n — 0, with moreover satisfies

1o llvarqomyvy = 19" IVarqomyv) -

Therefore we get easily (for €, < 0)

H(ﬁan * fn)tHLl((s,ng;y) < anHVar([o,T);y)

which implies (2.4), when we pass to the limit as 77 goes to zero.

Step 3: Conclusion

We can then apply Corollary 6 in [29] to deduce that g is relatively compact in L”(0,T’; B) for all
1 < p < q. Because of (2.3), we deduce that this is also the case for the sequence (¢"),,, which ends
the proof of the Theorem. [J

3 Existence for system (1.1)

Our goal is to prove Theorem 1.1 in order to get the existence of a solution for system (1.1).



3.1 Existence for the linear elliptic problem (1.16)

In this subsection we prove the existence, via Lax-Milgram theorem, of the unique solution for the
linear elliptic system (1.16).

Let us recall our linear elliptic system. Assume that A is any m X m real matrix. Let v =
(V""" ) 1cicm € (L2(Q))™ and u" = (u"™)1<i<m € (H(Q2))™. Then for all At, €, ¢, 1, § > 0, with
€ <1< (and At < 7 where 7 is given in (3.2), we look for the solution "' = (u""1),<;<,, of
the following system:

ui7n+1 — uim n+1 n+1 : /
A7 = div{J; cens(VT )} in D(Q),
(3.1
Jiémﬁ(,vn—i—l’un-l—l) — Te,((,vi,n—l—l) {ZAZ]Vpn *pn *uj,n—i—l + 5vui,n+1} ,
j=1
where T is given in (1.15).
Proposition 3.1. (Existence for system (3.1))
Assume that A is any m x m real matrix. Let At, €, £, 7, § > 0, with € < 1 < /¢, such that
5 2
< _ -7 (3.2)
Co?0? || Al
where
Co = ”vaLl(RN)' (3:3)

Then for n € N, for a given v" ! = (v""*1); <o, € (L*(Q))™ and u™ = (u™™)1<jcm € (H'(Q))™,
there exists a unique function v = (u*"*1),,<,, € (H'(Q))™ solution of system (3.1). More-
over, this solution u™*! satisfies the following estimate

At
(1= 3 ) 1o+ S [V g < B B

where 7 is given in (3.2).

Proof. The proof is done in four steps using Lax-Milgram theorem.
First of all, let us define for all u"* = (u*"™!);<;<,, and © = (¢")1<i<m € (H'(2))™, the follow-
ing bilinear form:

a(u"“,(p) _ Z/ i,n+1 Z+AtZ/T62 zn+1)AZ] (vpn*pn*u]nJrl) 'Vgpi
=1

i,j=1

+ALS Z/ Te,ﬁ(vi,n—l—l)vui,n-i-l . V(,OZ,
— Jo
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which can be also rewritten as

aw,p) = (W) 2y T A (T (V" )V, AV py * py * U"+1>(L2(m>m
Ul n+1
+ALS (T (W) Ve, Vur™) g

where (-, ) ;2(q)) denotes the scalar product on (L?(92))™, and the following linear form:

i=1

Step 1: Continuity of a
Foreveryn € N, u"™ and p € (H'(Q2))™, we have

o) < W ey [l nzyym + AEANINY oy * oy * w2y Vel (220

—|—At5€HVu”“ ”(LQ(Q))m ”VQOH(LQ(Q))m
< 3max(1, AtC||All, Atdl) [u" |z @y ol e

la(u

where || A|| is given in (1.7) and we have used the fact that
[V py % py*u" | r2@)m = [Vur | (L2 ()™ (3.5)

and
e <T(a) < ¢, foralla€R. (3.6)

Step 2: Coercivity of a
For all p € (H'())™, we have that a(y, p) = ao(y, @) + a1(p, ¢), where

ao(p, ) = H‘P”?L?( m + Ao <T€é Ve, v90>(L2(Q
and
ai(p, ) = A(T(0)Vip, AVpy % py % ) 20
On the one hand, we already have the coercivity of ag:

ao(p,0) > ”‘P”?L%Q))m+At5€”V90H%L2(Q))m

On the other hand, we have

(s D)l < ALLA[ [V g5 py % 2| 12y [V 22(0pm

1 2 « 2
< AU|A{ 5= IVpy * oy * @l 12apym + 5 IVOI L2 0yym
%0 @y Ty

At |APC2 Atea

= Teng ”@”(L?(Q)) HV<PH (L2(Q))™ >
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)
where in the second line we have used Young’s inequality, and chosen o = H AT’ 7 in the third line,
with Cy is given in (3.3) and || A|| is given in (1.7). So we get that
At 2 At€5 2
a(p,p) > <1 - ?) el z2(@ym + 5 IVl L2 @ym (3.7

is coercive, since At < 7 where 7 is given in (3.2).
Step 3: Existence by Lax-Milgram
It is clear that L is linear and continuous on (H'(€2))™. Then by Step 1, Step 2 and Lax-Milgram

theorem there exists a unique solution, ", of system (3.1).

Step 4: Proof of estimate (3.4)
Using (3.7) and the fact that a(u™, u" ™) = L(u"*!) we get

At n Ated n imn o in
(1= 3 ) I e + S5 IV e < ()

1, ., n
5 | u ”?m(m)m T3 [Ju +1H?L2(Q))m ;

IA

which gives us the estimate (3.4). [

3.2 Existence for the nonlinear time-discrete problem

In this subsection we prove the existence, using Schaefer’s fixed point theorem, of a solution for
the nonlinear time discrete-system (3.10) given below. Moreover, we also show that this solution
satisfies a suitable entropy estimate.

First, to present our result we need to choose a function ¥., which is continuous, convex and

1
satisfies that W/ ,(x) = Tei(a) where T* is given in (1.15). So let

a2 € 1
5 talne— 5 ifa <e,

1

U, (a)—— =< alna ife<a<ld, (3.8)

e
a? )4 :
5 talnl— 3 ifa > /.

Let us introduce our nonlinear time discrete system: Assume that A satisfies (1.3). Let v° =
(ui’o)lgigm = Uy = (ug)lgigm that satisfies

Cy = Z/ U, (uh) < +o0, (3.9)
i=1 7
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such that u}) > 0in Q for 7 = 1,...,m. Then for all At, ¢, ¢,n,0 > 0, withe <1 < fand At < T
where 7 is given in (3.2), for n € N, we look for a solution "™ = (u*"™),<;<,, of the following
system:
ui,n-{—l _ ui,n )
— = div{J},, s ut)} inD'(Q), forn >0
At (3.10)

u™(x) = ul(z) in Q,
where .J!, 5 is given in system (3.1), and 7" is given in (1.15).

Proposition 3.2. (Existence for system (3.10))

Assume that A satisfies (1.3). Let ug = (u}))1<i<m that satisfies (3.9), such that u, > 0 a.e. in
fori = 1,...,m. Then for all At, ¢, ¢, 1,0 > 0, withe < 1 < ¢ and At < 7 where 7 is given in
(3.2), there exists a sequence of functions "1 = (u*"*1),.,c,,, € (H'(Q2))™ for n € N, solution
of system (3.10), that satisfies the following entropy estimate:

3 / NI S / U At S S / Ty > a2 < 30 / U (ud),
i=1 7% i=1 k=0 " i=1 k=0 i=1 7%

(3.11)
where W is given in (3.8).

Proof. Our proof is based on the Schaefer’s fixed point theorem. So we need to define, for a given
wi=u" = (U")1<i<m € (LA(Q))™ and v := v = (") ;. € (L2(2))™, the map P as:

oo (L) = (L)
(% — u

where u ;= u"™! = (u"" ) i, = O(v™T) € (H'(2))™ is the unique solution of system (3.1),

given by Proposition 3.1.

Step 1: Continuity of ¢
Let us consider the sequence vy such that

vk € (L2(Q)™,
v, — v in (LA(Q))™.

We want to prove that the sequence u, = ®(vy) — u = ®(v) to get the continuity of ®. From
the estimate (3.4), we deduce that uy, is bounded in (H'(£2))™. Therefore, up to a subsequence, we

have
up — v weakly in (H*(Q))™,
and
ur — u strongly in (L?(Q2))™,
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where the strong convergence arises because €2 is compact. Thus, by the definition of the truncation
operator 7!, we can see that 7%‘ is continuous and bounded, then by dominated convergence
theorem, we have that

T (vi) — T(v") in L*(Q), fori=1,...,m.

Now we have A
7 7
At

This system also holds in /~'(Q2), because J/,, s(vx, ur) € L*(S2). Hence by multiplying this

=div{J!,, s(vk,ux)} in D'(Q). (3.12)

system by a test function in (H'(£2))™ and integrating over (2 for the bracket (-, -) H-1(@)x H1(Q)> WE
can pass directly to the limit in (3.12) as k tends to 400, and we get

7 7

u w

;t = div{J,, ;(v,u)} in D(Q). (3.13)

where we used in particular the weak L? - strong L? convergence in the product 7*(v; ) Vuy. Then
u = (u")1<i<m = ®(v) is a solution of system (3.1). Finally, by uniqueness of the solutions of (3.1),
we deduce that the limit © does not depend on the choice of the subsequence, and then that the full
sequence converges:

up — u stronglyin  (L*(Q))™, with u= ®(v).

Step 2: Compactness of ¢
By the definition of ® we can see that for a bounded sequence (vy); in (L2(Q2))™, ®(vy) = wy
converges strongly in (L%(2))™ up to a subsequence, which implies the compactness of .

Step 3: A priori bounds on the solutions of v = \®(v)
Let us consider a solution v of

v=AP(v) forsome e l0,1].

By (3.4) we see that there exists a constant Cy = C5(At,e,...) such that for any given w €
(L?(92))™, we have 12| 111 @pym < C2 Wl (12())m- Hence v = A®(v) is bounded.

Step 4: Existence of a solution
Now, we can apply Schaefer’s fixed point Theorem (Theorem 2.1), to deduce that ¢ has a fixed

point ™ on (L?(2))™. This implies the existence of a solution ™™ of system (3.10).

Step S: Proof of estimate (3.11)
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We have,

INgE

/ \I, z n+1 \I,E,Z(ui,n)

IIEAY;

z n+1 z' ]
[ ) W ()
1 Q

szrl i
()
P H=1(Q)x H1(€)

= - Z <5Ts,€(ui,n+1)v bntl o ped(ybntl) Z AijN py K py + 0P \1’/5'74(ui’n+1)Vui’"+1>
i=1 y

7=1

_ _Z{(S/ ‘vui,n+1|2_'_/van*ui,nJrlAijvpn*uj,nJrl}
i=1 Q Q=1
_25/‘vui,n+1|2_502/‘vpn*ui,n+1|2’
i=1 7O i=1 7@

7

NgE

7

Ms

3

IA

where we have used, in the second line, the convexity inequality on W ,. In the third line, we used the
wn+l _ ,4n

fact that —x; € H~'(Q) and that V. ,(u""1) = W/ (") Vuirt e L2(Q) because
W (u""t1) € C*(R), see [4, Proposition IX.5, page 155]. Thus, in the fourth line we use that u""**
is a solution for system (3.10) where we have applied an integration by parts. In the fifth line, we
used the transposition of the convolution (see for instance [4, Proposition IV.16, page 67]), and the
fact that p,(z) = p,(—z) = p,(x). Finally, in the last line we use that A satisfies (1.3). Then by a
straightforward recurrence we get estimate (3.11). This ends the proof of Proposition 3.2. [

3.3 Passage to the limit as (A¢,¢) — (0,0)

In this subsection we pass to the limit as (At,e) — (0,0) in system (3.10) to get the existence of a
solution for the continuous approximate system (3.16) given below.
First, let us define the function ¥y 4 as

( +00 ifa <0,
1 0 ifa =0,
ola) - = (3.14)
alna if0<a<l/,
e—l—alnﬁ—— ifa> /.

\ 2
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Now let us introduce our continuous approximate system. Assume that A satisfies (1.3). Let uy =

(ud)1<i<m satisfying
Cs = Z/ Wo,0(uf) < 400, (3.15)
i=1 79

which implies that ug >0ae.inforz =1,...,m. Then forall /,n,d > 0, with 1 < ¢ < 400,
we look for a solution u = (u');<;<,, of the following system:

up = div{Ji,, s(u)} in D'(Qr),
o onsw) = T (uh) {Z AijN py* pp ! + 5Vu’} , (3.16)
j=1
u'(0,7) = wui(x) in Q.

where T%¢ is given in (1.15) for € = 0, and we recall here Q7 := (0,T) x .

Proposition 3.3. (Existence for system (3.16))

Assume that A satisfies (1.3). Let ug = (u}))1<i<m satisfying (3.15). Then for all £, , § > 0 with
1 < ¢ < +oo there exists a function u = (u')i<i<,, € (L*(0,T; HY(Q)) N C([0,T); L*(Q)))™,
with u* > 0 a.e. in Q7, solution of system (3.16) that satisfies the following entropy estimate for
a.e. ty,ty € (0,T) with u'(t;) = u'(ty,-)

m to m ) to m - m A
/Z%AM(@))M/ /Z’VUZ’2+50/ /Z}vpn*w[? S/wa(ug). (3.17)
Q=1 1 JOQ g tr JQ Q55

T

Proof. Our proof is based on the variant of Simon’s Lemma (Theorem 2.4). Recall that At = —
where K € N* and T > 0 is given. We denote by C' a generic constant independent of At and e. For
alln € {0,...,K —1}andi = 1,...,m, set t, = n/At and let the piecewise continuous function
in time:

Ut z) == u"" T (x), fort € (tn,tns], (3.18)
with U240, z) = ul () satisfying (3.9).

. At

Step 1: Upper bound on HU H(LQ(QT;HI(Q))W
We will prove that U2 = (U2, <,,,, satisfies

T
| vt Ol < c
Foralln € {0,...,K —1} andi = 1,...,m we have
VU (t,2) = Vu" T (z), fort € (ty, tna].
Then

tn+1 . .
[ IS e = AT e,
tn
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Hence
T K—1
/0 IVUS D) By = DS IVEH 2o
k=0
< G
- 9

where we have used the entropy estimate (3.11) with (' is given in (3.9). Hence, using Poincaré-

T
Wirtinger’s inequality we can get similarly an upper bound on / HU i’At}}?L2 @) independently

of At (using the fact that /

uhmtl — / ub" = / u by equation (3.10)) .
Q Q Q

Step 2: Upper bound on HUNH(Wur "
We will prove that

0,T);H-1 ()™

1ol <C.

Var([0,T); H=1 ()™ —

We have fori =1,....,m

HUi’AtHVar([O,T);H—l(Q)) — “Ui’At(thrl) — Ui’At(tn)HH—l(Q)

i,n+1l

I
=N

“mHHfl(Q)

0
K1y int1

u
At

ui,n

H=1(Q)

A
L

Te,Z(ui,nJrl) (Z Az‘jvpn*Pn*Uj’"H +5Vui’”+1>

j=1

L2()
K—1

Aty {IIAIIOO D IVo x| gy + HVUZ‘"“HB(Q)}
j=1

n=0
C,

IN

IN

where

1<i<m £

1Al = max >[4y, (3.19)
7=1

and we have used in the last inequality the entropy estimate (3.11), and the fact that

K-1 K-1 3
At ZO Hvul7n+1HL2(Q) < \/T <Atzo HVW,nHHiQ(Q))

Step 3: U4 € LP(0, T, L*(Q)) with p > 2
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The estimate (3.11) gives us that U2 € L°(0,T; LY(2)) N L0, T; HY(Q)) fori = 1,...,m.
Using Sobolev injections we get H'(Q) — L*T*W)(Q), with a(N) > 0, and then U*? ¢

. 11
L2(0,T; L**™)(Q)). Hence by interpolation, we find that U2t € LP(0,T; L*(R2)) with ( 2) =
p’

11 1 1
1—-4 0=, ——— do 1),1.e. f
( )<oo 2)+ <2’2+a(N)) and 6 € (0,1), i.e. for

_ 4+4a(N)
- 2+ a(N)

> 2. (3.20)

Step 4: Passage to the limit as (At,¢) — (0,0)
By Steps 1,2 and 3 we have

”Ui’At”Lp(o,T;Lz(Q +]|U* AtHLl(OTHl(Q +]|U* AtHVaur (0.1 () = ¢

compact continous

Then by noticing that H'(2) L*(Q) H~'(2), and applying the variant of Simon’s
Lemma (Theorem 2.4), we deduce that (U4t) »; is relatively compact in L2(0,T; L*(2)), and there
exists a function U = (U%) <;<,, € (L?(0,T; H'(2)))™ such that, as (At, ¢) — (0,0), we have (up
to a subsequence)

Ui,At - UZ Strongly in LQ(O, T, LQ(Q))

By Step 1, we have VU**! — VU weakly in L?(0,T; L?(€2)). Now system (3.10) can be written
as

Ut (¢ + At) — U (1)
At

=div {J.,, ;U (t + At), U (t + At))}  inD'(Qp). (3.21)

Multiplying this system by a test function in D(€27) and integrating over {17, we can pass directly
to the limit as (At, e) — (0,0) in (3.21) to get

Ul = div (T” (U <ZAZJVp,7*pn*U7 +5VUZ>> inD'(Qr),

7j=1

where we used the weak L? - strong L? convergence in the products such T¢¢(UH2) VU to get
the existence of a solution of system (3.16).

Step 5: Recovering the initial condition

Let p € C°(R) with p > 0, [, p =1 and supp p C (—1,1). We set

1
2

par(t) = At p(AtTH), with p(t) = p(—t).
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Then we have

2

m T ||K—-1
0 2 \n nn —
1O % patll a0 75011y = Z/ D (W —ut)y, L x pa
i=1 70 || n=0 H-1(Q)
m Klor i+l in ]2
S 3 Bl NIV NI (=
i=1 n=0 0 t H-1(Q)
m K-1 uierl ui’n 2
= C,At
A > |
i=1 n=0 H-1(Q)
K-1 m m 2
< Gidt) ) / T ) (ZAiijn*pn*uj’nJrl+5Vui’"+1>
n=0 i=1 7 =1
K—-1 m m 2
= 2C4€2At22/ <2Aijvl)n*l)n*uj’"+l> +52‘Vui’”“‘2
n=0 i=1 v j=1
K-1
2 2 n+1||2 2 n+1||2
= 2l Atzo/g{HAH IV % py > ™ | o gy + 0% [V H(L2(Q))m}
K-1
n n 2
< 202063 APV o+ w Bz + 0 [T e gy b
n=0
All? All2
< 20,2, (@M) < 20,20, <”5” +5>,
0 0

where §;, ., is Dirac mass in ¢t = t,.4, C; as in (3.9), C5 as in (3.15), Cy = fOT p(t) dt, and

we have used in the last line the entropy estimate (3.11). Clearly, pa; % U,f’m — U} weakly in

L*(0,T; H1(2)) as (At, €) — 0. Similarly we have that pp U2t — U’ strongly in L*(0, T'; L*(Q))

since U — U'in L2(0, T'; L*(52)). Then we deduce that U* € {g € L*(0,T; H(Q)); g: € L*(0,T; H1(Q))}.
And now U*(0, z) has sense, by Proposition 2.2, and we have that U*(0, z) = u}(x) by Proposition

5.1.

Step 6: Proof of estimate (3.17)
By Step 4, there exists a function U’ € L?(0,T; H'(2)) such that the following holds true as
(At,e) — (0,0)

[Ji-At Ui

VAt — VU! in L*(0,T; L*(Q)).

Vp, x UA — Vp, * U
Now using the fact that the norm L? is weakly lower semicontinuous, with a sequence of integers
ny (depending on At) such that ¢,,,,1 — t2 € (0,7") and

Uz‘,At(t2) _ Ui,At(tn2+1) — uanrl7



19

we get for t; < 1o

to 9 to ) ng+1
/ /\VUZ\ g/ /WUZ\ < liminf / /\VUZ“\ lim inf At§ j/mﬂ*”
t1 JQ 0o JQ (At,e)—(0,0) (At,e)—(0,0)

(3.22)
and

12 to
Vp, x U g/ /v *UY" < liminf At /v *u T2, (3.23)
/t1 /Q‘ & ‘ 0 Q‘ P ‘ (At,e)—(0,0) Z | Pn

Moreover, since we have U2 — U in L2(0,T; L()), we get that for a.e. t € (0,T) (up to a
subsequence) U2t(t, -) — U'(t,-) in L?(Q2). For such ¢ we have (up to a subsequence) U2 (¢, -) —
U'(t,-) for a.e. in 0. Moreover, by applying Lemma 5.2 we get that for a.e. t € (0,7)

i < i,At . .
Wo,o(U'(1)) aminf W (U(1)) (3.24)

Integrating over €2 then applying Fatou’s Lemma we get for a.e. t; < to

m

v (ty)) < 1 f U i, At ) < 1 f i) 5
S [ < [ it Sww e < fimig S [ v, 625

=1

(3.22),(3.23) and (3.25) with the entropy estimate (3.11) give us that for a.e. t; < ty € (0,7

- [ eo [ 190 ca s [ f 1wt

< li f znz-‘rl li f SAt / \V4 zk+12
< Jdimint 0)2 [ et 4 imine ZZ Vo
i, k+1 2
+(Altlgl_1)nofo 50Atzlkzo/ |V py, % u®
<

é/ﬂ‘l’ae(u%) < ;/Q‘I/o,e(ug),

which is estimate (3.17).

Step 7: Non-negativity of Ut
Let Q€ := {U LAt < e}. By estimate (3.11), there exists a positive constant C' independent of ¢ and
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At such that forall s = 1, ..., m we have

c > /\1/ J(UHAY)

> / UZ At

Uz At

1 , €
— Uz,Atl -
/ - ne 5
/‘ 1 UzAt 1
> - +elne — =
e 2
1
- 27
1.€. Apo
U» 1
/ u <C+-. (3.26)
e 2¢ 2

Now by passing to the limit as (At,e) — (0,0) in (3.26) we deduce that / }Ui}Q = 0, where
. 4 . Q- 4

Q™ := {U" < 0}, which gives us that (U*)~ = 0 in L*(Q), where (U?)~ = min(0,U"). O

Remark 3.4. (Another method following [20])

Note that it would be also possible to use a theorem in Lions-Magenes [20, Chap. 3, Theorem
4.1, page 257]. This would prove in particular the existence of a unique solution for the following

system:
ug = div{Ji,,s(v,u)} in D'(Qr),
Jlpns(v,u) = T (v?) {ZlAlepn * P x U + 5Vul} , (3.27)
u'(0,2) = ui(x) a in Q)

where T is given in (1.15).
It would then be possible to find a fixed point solution v = wu of (3.27) to recover a solution of
(3.16). We would have to justify again the entropy inequality (3.17).

3.4 Passage to the limit as (¢, 1) — (00, 0)

In this subsection we pass to the limit as (¢,7) — (00, 0) in system (3.16) to get the existence of a
solution for system (3.28) given below (system independent of ¢ and 7).

Let us introduce the system independant of £ and 1. Asume that A satisfies (1.3). Let ug = (u)1<i<m
satisfying (1.5). Then for all § > 0 we look for a solution u = (u);<;<,, of the following system:

up = div {uiZAijVujJréuiVui} in D'(Qr),
j=1
W(0,2) = ui(z) ae. in €.

(3.28)
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Proposition 3.5. (Existence for system (3.28))

Assume that A satisfies (1.3). Let ug = (u}))1<i<m satisfying (1.5). Then for all § > 0 there exists
a function v = (u')1<i<;m € (L*(0,T; HY(Q)) N C([0,T); (WH>=(Q))))™, with u’ > 0 a.e. on Qr,
solution of system (3.28), that satisfies the following entropy estimate for a.e. t1,t, € (0,7") with
u'(ty) = u'(ty, .):

m to m to m m
/pr(ui(@))w/ /Z]Vui]2+5o/ /Zyw‘y? S/Z\I/(ug), (3.29)
=1 b o b € =1

with W is given in (1.4).

Proof. Let C be a generic constant independent of ¢ and 7, and u’ := (u**);<;<,, a solution of
system (3.16), where we drop the indices 7 and J to keep light notations. The proof is accomplished
by passing to the limit as (¢,7) — (00, 0) in (3.16) and using Simon’s lemma (Lemma 2.3), in order
to get the existence result.

Step 1: Upper bound on ui’z
il
>l o=@y
i=1

m T m
= Z / div {TO’Z(ui’Z) (Z AN py * py *udt + 5Vu“> }
i=1 70

"~ (Whee(Q))

m T m
S Z/ / TO,Z(ui,Z) (Z Aiijn*pn*uj,Z_'_(SVui,g)

i=1 V0 JQ o=

m T m

i=1 70 JQ o

(1 + 5) 2 ||A||2 ) 5 2
< o e @y + 75 1VP* w aorzzapyn + 3 1V 02,2200
< C,

where we have used in the last inequality the entropy estimate (3.17), which is also valid for ¢; = 0
and ¢, = T', and Poincarré-Wirtinger’s inequality.

Step 2: Passage to the limit as (¢, 7)) — (00, 0)
As in Step 3 of the proof of Proposition 3.3, estimate (3.17) gives us that u™* € LP(0,T, L*())
with p is given in (3.20) and then

il
t

<C.

Hu LY0,T5(Whe(Q)))

M”Lp((),T;L?(Q)) + Hui,ZHLl(O,T;Hl(Q)) + ’
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compact continous

Then by noticing that H'(Q) —  L*(Q) ~—  (WH=(Q)), and applying Simon’s Lemma
(Lemma 2.3), we deduce that (u*), is relatively compact in L2(0,7T; L?(£2)), and there exists a
function v’ € L*(0,T; H'(Q)) such that, as (¢,n) — (00, 0), we have (up to a subsequence)

u®* — u' strongly in L*(0,T; L*(2)).

In addition, since u* — u’ a.e., u’ is nonnegative a.e. hence T%(u"‘) — u’ strongly in L?(0, T; L*()).
Multiplying system (3.16) by a test function in D({2r) and integrating over €27 we can pass directly
to the limit as (¢, ) — (00, 0), and we get

uy = div {UiZAiijj + 5uivuz} in D'(Qr).
=1

where we used in particular the weak L? - strong L? convergence in the products such T%¢(u/*) Vu't,

Therefore, u = (u')1<;<, is a solution of system (3.28).

Step 3: Recovering the initial condition

2
First of all, let ¢ = % > 1, where p > 2 is given in Step 1 of this proof. It remains to prove that

ui’é < C. We have

La(0,T;(Whe2)"(2))

fort =1,...,m, ‘

ik el q
| g ||L‘1(07T;(W1’°°(Q))/) - </0 ’ut (W1’°°(Q))’>
1
T n ' q
_ / div {To,e(ui,e) <Z ANy x py+ut + 5Vu“> }
i p (Wi (@)

T m . %
NI
0 Q -
Jj=1 1
T ‘ m | | o 3
(el ol
0 Q =
= HuuHLID(O’T;LQ(Q)) Z AijV oy % py * u?t +0 Hui’z‘}Lp(O,T;L2(Q)) ‘}Vui’z“L2(o,T;L2(Q))
Jj=1 L2(0,T;L2())
<

HUMHLP(O,T;L2(Q)) (HAHOO > IIVey* “j’ZHLz(o,T;LQ(Q)) +0 HVUMHLQ(O’T;H(Q))) =
=1

1 11
where we have used in the fifth line Holder’s inequality (since we have — = — —|—§) and in the last line

the entropy estimate (3.17) and Step 1 of this proof. Moreover, since W1(0, T; (W1>*(Q))") —
C([0,T); (Wee(Q))) then u*(0,z) makes sense and u(0,x) = uj)(z) for all i = 1,...,m, by
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Proposition 5.1.

Step 5: Proof of the estimate (3.29)
The proof is similar to Step 6 of the proof of Proposition 3.3. [

3.5 Passage to the limit as 6 — 0

Proof. Let C be a generic constant independent of § and u° := (u*);<;<,, a solution of system
(3.28). We follow the lines of proof of Proposition 3.5.

An upper bound on ui"s and estimate (3.29) allow us to apply Simon’s Lemma (Lemma 2.3), then
(u™®)s is relatively compact in L2(0, T; L*(£2)), and there exists a function u* € L%(0,T; H'(f2))
such that, as 6 — 0, we have (up to a subsequence)

u'® — ' strongly in L*(0,T; L*(Q)),

and
ul = div {uiZAijVuj} in D' (Q7).
j=1
Similarly to Step 4 of the proof of Proposition 3.5 the initial condition is recoverd. Also estimate
(1.6) can be easily obtained. L

Remark 3.6. (Passage to the limit as (¢,7,0) — (o0, 0,0))

It is possible to pass to the limit in system (3.16) as (¢,7,) — (00,0, 0) at the same time: By using
the entropy estimate (3.17) and applying Simon’s Lemma on the sequence p,, * u** instead of u®".
Moreover, to get the entropy estimate (1.6) it is sufficient to use the fact that fQ Woo(py * ubt) <

fQ Pn * ‘IIO,E(UM)-

4 Generalizations

4.1 Generalization on the matrix A

Assumption (1.3) can be weaken. Indead, we can assume that A = (A;;)1<; j<m i a real m x m
matrix that satisfies a positivity condition, in the sense that there exist two positive definite diagonal
m X m matrices L and R and d, > 0, such that we have

C"LARC > 6|C|?, forall ¢ € R™. 4.1)

Remark 4.1. (Comments on the positivity condition (4.1))

The assumption of positivity condition (4.1), generalize our problem for A not necessarily having
a symmetric part positive definite. Here is an example of such a matrix, whose symmetric part is
not definite positive, but the symmetric part of L A R is definite positive for some suitable positive
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diagonal matrices L and R.
We consider

1 —a) .
A_<2a 1)w1th la] > 2.

).

Indeed,

Asym —

AT+A_
=

—nole

1
3

2
satisfying det(A*Y™) =1 — az < 0. And let

2 0 10
L—(O 1) and R_[2_<0 1).

2 —2a
B_L.A.R_(Qa 1 ),

20
sym __
= (5 1)

On the other hand,

satisfies that

is definite positive.

Proposition 4.2. (The case where L = I)

Let A be a matrix that satisfies the positivity condition (4.1) with L = I5. Then @ is a solution for
system (1.1) with the matrix A = A R (instead of A) if and only if u’ = R;; %’ is a solution for
system (1.1) with the matrix A.

Proposition 4.3. (The case where R = [5)
Let u" ™ = (u""™!);<;<,, be a solution of system (3.10) with a matrix A satisfying the positivity
condition (4.1) with R = I, and L a positive diagonal matrix. Then " "! satisfies the following

entropy estimate

. t,n+1 : . i,k+1)2
; /Q LU o(u™) + 5At11£1§nm{L“}ZZ /Q |V F

i=1 k=0

+ s3SI Y [ Lt
Q 1 /9

1=1 k=0
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Proof. We have that (from fifth line of the computation in Step 5 of the proof of Proposition 3.2)

= \IIeZ ui,n-i—l - \I[ef uiﬂl N j,n 1,m
Z/L”'( s >At ) < ‘/ZZLiiAij<Vpn*pn*uﬂ’ vttt
i=1 /@ Q5

i=1 j=1
m

_52 :/LM‘VUMLJFIP
i=1 v

= / D> (Vo k™Y Ly Ay (Vpy % u )
Q-

i=1 j=1
m
_5Z/Lii‘vui,n+1|2
i=1 7
m
< _50/Z|Vpn*uz,n+1|2
Q=1

m
_ : B i,n+1|2
P gin, () [ 19,
1=

where we have used, in the last line, the fact that the matrix A satisfies (4.1) with R = I5. Then by
a straightforward recurrence we get (4.2). [

Corollary 4.4. Theorem 1.1 still hold true if we replace condition (1.3) by condition (4.1).

4.2 Generalisation on the problem

4.2.1 The tensor case

Our study can be applied on a generalized systems of the form

R o ; ou? .
U, = Z 8—.1’,19 <fl(u >Awkla—$1) fori = 17 sy 1T, (42)
7=1 k=1 I=1
where f; satisfies
( fi € C(R),

0 < fila) < C(1+|a]) fora € Rand C' > 0,

clal <fi(a) fora € [0,a9] with ag,c > 0,
41
da < +00 for all A > ay.
\ Jao fl(a>

An example for such f; is

fita) = max (0, min (a. vfa =TI} ).



26 J. Alkhayal, S. Issa, M. Jazar and R. Monneau

Moreover, A = (A;jki)i;k, is a tensor of order 4 that satisfies the following positivity condition:
there exists 9y > 0 such that

Z A’ G G > dolnlPI¢* forally € R™, ¢ € RY. (4.3)
okl
The entropy function ¥, is chosen such that ¥, is nonnegative, lower semi-continuous, convex and

. 1 . . : :
satisfies that ¥/ (a) = fori = 1,..., m. Our solution satisfies the following entropy estimate

Jila)

Z/ +502//|W|2<Z/ (4.4)

To get this entropy we can apply the same strategy announced in Subsection 1.4 where f;(u®) will
be replaced by T<¢( f;(v?)) with T“* given in (1.15) and we use the fact that

/Zaxk ”“ax =22 (8:ck) wkl(g/—@(n)

forae.t >0

neZN i,5,k,l
= Z Z ng wt(n) Aije g w (n)
ne€ZN ikl
2 1 ~12 2
> d Z [n|” [u]” = do HVUH(L2(Q))m
nezZN

4.2.2 The variables coefficients case

Here the coefficients A;;(z,u) may depend continuously of (z,u). Then we have to take p, *
(Aij(z,u)(Vp, *u?)) instead of A;;V (p, * p, *u) in the approximate problem. We can consider a

problem

= div (uz > Ay, u)Vu) + g'(z,u), withg" >0,

j=1
where the source terms are not too large as u goes to infinity.
4.2.3 Laplace-type equations
Moreover, our method applies to models of the form

ul = Ala;(w)u’)  withu = (u")1<i<m, 4.5)
under these assumptions:

([ ai(w) >0 if v/ >0 forj=1,...,m,
a; 1is sublinear,
a; € C'(R), (4.6)

Sym <(a‘”) ) > 6,0 with &y >0,
Ou; i
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where Sym denotes the symmetric part of a matrix. We can consider a particular case of (4.5) where
m

a;i(u) = Z A;ju’. Then problem (4.5) can be written as
j=1

= div {u > AVl + (Z Al-juj> vui} : (4.7)
j=1 j=1
which can be also solved under these assumptions:

AZ]ZO for i,jzl,...,m,

4.2.4 Diffusion matrix

We can consider the model

ui = div (Z ZBijkujVuk> . fori=1,...,m. (4.8)

=1 k=1

where Sym ((E;nzl Bz‘jk)z’,k) > 0ol

S Appendix: Technical results

In this section we will present some technical results that are used in our proofs.

Proposition 5.1. (Recovering the initial condition)

Let Y be a Banach space with the norm ||.||,.. Consider a sequence (g,,),, € C'(0,7;Y") such that
(gm)¢ is uniformly bounded in L%(0,7’;Y") with 1 < ¢ < oo, and (g, )10 — go in Y. Then there
exists g € C'(0,7;Y) such that g, — ¢ in C(0,7;Y) and

gjt=0 = 9o inY.

Proof. We have that for all s < ¢t € (0,7

t

(gm)r( )

gm(E) = gm(s)lly =

Y
< / (g ()l ds
< (t—s) K 1 (gm)+ ()| Lago,ryyy < (t — 5)%0, 5.1

where we have used in the second line Holder’s inequality, and the fact that (g,,), is uniformly
bounded in L%(0,7;Y). Since (5.1) implies the equicontinuity of (g, )., by Arzela-Ascoli theorem,
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there exists g € C'(0,7;Y) such that g,, — g in C(0,7;Y). Moreover, Taking s = 0 in (5.1) we
get
g1
1gm (t) = gm(0)ly <t ¢ C. (5.2)

By passing to the limit in m in (5.2), we deduce that
gq—1
lg(t) = golly <t = C

Particularly, for ¢ = 0, we have

l9(0) = golly = 0.
This implies the result.  [J

Lemma 5.2. (Convergence result)
Let (a.). a real sequence such that a. — ag as € — 0. Then we have

< T
Uy p(ag) < hrgrl)lonf U o(ae),
where W,y and ¥, are given in (3.8) and (3.14) respectively.

Proof. Consider the case where ay = 0.

We suppose that the sequence (a.). € (—oo; 1]. Let (be). € (—oo; 1] a sequence that decreases to 0
as € — 0 with b, > a.. Since ¥, is decreasing on (—oc; %] we have U, ,(a.) > V. 4(b.). Moreover,
using the fact that U, ,(b.) — 0 = ¥ ,(0) we get the result.

Otherwise, when (a.), € (%7 +00) the proof is the same as above but with taking b, < a, since V.,
is nondecreasing in (£; +o0).

For the other cases, ag < 0 and ay > 0, the result is easily obtained. [
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