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[11 Time domain reflectometry (TDR) is a proven, nondestructive method for the
measurement of the permittivity and electrical conductivity of soils, using electromagnetic
(EM) waves. Standard interpretation of TDR data leads to the estimation of the soil’s
equivalent electromagnetic properties since the wavelengths associated with the source
signal are considerably greater than the microstructure of the soil. The aforementioned
approximation tends to hide an important issue: the influence of the microstructure and
phase configuration in the generation of a polarized electric field, which is complicated
because of the presence of numerous length scales. In this paper, the influence of the
microstructural distribution of each phase on the TDR signal has been studied. We propose
a two-step EM modeling technique at a microscale range (200 pum): first, we define an
equivalent grain including a thin shell of free water, and second, we solve Maxwell’s
equations over the discretized, statistically distributed triphasic porous medium. Modeling
of the TDR probe with the soil sample was performed using a three-dimensional finite
difference time domain scheme. The effectiveness of this hybrid homogenization approach
is tested on unsaturated Nemours sand with narrow granulometric fractions. The
comparisons made between numerical and experimental results are promising, despite
significant assumptions concerning (1) the TDR probe head and the coaxial cable and (2)
the assumed effective medium theory homogenization associated with the electromagnetic
processes arising locally between the liquid and solid phases at the grain scale.

Citation: Rejiba, F., F. Sagnard, and C. Schamper (2011), Full-wave modeling of the time domain reflectometry signal in wetted
sandy soils using a random microstructure discretization: Comparison with experiments, Water Resour. Res., 47, W07512, doi:10.1029/

2010WR009688.

1. Introduction

[2] Time domain reflectometry (TDR) is widely used as
a nondestructive method for the estimation of the effective
dielectric permittivity [e.g., Topp et al., 1980; Robinson
et al., 2003] and the electrical conductivity [e.g., Dalton
et al., 1984] of a soil. The principle of TDR is based on the
analysis of the time domain reflections induced by the im-
pedance changes encountered during the propagation of a
short-step voltage signal (rise time less than 200 ps) along
the metallic rods of the probe embedded in the soil. The
real permittivity is deduced from the travel time of the sig-
nal, and the electrical conductivity is estimated from the
reflection coefficient when the voltage signal reaches its
DC level.

[3] As the equivalent dielectric permittivity is strongly
dependent on the soil’s microstructure and on the phase
configuration, modeling of the TDR transmission line
requires a description of (1) the propagation of a guided
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transverse electromagnetic (TEM) wave along metallic rods
connected to a coaxial cable, (2) the TDR probe head, and
(3) the soil’s microstructure and phase configuration. The
best way to take the phase into account is not immediately
obvious, as the wavelengths used in TDR measurements are
far greater than the microstructure scale of the soil.

[4] TDR interpretation suggests that in the long-wave-
length limit, the observed bulk material should be described
almost completely by an effective permittivity. The tradi-
tional transmission line approach considers a successive
series of impedances [Huebner and Kupfer, 2007]. In the
frequency domain, dielectric spectroscopy is widely used
for synthetic materials characterization, as well as for high-
speed digital design [e.g., Tanaka et al., 1999], and it is
also used in soil science [Lin, 2003 ; Schaap et al., 2003;
Liu, 2007; Minet et al., 2010]. Both semianalytical and
analogical modeling have been used to study homogene-
ous, frequency-dependant, or one-dimensional materials;
however, each of these methods has its own limitations.
Several studies dedicated to composite materials have
clearly demonstrated that in the mixture the spatial arrange-
ment of the different phases and their potentially strong an-
isotropy are reflected by the manner in which local fields
are established. Such effects have been illustrated using fi-
nite difference [Karkkainen et al., 2000, 2001] or finite
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element methods [Myroshnychenko and Brosseau, 2005;
Wang and Pan, 2007; Bolvin and Chambarel, 2007]. In
addition, there is a serious issue with the inverse problem,
which is ill conditioned since many microstructural config-
urations could produce the same effective permittivity, and
because of the excessive sensitivity of the TDR signal asso-
ciated with the permittivity of any of the phases. These
observations, which have been crucial in homogenization
problems (condensed matter, porous media, and the vadose
zone), suggest that the relationship between the microstruc-
tural configuration and the effective permittivity is not triv-
ial, not only because of the multitude of length scales but
also because it is difficult to perform accurate experimental
validations.

[s] The work presented in the present paper is an exten-
sion of developments made by Rejiba et al. [2005], which
were focused on sensitivity analysis of a synthetic TDR
signal. We propose full-wave modeling in three dimensions
(3-D) based on the finite difference time domain (FDTD)
approach, with specific numerical developments related to
the coaxial cable and the TDR probe head. Moreover, we
provide a statistical description of the three phases of the
soil made for an unsaturated, clay-free sand.

[6] The TDR device, made with a two-rod metallic
waveguide that is 8 cm in length with a rod separation of
1.2 cm, was connected to a coaxial cable with a characteris-
tic impedance of 50 Q. The section of each rod is 4 mm?,
and the probe head is made of a parallelepiped 1 cm x 1 cm
x 2 cm epoxy resin body. Usually, the coaxial cable mod-
eling over a 3-D FDTD grid is achieved using a “thin-
wire” formalism in order to solve for the currents and
voltages in one dimension, which allows the six compo-
nents of the electromagnetic field to be determined using
the circulation and flux relations on the basis of Ampere’s
and Faraday’s laws [Maloney et al., 1994; Hockanson
et al., 1996]. As the accurate electromagnetic characteris-
tics of the TDR probe head are rarely available, we eval-
uated equivalent permittivity values for both the coaxial
cable and the TDR probe head.

[7] An important step in the current soil modeling
approach relies on the definition of a dielectric, geometrical
three-phase model for the soil, which provides a reasonable
compromise between a homogeneous model and the real po-
rous model with all its phases. The electrical conductivity
associated with the present discretization is nonzero only for
the water phase, which in this case corresponds to tap water.

[8] The spatial sampling was set to match the centroid
grain size of 200 um of a Nemours sand characterized by a
narrow granulometric fraction, thus defining the minimal
modeled pore volume. However, this discretization appears
to be too coarse to accurately describe the pore and water
distributions. In order to improve the given coarse three-
phase model without refining the discretization (which
would quickly lead to an overburden of computational
resources), it was decided to define an equivalent grain per-
mittivity for the solid fraction. The equivalent grain was
represented by a coated sphere, with a thin shell of free
water. The equivalent “grain” permittivity defined for each
FDTD grain cell was estimated using the effective medium
theory (EMT) [Torquato, 2002; Cosenza et al., 2009].

[o] The equivalent permittivities associated with the
coaxial cable and the probe head were estimated in order to
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fit experimental reflection coefficients. A calibration was
made using NaCl solutions at several concentrations, with
conductivities ranging from 2 to 210 uS/m, and also with
tap water (581 puS/m), air, and a probe head short circuit
in order to match the amplitude level of the first reflection
coefficient. It should be noted that although this calibra-
tion step leads to a correct estimation of the mean level of
reflection, it does not permit accurate modeling of all local
discrepancies occurring at the beginning of the reflected
signal.

[10] Modeling of the TDR probe embedded in a hetero-
geneous soil was compared with measurements associated
with several sand samples (Nemours sand) characterized by
different water contents. The results of these comparisons
provided an opportunity to evaluate and discuss the rele-
vance of a mixed discretization-homgenization approach
for the characterization of triphasic porous media measured
by a TDR probe.

2. Modeling of the TDR Transmission Line

[11] Under the source-free assumption, for an isotropic
and heterogeneous distribution of dielectric permittivity
and electrical conductivity, the transient electromagnetic
field is described by the following time domain Maxwell’s
equations:

oD 1

— = V x H,
ot /el
D(w) = € (wEw), (1)
OH 1
- - E
ot \/ €040 VxE,

where H is the magnetic field, w is the angular frequency,
and € and p are the free space dielectric permittivity and
magnetic permeability, respectively. £ and D are the nor-
malized electric field and the normalized electric flux den-
sity, respectively:

€ofbo

[12] In the present study, the effective soil permittivity
model €' (w,x,y,z) includes a real relative permittivity
€(x,y,z) and a conductivity o(x,y,z) at each FDTD cell
location, leading to the following relationship:

) o(x,y,2)
& (w,x,y,2) = €(x,,2) + o 3)
where ;2 = 1.

[13] The 3-D FDTD computation of Maxwell’s equations
was made according to Yee’s standard staggered algorithm
[Yee, 1966], which is second order accurate in time and
space. The ramp source, calibrated by means of the air
measurement, has a tangential hyperbolic shape and a rise
time of 200 ps, leading to frequency domain information
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lying below a maximum frequency of 2 GHz. The isotropic
spatial step value, equal to 200 pm, is 80 times smaller
than the minimum wavelength in water, which is sufficient
to avoid significant numerical dispersion. The FDTD—aux-
iliary differential equation—simplified unsplit perfect
matched layer (FDTD-ADE-SUPML) numerical scheme
associated with equation (1) has been fully described in the
literature [e.g., Taflove and Hagness, 2005; Rejiba et al.,
2003 ; Sullivan, 2002]. A message-passing interface paral-
lelized version was implemented to allow upscaling and in
order to consider finer levels of discretization, which usu-
ally lead to significant memory requirements. The routine
was executed on the Enabling Grids for E-sciencE (EGEE)
distributed memory grid, which is the European cloud com-
puting network.

[14] The two-rod TDR probe and the three-phase porous
medium were discretized in an isotropic three-dimensional
FDTD grid with perfect matched layer (PML)-like absorbing
boundary conditions [Berenger, 1994] in order to simulate
an open domain; in our case, the anisotropic PML layers, in
addition to the simulation domain, required a mesh contain-
ing nearly 10 million cells. In practice, the grid has a dimen-
sion of 100 x 100 x 1200 cells, including the absorbing
conditions. Sufficient space was defined above the air-soil
interface to allow the incident voltage V(f) to reach its DC
level before reaching the air-soil interface.

[15] The TDR probe (Figure 1) is assumed to be excited
by a TEM wave that can be modeled either by the presence
of a coaxial cable, using the thin-wire formalism, or by a
quasi-plane wave using Huygens’ principle of superposi-
tion (the adopted solution), generated along a line of cells
inside the simulation domain border.

[16] In the present study, the coaxial cable is modeled by
extending the two rods above the air-soil interface and
embedding them into an equivalent medium characterized
by a constant real dielectric permittivity e.q. As all imped-
ance contrasts at the probe head location are not fully
described, the probe head was modeled by an additional
element of constant permittivity ep,. Indeed, as the probe
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head produces a small bump, observed in previous experi-
ments, it was adjusted experimentally to fit the air and short
circuit experiments. In reality, each element of the trans-
mission line contributes to the global losses and is charac-
terized by a frequency-dependent impedance. For reasons
of simplicity and because the cable has a length of only
1 m, the corresponding dispersion losses were not modeled.

[17] The equivalent transmission line representing the
coaxial cable (a pair of symmetrical, cylindrical twin-wire
lines) without its head probe has a characteristic impedance
Z, expressed as follows [Ball, 2002]:

Zo = [0 ln<F+\/F271>, 4)

2m \/ €eq€o

where F' = (S° — 2R*)/2R?, S is the separation (center to
center) between both rods, and R is the radius of the rod.
The FDTD square section of the rods is 4 mm? and an
equivalent radius R was defined in order to evaluate Z,,.

[18] The excitation defined in the 3-D grid, using a seg-
ment source between two perfectly conductive rods, is not
a perfect TEM mode as in the case of a coaxial cable
because of the naturally occurring spherical 3-D divergent
attenuation inherent in Maxwell’s equations. In order to
force the TEM propagation to take place in the equivalent
source medium (in addition to the perfect electrical surface
conditions defined at the surface of the metallic rods), the
spatial derivation in radial directions must be cancelled in
order to approximate the propagation of a plane wave.

[19] Concerning feeding the grid, the electric field exci-
tation E, (x polarization) is defined on a segment between
the rods and has the shape of a ramp function. Such an ex-
citation, known as hard sourcing in the FDTD formalism,
acts like a reflector and could interact with the reflected sig-
nal, in particular when it reaches its DC value. In order to
avoid the occurrence of artificial reflections at the segment
location, during simulations made over long periods, the E,
segment source (associated with the source voltage V(7))
is fed using an equivalent transparent source formulation.

Coaxial cable Equivalent
excitation TEM source
v v |
air Eeq
- M| G
7 !
: . Y ‘
£ ' . z
£ ' :
o ' 1
& | !
vl L a
b MYSol) Soil
d=12mm

Figure 1. Equivalent time domain reflectometry (TDR) modeling used in the finite difference time do-
main (FDTD) simulations. The initial feeding model (coaxial cable and head probe) in the air is replaced
by an extended two-rod waveguide embedded in equivalent media of permittivity e.q and epp.
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This excitation is perfectly equivalent to the use of a classi-
cal current density source, allowing the use of any model
associated with optically guided wave measurements. The
FDTD grid is thus excited by the equivalent tangential
magnetic current source M, (y polarization), which appears
in the magnetic field H, component [Wang and Teixeira,
2003]. The probe voltage V(¢) is recorded just below the
source location (at a grid step) and is computed from the
numerical integration of the electric field E, situated
between the rods (distance d = 12 mm). The reflection
coefficient p(¢), which is recorded during a TDR experi-
ment, is finally calculated from both the measured V(¢) and
the incident Vy(f) time domain voltages as follows:

V(t) = V(1)

Vo(t) ®)

p(t) =

3. Microstructural Equivalent Soil Model

[20] In the case described here, the minimum volume
corresponding to the cell size (8 x 10> mm?) is too coarse
to accurately describe the soil pore-scale structure. The
results of our initial simulations on saturated sand have
shown few, but nevertheless measurable, differences. The
variation in the first level of reflection coefficient is greater
than 10%, and the inflection point is situated around half a
nanosecond earlier or later when compared to experiments
in which the permittivity of the grain (quartz) is maintained
at its assumed value of 5.5. The lower and upper limits of
simulations in the saturated case correspond to grain per-
mittivities of 5.5 and 8.5, respectively (see Figure 4). This
suggests that despite the currently used coarse grid, it is
possible to maintain a three-phase description of the me-
dium by means of a local homogenization process.

[21] When dealing with very fine variations in physical
properties, the main issue in FDTD modeling consists of
using physically and geometrically acceptable homogeniza-
tion of some of the existing phases over a coarse mesh.
Without loss of generality, since a dispersive law is system-
atically associated with a particular distribution of constant
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properties, we propose to focus on a single element, which
will include all of the physics missing in the initial discreti-
zation. This model, like any other model (multilayered,
entirely homogeneous, or homogeneous by parts), is
closely related to the inverse problem associated with the
interpretation of the TDR signal; here we have considered
our sample to be a random three-phase distribution, with a
discretization corresponding to the centroid size of the
grain obtained from the granulometric curve. The homoge-
nization process was applied only to the solid components
in order for the grain to be represented by an equivalent
dielectric value. Instead of refining the grid size, which
would have rapidly overwhelmed memory resources, we
defined an equivalent grain permittivity e for the case of
wet sand. The volumetric electrical conductivity was set to
be nonzero only for the water filling.

[22] The permittivity of the solid grain ¢, is equal to 5.5,
which corresponds to the permittivity of quartz. Nemours
sand is a clay-free sand, with a grain size fraction of 90%
for the range between 170 and 210 pm and an experimen-
tally estimated porosity ¢ of 40%. The permittivity of the
solid grain was adjusted to represent the addition of a thin
shell of free water (with a microscale discretization, the
distinction between free and bound water is not justified).
As shown in Figure 2, a simple, coated sphere model,
whose volume is identical to the cubic FDTD cell, allowed
us to define an equivalent relative permittivity value for the
solid grain. Assuming the thickness of this thin shell of free
water (eyaer = 79 at 20°C) to correspond to nearly 1% of
the radius of the equivalent sphere, we obtained a thickness
of 1.2 um; the outer (a) and inner (b) radii of the shell
were defined as 120 and 118.8 pm, respectively. Finally,
the equivalent permittivity €. of the cubic FDTD cell was
evaluated to be 7, using the EMT mixing law for a coated
sphere as follows:

&t 26 42 (6 —6)
v €s + 26w _f(es - 6w) ’

€cs =

(6)

where f'= (a/b)’ represents the filling factor.

Equivalent

coated sphere

Figure 2. Equivalent medium theory applied to a coated sphere. (left) View of the modeled microstruc-
ture at several different scales: air (dark gray) and water (light gray) distributions. (right) Equivalent
water-coated sphere model (cross-sectional view) used to approximate the permittivity of the grain (ec)
in a cubic FDTD cell, using an effective medium theory mixing law.
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[23] The microstructure and phase configuration of the
soil, corresponding to the porosity and water fractions,
respectively, were then distributed over the FDTD grid
using a discrete binomial distribution (Figure 2) in the fol-
lowing manner: first, the solid and the pores were associ-
ated with a success probability p; = 1 — 6 (i.e., of the cell
being filled with a solid); second, the cells that had previ-
ously been considered to be pores were set according to
another binomial distribution, but with a success probabil-
ity p» = 6/¢ (i.e., of the cell being filled with water) corre-
sponding to the degree of saturation. The discrete binomial
distribution has a probability density function that can be
expressed as follows:

flkln,p) = (P (1 =p)"* k=0,1,2,...,n, (7)

where k£ is the number of successes in # trials of a Bernoulli
process, having a success probability equal to p.

4. Calibration of the Transmission Line Model

[24] The soil measurements were made using a TDR100
system (Campbell Scientific). Following calibration of the
excitation signal, using the air and short circuit measure-
ments, the equivalent permittivities e.q and ey, (see Figure 1)
were fitted by minimizing the root-mean-square errors
between the first level of reflection obtained for several
NaCl solutions and the FDTD simulations. The optimal
values of eq and ep, were estimated to be 12.8 and 31.2,
respectively. It should be noted that the former equivalent
permittivities include the characteristic impedance as well
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as the FDTD intrinsic lattice impedance. In addition, they
should not be compared with the permittivities of the corre-
sponding material, but rather with the corresponding imped-
ance contrast.

[25] From Figure 3, it can be seen that the modeled TDR
signals differ slightly from the experimental results (~5%
errors). This outcome is probably due to the presence of a
nonperfect TEM source excitation, to numerical dispersion,
and to physical dispersion (currently not modeled) associ-
ated with the head probe.

5. Numerical Versus Experimental Results

[26] Figure 4 shows several experimental TDR traces
and their corresponding numerical models in sand samples,
as well as air and head probe short-circuited measure-
ments. Despite local mismatches for the first amplitude
bumping, the modeled and experimental signals are simi-
lar. Concerning the three samples with different water con-
tents (12%, 27%, and saturated at 40%), we also observe
similar overall trends.

[27] Nonuniform discrepancies (for the different water
contents) at the beginning of the signal are more likely
because of two main effects: (1) the differences in the im-
mediate proximity of random media generation can lead
to significant local dielectric anomalies and (2) the hand-
mixed samples, particularly in the unsaturated case, are not
completely homogeneous, particularly at their free surfa-
ces. To a lesser extent, the numerical assumptions associ-
ated with the TEM source initialization, e.g., the coarse
discretization, and the absence of frequency-dependent

Reflection coefficient

B "Téé'ls?rfn_'— '

—_r

A s ' ,_._._ - — ¢ — o -

210 pS/rn

Experlmental
F DTD

15 20 25

30 35 40 45 50 55
Time [ns]

Figure 3. Experimental and theoretical TDR reflection coefficients obtained on several NaCl solutions
and used for the evaluation of the equivalent permittivities e.q and ey, (see Figure 1).
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15 :

Reflection coefficient

15 i

15 20 25

Time [ns]

Figure 4. Comparison of experimental (dashed line) and FDTD simulations (Ax = Ay = Az = 200 pm)
for the cases of 1, air; 2, 8 = 12%; 3, 8 = 27%; 4, saturation (6 = 40%). Line 6 shows a short circuit at the
head probe location. Line 5 represents the measurements made with the tap water used in the experiment
(o0 =581 uS/m). The lower and upper limits of the shaded area correspond to simulations in the saturated
case, associated with grain permittivities of 5.5 and 8.5, respectively. This shows that the best fit with the ex-
perimental data is found for a grain permittivity equal to 7.

impedances associated with the equivalent head probe
and source domain are all potential sources of ampli-
tude errors.

6. Discussion and Conclusions

[28] In this paper, the FDTD modeling of the TDR probe
and the sample consists of several steps:

[20] 1. The equivalent and constant permittivity for the
equivalent TEM wave source corresponding to the coaxial
cable (eq) and the equivalent head probe permittivity (epp)
were fitted to match a representative range of known samples.

[30] 2. The sand microstructure was coarsely discretized
at the micrometer scale, according to the centroid size of an
equivalent grain (200 pm).

[31] 3. The equivalent permittivity of a grain, represent-
ing a simple coated solid sphere surrounded by a thin shell
of free water, was evaluated using the equivalent medium
theory.

[32] 4. The TEM excitation was defined by an equivalent
and transparent magnetic source. The shape of the source
was calibrated using the air measurement.

[33] These conceptual and numerical assumptions lead
to two main types of error: (1) local errors associated with
close time bumping and (2) DC level drifts after long time
intervals.

[34] The first type of error is more likely to occur
because of the probe head definition, uncertainties concern-
ing the real and modeled three-phase random distribution at
the air sample surface, and nonuniformities in the contact
between the probe head and the soil. The second type of
error results from imperfect TEM excitation, the fre-
quency-independent equivalent permittivities defined for
the coaxial cable and the probe head, and the poor estima-
tion of the real pore connectivity and surface conductivity
inherent in the coarse mesh. The source function with a
hyperbolic tangent shape is calibrated using the TDR air
measurement but is also associated with inevitable data fit-
ting errors.

[35] The specific choice of FDTD grid excitation with
an equivalent magnetic moment, instead of a classical cur-
rent density, appears to be a particularly elegant approach
since it could also be used for possible fiber-optic devices,
which are usually designed for dielectric or temperature
measurements.

[36] The present triphasic and microstructural medium
description is certainly too coarse to quantify all the various
polarization processes. As the sample was arranged with no
particular precaution, a binomial distribution for each phase,
associated with its respective proportion, was used as a
trade-off between the conflicting needs of model representa-
tivity and computational resource requirements (the current
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simulations for a single TDR trace, using a recent eight-node
cluster, take approximately 2 h). In a first modeling step, it
was useful to consider a mixed homogenization approach,
which in our case was focused on a coated sphere grain
model. This approach offers a high degree of flexibility and
has produced satisfactory results with almost homogeneous
sand. Moreover, it allows the modeler to test any phase-
mixing arrangement for the purposes of sensitivity studies
using any available 3-D FDTD free code, such as that pro-
vided by the MEEP project [ Oskooi et al., 2010].

[37] The main difficulty with this approach lies in the ex-
perimental validation, which is strongly dependent on the
knowledge of the sample used for the experiment. In the
present case, the use of wet sand with narrow granulometric
fractions limits the degree to which the representative soil
models can make the sample suitable for the validation exer-
cise. Clay-sand mixtures could be the next target to be used
for the purposes of validation, but they would at least require
multidimensional scanning electron microscopy, followed by
mathematical morphology analysis, in order to correctly esti-
mate the statistical parameters associated with each phase;
even under these conditions, it will inevitably be necessary
to coarsen the mesh and define local equivalent properties.

[38] The modeling methodology presented and applied in
this paper shows that a 3-D full-wave finite difference time
domain approach, associated with fine isotropic gridding,
makes it possible to analyze the influence of a given multi-
phase configuration, presently at the microscale, on TDR
measurements. As described in section 1, conventional par-
tial differential equation (PDE) solvers (FDTD and FEM)
were used to solve the classical electric potential transport
equation for porous media in two dimensions and for a two-
phase mixture in order to estimate an equivalent permittivity.
To the best of our knowledge, the TDR sensor itself had
never previously been associated with three-dimensional
full-wave studies dedicated to soil sciences. Such modeling
requires (1) significant grid refinement for complex struc-
tures and, above all, (2) an accurate description of the elec-
tromagnetic phenomena arising at the interfaces between all
phases. It is not currently possible to achieve the latter
requirement using discretization associated with PDE solv-
ers. The second point, which is addressed in this study
through the use of EMT applied to the grain-water pair, is
still unsatisfactory from the point of view of a physical
understanding. These interface constraints, associated with
potential and flux continuities in a porous medium, have
recently been studied using methods based on stochastic-
statistical theories, such as the lattice gas automata or the lat-
tice Boltzmann method, to predict the electric transport
properties in two-dimensional multiphase porous media
[e.g., Wang and Pan, 2007, 2008; De, 2008]. This is prob-
ably one of the most promising directions for progress in
full-wave TDR modeling of porous media.
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