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Abstract  

An analytical solution is presented for the 3D temperature field and the 2D pressure and velocity fields 

within a conventional heat pipe either flat or cylindrical. Several heat sources and heat sinks can be located 

on the heat pipe. The model is a generalisation of a previous analytical solution developed for a flat plate 

heat pipe fully insulated on one of its face. The equivalent thermal conductivity and the permeability are the 

main parameters of the capillary structure. A Fourier series expansion is used to solve the 3D heat 

conduction equation in the heat pipe wall. A similar approach enables to solve the 2D balance equations 

within the liquid and the vapour. The thermal and the hydrodynamic models are coupled together. The model 

can be used to determine the thermal resistance and the different limits of the heat pipe. As the model is 

analytically derivable, it is straightforward to use it to optimize heat pipe parameters and the locations of the 

heat sources and the heat sinks. An inverse formulation can be derived easily to estimate the capillary 

structure parameters using wall temperature measurements. In the case of the classical problem of a 

cylindrical heat pipe heated on one side and cooled on the other side, the simplification of the general 

solution enables to establish the well-known theory of heat pipe modelling, which validates the approach.   

 

Keywords: flat plate heat pipe; cylindrical heat pipe; analytical solution; permeability; equivalent 
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Nomenclature 

a  heat pipe length, m 

a1, a2 heat source coordinates along the x axis, m 

Amn, A’mn Fourier coefficients, - 

b   heat pipe width, m 

b1, b2 heat source coordinates along the y axis, m 

B  non-dimensional parameter, - 

Bmn, B’mn Fourier coefficients, - 

Bi   Biot number, - 

c  wall thickness, m 

C  non-dimensional parameter, - 

Cmn, C’mn Fourier coefficients, - 

d   heat pipe diameter, m 

Dmn, D’mn Fourier coefficients, - 

G   parameter, - 

h  heat transfer coefficient, Wm-2K-1 

hl  altitude of the capillary structure, m 

hlv  latent heat of vaporization, J kg-1 

Hp  capillary structure thickness, m 

Hv  vapor space thickness, m 

K  permeability, m2 

𝑛𝑠𝑜𝑢𝑟𝑐𝑒,𝑠𝑖𝑛𝑘number of heat sources or heat sinks in the periodic domain  

𝑛̃𝑠𝑜𝑢𝑟𝑐𝑒,𝑠𝑖𝑛𝑘  number of heat sources or heat sinks in the physical domain 

P  pressure, Pa  

Pt  total pressure, Pa 

Q   heat transfer rate, W 

r  radius of curvature of the liquid-vapor interface, m 

reff  effective pore radius, m 

T  temperature, K 

T*  non-dimensional temperature, - 

u,v  velocities, m s-1  

x,y,z coordinates, m 

X,Y,Z  non-dimensional coordinates, - 

 

Greek symbols: 

  thermal conductivity, Wm-1K-1 

µ  dynamic viscosity, Pa s 

φ  heat flux, Wm-2 

φ0  arbitrary heat flux, Wm-2 

Ф  non-dimensional heat flux, -  

  density, kg m-3 

σ  surface tension, N m-1 

 

Subscripts: 

cap capillary 

eq  equivalent 

l  liquid 

max maximum 

s  solid 

sat  saturation 

v  vapour 
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1. Introduction  

While the literature on heat pipes can be qualified as abundant, the experimental data are often difficult 

to compare one to the others since the geometrical properties and the experimental conditions are barely 

similar. Heat pipes are experimentally discriminated in terms of maximum heat transfer capability and 

thermal resistance. Nevertheless, these two characteristics depend on the size of both the evaporator and the 

condenser as well as the overall dimensions of the heat pipe. Moreover, the thermal design of a complete 

system (like the cooling of an electronic card and its environment) using a heat pipe to transport or spread the 

heat dissipated by one or several heat sources is inadequate using such characteristics. There are three 

fundamental parameters, associated to the capillary structure of the heat pipe1, that enable to characterize its 

performance regardless of the experimental conditions: the equivalent thermal conductivity eq, the 

permeability K and the maximum capillary pressure Pcap, max.  

The thermal modelling of a heat pipe requires the resolution of the 3D heat transfer equation in its wall. 

Indeed, the heat flux is transferred both transversally through the wall and the capillary structure, where 

evaporation and condensation phenomena occur, but also longitudinally due to the high thermal conductivity 

of the material in which the heat pipe is made of. The heat transfer through the capillary structure can be 

assumed 1D since its equivalent thermal conductivity eq is generally small compared to the thermal 

conductivity of the body and the capillary structure is usually thin, leading to a negligible longitudinal heat 

transfer in the capillary structure. Furthermore, the velocity of the liquid inside the capillary structure is 

small enough to neglect convection effects. The thermal resistance of the vapour is generally small if the 

vapour space is well designed, inducing a small pressure drop. Thus, its temperature can be considered as 

constant and equal to the saturation temperature. From a thermal point of view, apart from the geometrical 

properties of the heat pipe and the thickness of the capillary structure, the criterion that enables to compare 

two heat pipes one to the other is the equivalent thermal conductivity of the capillary structure.  

The determination of the maximum heat transfer capability of a heat pipe requires the calculation of the 

pressure fields in both the liquid and the vapour. Since the internal thickness of the heat pipe is usually small, 

the fluid flows are mostly 2D. The relationship between the liquid velocity and the pressure is generally 

given by the Darcy’s law which depends on the permeability of the capillary structure. The mass balance 

equation has to be solved by considering the evaporation and condensation flow rates. The latter are highly 

linked to the thermal model since the longitudinal heat diffusion increases the area of evaporation and 

condensation compare to the real surface of the heat sources and the heat sinks. For the vapour, the mass and 

                                                      

1 This paper focalizes on heat pipes being internally fully covered with a capillary structure. Other kinds of heat 

pipes like thermosyphons, loop heat pipes or pulsating heat pipes are not considered here. Nevertheless, most of the 

literature results for these heat pipes are also presented in terms of thermal resistance and maximum heat transfer 

capability, which leads to the same difficulty to compare two heat pipes one to the other. 
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momentum balance equations have to be solved with the opposite phase change mass flow rates. 

Hydrodynamic models enable to calculate the total pressure drops in both the liquid and the vapour. These 

pressure drops added up with the hydrostatic pressure have to be compared to the maximum capillary 

pressure that the system can sustain to check if the capillary limit is not reached. From a hydrodynamic point 

of view, apart from the fluid thermophysical properties, the inner geometrical properties of the heat pipe and 

the thickness of the capillary structure, the criteria that enable to compare two heat pipes one to the other are 

the permeability and the maximum capillary pressure generated by the liquid inside the capillary structure.  

The essence of heat pipe modelling has been presented in last paragraphs. In the literature, the heat pipe 

hydrodynamic performances have been described using 1D analytical models [1–3] or 1D numerical models 

[4,5] for simple configurations. 2D numerical models based on the Darcy’s law have also been developed 

[6,7]. The thermal performance were calculated numerically [8,9] or analytically [10] for simple 

configurations by considering an equivalent thermal conductivity for the capillary structure. Transient 

models have also been developed [11–13]. Obviously, it is possible to increase the sophistication of the 

simulations. For example, in the case of grooved heat pipes, the introduction of the Young-Laplace law in 

the hydrodynamic model enables to describe accurately the shape of the liquid-vapour interface all along the 

grooves [2,14,15]. The physics of the triple line at the junction between the wall and the meniscus is also 

discussed in numerous studies [16–18]. Therefore, both the hydrodynamic and the thermal models can be 

developed using local equations based on the detailed position of the liquid, vapour and capillary structure. 

However, this approach is not convenient in other capillary structures (such as meshes or sintered powder 

wicks) due to their geometrical complexity. Therefore, the resort to the three fundamental characteristic 

parameters of the capillary structure is needed [19], enabling to take into account the major physical 

phenomena inside a heat pipe using simple equations.  

Any common numerical method can be employed to solve both the hydrodynamic and the thermal 

models. Nevertheless, due to the 3D nature of the heat pipe and to the coupling between hydrodynamic and 

thermal equations, numerical methods can be time consuming. Another approach consists in solving the 

equation analytically, which can be considered as tricky as a first sight. Analytical solutions have been 

mostly forgotten nowadays since they are limited to a restricted number of geometry and are often perceived 

as complex. However, the simple shape of a conventional heat pipe enables to obtain solutions having a 

simple formalism and which are by essence accurate. Furthermore, they are particularly appropriate when 

several heat sources are located at any places on the heat pipe external wall.  

In 2006, Lefèvre and Lallemand [20] developed an analytical solution for the 3D temperature field and 

the 2D pressure and velocity fields within a flat plate heat pipe. The thermal and the hydrodynamic models 

were coupled together.  The model was able to cope with several heat sources and heat sinks located 

anywhere on the heat pipe, but the system was fully insulated on one of its face. In [21], the equations were 

improved to consider two different thermal conductivities at the evaporator and at the condenser.  More 

recently, Aghvami and Faghri [22] proposed solutions for flat plate heat pipes, having one face covered by a 
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capillary structure and the other in contact with the vapour. They were able to compare various heating and 

cooling configurations at the bottom and the top faces of a flat plate heat pipe. In 2011, Shabgard and Faghri 

[23] developed analytical expressions using Bessel functions for cylindrical heat pipes.  

In this paper, we show that it is possible to extend the equations of Lefèvre and Lallemand [20] to all the 

classical configurations of conventional heat pipes (cylindrical and fully covered flat plate heat pipe) by 

introducing new kinds of symmetries on the boundaries. The thermal and hydrodynamic equations are 

presented in the first section and in the second section of the paper respectively. In the last section, different 

examples are presented to highlight the capabilities of the model. 

2. Thermal model 

In a heat pipe, heat is transferred by conduction in the wall and by phase change at the interface between 

the capillary structure and the vapour. Usually, the body shape of a heat pipe, as well as its capillary 

structure, is either cylindrical or rectangular. Analytical solutions of this kind of thermal problem can be 

derived using Fourier series if the domain can be considered as periodic. It can be periodic by itself, as along 

the circumferential coordinate of a cylindrical heat pipe or it can be built to be periodic if adiabatic boundary 

conditions exist. Indeed, a domain bounded by adiabatic conditions is equivalent to a larger domain bounded 

by periodic conditions. The latter is created by introducing additional fictive domains that are symmetric to 

the initial domain with respect to the adiabatic lines. Three different heat pipe configurations are considered 

in this paper (Figure 1): 

 Configuration A corresponds to a FPHP made of two plates fully covered internally with a 

capillary structure. The upper and lower faces are thermally linked, which ensures a thermal 

continuity - symbolized by arrows in figure 1b - on both the x and the y axes.  

 Configuration B is similar to configuration A, but only one plate is covered with a capillary 

structure, the other plate being assumed adiabatic. Therefore, the boundaries on the x and y axes 

can be considered as adiabatic. The equations of this configuration were already developed in 

Lefèvre and Lallemand [20]. 

 Configuration C is a cylindrical heat pipe. Let us assume that the thickness of the body is small 

enough to solve the thermal problem in Cartesian coordinates. This hypothesis is realistic since 

the heat pipe body thickness is usually small compared to its perimeter. As a result, the heat 

pipe can be opened out and represented by a plate with a thermal link on the y axis. The 

extremities of the cylindrical heat pipe on the x axis are assumed adiabatic.  

Let us introduce the non-dimensional dimensions X = x / a and Y = y / b where a and b are the 

dimensions of the heat pipe along the x and y axes respectively. The considered domain for the Fourier series 

is bounded by the coordinates -1 < X < 1 and -1 < Y < 1. Figure 1c summarizes the representation of the three 

heat pipe configurations in a periodic domain adapted to the Fourier series: 
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 In configuration A, the considered domain represents two times the surface of both the upper 

and the lower faces of the FPHP. Let us assume that the upper face is located in the surface 

X > 0 and Y > 0. As it is connected along its boundary (X,0) and its boundary (0,Y) with the 

lower surface, the latter has to be located in the surface X > 0 and Y < 0, but also in the surface 

X < 0 and Y > 0. As the lower faces are connected along their boundary (0,-X) and (0,-Y) with 

the upper face, the latter is also located in the surface X < 0 and Y < 0. Finally, the FPHP can be 

represented in the domain space by a symmetrical configuration, the origin (X = 0; Y = 0) being 

the centre of symmetry.  

 In configuration B, all the boundaries are adiabatic. The corresponding periodic domain can be 

built with two axial symmetries. It corresponds to 4 times the initial domain.  

 In configuration C, the X axis represents the length of the cylindrical heat pipe, the extremities 

of the heat pipe (X = 0 and X = 1) being assumed adiabatic. The perimeter of the heat pipe is 

delimited by -1 < Y < 1. In the present study, b is considered to be equal to half the internal 

perimeter of the heat pipe. The surface defined by X > 0 is the total opened out surface of the 

heat pipe whereas the surface defined by X < 0 is its symmetric with respect to the Y axis. 

 

Figure 1: Geometries and corresponding domains for three heat pipe configurations 

 

Due to the periodic representation of the domain, the 3D temperature field in the heat pipe body can be 

expressed as the sum of Fourier series for the three configurations. Its general form is given by [24]: 
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𝑇∗(𝑋, 𝑌, 𝑍) = ∑ ∑ 𝐴𝑚𝑛(𝑍) sin(𝑚𝜋𝑋) sin(𝑛𝜋𝑌)

∞

𝑛=1

∞

𝑚=1

+ ∑ ∑ 𝐴′
𝑚𝑛(𝑍) sin(𝑚𝜋𝑋) cos(𝑛𝜋𝑌)

∞

𝑛=0

∞

𝑚=1

+ ∑ ∑ 𝐵′
𝑚𝑛(𝑍) cos(𝑚𝜋𝑋) sin(𝑛𝜋𝑌)

∞

𝑛=1

∞

𝑚=0

+ ∑ ∑ 𝐵𝑚𝑛(𝑍) cos(𝑚𝜋𝑋) cos(𝑛𝜋𝑌)

∞

𝑛=0

∞

𝑚=0

 

(1) 

Where Amn, A’mn, B’mn and Bmn are functions of the non-dimensional coordinate Z = z / c and c is the 

thickness of the heat pipe walls. T* is the dimensionless temperature defined as: 

𝑇∗ =
𝜆𝑠

𝜑0𝑐
Δ𝑇 

(2) 

where Δ𝑇 = 𝑇 − 𝑇𝑠𝑎𝑡 is the temperature difference between the local temperature T and the vapor 

temperature assumed to be constant and equal to the saturation temperature Tsat. s is the thermal 

conductivity of the heat pipe body and 0 an arbitrary constant with the dimension of a heat flux. 

The 3D heat conduction equation is solved in the heat pipe body assuming that, apart from the heat 

sources and the heat sinks, the external surface of the heat pipe is well insulated. Within the heat pipe, the 

heat transfer between the heat pipe body and the vapour through the capillary structure is calculated by 

considering a heat transfer coefficient h. This coefficient can be estimated using experimental data or 

calculated by considering the equivalent thermal conductivity of the capillary structure eq and its thickness 

Hp: h = eq/Hp. It has to be noted that it is also possible to consider two different heat transfer coefficient in 

the condenser and in the evaporator as it has been shown in a previous paper [6]. Using the dimensionless 

parameters B = b/a and C = c/a, the 3D steady-state heat conduction equation can be written as: 

𝜕2𝑇∗

𝜕𝑋2
+

1

𝐵2

𝜕2𝑇∗

𝜕𝑌2
+

1

𝐶2

𝜕2𝑇∗

𝜕𝑍2
= 0 (3) 

In the plane (X,Y), the domain is periodic. In the direction Z, the boundary conditions are written as: 

𝜕𝑇∗

𝜕𝑍
|

𝑍=0
=

ℎ 𝑐

𝜆𝑠
 𝑇∗ = 𝐵𝑖 𝑇∗ 

(4) 

 

𝜕𝑇∗

𝜕𝑍
|

𝑍=1
= Φ(𝑋, 𝑌) =

𝜑(𝑋, 𝑌)

𝜑0
  (5) 

 

where Bi is the Biot number and Φ(𝑋, 𝑌) is the non-dimensional heat flux imposed on the body external 

face. The non-dimensional heat flux can be expressed as the sum of the heat flux imposed by each heat 

sources and heat sinks, which are not necessarily uniform: 

Φ(𝑋, 𝑌) = ∑
𝜑𝑖(𝑋, 𝑌)

𝜑0

𝑛𝑠𝑜𝑢𝑟𝑐𝑒+𝑛𝑠𝑖𝑛𝑘

𝑖=1

  (6) 

 

Due to its periodic properties, the non-dimensional heat flux can be written using the following 

expression: 
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Φ(𝑋, 𝑌) = ∑ ∑ ( ∑ 𝐶𝑚𝑛(𝑖)

𝑛𝑠𝑜𝑢𝑟𝑐𝑒+𝑛𝑠𝑖𝑛𝑘

𝑖=1

) sin(𝑚𝜋𝑋) sin(𝑛𝜋𝑌)

∞

𝑛=1

∞

𝑚=1

+ ∑ ∑ ( ∑ 𝐶′
𝑚𝑛(𝑖)

𝑛𝑠𝑜𝑢𝑟𝑐𝑒+𝑛𝑠𝑖𝑛𝑘

𝑖=1

) sin(𝑚𝜋𝑋) cos(𝑛𝜋𝑌)

∞

𝑛=0

∞

𝑚=1

+ ∑ ∑ ( ∑ 𝐷′
𝑚𝑛(𝑖)

𝑛𝑠𝑜𝑢𝑟𝑐𝑒+𝑛𝑠𝑖𝑛𝑘

𝑖=1

) cos(𝑚𝜋𝑋) sin(𝑛𝜋𝑌)

∞

𝑛=1

∞

𝑚=0

+ ∑ ∑ ( ∑ 𝐷𝑚𝑛(𝑖)

𝑛𝑠𝑜𝑢𝑟𝑐𝑒+𝑛𝑠𝑖𝑛𝑘

𝑖=1

) cos(𝑚𝜋𝑋) cos(𝑛𝜋𝑌)

∞

𝑛=0

∞

𝑚=0

 

(7) 

where 𝑛𝑠𝑜𝑢𝑟𝑐𝑒 and 𝑛𝑠𝑖𝑛𝑘 are the number of heat sources and heat sinks respectively in the domain considered 

for the Fourier series, which is bounded by the coordinates -1<X<+1 and -1<Y<+1. Every heat sources and 

heat sinks located on the fictive symmetric domains must be considered in the equation (7). Cmn, C’mn, D’mn 

and Dmn are the Fourier coefficient associated to each heat sources and heat sinks. Their expression depend 

on both the location and the heat flux of each heat sources and heat sinks [24]: 

𝐶𝑚𝑛(i) = ∬ Φ𝑖(𝑋, 𝑌) sin(𝑚𝜋𝑋) sin(𝑛𝜋𝑌)
𝑠𝑜𝑢𝑟𝑐𝑒 𝑜𝑟 𝑠𝑖𝑛𝑘

𝑑𝑋𝑑𝑌 

𝐶′𝑚𝑛(i) = ∬ Φ𝑖(𝑋, 𝑌) sin(𝑚𝜋𝑋) cos(𝑛𝜋𝑌)
𝑠𝑜𝑢𝑟𝑐𝑒 𝑜𝑟 𝑠𝑖𝑛𝑘

𝑑𝑋𝑑𝑌 

𝐷′𝑚𝑛(i) = ∬ Φ𝑖(𝑋, 𝑌) cos(𝑚𝜋𝑋) sin(𝑛𝜋𝑌)
𝑠𝑜𝑢𝑟𝑐𝑒 𝑜𝑟 𝑠𝑖𝑛𝑘

𝑑𝑋𝑑𝑌 

𝐷𝑚𝑛(i) = ∬ Φ𝑖(𝑋, 𝑌) cos(𝑚𝜋𝑋) cos(𝑛𝜋𝑌)
𝑠𝑜𝑢𝑟𝑐𝑒 𝑜𝑟 𝑠𝑖𝑛𝑘

𝑑𝑋𝑑𝑌 

(8) 

For a rectangular heat source or heat sink i with a uniform heat flux (i) and coordinates [a1(i), a2(i), b1(i), 

b2(i)], these coefficients are given in appendix 1. Other geometries of heat sources and heat sinks can be 

considered if they can be expressed in terms of Fourier series expansion on the periodic domain. 

By substituting equations (1) and (7) into equation (3) and by taking into consideration the boundary 

limits given by equations (4) and (5), the following expressions for the coefficients Amn, A’mn, B’mn and Bmn 

can be found: 

𝐴𝑚𝑛(𝑍) = [ ∑ 𝐶𝑚𝑛(𝑖)

𝑛𝑠𝑜𝑢𝑟𝑐𝑒+𝑛𝑠𝑖𝑛𝑘

𝑖=1

]
[(𝐺𝜋𝐶 + 𝐵𝑖) exp(𝐺𝜋𝐶𝑍) + (𝐺𝜋𝐶 − 𝐵𝑖) exp(−𝐺𝜋𝐶𝑍)]

𝐺𝜋𝐶[(𝐺𝜋𝐶 + 𝐵𝑖) exp(𝐺𝜋𝐶) − (𝐺𝜋𝐶 − 𝐵𝑖) exp(−𝐺𝜋𝐶)]
 

(9) 

𝐴𝑚𝑛
′ (𝑍) = [ ∑ 𝐶𝑚𝑛

′ (𝑖)

𝑛𝑠𝑜𝑢𝑟𝑐𝑒+𝑛𝑠𝑖𝑛𝑘

𝑖=1

]
[(𝐺𝜋𝐶 + 𝐵𝑖) exp(𝐺𝜋𝐶𝑍) + (𝐺𝜋𝐶 − 𝐵𝑖) exp(−𝐺𝜋𝐶𝑍)]

𝐺𝜋𝐶[(𝐺𝜋𝐶 + 𝐵𝑖) exp(𝐺𝜋𝐶) − (𝐺𝜋𝐶 − 𝐵𝑖) exp(−𝐺𝜋𝐶)]
 

(10) 
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𝐵𝑚𝑛
′ (𝑍) = [ ∑ 𝐷𝑚𝑛

′ (𝑖)

𝑛𝑠𝑜𝑢𝑟𝑐𝑒+𝑛𝑠𝑖𝑛𝑘

𝑖=1

]
[(𝐺𝜋𝐶 + 𝐵𝑖) exp(𝐺𝜋𝐶𝑍) + (𝐺𝜋𝐶 − 𝐵𝑖) exp(−𝐺𝜋𝐶𝑍)]

𝐺𝜋𝐶[(𝐺𝜋𝐶 + 𝐵𝑖) exp(𝐺𝜋𝐶) − (𝐺𝜋𝐶 − 𝐵𝑖) exp(−𝐺𝜋𝐶)]
 

(11) 

𝐵𝑚𝑛(𝑍) = [ ∑ 𝐷𝑚𝑛(𝑖)

𝑛𝑠𝑜𝑢𝑟𝑐𝑒+𝑛𝑠𝑖𝑛𝑘

𝑖=1

]
[(𝐺𝜋𝐶 + 𝐵𝑖) exp(𝐺𝜋𝐶𝑍) + (𝐺𝜋𝐶 − 𝐵𝑖) exp(−𝐺𝜋𝐶𝑍)]

𝐺𝜋𝐶[(𝐺𝜋𝐶 + 𝐵𝑖) exp(𝐺𝜋𝐶) − (𝐺𝜋𝐶 − 𝐵𝑖) exp(−𝐺𝜋𝐶)]
 

(12) 

where  

𝐺 = √𝑚2 + (
𝑛

𝐵
)

2

 

(13) 

Because of the symmetry of the three configurations proposed in the present study, the general 

expression given by equations (1) and (7) can be simplified. These simplified expressions are given in the 

appendix 2 for each configuration. In this table, 𝑛̃𝑠𝑜𝑢𝑟𝑐𝑒𝑠 and 𝑛̃𝑠𝑖𝑛𝑘 are the real number of heat sources and 

heat sinks in the physical domain. Even if the general formalism of the temperature field can appear as 

complex, the final solution for each configuration is simple. It has to be noted that the 3D temperature field 

of the heat pipe requires only the calculation of cosine, sine and exponential functions.  

The first step of the resolution is to calculate the coefficients Cmn, C’mn, D’mn and Dmn knowing the 

coordinates and the heat flux of the heat sources and the heat sinks. The second step is to calculate the 

temperature of the wall at each point of the domain using equation (1). It has to be noted that in order to 

determine the heat pipe thermal performance, the entire temperature field does not have to be calculated. The 

temperature is required only at specific locations on the heat pipe, which generally correspond to the 

maximum and minimum temperatures. This is a huge advantage compared with a numerical model for which 

the whole temperature field has to be calculated even if the temperature is required only at some locations. 

3. Hydrodynamic Model 

 In order to predict the maximum heat transfer capability of a heat pipe, the pressure drops in both the 

liquid and the vapour need to be calculated. Indeed, the dry-out of a fraction of the heat pipe occurs when the 

difference of pressure between the liquid and the vapour is higher than the maximum capillary pressure that 

the capillary structure can sustain. The present hydrodynamic model is based on the Darcy’s law. For the 

liquid phase, the equations are solved on the periodic domain adapted to the Fourier series. For the vapor 

phase, the geometry of the domain depends on the heat pipe configuration. 

3.1. Hydrodynamic model for the liquid 

As the capillary structure is usually thin compared to the dimensions of the heat pipe, the liquid flow 

can be considered as two-dimensional for all the configurations. In Cartesian coordinates, the Darcy’s law 

can be written as:  
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𝑢𝑙 = −
𝐾

𝜇𝑙

𝜕𝑃𝑡,𝑙

𝜕𝑥
= −

𝐾

𝜇𝑙

1

𝑎

𝜕𝑃𝑡,𝑙

𝜕𝑋
 

𝑣𝑙 = −
𝐾

𝜇𝑙

𝜕𝑃𝑡,𝑙

𝜕𝑦
= −

𝐾

𝜇𝑙

1

𝑏

𝜕𝑃𝑡,𝑙

𝜕𝑌
 

(14) 

where ul and vl are the liquid velocity components along the x and y axes respectively. K is the permeability 

of the capillary structure. It has to be noted that it is also possible to consider an anisotropic case with K1 and 

K2 the permeabilities along the x and y directions respectively. Pt,l is the total presure of the liquid. 

Neglecting the dynamic pressure, it can be written as the sum of the liquid pressure and the gravitationnal 

head: 

𝑃𝑡,𝑙(X, Y) = 𝑃𝑙(X, Y) + 𝜌𝑔 ℎ𝑙(X, Y) 
(15) 

where hl is the altitude of the capillary structure at the coordinates (X,Y). 

The Darcy’s law is convenient for analytical resolution since it leads to a linear differential equation for the 

pressure field. As a consequence, the Fourier series expansion is well adapted for its resolution. In some 

numerical works, the equations for the porous media are more complex but they lead to a nonlinear 

formulation that prevents them to be used in an analytical formulation. The boundary conditions of the 

hydrodynamic model are similar to that of the thermal model. In configuration A, the lower and upper plates 

are hydrodynamically linked. In configuration B, the velocities along the axes perpendicular to the symetry 

axes are equal to zero. In configuration C, a hydrodynamic link exists along the y direction, while the 

velocity component along the x direction is equal to zero at both extremities. This condition is verified by the 

symetry properties of the periodic domain.  

The mass balance can be written as: 

𝜕𝑢𝑙

𝜕𝑋
+

1

𝐵

𝜕𝑣𝑙

𝜕𝑌
=

−(−𝜑|𝑧=0)a

ℎ𝑙𝑣𝜌𝑙𝐻𝑝
 

(16) 

where hlv is the latent heat of vaporization of the working fluid. 𝜑|𝑧=0 is the heat flux at the liquid-vapor 

interface. It can be expressed as a function of the temperature field, calculated by the thermal model:  

𝜑|𝑧=0 = −𝜑0𝐵𝑖 𝑇∗|𝑧=0 
(17) 

By considering equations (14) to (17), the differential equation to be solved can be expressed as: 

𝜕2𝑃𝑡,𝑙

𝜕𝑋2
+

1

B2

𝜕2𝑃𝑡,𝑙

𝜕𝑌2
=

𝑎2𝜇𝑙𝜑0𝐵𝑖

𝐾𝐻𝑝ℎ𝑙𝑣𝜌𝑙
 𝑇∗|𝑧=0 

(18) 

On the periodic domain, the liquid pressure field can be expressed with the same form as the 

temperature field (equation (1)). By introducing the expression of  𝑇∗|𝑧=0 in equation (18), the total pressure 

field of the liquid can be written: 
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Pt,l(X, Y) = −
a2μlφ0Bi

π2KHphlvρl
[ ∑ ∑

Amn(0)

G2
sin(mπX) sin(nπY)

∞

n=1

∞

m=1

+ ∑ ∑
A′mn(0)

G2
sin(mπX) cos(nπY)

∞

n=0

∞

m=1

+ ∑ ∑
B′mn(0)

G2
cos(mπX) sin(nπY)

∞

n=1

∞

m=0

+ ∑ ∑
Bmn(0)

G2
cos(mπX) cos(nπY)

∞

n=0

∞

m=0

] 

(19) 

The pressure field is defined up to a constant. The expressions of the liquid velocity can be obtained by 

introducing equation (19) into equation (14): 

𝑢𝑙(𝑋, 𝑌) =
𝑎𝜑0𝐵𝑖

𝜋𝐻𝑝ℎ𝑙𝑣𝜌𝑙
[ ∑ ∑

𝑚𝐴𝑚𝑛(0)

𝐺2
cos(𝑚𝜋𝑋) sin(𝑛𝜋𝑌)

∞

𝑛=1

∞

𝑚=1

+ ∑ ∑
𝑚𝐴′𝑚𝑛(0)

𝐺2
cos(𝑚𝜋𝑋) cos(𝑛𝜋𝑌)

∞

𝑛=0

∞

𝑚=1

− ∑ ∑
𝑚𝐵′𝑚𝑛(0)

𝐺2
sin(𝑚𝜋𝑋) sin(𝑛𝜋𝑌)

∞

𝑛=1

∞

𝑚=0

− ∑ ∑
𝑚𝐵𝑚𝑛(0)

𝐺2
sin(𝑚𝜋𝑋) cos(𝑛𝜋𝑌)

∞

𝑛=0

∞

𝑚=0

] 

(20) 

𝑣𝑙(𝑋, 𝑌) =
𝑎2𝜑0𝐵𝑖

𝑏𝜋𝐻𝑝ℎ𝑙𝑣𝜌𝑙
[ ∑ ∑

𝑛𝐴𝑚𝑛(0)

𝐺2
sin(𝑚𝜋𝑋) cos(𝑛𝜋𝑌)

∞

𝑛=1

∞

𝑚=1

− ∑ ∑
𝑛𝐴′

𝑚𝑛(0)

𝐺2
sin(𝑚𝜋𝑋) sin(𝑛𝜋𝑌)

∞

𝑛=0

∞

𝑚=1

+ ∑ ∑
𝑛𝐵′

𝑚𝑛(0)

𝐺2
cos(𝑚𝜋𝑋) cos(𝑛𝜋𝑌)

∞

𝑛=1

∞

𝑚=0

− ∑ ∑
𝑛𝐵𝑚𝑛(0)

𝐺2
cos(𝑚𝜋𝑋) sin(𝑛𝜋𝑌)

∞

𝑛=0

∞

𝑚=0

] 

(21) 

As for the temperature field, the solutions presented in the appendix 2 can be used to simplify the 

expressions of the pressure and velocity fields in the liquid.  

3.2. Hydrodynamic model for the vapour 

The geometry of the vapour channel depends on the heat pipe configuration. It can be parallelipedic for 

the configuration A and B, or cylindrical for the configuration C. However, for all configurations, an 

approach similar to the liquid phase is used to calculate the vapour pressure and velocity fields in the heat 

pipe. 
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3.2.1. Configuration A 

In configuration A, the vapour flow can be considered as a laminar flow between the two parallel plates. 

In these conditions, it is possible to link the velocity and the pressure fields: 

𝑢𝑣 = −
𝐻𝑣

2

12a𝜇𝑣

𝜕𝑃𝑣

𝜕𝑋
 

𝑣𝑣 = −
𝐻𝑣

2

12b𝜇𝑣

𝜕𝑃𝑣

𝜕𝑌
 

(22) 

where Hv is the vapor space thickness. The dynamic pressure and the gravitational head are neglected for the 

vapor phase. The mass balance for the vapor space can be expressed as: 

𝜕𝑢𝑣

𝜕𝑋
+

1

𝐵

𝜕𝑣𝑣

𝜕𝑌
=

−(𝜑(𝑋, 𝑌)|𝑧=0 + 𝜑(−𝑋, 𝑌)|𝑧=0)𝑎

ℎ𝑙𝑣𝜌𝑣𝐻𝑣
 

(23) 

This equation takes into account the evaporation or condensation mass fluxes coming from both the 

lower and the upper plates. The mass flux can be expressed by means of the temperature field: 

𝜑(𝑋, 𝑌)|𝑧=0 + 𝜑(−𝑋, 𝑌)|𝑧=0 = −𝜑0𝐵𝑖 (𝑇∗(𝑋; 𝑌) + 𝑇∗(−𝑋; 𝑌))|
𝑧=0

 
(24) 

The differential equation to be solved becomes : 

𝜕2𝑃𝑣

𝜕𝑋2
+

1

𝐵2

𝜕2𝑃𝑣

𝜕𝑌2
= −

12𝜇𝑣𝑎2𝜑0𝐵𝑖

𝐻𝑣
3ℎ𝑙𝑣𝜌𝑣

(𝑇∗(𝑋; 𝑌) + 𝑇∗(−𝑋; 𝑌))|
𝑧=0

 
(25) 

 

 

This equation has to be solved for 0 < X < 1 and 0 < Y < 1. By considering the expression of equation (1) in 

configuration A, we obtain: 

𝑇∗(𝑋; 𝑌) + 𝑇∗(−𝑋; 𝑌) = 2 ∑ ∑ 𝐵𝑚𝑛(𝑍) cos(𝑚𝜋𝑋) cos(𝑛𝜋𝑌)

∞

𝑛=0

∞

𝑚=0

 
(26) 

Eventually, the vapour pressure and velocity fields can be expressed in terms of Fourier series: 

𝑃𝑣(𝑋, 𝑌) =
24𝑎2𝜇𝑣𝜑0𝐵𝑖

𝜋2𝐻𝑣
3ℎ𝑙𝑣𝜌𝑣

∑ ∑
𝐵𝑚𝑛(0)

𝐺2
cos(𝑚𝜋𝑋) cos(𝑛𝜋𝑌)

∞

𝑛=0

∞

𝑚=0

 
(27) 

𝑢𝑣(𝑋, 𝑌) =
2𝑎𝜑0𝐵𝑖

𝜋𝐻𝑣ℎ𝑙𝑣𝜌𝑣
∑ ∑

𝑚𝐵𝑚𝑛(0)

𝐺2
sin(𝑚𝜋𝑋) cos(𝑛𝜋𝑌)

∞

𝑛=0

∞

𝑚=0

 
(28) 

𝑣𝑣(𝑋, 𝑌) =
2𝑎2𝜑0𝐵𝑖

𝑏𝜋𝐻𝑣ℎ𝑙𝑣𝜌𝑣
∑ ∑

𝑛𝐵𝑚𝑛(0)

𝐺2
cos(𝑚𝜋𝑋) sin(𝑛𝜋𝑌)

∞

𝑛=0

∞

𝑚=0

 
(29) 
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3.2.1. Configuration B 

The configuration B is close to the configuration A, but the lower plate is free of capillary structure. 

Thus, evaporation and condensation mass fluxes come only from the upper plate. The mass balance 

becomes: 

𝜕𝑢𝑣

𝜕𝑋
+

1

𝐵

𝜕𝑣𝑣

𝜕𝑌
=

−𝜑|𝑧=0𝑎

ℎ𝑙𝑣𝜌𝑣𝐻𝑣
 

(30) 

As a consequence, the vapour pressure and velocity expressions are: 

𝑃𝑣(𝑋, 𝑌) =
12𝑎2𝜇𝑣𝜑0𝐵𝑖

𝜋2𝐻𝑣
3ℎ𝑙𝑣𝜌𝑣

∑ ∑
𝐵𝑚𝑛(0)

𝐺2
cos(𝑚𝜋𝑋) cos(𝑛𝜋𝑌)

∞

𝑛=0

∞

𝑚=0

 
(31) 

𝑢𝑣(𝑋, 𝑌) =
𝑎𝜑0𝐵𝑖

𝜋𝐻𝑣ℎ𝑙𝑣𝜌𝑣
∑ ∑

𝑚𝐵𝑚𝑛(0)

𝐺2
sin(𝑚𝜋𝑋) cos(𝑛𝜋𝑌)

∞

𝑛=0

∞

𝑚=0

 
(32) 

𝑣𝑣(𝑋, 𝑌) =
𝑎2𝜑0𝐵𝑖

𝑏𝜋𝐻𝑣ℎ𝑙𝑣𝜌𝑣
∑ ∑

𝑛𝐵𝑚𝑛(0)

𝐺2
cos(𝑚𝜋𝑋) sin(𝑛𝜋𝑌)

∞

𝑛=0

∞

𝑚=0

 

Solutions have to be calculated for 0 < X < 1 and 0 < Y < 1. 

(33) 

3.2.2. Configuration C 

In the configuration C, the vapour space is cylindrical. The vapour flow is assumed to be one 

dimensional along the X axis. Under this assumption, the pressure drop can be linked to the vapour velocity 

through: 

𝑢𝑣 = −
𝑑2

32𝜇𝑣

1

𝑎

𝑑𝑃𝑣

𝑑𝑋
 

(34) 

The mass balance equation can be written as: 

𝑑𝑢𝑣

𝑑𝑋
= 4

𝑎

𝑑
𝑢𝑒𝑣𝑎𝑝 

(35) 

with uevap the phase change velocity at the liquid vapor interface. As 𝑏 =  π𝑑 2⁄ , uevap can be calculated by 

integration of the heat flux along the perimeter of the heat pipe: 

𝑢𝑒𝑣𝑎𝑝 =
1

𝜌𝑣ℎ𝑙𝑣

𝑏

𝜋𝑑
∫ 𝜑(𝑋, 𝑌)|𝑧=0𝑑𝑌

1

𝑌=−1

=
1

2

𝜑0𝐵𝑖

𝜌𝑣ℎ𝑙𝑣
∫ 𝑇∗(𝑋, 𝑌)|𝑧=0𝑑𝑌

1

𝑌=−1

 
(36) 

By introducing equations (34) and (36) into equation (35), the governing differential equation becomes: 

𝑑2𝑃𝑣

𝑑𝑋2
= −

64𝑎2𝜇𝑣𝜑0𝐵𝑖

𝑑3ℎ𝑙𝑣𝜌𝑣
∫ 𝑇∗(𝑋, 𝑌)|𝑧=0𝑑𝑌

1

𝑌=−1

 
(37) 

Due to the geometry of the domain, we also get: 
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∫ 𝑇∗(𝑋, 𝑌)|𝑧=0𝑑𝑌
1

𝑌=−1

= 2 ∑ 𝐵𝑚0(0) cos(𝑚𝜋𝑋)

∞

𝑛=0

 
(38) 

Eventually, the vapour pressure and velocity expressions are: 

𝑃𝑣(X) =
128a2𝜇𝑣𝜑0𝐵𝑖

𝜋2𝑑3ℎ𝑙𝑣𝜌𝑣
∑

𝐵𝑚0(0)

𝑚2
 cos(𝑚𝜋𝑋)

∞

𝑚=0

 
(39) 

𝑢𝑣(X) =
4a𝜑0𝐵𝑖

𝜋𝑑ℎ𝑙𝑣𝜌𝑣
∑

 𝐵𝑚0(0)

𝑚
sin(𝑚𝜋𝑋)

∞

𝑚=0

 
(40) 

Solutions have to be calculated for 0 < X < 1. 

3.3. Calculation of the hydrodynamic performance 

The maximum heat transfer capability of a heat pipe is governed by several limitations that must be 

addressed when designing a heat pipe. These heat transport limits are named the viscous, sonic, capillary 

pumping, entrainment and boiling limits. They are functions of the heat pipe operating temperature. Except 

the boiling limit that can be calculated using the thermal model, the determination of the other limits requires 

either the pressure or the velocity fields inside both the liquid and the vapour. Thus, the hydrodynamic model 

can be used to cope with the determination of these limits, as soon as the liquid and vapour flows can be 

considered as laminar in the liquid and the vapour, which is mostly the case in a conventional heat pipe. 

The main limit that has to be considered when designing a heat pipe is the capillary pumping, which is 

linked to the capillary pressure. The latter is the difference between the vapour and the liquid pressure at any 

point of the liquid-vapour interface. This pressure difference is balanced by the capillary forces: 

𝑃cap = 𝑃𝑣 − 𝑃𝑙 =
2𝜎

𝑟
 

(41) 

where r is the radius of curvature of the liquid-vapour interface. If the calculated capillary pressure is higher 

than the maximum capillary pressure that the capillary structure can sustain, a dry-out occurs, which leads to 

the decrease of the thermal performance of the heat pipe. However, as the liquid and vapour pressure fields 

are defined up to a constant in the hydrodynamic model, the capillary pressure is also defined up to a 

constant by the model. The usual assumption made in the literature is to consider a flat liquid-vapour 

interface at the condenser. In the analytical model, it consists in setting the capillary pressure to zero for the 

point where the difference of pressure between the vapour and the liquid is minimal.  

As for the thermal model, it is not necessary to calculate the pressure and velocity fields on the entire 

surface but only at the points that are necessary to estimate the hydrodynamic performance.  
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4. Model applications 

The equations of the model were validated by comparison with experimental data in the case of 

configuration B in the paper of Lefèvre and Lallemand [20]. For the same configuration, Sonan et al [13] 

compared their transient 3D numerical model to the same equations and found also a good agreement. 

Furthermore, in section 4.3, the equations are derived in the case of the classical problem involving 

cylindrical heat pipes heated on one side and cooled on the other side. We show that the simplification 

enables to establish the well-known theory of heat pipe modelling, which also validates the proposed 

approach. In practice, the analytical model can be used mainly for three different goals:  

- the prediction of the thermal and hydrodynamic heat pipe performances, 

- the prediction of the capillary structure properties from experimental results, 

- the derivation of simple and straightforward analytical expressions of the working limits. 

Several examples are presented in this section to illustrate each of these possible applications. 

4.1. Prediction of the thermal and hydrodynamic heat pipe 

performances 

The analytical model can predict the thermal and hydrodynamic behaviour of a conventional heat pipe 

in many applications. As an example, the modelling of a FPHP used for the cooling of several electronic 

components is considered in order to highlight its capabilities and its limits. In this example, the thermal 

conductivity of an electronic card is improved using a flat plate heat pipe inserted directly inside the printed 

circuit board (PCB). The card is connected to the housing of an electronic package using thermal wedgelocks 

as shown in figure 2. Therefore, the heat dissipated by the electronic components is transferred to the 

housing first by the FPHP and finally through the thermal wedgelocks. Then the heat spreads inside the 

housing, which is cooled down by natural convection of air. This configuration is similar to the experimental 

work presented in [25]. The surface of the FPHP in contact with the two thermal wedgelocks corresponds to 

the location of the heat sinks. In the analytical model, we assume that the heat dissipated by the components 

is equally distributed on both heat sinks. Several electronic components can be located on the top and on the 

bottom parts of the FPHP. In the present study, three electronic components are considered. The dimensions 

and the different parameters of the study are summarized in table 1 and table 2. A capillary structure made of 

crossed grooves is considered, as presented in [26].  
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Figure 2: Geometry of the FPHP for the cooling of multiple electronic components 

 

Table 1: FPHP dimensions and properties  

Flat plate heat pipe  

Length a 

Width b 

Wall thickness c 

Wall conductivity s 

Vapour space Hv 

0.3 m 

0.15 m 

1 mm 

380 W/mK 

1.6 mm 

Capillary structure  

Thickness Hp 

Thermal conductivity eq 

Permeability K 

400 µm 

1 W/mK 

10-9
 m2

 

Effective pore radius  200 µm 

Fluid  

Water 

Saturation temperature 

 

40°C 
 

Table 2: Coordinates and heat transfer rate of the 

heat sources and heat sinks  

Coordinates 

& Q 

Source 

1 

Source 

2 

Source 

3 

Sink 

1 

Sink 

2 

a1/a (-) 

a2/a (-) 

b1/b (-) 

b2/b (-) 

Q (W) 

0.2 

0.3 

0.1  

0.4 

60 

0.4 

0.7 

0.6 

0.8 

40 

0.5 

0.7 

-0.7 

-0.5 

40 

0 

0.033 

-1 

1 

70 

0.967 

1 

-1 

1 

70 
 

 

The representation of the FPHP in the physical domain is presented in figure 3 (a). The upper and lower 

plates of the FPHP are represented for y > 0 and y < 0 respectively. The location of the heat sources and heat 

sinks are highlighted in dashed lines. The representation of the problem in the non-dimensional domain for 

the Fourier transformation is presented in figure 3 (b). It corresponds to the configuration A: the top and the 

bottom plates are thermally linked through their four edges. 

 

Wedgelocks 

(heat sinks)

Flat plate 

heat pipe

Electronic 

components
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(a)  (b)  

Figure 3: Physical domain (a) and non-dimensional domain for the Fourier transformation (b) 

 

Figure 4 presents the temperature field inside the wall of the FPHP. As the wall is thin and its thermal 

conductivity is high, the temperature variation is negligible along the z axis. The temperature gradients are 

very large near the sources and flat elsewhere which shows the spreading effect of the heat pipe. The 

maximum temperature is reached at the location of source 1, which has the highest power. The 

hydrodynamic model enables to calculate the liquid velocity in the capillary structure (figure 5), the vapour 

velocity in the vapour space (figure 6) and the capillary pressure field (figure 7). The results clearly show the 

2D nature of the flow inside the heat pipe.  

 
Figure 4: Wall temperature field 

 
Figure 5: Liquid velocity field  
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Figure 6: Vapour velocity field  

(umax = 2.95 m/s) 

 

 
Figure 7: Capillary pressure field 

 

Figure 4 to figure 7 highlight the thermal and hydrodynamic continuity between the top and the bottom 

plates. The maximum of the capillary pressure is reached at the level of the heat sources. It is equal to 35 Pa, 

which is much lower than the maximum capillary pressure generated by this type of heat pipes [26]. Thus, 

the dry-out will not occur in these conditions.  

The analytical model enables to solve the thermal and hydrodynamic equations involved in a heat pipe 

with a low computation time. As a consequence, it could easily be used to optimize the location of the heat 

sources on the electronic card by considering the different constraints of the users. This type of problem can 

indeed be time consuming using a numerical approach. 

As the boundary condition has to be homogeneous to solve the heat transfer equation analytically, the 

heat sinks have to be modelled by considering an imposed heat flux, which is a limit of the model. 

Nevertheless, if the size of the heat sink is small compared to the size of the heat pipe and the temperature of 

the different heat sink is the same, this assumption is reasonable.  

4.2. Estimation of the properties of the capillary structure by 

comparison with experimental data 

The determination of the heat pipe performance using numerical or analytical models can be achieved 

only if the properties of the capillary structure are known. In practice, many models are available to calculate 

the permeability or the equivalent thermal conductivity of different kind of capillary structure [19], but their 

accuracy is most of the time very small [21]. Thus, it can be useful to estimate these properties using heat 

pipe experimental measurements. In this goal, using an analytical model is unquestionably relevant. As the 

model is analytical, it can be straightforwardly derived in an inverse formulation in order to estimate the 

unknown parameters by comparison with the experimental results. Compared to numerical methods, it is not 

necessary to calculate the whole pressure and temperature fields to obtain the solution, but just the solution at 

the location of the sensors. Thus, the time required for the estimation process is incomparably smaller. 
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Estimations of the capillary structure properties have already been presented in previous works using the 

model of Lefèvre and Lallemand [20] in the case of configuration B. This approach was efficient to estimate 

the properties of longitudinal grooves [27], crossed grooves [26] and metallic meshes [28]. The present 

analytical model enables the generalization of this approach for other heat pipe configurations. 

4.3. Expressions of the working limits for a cylindrical heat pipe  

The analytical model can also be used to give direct and easy-to-use expressions of the heat pipe 

performances in simple configurations. The case of a cylindrical heat pipe in a 1D configuration is 

considered here as an example. The heat source and the heat sink are located at each extremity of the heat 

pipe (figure 8). The geometry of the heat pipe is defined by its length L, its diameter d, the wall thickness c, 

the heat source length Levap and heat sink length Lcond. We assume that the heat pipe is perfectly insulated, 

thus the heat transfer rate Q is equal at the evaporator and at the condenser.  

 

Figure 8: Heat pipe geometry 

 

Using the Fourier series expansion, the heat flux at the outside boundary of the heat pipe can be written:  

φ(𝑋, 𝑌) =
𝑄

𝜋𝑑𝐿
∑

2

𝑚𝜋
(

𝐿

𝐿𝑒𝑣𝑎𝑝
sin (𝑚𝜋

𝐿𝑒𝑣𝑎𝑝

𝐿
) +

𝐿

𝐿𝑐𝑜𝑛𝑑
 sin (𝑚𝜋

𝐿 − 𝐿𝑐𝑜𝑛𝑑

𝐿
)) cos (𝑚𝜋𝑋)

∞

𝑚=1

 (42) 

Using equations (9) to (12), the following expression can be derived for the heat pipe wall temperature: 

𝑇(𝑋, 𝑌, 𝑍) = 𝑇𝑠𝑎𝑡 +
𝑄c

𝜋𝑑𝐿𝜆𝑠
∑ 𝐵𝑚0(𝑍)

∞

𝑚=1

cos (𝑚𝜋𝑋) (43) 

with: 

𝐵𝑚0(𝑍) =
2

𝑚2𝜋2𝐶
[

𝐿

𝐿𝑒𝑣𝑎𝑝
sin (𝑚𝜋

𝐿𝑒𝑣𝑎𝑝

𝐿
) +

𝐿

𝐿𝑐𝑜𝑛𝑑
 sin (𝑚𝜋

𝐿 − 𝐿𝑐𝑜𝑛𝑑

𝐿
)] 

×
(𝑚𝜋𝐶 + 𝐵𝑖)𝑒𝑚𝜋𝐶𝑍 + (𝑚𝜋𝐶 − 𝐵𝑖)𝑒−𝑚𝜋𝐶𝑍

(𝑚𝜋𝐶 + 𝐵𝑖)𝑒𝑚𝜋𝐶 − (𝑚𝜋𝐶 − 𝐵𝑖)𝑒−𝑚𝜋𝐶
 

(44) 

C being equal to c/L.  
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As it was discussed in the introduction, the performances of a heat pipe are generally characterized by 

global criteria like the overall thermal resistance Rth or the capillary limit 𝑄̇𝑚𝑎𝑥,𝑐𝑎𝑝 rather than the 

temperature and pressure fields. The temperature field expression enables to calculate directly the heat pipe 

thermal resistance, 𝑅𝑡ℎ = ( 𝑇𝑚𝑎𝑥 − 𝑇𝑚𝑖𝑛) 𝑄⁄ : 

𝑅𝑡ℎ =
c

𝜋𝑑𝐿𝜆𝑠
∑ 𝐵𝑚0(1)

∞

𝑚=1

[1 − cos (𝑚𝜋)] (45) 

Similarly, simple analytical expressions of the liquid and vapour pressures can be derived to calculate the 

capillary pressure 𝑃𝑐𝑎𝑝:  

𝑃𝑐𝑎𝑝(X) =
𝐿𝑄𝐵𝑖

𝜋3𝑑ℎ𝑙𝑣
[
128𝜇𝑣

𝑑3𝜌𝑣
+

𝜇𝑙

𝐾𝐻𝑝𝜌𝑙
] ∑

𝐵𝑚0(0)

𝑚2
 [cos(𝑚𝜋𝑋) − cos (𝑚𝜋)]

∞

𝑚=0

 (46) 

The heat pipe capillary limit is reached when the capillary pressure is equal to 2𝜎/𝑟𝑒𝑓𝑓, 𝑟𝑒𝑓𝑓 being the 

effective pore radius of the capillary structure: 

𝑃𝑐𝑎𝑝,𝑚𝑎𝑥 =
𝐿𝑄̇𝑚𝑎𝑥,𝑐𝑎𝑝𝐵𝑖

𝜋3𝑑ℎ𝑙𝑣
[
128𝜇𝑣

𝑑3𝜌𝑣
+

𝜇𝑙

𝐾𝐻𝑝𝜌𝑙
] ∑

𝐵𝑚0(0)

𝑚2
 [1 −cos (𝑚𝜋)]

∞

𝑚=1

=
2𝜎

𝑟𝑒𝑓𝑓
 (47) 

As a result, the heat pipe capillary limit 𝑄̇𝑚𝑎𝑥,𝑐𝑎𝑝 can be written as: 

𝑄̇𝑚𝑎𝑥,𝑐𝑎𝑝 =
2𝜎ℎ𝑙𝑣𝜋𝑑

𝑟𝑒𝑓𝑓𝐿𝑒𝑓𝑓 [
128𝜇𝑣

𝑑3𝜌𝑣
+

𝜇𝑙
𝐾𝐻𝑝𝜌𝑙

]
×

𝜋2𝐿𝑒𝑓𝑓

𝐿𝐵𝑖 ∑
𝐵(2𝑘+1)0(0)

(2𝑘 + 1)2  ∞
𝑘=1

 
(48) 

with 𝐿𝑒𝑓𝑓 = 𝐿 − 0.5(𝐿𝑒𝑣𝑎𝑝 + 𝐿𝑐𝑜𝑛𝑑). This expression is the product of two terms. The first term corresponds 

to the well-known analytical expression of the capillary limit when the heat conduction in the wall is 

neglected [19]. The second term is a correction factor that takes into account the heat transferred from the 

heat source to the heat sink by conduction in the wall. This term is always higher than 1 and is equal to 1 

when the wall thickness c is equal to 0. Note that this expression is easy to calculate since the infinite sum 

involved in the second term converges as x-3. Therefore, taking into account only the first three odd terms of 

the series leads to an error lower than 1%. 

Similar expressions can be obtained for the other working limits since they depend either on the 

pressure, the velocity or the temperature. One of the main advantages of the present analytical model is to 

provide straightforward expressions for the heat pipe performances, taking into account the heat conduction 

in the heat pipe wall and the liquid and vapour flows. It has to be noted that the geometry of the present 

configuration is very simple but similar expressions can be obtained for much complex geometries. 
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Conclusion 

A thermal and hydrodynamic analytical model of conventional heat pipes has been developed. The 

model is able to take into account various configurations such as flat plat heat pipes or cylindrical heat pipes. 

The capillary structure is characterized by its equivalent thermal conductivity, its permeability and the 

maximum capillary pressure that it can sustain. Several heat sources and heat sinks can be located anywhere 

on the heat pipe. The 3D heat conduction in the heat pipe wall is considered as well as the 2D liquid flow in 

the capillary structure. The vapour flow can be 1D or 2D depending on the configuration. Equations are 

solved analytically by means of a Fourier transformation which enables to have an exact solution.  

As the boundary conditions have to be homogeneous to solve the heat transfer equation analytically, the 

heat sinks have to be modelled by considering an imposed heat flux, which is a limit of the model. 

Nevertheless, if the size of the heat sinks is small compared to the size of the heat pipe and the temperature 

of the different heat sink is the same, this assumption is reasonable. The capillary structure properties are 

supposed to be uniform along the heat pipe. Under certain conditions, it is possible to overcome this problem 

by considering different thermal conductivity on the condensation and on the evaporation zones [21]. 

Furthermore two different permeabilities can be considered along the x and y axis. However, neither the 

flooding of the system nor a partial dry-out can be taken into account. 

Despite these limits, the model can be used to design a heat pipe or to model its behaviour in a real 

application. It can also be used to optimize the heat sources and heat sinks locations on an electronic card. As 

the model is analytical, the optimization process is very fast. The solution being exact, it is an efficient tool 

to validate a numerical model. It can also be used through an inverse approach to estimate the fundamental 

parameters of capillary structure by comparison with experimental data.  
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Appendix 1: Expressions of the coefficients Cmn, C’mn, D’mn and Dmn for a rectangular heat 

source or heat sink i with a uniform heat flux (i) and delimited by the coordinates [a1(i), 

a2(i), b1(i), b2(i)] 

 

𝐶𝑚𝑛(𝑖) =
𝜑(𝑖)

𝜑0

1

𝑚𝑛𝜋2
 {cos (

𝑚𝜋𝑎2(𝑖)

𝑎
) − cos (

𝑚𝜋𝑎1(𝑖)

𝑎
)} {cos (

𝑛𝜋𝑏2(𝑖)

𝑏
) − cos (

𝑛𝜋𝑏1(𝑖)

𝑏
)} 

(49) 

𝐶𝑚𝑛
′ (𝑖) = −

𝜑(𝑖)

𝜑0

1

𝑚𝑛𝜋2
 {cos (

𝑚𝜋𝑎2(𝑖)

𝑎
) − cos (

𝑚𝜋𝑎1(𝑖)

𝑎
)} {sin (

𝑛𝜋𝑏2(𝑖)

𝑏
) − sin (

𝑛𝜋𝑏1(𝑖)

𝑏
)}  for 𝑛 ≠ 0 (50) 

𝐶𝑚0
′ (𝑖) = −

1

2

𝜑(𝑖)

𝜑0

1

𝑚𝜋
 {cos (

𝑚𝜋𝑎2(𝑖)

𝑎
) − cos (

𝑚𝜋𝑎1(𝑖)

𝑎
)}

[𝑏2(𝑖) − 𝑏1(𝑖)]

𝑏
  

(51) 

𝐷𝑚𝑛
′ (𝑖) = −

𝜑(𝑖)

𝜑0

1

𝑚𝑛𝜋2
 {sin (

𝑚𝜋𝑎2(𝑖)

𝑎
) − sin (

𝑚𝜋𝑎1(𝑖)

𝑎
)} {cos (

𝑛𝜋𝑏2(𝑖)

𝑏
) − cos (

𝑛𝜋𝑏1(𝑖)

𝑏
)}  for 𝑚 ≠ 0 

(52) 

𝐷0𝑛
′ (𝑖) = −

1

2

𝜑(𝑖)

𝜑0

1

𝑛𝜋
 {cos (

𝑛𝜋𝑏2(𝑖)

𝑏
) − cos (

𝑛𝜋𝑏1(𝑖)

𝑏
)}

[𝑎2(𝑖) − 𝑎1(𝑖)]

𝑎
  

(53) 

𝐷𝑚𝑛(𝑖) =
𝜑(𝑖)

𝜑0

1

𝑚𝑛𝜋2
 {sin (

𝑚𝜋𝑎2(𝑖)

𝑎
) − sin (

𝑚𝜋𝑎1(𝑖)

𝑎
)} {sin (

𝑛𝜋𝑏2(𝑖)

𝑏
) − sin (

𝑛𝜋𝑏1(𝑖)

𝑏
)}  for 𝑛

≠ 0 and for 𝑚 ≠ 0  

(54) 

𝐷𝑚0(𝑖) =
1

2

𝜑(𝑖)

𝜑0

1

𝑚𝜋
 {sin (

𝑚𝜋𝑎2(𝑖)

𝑎
) − sin (

𝑚𝜋𝑎1(𝑖)

𝑎
)}

[𝑏2(𝑖) − 𝑏1(𝑖)]

𝑏
  

(55) 

𝐷0𝑛(𝑖) =
1

2

𝜑(𝑖)

𝜑0

1

𝑛𝜋
 {sin (

𝑛𝜋𝑏2(𝑖)

𝑏
) − sin (

𝑛𝜋𝑏1(𝑖)

𝑏
)}

[𝑎2(𝑖) − 𝑎1(𝑖)]

𝑎
  

(56) 

𝐷00(𝑖) =
1

4

𝜑(𝑖)

𝜑0

 
[𝑎2(𝑖) − 𝑎1(𝑖)]

𝑎
 
[𝑏2(𝑖) − 𝑏1(𝑖)]

𝑏
 

(57) 

Since the amount of energy dissipated by the heat sources is equal to the amount of energy 

transferred to the heat sinks, the sum of coefficient D00 for the heat sinks and the heat sources is 

equal to zero. 
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Appendix 2: Simplification of the temperature field depending on the configuration 

Conf.  

A 

Central symmetry: 𝑇∗(𝑋, 𝑌, 𝑍) = 𝑇∗(−𝑋, −𝑌, 𝑍) 

Simplifications: 

∑ 𝐶𝑚𝑛(𝑖)
𝑛𝑠𝑜𝑢𝑟𝑐𝑒+𝑛𝑠𝑖𝑛𝑘

𝑖=1
= 2 ∑ 𝐶𝑚𝑛(𝑖)

𝑛̃𝑠𝑜𝑢𝑟𝑐𝑒+𝑛̃𝑠𝑖𝑛𝑘

𝑖=1
 

∑ 𝐶𝑚𝑛
′ (𝑖)

𝑛𝑠𝑜𝑢𝑟𝑐𝑒+𝑛𝑠𝑖𝑛𝑘

𝑖=1
= 0 ⇒ 𝐴𝑚𝑛

′ (𝑍) = 0 

 

∑ 𝐷𝑚𝑛(𝑖)
𝑛𝑠𝑜𝑢𝑟𝑐𝑒+𝑛𝑠𝑖𝑛𝑘

𝑖=1
= 2 ∑ 𝐷𝑚𝑛(𝑖)

𝑛̃𝑠𝑜𝑢𝑟𝑐𝑒+𝑛̃𝑠𝑖𝑛𝑘

𝑖=1
 

∑ 𝐷𝑚𝑛
′ (𝑖)

𝑛𝑠𝑜𝑢𝑟𝑐𝑒+𝑛𝑠𝑖𝑛𝑘

𝑖=1
= 0 ⇒ 𝐵𝑚𝑛

′ (𝑍) = 0 

Temperature field expression: 

𝑇∗(𝑋, 𝑌, 𝑍) = ∑ ∑ 𝐴𝑚𝑛(𝑍) 𝑠𝑖𝑛(𝑚𝜋𝑋) 𝑠𝑖𝑛(𝑛𝜋𝑌)

∞

𝑛=1

∞

𝑚=1

+ ∑ ∑ 𝐵𝑚𝑛(𝑍) 𝑐𝑜𝑠(𝑚𝜋𝑋) 𝑐𝑜𝑠(𝑛𝜋𝑌)

∞

𝑛=0

∞

𝑚=0

 

B 

Two axial symmetries: 𝑇∗(𝑋, 𝑌, 𝑍) = 𝑇∗(−𝑋, 𝑌, 𝑍) 

    𝑇∗(𝑋, 𝑌, 𝑍) = 𝑇∗(𝑋, −𝑌, 𝑍) 
Simplifications: 

∑ 𝐶𝑚𝑛(𝑖)
𝑛𝑠𝑜𝑢𝑟𝑐𝑒+𝑛𝑠𝑖𝑛𝑘

𝑖=1
= 0 ⇒ 𝐴𝑚𝑛(𝑍) = 0 

∑ 𝐶𝑚𝑛
′ (𝑖)

𝑛𝑠𝑜𝑢𝑟𝑐𝑒+𝑛𝑠𝑖𝑛𝑘

𝑖=1
= 0 ⇒ 𝐴𝑚𝑛

′ (𝑍) = 0 

∑ 𝐷𝑚𝑛(𝑖)
𝑛𝑠𝑜𝑢𝑟𝑐𝑒+𝑛𝑠𝑖𝑛𝑘

𝑖=1
= 4 ∑ 𝐷𝑚𝑛(𝑖)

𝑛̃𝑠𝑜𝑢𝑟𝑐𝑒+𝑛̃𝑠𝑖𝑛𝑘

𝑖=1
 

∑ 𝐷𝑚𝑛
′ (𝑖)

𝑛𝑠𝑜𝑢𝑟𝑐𝑒+𝑛𝑠𝑖𝑛𝑘

𝑖=1
= 0 ⇒ 𝐵𝑚𝑛

′ (𝑍) = 0 

Temperature field expression: 

𝑇∗(𝑋, 𝑌, 𝑍) = ∑ ∑ 𝐵𝑚𝑛(𝑍) cos(𝑚𝜋𝑋) cos(𝑛𝜋𝑌)

∞

𝑛=0

∞

𝑚=0

 

C 

One axial symmetry: 𝑇∗(𝑋, 𝑌, 𝑍) = 𝑇∗(−𝑋, 𝑌, 𝑍) 

Simplifications: 

∑ 𝐶𝑚𝑛(𝑖)
𝑛𝑠𝑜𝑢𝑟𝑐𝑒+𝑛𝑠𝑖𝑛𝑘

𝑖=1
= 0 ⇒ 𝐴𝑚𝑛(𝑍) = 0 

∑ 𝐶𝑚𝑛
′ (𝑖)

𝑛𝑠𝑜𝑢𝑟𝑐𝑒+𝑛𝑠𝑖𝑛𝑘

𝑖=1
= 0 ⇒ 𝐴𝑚𝑛

′ (𝑍) = 0 

∑ 𝐷𝑚𝑛(𝑖)
𝑛𝑠𝑜𝑢𝑟𝑐𝑒+𝑛𝑠𝑖𝑛𝑘

𝑖=1
= 2 ∑ 𝐷𝑚𝑛(𝑖)

𝑛̃𝑠𝑜𝑢𝑟𝑐𝑒+𝑛̃𝑠𝑖𝑛𝑘

𝑖=1
 

∑ 𝐷𝑚𝑛
′ (𝑖)

𝑛𝑠𝑜𝑢𝑟𝑐𝑒+𝑛𝑠𝑖𝑛𝑘

𝑖=1
= 2 ∑ 𝐷𝑚𝑛

′ (𝑖)
𝑛̃𝑠𝑜𝑢𝑟𝑐𝑒+𝑛̃𝑠𝑖𝑛𝑘

𝑖=1
 

Temperature field expression: 

𝑇∗(𝑋, 𝑌, 𝑍) = ∑ ∑ 𝐵′
𝑚𝑛(𝑍) cos(𝑚𝜋𝑋) sin(𝑛𝜋𝑌)

∞

𝑛=1

∞

𝑚=0

+ ∑ ∑ 𝐵𝑚𝑛(𝑍) cos(𝑚𝜋𝑋) cos(𝑛𝜋𝑌)

∞

𝑛=0

∞

𝑚=0

 

 


