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ABSTRACT. The present work is devoted to the simulation of a strongly mag-
netized plasma considered as a mixture of an ion fluid and an electron fluid.
For the sake of simplicity, we assume that the model is isothermal and de-
scribed by Euler equations coupled with a term representing the Lorentz force.
Moreover we assume that both Euler systems are coupled through a quasi-
neutrality constraint of the form n; = n.. The numerical method which is
described in the present document is based on an Asymptotic-Preserving semi-
discretization in time of a variant of this two-fluid Euler-Lorentz model with
a small perturbation of the quasi-neutrality constraint. Firstly, we present the
two-fluid model and the motivations for introducing a small perturbation into
the quasi-neutrality equation, then we describe the time semi-discretization
of the perturbed model and a fully-discrete finite volume scheme based on it.
Finally, we present some numerical results which have been obtained with this
method.
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1. Introduction. This paper is devoted to the construction of a numerical scheme
for the simulation of a two-fluid Euler-Lorentz model: such a model represents the
evolution of a mixture of an ion gas and an electron gas which are submitted to
the Lorentz force. More precisely, we focus in this paper on a situation involving
a strong Lorentz force and a low Mach number regime for both ion and electron
fluids, i.e. we assume that pressure and Lorentz forces are of the same order as
771 where 7 > 0 is the square of the ion Mach number and also represents the
ratio between the ion gyro-period and the characteristic time scale of the experi-
ment. When 7 converges to 0, we reach an asymptotic regime which is referred to
as the drift-fluid regime or gyro-fluid regime: in this limit regime, the pressure force
for the ions and for the electrons is balanced by the Lorentz force. In return, the
momentum equations within the two-fluid Euler system degenerate into a pair of
equations in which the parallel components of the ion and electron velocities can be
viewed as Lagrange multipliers of the zero total force equations in the direction of
the magnetic field (see [5, 16]).

Such a model describes plasma physics experiments involving strong external
magnetic fields, such as Magnetic Confinement Fusion (MCF) experiments in toka-
mak reactors. In such a case, the rescaled gyro-period of the confined particles,
which is denoted by 7, can be close to 0. The assumption that 7 is very small leads
to a singularly perturbed Euler-Lorentz model. The limit 7 — 0 is referred to as
the gyro-fluid limit (see [1, 21, 30]). It is also possible to consider a gyro-kinetic
approach when a kinetic model is considered from the onset, instead of fluid equa-
tions (see [3, 4, 20, 22, 26, 28, 29, 34, 37, 38, 41]). For generalities on asymptotic
regimes for fusion plasmas physics, we refer to [43].

In many experimental cases, the value of 7 is not uniform and can vary a lot
between subdomains of the tokamak. Additionally, it may depend on the time vari-
able: in most of MCF experiments, 7 is very small in the plasma core whereas it
can be of order 1 far from the plasma core. From a numerical point of view, the
usual approach for simulating both cases together consists in a domain decompo-
sition according to the local value of 7. More precisely, we choose to simulate the
initial 7-dependent model in the regions where 7 = O(1), and we choose the limit
model in the regions where 7 < 1. Such an approach involves different numerical
methods for solving either the Euler-Lorentz model or its drift-fluid limit according
to the value of 7. Generally, the coupling of these methods is not straightforward
and presents several drawbacks such as the treatment of the interface position (or
cross-talk region): indeed, it can depend on the time variable and, in most cases,
costly algorithms are required to simulate the motion of the interface and to couple
it with the space mesh.

We choose a different method based on the resolution of the 7-dependent Euler-
Lorentz model and on the design of a scheme which is able to handle both the cases
7 = O(1) and 7 < 1. Then this so-called Asymptotic-Preserving (AP) method
provides consistent approximation of the Euler-Lorentz model when 7 = O(1) and
of its limit regime when 7 — 0, and does not require a 7-dependent stability condi-
tion. As a consequence, such a method can be used on the whole simulation domain
for both the 7 = O(1) and 7 < 1 regimes. AP schemes have been introduced by
S. Jin [35] and were applied on tranport models and their diffusive limits. Other
applications can be found in plasma physics (see [2, 9, 10, 11, 14, 15, 17, 18] for
quasi-neutrality regimes and [5, 16] for strong magnetic fields regimes), low Mach
number fluid dynamics (see [19, 42]), or other types of transport problems (see
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[6, 7, 8, 12, 24, 25, 36, 39]) or diffusion problems (see [13]).

The present paper has two main goals: the first one is to propose a new equiv-
alent formulation of the two-fluid Euler-Lorentz model when 7 > 0. In this new
formulation, the parallel velocity equation for 7 = 0 explicitly appears as the limit
of the parallel velocity equation for 7 > 0 by contrast to the original formulation.
This reformulation is the building block for the Asymptotic-Preserving scheme for
the two-fluid Euler-Lorentz model. For the scheme being simple, we choose an
isothermal pressure law for both ion and electron fluids. We also assume that the
fluids are coupled through a quasi-neutrality constraint which allows us to compute
the self-consistent electric field within the Lorentz term, the magnetic field being
external and given. This work is the last development of a program started in [5, 16]:
in [5] and [16], the one-fluid isentropic Euler-Lorentz model with given electric and
magnetic fields has been investigated (in [16], under a uniform magnetic field and in
[5], with any magnetic field and arbitrary coordinate system). Here, the specificity
of this work is to consider a two-fluid Euler-Lorentz model with self-consistent elec-
tric field, computed through the quasi-neutrality hypothesis. This leads to a system
of two coupled anisotropic diffusion equations, which brings some specific difficul-
ties. In particular, it involves some singularity which will be treated through a
regularization procedure. This work also bears relations with [13, 15] which are
concerned with more general anisotropic diffusion equations (but not in the context
of the Euler-Lorentz model). Again, [13] deals with a uniform anisotropy direction
and [15] with an arbitrary anisotropy direction and arbitrary coordinate systems
compared to the direction of the anisotropy.

The present paper is organized as follows. In section 2, we present the isothermal
two-fluid Euler-Lorentz model and the drift-fluid limit regime. The section 3 is
devoted to the reformulation of the 7-dependent Euler-Lorentz model leading to a
new equivalent formulation of these equations when 7 > 0 which is equivalent to
the drift-fluid limit when 7 = 0. In section 4, we present a time semi-discretization
of the Euler-Lorentz model which is also consistent with the new formulation of the
model. Since this time semi-discrete scheme involves an ill-posed diffusion problem
for the electric potential, we choose to recover the well-posedness of this problem by
introducing a regularization of the quasi-neutrality constraint. This is the subject
of the second part of section 4. In section 5, we present a fully-discrete finite
volume scheme based on the AP scheme for the Euler-Lorentz model coupled with
the perturbed quasi-neutrality constraint. Finally, in section 6, we present some
numerical results which have been obtained with this scheme.

2. The isothermal two-fluid Euler-Lorentz model.

2.1. Scaling. In this paragraph, we present the scaling of the Fuler-Lorentz equa-
tions which leads to the following dimensionless model:

on” +Vx-q, =0, (2.1a)
(qE ®q;

€Eaq T 8tq; + Vx . T)} +Ta VXTLT

= o [_nTvx(bT‘Fqg XB} )
a € {i,e}, (2.1c)

(2.1b)
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where 7 is the ratio between the ion gyro-period and the characteristic time scale
but also the square value of the ion Mach number, T; = 1 and T, = cst. are the
dimensionless ion and electron temperatures, and ¢, and q, are defined by

1, ifa=i (1, ifa=i
ea_{e, if a=e, qo‘_{—l, if a =e, (2.2)

where € is the ratio between the unit electron mass and the unit ion mass. Finally,
n",q], ql, " and B correspond to the dimensionless ion and electron density, the
dimensionless ion momentum, the dimensionless electron momentum, the dimen-
sionless electric potential and the external magnetic field and are functions of the
position x € R? and of the time ¢ > 0.

Our starting point is the two-fluid Euler-Lorentz model describing a mixture of
an ion gas and an electron gas. This model writes
Oinag +Vx-da =0,
(QOL ® Q(x)

(63

1 e
815(:1a¢‘|'vx' +—pra:qa—(”aE+Qa><B),
ma ma (2.3)

Oreq + Vi - (Mqa) =qaeE-qq,

a € {ie}, :
and the ion-electron coupling is ensured by the following quasi-neutrality constraint
ni=ne=n. (2.4)

In this two-fluid model, n;, q;, e; and p; (resp. ne, qe, €. and p.) are respectively
the density, the momentum, the total energy per mass unit and the pressure for the
ion (resp. electron) gas. The physical constants m;, m., and e stand for the unit
ion mass, the unit electron mass and the absolute value of unit electron charge. The
electric and magnetic fields are denoted with E and B and we assume that B is
given whereas E is generated by the ions and the electrons through the constraint
(2.4).

In the present context, we assume that both ion and electron gases are isothermal,
i.e. we assume that p; and p. are given by
pi=kpTin;, Pe = kB Te ne, (2.5)

with constant temperatures T; and 7., and we also assume that the electric field E
derives from a potential ¢, i.e. E = —V4¢.
Consequently, the model (2.3)-(2.4) is reduced to

O+ Vx-qq =0,

a @ qq k Ta
(9tqa+vx-(q 4 )—i— b Vxn
n Me (2.6)
. .
=(0o —(—nVxd+qq x B),
a € {i,e}. ¢

We introduce the characteristic length 7, time , momentum g, ion temperature T,
electric potential ¢, and magnetic field B such that

x=7%x, t=tt, T, =T, T.=TT!, (2.7)
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n(@x,tt) = an' (X, t), é@x,tt) = o', 1),
(2.8)
q.@x,tt) = gd,(x,t), BEx,it) = BB(X,t).
We consider the natural ratio
rmn

and we also assume that the electric and magnetic forces are of the same order,
which means in terms of characteristic scales that

HI‘ 3I|

gB = —. (2.10)

We define the characteristic sound speed ¢ for the ions, the characteristic Mach
number for the ions M and the characteristic cyclotron frequency @ for the ions by

eB

mi'

kgT —
c=1/2L M=
mi

. w= (2.11)

NE

Considering a low Mach number regime, we introduce

M= T, (2.12)

with 7 > 0 small and assuming that the applied magnetic field is strong allows us
to take
tw= 1 (2.13)
T
Finally, we denote the ratio m./m; by ¢ and we assume that it is a dimensionless
fixed constant. Then, removing the primed notations and adding the index 7, we

finally obtain the rescaled isothermal two-fluid Euler-Lorentz model (2.1).

2.2. The limit model. We denote by n°, q?, q? and ¢° the limit of (n7), o,
(d])r>o0, (d7)r>0 and (¢7); > o respectively when 7 — 0. Then, taking the limit
regime of (2.1) when 7 — 0 indicates that n°, q7, q% and ¢° satisfy the following
model

om’ +Vy-q® =0, (2.14a)
To Vxn® =qa [ —1n°Vx¢’ + % x B], (2.14b)
a € {i,e}, (2.14c¢)

in which the parallel part of q? and q are implicit. Indeed, if we separate the
parallel and perpendicular parts of (2.14b) for any «, the model (2.14) writes

om® +Vy-q2 =0, (2.15a)

Tab-Vin® = —qan’b - Vy¢?, (2.15b)
1

(%), = mb X (qa To Vxn? +n° Vy0), (2.15¢)

a€ {i,e}, (2.15d)

B
where q; =b x (@ xb), b= T8I and |B||*> = B2 + B; + B2. We observe in this

reformulated limit model that (qY); and (q?), can be algebraically computed from
n® and ¢°, but we do not get any explicit constraint for (qg)n and (qg)H. One way
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to answer to this difficulty is to couple the limit model (2.15) with the following
equations:
do @ do
n0 )

A((a)) ~ (b © b))l + (b b) Vi

)

2.16
+ lim [i(b®b) (To Vxn™ +qan” quﬁT)] (219

a € {i,e}.

These equations are not more than the parallel part of (2.1b) for any a € {i,e},
with 7 — 0. However, such a coupling is permitted if

£ (b®@b) (T Vxn™ +qon” VxoT) = O(1), Vae {ie}, (2.17)
«
when 7 is close to 0. Indeed, this property implies that the limit term within equa-
tions (2.16) exists in R and allows to compute (q2)),.
From a numerical point of view, the resolution of (2.15)-(2.16) requires the com-
putation of the limit terms
1
Tim La—T (b®b) (To Vyn™ + qan” VXQST)} . ae{ie}. (2.18)
Even if the existence of these limits is admitted, their numerical approximation is
not straightforward since n”™ and ¢ have to be known for any 7 close to 0 and have
to satisfy (2.17). As a consequence, a numerical scheme based on a direct resolution
of (2.15)-(2.16) requires a numerical resolution of (2.1) for very small values of 7.
For these reasons, we choose a numerical approach for computing some approx-
imations of n°, q?, @2 and ¢° which differs from a direct resolution of the model
(2.15)-(2.16). More precisely, this new approach uses the same tools as in [5, 16]:
we apply a well-chosen time semi-discretization on the initial model (2.1), we re-
formulate the obtained semi-discrete scheme such that it is a time semi-discrete
equivalent to a certain model which is itself equivalent to (2.1). This is what we do

in the following sections.

3. Reformulation of the 7-dependent model and of the limit model. In this
section, we present a reformulation of the model (2.1) in which the (e, 7)~!-order
singularities have been regularized. This equivalent model is the following:

1
Oin” — —Vx - (b®@Db) (To Vxn” +gan” Vx¢"))
col (3.1a)
; a, @4, .
. . . @4,
01((d3))) = (b @ b)) af + (b @ b) V- (222
1 (3.1b)
+ :(b ® b) (Ta Vin” + qan” VX¢T) =0,
1
(qg)J_ = mb X (qa Ta van + nT vx¢q—)
r @ o (3.1c)
qo‘ EO‘T T . qa qa
=gy [+ v (B
a€ {i,e}, (3.1d)
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These equations are obtained for (2.1) by a differentiation in time and position
procedure and projections in the direction of b and perpendicularly to b. More
details about these computations can be found in Appendix A.

When 7 — 0, we obtain

Vi - (b ®b) (T Vxn® + ga n’ Vi®)) =0, (3.2a)
0 0

9.((@%))) — (b @ b)) @ + (b & b) Vy - (%) (

3.2b)
1
i [0 0) (2 Va4 007907 =0,
(qg)l_ = %b X (% To van +n’ vx(bo) s (326)
o€ {ie}, (3.2d)

which is equivalent to (2.15)-(2.16). Indeed, (3.2a) can be obtained directly from
(2.15b) by applying the differential operator Vx - (b-).

4. Semi-discrete AP schemes. In this section, we propose a semi-discretization
of (2.1) in time which, up to some space differentiations and combinations, is also
a semi-discrete equivalent to the reformulated model (3.1): proceeding in such a
way ensures us that the constructed numerical method will be a time semi-discrete
equivalent to (3.2) when 7 converges to 0 and then a time semi-discrete equivalent
to the drift-fluid model (2.14). Another motivation of this methodology is that
we want the numerical method to be conservative like finite volume schemes: this
kind of property may be not ensured if we build our numerical method on a direct
resolution of the reformulated model (3.1).

In practical terms, the semi-discretization we describe in the next lines is based
on semi-implicit mass fluxes and fully implicit pressure and Lorentz forces. This
strategy is motivated by the fact that we want to preserve the balance between the
pressure gradient and the Lorentz term, i.e. to ensure that, at every time step ¢,

To Vin™™ + qo [n77" V™™ — ql™ x B™| = O(ea 1), Va€{ie}, (4.1)

where the notation §™ stands for an approximation of the function 8 = 0(x,t) at
the time step t = ¢". This methodology differs from the AP semi-discretizations
which were described in [5] and [16]: indeed, in these papers, the authors considered
a fully explicit mass flux, a fully implicit Lorentz term and a semi-implicit pressure
gradient, and this leads to a non-conservative discretization of the velocity equation.

Firstly, we describe the semi-discretization of (2.1) and we reformulate the semi-
discrete model by following the same approach as in Section 3. Then we discuss the
difficulties which are brought by this reformulation and we introduce a regularization
of the mass conservation equations (2.1a) which allows us to bypass these difficulties.

4.1. Time semi-discretization.
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4.1.1. Asymptotic-Preserving property. The considered time semi-discretization of
(2.1) is the following:

nr,m—i-l —pmm 1 1 “
vx . b™ b™ T,m
R (UL DL A (4.2a)
+ Vi (I=b™" M @b™)qp™) =0,
T,m-+1 T, m T,m T,m
> — 5 M Q) > Ta
Ao Ao + vx . (qa Ao ) + _van,erl
At nTm €aT (4.2b)
= Cl_a [ _ n‘r,m-‘,—l Vx¢'r,m+1 4 q;,m—i-l % Bm+1] ,
€Ea T
a € {i,e}. (4.2¢)

As it has been announced above, we chose to implicit the whole pressure and Lorentz
terms in order to have (4.1) at every time step. The choice of the implicitation of the
parallel part of the mass fluxes is motivated by the fact that we have to reformulate
the model (4.2) by injecting the parallel part of (4.2b) in (4.2a). Such a proce-

dure leads to the separate computation of (qZ-T’mH)ﬁlH, (qf ™ HhymH, (qg)m“)ﬁ”l

and (qz””*‘l)’fJr1 by applying projection operators in the parallel and orthogonal
directions to b™*1. This leads to

Tmtlymtl Mbm‘i‘l T,m+1ym+1
(qa )J_ AtHBmJ’_lH X (qa )J_
1
= Wberl X [qa Ta van,erl + n‘r,erl vx¢7,m+1] (43&)
Jo €a T qT’m q‘r,m ® q‘r,m
22 _pmtl [_0‘_ x.(¥)}
i el el S G I
T,m+1\m+1
(@™ )]
mH @ bt g m+1 g pmtl qu" © g™
= (" @b™ ) g™ — At (BT @ b V. - (T) (4.3b)
At
_ : (bm-l-l %9 bm+1) [Ta Vxn‘r,m-l-l + Qa n‘r,m-{-l vx¢‘r,m+1} ,
a € {i,e}, (30)

on one hand, and to a couple of anisotropic diffusion equations for n™™*+! and

¢™™*1 on the other hand with an anisotropy carried by b™*! (see the computations
of Appendix B with C; = C, = 0). These diffusion equations are of the form

— Vi (0™ @ b™ ) Von ™) 4 A7 = 7 R (4.4)
V.- (nr,m-i-l (b @ b1y Vx¢r,m+1) — 7 §TmHL (4.5)
where A only depends on €, At and T, and where
RT™ = R(At, T.,e,n™™, )™, q0™, b 1) (4.6)
STmAl — S(At, T.,e,n™" 1 n™m ql™, qz’m,b"”rl) . (4.7)

Remark that the algebraic equations (4.3a) can be solved for any value of 7.
Then the scheme (4.2) is equivalent to (4.3)-(4.7) and is Asymptotic-Preserving if
and only if

bm+1 . (Ta vxnr,m-i-l + Ga n‘r,m-l-l vx(br,m-i-l) = O(ga 7—) , Vae {Z, e} . (48)
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These hypotheses are validated if we take into account the following boundary
conditions

(b™t.v) =0, on 09, (4.9a)

{ (berl . vxn‘r,erl
(b™T. 1) =0, on 082, (4.9b)

)
(bm+1 . vx¢r,m+1)
alongwith the diffusion equations (4.4) and (4.5). Indeed, the solutions of the prob-
lems (4.4)-(4.9a) and (4.5)-(4.9b) satisfy

bt . V™"t = O(7), bt . V™" = O(1), (4.10)

which correspond to (4.8) up to some linear combinations.

4.1.2. Anisotropic diffusion problems. As it has been mentioned in the previous
paragraph, the Asymptotic-Preserving property of the method presented in (4.2)
relies on the resolution of the diffusion equations (4.4)-(4.9a) and (4.5)-(4.9b). In-
deed, any solution (n™™*1 ¢™™m*1) of this couple of diffusion equations satisfies
the property (4.8) so it can be used infor computing (qgmﬂ)ﬂ”l and (g7t
according to (4.3). However the resolution of (4.4)-(4.9a) and (4.5)-(4.9b) is a full-
fledged problem. Indeed, if we focus on the resolution of the problem in n™™*!,
we remark that the diffusion equation (4.4) coupled with the Neumann boundary
condition (4.9a) is well posed for any 7 > 0. To be more precise, the limit of

(4.4)-(4.9a) writes

{ —Vy - ((bm"’1 ® bt Vxﬁo’m"’l) =0, on,

(berl . vxﬁo,qul) (berl . V) — 0, on an (411)

and a solution 7%+ of (4.11) is defined up to a function c : Q — R satisfying
bt . Vyc = 0. Since we want to compute the particular solution n®™+1 of (4.11)
which is exactly the limit of (n™™%1), < g when 7 — 0, we follow the same approach
as in [5] and we use the following theorem:

Theorem 4.1 (Brull, Degond, Deluzet [5]). Let us consider the subspace K C
L2(2) defined by
K={uel?Q):b"" - Veu=0}, (4.12)
and the functional space Wy defined by
Wo={ueL*Q): Vi (b u) e L*(Q), (0™ - v)u=00n0Q}, (4.13)
provided with the norm |lullyy, = ||Vx - (b™

properties:

1. K is a closed subset in L*(Q),
2. Wy is a Hilbert space and Vx - (b™T1Wy) is a closed subset of L*(2),
3. L%(Q) = K@ K+ with K+ = V- (b™T1 W),

u)HL2(Q). Then we have the following

T,m+1

Having these results in hand and assuming that n is in L?(Q), we write

n‘r,erl — 7_‘,7',m+1 4 q‘r,erl, (414)

with 77+ € K and ¢"™*! € K*. Since the solution n™™%! of (4.4)-(4.9a)
is unique when 7 > 0, the functions 7™™*1 and ¢™™*! are also unique as the
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projection of n™™*! on K and K respectively. Then the diffusion problem (4.4)-
(4.9a) writes

i VAR ((bm-i-l ®bm—i—l) quT’m+1)

A7 (g ) = g R
(b H1 . Vg™ 1) (b +1 . 1) =0, on 0f).

on &, (4.15)

If we consider the variational formulation of (4.15) over K, we find that (A77™+1 —
R™™H1) € K4 i.e. there exists h™™*! such that

{ )\Tr‘r,erl o RT’m+1 — Vx . (berl hT’m+1) , on Q,

(bm+1 . V) pTmAL — 0, on 0. (416)

By applying the operator b™*! .V, on this equation, we find that h™™*! is the
unique solution of

_bm+1 . vx (Vx . (berl hT’erl)) — bm+1 . var,erl , on Q, (4 17)
(b *L. )Mt =0, on 01, ‘
which is a well-posed problem for any 7 > 0.
Since ¢"™+! € K+, we claim that there exists [7™%! € L2(Q) such that
Tm+1 __ m+1 j7,m+1
qm =Vx- (b [mm+h 0 on Q,
{ (bmFt.p)mmtt =0, on 0f). (4.18)

If we consider now the variational formulation of (4.15) over K, we find that {71
is the solution of a fourth-order problem which can be written as two successive
second-order problems of the form

_bm+1 . Vx (vx . (bm+1 LT,erl)) 4 T/\L‘r,erl

=1 bm+1 . VXRT’m+1 , on Q’ (419)
(bmHl.yyLmmtl =0 on 909,
_bm+1 . vx (vx . (bm-i-l lr,m—i-l)) — Lr,m—i-l , on Q,
(bm+1 . I/) [mmtl — 0, on 0. (420)

Remark that these problems remain well-posed for any value of 7 > 0. Then, in-
stead of solving the problem (4.4)-(4.9a) which becomes ill-posed when 7 = 0, we
solve the problems (4.17), (4.19) and (4.20) for computing h®™*1 and [™*! then
we compute 701 and ¢*™*! by using (4.16) and (4.18) respectively, and we fi-
nally get n®™*1 as the sum of 7%™*! and ¢¥m*!,

Concerning the problem (4.5)-(4.9b) for the electric potential ¢™™* 1, we remark
that it is ill-posed for any value of 7 > 0. Indeed, assuming that this diffusion
problem admits at least one solution (;37’7”"’1, we can prove that this solution is not
unique: for this purpose, we consider a function ¢ :  — R satisfying

bt . Vyee=0, on Q. (4.21)

Then, it is straightforward to see that (;;T’m"’l + ¢ is also a solution of the problem
(4.5)-(4.9b). Since this argument works for the problem (4.5)-(4.9b) for any value
of 7 > 0, the decomposition of its solution does not provide unique projections on
K and K% just as it is done for n™™%!. Then, we have to find a way to restore the
uniqueness of the solution of the diffusion problem for the electric potential. This
is what we do in the next paragraph.
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4.2. Regularized two-fluid Euler-Lorentz model. As it is explained in the
previous paragraph, the Asymptotic-Preserving scheme for the model (2.1) we have
contructed leads to a diffusion problem for computing the electric potential at time
step ™ 1! which admits more than one solution. In order to bypass the difficulty
and to restore the well-posedness of the problem in ¢™™*!, we choose to include
a small regularization in the mass conservation equations (2.1a). That is why we
introduce the terms C; 0;¢ and C, J;¢ in such a way that this new model writes
atnT—l—C'a@t(bT +Vx q; = O,
T T
€aT |0iq], + Vi - (%‘iqa)} + T, Vn”

:qa[_nTvx¢T+q2XB}7

(4.22)

a € {i,e}.

Here C;,C. > 0 are two fixed small parameters which will be chosen later. Then
we consider the same semi-discretization method as previously, i.e.

nmmtl _ g mm T,m+1 _ iTm
+ Cy ¢ ¢
At At
+ Vs - (0™ @ by gt (4.23a)
+ vx . ((H _ bm+1 ® bm+1) q;,m) _ 0,
T,m-+1 ,m T,m T,m
o — 4y o ® o TOC
A Ve (P e Ve
" CaT (4.23Db)
= q_a [ _ n‘r,erl vx¢~r,m+1 + q;,erl % Bm+1] ,
€a T
a€ {i,e}. (4.23¢)

By splitting parallel and perpendicular parts of (4.23b) for &« = i and a = e, we
get that (g™ 1) and (qgm“)ﬁ?“ satisfy (4.3). Following the same procedure
as in the previous paragraph (see Appendix B), we inject (4.3b) with o = i (resp.
a =e) in (4.23a) with a = ¢ (resp. a = ¢). Under the hypotheses

€

C; C.=0 d Ci
+ € an T

with C' > 0 being given, we find that n™™*! and ¢™™*! satisfy the following
diffusion equations:

_ vx . ((bm+1 ® bm+1) Vxnr,erl) 4 T)\l n‘r,erl — TRT,erl , (425>

C.=0C, (4.24)

_ vx . (n‘r,m-i-l (bm—i-l ® bm—i—l) de)‘r,m-i-l) + 7,/\2 (br,m—i-l — TST,m-i-l , (426)
where A1, Ao only depend on ¢, At, T, and C, and where

R™™ = R(At, T.,e,n™™, g™, g0, b 1) (4.27)
STt = S(AL Te e, Con™™F n™™ 7™ g™, g™, b (4.28)
Remark that the constraints (4.24) are equivalent to
_ T.C - T.C (4.29)
L+ T T e(1+T) '

As a consequence, it is necessary to take C' > 0 small enough to ensure that C;
and C. are close to 0. For that, we can take C' = O(¢) provided that the ratio
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€ = me/m; is small.
We couple (4.25) with the boundary condition given in (4.9a). This diffusion

problem is well-posed for any 7 > 0 and becomes ill-posed if 7 = 0 because of a
lack of uniqueness of the solution (see page 9). As a consequence, we can apply

Theorem 4.1 and write n™™ %! under the following form:
n‘r,erl — 7_‘,7',m+1 4 q‘r,erl , (430)
with 77+ € K, ¢m™*! € K+ defined by
1
T,m+1 I R‘r,m-{-l Vx . bm+1 hr,m—i-l
i wl Ve )] (4.31)
qr,erl — Vx . (berl ZT’erl)
where B+ and {71! are the solutions of
_prm+1 . m+1 p,7,m+1 — m+1 T,m+1
lq)n+1 VXT(Z,Jcrl (b h )) b VxR , on £, (4.32)
(b V)R =0, on 012,
and
_bm+l . vx (vx . (bm—i-l LT,m-‘rl)) 4 7_)\1 LT,m+1 Q
— bty R on 3, (4.33)
(bt .y Lmmtl =0, on 01,
_1m+1 . m+1 j7,m+1 — T,m+1
b Vi (Vi - (BTHHITT) = L, o &, (4.34)
(b AN =0, on 0.

Now, we couple (4.26) with the boundary condition given in (4.9b). This diffusion
problem has the same properties as (4.25)-(4.9a) which has been discussed above.
Then, we can write ¢™™+! under the following form:

¢T,m+1 — 7~_‘,T,m+1 4 q‘T,m+1 , (435)
with 77"+ € K and ¢7"*! € K defined by
1 -
~7,m+1 I S‘r,m-{-l 4 vx . bm+1 hT,m-‘rl ,
" o ( ) (4.36)
(Tr,m-i-l _ vx . (bm-i-l z‘r,m-i-l) ,
where h™™*1 and [™™*1 are the solutions of
_pmtl. Vi (vx . (bm+1 B‘r,erl)) — pmtl. VXST,m+1 , onQ, (4 37)
(bm+l.y)pmmtl =0, on 99, '
and
_bm+1 . Vx (vx . (bm+1 ET,qul)) + 7_/\2 ET,m+1 N
— by, 5T on 3, (4.38)
(bmHl .y Lmmtl =0 on 99,
_pm+l . m+1 77,m+1 _ T T,m+1
b V(T (b)) = £ on 6 (439
(b1 pymmtl =0 on 99.
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5. Fully-discrete scheme. In this section, we present the fully-discrete version
of the Asymptotic-Preserving method for (4.22) we have presented in the previous
paragraph. Before going further, we introduce some notations which will be used
throughout this section.

First, we consider a uniform mesh (z;,y;,2x) = (i Az,j Ay, kAz) on Q and we
define the following subsets of Z3:

I=A{(i,j,k) € Z* : (z;,y;,2) € Q},

IT={(i+a,j+B,k+7): (i,5,k) €I, (a,B,7) € {—1,0,1}3}. (5:1)
Then, we define the meshed domain €2, by
Qp = U [$i71/27$i+1/2] X [yjfl/Qayj+1/2] X [2k71/272k+1/2]' (5.2)
(i,5,k) €1
We also define the subsets I, and I, of Z3 as follows:
L = {(i,j,k) € Z% : (Tiz1/2,Yj41/2: Zks1/2) € Q) (5.3)

I = {(Z}j, k) € L : ($i+1/27yj+1/272k+1/2) ¢ 3Qh}-

Finally, we assume that, for any K = (K, K,,, K,) € Z3 and xx = (Tk, YK, 2K.),
the notation ” f|, 7 stands for an approximation of f(xx) and that the notation

" fi.” stands for an approximation of f(xx~). From now, we also denote the point
Xk = (TK,,YK,, 2K.) by a cell center and the point X« = (Tx,11/2, YK, +1/25 2K, +1/2)
by a node.

At this point, the choice of the methodology between ”discretize first, then refor-
mulate the discretized model” and ”reformulate first, then discretize the reformu-
lated model” is critical. Indeed, choosing the second approach induces that we can
perform any usual numerical scheme for solving the diffusion equations (4.25)-(4.9a)
and (4.26)-(4.9b) through the decomposition method suggested in paragraph 4.1.2

and 4.2, this method will typically give us
n™mH (xg) = n] T+ O, 5.4
¢‘r,m+1 (XK) — ¢;r),]73€+1 + O(hs) 7 ’

with some s > 0 and where h = max(Az, Ay, Az). Having these results in hands,
we inject them into a fully-discrete version of (4.3), we observe that

At
— (™ () @B (xx0)) (T Voen™ (1)
+ go 0" (xK) V™" (xk))

At m—+1 m—+1 T, m+1 T,m-+1 7,m-+1 (55)
= —— (" @ b™ ) (T, V™™ 4 g ™ML v, g7
€a T I

Ath®

€Ea T

+0O(

) )

with s > 0, and that we have to strongly refine the space mesh if a very small
value of 7 is considered. This is not the Asymptotic-Preserving property we expect
for. As a consequence, we focus on the second approach, i.e. discretize first then
reformulate the discretized model.
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The next lines are structured as follows: firstly, we present the finite volume
scheme based on the semi-discretization (4.23). Then, we reformulate the obtained
fully-discrete scheme by following the same approach as in section 4 and we suggest

a numerical method for solving the fully-discrete diffusion equations for n™™*! and
¢T,m+1'

5.1. Finite volume scheme. First, we introduce some notations for the explicit
and implicit fluxes for the hydrodynamic part of (4.23):

e, - ((H _ bm+1 ® bm+1) qgm)

fgffﬂ—’m = qT,m qT,m ’ (56)
a,a Aa
n‘r,m
e, - ((berl ® bm+1) qr,erl)
163
fg:llp,r,erl = T, prom , (5.7)
e, —m

€a T
where o € {i,e}, a € {x,y, 2}, e, is a vector of the canonical basis of R3, q7" =
(g, qny,qy™) and where T is the 3 x 3 identity matrix. Then, we consider
different notations for divergence and gradient operator depending on whether they
are applied on some component of the implicit or the explicit fluxes. More precisely,
we define the operators va-, Vi and Vy by linking them to the fluxes by the
following relations:

vﬁ'V . ((H _ bm+1 ® bm-i-l) qgm)
Py (GO A" = 2 AERTT. (53)
vEV. (7

nTm ) a€{xry,z}

Vi - ((bm-i—l ® bm+1) qg,m-i-l) .

L R D X

€aT a€{z,y,z}
where e € {i,e}. At this point, the divergence operators V- and Vﬁv- are differ-
ent: VIV is obtained from an finite volume scheme applied on the explicit fluxes
whereas V- is a divergence operator on the implicit fluxes and will be defined dif-
ferently alongwith the gradient operator V.

First, we explicit the divergence operator Vf V.. The fully-discrete model ob-

tained from (4.23) is written as follows:

n‘r,erlIK _ n‘r,mIK " " .
= + (V- (™ @b gt
+ (vﬁv ((T—bm+t @bt qZ;m))‘ (5.10a)
K
o ¢T,m+1|K o (bf.,m'K
« At )
T,m+1 T,m T,m T,m
qy — 4y q. X q.
‘KAt - + (va . ( nmm ))\
) K (5.10b)
- [Ta th‘r,erl 4 Ja (n‘r,erl Vh(bT,erl _ q;,erl X Berl)} ,
€T |
a € {i,e}. (5.10¢)
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In finite volume terms, we have

1

6 fewp,r,m — T, _ T, 5.11
( ala,a )|K ACL ( o,a ‘K+ea/2 a,a ‘K—ea/2) ’ ( )
with

T,m _ 1 (femp,T,m + fexp,7,m )

G | K teq/2 a I a Ix+

cas2 2 | o (5.12)
T,m T, m _ T,m
5D ey W e, = W2 )

where a € {i,e} and a € {z,y, z}. In these formulae, W™ is

W, = ( P ) , (5.13)

T,m
qa \K

and D777 is the numerical viscosity matrix linked with the flux £5%™™ for any o €
{i,e}. For the sake of simplicity, we choose to compute the viscosity matrices with
Rusanov’s method (see [46] and [40]). For this purpose, we denote the eigenvalues
of the jacobian matrices Jacw., (£5°77™) by AL, (k = 1,2,3,4). Then, D" is
defined by o

D™ =1 max max (|)\T’m [, AT |) . (5.14)

D lrteasz T k=123 k0 e, |7 kA

5.2. Reformulation of the fully-discrete scheme. Following the same approach
as in sections 3 and 4, we reformulate the discretized model (5.10) by computing sep-

arately the perpendicular part and the parallel part of ™" and q7™ ! I

1 \K
by solving two diffusion equations to find nT’m+1| . and ¢T’m+1‘ L« More precisely,
under the hypotheses (4.24) for C; and C,, we solve

and

- (vh- ((vhnﬂm“)ﬁ”l))‘ F A TRTm = RTHL (5.15)
K
for finding ™!, and
_ (vh . (nT,erl (vh(bT,erl)ﬁlJrl)) ‘K 4 AQ 7_(257',m+1|K _ TST,erlIK , (516)

for finding ¢T’m+1| - These discrete diffusion equations are obtained by injecting
the parallel part of (5.10b) according to b™*1| " into (5.10a), then performing some
linear combinations of the obtained equations (see Appendix C).

Having n7"*1 and ¢™™*!  in hand, we can compute separately the parallel

part and the perpendicular part of qZ’mH‘K and q’e'*m“IK by using the following
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formulae:
((az™ i),
= ((az™)),, — At [(VhY - (W))Tl} . (5.17a)
- i—i ((Ta Van™ ™t g g nmmH Vh(br,mﬂ)ﬁﬂrl) "
e R T e LR R DI
_ [ﬁbmﬁ-l x (R YT 4 g T th‘r,m-i-l)} . (5.17b)
B x [ - gt (v (2D ],
a € {i,e}. (5.17¢)

5.3. Three-point scheme. In this paragraph, we focus on the resolution of (5.15)
and (5.16) provided with a discretization of the Neumann-like boundary conditions
(4.9). For solving these diffusion equations, we follow the approach of Degond &
Tang in [19]: we choose a three-point scheme by replacing the equations (5.15) and
(5.16) by

_(8]717?:16]7171+1n7',m+1)|1( + 7—)\1 nT,erl

|x
Kel
=T7R™™ vRel (5.18)
(@ Hiprmtty g, VK € L\,
and
m—+1 ,m+1 am+1 7.m—+1 7,m+1
_(8h,* (n; o9 ))|K+7'/\2¢ K uker
_ TST,erl'K , ’ (519)
(3Zm+1¢r,m+1)|m =0, VK e L\I.,
respectively. In these equations, nI’mH‘ «. stands for the average of n™™*! on the
node (szJrl/QuyKy+1/27ZKz+1/2) defined by
1
T,m+1 _ T,m+1
A k. — Z n | K taes+Beytves ? (5.20)
a,B,y€{0,1}

and the operators 8,2""’1 and 8,Tj1 correspond to some approximations of b 1.V
and Vi - (b™T1.) respectively. These operators are defined by

Z Plkyes+pey+ve: — Plrtse,tves

B,ye€{0,1} Az
m-+1 ma1 Z p|K+aem+ey+wez - p|K+0<em+Wez
Oh P, =D s 1Ay , (5.21)
@,y )

Z Plitacstpeyte: — Plitacetsey

4Az
a,B€{0,1}
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+1 —+1
(8m+1p) _ Z (bgl p)‘K*—Bey—vez - (bT p)IK*—ezfﬂeyf'yez
hoe Pl 4Ax

B,y €{0,1}

1 1
i U T

Ay (5.22)

a,y€{0,1}

n Z (b;n+1p)|K*—aeI—ﬁey - (b;n+1p)|K*faezfﬁey—ez
4Az ’

a,B€{0,1}

Then, replacing b™*+1.V, and V- (b™*1.) by 9;**! and 9;"" in the decomposition
procedure (4.30)-(4.39), we compute n™™ ! and ¢7" ! that satisfy

(To O 0™ 4+ qunl™ Lot em ™) = O(ea1), Vae€{ie}. (5.23)

K

We remark that we have the good Asymptotic-Preserving property on the nodes.
However, we need it on the cell centers, i.e.

(berl ) (Ta thT’erl + G Tl vh¢~r,m+1)) = (’)(ea T) , (524)

for any a € {i,e}. To reach such a result, we introduce the discrete gradient V, .
defined by

Z Dlkteptpeytve: ~ Plrtseytves

4Ax
ﬂ,’YE{O,l}
Dlktacsteytve: ~ Plrtacstves
(Vied)ie, = | 2o Ay . (5.25)
a,y€{0,1}

Z Plryace+peyte: ~ Plrtacstsey
4Az

a,B€{0,1}

and we use it to couple the three-point scheme we have presented with the formu-
mA1ym41 m+1ymA+1 mATymA 1 mAlym+1y
lae for ((q;™")T )‘Kv (Cr )|K7 ((a;™ itk )IK and ((g7™*" )‘T )|K.

more precisely, we use the operator Vy, , for computing the following terms in (5.17):

((Ta th‘r,erl + Ja n‘r,erl Vh(bT,erl)rllJrl) ‘
K

1
= Y (Vi (5.26a)
a,B,v€{0,1}

1 1 1
+ o D" Vg ) ,

PO

1
— _pmtlx N nTmrly, pmmtl T,V pTmtL )
(e G 0 )
1 1
= —_ pmtl T,m+1 T,m+1

a,B,y€{0,1}

+ Vh,*n‘r’erl}) s

| Ko —eq— oy —ves

a € {i,e}. (5.26¢)
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As a consequence, we obtain the properties (5.15) and (5.16) on cell centers and

T,m+1

we can compute the parallel part and the perpendicular part of )" "' and q

by using separately the formulae (5.17).

6. Numerical results. In this last section, we present some 2D numerical results
which have been obtained with the AP scheme we have presented in sections 4.2
and 5 for the perturbed two-fluid Euler-Lorentz model (4.22).

6.1. Validation of the three-point scheme for the diffusion problems. Since
the AP scheme relies on the truthfulness of the properties (4.8), we first present
some numerical results from the three-point scheme used for the resolution of the
diffusion problems for n™™*+1 and ¢™™*! (see paragraph 5.3). More precisely, the
main goal of the first test sequence is to solve the diffusion problems (4.25)-(4.9a)

and (4.26)-(4.9b) for any value of 7 > 0 and to ensure that
VE,  nmmt s pOm o grm oy g0 (6.1)

as 7 — 0. To perform this validation, we apply our method to the following diffusion
problem:

) |

—Vx-(HT(b®b)prT)+T/\pT:TfT, on €, (6.2)
(H (b®@b)-Vxp™) v =0, on 09, ’
where A > 0, f7: Q = R, H":Q—HR*Jr and b : Q — R? are given.
Let us consider a function sequence (p7); > defined by
pT=po+TpI, (6.3)
with po and p] satisfying
b Vxpo =0, onQ, (6.4)
and
(H" (b®b)Vxp]) -v =0, on Q. (6.5)
We assume from now that
fT=Ap" = Vx- (H" (b®@b)Vyp]), (6.6)

which implies that p” is the analytic solution of the problem (6.2).

In Figures 1 and 2, we plot the evolution of the error between p” and its approxi-
mation (denoted with p7,,) as a function of the space step h. In these results which
are presented in decimal logarithmic scale, we have chosen 7 = 1072 and 7 = 107°.
The domain © is set to [1,2] x [1,2] C R?, pg and p] to

polzy) =2,  pilay) = ((z-D2-2)y-DE-y)° (6.7)

and A\, H™, and b are chosen as

A=1, (6.8)
H7(z,y) = 1 +sin?(z) sin®(y), (6.9)
b = (sinf, —cosf), with 0(z,y) = arctan(y/x). (6.10)

As we can remark in theses figures, the solver for the diffusion problem (6.2) based
on the micro-macro decomposition presented in Section 4.1 and on the discrete
differential operators Jj, and 0 . is second order accurate in h since we observe
that the error ||p™ — pg,llz» (p = 1,2, 00) is linearly decreasing in log;, scale when
h — 0, with a slope which is equal to 2. This is due to the fact that, according to
the definitions (5.21) and (5.22), the operators ), and 9}, . are themselves second
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Error on p in log scale
T T

-10 -

11k

15 -

-16

Error in log scale
[ - [
S w N
T T T T
| | | | | |

Max norm ——
norm —x—
norm —6—

-3 -2.5 -2

I I I I
-5.5 -5 -4.5

-4 35
Space step in log scale

FiGURE 1. L', L? and L* norms of the error between p” and its
approximation pg,,, as functions of h: case with 7 = 1072,
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FiGURE 2. L', L? and L* norms of the error between p” and its
approximation pg,,, as functions of h: case with 7 = 1079.

order accurate. Furthermore, we have this property for 7 = 1072 and 7 = 107, so
we can conclude that the second order accuracy of the solver is not penalized by
the smallness of 7.

Together with this convergence results in h, we plot in Figure 3 the error between
Papp Provided by the solver and p? = pg as a function of 7 with a 100 x 100 uniform
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FiGURE 3. L', L? and L™ norms of the error between p” and
p® = po as functions of 7: case with a 100 x 100 uniform mesh.

mesh, and we take the same values of pg, p], A, H™, and b as above. By definition
of the analytic solution of p™ and pg (see (6.3)), we except this error to be of the
same order of 7. This is confirmed by Figure 3: indeed, the error ||p7,, — pol|L»
(p =1,2,00) is linearly decreasing in log; scale when 7 converges to 0 with a slope
which is equal to 1.
From these two results, we can claim that
lim lim p7 . = po, (6.11)

h—01—0

which is exactly to say that the numerical solver for the diffusion problem (6.2) is
Asymptotic-Preserving when 7 — 0. Then, we can use it for solving the diffusion
problems (4.25)-(4.9a) and (4.26)-(4.9b) for n™™+! and ¢™m*1.

6.2. Validation of the AP scheme for the two-fluid Euler-Lorentz model
near the drift-fluid limit. In order to validate the AP scheme we have developed
for the perturbed Euler-Lorentz problem (4.22), we compare the results which are
computed by the AP scheme to those which can be produced with a fully explicit
finite volume method. From now, we denote with classical method a finite volume
scheme which is based on the following time semi-discretization:

T,m+1 _ nTm ¢T,m+1 _ QbT’m

C., Ve o™ =0,
Al + Al T Ve Ao

n

T,m+1
qdy

T,m
— qO;

At

T, m T, m
a4, ¥ qy
nT,m

TO‘ V.n"m
) o Van (6.12)

1
= (a [_ :nr,m ngf)T’m + q;,erl % Bm+1] ,
«

+ V-

a € {i,e}.
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We easily remark that the stability condition of such a method strongly depends on
7: as in a low Mach number numerical experiment, the smaller 7 is, the smaller the
time step At must be in order to ensure that a method based on (6.12) is stable.
As a example, if we solve the hydrodynamic part of (6.12) with Rusanov’ scheme,
we must have At = O(h7'/2) at least, where h = min(Az, Ay, Az).

In the next lines, we distinguish two opposite situations:

o The resolved case: The time step is small enough in order to ensure that both
classical and AP methods capture the fast time variations within the solution,

o The under-resolved case: The time step does not allow the capture of fast
time variations but ensures at least the stability of the AP scheme.

The test case we present here is based on the perturbation of the following
stationary case:

e The magnetic field is uniform and reads B = (sin, — cos,0) with a € R
fixed,
o ™9z, y) = ng, 70 (z,y) = ¢o, qZ-T’O = q7' = B with some constants ng and

Po,
e The whole system (4.22) does not depend on the variable z.

Suttace Surtace
Var: data/qix AP Var: data/gix_classic
08660815358 0.8660615358

1 1

— 08660534769 —0.8660534769

0.8660254180
.: 08659973592
08659693003
Max: 0.8661
Min: 0.8660

08660254180

.: 08659973592
08659693003
Max: 0.8661
Min: 0.8660

2 .
A—’ Q’
x x

q7, (AP scheme) q], (classical scheme)

Surface Surface
Var: data/qiy AP 1 Var: data/qiy classic 1
200324249 8033409

— 05000162199 o —0.5000162199 a

0.5000000 149

.: 0.4999838099
0.4999676049
Max: 0.50003
Min: 0.49997

0.5000000149

.: 0.4999838099
0.4999676049
Max: 0.50003
Min: 0.49997

0 o

2 .
A—’ Q’
x x

q7, (AP scheme) q7, (classical scheme)

FIGURE 4. Resolved case at time t = 6x1075: z and y components
of the ion momentum q7 as functions of (x,y) computed with the
AP scheme (left) and the classical scheme (right).
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Remarking that both classical and AP schemes compute the exact solution pro-
vided with these initial datas, we choose to introduce a small perturbation at the
initial time step. More precisely, we choose to replace n™%(z,y) = ng by

n™(z,y) = no + 7 max (0,1 —n(z — 20)* —n(y — v0)°) , (6.13)
with n > 0 and (zo,y0) € Q.

Var: data/qex AP Var: data/gex_classic
08680808802 0.8630808802

1

— 08660531342

.— 08660253882

.: 08659976423
0.8659698963

Max: 08661

Min: 0.8660

—0.8660531342

.— 08660253882

‘ 058659976423
0.8659698963

Max: 08661

Min: 0.8660

2 .
A—’ Q’
x x

qc o (AP scheme) q¢ . (classical scheme)

Surface ;
Var: data/qey AP 1 Var: data/qey classic.
0.5&0320“3 0.5&0330673

—0.5000160336 —0.5000160337 i

0

.— 0,5000000000 .— 0.5000000000
a

—0.4999839664

0.4999839664

0.4999679327
Max: 0.50003
Min: 0.49997

0.4999679327
Max;: 0,50003
Min: 0.49997

z z
gv gv
x x

qZ., (AP scheme) qZ, (classical scheme)

FIGURE 5. Resolved case at time t = 6x107%: 2 and y components
of the electron momentum q7 as functions of (x,y) computed with
the AP scheme (left) and the classical scheme (right).

We also assume that the physical domain Q is [1,2] x [1,2] and is meshed by
a 100 x 100 uniform mesh. We also precise the initial datas by taking 7 = 1078,
e=1,T.=3,C=10"2a =2, n=280, (z0,y0) = (3,2), no =1 and ¢ = 0.

In Figures 4-5, we present some results in the resolved situation for both classical
and AP schemes and At = 5 x 107 is taken as time step. As we can see in these
figures, the results which are produced by the AP scheme are very close to the
classical method’s ones.

In Figures 6-7, we present some simulations which are obtained in the under-
resolved case, i.e. where the time step is taken much larger than the time step
which is required to ensure the stability of the classical scheme. In the present case,
we have chosen At = 107°, which is 200 times larger than the time step which
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has been used for the resolved case above. As we can see in these figures, the AP
scheme remains stable and produces the same results as in the resolved case. How-
ever, the classical scheme blows up after a small number of time iterations, which is
not surprising because the time step we have chosen is too large for satisfying the

stability condition of this scheme.

From this numerical experiment, we can conclude that the AP scheme we have
developed for the perturbed two-fluid Euler-Lorentz model (4.22) allows us to take
a time step which does not satisfy the stability condition required for capturing the
fast time variations of the solution. Furthermore, such a time step choice does not
penalize the quality of the results which are obtained with the AP scheme.

Surfac
Var: data/qix, AP
0.86608 15358

—0.8660534769
08660254180
.: 08659973592
0.8659693003
Max: 08661
Min: 0.8660

z

L.

Surface
Var: data/aly AP
0.5000324249
—0.5000162199
05000000149

0.4999838099

0.4999676049
Max: 0.50003
Min: 0.49997

z

L.

1

q7 , (AP scheme)

1

qf, (AP scheme)

Surface
Var: data/qix_classic
1 776.0

—88891780.00

~216.0000000

.:-suesmv 200
-177784208.0
Max: 1.778e+08
Min: -1.7780+08

z

L.

Surface
Var: data/giy classic
ﬁ)“‘bﬁ&ﬂ

—5132315400

-124,0000000

.:-5 1323402.00
- 102646680.0
Max: 1.026+08
Min: -1.0260+08

z

L.

q . (classical scheme)

1

ar, (classical scheme)

FIGURE 6. Under-resolved case at time t = 6 x 107%: z and y com-
ponents of the ion momentum q7 as functions of (z,y) computed
with the AP scheme (left) and the classical scheme (right).
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1

surface
Var: data/gex AP
08680808802

1

Surface
Varidate/qax climslc
1767346400
— 8836747200

-— 3040000000

.i-smsasuuo
- 1767340320

Max: 1.767e+08

Min: -1.7670+08

— 08660531342

.— 08660253882

.: 0.8659976423
08659698963

Max: 08661

Min: 0.8660

¥ z

L. -

qZ. . (AP scheme) q¢ . (classical scheme)
surface u
Var: dolo/aey AL 1 Var: dala/qey_classic '
— 05000160336 . — 5102048000 5
.— 0,5000000000 .— 1760000000

‘-5 1020128.00

-102040432.0 &
Max: 1.020+08

Min: -1.0200+08

—0.4999839664
l 0.4999679327
Max: 0.50003

Min: 0.49997
o

kl

z z
gv gv
x x

q¢,y (AP scheme) q7, (classical scheme)

FIGURE 7. Under-resolved case at time t = 6 x 107% x and y
components of the electron momentum q7 as functions of (z,y)
computed with the AP scheme (left) and the classical scheme
(right).

6.3. Impact of the perturbation parameter C. Since the AP scheme we have
built for the resolution of the perturbed Euler-Lorentz model (4.22) has been val-
idated in terms of quality of results, the impact of the value of C needs to be
investigated. Indeed, we recall that this parameter is linked with the constants C;
and C, by the relations

T.C T.C

i = e = ————> 6.14
1+T, e(l1+T.) (6.14)

and these constants are introduced to recover the uniqueness of the solution for the

diffusion problem (4.5)-(4.9b) (see Section 4). Since C; and C, are introduced in

(2.1) through a perturbation of the mass conservation equations, these constants

are assumed to be as close to 0 as possible. However, this is equivalent to assume

that C' is close to 0, so the diffusion problem (4.26)-(4.9b) is ill-conditioned since
T.C

A2

= m (see Appendix B) and degenerates into the non-unique solution
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problem (4.5)-(4.9b) when C' — 0. Thus it is necessary to investigate the conse-
quences of the choice of C on the stability of the AP scheme.

Surface Surface
Var: data/gix AP Var: data/qix AP
- 08660815358 - 08660862445
— 08660534769 — 08660558313
-— 08660254180 -— 08660254180

Max: 0.86
Min: 0.8660

08659973592

0.8659693003

61

— 08659950048

.— 08659645915

Max: 0.8661
Min: 0.8660

Surface
Var: data/gix AP
08560877347

—0.8660565615

-— 08660253862

— 08659942150

.— 08659630418
0.8661

M
Min: 0.8660

FIGURE 8. ¢, at time ¢ = 6 X 1076 with C = 1072 and At =1076,1077,1078.

In the last test sequence, we run the AP method with the initial datas which
have been used in the previous paragraph, i.e.

e We take a 100 x 100 uniform mesh over = [1,2] x [1, 2],

e The magnetic field is uniform and is defined as B = (sin o, — cos v, 0) with

e The initial electric potential is ¢™° = ¢ with ¢g = 0,
e The initial ion momentum and the initial electron momentum are defined by

q/’=q° =B,
The initial density is n™° defined by
n™(z,y) = no + 7 max (0,1 —n(z — 20)* — 1 (y — 0)?) , (6.15)
with ng = 1 constant, = 80 and (zo,y0) = (3, ),
We choose T. =3, e=1and 7 = 1078.

In Figure 8, we plot the z-component of the ion momentum q] which is obtained
with the AP scheme (4.23) at time t = 6 x 107¢ with C = 1072 and a time step
At which is equal to 107, 107 and 1078, We can remark that the AP method is
stable for At < 1079 since all the results are similar.

Now, we do again this numerical experiment with C' = 1073 instead of C' = 1072.



26 S. BRULL, P. DEGOND, F. DELUZET AND A. MOUTON

As we can remark in Figure 9 where ¢, is plotted at time ¢ = 4 X 1076, the AP
method is stable with At = 1077 and At = 10~8. However, we observe some
important boundary effects in the At = 1075 case.

Finally, we perform this numerical experiment with C' = 10~*. In Figure 10, we
plot ¢], at time ¢ = 2 x 107% with A¢ = 107%,1077,10"®. No numerical artifacts
are present in the At = 1078 case whereas we observe some boundary effects if
At = 107% and even the blowing up of the method when At = 107 is considered.

Surface Surface
Var: data/qix AP Var: data/gix AP
08560908937 08560863638

—0.8660603315

.— 08660297692

.: 08659992069
08659686446

Max: 0.8661

Min: 0.8660

— 08660558760

.— 08660253882

.: 08659949005
08659644127

Max: 0.8661

Min: 0.8660

Surface
Var: data/gix AP
08560872579

—0.8660563231

.— 08660253882

.: 08659944534
08659635186

Max: 0.8661

Min: 0.8660

FIGURE 9. ¢, at time ¢ =4 X 1076 with C =102 and At =1076,1077,1078.

The results which are provided by the whole test sequence above indicate that
we have a stability condition for the AP scheme which clearly depends on C' and
which would be of the form

At =0(C). (6.16)
As a consequence, we can say that the AP scheme we have developed for the per-
turbed two-fluid Euler-Lorentz model (4.22) is Asymptotic-Preserving when C' > 0
is fixed and when 7 — 0. However, it is not Asymptotic-Preserving when C' — 0
and 7 > 0 is fixed.

7. Conclusions and perspectives. In this paper, we studied the isothermal two-
fluid Euler-Lorentz system coupled with a quasi-neutrality constraint in a low Mach
number regime and a strong magnetic field regime. After having presented the
model and its limit regime, we proposed a reformulation of this model which is
compatible with the construction of an Asymptotic-Preserving scheme. Then we
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Surface Surface
Var: data/qix AP Var: data/gix AP
08860597205 1190.143921

—0.8660425544

-— 08660253862

— 08660082221

—627.2819824

-— 64.42004395

—-498.4418945

08659910560
Max: 086606
Min: 0.86599

-1061.303833
Max: 1190,
Min: -1061.

At =106
Surface
Var: data/qix_AP

08560682440

—0.8660468161

-— 08660253862

— 08660039604

.— 08659825325

Max: 086607
Min: 0.86598

FIGURE 10. ¢7, at time ¢ = 2 x 1076 with C' = 10~ and At = 106,107,105,

presented the time semi-discrete AP scheme itself and its reformulation leading to
the resolution of some anisotropic diffusion equations for n™™+! and ¢™™+!. The
equation for ¢7™*+! being ill-posed, we restored the uniqueness of the solution of this
equation by introducing a small perturbation in the mass conservation equations.
Finally, we performed some numerical tests of this scheme by comparing the results
from the AP scheme to those from a fully explicit method and we tested the influence
of the perturbation parameter C' on the behaviour of the AP scheme.

At this point, several work pathes can be investigated. The first one is to go
back to the time semi-discretization described in section 4.1 by invoking boundary
conditions for the computation of the electric potential which are different from
Neumann conditions. The second one is to generalize the present work to some
two-fluid Euler-Lorentz models involving other pressure laws for p; and p..

Appendix A. Reformulation of the Euler-Lorentz model. In this paragraph,
we detail the reformulation procedure of the Euler-Lorentz model

on” +Vx-q, =0, (A.la)

o 94,
€Eaq T 8,5(1; + Vx . (%)} +Ta VXTLT

= o [_nTvx(bT‘Fqg XB} )
a € {i,e}, (A.lc)

(A.1b)
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leading to the model (3.1). First, we separate the parallel and perpendicular parts
of (A.1Db) for each value of a: we obtain

o™ +Vyx-(q) +Vx-(a;)L =0, (A.2a)
r - q; ®dg
at((q(x)ll) - (at(b Y b)) q., +(b®b)Vx- (T)
1 (A.2D)
+ :(b ® b) (Ta Vxn™ + qan’ Vx(bT) =0,
1
(q;)J. = mb X (qa Ta van + n’ vx¢7)
. (A.2¢)
Jo €a T d; ® q;,
e’y T R (e )
By (e e (5]
a € {ie}. (A.2d)

In order to obtain (3.1a) for any « € {7, e}, we compute the divergence in space of
(A.2b) on one hand and the derivative in time of (A.2a) on the other hand. We
obtain

Ve (@u{(@@)) - V- (@b b)) a — (b b) Vo (L2 (A3)
+ ﬁvx- (b®b) (T Van™ +an” Vxg")) =0,
and
Oin™ + 9 Vx - (@a) + 0tV (aa)L =0, (A4)

for any « € {i,e}. By doing some linear combinations of these equations, we obtain
a system of 2 equations for n™ and ¢ of the form

1
IPnT — —Vx- (b®b) (Ta Vxn™ +qan’ Vx¢"))

)-od@),

q, ®qg
n‘l’

=V (@b @ b)) al ~ (b b) V- (
a € {i,e},

which are exactly the equations (3.1a). Then the Euler-Lorentz model (A.1) is
equivalent to the combination of (A.2b), (A.2¢) and (A.5).

Appendix B. Reformulation of the semi-discrete problem. This paragraph
is devoted to the reformulation of the semi-discrete problems (4.2) and (4.22). Since
the model (4.2) is not more than (4.22) with C; = C. = 0, we present the refor-
mulation of the semi-discrete scheme for the perturbed Euler-Lorentz model. This



AP SCHEME FOR A TWO-FLUID EULER-LORENTZ MODEL

scheme is recalled here:

nT,erl —npmm T.m+1 _ 4T,m
+Co 0 ¢
At At
+ vx . ((berl ® bm+1) q;,erl)
+ V- ((H _ bm+1 ® bm-i-l) qgm) =0,
T,m-+1 ,m T,m T,m
o —aqy o ® o TOt
q ©” Ly (q q ) n ¥,
At nTm €aT
_ Ja [_ nT’m'H vx¢7—,m+1 4 q;,m—i-l % Bm—i—l] ,
€Ea T
a € {i,e}.
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(B.1a)

(B.1b)

(B.1c)

First, we separate the parallel and the perpendicular parts of (B.1b) according
to b1, More precisely, we obtain the equations (4.3a) by performing the vector
product of b™*! by (B.1b). Concerning the equations (4.3b), we obtain them by

multiplying the tensor (b™*! @ b™*+1) by (B.1b).

In order to obtain the diffusion equations (4.25) and (4.26), we put (4.3b) in
(B.1a). We obtain a system of two diffusion equations satisfied by (n™>m*1 ¢mm+1):

T,m+1 _ nTm gz/)‘r,fnJrl _ QbT’m

Oa Vx' ;,m
AL AL vxd

~ AtV ((lom+1 ® bV, (

At
_ —Vx . ((bm—i-l ® bm—i—l) (Ta Van’m+l

€Ea T

n

q," ® QZJ’”))

n‘r,m

4 qa n‘r,m-{-l vx¢‘r,m+1)> _ O7

a € {i,e}.

By doing some linear combinations, these diffusion equations write

_Vx . ((berl ® bm+1) vxnr,erl)

1+¢€ C;+eC
T,m—+1 1 € 7 m—+1
ey TTaearn?
T 1 1+¢ Oz +€Oe
= — | — _vx . m T,m T,m vt e aT,m
T | A e @ eal™) gyt 9

T ) T

LV, - ((bm-i-l ® b 1) [Ty - (qlnfin?z)

Q" @qr™
+evx-(7)])] ,

nr,m
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and

_ vx . (nr,erl (bm+1 ® bm+1) Vx(bT"erl)

+ Te Ci B 606 (bT m-+1 + Te — € T,m+1
TAR (T, 1) TAR(T, 1)
T. 1v (Tm € Tm)+Te—6 o
= X _ — x° L [ — s s
T 1| T A % T, de AT,
T.Ci—¢ q"@q]"

Ce T,m m m
a0 +vx-((b 1@ b+ [V - (

e nr,m

nTm )

_ Tivx ) (QZ’m ® qgm)])] .

If we consider the constraints (4.24) for C; and C,, we decouple the diffusion equa-

tions. Firstly, we compute n™™*+! by solving

_ vx . ((bm+1 ® bm+1) Vxnr,erl) + 7,/\1 n‘r,erl _ TRT"erl ,

with
1+e¢
M=o
A2 (1+T,)
1 1 1+e€
RT’erl — _ _Vx . T,m T,m T,m
1+T€ At (qz +€qe )+ At2 n

M o o

4 vx . ((bm—i-l ®bm+l) [vx . (q1 — n?l )

S eqr™

+eVx- ((1117777?)])] )

then we use it to compute ¢™™*! by solving

_ vx . (n‘r,erl (berl ® bm+1) Vx¢7,m+1) 4 7,/\2 ¢T,m+1 — TST,erl ,

with
N = T.C
*TAR(T.— 1)
T, 1 €
ST’erl _ e _ —Vx . Mo . Tm
Toq| A e @ )
e—T, C
€ Tm+1l _ Tm o T,m
+aer, )+ xE?

T,m T,m
q; ®q; )
nT,"Tl

+ vx . ((bm-i-l ®bm+l) [vx . (

(B.5)

(B.7)

(B.8)
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Appendix C. Reformulation of the fully-discrete problem. In this para-
graph, we develop the reformulation procedure for the finite volume scheme which
is detailed in Section 5. This scheme writes

n‘r,mwrl| _ n77m|
e (Th e (BT @ b g )
¢~r,m+1 _ ¢~r,m (Cla)
+ (viv . ((]I _pmtlg bm+1) q;,m)) - _C, |« |« 7
IS At
T,m+1 T,m T,m T,m
q. —qy q. (024 q.,
‘KAt - + (Vﬁv . ( nmm ))\
) K (C.1b)
- [Ta vhnr,erl 4 Ja (nr,erl vh(br,erl o qz’,m-‘rl w Berl)L ,
€Ea T K
o€ {Za 6} . (ClC)

As in the previous appendices, we separate the parallel part and the perpendic-
ular part of (C.1b) according to b™*!|, . By multiplying the tensor (b™*! ®

b™+1 ) by (C.1b), we obtain (5.17a) for each a. Concerning ((qgmﬂ)’f“)m, we

compute the vector product of b and (C.1b) and we obtain (5.17b).

In order to obtain the discrete diffusion equations (5.15) and (5.16), we follow
the same procedure as in the semi-discrete case (see Appendix B): we replace
( Z’mﬂ)ﬁ‘“ (resp. (qgm“)ﬁ”‘“) by its expression given by (5.17a) with o = ¢
(resp. o = e) and we obtain two diffusion equation of the form

_ (vh . ((Ta vhnT,erl + Ja n‘r,erl vh¢~r,m+l)ﬁz+l))|
K
ﬂ T,m+1 T, m+1
+ g (7T A+ Ca g™ ™)
1 T,m q;,m ® qgm m—+1 (02)
:EO‘T{V}I' ((_quf +ng.( nrm ))H )
1 Oa T,m 1 T,Mm\m
S I v T vl TR (G )J_+1):||K )

a € {i,e}.

Finally, we consider the constraints (4.24) to make these 2 equations uncoupled
and, up to some linear combinations, they can be rewritten under the form

- (Vh : ((thT’mH)ﬁH_l)) x + AT = RO (C.3)

and

_ (vh . (nr,m—i-l (vh¢‘r,m+1)‘n‘1+1)>|K 4 )\2 7_¢‘r,1n-i—1‘K _ TST,m—i-l'K , (04)
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with A, Ag, R77m+1|K and ST*erl‘K defined by

1+e€ T.C
M= A2 = s
A2 (1+T) A2 (T, — 1)
1 1+4+e€ 1
RT,erl _ T,m . ( o T,m T,m
|x 14T, At2 n +vh ( At(ql +€qe )
q " @q" A" @A | mt
ARy L U AL
nt nm [l
1 T, Mm\m T,Mm\m
— 5 (VE (@™ + e VY (@) |
. ®(C.p)
T, e—T,
ST,erl _ € € T,m+1l o T,m T,m
=T =1 |aen, " "+ A
1 T,m € T, m
+W-((—E(qi — ™)
Py (@TOQT € opy AT O QT )
+ vh ( nTm ) Te Vh ( nTm ))H
1 €
FV T,mym-+1 FV T,m\ym-+1
- E(Vh : ((ql )J_+ ) — th : ((Qe )J_Jr )) |
K
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