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Abstract

Based on a new atomic norm, we propose a new convex formulation for sparse matrix fac-
torization problems in which the number of nonzero elements of the factors is assumed fixed
and known. The formulation counts sparse PCA with multiple factors, subspace clustering and
low-rank sparse bilinear regression as potential applications. We compute slow rates and an
upper bound on the statistical dimension Amelunxen et al. (2013) of the suggested norm for
rank 1 matrices, showing that its statistical dimension is an order of magnitude smaller than
the usual ¢;-norm, trace norm and their combinations. Even though our convex formulation is
in theory hard and does not lead to provably polynomial time algorithmic schemes, we propose
an active set algorithm leveraging the structure of the convex problem to solve it and show
promising numerical results.

1 Introduction

A range of machine learning problems such as link prediction in graphs containing community struc-
ture (Richard et al., 2014), phase retrieval (Candeés et al., 2013), subspace clustering (Wang et al.,
2013) or dictionary learning for sparse coding (Mairal et al., 2010) amount to solve sparse matrix
factorization problems, i.e., to infer a low-rank matrix that can be factorized as the product of two
sparse matrices with few columns (left factor) and few rows (right factor). Such a factorization
allows for more efficient storage, faster computation, more interpretable solutions, and, last but not
least, it leads to more accurate estimates in many situations. In the case of interaction networks
for example, the assumption that the network is organized as a collection of highly connected com-
munities which can overlap implies that the adjacency matrix admits such a factorization. More
generally, considering sparse low-rank matrices combines two natural forms of sparsity, in the spec-
trum and in the support, which can be motivated by the need to explain systems behaviors by a
superposition of latent processes which only involve a few parameters. Landmark applications of
sparse matrix factorization are sparse principal components analysis (SPCA, d’Aspremont et al.,
2007; Zou et al., 2006) or sparse canonical correlation analysis (SCCA, Witten et al., 2009), which
are widely used to analyze high-dimensional data such as genomic data.

From a computational point of view, however, sparse matrix factorization is challenging since it typi-

cally leads to non-convex, NP-hard problems (Moghaddam et al., 2006). For instance, Berthet and Rigollet

(2013) noted that solving sparse PCA with a single component is equivalent to the planted clique
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problem (Jerrum, 1992), a notoriously hard problem when the size of the support is smaller than
the square root of size of the matrix. Many heuristics and relaxations have therefore been pro-
posed, with and without theoretical guaranties, to approximatively solve the problems leading to
sparse low-rank matrices. A popular procedure is to alternatively optimize over the left and right
factors in the factorization, formulating each step as a convex optimization problem (Lee et al.,
2007; Mairal et al., 2010). Despite these worst case computational hardness, simple generaliza-
tions of the power method have been proposed by Journée et al. (2010); Luss and Teboulle (2013);
Yuan and Zhang (2013) for the sparse PCA problem with a single component. These algorithms
perform well empirically and have been proved to be efficient theoretically under mild conditions by
Yuan and Zhang (2013). Several semidefinite programming (SDP) convex relaxations of the same
problem have also been proposed (Amini and Wainwright, 2009; d’Aspremont et al., 2007, 2008).
Based on the rank one approximate solutions, computing multiple principal components of the data
is commonly done though successive deflations (Mackey, 2009) of the input matrix.

Recently, several authors have investigated the possibility to formulate sparse matrix factorization
as a convex optimization problem. Bach et al. (2008) showed that the convex relaxation of a number
of natural sparse factorization are too coarse too succeed, while Bach (2013) investigated several
convex formulations involving nuclear norms (Jameson, 1987), similar to the ones we investigate
in this paper, and their SDP relaxations. Several authors also investigated the performance of
regularizing a convex loss with linear combinations of the ¢; norm and the trace norm, naturally
leading to a matrix which is both sparse and low-rank (Doan and Vavasis, 2013; Oymak et al.,
2012; Richard et al., 2012, 2013, 2014). This penalty term can be related to the SDP relaxations
of d’Aspremont et al. (2007, 2008) that penalize the trace and the element-wise ¢; norm of the
positive semi-definite unknown. The statistical performance of these basic combinations of the two
convex criteria has however been questioned by Krauthgamer et al. (2013); Oymak et al. (2012).
Oymak et al. (2012) showed that for compressed sensing applications, no convex combination of
the two norms improves over each norm taken alone. Krauthgamer et al. (2013) prove that the
SDP relaxations fail at finding the sparse principal component outside the favorable regime where
a simple diagonal thresholding algorithm (Amini and Wainwright, 2009) works. Moreover, these
existing convex formulations either aim at finding only a rank one matrix, or a low rank matrix
whose factors themselves are not necessarily guaranteed to be sparse.

In this work, we propose two new matrix norms which, when used as regularizer for various opti-
mization problems, do yield estimates for low-rank matrices with multiple sparse factors that are
provably more efficient statistically than the ¢; and trace norms. The price to pay for this statistical
efficiency is that, although convex, the resulting optimization problems are NP-hard, and we must
resort to heuristic procedures to solve them. Our numerical experiments however confirm that we
obtain the desired theoretical gain to estimate low-rank sparse matrices.

1.1 Contributions and organization of the paper

More precisely, our contributions are:

e Two new matrix norms (Section 2). In order to properly define matrix factorization,
given sparsity levels of the factors denoted by integers k and ¢, we first introduce in Section 2.1
the (k, ¢)-rank of a matrix as the minimum number of left and right factors, having respectively
k and g nonzeros, required to reconstruct a matrix. This index is a more involved complexity
measure for matrices than the rank in that it conditions on the number of nonzero elements
of the left and right factors of a matrix. Using this index, we propose in Section 2.2 two new
atomic norms for matrices (Chandrasekaran et al., 2012). (i) Considering the convex hull unit
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operator norm matrices with (k,g)-rank = 1, we build a convex surrogate to low (k,g)-rank
matrix estimation problem. (iz) We introduce a polyhedral norm built upon (k, ¢)-rank = 1
matrices with all non-zero entries of absolute value equal to 1. We provide in Section 2.3 an
equivalent characterization of the norms as nuclear norms, in the sense of Jameson (1987),
highlighting in particular a link to the k-support norm of Argyriou et al. (2012).

e Using these norms to estimate sparse low-rank matrices (Section 3). We show how
several problems such as bilinear regression or sparse PCA can be formulated as convex opti-
mization problems with our new norms, and clarify that the resulting problems can however

be NP-hard.

e Statistical Analysis (Section 4). We study the statistical performance of the new norms
and compare them with existing penalties. Our analysis goes first in Section 4.1 using slow
rate type of upper bounds on the denoising error, which despite sub-optimality gives a first
insight on the gap between the statistical performance of our (k,g)-trace norm and that of
the ¢ and trace norms. Next we show in Section 4.2, using cone inclusions and estimates
of statistical dimension, that our norms are superior to any convex combination of the trace
norm and the ¢; norm in a number of different tasks. However, our analysis also shows that
the factors gained over the rivals to estimate sparse low-rank matrices vanishes when we use
our norm to estimate sparse vectors.

e A working set algorithm (Section 5). While in the vector case the computation remains
feasible in polynomial time, the norms we introduce for matrices can not be evaluated in
polynomial time. We propose algorithmic schemes to approximately learn with the new norms.
The same norms and meta-algorithms can be used as a regularizer in supervised problems
such as bilinear and quadratic regression. Our algorithmic contribution does not consist in
providing more efficient solutions to the rank-1 SPCA problem, but to combine atoms found
by the rank-1 solvers in a principled way.

e Numerical experiments (Section 6). We numerically evaluate the performance of our new
norms on simulated data, and confirm the theoretical results. While our theoretical analysis
only focuses on the estimation of sparse matrices with (k,g)-rank one, our simulations allow
us to conjecture that the statistical dimension scales linearly with the (k, ¢)-rank and decays
with the overlap between blocks. We also show that our model is competitive with the state-
of-the-art on the problem of sparse PCA.

Due to their length and technicality, all proofs are postponed to the appendices.

1.2 Notations

For any integers 1 < k <p, [1,p] = {1,...,p} is the set of integers from 1 to p and G¥ denotes the
set of subsets of £k indices in [1, p]. For a vector w € R?, |lwl|, is the number of non-zero coefficients

1
inw, [|w|l, = Y7, [w;|isits 1 norm, |, = (XF_; w?)? is its Euclidean norm, ||w||, = max; |w;|

is its oo norm and supp(w) € gﬁ’wno is its support, i.e., the set of indices of the nonzero entries of w.
For any I C [1,p], wy € RP is the vector that is equal to w on I, and has 0 entries elsewhere. Given
matrices A and B of the same size, (A, B) = tr(A" B) is the standard inner product of matrices.
For any matrix Z € R™*™2 the notations || Z||y, [|Zl1, [ Z]lo: 1 Z]l0s 121145 [1Z]]op and rank(Z)
stand respectively for the number of nonzeros, entry-wise ¢; and f, norms, the standard ¢s (or
Frobenius) norm, the trace-norm (or nuclear norm, the sum of the singular values), the operator
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norm (the largest singular value) and the rank of Z, while supp(Z) C [1,m1] X [1, mg] is the support
of Z, i.e., the set of indices of nonzero elements of Z. When dealing with a matrix Z whose nonzero
elements form a block of size k x ¢, supp(Z) takes the form I x J where (I,J) € G x G*2. For
a matrix Z and two subsets of indices I C [1,m;] and J C [1,mz], Z; ; is the matrix having the
same entries as Z inside the index subset I x J, and 0 entries outside. This notation should not
be confused with the notation Z?7) which we will sometimes use to denote a general matrix with
support contained in I x J.

2 Tight convex relaxations of sparse factorization constraints

In this section we propose two new matrix norms allowing to formulate various sparse matrix fac-
torization problems as convex optimization problems. We start by defining the (k,q)-rank of a
matrix in Section 2.1, a useful generalization of the rank which also quantifies the sparseness of a
matrix factorization. We then introduce two atomic norms defined as tight convex relaxations of the
(k,q)-rank in Section 2.2: the (k, q)-trace norm, obtained by relaxing the (k, q)-rank over the oper-
ator norm ball, and the (k, ¢)-CUT norm, obtained by a similar construction with extra-constraints
on the element-wise ¢, of factors. In Section 2.3 we relate these matrix norms to vector norms
using the concept of nuclear norms, establishing in particular a connection of the (k, ¢)-trace norm
for matrices with the k-support norm of Argyriou et al. (2012), and the (k,¢)-CUT norm to the
vector k-norm, defined as the sum of the k largest components in absolute value of a vector (Bhatia,
1997, Exercise 11.1.15).

2.1 The (k,q)-rank of a matrix

The rank of a matrix Z € R™*™2 js the minimum number of rank-1 matrices (i.e., outer products
of vectors of the form ab” for a € R™ and b € R™?) needed to express Z as a linear combination
of the form Z = 3", a;b]. It is a versatile concept in linear algebra, central in particular to solve
matrix factorization problems and low-rank approximations. The following definition generalizes
this notion to incorporate constraints on the sparseness of the rank-1 elements:

Definition 1 ((k,q)-SVD and (k, q)-rank) For a matriz Z € R™>*™2 we call (k,q)-sparse sin-
gular value decomposition of Z (or (k,q)-SVD) any decomposition of the form Z = Y ._, cia;b]
where ¢; > cg > -+ > ¢ > 0, a; (resp. b;) are unit vectors with at most k (resp. q) nonzero
elements, and with minimal r, which we call the (k,q)-rank of Z. In such a decomposition, we refer
to vectors a; and b; as left and right (k, q)-sparse singular vectors of Z, and to ¢; as its (k,q)-sparse
singular values.

The (k, g)-rank and (k, q)-SVD of Z can equivalently be defined as the optimal value and one of the
solutions of the optimization problem:

o)
min HCHO st. Z= Zciaib;, (ai,bi,ci) S .AZ“ X Aznz X R+, (1)
=1

where for any 1 < j <n,
Af ={aeR" : [afo < jllalla =1}.

refers to the set of n-dimensional unit vectors with at most j non-zero components. When k = my
and ¢ = mo, we recover the usual notions of rank and SVD of a matrix. In general, however, the
(k, q)-rank and (k, q)-SVD do not share several important properties of the usual rank and SVD, as
the following proposition shows:
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Proposition 2 (Properties of the (k,q)-SVD)
1. The (k,q)-rank of a matriz Z € R™*™2 can be strictly larger than my and my.
2. The (k,q)-SVD is not necessarily unique.
3. The (k,q)-sparse singular vectors are not necessarily orthogonal to each other.

For k = ¢ =1, the (1,1)-SVD decomposes Z as a sum of matrices with only one non-zero element,
showing that (1,1)-rank(Z) = [ Z][o. Since A} C A’ when i < j, we deduce from the expression of
the (k, q)-rank as the optimal value of (1) that the following tight inequalities hold:

V(k,q) € [1,m1] x [1,ms], rank(Z) < (k,q)-rank(Z) < [|Z]|, -

The (k, g)-rank is useful to formulate problems in which a matrix should be modeled as or approx-
imated by a matrix with sparse low rank factors, with the assumption that the sparsity level of the
factors is fixed and known. For example, the standard rank-1 SPCA problem consists in finding the
symmetric matrix with (k, k)-rank equal to 1 and providing the best approximation of the sample
covariance matrix (Zou et al., 2006).

2.2 Two convex relaxations for the (k,¢)-rank

The (k, q)-rank is obviously a discrete, nonconvex index, like the rank or the cardinality, leading
to computational difficulties when one wants to estimate matrices with small (k,¢)-rank. In this
section, we propose two convex relaxations of the (k, ¢)-rank aimed at mitigating these difficulties.
They are both instances of the atomic norms introduced by Chandrasekaran et al. (2012), which we
first review.

Definition 3 (Atomic norm) Given a centrally symmetric compact subset A C RP of elements
called atoms, the atomic norm induced by A on RP is the gauge function' of A, defined by

lz||a=inf{t >0 : z€tconv(A)}, (2)
where conv(A) denotes the convex hull of A.

Chandrasekaran et al. (2012) show that the atomic norm induced by A is indeed a norm, which can

be rewritten as
Ha:HA:inf{an : x:ana, cq >0, VCLEA}, (3)
aceA aceA

and whose dual norm satisfies

2]’ = sup {(z,2) : |lzll4 <1}
=sup{(z,a) : a€ A} . @)

We can now define our first convex relaxation of the (k, ¢)-rank:

Definition 4 ((k, q)-trace norm) For a matriz Z € R™>*™2 the (k,q)-trace norm Sy, o(Z) is the
atomic norm induced by the set of atoms:

Apg={ab" : ac A", be A7} . (5)

see Rockafellar (1997), p. 28, for a precise definition of gauge functions.
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In words, Ay 4 is the set of matrices Z € R™*"™2 such that (k,q)-rank(Z) = 1 and | Z],, = 1.
Plugging (5) into (3), we obtain an equivalent definition of the (k,q)-trace norm as the optimal
value of the following optimization problem:

[e.e]
Q. q(2) = min{HcH1 D Z = Zciaib;, (ai, i, ci) € A" x AT R+} . (6)
i=1

Comparing (6) to (1) shows that the (k, g)-trace norm is derived from the (k, g)-rank by replacing
the non-convex ¢y pseudo-norm of ¢ by its convex £1 norm in the optimization problem. In particular,
in the case k = my and g = mg, the (k, ¢)-trace norm is the usual trace norm (equal to the ¢;-norm
of singular values), i.e. the usual relaxation of the rank (which is the £p-norm of the singular values).
Similarly, when & = ¢ = 1, the (k, ¢)-trace norm is simply the ¢; norm. Just like the (k,q)-rank
interpolates between the £y pseudo-norm and the rank, the (k, g)-trace norm interpolates between
the ¢; norm and the trace norm. Indeed, since A} C .A;-‘ when ¢ < j, we deduce from the expression
of Q, , as the optimal value of (6) that the following tight inequalities hold for any 1 < k < m; and
1<qg<ma:

Qurna(Z) = |1 2]l < Uegl(2) < 1211 = 1(2). ()

While the SVD decomposition of a matrix used to define its trace norm is the same as the one used
to define its rank, this may not be the case anymore for the (k, ¢)-trace norm. Indeed, in the general
case, the (k, g)-trace norm may not be simply the sum of (k, ¢)-sparse singular values associated to
a (k,q)-SVD according to Definition 1, because the vectors ¢ that solve (6) and (1) can be different.
This justifies the following definition:

Definition 5 (Soft-(k,q)-SVD and soft-(k, ¢)-rank) For a matrizc Z € R"™>*™2 we call soft-
(k,q)-sparse singular value decomposition (or soft-(k,q)-SVD) any decomposition Z =Y ._, c;a;b]
that solves (6) with ¢y > ¢ > ... > ¢, > 0. The soft-(k,q)-rank of Z is the minimum number of
terms in a soft-(k,q)-SVD of Z.

Similar to the (k,q)-SVD, the soft-(k, ¢)-SVD lacks many important properties of the trace norm
when k& < mq and ¢ < ms:

Proposition 6 1. The soft-(k,q)-rank of a matriz can be strictly larger than its (k,q)-rank.
2. The soft-(k,q)-SVD is not necessarily unique.

3. The soft-(k, q)-sparse singular vectors are not necessarily orthogonal to each other.

In addition to (6), the next lemma provides another explicit formulation for the (k,¢)-trace norm,
its dual and its sub differential:

Lemma 7 For any Z € R™*™2 we have

o) =it S |20 z= 320D sz cIx T, ()
(1,J)EG, " xGq"? * (1,9
and
O (2) = max {Zrgl,, + TG, Tegm}. (©)

The subdifferential of Qy, 4 at an atom A = ab" € Ay, with Iy = supp(a) and Jy = supp(b) is

0, 4(A) = {A—i— Z AZITOJO =0, A" Zpy,5, =0, V(I,J) € G" x G | Arg + Z[,JHOp < 1} .
(10)
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Our second norm is again an atomic norm, but is obtained by focusing on a more restricted set
of atoms. It is motivated by applications where we want to estimate matrices which, in addition
to being sparse and low-rank, are constant over blocks, such as adjacency matrices of graphs with
non-overlapping communities. For that purpose, consider first the subset of 47" made of vectors
whose nonzero entries are all equal in absolute value:

A = {a eR™, |lallo =k , Vi € supp(a), |a;| = ﬁ}

We can then define our second convex relaxation of the (k, ¢)-rank:

Definition 8 ((k,q)-CUT norm) We define the (k,q)-CUT norm th(Z) as the atomic norm
induced by the set of atoms

Ay g = {abT Cae AM, bE.ZZ”Q} . (11)

In other words, the atoms in jk,q are the atoms of Ay ; whose nonzero elements all have the same
amplitude.
Our choice of terminology is motivated by the following relation of our norm to the CUT-polytope:
in the case k = mq and ¢ = mo, the unit ball of ﬁk,q coincides (up to a scaling factor of /mimy) with
the polytope known as the CUT polytope of the complete graph on n vertices (Deza and Laurent,
1997), defined by

CUT =conv{ab' , a € {£1}™ | be {£1}"}.

The norm obtained as the gauge of the CUT polytope is therefore to the trace norm as ﬁk,q is to
Qg

2.3 Equivalent nuclear norms built upon vector norms

In this section we show that the (k, ¢)-trace norm (Definition 4) and the (k,¢)-CUT norm (Defini-
tion 8), which we defined as atomic norms induced by specific atom sets, can alternatively be seen
as instances of nuclear norms considered by Jameson (1987). For that purpose it is useful to recall
the general definition of nuclear norms and the characterization of the corresponding dual norms as
formulated in Jameson (1987, Propositions 1.9 and 1.11):

Proposition 9 (nuclear norm) Let |||, and || denote any vector norms on R™ and R™2,

respectively, then
v(Z):= inf{ZHaiHaHbiHB : Z:Zaib;} ,

where the infimum is taken over all summations of finite length, is a norm over R™1*™2 cqlled the
nuclear norm induced by |-, and |- 5. Its dual is given by

v (Z)=sup{a'Zb : |lalla <1, |b]lg <1}. (12)
The following lemma shows that the nuclear norm induced by two atomic norms is itself an atomic
norm.

Lemma 10 If |||, and ||-||5 are two atomic norms on R™' and R™? induced respectively by two
atom sets Ay and As, then the nuclear norm on R™*™2 induced by |||, and ||-||5 is an atomic
norm induced by the atom set:

.A:{abT ta€e A, bGAQ}.
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Figure 1: Unit balls of 3 norms of interest for vectors of R? materialized by their sets of extreme
points at which the norm is non-differentiable. Each unit ball is the convex hull of the corresponding
sets. In green, the usual £;-norm scaled by the factor 1/vk = 1/v/2, in blue the norm 6, (a.k.a.
2-support norm), in red the norm rp (see theorem 11). Vertices of the sg unit ball constitute
the As; set (see definition 8). The set Ay belongs to the unit spheres of all three norms (see
proposition 17).

We can deduce from it that the (k, ¢)-trace norm and (k,q)-CUT are nuclear norms, associated to
particular vector norms:

Theorem 11 1. The (k,q)-trace norm is the nuclear norm induced by 6 on R™ and 6, on
R™2 where for any j > 1, 0; is the j-support norm introduced by Argyriou et al. (2012).

2. The (k,q)-CUT norm is the nuclear norm induced by K on R™' and rk, on R™2, where for
any j > 1:
(w) = 5 mx (wls Sl (13)
Ki(w) = —= max | [|w||o, =||w]|1 | -
! Vi >
For the sake of completeness, let us recall the closed-form expression of the k-support norm 6, shown
by Argyriou et al. (2012). For any vector w € RP, let w € RP be the vector obtained by sorting the
entries of w by decreasing order of absolute values. Then it holds that

1
2

P 2
3 rwi\) | (19
=k—r

where r € {0,--- ,k — 1} is the unique integer such that |wg_,_1| > 7«4%1 S |wil > |wg_r|, and
where by convention |wg| = oco.

Of course, Theorem 11 implies that in the vector case (mg = 1), the (k,q)-trace norm is simply
equal to 0 and the (k,q)-CUT norm is equal to k. A representation of the “sharp edges" of unit
balls of 0,k and a appropriately scaled ¢; norm can be found in Figure 1 for the case m; = 3
and k£ = 2. In addition, the following results shows that the dual norms of §; and xj have simple

'3

k—r—1 1
Oulw) =1 2 !wi’“m(

explicit forms:
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Proposition 12 The dual norms of 0y and ki satisfy respectively:

i) = max sile  and () = = max [l
To conclude this section, let us observe that nuclear norms provide a natural framework to construct
matrix norms from vector norms, and that other choices beyond 6 and k; may lead to interesting
norms for sparse matrix factorization. It is however known since Jameson (1987) (see also Bach,
2013; Bach et al., 2012) that the nuclear norm induced by vector ¢;-norm is simply the ¢; of the
matrix which fails to induce low rank (except in the very sparse case). However Bach et al. (2012)
proposed nuclear norms associated with vectors norms that are similar to the elastic net penalty.

3 Learning matrices with sparse factors

In this section, we briefly discuss how the (k,q)-trace norm and (k,q)-CUT norm can be used to
attack various problems involving estimation of sparse low-rank matrices.

3.1 Denoising

Suppose X € R™1*™2 ig a noisy observation of a low-rank matrix with sparse factors, assumed to
have low (k,g)-rank. A natural convex formulation to recover the noiseless matrix is to solve:

1
IIlZlIl§ ”Z_XH%‘ro—i_)‘Qkyq(Z)? (15)

where A is a parameter to be tuned. Note that in the limit when A — 0, one simply obtains a

soft-(k, q)-SVD of X.

3.2 Bilinear regression

More generally, given some empirical risk £(Z), it is natural to consider formulations of the form

mZin L(Z)+ N 4(Z)

to learn matrices that are a priori assumed to have a low (k,¢q)-rank. A particular example is
bilinear regression, where, given two inputs z € R™ and z’ € R™2, one observes as output a noisy
version of y = x" Zx'. Assuming that Z has low (k, ¢)-rank means that the noiseless response is a
sum of a small number of terms, each involving only a small number of features from either of the
input vectors. To estimate such a model from observations (z;,2,y;),_; ,,, one can consider the
following convex formulation: o

n
mZinZ;€ (xiTZa;;, yi) + A0 4(Z), (16)
1=
where ¢ is a loss function. A particular instance of (16) of interest is the quadratic regression
problem, where m; = mg and x; = z} for i = 1,...,n. Quadratic regression combined with
additional constraints on Z is closely related to phase retrieval (Candés et al., 2013). It should be
noted that if ¢ is the least-square loss, (16) can be rewritten in the form

o1
min 5”2((2) —yll3 + X%, (2),

where X'(Z) is a linear transformation of Z, so that the problem is from the point of view of the
parameter Z a linear regression with a well chosen feature map.
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3.3 Subspace clustering.

In subspace clustering, one assumes that the data can be clustered in such a way that the points
in each cluster belong to a low dimensional space. If we have a design matrix X € R"*P with each
row corresponding to an observation, then the previous assumption means that if X 4) € R™*P ig
a matrix formed by the rows of cluster j, there exist a low rank matrix Z) € R *" such that
ZWXxU) = X This means that there exists a block-diagonal matrix Z such that ZX = X with
low-rank diagonal blocks. This idea, exploited recently by Wang et al. (2013) implies that Z is a
sum of low rank sparse matrices; and this property still holds if the clustering is unknown. We
therefore suggest that if all subspaces are of dimension k, Z may be estimated via

mZithk(Z) st. ZX=X.

3.4 Sparse PCA

In sparse PCA (d’Aspremont et al., 2007; Witten et al., 2009; Zou et al., 2006), one tries to ap-
proximate an empirical covariance matrix S by a low-rank matrix with sparse factors. Although
this is similar to the denoising problem discussed in Section 3.1, one may wish in addition that
the estimated sparse low-rank matrix be symmetric and positive semi-definite (PSD), in order to
represent a plausible covariance matrix. This suggests to formulate sparse PCA as follows:

mm{HfEn —7Z
Z

o (k,k)-rank(Z) <r and Z > 0} , (17)

where k is the maximum number of non-zero coefficient allowed in each principal direction. In
contrast to sequential approaches that estimate the principal components one by one (Mackey,
2009), this formulation requires to find simultaneously a set of factors which are complementary to
one another in order to explain as much variance as possible. A natural convex relaxation of (17) is

. { 1
min § —
A 2

where A is a parameter that controls in particular the rank of the approximation.

However, although the solution of (18) is always PSD, its soft-(k, k)-SVD Z = 3, c;a;b] may not
be composed of symmetric matrices (if a; # b;), and even if a; = b; the corresponding ¢; may be
negative, as the following proposition shows:

2
Yn— 4
Fro

+ A% k(2) : Z = 0} , (18)

Proposition 13 1. The (k,k)-SVD of a PSD matriz is not necessarily a sum of symmetric
terms.

2. Some PSD matrices cannot be written as a positive combination of rank one (k,k)-sparse
matrices, even for k > 1.

This may be unappealing, as one would like to interpret the successive rank-1 matrices as covariance
matrices over a subspace that explain some of the total variance. One may therefore prefer a
decomposition with less sparse or more factors, potentially capturing less variance.

One solution is to replace €, 5, in (18) by another penalty which directly imposes symmetric factors
with non-negative weights. This is easily obtained by replacing the set of atoms Ay, ;. in Definition 4
by Ay~ = {aa",a € A}, and considering the corresponding atomic norm which we denote by €2y, .
To be precise, {2, - is not a norm but only a gauge because the set Ay, - is not centrally symmetric.
Instead of (18), it possible to use the following convex formulation of sparse PCA:

“ 2
S, — ZHH A (Z). (19)

o1
min —
zZ 2

10
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By construction, the solution of (19) is not only PSD, but can be expanded as a sum of matrices
Z =31, cazal, where for all i = 1,...,r, the factor a; is k-sparse and the coefficient ¢; is positive.
This formulation is therefore particularly relevant if 3, is believed to be a noisy matrix of this form.
It should be noted however that, by Proposition 13, €2 - is infinite for some PSD matrices”, which
implies that some PSD matrices cannot be approximated well with this formulation.

3.5 NP-hard convex problems

Although the (k, g)-trace norm and related norms allow us to formulate several problems of sparse
low-rank matrix estimation as convex optimization problems, it should be pointed out that this does
not guarantee the existence of efficient computational procedures to solve them. Here we illustrate
this with the special case of the best (k, ¢)-sparse and rank 1 approximation to a matrix, which turns
out to be a NP-hard problem. Indeed, let us consider the three following optimization problems,
which are equivalent since they return the same rank one subspace spanned by ab':

min | X — cabTH%ro ; max a' Xb; max tr(XZ").  (20)
(a,b,c)e AL x Ag xRt (a,b)e Ak x Aq Z:Qy, 4(Z)<1

In particular, if K = g and X = in is an empirical covariance matrix, then the symmetric solutions
of the problem considered are the solution to the following rank 1 SPCA problem

max{finz el =1, |z]lo < k } (21)
zZ

which it is known to be NP-hard (Moghaddam et al., 2008). This shows that, in spite of being a
convex formulation involving the (k,q)-trace norm, the third formulation in (20) is actually NP-
hard. In practice, we will propose heuristics in Section 6 to approximate the solution of convex
optimization problems involving the (k, ¢)-trace norm.

4 Statistical properties of the (k,q)-trace norm and the (k,q)-CUT
norm

In this section we study theoretically the benefits of using the new penalties €2, , and ﬁk,q to infer
low-rank matrices with sparse factors, as suggested in Section 3, postponing the discussion of how to
do it in practice to Section 5. Building upon techniques proposed recently to analyze the statistical
properties of sparsity-inducing penalties, such as the £; penalty or more general atomic norms, we
investigate two approaches to derive statistical guarantees. In Section 4.1 we study the expected
dual norm of some noise process, from which we can deduce upper bounds on the learning rate
for least squares regression and a simple denoising task. In Section 4.2 we estimate the statistical
dimension of objects of interest both in the matrix and vector cases and compare the asymptotic
rates, which shed light on the power of the norms we study when used as convex penalties. The
results in Section 4.1 are technically easier to derive and contain bounds for a matrix of arbitrary
(k,q)-rank. The results provided in Section 4.2 rely on a more involved set of tools, they provide
more powerful bounds but we do not derive results for matrices of arbitrary (k, ¢)-rank.

4.1 Performance of the (k, g)-trace norm in denoising

In this Section we consider the simple denoising setting (Section 3.1) where we wish to recover a
low-rank matrix with sparse factors Z* € R™*™2 from a noisy observation Y € R™*™2 corrupted

2This is possible because Q.- is only a gauge and not a norm.

11
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by additive Gaussian noise:
Y =7"+0G,

where ¢ > 0 and G is a random matrix with entries i.i.d. from N(0,1). Given a convex penalty
Q:R™M*m2 _ R we consider, for any A > 0, the estimator

- 1
Z) € arngin§ |Z =Y |3, +A2(Z).

The following result, valid for any norm €2, provides a general control of the estimation error in this
setting, involving the dual norm of the noise:

Lemma 14 If A > cQ*(G) then

HZS 7 ;0 < NQ(Z7).

This suggests to study the dual norm of a random noise matrix Q*(G) in order to derive a upper
bound on the estimation error. The following result provides such upper bounds, in expectation,
for the (k, ¢)-trace norm as well as the standard ¢; and trace norms:

Proposition 15 Let G € R"™*™2 be a random matriz with entries i.i.d. from N(0,1). The
expected dual norm of G for the (k,q)-trace norm, the £1 norm and the trace norm is respectively

bounded by:
EQ; (G <4(,/klog—+2k—|—,/qlog—+2q>

E |G|} < v/2log(mims),
E |G|} < vmi+ /ma.

To derive an upper bound in estimation errors from these inequalities, we consider for simplicity”
the oracle estimate Z$™° equal to Z3 where A = 0Q*(G). From Lemma 14 we immediately get
the following control of the mean estimation error of the oracle estimator, for any penalty €2:

(22)

E Hzgracle _* 2

Fro

< 40Q(Z*)E Q*(G) . (23)

We can now derive upper bounds in estimation errors for the different penalties in the so-called
single spike model, where the signal Z* consists of an atom ab' € Ay 4, and we observed a noisy
matrix Y = ab” + oG. Since for an atom ab’ € Ay, , while |lab" ||1 < kq/\/(kq) = VEq, Qi 4(ab") =
|labT ||« = 1, we immediately get the following by plugging the upper bounds of Proposition 15 into
(23):

Corollary 16 When Z* € Ay, is an atom, the expected errors of the oracle estimators using
respectively the (k,q)-trace norm, the £1 norm and the trace norm are respectively upper bounded

by:

R 2 mq ma

E ZOmcle _g* < log % 92 log 2 92
oy n0—80<”k0gk+k+’/q0gq+q>’
. 2

E || 2 — 2+ o S 200127 [0y 21og(mime) < 20+/2kqlog(mims) (24)
. 2

E ||z0racle — z* o S 20(ym + VM)

(9]

To make the comparison easy, orders of magnitudes of these upper bounds are gathered in Table 1
for the case where Z* € Ay, 4, and for the case where m; = my = m and k = ¢ = \/m. In the later

3Similar bounds could be derived with large probability for the non-oracle estimator by controlling the deviations
of Q* (@) from its expectation.
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| Matrix norm || (k, q)-trace ‘ trace ‘ 2 ‘
Q(Z*)E Q*(Q) klog - + \/q log 2 | \/my + /m2 kqlog(mims)
k=+ym m!'/*\/logm vm vmlogm

Table 1: Various norms mean square error in denoising an atom ab" € Ay, corrupted with unit
variance Gaussian noise. The column “k = /m” corresponds to the order of magnitudes in the
regime where m = my = mg and k = ¢ = y/m.

case, we see in particular that the (k,q)-trace norm has a better rate than the ¢; and trace norms,
in m1 instead of m? (up to logarithmic terms). Note that the largest value of ||Z*[|; is reached
when Z* € Ay, and equals /kq. By contrast, when Z* € Ay, gets far from Ay , elements then
the expected error norm diminishes for the ¢1-penalized denoiser ZP“CIG reaching o+/2 log(mims)
on eje; while not changing for the two other norms.

Obviously the comparison of upper bounds is not enough to conclude to the superiority of (k, ¢)-trace norm

and, admittedly, the problem of denoising considered here is a special instance of linear regression
in which the design matrix is the identity, and, since this is a case in which the design is trivially
incoherent, it is possible to obtain fast rates for decomposable norms such as the ¢ or trace norm
(Negahban et al., 2012); however, slow rates are still valid in the presence of an incoherent design, or
when the signal to recover is only weakly sparse, which is not the case for the fast rates. Moreover,
the result proved here is valid for matrices of rank greater than 1. We present in the next section
more involved results, based on lower and upper bounds on the so-called statistical dimension of the
different norms (Amelunxen et al., 2013), a measure which is closely related to Gaussian widths.

4.2 Performance through the statistical dimension

Powerful results from asymptotic geometry have recently been used by Amelunxen et al. (2013);
Chandrasekaran et al. (2012); Foygel and Mackey (2014); Oymak et al. (2013) to quantify the sta-
tistical power of a convex nonsmooth regularizer used as a constraint or penalty. These results
rely essentially on the fact that if the tangent cone® of the regularizer at a point of interest Z
is thiner, then the regularizer is more efficient at solving problems of denoising, demixing and
compressed sensing of Z. The gain in efficiency can be quantified by appropriate measures of
width of the tangent cone such as the Gaussian width of its intersection with a unit Euclidean ball
(Chandrasekaran et al., 2012), or the closely related concept of statistical dimension of the cone,
proposed by Amelunxen et al. (2013). In this section, we study the statistical dimensions induced
by different matrix norms in order to compare their theoretical properties for exact or approximate
recovery of sparse low-rank matrices. In particular, we will consider the norms €2, 4, ﬁk,q and linear
combinations of the #; and trace norms, which have been used in the literature to infer sparse low-
rank matrices (Oymak et al., 2012; Richard et al., 2012). For convenience we therefore introduce
the notation I, for the norm that linearly interpolates between the trace norm and the (scaled) ¢,
norm:

Yy € [0,1], VZ € Rm™*m2 ]yxzyzc%iHZHy+

so that I'y is the trace norm and I'; is the ¢; norm up to a constant’.

1 =wl2ll. (25)

4As detailed later, the tangent cone is the closure of the cone of descent directions.
®Note that the scaling ensures that T',,(A) =1 for p € [0,1] and A € Ay 4.
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4.2.1 The statistical dimension and its properties

Let us first briefly recall what the statistical dimension of a convex regularizer Q : R™1*™2 — R
refers to, and how it is related to efficiency of the regularizer to recover a matrix Z € R™1*"™2, For
that purpose, we first define the tangent cone T (Z) of Q at Z as the closure of the cone of descent
directions, i.e.,

To(Z):=|J{H e Rm*m> : Q(Z+7H) < Q(Z)}. (26)
7>0

The statistical dimension &(Z,2) of 2 at Z can then be formally defined as

&(2,9):=E | [l (@3, - (27)

where G is a random matrix with i.i.d. standard normal entries and HTQ(Z)(G) is the orthogonal
projection of G onto the cone Tq(Z). The statistical dimension is a powerful tool to quantify the
statistical performance of a regularizer in various contexts, as the following non-exhaustive list of
results shows.

e Exact recovery with random measurements. Suppose we observe y = X' (Z*) where X :

R™M1x™m2 _ R™ is a random linear map represented by random design matrices X; i =1,...,n
having iid entries drawn from N(0,1/n). Then Chandrasekaran et al. (2012, Corollary 3.3)
shows that
Z =argminQ(Z) sth. X(Z)=y (28)
z

is equal to Z* with overwhelming probability as soon asn > &(Z*, ). In addition Amelunxen et al.
(2013, Theorem II) show that a phase transition occurs at n = &(Z*, Q) between a situation
where recovery fails with large probability (for n < &(Z*,Q) — v/mimz, for some v > 0) to

a situation where recovery works with large probability (for n > &(Z*,Q) + v/mima).

e Robust recovery with random measurements. Suppose we observe y = X (Z*) + ¢
where X is again a random linear map, and in addition the observation is corrupted by a
random noise € € R™. If the noise is bounded as ||¢]|2 < §, then Chandrasekaran et al. (2012,
Corollary 3.3) show that

Z =argminQ(Z) sth. [|[X(Z)—vyla <6 (29)
Z
satisfies ||Z — Z* . < 26/n with overwhelming probability as soon as n > (&(Z*,Q) +
(0]
5)/(1 =)
e Denoising. Assume a collection of noisy observations X; = Z* + g¢; for ¢ = 1,--- | n is

available where ¢; € R™*™2 has iid. N(0,1) entries, and let Y = L 3" | X, denote their
average. Chandrasekaran and Jordan (2013, Proposition 4) prove that

A~

Z =argmin ||Z =Yg, sth. Q2) <QZ%) (30)
Z

2

satisfies E HZ -z < %QG(Z*,Q).

Fro
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e Demixing. Given two matrices Z*,V* € R"™*™2 suppose we observe y = U(Z*) + V*
where U : R™M1X™M2 1 R™1XM2 g 5 random orthogonal operator. Given two convex functions
r,Q:R™*™m2 — R Amelunxen et al. (2013, Theorem III) show that

(Z,V)=argminQ(Z) sth. T(V)<ID(V*) and y=UZ)+V
(Z,V)

is equal to (Z*, V*) with probability at least 1 — 7 provided that

S(Z*, Q)+ 6(V*T) < mimg — 4y /mimsy log %

Conversely if §(Z*,Q) + &S(V*,T') > mymg + 4,/myms log %, the demixing fails with proba-
bility at least 1 — 7.

4.2.2 Some cone inclusions and their consequences

In this and subsequent sections, we wish to compare the behavior of €, , and ﬁk,q and I',, as defined
n (25). Before estimating and comparing the statistical dimensions of these norms, which requires
rather technical proofs, let us first show through simple geometric arguments that for a number of
matrices, the tangent cones of the different norms are actually nested. This will allow us to derive
deterministic improvement in performance when a norm is used as regularizer instead of another,
which should be contrasted with the kind of guarantees that will be derived from bounds on the
statistical dimension and which are typically statements holding with very high probability. The
results in this section are proved in Appendix C.

Proposition 17 The norms considered satisfy the following equalities and inequalities:
Yu e [0,1], VZ € R™M>m2, T,(Z) < Qy(2) < Qpy(2),
V€ [0,1], VA € Ag,, T (A) = Qe g(A) = Qpg(A) = 1.

Put informally, the unit balls of §~2k7q, .4 and of all convex combinations of the trace norm and the
scaled ¢1-norm are nested and meet for matrices in JZIW. This property is illustrated in the vector
case (for 4 = 1) on Figure 1. In fact -’Zlmq is a subset of the extreme points of the unit norms of all
those norms except for the scaled ¢1-norm (corresponding to the case 4 = 1). Given that the unit
balls meet on Ay, , and are nested, their tangent cones on Ay , must also be nested:

Corollary 18 The following nested inclusions of tangent cones hold:
Vpe[0,1], VA€ Ay, Tr,(A) DT, ,(A) DTy, (). (31)
As a consequence, for any A € JZ]W, the statistical dimensions of the different norms satisfy:

S(A, Qy) < S(A, Y y) <S(AT,). (32)

As reviewed in Section 4.2.1, statistical dimensions provide estimates for the performance of the
different norms in different contexts. Plugging (32) in these results shows that to estimate an atom
in .Ak .g» using Qk ¢ 1s at least as good as using ) , which itself is at least as good as using any
convex combination of the #; and trace norms.

Note that the various statements in Section 4.2.1 provide upper bounds on the performance of the
different norms, with are guarantees that are either probabilistic or hold in expectation. In fact,
the inclusion of the tangent cones (31) and a fortiori the tangential inclusion of the unit balls imply
much stronger results since it can also lead some deterministic statements, such as the following:
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Corollary 19 (Improvement in exact recovery) Consider the problem of exact recovery of a
matric Z* € Ay, 4 from random measurements y = X (Z*) by solving (28) with the different norms.
For any realization of the random measurements, exact recovery with I', for any 0 < p <1 implies

exact recovery with 0y, , which itself implies exact recovery with €y, 4.

Note that in the vector case (mg = 1), where the (k, g)-trace norm € boils down to the k-support
norm 6, the tangent cone inclusion (31) is not always strict:

Proposition 20 For any a € Ay, Tr, (a) = Ty, (a).

In words, the tangent cone of the ¢; norm and of the the k-support norm are equal on k-sparse
vectors with constant non-zero entries, which can be observed in Figure 1. This suggests that, in
the vector case, the k-support norm is not better than the #; norm to recover such constant sparse
k-vectors.

4.2.3 Bounds on the statistical dimensions

The results presented in Section 4.2.2 apply only to a very specific set of matrices (jk,q), and do
not characterize quantitatively the relative performance of the different norms. In this Section, we
turn to more explicit estimations of the statistical dimension of the different norms at atoms in jk,q
and Ay, .

We consider first the statistical dimension of the (k,¢)-CUT norm ﬁk,q on its atoms .,Z/w. The
unit ball of §~2k7q is a vertex-transitive polytope with 2~F+¢ (”Zl) (m2) vertices. As a consequence, it
follows immediately from Corollary 3.14 in Chandrasekaran et al. (2012) and from the upper bound
log () < k(1 + log(m/k)), that®

Proposition 21 For any A € jk,q, we have

my

S(A,Uy) < 16(k+q)+9 (k; log —

+ gqlog @> .
q

Upper bounding the statistical dimension of the (k,g)-trace norm on its atoms Ay, , requires more
work. First, atoms with very small coefficients are likely to be more difficult to estimate than atoms
with large coefficients only. In the vector case, for example, it is known that the recovery of a sparse
vector 3 with support Iy depends on its smallest coefficient By = min;ey, 32 (Wainwright, 2009).
The ratio between [nin and the noise level can be thought of as the worst signal-to-noise ratio for
the signal . We generalize this idea to atoms in Ay, , as follows.

Definition 22 (Atom strength) Let A = ab" € Ay, with Iy = supp(a) and Jy = supp(b).
Denote a2, = min;er, a? and b2, = minje, b?. The atom strength v(a,b) € (0,1] is

7(a7 b) = (k a’rznin) A (q brznin)‘

Note that the atoms with maximal strength value 1 are the elements of .th. With this notion in
hand we can now formulate an upper bound on the statistical dimension of €2, ,:

Proposition 23 For A=ab" € Aj , with strength v = ~(a,b), we have

322 160
S(A,Qq) < ?(kz +q+1)+ T(k V q)log (my V ma) . (33)

5This result is actually stated informally for the special case of k = ¢ = \/m = with m = m1 = m» in the context
of a discussion of the planted clique problem in Chandrasekaran and Jordan (2013).

16



hal-01025959, version 1 - 18 Jul 2014

‘ Matrix norm ‘ S ‘ k=+ym H Vector norm ‘ G} ‘

(k,q)-trace | O((k V q)log (m1V ma)) | O(v/mlogm) k-support | ©(klog %)
(k,q)-cut O(klog ¢t + qlog %2) | O(y'mlogm) Kk O(klog R)
2 ©(kq log ™) ©(mlogm) 2 O(klog ¥)
trace-norm O(m1 + ms) O(m) lo D
{1 + trace-n. Q(kq A (m1 + my)) O(m) clastic net | ©(klog )
“cut-norm” O(mq + ma) O(m) l D

Table 2: Order of magnitude of the statistical dimension of different matrix norms for elements of
.Z]w (left) and of their vector norms counterpart for elements of .ZZ (right). The ¢; norm here is
the element-wise ¢; norm. The column “k = \/m” corresponds to the case of the planted clique
problem where m = mj; = mgy and k = ¢ = /m. We use usual Landau notation with f = ©(g) for
(f =0(9)&(g = O(f)) and f = Q(g) for g = O(f). The absence of Landau notation means that

the computation is exact.

Note that the upper bounds obtained on atoms of .Z/w for th (Proposition 21) and € , (Propo-
sition 23, with v = 1) have the same rate up to klogk + ¢logq which is negligible compared to
klogmy 4 qlog ms when k < mq and ¢ < mo. Note that once the support is specified, the number
of degrees of freedom for elements of .,Z;w is k + ¢ — 1, which is matched up to logarithmic terms.
It is interesting to compare these estimates to the statistical dimension of the ¢1 norm, the trace
norm, and their combinations I',,. Table 2 summarizes the main results. The statistical dimension
the /; norm on atoms in /Zk,q is of order kqlog(mimsa/(kq)), which is worse than the statistical
dimensions of €, and ﬁ;w by a factor k A ¢q. On Aj,, though, the statistical dimension of
)}, 4 increases when the atom strength decreases, while the statistical dimension of the ¢; norm is
independent of it and even decreases when the size of the support decreases. As for the trace norm
alone, its statistical dimension is at least of order my 4+ ms, which is unsurprisingly much worse
that the statistical dimensions of {1 , and th since it does not exploit the sparsity of the atoms.
Finally, regarding the combination I', of the ¢; norm and of the trace norm, Oymak et al. (2012)
has shown that it does not improve rates up to constants over the best of the two norms. More
precisely, we can derive from Oymak et al. (2012, Theorem 3.2) the following result

Proposition 24 There exists M > 0 and C' > 0 such that for any my, ma, k,q > M withmy/k > M
and ma/q > M, for any A € Ay 4 and for any p € [0,1], the following holds:

S (A,Ty) = C¢la,b) ((kg) A (my +ma—1)) =2,

C(a,b):1—<1—%)<l—@>.

Note that ((a,b) < 1 with equality if either a € .kal orb € .Zgnz’
for ab™ € .Zk,q. In that case, we see that, as stated by Oymak et al. (2012), T';, does not bring
any improvement over the ¢; and trace norms taken imdividually, and in particular has a worse

statistical dimension than €2 , and €2 ,.

with

so in particular ((a,b) = 1

4.2.4 The vector case

We have seen in Section 4.2.3 that the statistical dimension of the (k,¢q)-trace norm and of the
(k,q)-CUT norm were smaller than that of the /1 and the trace norms, and of their combinations,
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meaning that theoretically they are more efficient regularizers to recover rank-one sparse matrices.
In this section, we look more precisely at these properties in the vector case (me = ¢ = 1), and
show that, surprisingly, the benefits are lost in this case.

Remember that, in the vector case, Q, 4 boils down to the k-support norm 6, (14), while ﬁk,q boils
down to the norm sy (13). For the later, we can upper bound the statistical dimension at a k-sparse
vector by specializing Proposition 21 to the vector case, and also derive a specific lower bound as
follows:

Proposition 25 For any k-sparse vector a € jz,

k p—k p
— — | < < — .
27Tlog <I<:—|—1> < 6S(a, ki) < 9/<;logk +16(k +1)

From the explicit formulation of 65 (14) we can derive an upper bound of the statistical dimension
of 0 on any sparse vector with at least k£ non-zero coefficients:

Proposition 26 For any s > k, the statistical dimension of the k-support norm 0 at an s-sparse
vector w € RP s bounded by

1)2 ||y, |2
Sw.6,) < §3+2{w+,fﬂ}mg, (34)
4 |lwr, |13 s

where w € RP denotes the vector with the same entries as w sorted by decreasing absolute values, r
is as defined in equation (14), Iy = [,k —r — 1] and I = [k — r,s]. In particular, when s =k, the
following holds for any atom a € A} with strength v = ka? . :

min*

5 2k P
< — — — .
S(a, ;) < 4k+ S logk

(35)
We note that (35) has the same rate but tighter constants than the general upper bound (33)
specialized to the vector case. In particular, this suggests that the 4 =2 term in (35) may not be
required. In the lasso case (k = 1), we recover the standard bound (Chandrasekaran et al., 2012):

S(w,0;) < ZS +2s logg , (36)

which is also reached by 6 on an atom a € .Zi because in that case v = 1 in (35). On the other
hand, for general atoms in .AZ the upper bound (35) is always worse than the upper bound for
the standard Lasso (36), and more generally the upper bound for general sparse vectors (34) is also
never better than the one for the Lasso. Although these are only upper bounds, this raises questions
on the utility of the k-support norm compared to the lasso to recover sparse vectors.

The statistical complexities of the different regularizers in the vector case are summarized in Table 2.
We note that, contrary to the low-rank sparse matrix case, the £1-norm, the k-support norm, and
the norm kj all have the same statistical dimension up to constants. Note that the tangent cone
of the elastic net equals the tangent cone of the ¢;-norm in any point (because the tangent cone of
the £o norm is a half space that always contains the tangent cone of the ¢1-norm) so that the elastic
net has always the exact same statistical dimension as the ¢;-norm.
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5 Algorithms

As seen in Section 3, many problems involving sparse low-rank matrix estimation can be formulated
as optimization problems of the form:

min  L(Z)+ A\ 4(Z). (37)
Unfortunately, although convex, this problem may be computationally challenging (Section 3.5). In

this section, we present a working set algorithm to approximately solve such problems in practice
when L is differentiable.

5.1 A working set algorithm

Given a set S C G, x G, of pairs of row and column subsets, let us consider the optimization
problem:

min £< Z Z(”)) + A Z 297, = v(I,J) €S, supp(Z") CcIxJy . (Ps)
(Z09) 1 nes (I.))es (I.])eS

Let (?U\J))(L Jes be a solution of this optimization problem. Then, by the characterization of
Qe g(Z) In (8), Z =3 (1 pes Z7) is the solution of (37) when § = G;"' x G2, Clearly, it is still

the solution of (37) if S is reduced to the set of non-zero matrices Z07) at optimality often called
active components.

We propose to solve problem (37) using a so-called working set algorithm which solves a sequence
of problems of the form (Ps) for a growing sequence of working sets S, so as to keep a small
number of non-zero matrices Z7) throughout. Working set algorithms (Bach et al., 2011, Chap. 6)
are typically useful to speed up algorithm for sparsity inducing regularizer; they have been used
notably in the case of the overlapping group Lasso of Jacob et al. (2009) which is also naturally
formulated via latent components.

To derive the algorithm we write the optimality condition for (Ps):

V(I,J) €S, VL(Z)s €N\ HZ(”)

*

From the characterization of the subdifferential of the trace norm (Watson, 1992), writing ZU” =

UUINBEDY I the SVD of ZU7)| this is equivalent to, for all (I,.J) in S,

either ZU7£0 and VL(Z)1y=—) (U(IJ)V(IJ>T+A>
with || A],, <1 and AU = ATV =0, (38)
or Z07=0 and IVLZ) 1y < - (39)

The principle of the working set algorithm is to solve problem (Ps) for the current set S so that
(38) and (39) are (approximately) satisfied for (I,.J) in S, and to check subsequently if there are
any components not in § which violate (39). If not, this guarantees that we have found a solution to
problem (37), otherwise the new pair (I, .J) corresponding to the most violated constraint is added
to S and problem (Ps) is initialized with the previous solution and solved again. The resulting
algorithm is Algorithm 1 (where the routine SSVDTPI is described in the next section). Problem
(Ps) is solved easily using the approximate block coordinate descent of Tseng and Yun (2009) (see
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also Bach et al., 2011, Chap. 4), which consists in iterating proximal operators. The modifications
to the algorithm to solve problems regularized by the norm €, .- are relatively minor (they amount
to replace the trace norms by penalization of the trace of the matrices Z7) and by positive definite
cone constraints) and we therefore do not describe them here.

Determining efficiently which pair (I, J) possibly violates condition (39) is in contrast a more difficult
problem that we discuss next.

Algorithm 1 Active set algorithm
Require: L, tolerance € > 0, parameters A, k, ¢
Set S=2,Z2=0
while ¢ = true do
Recompute optimal values of Z, (Z”); j)es for (Ps) using warm start
(I,J) < SSVDTPI(VL(Z),k,q,€)
if [|[VL(Z)]1,7]lop > A then
S+ SU{(I,J)}
else
c < false
end if
end while
return Z, S, (Z"7) 1, 1es

5.2 Finding new active components

Once (Ps) is solved for a given set S, (38) and (39) are satisfied for all (I,.J) € S. Note that (38)
implies in particular that [[VL(Z)]1ll,, = A when Z7) # 0 at optimality. Therefore, (39) is also
satisfied for all (I,.J) ¢ S if and only if

max |[[VL(Z)]1s]lop <A, (40)
(I,J)EG, ™t xGq?

and if this is not the case then any (I, .J) that violates this condition is a candidate to be included
in §. This corresponds to solving the following sparse singular value problem

max a'VL(Z)b st. ab' € Ay, . (k, q)-linRank-1
This problem is unfortunately NP-hard since rank 1 sparse PCA problem is a particular instance
of it (when VL(Z) is replaced by a covariance matrix), and we therefore cannot hope to solve it
exactly with efficient algorithms. Still, sparse PCA has been the object of a significant amount
of research, and several relaxations and other heuristics have been proposed to solve it approx-
imately. In our numerical experiments we use a truncated power iteration (TPI) method, also
called TPower, GPower or CongradU in the PSD case (Journée et al., 2010; Luss and Teboulle,
2013; Yuan and Zhang, 2013), which has been proved recently by Yuan and Zhang (2013) to pro-
vide accurate solution in reasonable computational time under RIP type of conditions. Algorithm
2 provides a natural generalization of this algorithm to the non-PSD case. The algorithm follows
the steps of a power method, the standard method for computing leading singular vectors of a
matrix, with the difference that at each iteration a truncation step is use. We denote the truncation
operator by Tj. It consists of keeping the k largest components (in absolute value) and setting the
others to 0. Note that Algorithm 2 may fail to find a new active component for Algorithm 1 if it

20



hal-01025959, version 1 - 18 Jul 2014

Algorithm 2 SSVDTPI: Bi-truncated power iteration for (%, ¢)-linRank-1

Require: A € R™>*™2 L ¢ and tolerance € > 0

Pick a random initial point b ~ N(0, I,,,,) and let

while [a®T Ap® — at=DT Apt=D|/|at=1) T Ap=1| > ¢ do
a+ Ab® \\ Power
a < Tig(a) \\ Truncate
b« A'a \\ Power
b+ T,(b) \\ Truncate
a1« a/|lallo and b+ < b/||b]l2 \\ Normalize
tt+1

end while

I < Supp(a®) and J + Supp(b®)

return (/,.J)

finds a local maximum of ((k, ¢)-linRank-1) smaller than A, and therefore result in the termination
of Algorithm 1 on a suboptimal solution. On the positive side, note that Algorithm 1 is robust to
some errors of Algorithm 2. For instance, if an incorrect component is added to S at some iteration,
but the correct components are identified later, Algorithm 1 will eventually shrink the incorrect
components to 0. One of the causes of failure of TPI type of methods is the presence of a large local
maximum in the sparse PCA problem corresponding to a suboptimal component; incorporating
this component in S will reduce the size of that local maximum, thereby increasing the chance of
selecting a correct component the next time around.

5.3 Computational cost

Note that when mq,mo are large, solving Ps involves the minimizations of trace norms of matrices
of size k x g which, when k and ¢ are small compared to m; and ms have low computational cost.
The bottleneck for providing a computational complexity of the algorithm is the (£, ¢)-linRank-1
step. It has been proved by Yuan and Zhang (2013) that under some conditions the problem can
be solved in linear time. If the conditions hold at every step of gradient, the overall cost of an
iteration can be cast into the cost of evaluating the gradient and the evaluation of thin SVDs:
O(k%q). Evaluating the gradient has a cost dependent on the risk function £. This cost for usual
applications is O(mims). So assuming the RIP conditions required by Yuan and Zhang (2013) hold,
the cost of Algorithm 2 is dominated by matrix-vector multiplications so of the order O(mimsy).
The total cost of the algorithm for reaching a d-accurate solution is therefore O((mims + k2q)/6).
However the worst case complexity of the algorithm is non-polynomial as (%, ¢)-linRank-1 is non-
polynomial in general. We would like to point out that in our numerical experiments a warm start
with singular vectors and multiple runs of the algorithm (%, ¢)-linRank-1 keeping track of the highest
found variance has provided us a very fast and reliable solver. Further discussion on this step go
beyond the scope of this work.

6 Numerical experiments

In this section we report experimental results to assess the performance of sparse low-rank matrix
estimation using different techniques. We start in Section 6.1 with simulations aiming at validating
the theoretical results on statistical dimension of €2, , and assessing how they generalize to matrices
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with (k,q)-rank larger than 1. In Section 6.2 we compare several techniques for sparse PCA on
simulated data.

6.1 Empirical estimates of the statistical dimension.

In order to numerically estimate the statistical dimension &(Z,2) of a regularizer Q at a matrix Z,
we add to Z a random Gaussian noise matrix and observe Y = Z + oG where G has normal i.i.d.
entries following A(0,1). We then denoise Y using (30) to form an estimate Z of Z. For small o,
the normalized mean-squared error (NMSE) defined as

_Ejz-1],

NMSE(o) : 5

a

is a good estimate of the statistical dimension, since Oymak and Hassibi (2013) show that

S(Z,9Q) = lim NMSE(0) .
oc—0

Numerically, we therefore estimate &(Z,(2) by taking ¢ = 10~* and measuring the empirical NMSE
averaged over 20 repeats. We consider square matrices with m; = mo = 1000, and estimate the
statistical dimension of €2 4, the ¢; and the trace norms at different matrices Z. The constrained
denoiser (30) has a simple close-form for the ¢; and the trace norm. For € 4, it can be obtained
by a series of proximal projections (15) with different parameters A until Qk,q(ZA ) has the correct
value €, ,(Z). Since the noise is small, we found that it was sufficient and faster to perform a
soft-(k, q)-SVD of Y by solving (15) with a small A, and then apply the ¢; constrained denoiser to
the set of soft-(k, q)-sparse singular values. B

We first estimate the statistical dimensions of the three norms at an atom Z € Ay g4, for different
values of k = ¢q. Figure 2 (top left) shows the results, which confirm the theoretical bounds sum-
marized in Table 2. The statistical dimension of the trace norm does not depend on k, while that
of the £1 norm increases almost quadratically with k and that of €, , increases linearly with k. As
expected, Qj , interpolates between the ¢; norm (for £ = 1) and the trace norm (for k = m;), and
outperforms both norms for intermediary values of k. This experiments therefore confirms that our
upper bound (33) on &(Z, Qy, ,) captures the correct order in k, although the constants can certainly
be much improved, and that Algorithm 1 manages, in this simple setting, to correctly approximate
the solution of the convex minimization problem.

Second, we estimate the statistical dimension of €, , on matrices with (k, ¢)-rank larger than 1, a
setting for which we proved no theoretical result. Figure 2 (top left) shows the numerical estimate
of &(Z,Q,4) for matrices Z which are sums of r atoms in Ay j with non-overlapping support, for
k = 10 and varying r. We observe that the increase in statistical dimension is roughly linear in
the (k,q)-rank. For a fixed (k,q)-rank of 3, the bottom plots of Figure 2 compare the estimated
statistical dimensions of the three regularizers on matrices Z which are sums of 3 atoms in jk,k
with non-overlapping (bottom left) or overlapping (bottom right) supports. The shapes of the
different curves are overall similar to the rank 1 case, although the performance of €, , degrades as
the supports of atoms overlap. In both cases, €1 , consistently outperforms the two other norms.
Overall these experiments suggest that the statistical dimension of €} , at a linear combination
of r atoms increases as Cr (klogm; + glog ma) where the coefficient C' increases with the overlap
among the supports of the atoms.
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Figure 2: Estimates of the statistical dimensions of the ¢;, trace and €, norms at a matrix
Z € R1000x1000 iy different setting. Top left: Z is an atom in .Zkk for different values of k. Top
right: Z is a sum of r atoms in /Tk,k with non-overlapping support, with & = 10 and varying r.
Bottom left: Z is a sum of 3 atoms in .Zkk with non-overlapping support, for varying k. Bottom
right: Z is a sum of 3 atoms in .Zkk with overlapping support, for varying k.
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Figure 3: Sparse PCA example. The first row shows the supports found by our method (left) by
sequential sparse PCA (middle) and element wise thresholding of the sample covariance matrix.
Other plots contain heatmaps of the estimated covariance matrix using different methods, and the
ground truth ¥* in the lower right hand side.

24



hal-01025959, version 1 - 18 Jul 2014

6.2 Comparison of algorithms for sparse PCA

In this section we compare the performance of different algorithms in estimating a sparsely factored
covariance matrix that we denote ¥*. The observed sample consists of n random vector vectors
generated i.i.d. according to N'(0,X* +0?%1Id,), where (k, k)-rank(X*) = 3. The matrix ¥* is formed
by adding 3 blocks of rank 1, ¥* = aja{ +agay +asag, having all the same sparsity ||a;|jo = k = 10,
3% 3 overlaps and nonzero entries equal to 1/ V'k. See Figure 3, bottom right plot for a representation
of the ground truth >*. The noise level ¢ = 0.8 is set in order to make the signal to noise ratio
below the level o = 1 where a spectral gap appears and makes the spectral baseline (penalizing the
trace of the PSD matrix) work. In our experiments the number of variables is p = 200 and n = 80
points are observed. To estimate the true covariance matrix from the noisy observation, first the
sample covariance matrix is formed as

n
- 1
.
Yy, =— E rix;
n-
1=1

and given as input to various algorithms which provide a new estimate 3. The methods we compared
are the following:

e Raw sample covariance. The most basic is to output X, as the estimate of the covariance,
which is not accurate due to presence of noise and underdeterminedness n < p.

e Trace penalty on the PSD cone. This spectral algorithm solves the following optimization
problem in the cone of PSD matrices:

2

+ATrZ.
Fro

1 N
min — HZ — >
Z>0 2

e /1 penalty. In order to approximate the sample covariance S, by a sparse matrix a basic
idea is to soft-threshold it element-by-element. This is equivalent to solving the following
convex optimization problem:

2
+ Al Z]]: -
Fro

1 .
min — HZ—En
zZ 2

e Trace + /1 penalty. The restriction of I', to the PSD cone, which is equivalent to solving

the following SDP
2

1
+ AI',(Z).
Fro A ,u( )

min — ‘Z— fln
Z=0 2

This approach needs to tune two parameters A > 0, u € [0, 1].

e Sequential sparse PCA. This is the standard way of estimating multiple sparse principal
components which consists of solving the problem for a single component at each step ¢ =
1---r, and deflate to switch to the next (¢t + 1)st component. The deflation step used in this
algorithm is the orthogonal projection

Zt+1 = (Idp - ututT) Zt (Idp - ’LLt’LL;r) .

The tuning parameters for this approach are the sparsity level £ and the number of principal
components r.
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Sample covariance Trace 0y Trace + ¢1 | Sequential Q-
4.20 + 0.02 0.98 + 0.01 | 2.07 £ 0.01 | 0.96 + 0.01 | 0.93 + 0.08 | 0.59 + 0.03

Table 3: Relative error of covariance estimation with different methods.

e (1~ penalty. The following optimization problem, which is a proximal operator computation,
is solved using the active set algorithm:

2

1
+ )\th(Z) ,
Fro

min — ’Z — in
Z>0 2

with € ~ the gauge associated with Ay . already introduced in Section 3.4. The two param-
eters of this method are A > 0 and k£ € N\{0}.

We report the relative errors HZA] - X / I1X* || gy Over 10 runs of our experiments in Table 3, and

a representation of the estimated matrices can be found in Figure 3. We observe that sparse PCA
methods using €, - and also the sequential method using deflation steps outperform spectral and
{1 baselines. In addition, penalizing €, - is superior to the sequential approach. This was expected
since our algorithm minimizes a loss function that is close to the test errors reported, whereas the
sequential scheme does not optimize a well-defined objective.

7 Conclusion

In this work, we proposed two new convex penalties, the (k, ¢)-trace norm and the (k, ¢)-CUT norm,
specifically tailored to the estimation of low-rank matrices with sparse factors. Our motivation
for proposing such convex formulations for sparse low-rank matrix inference was twofold. First, it
allowed us to consider algorithmic schemes that are better understood when a problem is formulated
as a convex optimization problem, even though the complexity of solving the problem exactly
remains super-polynomial. Second, using convex geometry allowed us to provide sample complexity
and statistical guarantees, and notably to show that the proposed estimators have much better
statistical dimension than more standard convex combinations of the ¢; and trace norms. We
observed that the improvement exists only for matrices: for sparse vectors, using our penalty (which
boils down to the k-support norm in this case) does not improve over the standard ¢; norm, in terms
of statistical dimension increase rate.

One limitation of this work is that we assume that the sparsity of the factors is known and fixed.
Lifting this constraint and investigating procedures that can adapt to the size of the blocks (like the
/1 norm adapts to the size of the support) is an interesting direction for future research. Another
interesting direction is to use the nuclear norm formulation of the (k,g)-trace norm as in Lemma
10 to optimize the regularized problem.
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A Proofs of results in Sections 2 and 3.

Proof [Proposition 2|

To prove the first claim, note that a matrix of the form ab" for a € A" and b € A" has at
most kg non-zero terms. Therefore, the decomposition of a matrix with no null entries as a linear
combination of such sparse matrices must count at least m}{—g” terms, which is larger than mq V meo
when kg < mq A mo.

To prove second claim, consider the case of the (2,2)-SVD for the matrix Z = 117 € R3. It is
impossible to write Z as the sum of two (2,2)-sparse matrices, because it would then have at most
8 non-zero coefficients. But we have the decomposition.

111 210 001 1 0-1
111 )=(130)+(0i1])—( 00 0],
111 000 012 -1 01

which shows that the (2,2)-rank of Z is 3. Now, given that Z is invariant by any of the 6 permu-
tations of the rows and any of the 6 permutations of the columns, Z admits at least 36 different
(2,2)-SVDs.

To prove the third claim, observe that the decomposition proposed above for Z = 117 € R3 yields
9 left- and right-(2, 2)-sparse singular vectors that are obviously not orthogonal. It can actually be
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shown by systematic enumeration of all possible cases that it is impossible to find any (2, 2)-sparse-
SVD of Z whose left or right singular vectors are orthogonal.
|

Proof |Proposition 6]

To prove the first claim, let us consider the matrix Z = 117 € R?. We showed in the proof of
Proposition 2 above that its (2, 2)-rank is equal to 3. We now show that its soft-(2, 2)-rank is equal
to 9. For that purpose, we express any soft-(2,2)-SVD of Z as a minimizer of (8), and write the
corresponding Lagrangian:

Lz ) = 3 (200, + (kT (2 Y 20)).

1,JeGo 1,J€Go

where (Z"7)) j and K are the primal and dual variables. It is easy to check that the dual solution is
the unique subgradient of €29 5 at Z which is equal to K* = %Z . But any primal solution must satisfy
tr(K*"ZU7D) = ||ZU7||,. This implies that any primal solution (ZY7)); ; satisfies ZU”) o 171].
Then, one can check that ((3)1;1])r jeg, forms a basis of R**3 so that any matrix Z admits a
unique set of decomposition coefficients on that basis. This proves that the unique solution of (8)
is the one such that ZU7) = %111} for all pairs (I,.J) € Ga x Go. This unique soft-(k, ¢)-SVD is
composed of 9 terms, meaning that the soft-(k, ¢)-rank of Z is 9 while its (k, g)-rank is 3.

To prove the second claim, let us consider the soft-(2,2)-SVDs of Z = %11T € R*. By proposition 17,
%HZHl < 9272(2), but %HZHl =4 and 27 = (1{172} + 1{374})(1{1’2} + 1{374})1— which shows that
No9(Z) < 4. So Qy9(Z) = 4. Considering that there are 3 ways to partition {1,2,3,4} into sets
of cardinality 2, Z admits at least 9 different optimal decompositions in the sense of the (2, 2)-soft-
SVD since Z can be written in 9 different ways as the sum of four matrices of .,1272 with disjoint
supports. Each of these decompositions attains the (2,2)-rank which is equal to 4. Note also that
by convexity any convex combination of these decompositions is also an optimal decomposition in
the sense of the soft-(2,2)-SVD, but can contain up to 36 terms!

To prove the third claim, let us consider

z2=(110), 2= (811), z=2+ 2= (121).
000 011 011
As Z1,7Z5,7 are all positive semidefinite we have || Z1]« = 2, ||Z2]|« = 2, and [|Z||. = 4. By in-
equality (7), Q22(Z) > || Z]|x = 4 which proves that the decomposition Z = Z; + Z; is optimal:
N9 9(Z) = 4. But (Z1,Z3) = 1. So this decomposition is a decomposition of Z onto linear combi-
nation of atoms %Zl, %Zg € A o which are not orthogonal. [ |

Proof [Lemma 7|
We first show (9) from the definition of the dual norm € :

L(2) = max (K. 2) © Qu,() < 1)
=max{(Z,ab") : ab" € Ay 4}

a,b
=max{a'Zb : ally <k, [[blly <a, lally =0l =1}

)

= max {1211, T €GP, T EG}
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where the second equality follows from the fact that the maximization of a linear form over a
bounded convex set is attained at one of the extreme points of the set. Given this closed-form
expression of the dual norm, we prove the variational formulation (8) for the primal norm € ,.
Consider the function QAq defined by

U q(2) = inf > 2" 2= 20 swp(z0) c 1 x

(1)Eg™ xGy'2

*

Since O 4(Z) is defined as the infimum of a jointly convex function of Z and (Z(I’J))Iegm17 Jegm?
obtained by minimizing w.r.t. to the latter variables, it is a an elementary fact from conve;z analysis
that Q;;q is a convex function of Z. It is also symmetric and positively homogeneous, which together
with convexity prove that QAq defines a norm. We can compute its dual norm as

Qg (K) = mZaX{(K,Z> D Qg(Z2) <13

= max (K, Z ZUDy Z |27, <1, supp(Z2"”) Cc I xJ
(Z(IJ))(I,J) (IJ (LJ)

_ max PIUEUAR AL I P VR DT
(Z(IJ))(LJ)7(77(11))(1’]) (I J) (I J

—  max Z NNl = Y 0" <1
(77(1]))(1 J) ) (I J

= K
?}?};” IJH

= O, (K).

This proves that Qy ,(K) = Q ,(K) since a norm is uniquely characterized by its dual norm.
Finally, to show (10) we use the general characterization of the subdifferential of a norm (e.g.,
Watson, 1992):

Qk#](A) = <G7 A> )

G € 00 4(A) & {Q "G <1.

Let us denote a subgradlent by G = A+ Z. Since A = ab' is an atom, we have Qpq(A) = 1.
In addition, ||A|f, = Tr(ba"ab") = 1, therefore the condition Q4 ,(4) = (G, A) boils down to
(Z, Ay = 0. Given the characterization of the dual norm (9), we therefore get:

Og(A) = {A+ 27+ (A,2) =0, Y(I,T) €GP X G (| Ary+ Ziglly, <1}
Let now
D(A) = {A 7 AZL g =0, ATZp, 0, =0, V(I,J) € G X G ||Arg+ Z14l,, < 1} :
Since (A,Z) = (A, Z1y.5,) = Tr(ATZy,.5,), it is clear that D(A) C 0y 4(A). Conversely, let
G =A+7Z € 0 4(A). Then (A, Z) = (ab", Z1,,1,) = a' Z1,,5,b = 0, and therefore, by Pythagorean

equality applied to the orthogonal vectors a and Zj, j,b:

2 2 2 2
H(AIO,JO + ZIO,JO) sz = HabTb+ Zfo,JobHQ = Ha + Zfo,JobHQ =1+ ||Zlo7Job||2 s
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but since [[Azy,5) + Zio,sll,p, < 1 and [|b]ly = 1 we must have [ Zy, 4,b[, = 0. This shows that
AZITO,JO = abTZITO’JO = 0. The same reasoning starting with the orthogonal vectors b and ZITO,JOG
shows that we also have AT Zj, j, = 0, implying that 0y, ,(A) C D(A). This concludes the proof
that 08y, 4(A) = D(A), as claimed in (10). [ ]

Proof [Lemma 10]
Let v be the nuclear norm induced by two atomic norms |[|-[|, and [|||5, induced themselves respec-
tively by the two atom sets Ay and As. Let A = {abT ca€e A, b e Ag} and B = ConV(A),

then the key argument is to note that we have
{ab™ : Jall, <1, Jblly <1} c B

Indeed, if a = >, A\ja; and b = Zj A;-bj with a; € Ay, bj € Ay and Y, \; = zj )\;- = 1, then with
Wij = /\i)\;-, we have ab” = Zi,j ,uijaib; and ZM pi; = 1. The inclusion is then proved by density.
By (12) the dual norm of v satisfies

V*(Z) = sup {aTZb : Jall, <1, (bl < 1} ,

so that
v (Z) <sup{(Z,ab") : ab' € B} =sup{(Z,ab') : ab' € A} <v*(Z),

where the middle equality is due to the fact that the maximum of a linear function on a convex set
is attained at a vertex. We therefore have v*(Z) = sup{(Z, A) : A € A}. Given (4), this shows
that v is the atomic norm induced by A. [ ]

Proof [Theorem 11]

Since the (k, ¢)-trace norm is the atomic norm induced by the atom set (5), Lemma 10 tells us that
it is also the nuclear norm induced by the two atomic norms with atom sets A;" and Ag'?, which
correspond exactly to the so-called k- and g-support norms of Argyriou et al. (2012).

To prove the second statement, we proceed similarly to get that the (k, ¢)-CUT norm is the nuclear
norm induced by the two atomic norms with atom sets .ZZ“ and JZZ"”Z Calling j, and k, these
norms, we obtain an explicit formulation as follows:

Kr(w) = mgx{(s,w> :kL(s) <1}

1 k
:max{(s,w> : \/—E;\s(i)] < 1}

1
—— ||w if ||lwl|l;, > k|lw
k\/EH 4 [wlly = & flwl
1 )

— wll i wlly <K

7
= L e (ol ol
—\/Emax woo,kwl .

o0

Proof [Lemma 12]
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The form of §; follows immediately from the fact that ;(w) = max{a"w : a € Ai}. Similarly for
k., we have

k
~ 1
R*SZmaX{as :aGA}:maxs = — S(;
k( ) ( ) > k I:\I\:kH IHl \/E;| (z)|7
where s(;) denotes the the ith largest element of s in absolute value. This norm is proportional to
a norm known as the vector k-norm or 1-k£ symmetric norm gauge. |

Proof [Proposition 13]
To prove the first claim, we show a counterexample for the (2,2)-SVD in R**4. Let I = {1,2} and
J = {3,4}. The matrix Z = 117 € R?* can be written as Z = i+ Zrg+ 21+ Zyg, so its
(2,2)-rank is less than 4. However, it is not possible to write it as a sum of less than 6 symmetric
(2,2)-sparse matrices, because each of these matrices can only make one coefficient above the non-
diagonal non-zero. Therefore, its (2,2)-SVD must contain non-symmetric terms.
To prove the second claim, note first that the case £ = 1 is peculiar and not representative of the
general case because the span of the PSD matrices of sparsity 1 are only the diagonal matrices,
while the span of rank one PSD matrices of sparsity k& x k for k£ > 1 is all the symmetric matrices.
Now, we claim that it is not possible to write Z = 117 € R? as a sum of PSD matrices that are
(2,2)-sparse and PSD. Indeed, if this was the case, this would imply the existence of a non zero
vector v with a support of size at most 2 such that Z — vv" > 0. Since the only eigenvector of Z
associated with a non-zero eigenvalue is the constant vector this is impossible.

|

B Proofs of results in Section 4.1

Proof [Lemma 14]

We prove a more general result than Lemma 14. Let  : R™*™2 — R be any matrix norm, and
X R™>m2 — R™ he a linear map. We denote by X; (i = 1,...,n) the i-th design matrix defined
by X(Z); = (Z,X;). For a given matrix Z* € R *™2 agsume we observe:

Y =X(Z%) + ¢, (41)
where € € R" is a centered random noise vector. We consider the following estimator of Z*:
. 1
Za Earngin%HY—X(Z)H%—F)\Q(Z), (42)

for some value of the parameter A > 0. The following result generalizes standard results known for
the /1 and trace norms (e.g., Koltchinskii et al., 2011, Theorem 1) to any norm €.

Theorem 27 If A > 10* (37" | €, X;) then

1 .
— |\ X(Zq — 27

z < inf {% 1X(Z - 292 + ZAQ(Z)} . (43)
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Lemma 14 is then a simple consequence of Theorem 27 by taking for X the identity map, upper
bounding the right-hand side of (43) by the value 2A\Q(Z*) it takes for Z = Z*, and replacing A by
A/n. [ |

Proof [Theorem 27]
By definition of Zg (42), we have for all Z:

|l - x| < o 1Y - X(@))E 4 A (2A2) - 2 Z0)
2n 27 2n 2 ’
which after developing the squared norm and replacing Y by (41) gives
1 o121 N . 1 5 1 N
- _ < B _
A0, - -2 + e X(Za)) < IR (D)N3 - (X(2) + e, X(2)) + A (2) - U Z0) )
and therefore

o[ X0 - 2] < 51X - 2B+ e X (20 - 2)) 4 A (UAZ) - Z0)) . ()

Now, using the fact (true for any norm) that Q(A)Q*(B) > (A, B) for any vectors A, B € R, and
taking A > 1Q*(3"" | ¢;X;), we can upper bound the second term of the right-hand side of (44) by:

1 . 1 & .
XZa—-2)== &X(Za—2Z);
(€ X(Z0 = 2)) = 3 a¥(Za = 2)

n

1 « 5
==Y €l(Xi, Zo - Z)
" =1

n

= %g; ¢ X, Zg — 7Z)
< %Q* (Z: eiXZ-> 0 (ZQ - Z)
<AQ (ZQ - Z)

Plugging this bound back in (44) finally gives

% HX(Zh - 7%) z < % 1X(Z = Z9)|5+ X2 Za — Z) + A (Q(Z) - Q(ZQ))

1
< X2 - 23 +229(2),

the last inequality being due to the triangle inequality. |

Before proving Propositon 15, let us first derive an intermediary results useful to obtain an upper
bound on the dual (k, g)-trace norm of a random matrix with i.i.d. normal entries.

Lemma 28 Let G be a my1 X mo random matrix with i.i.d. normally distributed entries. Then

mq mo
E GrlI? <16 | klog — + qlog —=2 ) + 2(k .
Iegnzgégqll ralls, < [( og -~ +qlog = >+ ( +q)]
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Proof [Lemma 28]
For a random matrix H € R¥*¢ with i.i.d. standard normal entries, we have the following concen-
tration inequality (e.g., Davidson and Szarek, 2001): for s > 0,

Pl|H||,p > VE+ /G + 5] < exp(—s?/2). (45)
Denoting R = 2 (\/E + \/G), and f(z) = !, we have the sequence of inequalities

Eexp(t||H|J2,) =Ef(|H|,p,)
= [ Rl > 1

14+ £(R) o
g/ ! dh+/ Pl (IH],,) > hldh
1+ f(R)

_ +/0 Bl > 7 (F(R) + 1+ )¢
)+ /0 Pl > 3R+ 5~ (14 Q) (46)
)+ /oo 8ts exp 2/24—41552) ds (47)
0
< )+ 4 %_415 (48)
< exp(8t(k +q)) + 1§—tgt )

where the change of variable used in (47) is 1+ ¢ = f(2s) = ¢%%°, (48) is true for any ¢ < L, and

(46) follows from the property of the inverse f~!(z) = 4/ % that it is strictly increasing on [1; 00)
and sandwiched via

ST+ S /e < ST . (19)

36



hal-01025959, version 1 - 18 Jul 2014

Take now ¢ = . Since k + ¢ > 2, we have 1/16 < ¢ < 1/8. Therefore,

8 8(k

S| = | = H—lH_'_

—
Q
09

EH}E}XHGI,JH?JP exptEmaXHG1J|| }

IN

log ¢« Eexp tmaXHGIJH )}

IN

IN
—
o

0

1,7
(?)( ) Ees(t A, |
() (72) () )

t
[ klog +qlogm7> +k+q+8t(/<;+q)+log< 8—6—&(’“@”

IN
<)

{
\
{Saenticnl?,)}
{
\

| = k| = | =

1 -8t

IN

16 [<k‘log— + qlog %)
m2>

<16 [<k‘log— + glog —

+k+ q} +8(k+q) + %&6_&(’”‘1)

+2k+q],

q
where in the last inequality we simply used 8/(1 — 8t) = 8(k + ¢) and exp(—8t(k + ¢q)) < 1. |

Proof [Propositon 15]
From Lemma 28 we have:

EQ; (G)=E G
k,q( ) IEéI;,aj)égq ” IvL]H()p

<[E max G 2
_< Iegk,Jequ I’J||°p>

[(k:log? + qlog 7) +2(k‘+q)}

§4<,/klog%+2k:+,/qlog%+2q>

The upper bounds for the ¢; and trace norms are standard. See Vershynin (2012, Theorem. 5.32)
for the tight upper bound on the operator norm E |G| op = \/m1 + /mz, and for the upper bound
on the element-wise £, norm of G, use Jensen inequality followed by upper bounding the maximum
of nonnegative scalars by their sum:

exp (t E |G| ) < Eexp(t [|G)
< mymyexp(t?/2).

Taking ¢ = y/2log(mims) in the logarithms of the last inequality gives E |G|, < v2mime. W

[NIES

D=

C Some cone inclusions (Proofs of results in Section 4.2.2)

Let us start with a simple result useful to prove inclusions of tangent cones.
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Lemma 29 Let f and g two convex functions from R% such that f < g and let x* such that
f(x*) = g(z*). Then Ty(z*) C Ty(z*).

Proof [Lemma 29|
Let h € R? and 7 > 0 such that g(x* + 7h) < g(z*). Then we also have
f@™ +7h) <g(a” +7h) < g(z") = f(z7),
and therefore, for any 7 > 0,
{h eR? : g(z* +7h) < g(az*)} c {h eR? . f(a* +7h) < f(x*)} .
From the definition (26) of the tangent cone we deduce, by taking the union over 7 > 0 and the

closure of this inclusion, that T, (z*) C T¢(z*). [ |

We can now prove the results in Section 4.2.2

Proof [Proposition 17]

Consider a matrix A = ab” € Ay, We have ||A]|, = [la]2]/bll2 = 1, and ||A[|, = |lall, I, = Vkq.
Since A is an atom of both the norm €, , and the norm ﬁ;w we have Q, ,(4) = &:vlhq(A) =1so
that, for any p € [0, 1],

1 -
T(A) = [|A]l, = —— [|A]l, = Qug(A) = Qpg(A) = 1.
u(A) = A] NiT 1Al q(A) q(A)
Besides, for any matrix K € R™>*™2 for all (I,J) € G;" x G"2, we have ||K7 4|, < [|K]|,, and

1Ko < 1870l < VEGIET g s0 that QF (K) < |[K]|,, and Q5  (K) < vkqmaxy,j | K7l =

op —

VEq || K|, Given that .Zk,q C Ay, 4, we also have that

Qf (K)= ma A K) < max (A, K) =Q; (K).
k7q( ) Aeﬂzq< >_A€A§q< > k,q( )

By Fenchel duality, we therefore have for any Z € R™*™2 and p € [0, 1]:

M

N 1Z)l+ (1= ) 1 Z1l, < Qug(2) < U y(2).

Proof [Corollary 18]
Combining Proposition 17 with Lemma 29 directly gives (31). (32) is then a direct consequence of
the definition of the statistical dimension (27). [ |

Proof [Corollary 19]

A necessary and sufficient condition for exact recovery is the so called null space property which is
the event that To(Z*) N Ker(X) = {0}, where Ker(X') is the kernel of the linear transformation X
(Chandrasekaran et al., 2012, Proposition 2.1). The result therefore follows from the inclusion of
the cones stated in Corollary 18. |

Proof [Proposition 20]
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Let a € .Zzn with supp(a) = Iy, meaning that |a;| = 1/v/k for i € Iy and a; = 0 for i € Ig. The sub
differential of the scaled ¢; norm I'y at a is

dl'1(a) = {s eR™ : s; =sign(a;) fori € Iy, |s;] <1forie Ig} .
From (10), we get that the subdifferential of 0 at a is
00i(a) ={a+z : Vi,aizi =0and VI € G;", |lar + zr|| < 1} .

The first condition is equivalent to z; = 0 for ¢ € Iy, which implies that the second is equivalent to
2] < 1/Vk for i € IS. We deduce that s = a + z € 90y (a) if and only if s; = a; for i € Iy and
|ls;] <1/Vk fori € Ig, i.e.,
1
00 (a) = —=0TI'1(a) .

This shows that the subdifferentials of I'y and 6 have the same conic hull, and Proposition 20
follows by noting that the tangent cone is the polar cone of the conic hull of the subdifferential
(Rockafellar, 1997, Theorem 23.7). [ ]

D Upper bound on the statistical dimension of ), , (proof of Propo-
sition 23)

The aim of this appendix is to prove the upper bound on the statistical dimension €2 , given in
Proposition 23. Given its level of technicality, we split the proof in several parts. We start with
preliminaries and notations in Section D.1, before proving Proposition 23 in Section D.2. The proofs
of several technical results needed in Section D.2 are postponed to Section D.3, D.4 and D.5.

D.1 Preliminaries and notations

Let us start with some notations used throughout Appendix D. A = ab" € Ay, , is an atom of €, 4,
with Iy = supp(a) and Jy = supp(b). v = 7y(a,b) refers to the atom strength of A (Definition 22).
For any I € G;"" and J € G2, let ur = ay/|lasll, and vy = by/||bsly. Note that while as is a
subvector of a, the notation u; does not refer to a subvector of some vector v and that therefore
[ur]r, # [ur,]r = ar since ||lag, || = |lal| = 1.

To analyze the statistical dimension (27) of 0, , at A, it is useful to express it as follows (Chandrasekaran et al.,

2012, Proposition 3.6):
&(A, Q) = E [dist (G, No, ,(4))°] . (50)

where Ng,  (A) is the normal cone of Q4 at A (i.e., the conic hull of the subdifferential of O,
at A) and dist (G, No, , (A)) denotes the Frobenius distance of the Gaussian matrix G with i.i.d.
standard normal entries to Nq, (A). In order to upper bound this quantity, it is therefore important
to characterize precisely the normal cone Ng,  (A) .

For that purpose, let us introduce further notations. We consider the following subspace of R %2

span(A) = {LA+ AR : LeR™*™ ReR™*m}

and denote by P4 and Py the orthogonal projectors onto span(A) and span(A) respectively. Since
A = ab" with [ja||, = ||b]|, = 1, we have the closed-form expressions P+ (Z) = (Idm, —aa™)Z(Idy,, —
bb").

39



hal-01025959, version 1 - 18 Jul 2014

For any (I,J) € G x G2, consider now the subspace
span; j(A) = {L[JA[,J +ArgRyy : LeR™*™ Re Rm2xm2} ,
and its orthogonal
spany j(A) = {Z e R™*™ + Ay ;7] ;= Af ;215 =0} .

Note that span}0 o (A) is related to the subdifferential of Q4 at A, since according to (10) we can
write it as

O, 4(A) = {A—I— Z . Z¢€ span};’JO(A), Y(I,J) e g™ x G2 || Arg + ZLJHOP < 1} . (51)

It is possible to estimate the dimension of span}a 7,(A) as follows:
Lemma 30 The dimension of spany, ; (A) is k+q— 1.

Proof [Lemma 30]

For A = ab", the range of L — Ly, 1,Al,.J, equals the range of ay, — a,b" which has dimension
|Io] = k. By the same token, the range of R — Ay, j,Ryj,.j, has dimension ¢. By definition of
spany, ;,(A) we therefore have

spany, 5. (A) = {apb" +af), : a € R™ B cR™}
and therefore by the inclusion-exclusion principle dim (span To, JO(A)) =k+q-—1. |

Finally we denote by II4 7 ; the projector onto spanLJ(A), and by HJA;JJ the projector onto
spant ;(A). They satisfy respectively

a7(Z)=Pa,,(Z1y) and Ty, ;(Z) =2 -Ta;(Z)=Z—Pa,,(Z1,).

D.2 Proof of Proposition 23

Proof [Proposition 23]

In order to upper bound the statistical dimension of €2, , at A, we associate to any matrix G a matrix
Z(G) belonging to the normal cone Ng,  (A), where = : R™1X™m2 — R™M1XM2 s measurable. From
the characterization of the statistical dimension (50), since dist (G, No, ,(4)) < |G — E(G) ||, We
will then get the upper bound:

(A, Q) = E [dist (G, Noy,,(4))°] SEIG—Z(G)I, (52)

The main steps in the proof are then (i) to define the mapping =, (ii) to show that Z(G) € Ng, ,(A)

for all G, and (iiii) to upper bound E |G — Z(G)||3,, in order to derive an upper bound on &(A4, Q)
by (52).
Given a measurable function e : R™>*™2 — R let us therefore consider the mapping =:

VG e R™*™M  E(G)i=e(G)A+TIy 4, 5. (G). (53)

The following lemma provides a mapping € to ensure that Z(G) € Ngk’q(A).
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Lemma 31 Let €(G)? be equal to

16 2 2 8 T 2 2
2 HGIO,Jo”op v Ilélgé}nﬁ 1G5 Vv o T ) ek [HGIHIO,J\JOUI‘L + HGI\I(),JHJOUJHQ :
by 0%5<q ET3) 10l=i
JeGy (1,5)#(0,0)

(54)
Then, for every G € R™>*™2  the matriz Z(G) defined in (53) belongs to the normal cone of Q4
at A.

By choosing €(G) as in Lemma 31, the upper bound (52) because Z(G) € Ng, (A). Using the
decomposition G =114 1, 5, (G) + Hj’IOJO(G) we deduce

S(A, Q) SE[G = Z(G)llfo = Elle(G)A = T 10,50(F) | o
S 2E HE(G)AH%I‘O + 2E H]:[A7107J0 (G)”%ro
=2E ¢(G)* +2(k +q—1), (55)

where (55) is due to ||Al|p,, = 1 and the fact that ||IL4 p,, JO(G)H%r ., follows a chi-square distribution
with &+ ¢ — 1 degrees of freedom, since by Lemma 30 this is the dimension of spany, ; (A4). In order
to upper bound E €(G)? we need the following two lemmata in addition to Lemma 23.

Lemma 32
EHGIO,JOH2 < 4(k+Q) +4. (56)

op —

Lemma 33

8 2 2
E max ) N lnax. [HG;mOJ\JOuI‘b + HGI\IO,JOJOUJ||2]
iy <% + 1) 11\ Jo|=3

q ) HI\Igl=i

48 64

< F(kz\/q)log((ml —k) Vv (ma—q))+ 7(’9\/(1)-

Combining Lemmata 28, 56 and 33 with the definition of ¢(G) in (54) we deduce

16
E ¢(G)? < 7 [k +0)+4)+16 [(klog% +qlog%> +2(k+q)]

+ 47—8(/<; V q)log ((my — k) V (ma2 —q)) + %(1‘5 Vq)

4 4
< <6—2+6—+32> (k+q+1)+16 (klogm—l-qlog@)
Y v k q
48
+ 7(1{:\/q) log (mq V my)

160 80 (

S?(k+q+1)+ 5 kV q)log (miV ms) .

Plugging this upper bound into (55) finally proves Proposition 23. |
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D.3 The scaling factor ¢(G) ensures that Z(G) € Ng, (A4) (proof of Lemma 31)

Proof [Lemma 31]
To simplify notations let us denote

é = Hj,[{),J@ (G) ’

so that (53) becomes Z(G) = ¢(G)A + G. To prove that E(G) belongs to the normal cone of Q4
at A, it is sufficient to prove that €(G)"'E(G) = A+ ¢(G)'G is a subgradient of Q4 at A. By
the characterization of the subgradient in (51), and since G € span};) 7,(A), this is equivalent to

HAIJ +e(G)7t é]JH < 1 for any (I,.J) € G x G;"?, which itself is equivalent to
op

HA]J + G(G)_l HA7]7J(é)

<1 and e(G)! H,ij(él,J)

<1. (57)

op op

First, the second inequality of (57) is satisfied since

HPj (Gr.)

<Gl llop < €(G).

< HGI,J
op 1J

o]

op

There thus remains to prove the first inequality of (57). Note that the matrix A7 ;+e(G)™' a 1.7(G)
has rank 2, so its Frobenius norm is larger than its operator norm by at most a factor of v/2. Working
with the Frobenius norm is more convenient, so knowing that

HAU +e(G) M g (G)

Zp < HAIJ +e(@)7! HA,I,J(G)H; ;

(¢]

we will establish an upper bound on the latter quantity which we denote by v; j(G). Noting that
Ay = |larlly ||bs]ly urv) and that

~ T /A ~ T Wa T
HA,],J(G) :U]UIG]J+G[JUJUJ —u]uIG[ﬂ)J’UJ,

we get
10(G) = [larll Iosllyure +e(G) ™ (urai G+ Gryos] = uruf Graenss )|
= Nl 13 + 5 el sl uf Grrv,
+ g (W CrGiyur + 3Gy Gry = 2w Gy
< llasll3 Ibs13 + % larlly bslly uf Grovs + ﬁ (UPGIJGLUI + U}GL@UUJ> :

The following Lemma provides upper bounds on the different terms.

Lemma 34 We have

IN

u}réIJUJ Halo\IHQ HbJO\JH2 HGIOJOH()p )

IN

U 2 2 2
u;G[JG}JUI HG}—OIO’J\JOUIHZ + 2 Hal()\IHQ HGIOnJOHOp )

v} Gl,Grvg < HGI\IO,JOJOUJH; +2 Hng\JH; HGIO,JoHip .
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This yields

A

2
vi,(G) < llar|3 [1bs15 + @ larlly 1115 (laznelly 1000 ]|y 1G 1006 lop

1 2
+ _e(G)2 <HG}mIO,J\JOu1H2 +2 H(IIO\[‘E \|G10,J0||gp>

1
+ E(G)2 (HGI\IoJﬂJoUJH; +2 HbJO\Jug HGIOJOHgP)

IN

larl3 16513 + 3 larlly bslly lazilly [bsoslly
oA A A
# 2 (54 2) + %5 Qlosall + Boaal)

where we used the definition of €(G) (54) to derive the last inequality.
Define « := [jag\ /| = 1 — |laz]|* and B := [[byps]I* = 1 — [|by]|*>. With these notations and
rearranging the terms, we can rewrite the above inequality as

2 i .
vy (G) < (1 - a)(1-5) +%\/aﬁ(1 —a)(1-p) +%( +B)+% <E +§> .

Since 0 < o, 8 < 1 and using v/af < %(a + ), we have

0B < S(a+F) ad VaBl- )l B) < s(a+4).

These inequalities yield

2

1 . .
@ <1+ o) -1y + 3+ D)+ 3 (1+1)

By definition of v = min .ey, (k‘ a2, q bf,), we have % < % and % < g Moreover, given that
JeTy

0 <~ <1, we have % —2—v= %(4 —2y—~%) > %, so that factorizing ¢ in the previous expression,

we obtain
gl 4 i,
< 1+=|l—-—=+2 -+ =
v (G) < +8[( ~+ +7)(a+ﬁ)+<k+q>}
vl o1 i
< 14+ |—- —+ =
< +8[ 7<a+5>+(k+qﬂ
< 1,
which concludes the proof. [ |

D.4 Proof of Lemma 34

Let us first start with a few useful technical lemmas.
Lemma 35 The matriz Gy = [Hf&lo,Jo(G)]U is of the form Grj = G1 + Go with

Gy =Gy~ Granang, and Gy = (Idr —ara™) G, (Idy — bb)).
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Proof [Lemma 35]

Hf&,[o,]o (G) = G - HAJO,JO(G)
= G- aloa}oGloJo - GfoJobJob}o + afoa}oGIOJobJob}o
= G- GIOJO + (Idfo - afoa}o) GIOJO (IdJo - bJob}o)v

sothat (I (G = Grs— Gianunge + (Idr —aza™) Gy, (Id — bb)).
|
Lemma 36 We have u; Gy = ur Grag,ng, and Gy = G \Io,JnJo VT -
Proof [Lemma 36]
Given that supp(ur) C I, we have
uj G1 = ui (Grs — Ging,unie) = Ui (Grnte.s — Grnte,ung) = i Grarg, o »
which proves the first equality. The second one is proved similarly. [ |

4

Lemma 37 IM—MW&_3

Proof [Lemma 37]

The largest singular value is attained on the span of by and by both on the left and on the right.
Given that [|b|| = 1, it is therefore also the largest eigenvalue of the matrix of the linear operator
restricted to this span which is equal to

Fl—@ /(1 —2)x

0 1 ’
for z = ||bs||?>. Tedious but simple calculations show that the squared operator norm of this matrix
is equal to 1 — x/2 + 1/24/x(4 — 3x), which takes its maximum value 4/3 for z = 1/3. |

Proof [Lemma 34]
Given that Grj = G1 + G2 and u; G1 = urGrng,, g\ > We have u; Givy = up Givgng, = 0, so that

u;éjj’l)] = u;égvj
u;(Id] — CL]CLT) G]OJO (Id] — bb})'UJ

< ur = larlla ||| Grosolloy, o = NbsI1D |

< lag\gll 1os\ s 1 G o.g6 llops
because |luj (Id; — aza”)||* = ||us — |jas|| aH2 =1—2lar||* + [lar||* = [lag\ /||, and symmetrically
HUJ —||bs]| b H = ||bjy\s[l- This shows the first inequality.

For the two next inequalities, note that

uj GrsGlyur = |Glyur|® = ||GTur|)* + |G ug)?
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because (G]ur,G3uz) = 0 as a result of the fact that by lemma 36, G u; and G§ur have disjoint
supports.

Now [[Gurll* = |Gjngy pourll3 and G urll < 2llam\rl* [Gro,5 12, because [[Id — bsb7 12, < 2
(see Lemma 37 for a proof). This shows the second inequality and the third follows by symmetry.
|

D.5 Upper bounds for ¢(G)* (Proofs of Lemmata 32 and 33)
Proof |[Lemma 32]

2
Using (45) and the fact that (\/E +/aq+ S> <2 ((\/E + V)% + 82) gives

PG00 l2, > 2 (VE+ y@)* + %) | < exp(~s2/2).
Setting ¢ = 2s? yields
PGl > 40k + ) +¢] < exp(—t/4).

It follows that

E |Gl = /0 P(|Gooso %, > )t

4k tq) / > 2 ! !
_ / it +/ B(1Gro 2, > )t
0 4(k+q)

< 4(/<:+q)+/ooexp(—t/4)dt
0
= 4(k+q) +4.

Proof [Lemma 33]
As the sets TN Iy x J\Jy and I\Iy x J N Jy are disjoint, and ur,v; of unit length, the random
variable

2 2
My = HG;mIO,J\JOW‘L + HGI\IoJﬂJoUJHQ
follows a chi-square distribution with i + j degrees of freedom, where i = |I\Iy| and j = |J\Jy|.

Using Chernoff’s inequality and the form of the chi-square moment generating function, we have
that for any fixed real number « and fixed index sets I and J, for all ¢ € (0,1/2),

itJ
2 .

P[MLJ S a] _ ]P’[etMU > eta} < et R My e_ta(l o)

Taking the maximum over index sets I and J with the same intersection sizes with Iy and Jy
respectively, and using a union bound on the independent choices of I and J, yields

P| max M;;>a| < <m1 - k> <m2j_ q> exp {—ta — % log(1 — 2t)}

[T\Ig|=i 1
[J\Jol=j

< exp {—ta - % log(1 — 2t) 4+ i log(my — k) + j log(ms — q)} .
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Taking o = A\(i + j), we have for any ¢ < 1/2 (assuming w.l.o.g. m; — k > mg — q)

1+

|I\Ig|=i
[T\ Jgl=3

P | max Mp ;> Ai+j)| <exp {—t)\(i +7j)— log(1 — 2t) + i log(my — k) + j log(mso — q)}

< exp {(z’ ) <—m - %log(l — 2t) + log(m1 — k)) } .

Let us introduce M; ; = % max nry=: My, s, and take t = % (1 — mll_k> < % Then
[J\Jol|=3

S 1 1 3
P| max Mij>A < ) eXp{(Z+J)<—§(1—m1_k>/\+§10g(m1—k:)>}

0<j<q 0<i<k
(4,5)7#(0,0) 0<j<q

(4,5)7#(0,0)

k—1 q—l k

. . 1— 5 1— ﬁq
= iINTBI 1= —1<2
S Sl
=0 7=0

where

g = exp{—% <1 — mll— k:) A+ glog(ml - k)} .

As a consequence, we have

E[ma_XMi,j] = / ]P’[ma_x./\/li,j > /\]d)\
0

1,] 1,J
2m, K log k 0 3 1 1
< d\+2 expq =log(m; — k) —=(1— A dA
0 T tog(mik) 2 2\ ik
3(m1 — k) my —k
———logk +4———
_ml—k—log + mi—k—1
< 6log(m; —k)+8.
It follows that
8 2 2
E 812%)2 m ‘}{}}gfij 1G1nr stz + 1G gm0 112
(oo | \F @) o=
48 64
éV(kvq)log((ml—k)V(mz—q))Jr;(kVQ)- (58)

E Lower bound on the statistical dimension of I';, (Proof of Propo-
sition 24)

Let us start with a technical lemma:
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Lemma 38 Letab" € Ay 4, X : R™>*™2 5 R"™ q linear map from the standard Gaussian ensemble
andy = X(ab"). If n < %mlmg and further

1

n <ng:=((a,b) o

M : O (1 AV L
((kq) A (m1+mg—1)) =2, with ((a,b)=1-(1 . 1 ,
q
then, with probability 1 — c1 exp(—cang), solving formulation (28) with the norm T',, fails to recover
ab” simultaneously for any values of p € [0, 1], where ¢; and co are universal constants.

Proof [Lemma 38]

The proof consists in applying theorem 3.2 in Oymak et al. (2012) for the combination of the ¢1-
norm with the trace norm. We adapt slightly the notations of that paper to reflect the fact that
we are working with matrices. Since we consider conic combinations of the £; and trace norms, the
number of norms is therefore 7 = 2. To apply the theorem we need to specify &, 0, dmin,y and C°
in the notations of that paper.

For each decomposable norm v; for j € {1,2}, with v; the {;-norm and and v, the trace norm,
given a point ab” (which corresponds to the point xo in Oymak et al., 2012), the authors define

e T} the supporting subspaces and FE; (e; in the paper), the orthogonal projection of any
subgradient of the norm in ab" (Definition 2.1),

e L; the Lipschitz constant of v; with respect to the Euclidean norm (Definition 2.2),

2
o hi 1 Ejll5, mame
J L dim(Ty)

(Definition 2.2).
Let ab" € Ay 4 with support Iy x Jy and s, = sign(a), s, = sign(b). Denoting e;; the element of the
canonical basis of R"*™2  we have

o T} = span({eij}(i7j)eloxjo) so that dim(7y) = kq,

o Ih={av" +ub" | ueR™ veR™} so that dim(Ty) = my + mg — 1.

By definition dpi, = dim(77) A dim(75). We have

FE = sas;, ”El”%‘m =kq, FEy = CLbT, HEQHI%‘ro =1, L1 =+\kq, Ly =+/mi Ams,

mimsa mimsa
and thus k) = , kg = , sothat Kk =K1 Ak > =
! kq 2 (m1 Amg)(my +ma — 1) L)
We then have 6 defined as 0 = 601 A 02 with 0; = | Enll2/||Ej|2 where En; is the projection
of Ej on Ty NT5. But Ep € T7 so that 6 = 1. The situation is less simple for E;. Indeed,

En1 = |laliasy + [|blliseb™ — ab™||al[1]|b]]1. Some calculations lead to
ge — llalt  I0IE _ Jlalld 1ol

hence the definition of ((a,b) = 62 = 62 A 63. Theorem 3.2 in Oymak et al. (2012) offers the possi-
bility of constraining the estimator to lie in a cone C. In our case, C = R™*™2_ given the definition

of v we therefore have v < 2. The result follows from applying the theorem with #? = ((a,b) and

. K 1/2 1
USINg §po- 2 3r5mg g "
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Proof [Proposition 24]

Take M such that when mq, mo, k,q,m1/k,ms/q > M then ng is large enough to ensure 1 —
c1 exp(—cang) > 4dexp (—32/17). Then, according to Lemma 38, solving (28) with the norm I, fails
to recover A = ab" with probability at least 4exp (—32/17). On the other hand, Amelunxen et al.
(2013, Theorem 7.1) shows that, when n > & (A,T",) + A, for any A > 0, then solving (28) with the
norm I, correctly recovers A with probability at least

—\?/8
oo (i) Y

where w?(A,T,) = & (A,T',) A (mima — & (A,T},)). Take A = 16w(A,T,,), then using the fact that
w(A,T,) > 1 we get that the probability (59) is smaller than 4 exp (—32/17). This implies that

no < G (A,T,) + A< G (AT,)+16(/6 (A,T,) <176 (A,T,) .

F Bounds on the statistical dimension in the vector case (proofs of
results of Section 4.2.4)
F.1 Lower bound on the statistical dimension of x; (Proof of Proposition 25)

Let us start with two technical lemmata.

Lemma 39 Let Xy denote the kth order statistics of an i.i.d. sample Xy, ..., X,, whose common
distribution has a cdf F. Assume that F~1 is a convex function” from [0,1] to R. Then

k
E[X ] > F* :
[ (k)] - (n + 1)
Proof |[Lemma 39|
Let f denote the pdf of X. We have

n! &

EXw] = G | F @ (1 = P)" ) d

B I'(n+1) Lo B e -
B Hmrm—k+1méﬁjwawlu_” dv =E[F~H(V)],

with V ~ Beta(k,n—k+1). Assuming that F'~! is a convex function, we have by Jensen’s inequality

B[X o] = EIF (V)] 2 P @V]) = P ().

"Note that this implies that the essential support of the random variable is bounded below.
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Lemma 40 Let G € R™ be an standard normal vector, then we have

. 2 n+1
Elni(G)] 2 \E kg (1)
Proof [Lemma 40]

Denote by F' the cdf of the absolute value of a standard normal variable. Then,

Fz) = ®(z) — ®(—z) = erf(%) ,

where @ is the cdf of a standard Gaussian and erf denotes the error function. We use the following

inequality due to Chu (1954):
V1—e o <erf(z) <\/1—e 1%,

F(y) > /-2 log(l - 42).

By definition, we have E[x}(G)] = ﬁE[X(n) + ... + X(n—p+1)] where X; = |G;| and G is a vector

of independent standard normal variables. It can easily be checked that F~! is a convex function.
This implies, using Lemma 39, that

to deduce that

E[s(G)] > if:F—l(l— J )

%
=
B

(% Zk: (1 - J )) (again by Jensen’s inequality)

v

*/E\/_glog ((ii) B (2&11))2)

AV
=
5
5}
OS]
/N
> 3
+|+
=] =
N—

Proof [Proposition 25]
We will denote the squared Gaussian width of the tangent cone intersected with a Euclidean unit

ball by

T. (a)NS™ ) =E t,G),
w (T, (a) ) teTﬁﬁ?ﬁst )

where G € R™ denotes a standard Gaussian vector. We have w (7}, (a)NS™1)? < &(a, kx)(Chandrasekaran et al.,
2012, Proposition 3.6). We thus seek a lower bound of w(7}, (a) NS™~!). Since the tangent cone is
polar to the normal cone, we have that

Ty, (a) ={t e R™| (s,t) <0, Vs € Ori(a)} .
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Given a random Gaussian vector GG, denote Iy the support of @ and I the indices of the k largest
coefficients of G in absolute value outside of Iy. Denote by 55 = sign(Gy,,), i.e., the vector whose
entries are zero outside of I and equal to the sign of the corresponding coefficient of G otherwise.
Define tg = —= (3¢ — a). By construction tg € S™~!. Let now consider s € dry(a), we have

V2k
Vok (s, tq) = —(s,a)+ (s,5¢) < =1+ rp(3a) ki(s) < =1+ 1 =0,
so that tg € Ty, (a). Therefore w(Ty, (a) N S™ 1) > E[(tq, G)] = ﬁE[(ég,Gﬂ = 1E[r}(G)],
whence the result using Lemma 40 and w(7T}, (a) NS™1)? < &(a, ki). [ |

F.2 Upper bound on the statistical dimension of 0, (Proof of Proposition 26)

Proof [Proposition 26]

Without loss of generality, let us assume that w € RP is a fixed vector having nonincreasing —
in absolute value — coordinates, the first s of which are assumed to be nonzero. We compute
the subdifferential of 0y (w) directly by using (14). Remember that one characterization of the
subdifferential is

0 (w) ={a eR? : Oi(a) <1, a'w=">0(w)} .

Letting 7 € {0,--- ,k — 1} being the unique integer such that |wg_,_1| > H%l S Jwil > |wg—y],
let us partition the set of entries {1,--- ,p} into o = {1,--- ;k—r—1},  ={k —r,--- ,s} and
Iy = {s+1,--- ,p} (where each set may be empty). Then we can rewrite the expression of the

k-support norm (14) as
() = lhona B + — o .
2 r + 1 1
Then necessarily each element o € 96y (w) must satisfy
o; = % fori € Iy,

||wr, || | sign(w;)

10 (@) fori e I7.

oy =
As for i € Iy, the coefficients a; do not impact ' w so they should also not impact Oi(a). If s<k
this implies o; = 0, and if s > k this means |o;| < |ag|, and in that case k € I;. With the convention
|lwr,|l; =0 when I; = 0, we finally get the following expression for the subdifferential:

1 1
01(w) = g {4 g ol Gsenwon) 4 hi) [l <1} (60)

In the case s < k, we have s = k —r+ 1, I, = [1,s], [ = 0 and Iy = [s+ 1,p]. In that case
Or(w) = ||w||y and 90 (w) = w/ ||w||,, showing that 6}, is differentiable at w, meaning 6y, is useless
to recover w.

Let us therefore only consider the case s > k, in which case I1 # () and [jwy,||; > 0. In order to
compute the statistical dimension of 6 at w, we use the characterization (50)

&(w,6;) = E |dist (g, Ngk(A))z] ,
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where g is a p-dimensional random vector with i.i.d. normal entries and Ny, (A) is the conic hull of
00 (w). We then get:

S(w,0;) =E inf u — g2
(w,6) L>o & uEtdy, (w) | 9”2}
<inf E inf U —
<inf E| it - glp]
2
: . (r+1) )
< inf K inf g1, —l—wr,|| + |lgr, — tsgn(wr
>0 mmwwiu2 WM122H1 (wn)ll

2
+ ”glo - thfo”z }

(r+ 7 lwnlls 2 2 t*
@ﬁ{mu————i4+um+m+m| Lexp (-2 (61)
lwr, |1 vamt 2

t>0
. (r +1) w13 2 1 < ﬁ)
= inf s+2d~—— 2 1202 4y +(p—s —exp | ——
&0 { { gz e g er (T
5 1)2 2
§13+2{w+]h\}log£, (62)
||’LU[1||1 §

where following Chandrasekaran et al. (2012, Annex C), for (61) we used the fact that for a standard
normal random variable G ~ N(0,1)

E¢ inf (G—tn)? <
In\él( "

~ | =
o

-
)

while (62) is obtained by taking b = y/2log(p/s) and using \/8(11_787(/’)/)) < %.
mlog(p/s

For the lasso case (k= 1), we have r =0, Iy = () and I; = [1, s]. Plugging this into (62) we recover
the standard bound (Chandrasekaran et al., 2012):

)
S(w,0;) < 25 + 2s logg . (63)

In the general case 1 < k < s remember that, by definition of r,

lel

I
and therefore ) , ) )
< Jwnls 0P o o0
T |wg—p—1? T lJwr, I3 = Jwp—r|?

Plugging the left-hand inequality of (64) into (62) and remembering that |Is| + |I1| = s shows that
the bound (62) obtained for 6y, for any 1 < k < s, is never better than the bound (63) obtained
for the lasso case k = 1. In the case s = k, the right-hand inequality of (64) applied to an atom
w € AI; with atom strength v = k|wy|?> and unit £ norm leads to

2
+ ||U)[1||2 _ 1 _ E
lwel> wk2 v

2
||ZU[2 ||2

2 2 5
(r+1) ||w12”2+\11!§ wr, I3 I
|wg|

HwhHl ’wk—r’2

+ L] <

o1
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from which we deduce by (62) the upper bound on the statistical dimension

) 2k
VweA’;, S(w, ;) < Zk%—?logz—]z_.
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