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EXACT PACKING MEASURE OF THE RANGE OF
1)-SUPER BROWNIAN MOTIONS.

Xan DUHALDE* Thomas DUQUESNE'

July 17, 2014

Abstract

We consider super processes whose spatial motion is the d-dimensional Brownian motion and
whose branching mechanism ¢ is critical or subcritical; such processes are called -super Brow-
nian motions. If d > 2~/(y—1), where v € (1,2] is the lower index of ¢ at oo, then the to-
tal range of the 1)-super Brownian motion has an exact packing measure whose gauge function is
g(r) = (loglog 1/7) /o~ *((1/rloglog 1/r)?), where ¢ = 9’ o4y~1. More precisely, we show that
the occupation measure of the t-super Brownian motion is the g-packing measure restricted to its
total range, up to a deterministic multiplicative constant only depending on d and . This generalizes
the main result of [10] that treats the quadratic branching case. For a wide class of ¢, the constant
27/(y—1) is shown to be equal to the packing dimension of the total range.

AMS 2000 subject classifications: Primary 60G57, 60J80. Secondary 28A7S8.

Keywords: Super-Brownian motion; general branching mechanism; Lévy snake; total range; occu-
pation measure; exact packing measure.

1 Introduction.

The main result of this paper provides an exact packing gauge function for the total range of super pro-
cesses whose spatial motion is the d-dimensional Brownian motion and whose branching mechanism
is critical or subcritical. We call such super processes -super Brownian motions (or 1-SBM, for short).
This generalizes the main result of [10] that concerns the Dawson-Watanabe super process corresponding
to the quadratic branching mechanism )(\) = \2.

Before stating precisely our main results, let us briefly recall previous works related to the fine geo-
metric properties of super processes. Most of these results concern the Dawson-Watanabe super process
(Z¢)¢>0. Dawson and Hochberg [6] have proved that a.s. for all ¢ > 0, the Hausdorff dimension of the
topological support of Z; is equal to 2 A d. In [8], Dawson and Perkins prove that in supercritical dimen-
sions d > 3, the Dawson-Watanabe super process Z; is a.s. equal to the h;-Hausdorff measure restricted
to the topological support of Z;, where hy(r) =72 loglog 1/r (see also Perkins [34, 35] for a close result
holding a.s. for all times ). By use of the Brownian snake, Le Gall and Perkins [31] prove a similar result
in the critical dimension d = 2 with the gauge function hy(r) = r?log 1/rlogloglog 1/r. In [32], Le
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Gall, Perkins and Taylor have proved that in dimension d > 3, the topological support of Z; has no exact
packing measure.

Dawson and Hochberg in [6] also proved that the total range of the Dawson Watanabe super process
is a.s. equal to 4 A d. In [7], Dawson Iscoe and Perkins investigate the fine geometric properties of
the total occupation measure M = fOOOZt dt of the Dawson-Watanabe super process: they prove that in
supercritical dimensions d > 5, M is a.s. equal to the hz-Hausdorff measure restricted on the total range
of the super process, where h3(r) =r%1loglog 1/r. In [28], Le Gall considers the critical dimension d =4
and he proves a similar result with respect to the gauge function h4(r) = 7*log 1/rlogloglog 1/r. In
[10], the occupation measure M is also shown to coincide a.s. with the g;-packing measure restricted to
the total range of the super process, where g; (r) =7%(loglog 1/7) 3.

For super Brownian motions whose branching mechanism is general, less results are available: in [9],
Delmas computes the Hausdorff dimension of super Brownian motions whose branching mechanism is
stable; this result is eventually extended in [14] to general branching mechanism v/ thanks to geometric
considerations on 1-Lévy trees. The 1)-Lévy trees are the actual genealogical structures of the 1)-SBM;
they are compact random real trees coded by the height process (introduced by Le Gall and Le Jan [30]
and further studied in [13]) and they appear as the scaling limits of Galton-Watson trees; their geometric
properties are discussed in [14, 15, 11, 12]. In particular, it is proved in [12] that Lévy trees have an exact
packing measure, which is closely related to the main result of our article.

Let us introduce precisely the main results of our paper. We first fix a branching mechanism 1) that
is critical or subcritical: namely, ¢ : R, — R, is the Laplace exponent of a spectrally positive Lévy
process that is of the following Lévy-Khintchine form:

YAeRL, (A =al+ B\ +/ (e — 14 Ar)m(dr) , (1)
(0,00)

where «, f € Ry, and 7 is the Lévy measure that satisfies f(o 00) (r Ar?)m(dr) < oo. The branching

mechanism 1) is the main parameter that governs the law of the processes that are considered in this

paper. We introduce two exponents that compare v with power functions at infinity:

y=sup{ceRy: lim Y(AMA =00}, n=inf{ceRy: Jlim Y(A)A¢ =0}. (2)

The lower index ~ and the upper index m have been introduced by Blumenthal and Getoor [4]: they
appear in the fractal dimensions and the regularity of the processes that we consider. The statements of
the paper also involve a third exponent:

d = sup {CER+ : 3C€(0,00) such that Cy(p) ™ <p(AN)A™, 1§,u§)\} 3)

that has been introduced in [12]. It is easy to check that 1 < § <~ <n < 2. If ¢ is regularly varying
at oo, all these exponents coincide. In general, they are however distinct and we mention that there exist
branching mechanisms ¢ of the form (1) such that § =1 <~y =1 (see Lemma 2.3 and Lemma 2.4 in [12]
for more details). In our paper we shall often assume that § > 1 which is a mild regularity assumption on
1) (see Comment 1.4 below).

The space R¢ stands for the usual d-dimensional Euclidian space. We denote by M f(Rd) the space
of finite Borel measures equipped with the topology of weak convergence. For all u € My (R%) and for
all Borel measurable functions f : R? — R, we use the following notation:

(Fm) = [ f@)u(da) and (i) = p(®)

2



Then, (u) is the total mass of 1. We shall also denote by Supp(u) the topological support of i that is the
smallest closed subset supporting fi.

Unless the contrary is explicitly mentioned, all the random variables that we consider are defined on
the same measurable space (€2, F). We first introduce a R?-valued continuous process & = (& );>0; for
all z € R?, we let P, be a probability measure on (£2, F) such that £ under P,, is distributed as a standard
d-dimensional Brownian motion starting from z. We also introduce Z = (Z;)icr, that is a My(RY)-
valued caglad process defined on (£2, F), and for all u € My(R?), we let P, be a probability measure
on (€, F) such that Z under PP, is distributed as super Brownian motion with branching mechanism 1.
Namely, under P, Z is a Markov process whose transitions are characterized as follows: for all bounded
Borel measurable functions f : R? — R, and for all s,t€R,

P,-as. Eu[exp(—(ZtJrs, I3)) | Zs] = exp(—(Zs,vt)), “)

where the function (v¢(7)),cr, zere is the unique nonnegative solution of the integral equation

v () +Ex[/0¢(ut_s(§s)) ds] =E,[f(&)], zeR% tel0,00).

Dawson-Watanabe super processes correspond, up to scaling in time and space, to the branching mech-
anism ¥(\) = A2. Super diffusions with general branching mechanisms of the form (1) have been
introduced by Dynkin [16]; for a detailed account on super processes, we refer to the books of Dynkin
[17, 18], Le Gall [29], Perkins [5], Etheridge [20] and Li [33].

We easily check that, under IP,,, the process ((Z;)):>o of the total mass of the 1)-SBM is a continuous
states branching process with branching mechanism ). Continuous states branching processes have been
introduced by Jirina [24] and Lamperti [26, 27], and further studied by Bingham [3]. The assumption
6 >1, implies > 1, which easily entails [~ d\/t()) < oo that is called the Grey condition. Under this
condition, standard results on continuous states branching processes (see Bingham [3]) imply that (Z) is
absorbed in 0 in finite time: namely, P, (3t € Ry : Z; = 0) = 1. Thus the following definition makes
sense:

M = / Z e 5)
0

and M is therefore a random finite Borel measure on R%: it is the occupation measure of the 1-SBM Z.
We also define the total range of Z by

R = U U Supp(Zy) , (6)

e>0t>e

where for any subset B in R9, B stands for its closure. We recall here a result due to Sheu [38] that gives
a condition on v for R to be bounded:

P,-a.s. Ris bounded <—— < oo and Supp(p) is compact. (7)

o db
b
Lo/ JL v(a)da
See also Hesse and Kyprianou [23] for a simple probabilistic proof. Note that if v > 1, then (7) holds
true.

We next denote by dimy and dimy, respectively the Hausdorff and the packing dimensions on R,
We also denote by dim and dim the lower and the upper box dimensions. We refer to Falconer [21] for



precise definitions. We next recall Theorem 6.3 [14] that asserts that for all € My (R9) distinct from the
null measure, the following holds true.

If v > 1, then Py-a.s. dimg (R) =d A g (8)
If furthermore Supp(u) is compact, then R is bounded (by (7)) and Theorem 6.3 [14] also asserts that
P,-a.s. dim (R) =dA % As already mentioned (8) generalizes the work of Delmas [9] that treats
SBMs whose branching mechanism is stable. Note that Assumption ~ > 1 is not completely satisfactory
for dimy (R) only depends on d and 7 (see Proposition 5.7 [14] and the discussion in Section 5.3 of
this article). The first result of our paper computes the packing dimension of R under more restrictive
assumptions.

Theorem 1.1 Let pe M f(Rd) be distinct from the null measure. Let 1 be of the form (1). Let R be the
total range of the -SBM with initial measure i, as defined in (6). Assume that § > 1 and that d > 52—51.
Then,

2y
P -as dimy(R) = ——1—. 9
pa-S imy,(R) ~—1 ©)
If furthermore Supp(u) is compact, then P,-a.s. dim(R) = %

Comment 1.1 Theorem 5.5 [14] shows that if v > 1, the Hausdorff and the packing dimensions of the
1-Lévy tree are resp. % and % Thus, for all sufficiently large d, (8) and (9) imply that the Hausdorff
and the packing dimensions of R are twice that of the i)-Lévy tree. This can be informally explained
by the fact that R appears as the range of the ¢)-Lévy snake that can be viewed as a Gaussian process
indexed by the v-Lévy tree that is (% —¢)-Holder regular for any € € (0,1/2) (see Lemma 6.4 [14] and
see also (35) in Section 2.4 of the present paper for more details). U

Comment 1.2 The above mentioned Holder-regularity of the Lévy snake studied in [14] also entails that
if Supp(p) is compact and if v > 1, then dim(R) < d A % Since dim,(A) <dim(A) for any bounded
A C R? (see e.g. [21]), an easy argument entails that for all non-null finite measure i, if 4 > 1, then
P,-as. dimy, (R) < d A 222 This, combined with (8) entails that

2
ifn =~ >1 thenP,-as. dimy(R) = dimy(R) =dA —1— (10)

~v—1
with the same equality for the lower and the upper box dimensions if Supp(u) is compact. The equality
~ = n holds true for instance if v is regularly varying at co. Therefore, the novelty of Theorem 1.1 only
concerns the cases where v #n). U

Comment 1.3 In Theorem 1.1, note that Assumption § > 1 is not optimal since the value of dim,, (R)

only depends on «. Our arguments fail to prove (9) when d € (%, 52—f1). We conjecture that if v > 1,

then P,-a.s. dim,(R) = d A % O

Let us set ¢ = 1)’ o ¢p~!. The main properties of that increasing function are stated in Section 2.2.
Here, we just notice that the reciprocal function of ¢, that is denoted by 1, is defined from [a, c0) to
[0, 00). Then, we set
log log %

¢~ Y((5 loglog 1)?)

g(?”) = , T € (O,TO) (11)

4



where 7 :min(a_l/Q, e~¢), with the convention a2 =0 if «=0. We check (see Section 2.2) that g
is a continuous increasing function such that limg; g = 0.

We next denote by &7, the g-packing measure on R?, whose definition is recalled in Section 2.1. The
following theorem is the main result of the paper.

Theorem 1.2 Let € M f(]Rd) be distinct from the null measure. Let v be of the form (1). Let Z be a
-SBM starting from u; let R be its total range, as defined by (6), and let M be its occupation measure,
as defined by (5). Let g be defined by (11). Assume that

2
0>1 and d>—'-y .
~v—1

Then, there exists a positive constant kg, that only depends on d and 1) such that

P,-a.s. M =kqy Zy¢(-NR). (12)

Comment 1.4 Unlike Theorem 1.1, we think that the assumptions of Theorem 1.2 are optimal in the
following sense. Indeed, since d A =2 is thought to be the packing dimension of R, (12) probably does
not hold true when d < =22

Moreover, arguing as in Lemma 2.3 [12], we easily check that § > 1 if and only if ¢ satisfies a
doubling condition (see (13) Section 2.1). Although, it is possible to define packing measures with
respect to irregular gauge functions (see Edgar [19]), the doubling condition is the minimal assumption
on a gauge function which implies that the corresponding packing measure has nice properties (regularity,
comparison lemmas). In this sense, Assumption d > 1 is required to stay within the framework of standard
geometric measures. U

Comment 1.5 In the stable cases where ¢(\) =\Y with € (1, 2], then

+1

Vr € (0,00), g¢g(r)= r%(loglog 1/7')_7—1 .

If v =2, then g(r) = r*(loglog 1/7)~3 and we recover the result from [10]. Moreover, note that in the
stable cases, Theorem 1.1 is a straightforward consequence of Theorem 1.2. However, when v # 7, it
turns out that Theorem 1.1 cannot be simply derived from Theorem 1.2: indeed, one important ingredient
of the proof of Theorem 1.2 consists in computing the lower local density of M with respect to g; this
lower limit is achieved along a deterministic sequence of radii whose images by g are hard to compare
with a power function. U

The paper is organised as follows. In Section 2, we recall definitions and basic results. Section 2.1
is devoted to packing measures and to two comparison lemmas that are standard technical tools used
to compute packing measures. Section 2.2 gather elementary facts on the power exponents §,~ and 1
associated with the branching mechanism . In Section 2.3 and in Section 2.4, we recall the definitions of
— and various results on — the ¢-height process, the corresponding -Lévy tree and the associated )-Lévy
snake. In Section 3, we prove estimates on a specific subordinator (Sections 3.1 and Section 3.3) and on
functionals of the snake involving the hitting time of a given ball (Section 3.2 and Section 3.4). Section 4
is devoted to the proof of the two main theorems: we prove Theorem 1.2 first and Theorem 1.1 next.



2 Notations, definitions and preliminary results.

2.1 Packing measures.

In this section, we briefly recall basic results on packing measures on the Euclidian space R? that have
been introduced by Taylor and Tricot in [39].

A gauge function is an increasing continuous function ¢ : (0,79) — (0, 00), where 7 € (0, c0), such
that limgy g =0 and that satisfies a doubling condition: namely, there exists C € (0, co0) such that

Vr e (0,r0/2), g(2r) < Cyg(r). (13)

Let B C R? and let € € (0,00). Recall that a (closed) e-packing of B is a finite collection of pairwise

disjoint closed ball (B(Zy,, m))1<m<n Whose centers x,, belong to B and whose radii 7, are not greater
than . We then set

9”58)(3) = sup{ Z 9(rm) ; (E(mm,rm))1§m§n, e-packing of B} (14)
1<m<n
and
* — 1 (e)
P3(8) = Im P(B) € [0,00] 15)

that is called the g-packing pre-measure of B. The g-packing measure of B is then given by

Py(B) = inf{ N 2:(B,); B | B. } . (16)

n>0 n>0

Remark 2.1 The definition (14) of 3”;5) that we adopt here is slightly different from the one introduced
by Taylor and Tricot [39] who take the infimum of " _, g(2ry,) over e-packings with open balls. How-
ever, since g is increasing, continuous and satisfies a doubling condition (13), the resulting measure is
quite close to Taylor and Tricot’s definition: the difference is irrelevant to our purpose and their main
results on packing measures immediately apply to the g-packing measures defined by (15). ([l

Next recall from Lemma 5.1 [39] that &7, is a Borel-regular outer measure. Moreover, it is obvious
from the definition that for any subset B C R,

P4(B) < 5(B). (a7

Next, if Bisa ﬁzg—measurable set such that WQ(B ) < 00, then for any € > 0, there exists a closed subset
F. C B such that
Py(B) < Py(F) + €. (18)

We recall here Theorem 5.4 [39] that is a standard comparison result for packing measures.
Theorem 2.1 (Theorem 5.4 [39]) Let 11 be a finite Borel measure on R%. Let B be a Borel subset of R%.

Let g be a gauge function satisfying a doubling condition (13) with a constant C > (. Then, the following
holds true.

(i) If liminf, “(B;Ef)’r)) > 1 for any x € B, then u(B) > P,(B).

(ii) If liminf, “(B;Ef)’r)) < 1 forany z € B, then u(B) < C2Z,(B).




We also recall the following specific result due to Edgar in [19], Corollary 5.10.

Lemma 2.2 (Corollary 5.10 [19]) Let ju be a finite Borel measure on R%. Let r € (0,00) and let B be a
Borel subset of R¢ such that

Vx € B, liminfM =K.
r=0+ g(r)

Then, u(B) = kZ4(B).

Remark 2.2 The main purpose of Edgar’s article [19] is to deal with fractal measures in metric spaces
with respect to possibly irregular gauge functions. Corollary 5.10 [19] (stated here as Lemma 2.2) holds
true in this general setting if y satisfies the so called Strong Vitali Property (see [19] p.43 for a definition
and a discussion of this topic). A result due to Besicovitch [2] ensures that any finite measure on R? enjoys
the Strong Vitali Property. Therefore, Lemma 2.2 is an immediate consequence of Edgar’s Corollary 5.10
[19]. 0

We finally recall the definition of the packing dimension: let o € (0, 00); we simply write &, instead of
P, when g(r) = r%, 7€ (0,00). Let B CRY. Then, the packing dimension of B, denoted by dim,,(B)
is the unique real number in [0, d] such that

Po(B) =0 if a <dimy(B) and P (B)=0if o> dim,(B). (19)

2.2 Exponents.

In this section we briefly recall from [12] several results relating power exponents associated with ¢ to
properties of the gauge function ¢ introduced in (11). Recall that the branching mechanism ) has the
Lévy-Khintchine form (1). It is well-known that v/’ is the Laplace exponent of a subordinator, just like
1)~ 1, the reciprocal of 1. Thus, ¢ = 1’ 01~ ! is also the Laplace exponent of a subordinator. Note that
Y'(0) = «. As already mentioned, the reciprocal function of ¢, denoted by ™1, is then defined from
[ar, 00) to [0, 00). We also introduce the function ¥)(\) = () /A that easily shown to be also the Laplace
exponent of subordinator. Next observe that 1/¢ is the derivative of ¢_1~and recall that v is convex and
that ', 1, 1~ and ¢ are concave. In particular, this implies 1)(2)\) < 2¢)(\) and the following

PN v\ _ =

3 <4y (A\) and N < L (20)

A
TN Y SR

Let ¢ : [0,00) — [0, 00) be a continuous increasing function. We agree on sup () = 0 and inf () = oo and
we define the following exponents that compare ¢ with power functions at infinity:

D(2N) <4P(N), (N) <P\ <

Yo =sup {c € R, : lim p(MA ¢ =00}, ny=inf{ceRy: lim p(MAC=0}. (@D

Then, v, (resp. 1) is the lower exponent (resp. the upper) of ¢ at co. We also introduce the following
exponent

6s =sup{c € Ry : IC€(0,00) such that Cp(u)u < P(A)A™C, 1< <A} (22)
that plays a important role for the regularity of the gauge function. Thus by (2) and (3)

Y=Y, M=1y, 0=20y.



It is easy to check that 1 < 4§ <~ <n < 2. If 9 is regularly varying at oo, all these exponents coincide.
In general, they are however distinct and we mention that there exist branching mechanisms v of the
form (1) such that § =1 <~ =mn: see Lemma 2.3 and Lemma 2.4 in [12] for more detail. As a direct
consequence of (20) we have 612 =0y =0—1, Vo=V =Y~ 1 and Ng =Ny =N 1. Moreover, we get

6o = (6 —1)/8,7, = (v —1)/yand n, = (n —1)/n.

Recall from (11) the definition of the function g. The arguments of the proof of Lemma 2.3 (i) in
[12] can be immediately adapted to prove that g : (0, 79) — (0, 00) is is an increasing continuous function
such that limg; g = 0 and such that it satisfies the following.

(i) The function g satisfies the doubling condition (13) iff § > 1.

(41) If v is regularly varying at co with exponent ¢> 1, then d =~ =1 = c and g is regularly varying
at oo with exponent ¢/(c — 1).

We shall further need the following bound that is a consequence of (20).

Lemma 2.3 Let g the gauge function defined by (11). Let c<€ (0, 00). Then there exists r(c) € (0, o) that
only depends on c such that

vr e (0,7(c)), g(r)v'He/r?) < 4r?.

Proof. Take r(c) € (0,7¢) such that loglog 1/r(c) >1V+/c. Thus,

re(0,r(c), ¥ THer ) <y TH(r  loglogrT!)?) .
Recall that ¢ '=1) o ¢/~!. By comparing ¢ and 1 thanks to (20), we get for all € (0, 7(c))

Y er™?)loglogy _ ¢'!((; loglog 7)?) loglog
(W1 ((Gloglog 1)%) — (¥ (5 loglog 7)?)
1 2

_ log log < < 4r < 42,
¥ (¢'=1((; loglog 1)?)) ~ loglog 3

which is the desired result. |

g(r) ' Her™?) =

2.3 Height process and Lévy trees.

In this section we recall the definition of the height process that encodes Lévy trees. The Lévy trees are
the scaling limit of Galton-Watson trees and they are the genealogy of super-Brownian motion.

The height process. Recall that ¢/ stands for a branching mechanism of the form (1). We always assume
that v > 1. It is convenient to work on the canonical space D(]0, 00), R) of cadlag paths equipped with
Skorohod topology and the corresponding Borel sigma-field. We denote by X = (X}):>( the canonical
process and by P the distribution of the spectrally positive Lévy processes starting from 0 whose Laplace
exponent is ¢). Namely,

Vi, A €[0,00), Elexp(—AXy)] = exp(ty(N)) .

Note that the specific form (1) of ¢ implies that X} is integrable and that E[X;] = —at. This easily entails
that X does not drift to co. Conversely, if a spectrally positive Lévy process does not drift to oo, then



its Laplace exponent is necessarily of the form (1). We shall assume that ~ > 1 which easily implies that
either >0 (and y=2) or |, (0,1) rm(dr)=oc. It entails that P-a.s. X has unbounded variation paths: see
Bertoin [1], Chapter VII, Corollary 5 (ii).

Note that v > 1 entails [*d)/1)(\) < oo and, as shown by Le Gall and Le Jan [30] (see also [13],
Chapter 1), there exists a continuous process H = (Hy)¢>( such that for any ¢ € [0, 00), the following
limit holds true in P-probability:

t

Hy = lim ), s <x.,<1p+e} ds, (23)
where I} stands for inf,<,<; X,. The process H = (H;);>0 is called the 1-height process; it turns out to
encode the genealogy of super-Brownian motion with branching mechanism ¢ as explained below. We
shall need the following result that is proved in [13].

Lemma 2.4 ([13] Theorem 1.4.4) Assume that v > 1. Then for every ¢ € (0, 7771) H is P-a.s. locally
c-Holder continuous.

Excursions of the height process. We denote by ! is the infimum process of X:

VtER_,_, It:ogifthr .

When 1) is of the form )(\) = 8A2, X is distributed as a Brownian motion and (23) easily implies that H
is proportional to X — I, which is distributed as a reflected Brownian motion. In the general cases, H is
neither a Markov process nor a martingale. However it is possible to develop an excursion theory for H
as follows.

Since X has unbounded variation sample paths, basic results of fluctuation theory (see Bertoin [1],
Sections VI.1 and VIL1) entail that X —I is a strong Markov process in [0, c0) and that 0 is regular for
(0,00) and recurrent with respect to this Markov process. Moreover, —I is a local time at 0 for X — I
(see Bertoin [1], Theorem VII.1). We denote by N the corresponding excursion measure of X — I above
0. More precisely, we denote by (a;, b;), j € Z, the excursion intervals of X —I above 0 and we define
the corresponding excursions by X7 = X(a;+nb; —lay» j €Z. Then, ZjeI 5(,1%_ ,x4) 1s a Poisson point
measure on [0, 00) x D(]0, 00), R) with intensity dz N (dX).

Next observe that under P, the value of H; only depends on the excursion of X —I straddling time ¢
and we easily check that

(s, b)) ={t >0:H >0}

j€T

This allows to define the height process under N as a certain measurable function H(X) of X. We
denote by C (R, R) the space of the continuous functions from [0, c0) to R equipped with the topology
of the uniform convergence on every compact subsets of [0, 00); by convenience, we shall slightly abuse
notation by denoting by H = (Hy)¢>( the canonical process on C' (R, R) and by denoting by N (dH) the
"distribution" of the height process H (X ) associated with X under the excursion measure N (dX ). Then
we derive from the previous results the following Poisson decomposition of the height process H (X)
associated with X under P: for any j € Z, set H J=H (a;+)Abj> then, under P, the point measure

> 01, i) (24)

JjeET



is distributed as a Poisson point measure on [0,00) x C'(R4,R) with intensity dz N(dH). For more
details, we refer to [13], Chapter 1.

We denote by o the duration of X under its excursion measure N (with an obvious definition). It is
easy to check that H and X under N have the same duration and that the following holds true.

N-ae. 0<oo, Hy=H,=0 and H;>0<=te (0,0).
Basic results of fluctuation theory (see Bertoin [1], Chapter VII) also entail:
VA€ (0,00) N[1—e ] =97 '(N). (25)

Local times of the height process. We recall from [13], Chapter 1, Section 1.3, the following result:
there exists a jointly measurable process (L§), s[0,00) Such that P-as. for any a € [0,00), s + Lg is
continuous, non-decreasing and such that

Vit,a>0, lmE { sup
€

e—0 0<s<t

1 s
—/dTl{a<HT§a+€}—Lg:| =0. (26)
0

The process (L§)se(o,00) is called the a-local time of H. Recall that I stands for the infimum process of
X. One can show (see [14], Lemma 1.3.2) that for fixed ¢, L? = —1I;. Moreover, one can observe that the
support of the random Stieltjes measure dL* is contained in the closed set {¢t > 0 : H; = a}.

A general version of the Ray-Knight theorem for H asserts the following. For any z > 0, set T, =
inf{t > 0 : X; = —x}; then, the process (L, ; a > 0) is distributed as a continuous-states branching
process CSBP with branching mechanism ) and initial state x (see Le Gall and Le Jan [30], Theorem
4.2, and also [13], Theorem 1.4.1).

It is possible to define the local times of H under the excursion measure NV as follows. For any b > 0,
let us set v(b) = N (sup:ejo,.] H; > b). Since H is continuous, the Poisson decomposition (24) implies
that v(b) < oo, for any b > 0. It is moreover clear that v is non-increasing and that lim., v = 0. Then, for
every a € (0, 00), we define a continuous increasing process (L );c(0,0)> Such that for every b € (0, 00)
and for any ¢t € [0, 00), one has

1[5
- /d?“ 1{a—6<HT§a} - Lg
€Jo

lim N [1(up ropy SUD } —0. 27)

e—=0 0<s<tAo
We refer to [13] Section 1.3 for more details. Note that N-a.e. LY = Lg for all ¢ > o. The process
(Lt“)te[o,oo) is the a-local time of the excursion of the height process.

Lévy trees. We briefly explain how the height process H under its excursion measure N can be viewed
as the contour process of a tree called the Lévy tree. Recall that o is the duration of H under N. For any
s,t €10, 0], we set

d(s,t)=Hy+ Hs—2 inf H,. (28)

u€[sAt,sVi

The quantity d(s, t) represents the distance between the points corresponding to s and ¢ in the Lévy tree.
Indeed d is obviously symmetric in s and ¢ and we easily check that d satisfies the triangle inequality. Two
real numbers s, ¢ € [0, o] correspond to the same point in the Lévy tree iff d(s, ) =0, which is denoted by
s ~ t. Observe that ~ is an equivalence relation. The Lévy tree is then given by the quotient set

T=10,0]/~ .
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Then, d induces a true metric on 7 that we keep denoting d. Denote by p : [0,0] — T the canonical pro-
Jection. Since H is continuous N-a.e., so is p, which implies that (7, d) is a random compact connected
metric space. More specifically, (7, d) is N-a.e a compact real-tree, namely a compact metric space such
that any two points are connected by a unique self-avoiding path, that turns out to be geodesic: see [14]
for more details on Lévy trees viewed as real-trees.

The mass measure of the Lévy tree T, denoted by m, is the pushforward measure of the Lebesgue
measure ¢ on [0, 0] via the canonical projection p. Namely, N-a.e. for all Borel measurable function
f:T =Ry,

@mﬁ:Awaww»

One can show that N-a.e. the mass measure is diffuse; obviously its topological support is 7 and m(7 ) =
o. We refer to [14] for more details.

Let r € (0,00) and let ¢ € [0,0]. Let B(p(t),r) denote the open ball in (7, d) with center p(¢) and
radius r. Then the mass measure of B(p(t),r) in (T, d) is then given by

o

ammzmumwmwzéa@nwmgy (29)

We shall need the following result on the lower density of m at typical points that is proved in [12],
Theorem 1.2. To that end, we set

log log %
p~1(; loglog )

Vre (0,ane ), k(r):= (30)

Lemma 2.5 ([12] Theorem 1.2) Let 1) be a branching mechanism of the form (1). Let o the the duration
of the height process H under its excursion measure N. Let k be as in (30). Assume that § > 1. Then,
there exists a constant 1 € (0, 00) that only depends on 1) such that

t
N-a.e. for l-almost all t € [0, 0] lim inf a(t,r) >cr,
r—0 k(T)

where a(t, r) is defined by (29) for all v € (0, 00) and for all t € |0, o].

The exploration process. As already mentioned, the height process is not a Markov process. To explore
in a Markovian way the Lévy tree, Le Gall and Le Jan in [30] introduce a measure valued process p =
(pe)i>0 that is called the exploration process whose definition is the following. Denote by M (R,.) the
set of finite measures on [0, 00) equipped with the fofal variation distance. Recall that X under P is a
spectrally positive Lévy process starting from 0 whose Laplace exponent is v that satisfies v > 1. We
denote by F;X the sigma-field generated by X.,; augmented with the P-negligible events. Recall that
for all s, € [0,00) such that s <+, I} stands for inf,¢c[; 4y Xy. Then, for all £ € [0, 00), the following
definition makes sense under P’ or V:

pi(dr) = Bl gy (r)dr+ > (17 = X)) du, (dr). (31)

0<s<t
Xy <If

Note that the M (R )-valued process p is (F; )¢>o-adapted. The height process H can be deduced from
p as follows: for any 1€ My (R ), we denote by Supp(1) its topological support and we define

H () = sup(Supp(y)) ,
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that is possibly infinite. We can show that
P-as. (or N-a.e.) Vi€ [0,00), Supp(p:)=1[0,Hy .

As proved in [13], the exploration process p admits a cadlag modification under P and N. By Proposition
1.2.3 [13], under N, p is a cadlag strong Markov process with respect to (F7% );>o.

2.4 The Lévy Snake.

The v-Lévy snake is a generalization of Le Gall’s Brownian snake that greatly facilitates the study of
super processes: it provides a Markovian parametrisation of the genealogy and the spatial positions of the
underlying continuous population that gives rise to the super process. We recall from [13], Chapter 4, the
following definition of the 1)-Lévy snake. To that end, recall that { = (&)¢>0 is a R?-valued continuous
process defined on (€2, F) and that for any 2 € R%, P, is a probability measure on (2, F) such that under
P, ¢ is distributed as a standard d-dimensional Brownian motion starting from z.

Snake with a deterministic Holder-regular lifetime process. We denote W the set of continuous
stopped paths, namely the set of pairs (w, () where ¢, € [0,00) and w : [0,(] — R? is a continuous
function. Here (, is the lifetime of w. We shall slightly abuse notation by simply denoting w instead of
(w, () in the sequel. The set WV is equipped with the metric d defined for w,w’ € W by :

d(w, w') = |G =G|+ sup [[ W(tEAGw) =W (EAGw) ||
>0

Here ||-|| stands for the Euclidian norm on R?. It can be shown that (W, d) is a Polish space.

To define the finite dimensional marginal distributions of the snake, we first need to introduce its
transition kernels. Let w € W, let a € [0,(y] and let b € [a, c0). We plainly define a law R, ;(w, dw’)
on W by requiring the following.

(1) Rop(w,dw’)-a.s. w'(t) = w(t), Vt € [0, a.

(ZZ) Rmb(w, dw’)—a.s. Cw’ =b.

(43i) The law of (w'(a+t))o<t<p—q under Rqp(w,dw’) is the law of (§¢)o<i<p—q under Py, (y).
In particular, Ry ,(w,dw’) is the law of (&;)o<¢<p under Py(0)-

We denote by (IVs)s>0 the canonical process on the space WR+ of the W-valued functions on R
equipped with the product sigma-field. We next fix € R%. We slightly abuse notation by denoting z
the stopped path with null lifetime starting from = (and therefore ending at x). Let h € C(R, R, ) such
that h(0) = 0. We call h the lifetime process. For all s, s’ € R, such that s’ > s, we use the notation
by (s, s") = infs<, <y h(r). From the definition of the laws R, ; and Kolmogorov extension theorem there
is a unique probability measure Q" on W&+ such that for all 0 = sp < 51 < - -+ < 8y,

QE[W, € Ao,.... Wy, € Ay (32)

= 1Ao($)/A Riy, (s0,51),0(s1) (W0, AW1) o oo Ry (61 ) () (Wn—1, AWy ).

1 XX Ap

Note that (h,z) — Q" is measurable and for all t€ R, Q"-a.s. Gy, = h(t).
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We next discuss the regularity of the process W under Q”. To that end, we assume the following.
The lifetime process h is locally Holder continuous with exponent r € (0, 1].

Fix p € (1,00) and ¢ty € (0,00). The last inequality of the proof of Proposition 4.4.1[13] p. 120, entails
that there exists a constant C' that only depends on ¢, on p and on the Holder constant of A on [0, Zo],
such that

Vs,t € [0,t0], QI d(W,, Wy)P] < Ct—s[Pr/2. (33)

If p > 2/r, then the Kolmogorov continuity criterion applies and asserts that there exists a continuous
modification of the process . We slightly abuse notation by keeping notation Q" for law on C'(R,, W)
of such a modification; likewise, we also keep denoting by (W});>¢ the canonical process on C(R;, W).
We then call Q" the law of the snake with lifetime process h starting from . Working on C' (R, W), we
see that Q"-a.s. for all tE R, Cw, = h(t). We then set

W, = Wi(h(1)) . (34)

The process W is called the snake’s endpoint process that is Q"-a.s. continuous. From (32), we easily
get that under Qg, the endpoint process is Gaussian whose covariance is characterized by

Vst e Ry, Qb (IWi=TWil?) = h(t) + h(s) — 2 inf h(u). (35)

sAt<u<sVt

Moreover since (33) holds for any p> 1, the Kolmogorov criterion implies that for any ¢ € (0,7/2), W is
Q’m’—a.s. locally g-Holder continuous.

The definition of Lévy snake. The Lévy snake is the snake whose lifetime process is the height process
H introduced in Section 2.3. Recall that we assume that v > 1 and recall from Lemma 2.4 that H is P-
a.s. (or N-a.e.) Holder regular and that the previous construction of the snake applies. We then define the
excursion measure of the 1)-Brownian snake starting from x € R? by

N, = [ N(Hedh)Q". (36)
C(R4+,R)

Then H is the lifetime process of W. Namely N,-a.e. for all ¢ € [0, o], {y, = H; and thus, W, = Wi(Hy).
Moreover, under N, the conditional law of W given H is Qf : we refer to [13], Chapter 4, for more
details. Lemma 2.4 and the results discussed right after (35) entail the following lemma.

Lemma 2.6 Assume that v > 1. Then, for any q € (0, 72—;1), W is Ny-a.e. locally q-Hoélder:

The range of the endpoint process W is a connected compact subset of R? and we use the following
notation .
Rw = {W;; t€0,0]} . (37

Recall that for any a € (0,00), (L%)s>o stands for the local time of H at level a. We then denote by
Z,(W) the random measure on R? defined by

(Z.(W). f) = /0 " aLe £,
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for any Borel measurable f : R?— R. We also set Zo(W) =0, the null measure. Recall that M;(R?)
stands for the space of finite Borel measures on R? equipped with the topology of weak convergence. We
can proves that under N, the M f(Rd)-Valued process (Z,)q>0 has a cadlag modification that is denoted
in the same way by convenience. The occupation measure of the snake Myy is then defined by

(M, f) = /0 T (2.(W), f)da = /O " F(W) ds, (38)

for any Borel measurable f :R? =R, .
We then recall Theorem 4.2.1 [13] that connects the ¥-Lévy snake to super Brownian motions.

Theorem 2.7 ([13] Theorem 4.2.1) We keep notation from above. Assume that v>1. Let € My (R9).
Let
D> 0w
ieJ
be a Poisson point measure on R x W with intensity j(dz)N,(dW). For every ac (0,00) set
Za =Y Za(W').
eJ

and also set Zy = 1. Then, the process (Zg)q>0 is a 1-super Brownian motion starting from p (as defined
in the introduction section). Moreover, if R and M are defined in terms of Z by (6) and (5), then,

RU{z;;j€J}=JRws and M=> My, . (39)
JjeJ JjeJ
The last point (39) is not part of Theorem 4.2.1 [13] but it is an easy consequence of that result. To
simplify notation, when there is no risk of confusion we shall simply write

Z,:=2,(W), R:=Rw and M := My .

Consequences of Markov property. As the height process, the ¢-Lévy snake (WW;):>o defined above
is not a Markov process. However W := (p;, Wi)t>0 is a strong Markov process under N,;: see Theorem
4.1.2 [13] for more details. Instead of fully discussing the Markov property of 1/, we only state here the
various results we need, that are consequences of the strong Markov property.

Denote b}/_(ftw)tzo the filtration generated by (Wt)tzo- As a consequence of the strong Markov
property for W (see [13], Theorem 4.1.2) and a specific decomposition of the snake into excursions
above the infimum of its lifetime proved in Lemma 4.2.4 [13], we get the following result that is used in
Section 3.4.

Lemma 2.8 ([13] Theorem 4.1.2 and Lemma 4.2.4) Let T be a (]:Er/ )e>0-Stopping time. LetY be a
nonnegative f%-measumble random variable. Let G : R% — R be Borel measurable. Then,

No |:1{0<T<oo}Y exp (—/TUG(Ws)dSﬂ

=Ny |:1{O<T<00}Y exp (—/[Opg(]dh) NWT(h) (1—67 Iy G(Ws)ds ))] .
JHr
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We shall apply the strong Markov property of W at specific hitting times of the snake. More precisely,
let us introduce several notations. Let r € (0, 00). We define the first hitting time of W of the closed ball
B(0,7) in R by

7, := inf {t eR,: /Wt € F(O,r)}, (40)

with the convention inf () = oo. We also introduce the following function
Vo € B(0,7),  up(z):= N (7, < 00) . 41)
Since t — Wt is continuous, we also get
Vo € B(0,7)¢, wu,(z) = Ny (RNB(0,r) #0). (42)

From [13] p. 121 and p. 131, we know that u,(z) € (0, c0), for all € (0, 00) and all = € B(0,r)¢, and
that u, is moreover radial. We then denote by u, the function from (r, c0) to (0, co) such that

Vo € B(0,7),  u.(||z|) = u-(z) .
Let 7’ € (0, 00). For all stopped path w € W, we next set
T, (w) = inf {s € [0, ] : w(s) € B(0,7)} , (43)
with the convention inf () = co. We then define a function @ : R — R by

VAL A € Ry, w(A, o) = { 1(;/,’8‘11)) —¥(A2)) /(A1 — A2) i ii i i? (44)

Recall that & = (&)¢>0 is a R%valued continuous process defined on (£, F) and that for any = € R,
P, is a probability measure on (€2, F) such that under P, ¢ is distributed as a standard d-dimensional
Brownian motion starting from .

The following proposition is a specific application of Theorem 4.6.2 [13] that we use in the proof of
Lemma 3.15 in Section 3.4.

Proposition 2.9 ([13] Theorem 4.6.2) Let x € R% Letr,r' € (0, 00) be such that ' >r and x € B(0,r')°.
We keep the previous notation. Let F',G : W — R be Borel-measurable. Then,

N {I{TT<OO}F((WT»«(3))0§3§TT/(WW)) exp (—/[OTP;(V(V%S% G((Wn(s))oéséh)ﬂ

= (') E, {1{@, (©)<oo} F((€s)o<s<T(6)) €XD <—/[0<1Th/(zg}(ur(§h)y G((Ss)ogsgh)))} -

Palm formula We introduce the following notation
VAC R, ¥°(N) =¥(\) - aA, (45)

that is clearly the Laplace exponent of a spectrally Lévy process. We then fix = € R%. Again, recall that
€ = (&)t>0 under P, is distributed as a standard d-dimensional Brownian motion starting from z. Let
U = (Uy,)a>0 be a subordinator defined on (€2, F, P, ) that is assumed to be independent of £ and whose
Laplace exponent is

PN

VA€R+, 1;*()\) I:T—Oé
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For any a € R, we denote by R, (db) the random measure 1 4 (b)dU,. We first recall from [13], formula
(106) p. 105, that for any measurable function F' : M¢(R;)xW — R, the following holds true:

Ng ( /0%3 F(ps,Ws) > = /Ooda e " E; [F(Ra ) (ES)OSSSa )] . (46)

0

We next provide a Palm decomposition for the occupation measure M of the snake that is used
to estimate its lower local density at "typical" points. To that end we need to introduce the following
auxiliary random variables. Let (V;):>0 be a subordinator defined on (€2, 7, Py) that is independent of £
and whose Laplace exponent is 1)*'(\) :=1'(\) —«. We then introduce the following point measure on
[0,00) X C (R4, W):

NHAEAW) = > 6wy » (47)
JjeJg*
such that under Py and conditionally given (£,V'), N* is distributed as a Poisson point process with
intensity dV; Ng, (dW).

For all j € J*, we denote by M the occupation measure of the snake WJ. Then for all a € Ry, we

define the following random measure on R%;

My =" 1 q(t) M. (43)
jeT*

Note that M is Pg-a.s. a random finite Borel measure on R?. Informally M is the sum of the the
occupation measure of the snakes grafted at a rate given by V on the spatial spine & between time 0
and a. As a by-product of Formula (113) p.113 in [13], we get the following Palm decomposition of M
under Nj.

Proposition 2.10 ([13] (113)) Let F : R¢x M f(Rd) — R be measurable. Then,

o[ [ () P 0)] = [ dae oy [Pl M) 9)

We shall mostly use the Palm formula in this way: for any measurable functional G : D(R;,R) — R,
we get

o [ M(dy) G(MB)20)] = [ dae B [G((MBO.D0))- (50)

R4

3 Estimates.

3.1 Tail of a subordinator.

Recall from (45) that *(\) = 1(\) — a, that is the Laplace transform of a spectrally positive Lévy
process. Therefore, ¢* is the Laplace exponent of a subordinator that is conservative for /*/(0) =0. By
subordination, /v* o)~1 is also the Laplace exponent of a conservative subordinator. The main idea
of the proof of Theorem 4.1 consists in comparing the mass of a typical ball with a subordinator whose
Laplace exponent is \/1* o 1)—1. To that end, we first need the following result.
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Lemma 3.1 Assume d > 1. Recall from (11) the definition of the gauge function g:(0,r9)— (0, 00). Let
(Sr)rejo,00) be a subordinator defined on the auxiliary probability space (S, F,Py). We assume that the

Laplace exponent of S is \/¥* o =1, Let p, € (0,79), n € N, be such that

Pni1 < e "p, and 51;13 n~2log 1/pn < 0. 51
n>

Then, 3_,,~ Po (Spn < 9(4pn)) = co. Moreover, we get

S
Po-a.s. limsup —24L <

n—oo  9(4pn)

Proof. To simplify notation, we set ® = /9*' o ¢)=1. Thus, Eglexp(—A\S,)] = exp(—r®(r)). Denote
by ®~! the reciprocal function of ®. For any r € (0,e~!), we set

10g10g%
11 Iy -
d-1(+loglog ;)

g«(r) =

An easy computation implies that ® 1 (y) = ¢! (y*+a). Since a € [0, o0), we easily get g.(r) < g(r),
r € (0,79). For any n € N, we then set \,, =®~1((4p,) ' loglog 1/4p,)). Then, observe that

Ang(4pn) > Angs(4pn) = loglog(1/4py) .
Next note that for all a, x € [0,00), (1 — e™%)1jp<z<qy = € — e, which easily entails

exp(—pn@()\n)) B exp(_Ang(len))
Po(Sn. < 9Upn)) 2 == T hgann)

=

W (log1/(4pn))~

By the second assumption in (51), 3, - (log 1/ (4pn))_% = 00, which proves the first point of the lemma.
Let us prove the second point. By a standard Markov inequality, we get

< 1- eXp(_Pn-i-ch)()‘n)) < pn-i-lq)()‘N)
T 1 —exp(—=Ag«(4pn)) — 1 —exp(—Ang«(4pn))

First observe that 1 —exp(—A,g«(4pn)) =1—(log1/4p, )t — 1, as n — co. By (51), there exists a
constant ¢z € (0, c0) such that

Py (Spn+1 2 g« (4Pn))

Pn1®(A\n) = [Z‘H loglog1/(4py) < coe "logn ,

Pn

Thus, 3,50 Po(Spnsr = 9(40n)) < 3,50 Po(Sp,s1 = 9x(4ps)) < oo, which completes the proof by
the Borel-Cantelli lemma. u

3.2 Estimates on hitting probabilities.

As already mentioned in (7), the total range R of a v-super Brownian motion is bounded if the starting
measure 4 has compact support and if

o0 db
—_— < 0. (52)
/1 VJP t(a)da
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Observe that if § > 1, then « > 1 and (52) holds true, which allows to define the following function

v):/mL:/C>O db .
! \/m 0 fobw(v—ka)da

This function is clearly decreasing and continuous and it plays a role in the proof of an upper bound of
the hitting probabilities of the )-Lévy snake. We first need the following elementary lemma.

(53)

Vo € (0,00)

Lemma 3.2 Assume & > 1. Then, there exists c3 € (0,00) that only depends on v such that for all
vE(1,00) and all r € (0, 00) satisfying r <I(v), we have

o<t (4037“_2) .

Proof. By an elementary change of variable, we get

Iv—/ \/—db

\/fiﬁva

Fix ¢ € (1,d). By the definition (3) of 9, there exists C' € (0, 00) such that ¢)(va) > Ct(v)a®, for any
a,v€(1,00). Letve (1,00) and r € (0, 00) be such that 7 < I(v). Then,

\/f1 acda

which implies the desired result since 1’ (v) < 41 (v)/v by (20). [

Recall from (37) the definition of the range R of the snake. Recall from (36) the notation N, for the
excursion measure of the snake starting from . Let r € (0, c0). Recall that B(0,r) stands for the open
ball in R¢ with radius r and center 0. Then, we set for all z € B(0, )

1/2

P10 < O [T e = fean/o0)

vr(2) = Na (RN B(0,r) #0) . (54)
From [13] p. 121 and p. 131, we know that

Vo € B(0,7), wv.(z)€(0,00) and lim v,(z)=00 .

llz]|—=r—

Moreover, v, is C? on B(0,r) and it satisfies £Av, = 9(v,). As an easy consequence of Brownian
motion isotropy, v, is a radial function: namely, v,(z) only depends on ||z|| (and 7). Therefore, one
can derive estimates on v, by studying the associated ordinary differential equation corresponding to the
radial function, as done by Keller in [25], p. 507 inequality (25), who proves the following:

Vr € (0,00), %r < I(v:(0)) < 2r. (55)

We use this bound as follows. For any r € (0, 00) and any x € B(0, )¢, recall that
uy(z) = Ny (RN B(0,7) #0) . (56)
From [13] p. 121 and p. 131, we know that u,(z) € (0, 00) for all z € B(0, r)¢, that

u, isradial,  lim wu,(z) =0 and lim wu,(z) =00. (57)
[[]| o0 [l —=r+
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Recall that we denote by ,. the radial function yielded by u,., namely:
Vo € B(0,7), . (|z]) = u-(z) . (58)
Moreover, u, is C2 in B(0,7)¢ and it satisfies
sAu = ¢(u,)  in B(0,7)°. (59)
We shall use several times the following upper bound of w,..

Lemma 3.3 Assume that § > 1 and that d> 3. Let 9 € (0,00). Then there exist 1, c4 € (0, 00), that only
depend on 1, d and o, such that

Vr € (0,71), Yz € B(O, (1—|—Q)T’)c, up(x) < ((1—|—Q)T’/||$H)d_2¢/71(64 7‘72) .
Proof. Let 3y € R be such that ||y|| = (1 + o)r. First note that
N, (RN'B(0,7r) #0) <N, (RN B(y, or)° #0) .

By translation invariance of Brownian motion, the right member of the previous inequality does not
depend on y and we get u,(y) < v, (0), where vy, is defined by (54). For any = € B(0, (14 0)r)¢, we
next set w(x) = u,(x) — v,-(0)((1+0)r/||z||)4~2 that is clearly subharmonic. The previous upper bound
implies that w(y) <0, if [|y|| = (1+4e)r. By (57), lim 4|00 w(z) =0 and by the maximum principle, we
get that w < 0 on B(0, (1+p)r)°. Namely,

Vr € (0,00), Yz € B(0,(1+0)r)", wu(z)< UW(O)((1—#@)7“/\\36”)6172 . (60)

Since d > 1, (52) is satisfied and the function I given by (53) is well-defined; we easily check that
I(v) — 01iff v — oo. Then, (55) implies that lim, o v,.(0) = oo, so we can find r € (0, c0) such that
for all 7 € (0,71), v,-(0) > 1 and by the left member of (55) we also have 2r9/v/d < I(v,-(0)). Thus,
Lemma 3.2 applies and asserts that v,,.(0) < ¥'~1(cy772), where ¢4 := c3dp~2, which completes the
proof thanks to (60). |

We use the previous lemma to get an upper bound of the expectation of a specific additive functional
of the Brownian motion that involves w,.. More precisely, for any r € (0, 00), we define

g =" e ™) . (61)
Recall that ¢, is the constant appearing in Lemma 3.3. Note that for any 0 <7 < (c4/4'(1))/2, we have
qr > 1. We then define
2 qr
vr e (0, (04/¢’(1))%), J(r) =g 2 w’(v)vfﬁdv : (62)

1

Recall that £ = (&);>0 stands for a standard Brownian motion starting from 0 that is defined on the
auxiliary probability space (€2, F, Py). We next prove the following lemma.

Lemma 3.4 Assume that d > 1 and that d > 3. Let a € (0,00). Then, there exist cs,cg, 2 € (0,00) that
only depend on 1), d and a, such that

2a
Vr € (0,7“2) Eg |:/0 ds l{HgsHZQT}’l/J/(ur(fS)) <cs+ CGJ(T) .
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Proof. To simplify notation, we denote by L the expectation in the left member of the previous inequality.
Recall from (58) the notation u, for the radial function yielded by w,. By Fubini and easy changes of
variable, we have the following.

2a
L = / dx/ ds (2ms) =21/ 257 (T, (||2|)))
B(0,2r)cJ0

00 2a
_ 07/2 dy yd_lw/(ar(y))/o ds S—d/Qe_y2/28

T

= s /2 Oody yf )Y (W (y)) »

T

where for any y € (0, 00), we have set f(y) = fyogo/(4a) duu/?2

that only depend on d. Since we assume that d>3, f(0) is well-defined and finite, and it is easy to check

that fooo yf(y)dy < oc.
We next use Lemma 3.3 with o = 1 to get for all » € (0,71) and all y € (2r,00) that u,(y) <

(2r/y)?2q,. We then set o, = 2rq,1~/(d72). Thus, %, (y) < (a,/y)42, for all » € (0,71) and all y €
(2r,00). We next set

e~ " and where c¢;7 and cg are constants

ro =11 A (e /0 (1)Y2

Observe that for any r € (0,72), g, > 1, which implies that ;. > 2r. Next, observe that for all r € (0, r3)
and all y € (v, 00), (a/y)2< 1. Thus, ¥/ (@, (y)) < ¢'(1). It implies

L

IN

ci'(t) [ Tuf@)dy + e /2 U ((nJy)*) dy

r
Qr

< e + csf(0) / ! (o /y)*2) dy., 63)

2r
where ¢5:=cgt)'(1) [, yf(y)dy. By using the change of variable v = (o /y)42 we get

(o /2r)2=2

ar _ 1 __d_
esf(0) /2 v/ (o y)* ) dy = g3 ef Oy | ¢/ (opo7 52 dv = e (r)
s
where we have set cg:= ﬁcS £(0). Then, the desired result follows from (63). |

When d is greater than 5275 the function J is bounded for all small values of r as proved in the

1 ’
following lemma.

Lemma 3.5 Assume that  >1 and that d > 52—_51 Then, there exists a constant cg € (0, 00) that depends
on d and 1 such that J(r)<cq for all v € (0,r2).

Proof. Observe that -2 < § —1. Recall that 6y = 6 —1. Let us fix u € (25,8 —1). By the definition
(3) of the exponent d,, there exists K € (0, 00) depending on ¢ and u such that V 1 <A <p, ¢'(\) <

K/ (11)(\/p)%. Recall from (61) that +'(q,.) = c4r~2, where ¢, is the constant appearing in Lemma 3.3.
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Then we get the following.

e am [T, -4 9 a3 o P
J(r) =g Y (v)vTd=2dv < rigr Y (qr) (v/gr)" v a2dv
1

1

which implies the desired result with ¢g := u_c42 . [ |

When d € (%, 52—_51], we are only able to prove that lim inf, o J(7) < co. More precisely, we prove
the following lemma.

Lemma 3.6 Assume that ~v > 1 and that d > % Recall that c4 appears in Lemma 3.3. Then, there
exists a decreasing function

0 € (¥'(1),00) —> 19 € (0, (C4/¢’(1))%)

such that limg_, 79 = 0 and such that there exists cio € (0, 00), that only depends on d and 1), and that
satisfies

Vo € (1/1/(1), OO)7 J(T@) < cyo- (64)

Moreover, for any 6,0 € (¢'(1), 00) such that 6’ > 6, we also have
ror /T < (9/9’)1/2 and 19 > 11072, (65)

where c11, c12 € (0, 00) only depend on d and 1.
Proof. Note that 25 <y —1=",. Letus fix c€ (325, 7y ). Thus, A=%)(X) — oo as A — oo, which
allows to define the following for any 6 € (¢'(1), 00):

ro = (ca/t'(M))? where Mg =inf {\ € [1,00) : A%/ (\) = 0} (66)

Note that if 6 > 1/(1), then ry < (q/zﬁ’(l))é and J(rg) is well-defined by (62). Clearly, 0 — Ay
increases to oo as § — oo. Consequently 6 — 7y decreases to 0 as § — oco. Recall from (61) and (62) the
definitions of ¢, and J(r) and note that g,, = \g. By definition, ¢'(v) < 6v°, for any v € [1, \g], which
implies

2 Ao d 2 oY) s
J(rg) = 15 Aé”/ Y (v T 2de < g A 9/ 0T 1y
1 1

2 2 OAE
1 2y d-—2 a2 0
S —7'0>\ 0\ =C3—— < = C13
s 0 o Y'(Ng) ’

where c13=c4/(c— 725) and since 1 (A\g) =0\, by definition. Next, observe that

Or

o
I

= 64)\6_6 .



Thus, 6 — 97’3 decreases, which proves the first inequality in (65). To prove the second inequality, we fix
£€(0,00) such that ¢+ ¢ < ~y,s. By definition of ., there exists K € (0, co) such that A=)’ (\) > K\°,
for any A € [1,00). It entails that 0 = A\, “’(\g) > KA. Thus,

= 3 _ 1 el 14 c
"o (64/w,(A9)) ’ (04/(9)\5)) *z (C4K 2)29_5(1+g),
w m ey L

hich implies the desired result with c1; = (C4Kg) 2 and ¢po %(1 ).

By combing the previous lemmas we obtain the following result.

Lemma 3.7 Assume that 6 > 1 and that d > ZT"’l Then d > 4. Let a € (0,00). For any n € N, set

Pn = T,n2, Where (79)gc[y/(1),00) IS defined as in Lemma 3.6. Then, the sequence (pp)n>0 satisfies (51)
in Lemma 3.1. Moreover, there exists a constant c14 € (0, 00), that only depends on d, ¢ and a, such that
for all sufficiently large n € N,

2a
Eo [/0 ds1yje=2001% (Up, (65)) | < 14 -

Proof. Note that v <2, which easily entails that d>4. By (65) in Lemma 3.6,
pn-i—l/pn < (enQ/e(n+1)2)1/2 = einié <e ™™ and n=? log 1/pn < ci2 — n? log ey,

which proves that (p,,),>0 satisfies (51) in Lemma 3.1. Moreover, for all n € N such that p,, € (0,72),
Lemma 3.4 and (64) in Lemma 3.6 imply

2a
Eo [/ ds1yjie, 5201 (Up, (€s)) | < €5+ c6J(r02) < 5+ coc10 =: C14,
0

which completes the proof of the lemma. |

3.3 The spine and the associated subordinator.

Recall from Section 2.4, the Palm formula for the occupation measure of the snake. Recall that £ =
(&)>0 is d-dimensional Brownian motion starting from 0 that is defined on (2, F,Py). Recall that
(Vi)¢>0 is a subordinator defined on (€2, F,Py) that is independent of £ and whose Laplace exponent
is v*(\) = ¢'(\) —a. Recall from (47) that under Py, conditionally given (£,V), N*(dtdW) =
>_jeg O(;wi) is a a Poisson point process on [0, 00) x C(R4., W) with intensity dV; Ng, (dW). Then
recall from (48) that for all a € R, we have set Mg =5 . 7. 1[0 4 (¢;)M; where for all j € J*, M;
stands for the occupation measure of the snake W7 as defined in (38).
For any a € R, we then introduce

UPRES <MZ’ 1> = Z 1[0,a](tj)0j’ (67)

JET*

where o; is the total duration of the excursion of the snake W7. By construction of the snake excursion
measure,

Ny [1—e ] = N[1-e ] =971 (N). (68)
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We shall assume throughout the paper that d > 4. We then introduce the following two last exit times: for
all re Ry, we set

dr) = sup{t = 0:[|&]| <r} (69)
y(r) = sup{tzo:w £”)2+<£2))2+<£”)2§r} (70)

where (59)120 stands for the i-th coordinate of £&. We then recall the two basic facts on the processes
and 9.

(a) The increments of (J(r)),>o are independents. Moreover, (||€y(-)+¢|):>0 is independent of the two
processes (U(r))o<r<r and ([[€snor) [)e>o0-

(b) The process (7(r))r>0 has independent and stationary increments: it is a subordinator with Laplace
exponent A — /2.

The first point is proved in Getoor [22]. The second is a celebrated result of Pitman [36].
Before stating our lemma, we introduce the following random variables:
Vi>s>0, Ni(s,t)=#{jeT": s<tj<t and R;NB(0,r)# 0}, (71)

that counts the snakes that are grafted on the spatial spine £ between times s and ¢, and that hit the ball

B(0,r).

Lemma 3.8 Assume that d>4. We keep the previous notation. Then, the following holds true.
(i) For all real numbers r>1">p>p' >0 and all a € (0, c0), the random variables
To2p)—To2py >  Tory—To@ry and Np(9(2r),a+9(2r))
are independent.

(ii) The process (Ty(y))r>0 is a subordinator with Laplace exponent /2 P orp—1,

Remark 3.1 We take the opportunity to mention that it is stated incorrectly in [10] (60), that T’ (5,) —

Ty 20y Ty(2r) = Ty(2y @and N (9(2r), a) are independent. More precisely, the statement (49) in [10] is

incorrect. We provide here a correct statement and a correct proof.

Proof. Let us prove (7). Let A\, i1, # € R, To simplify notation we set
Y = exp (= MTyr) —Toer)) —(Top) —Top)) —ON:(9(2r), a+9(2r)) ).

Then recall (68) and recall from (58) notation @, (||z||) = Nz (R N B(0,7) # 0). Then, basic results on
Poisson processes imply

Eo[Y|(&,V)]=exp <_7;Z)71(>‘)(V19(2r) —Vﬁ(zw))—¢1(#)(‘/19(2,))—%(2,)/))—(1—69)/0d‘/tl7r(\|€w(2r)+t H)) :

7a)
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Since V' is a subordinator with Laplace exponent ¢)*/, we then get
Eo [V |€] = exp (= (9(2r) =9(2r" )™ (67 (M)
- (0(20) =002 )0 (7 0) = [ @t (1= oy a]))

The above mentioned property (a) for last exit times then implies that
a
9(2r) =9(2r"),  9(2p)—D(2p) and / dt v (1 e ") ar (lg(ry+4l))
0

are independent which easily implies (7).
The second point is proved in a similar way: let 0=rg<r; <...<rj, and let A1,... A\, € Ry. We set

V' =exp (= D M (T~ Toir )

1<k<n

Thus,

EolY'] = Eojexp (=Y v 0w (Vo —Vaeu )]

1<k<n

= Bo[exp (= 0 0@ (W) () = (k0) )|

1<k<n

= exp (— Z (rk—"Tk-1) 27/)*/(7/)_1()\19))) .

1<k<n

Indeed, the first equality comes from basic results on Poisson point measures, the second equality comes
from the fact that V' is a subordinator with Laplace exponent 1)*' and the last equality is a consequence of
the above mentioned Property (b) of the last exit times (7). This completes the proof of (ii). |

Recall from (71) the notation N,.(s,t) _that counts the snakes that are grafted on the spatial spine §
between times s and ¢, and that hit the ball B(0, ). We state the following lemma that actually means, in
some sense, that in supercritical dimension there is no snake W7 grafted far away that hit B(0, 7).

Lemma 3.9 Assume that v > 1 and that d > % Then, for all t > s> 0,
Vi>s5>0, limPg(N.(s,t)=0)=
r—0

Proof. Recall from (56) the definition of u, and from (58) that of @,.. By the definition (71), conditionally
given (&, V'), N, (s,t) is a Poisson random variable with parameter fst dVyur(&yw). Thus

t

Py (N, (5,1) = 0) = By [exp (- [ dwvtunien)] 72)

Next, note that d> =1 implies that d—2 > 553 . Then, there exists b€ (0,1) and a € (0,y—1) such that
2

(d—2)(1—-10b) > . (73)
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By the definition (69) of the last exit time process 1,

Ey [exp (—/:dw w*’(ur(gw))ﬂ > exp (— tw*'(ﬂr(rl’))) Py (s>79(7°b)) . (74)

Clearly lim, o Po(s>1(r?)) = 1. Thus, we only have to choose b such that lim, _q @, () = 0. To that
1
end, we apply Lemma 3.3 with p=1: for all r€ (0,71 A 27 7-?), we get

,&T‘(T,b) S (27,,/741))(1—21/}/—1(0470—2) — 2d—2r(d—2)(1—b)wl—1(0474—2). (75)

Since a € (0, y—1) and since vy =~ —1, the definition (21) of ~, entails that for all sufficiently large A,

(X\) > A% and thus ¢/~1(\) < AY@. Then (75) implies that there exists a constant ¢ € (0, c0) such that
P

0, (r?) < er@=20-b)=2/a for a]] sufficiently small 7. By (73), this entails lim,_ @, (r?) = 0, which

completes the proof by (72) and (74). |

We next prove a similar estimate for N,.(9(2r), a+9(2r)).

Lemma 3.10 Assume that 6 > 1 and that d > 52—51. Then, there exist two constants ci5,13 € (0, 00) that
only depends on d, v and a, such that

vr € (0,r3) Po(Ny(9(2r),a+9(2r))=0) > c15 .

Proof. Recall from (56) the definition of u, and from (58) that of %,. By the definition (71), conditionally

given (£, V), N,.(9(2r), a+9(2r)) is a Poisson random variable with parameter fl;l(;f)(%) dV; u,(&;). Thus

a+9(2r)

Po (N, (9(2r), a+0(2r))=0) = Eo[exp (- / dt ¢*'(ur(£t))>] . (76)

9(2r)
Next note that on {J(2r) <a}, a + J(2r) <2a and that ¢ >9(2r) implies that ||| > 2r. Thus, by (76)

Po (N (9(2r), a+0(2r))=0) > Eg [1{19(%)@} exp <—/02§t 1{||§t||22r}w*,(ur(§t)))}
> Eg [exp <—/02adt 1{||§t||22r}1/}*,(u7"(§t))):| —Py(9(2r) >a)
2a

> exp <—Eo{/0 de 1{”5,5”227»}11)*/(%(&))}>—P0(19(27“)>a)a (77)

where we use Jensen inequality in the last line. By Lemma 3.4 and Lemma 3.5, for any 7 € (0, 72),

2a

exp (—Eo [/0 dt 1{”&”227"}1/1*'(ur(§t))]) > exp(—c5 — c6C9) -

Since P (9(2r)>a)— 0 as r — 0, there exists 73 € (0, 72) such that Po(9(2r3) >a) < 2e~¢7%. Thus
by (77) and the previous inequality, for any r € (0, r3),

Po (N, (9(2r),a+9(2r)) =0) > %exp(—05 — cc9) =: C15
which completes the proof of lemma. |

Under the less restrictive condition d > %, we get a similar lower but only for the family of radii
(Pn)n>1 introduced in Lemma 3.7.
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Lemma 3.11 Assume that 6 > 1 and that d > . Let (pp)n>1 be the sequence introduced in Lemma
3.7. Then, there exists a constant c1¢ € (0, 00), that only depend on d, v and a, such that

Vn =1 Po (N (0(200), a+9(200)) =0) > ci

Proof. The lower bound (77) applies for » = p,,. Then, Lemma 3.7, entails that for all sufficiently large

n,
2a
P (_EO[/ dt1{||§t||22pn}w*/(upn(£t))]) > exp(—cua) ,
0
and we completes the proof arguing as in the proof of Lemma 3.10 with ¢4 := %6—614. -

We then shall need the following result that is used in the proof of Lemma 4.4.

Lemma 3.12 Assume that 6 > 1 and that d > 4. Let (py,)n>1 be the sequence of radii introduced in
Lemma 3.7. Then,

(4) - ;Po (Ty(2p,) < 9(8pn)) =00 and (i) : Po-as. hﬂi‘?ﬁ =

Proof. Lemma 3.8 shows that 7', ) is a subordinator with Laplace exponent /29" ot1p~1. Then, Lemma
3.7 asserts that the sequence (p,),>0 satisfies the conditions (51) in Lemma 3.1, which immediately
entails (7) and (i1). |

We end this section with the following result that is close to the previous one and that is used in the
proof of Theorem 1.1.

Lemma 3.13 Assume that v > 1. Let u € (0, =2 ). Then, there exists a decreasing sequence (sy)n>1 that
tends to 0, that only depends on v and u, and that satisfies the following.

T S
(2) : ZPO(TV(QSH) <sp)=o0 and (ii): Py-a.s. limsup i) o

n—00 s
n>1 n

Proof. Let u' € (u,=2). We set p* = 1* o ¢!, where *(\) = 9(\) — . Recall from (21) that

Yo = Vor = % We fix a € (0, %1) By the definition (21) of ~y,+, there exists Ao € (0,00) such
that p*(\) > \* for any A\ € [\g,00). Next observe that 2/u’ > 7?*1 = 7,+. As an easy consequence

of definition (21) of 7+, we get liminfy_, @ (AN v’ = (. Consequently, there exists an increasing
sequence (\,)n>0 such that
VneN, 2"<X\, and A\ <o (\,) <A (78)

We next fix € € (0, c0) such that (1 + ¢)u/u’ <1, which is possible since u' >u. Then, we set

1+e

VneN, s,=¢"(\y) 2 . (79)

Since, by Lemma 3.8, (Ty(r))rzo is a subordinator with Laplace exponent /2¢*, a Markov inequality
entails

1 —exp [ —2v2s,v/0*(\, /
Po(Ty2s,) > 5 ) < p< o )> <2V2

7 - 1 —exp(—Ans¥)) 1- exp( )\ S“)

(80)
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By (79) and the last inequality of (78), we get

A8t = App* (A" (HW/2 > NI=(ke)u/u’ (81)

n—o0

Moreover, the first two inequalities in (78) and (79) imply
su /D" ) = @ (A )5/ < X052 < grmas/2 (82)
Then (80), (81) and (82) imply that there exists ¢ € (0, 00) such that
Py ( Ty (260) > S ) < g nee/2
It immediately implies (i) and (i) follows from P (a5, ,)> 54) < Po (T} (2s,) > s%) and from the
Borel Cantelli lemma. |

3.4 Estimates for bad points.

Recall from (36) the definition of the excursion measure Ny of the ¥-Lévy snake W. Recall that the
lifetime process of W is the height process . Namely, Ng-a.e. for all t € Ry, (y, = Hy. Therefore, the
duration ¢ of W under Ny is the duration of the excursion of H. Recall that W is the endpoint process
of the snake. Recall from (38) that M stands the occupation measure of the snake, namely the random
measure on R? that is the image via W of the Lebesgue measure on [0, o]. Recall from (37) the definition
of R, the range of the snake.

Let A,r € (0,00). Note that (M) = o, therefore we get

No[1-e PO < No[1-e7] = N[1-e7] =y~ (3), 3)

where the last to equalities comes from (25) and (68). The next lemma states a lower bound of the same
kind.

Lemma 3.14 There exists c17 € (0, 1), that only on d, such that

Y, € (0, 00), >1 == No[l—e*MBOMN] > cizp=lp). (84)

Y1 (p)

Proof. To simplify, set g(y, ) := Ny [1—e #MBEOM)] Note that M(B(0,7)) = Jodt1
easy argument combined with Fubini first entails the following:

(I Wll<ry- AD

Jlds1

q(p,r) = M/o dt Ny [1{t§a;||w7t||<r}eiu {HWSHQ}] ) (85)

We next apply Lemma 2.8 at the (deterministic) time ¢ (recall that this lemma is a specific form of the
Markov property for W = (p, W)). Then we get for any t €R .

No |1 —nl; d“{nv’v;nm}

= e
{t<o; [[Well<r}

_ —uM(B(0,r
=Ny 1{t§a;|V[/7t|<r}eXp<_/[0J§f}(dh)NWt(h) [1—6 pM(B( ))D}. (86)
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From (83), we get that for all ¢, h > 0, Nyy, ) [1 - e_“M(B(O’T))] < ¢~ !(u). Then,

NO 1{t§o ; ||V[//\t||<r} €xp <_/ pt(dh) NWt(h) [1 — e_MM(B(Ovr))] )]

[Oth}
. =) fig.5,) Pt(dh)
>No|Lyyey  1<ry® o1 P11 (87)
Then by (85), (86), (87) and Fubini we get
g -1
q(p,7) > Ny [/0 At 1t Y Jio.m) ”t(dh)} : (88)

We next apply (46) to the right member of the previous inequality: to that end, recall that U = (U, )a>0
stands for a subordinator defined on (2, F, Py) that is independent of § and whose Laplace exponent is
P*(N)=1(X)/A—a. Then, (46) to the right member of (88) entails the following:

i a )], t(dh) — OO —aa —p= Y (U,
NNO[/O dt1{|m//\t”<7’}6 H) Jio,Hy) P ] — M/Odae | O [1{||§a|\<r}e (1) ]
= M/ daefa“/w_l(”)Po(||£a\|<r),
0

since £ and U are independent. Thus, (88) and a simple change of variable using the scaling property of
Brownian motion, entail

o(p.r) 2 670 [ Po (16 < /0T ) ¢ e (59)

If r20 /¢~ (1) > 1, then (89) implies (84) with c17: =" Po (||&|| < 1) e~“de. Clearly, c;7 only depends
ondand c17€(0,1). [ |

Before stating the next lemma, we recall a result about the first exit time from a ball for a d-
dimensional Brownian motion. First set

Xdr = inf {t € Ry« [|& =7} (90)

In dimension 1, one get
—1
Vro A € Ry, Eo[exp(—)\XLr)] = <cosh(7"v 2)\)> < 2exp (—r\/ 2)\). 91)

Indeed note that ¢ — exp(v/2A{; — At) is a martingale (see e.g. Revuz and Yor [37], Chapter II, (3.7)).
In dimension d, observe that

T . () _
Po-as.  xar > 1r§r1]1£1d1nf {t cR+:Vd 1€ ]—7“},

where §§j ) stands for the j-th coordinate of &. The previous inequality combined with (91) then entails
VYA, r € Ry, Eo[exp(—Axa,(€))] < 2d exp (—ry/2X/d). (92)
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Lemma 3.15 Assume that § > 1 and that d > 3. Recall that v and c4 are the constants appearing in
Lemma 3.3. Then, there exist c1g, c19 € (0, 00), that only depend on d and 1, such that
2
U
> 16,
)

No [Lirmono € PO | < s (/12 ¥/ ear™) exp (—ero /o ln) ).

Vu € (0,00), Vr € (0,71) such that vz e RN\ B(0, 2r),

Proof. We fix ;1€ (0, 00) and 2 € R\ B(0, 2r). To simplify notation we set

p(x, p,7r) =N, [I{RHE(O,T);é(Z)} ewM(B(o,Qr))] ‘

Recall _from (40) the definition of 7, that is the hitting time in B(0,r) of the snake W. First recall that
{R N B(0,r) # 0} = {7, < oo} and observe that

N_-a.e. on the event {R N B(0,7) # (0}, /TT L i<z ds < M(B(0,2r)).

Thus, we get
P&, p1,7) < No | 1r, cogye " e Hapcan ], 93)

We next apply Proposition 2.8 to the right member of (93) and to the stopping time 7,.; thus we get we get

p(z, p,m) <N [1{7T<oo} exp (—/ pT]T(dh) Ny, [1 — e‘“M(B(O’Z””D] (94)

[7 Tr

Let w € W be a continuous stopped path starting from x € B(0, 2r); we denote by (,, its lifetime. We
define T (w), To(w) and T3(w) by

Ti(w) = inf{te(0,¢]: W) <3r/2}
To(w) = inf {t €0,¢w — Th(W)] : [|w(t 4+ Th(w))—w(T1(w))| > 7“/4}
Ts(w) = inf{t€[0,¢]: lw(t)| < 5r/4} (95)

with the convention that inf §) = co. Observe that if T3 (w) < oo, then T3 (w) + T3 (w) < T3(w). Moreover,
since = € B(0, 2r)¢, N,-a.e. on the event {7, < oo}, we have T} (W) + To(W;,) < T3(W,,) <7, <00

T

and for any t € [T (W), Ty (W;) + T>(W7, )], the following inequality holds true:

_' w,r

Ny, |1 — e—MM(B(O,QT))} > NWW(t)[l _ o HM(B(Wy, (t),r/4))} _ N, [1 _ nuMBO/)] .\

the last equality being a consequence of the invariance of the snake under translation; here A, , only
depends on p and r. To simplify notation we set 73 = T (W.,.) and 7o = T5(W,,.). An elementary
inequality combined with (94) entails

p(z,u,r) < N, {I{TKOO} exp <—/[T gTjr(;l]h) Nw., (n) [1 _ e~ hM(B(0,2r)) ])]
1,41 2

< N1, coop exp (— Ay /[Tl,ifigf)>] - (96)
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Recall from (95) the definition of 73. Recall from (44) the definition of the function . We next apply
Proposition 2.9 with 7/ = %r to the right member of (96). Then we get

No [1(r, <oy exp (= s / pr, (ah) )|

[T1,T1+1T3]
~ T3(€)
= u,(5r/4) E, {1{T3(§)<oo} exp <—/0 dtw(ur(&), Amrl[Tl(g)’Tl(gHTQ(E)] (t)))}
T1(&)+12(€)

< 0 (57/4) Ba | 173 (6) <o) X0 (- /T o dt = (ur (&), Aur) ) | - 97)

Here recall that £ under P, is distributed as a standard d-dimensional Brownian motion starting from .
The convexity of 1 provides the following lower bounds for @ (u, (&), Ayr):

o if u, (gt) > Au,rs then ¢ (ur (&)7 Au,r) > W(AW);
o if u (&) <Ay, then @ (up (&), Ay ) >V(Apr) /Ay > 30/ (Ay,), by (20) for the last inequality.
These inequalities combined with (96) and (97), entail

P, 1) < (57/4) By (107, (¢)<o0) 50 (— 50 () T2(6)) ] (98)
‘We now assume that )
T
— >1.
16~ () —

Recall that A, , =No[1l—e #MBOT/9] By Lemma 3.14, A, > 179~ (1). We next use the concavity
of ¢’ and the fact that ¢17 € (0, 1), to get

W (Apr) > Y (i (1) > eirt (b (1) = cirp(p). 99)

Recall that r; and ¢4 are the constants appearing in Lemma 3.3. We assume that 7 € (0, 7). Then, Lemma
3.3 with ¢ = 1/4 implies that 4, (57/4) < 1'~1(cyr~2). Thus, by (98) and (99) we get

P, ) S9N e ™) Be [ 17, (g <o) exp(—Fare(0) T3(6)) | (100)

Recall from (95) the definition of 73 () and T5(&). By the Markov property at time 77 (&), we get
E, [1{T1 (€)<oo} eXP(—iCNSD(M)Tﬂf))} =P, (T1(§) <o0) Eo[eXP(—iCNSD(M)Xd,r/z;(f))] :

Since d>3, we get P (T1(£) < 00) = (3r/2||z|)?2. Moreover by (92), we get

By [exp(—gerre(u)Xar/a(€))] < 2dexp (= grv/2eime(n)/d) -
Then we set c1g =2d (3/2)972 and c19=+/c17/(32d) and we get

E, |:1{T1(§)<oo} eXp(—ECw@(M)B(S))} < es(r/|lz])*? exp (—erorv/o(1) ),

which implies the desired result by (100). |

Recall from (11) the definition of the gauge function g:

10g10g%
p~1((7 loglog 1)?)

g(r) =
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Lemma 3.16 Assume they § > 1 and that d > 3. Recall that c1g is the constant appearing in Lemma
3.15 and that cy is the constant appearing in Lemma 3.3. There exists cop, 21,74, ko € (0, 00), that only
depend d and 1), such that for all r € (0,74), for all k€ (0, kq) and for all x € B(0,2r)°,

Nz (RN B(0,7) # 0 ; M(B(0,2r)) < rg(r))
< ey’ Near™?) (/)" (log 1/r) o0 "

Proof. Let x, € (0,00). Let 7 € (0,71) where 7 is the constant appearing in Lemma 3.3. Assume that

such that #‘(‘u) > 16. A Markov inequality, combined with Lemma 3.15 entails :

Nz (RN B(0,r) # 0; M (B(0,2r)) < kg(r)) < e™9IIN, [I{Rmﬁ(o,r#@} ef“M(B(O’QT))]

< c18 (’I“/HCE||)d72 1/)'_1(047“_2) exp(F(,u, r, /-c)), (101)
where we have set
F(p,r k) == rpg(r)—ciory/o(p) -
For any g€ [1,00) and any r € (0,r), we set

firg = 0 (q(+ loglog 1)%).

We first get an estimate for ji4,. To that end fix a such that 1/a € (0,d,). By the definition (22) of ¢,
there exists C' € (0, o0) such that for any p, A € [1, 00), Cp'/%p(X) < @(p)). Thus, for any z> (1) and
any g > C, we get o 1(gz) < (¢/C)%p~1(z). This easily entails that there exists r5 € (0,79 A 1) and
22 € (0, 00) such that

Vr € (0,T5),Vq € [1, OO), Hr,1 < Hr.q < 622qa,ur,1 . (102)

Recall that )(\) = 1(\) /. We next observe that for all 7€ (0,e~1) and all ¢ € [1, 00), (20) implies

o, - 1 - 1 _ 1
r’ W/j) =P (irg)) = 777 (W (ing)) = 7779 (7 (1)) = 7 (loglog 1/1)?.
r7q
Then we set 74 = exp(—e®) A r5 and we get
Vr € (0,74),Yq € [1,00) Pl g (103)
r yT4), V(g y X0), 1/, N = :
¥ (brg)

Letr€(0,74), ¢€[1,00) and k € (0, 00). Observe that g(r) = (loglog1/r)/py1 and that /(g q) =
V/qloglog1/r. Thus, we get

_1
Fprg,r k) = <H% - 019\/(_1) log log% < Vq(ca2kq? ™2 — c19) log log% :

7,1
Since 6, <1, we get a>1 and thus a—1 > 1. We then set r=c19/(2c22) and for all s € (0, ko) we also
1

set ¢, = (;@0/5)@. Then ¢, >1 and

1 1

\/q_n(0225q272 - 019) = —%Clg(,‘io/ﬂ)m .

1
We then set cog = $cigri® ' and co1 = T1—1 Then

F(prg.,m k) < —coor™ “ loglog %

and we complete the proof thanks to (103) that allows to apply (101) for any r € (0,74). |
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4 Proof of the results.

Recall from (38) the definition of the total occupation measure of the snake M. We prove in Section 4.1
the following results on the lower density of M.

Theorem 4.1 Let o) be a branching mechanism the form (1). Let (Wy)>0 be the associated snake. Let g
be defined by (11). Assume that § > 1 and that d > % Then, there exists a constant Kqy, € (0, 00), that
only depends on d and 1), such that

Ng-a.e. for M-almost all x, liminf M(B(z,r))

r—>04 g(r) .y (104)

This result is then used to prove the following theorem in Section 4.2.

Theorem 4.2 Let 1) be a branching mechanism the form (1). Let (Wy)>0 be the associated snake. Let g
be defined by (11). Assume that § > 1 and that d > % Then, there exists a constant k4. € (0,00), that
only depends on d and 1), such that

No-a.e. for any Borel set B, M(B) = kqy P¢(BNR) .

4.1 Proof of theorem 4.1.

Recall from Section 2.4, the Palm formula for the occupation measure of the snake. To that end, recall that
&€= (&)r>0 is a continuous process defined on the auxiliary measurable space (€2, ) and recall that Py is a
probability measure on (€2, F) under which ¢ is distributed as a standard d-dimensional Brownian motion
starting from the origin 0. Recall that (V;);>( be a subordinator defined on (€2, 7, Py) that is independent
of £ and whose Laplace exponent is 1™ (\) = ¢’(\) — .. Recall from (47) that under Py, conditionally
given (£, V), N*(dtdW) = 3 ,c 7« 6, wy) is a Poisson point process on [0, 00) x C(R4, W) with
intensity dV; N¢, (dW). Recall from (48) that for all @ € R, we have set M‘Z =2 e Loa )M,
where for all j € J*, M ;j stands for the occupation measure of the snake W/ as defined in (38). Also
recall from (71) the definition of the following random variables:

Vi>s>0 N(s,t)=#{jeT" :s<tj<t and R; NB(0,r) # 0},

that counts the snakes that are grafted on the spatial spine £ between times s and ¢, and that hit the ball

B(0, 7). We first prove the following lemma that is a consequence of the Blumenthal 0-1 law.

Lemma 4.3 Assume that d > 1 and that d > % Recall from (11) the definition of the gauge function g.
There exists a constant kg, € [0, 00] that only depend on d and 1), such that

Va € (0,00), Pg-a.s. liminfw = K- (105)
r—0+ g(r) ’

Proof. Let a € (0,00). Let s € (0,a). Observe that if N,.(s,a)=0, then M} (B(0,r)) = M%*(B(0,r)).
By Lemma 3.9, there exists a deterministic sequence (r,,),>0 decreasing to 0 such that

ZPO (Ny, (s,a) #0) < 0o

n>0
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By the Borel Cantelli Lemma, Py-a.s. for all sufficiently large n, N,, (s,a) =0. Since r — N,(s,a) is
non-decreasing, we get that Pg-a.s. for all sufficiently small r, N,.(s, a) =0. Consequently,
MG (B(0,7))

(B
Vs € (0,a), Pp-as. liminf —2 = liminf M )

=0+ g(r) 0+ g(r) (106)

Let G, be the sigma-field generated by 1y 4(t) N*(dt dW) and completed by the Pg-negligible sets.
Using properties of Poisson random measures and the Blumenthal zero-one law for £, we easily check
that Goy := (),50Us is Po-trivial: namely, for all A € Gy, either Py(A) = 0 or Po(A) = 1. Then
observe that (106) implies that the random variable lim inf, o M7 (B(0,7))/g(r) is Go4-measurable. It
is therefore Py-a.s. equal to a deterministic constant 4y, € [0, 00| that does not depends on a. |

Remark 4.1 We point out that Lemma 4.3 holds true for all gauge function g. U

By (50), the previous lemma entails that

Ny-a.e. for M-almost all xz, liminf M

r—0+ g(r) = fidy € [0,00] . (107)

Now, we need to prove that 0 <4, < 0o, which is done in two steps.

Lemma 4.4 Assume that d > 1 and that d > % Then, kg, < 0.

Proof. Fix a € (0,00) and recall from (67) the definition of T}, that is the sum of the durations of the
snakes that are grafted on the spine (£5)o<s<q. Recall from (71) the definition of N,(s,t). Observe that if
¥(2r) > a, then M3 (B(0, 1)) <T, <Ty(,). Next not that if J(2r) <a and if N, (9(2r),a + 9(2r)) =0,
then, M (B(0,7)) <Ty(ay). Therefore,

Po-as. on {N, (9(2r),a+3(2r)) =0}, Mg (B(0,7)) < Ty(ap)-
Then, for all 7 >1'>0, and all A >0,
Po-as. on {N; (9(2r), a+9(2r)) =0} Ty —Tyry < A}, MG(B(0,7)) < A+ Ty(amy.  (108)
Recall from (69) the definition of () and 9¥(r) and observe that ¥(r) < ~(r), which implies
Po-as. Vre (0,00), Tyuy < Ty -
Thus, by (108), for all  >7'>0, and all A>0,
Po-as. on {N; (9(2r), a+9(2r)) =0} { Ty —Tyery < A}, MG(B(0,7)) < A+ Ty, (109)

which allows us to bound M (B(0,7)) by the subordinator 7', studied in section 3.3.

Recall Lemma 3.7, where the sequence (p,)n>1 is introduced; recall Lemma 3.11 and Lemma 3.12
that provide a control respectively on Po(N,, (9(2p,), a +¥(2pn)) = 0) and on T'y(3,,,y. For any n>1,
we next introduce the following random variable:

Yo = L(N,, (9(2pn).a+9(20n) =0} {To(2pn) T2y 1 1) <9(80n)} - (110)
By (109), we get

Vn>1, Py-as.on{Y, =1}, MG (B(0,pn)) < 9(8pn) + T2,
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We then define the following event:

E:{ZY :oo}.

n>1

We claim that

Po(E) > 0. (111)
Then the proof of the lemma is completed as follows: the previous arguments first entail
*(B(0 T
Po-as.on £, liminf Ma(B(0, pn)) <1+ limsup Z0Q@pnv1) (112)
n=oo g(8pn) n—oo  9(8pn)

Recall that the assumption § > 1 implies that g satisfies a C'-doubling condition (13), which entails
g(87) < C3g(r). Then by (112),

B(0 T
Pg-as.on E, Kdyy = liminf M <31+ lim sup “7Cpnt1) . (113)
r—0+ g(r) n—oo  9(8pn)

By Lemma 3.12 (i7) the right member of (113) is Py-a.s. finite, which completes the proof of the lemma.
It only remain to prove our claim (111).

Proof of (111). We use a second moment method. By the independence property of Lemma 3.8 (i), we
first get

Eo[Y,] = Po (N, (9(2pn), a+9(2pn)) =0) Po (Ty2p,) = To(2pnir) <9(8Pn)) -

Then, the lower bound of Lemma 3.11 and the fact that Ty .y <’ (,y entail

EolYa] > c16Po (To2p,) —To2ons1) <9(8pn)) (114)
> c16Po (Ty(2p,) < 9(8pn))
> c16P0 (Ty2p,) < 9(8pn)) -
So by Lemma 3.12 (i), we get

> Eg[Yn] = (115)

n>1

Besides, for n > m > 1, by the independence property of Lemma 3.8 (7)

Eo[Y, Y]
<P (Ty2pn) = To2pns1) <98Pn): To2pm) = To2omsr) <9(80m); Np(9(20m), a+19(2pm)) =0)
<P0 (Tﬁ (2pn) Tﬂ(an+1) Sg(&%)) EO[Ym]

< —Eo [Yo] Eo[Yn] (116)
C16

where the last inequality follows from (114). Therefore, if we denote L,, = >, <k<n Y}, then (115) and

(116) entail
E[L2]
lim su L
n—)oop E[Ln]2
and the desired result (111) follows from the Kochen Stone Lemma. |

< o0

The following lemma completes the proof of Theorem 4.1. Its proof relies on a density result on the
1-Lévy tree that is proved in [12] and that is recalled here as Lemma 2.5.
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Lemma 4.5 Assume that > 1 and that d > % Then kg, > 0.

Proof. We work with W under Ny. The proof consists in lifting to TV the estimate of Lemma 2.5 by using
the fact that conditionally given H, W is a Gaussian process (see (35) in Section 2.4). More precisely,
recall that the height process H is the lifetime process of the snake W and recall from (36) the definition
of Ny that shows that conditionally given H, the law of W is Qéq (see Section 2.4). Recall from (28) the
following notation d for the pseudo-distance in the Lévy tree:

Vs, t € [0,0], d(s,t)=H¢+ Hs—2 inf H,.
uE[sAt,sVi]

Letr, R€ (0,00) and let t € [0, o]. We set
a(t,r) = /0 Lay(s,y<ryds and b(t, 7, R) = /0 1{dH(s,t)§r}ﬁ{|\Ws—th\ZR} ds .

The quantity a(¢,r) has been already introduced in Lemma 2.5. First note that

Vt€[0,0], a(t,r) <b(t,r,R) + M(B(W,R)) . (117)
By (35), we then get
N(dH)-ae. ¥t € [0,0], Qi [b(t,r,R)] <alt,r) / (2m) %2 NIeI?/2qy | (118)
RA\B(0,R/v/7)

For any integer n > 2, we next set R, =2""and r,, = %be (loglog 1/R,)~'. By elementary computation,
vn > 2, / (2m) 4212y < oun=3/2
RNB(0,Rn /v/Tn)

where co3 € (0, 00) only depends on d (note that the power 3/2 is not optimal). By (118), we get

b(t n7Rn
N(dH)-ae.Vt € [0,0], Qf Z% <00
n>2 s

Thus, N(dH)-ae. forall t € [0,0], Qff (limsup,,_,o b(t,7n, Rn)/a(t,r,) >0)=0. Then, by Fubini,
H g
N(dH)-a.e. 1 al —o.
() * /0 {1imsup Bizatta) - o}

which implies that

b(t,rn, R
Ny-a.e. for f-almost all t€ [0, 0],  lim %
n—oo al(t,ry,

=0 (119)

(¢ stands here for the Lebesgue measure on the real line). Recall from (30), the notation k(r):

log log %

Vre (0,ane®), k(r):= .
re (0,ane ) (r) @_1(%10g10g%)
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Then, (119) combined with (117), entails

No-a.e. for £ almost all t € [0, o], liminf a(t, ) < lim inf MBIV, Rn)) .
n—00 (rn) n—00 k(ry)

The definition of d, € (0,1) easily implies that there exists a constant co4 € (0, 00) such that for all n
sufficiently large co4k(ry,) > g(Ry,). Then, Lemma 2.5 entails that

B(W,, 27"
Ny-a.e. for almost all € [0, o], liminf M(BW:, ) > a
n—oo 9(2771) C24

An easy argument involving the doubling property (13) for g completes the proof thanks to (107). |

4.2 Proof of Theorem 4.2.

We first introduce a specific decomposition of R? into dyadic cubes. We adopt the following notation: we
denote by | -] the integer part application and we write log, for the logarithm in base 2; we fix d > %

and we set

b= L10g2(4\/E)J )

so that 2 > 2+/d. To simplify notation, we set D,, = 2~ " PZ¢, for any n > 0. For any y = (Y1, -+, Yd)
in D,,, we also set

__2—n Piyi+ s Llo—n— P).

zg

d
H yi + 5 2 ") and D;(y
: ]:1

It is easy to check the following properties.

e Prop(1) If y, 3/ are distinct points in D,,, then D2 (y) N D2 (y') = 0.

e Prop(2) Let y € D,. Then, we have

Di(y) C Bly, 527 "PVd) C By, 27" "Vd) C Dy(y).

For any r < (2d) ™", we set n(r) = |logy(r~'(1 + 27P)v/d)], so that the following inequalities hold:
sA+27P)Vd2 < < (14 27P)Va20) (120)
Next, for any x = (x1,...,24) € R and for j € {1,...,d}, we set
y; = 27 g on()4e %J )
Therefore, y = (y1,---,Ya) € Dy() and we easily check the following:

e Prop(3) The point x belongs to D;(T) (y) and Dy, (y) C B(a,r).
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We work under Ny. Recall Lemma 3.16: we fix
k1 € (0,K0) such that cook; ' > 2. (121)

Since we assume & > 1, g satisfies the doubling condition (13), which implies that there exists x4 € (0, 00),
that only depends on d, ¥ and k1, such that for all sufficiently large n,

Kog(27") < k1g(327"PVA) (122)
We then fix A >100 and for any n such that 27" < 1/(2A4), we set

Un(A) = D g(VA1+277)27 ") 1 (Do) <rag@m) (R A DY ()#0 ) -
Dy,
1/AS <A

We first prove the following lemma.
Lemma 4.6 Assume that d > 1 (so that (122) holds) and that d > 3. Then, for all A> 100,

No-ae.  lim n>ZN Un(A)=0. (123)

Proof. We fix n such that 27" < 1/(2A) and we fix y € D,, such that 1/A < ||y|| < A. By Prop(2) and
(122), we get

No (M(Dn(y)) < r29(27") 5 RN D}(y) # 0)
< No (M(B(y, 27"77Vd)) < rag(327" V) ; RN By, 327" 7Vd) #0)

=Ny (M(BO0, 27" 7Vd)) < mag(327"7Vd) ; ROB(O, 327" 7Vd) #10) .

the last equality being an immediate consequence of the invraince of the snake by translation. We next
apply Lemma 3.16 with x = —y and 7 = $2-""P\/d and k = k1 (that satisfies (121); thus, there exists
25, €26 € (0, 00), that only depends on d and 1), such that

No (M(Dn(y)) < keg(27™); RNDy(y) # (])) < 025(2—n—p)d—2||y”2—dn—2 w/—1(62622n+2p) .

By Lemma 2.3 and the doubling property (13) of g, there exists co7 € (0, 00), that only depends on d and
1), such that for all sufficiently large n,

g(Vd(1 +27P)27™) /622" %) < o272
which entails the following:
g(Vd(1 +277)27")No (M(Dy(y)) < r29(27"); RN Dy (y) #0) < es(27" ) ly>*n ™2, (124)

where cog = co5c27. Elementary arguments entail the following inequalities:

No(Un(4)) < egn™ Y (27" P)|ly)>*
yGDn
1/A<|jyll<A

cagn2 / 101 a< ol <y ]2~ %

A
€30 n_2/ pdp
1/A

C31 A2n_2,

IN

IN

IN

37



where ca9, 30, c31 € (0, 00) only depend on d and 3. Therefore, No(3_,, n Un(A)) < 0o, which easily
implies the lemma. |

We next prove the following lemma.

Lemma 4.7 Assume that 6 > 1 and that d > % Then,

No-a.e. P, <{x €ER : lig(i)rifg(r)flM(B(x,r)) # Kdap }> =0, (125)

where kg is the constant appearing in Theorem 4.1.

Proof. We fix A >100. By Theorem 4.1 and Lemma 4.6 there exists a Borel subset W4 of W such that
No(W\W4) = 0 and such that on Wy, (104) and (123) hold true. We shall work deterministically on
W € Wj.

Let B be any Borel subset of {z € R? : 1/A < ||z|| < A}. Lete € (0,00) and let B(x1,71), ...
B(zy, r)) be any closed e-packing of B N R. Namely, the later balls are disjoint, their centres belong to
BNR and their radii are smaller than . Let c32 € (0, 00) be a constant to be specified later. First observe

that

k K k
o9 = Y 9D B e oty + O 90D LMBr ) <esn oro))
=1 =1 =1
k
< nglM(B(e)) + Zg(r’i)l{M(B(xi,T‘i)chg g(ri)} » (126)
=1

where we have set B() = {z € R? : dist(x, B) < e}. Next, fix 1 < i < k; recall notation n(r;) from
(120) and denote by y; the point of D,,(,.,) corresponding to x; such that Prop(3) holds true. Therefore,
by (120), we have

M(B(zi,r;)) <ec329(r;) and z;€ BNR —
M(Dyry (i) < e329((1+277)Vd27"")) and RN DYy, (vi) # 0.
We use the doubling condition (13) to choose ¢35 such that c30g((1 + 27P)/d27()) < kg (2-7()) for
all sufficiently small r € (0,1). Thus, we get

k
Zg(ri)l{M(B(xi,ri)§c329(ri)} < Z Un(A) ’

i=1 n:2="<csze

where ¢33 = 2((1 + 27P)v/d)~!. Since W belongs to YW, where (123) holds, this inequality combined
with (126) implies the following.

Z,(BAR) < Z:(BNR) < 0521/\/1( N B<€>). (127)

e>0

We next applies (127) with B = B4 given by

By = {xGR : 1/A<|z||[< A and 1imér+1fg(r)—1M(B(x,r)) # nd,w} .
r—r
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Therefore &7;(B4) < co. Suppose now that &2,(B4) > 0. Then, as a consequence of (18), there exists
a closed subset I, with F' C B4, such that &2 (F') > 0. Since F is closed then F' = [, F©); since
F is a subset of B4 and since W € W4 (where (104) holds true), we get M(F') < M(By4) =0 and by
(127) applied to B = F, we obtain Z,(F) =0, which rises a contradiction. Thus, we have proved that
No-a.e.Z, (Ba) =0, which easily entails the lemma by letting A go to oo, since Z,({0})=0. |

We now complete the proof of Theorem 4.2: by Theorem 4.1 and Lemma 4.7 there exists a Borel
subset W* of W such that No(OV\W*) = 0 and such that (104) and (125) hold true on W*. We fix
W € W* and we set

Good = {x eR : lim(i)gfg(r)_lM(B(x,r)) = /‘@d,w} and Bad = R\Good.
r—

Let B be any Borel subset of R, By (104) and (125), we have
M(BNBad) = Z;(BNRNBad) =0.
Then, we apply Lemma 2.2 to Good N B and we get
M(B NGood) = kg Py(BNRNGood) .

Therefore, on W*, for Borel subset B of R%, M(B) = kg P4(B N'R), which completes the proof of
Theorem 4.2.

4.3 Proof of theorem 1.2

We derive Theorem 1.2 from Theorem 4.2. To that end, we first need an upper bound of the upper box-
counting dimension of ‘R under N,. Let us briefly recall the definition of the box-counting dimensions of
a bounded subset K C R%: let £ € (0, 00) and let n.(K) stands for the minimal number of open balls of
radius ¢ that are necessary to cover A. Then,

dim(K) = liminf 25725 g Tom() = lim sup 287

. 128
e=0 logl/e es0  logl/e (128)

Fix z € R? and recall Lemma 2.6 that asserts that for any ¢ € (0, 72—;1), Ng-ae. (/Ws) se[0,0] 18 g-Holder

continuous. As already mentioned in Comment 1.2, it easily implies the following:

_ 2
Ny-ae. dim(R) < —2— (129)

_’7_17

where R is the range of the Lévy snake as defined (37). We next prove the following lemma.

Lemma 4.8 Assume that v > 1 and that d > % Let x € R For any compact subset K such that
dim(K) < % we have Ng-a.e. M(K)=0.

Proof. Let us first assume that z ¢ K and set k := infycx ||z — y|| > 0. For any ¢ € (0, %k/2), denote
by n. the minimal number of balls with radius ¢ that are necessary to cover K, and denote by B(z5,¢),
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..., B(x;,_, €) such balls. Then, (46) combined with standard estimates of d-dimensional Green function

entail the following inequalities.

Nz M(K)) < ZN ,€)))
< Z/ 01, (&, €B(af,e)) d
< e Z/ e~ ylP~*dy
z 76
< C35 kQ dgdne,
where cs4, ¢35 € (0, 00) only depend on d. Since d > dim(K), the previous inequality implies that

Ny(M(K)) =0ase — 0.
Let us now consider the general case: for any r > 0, the previous case applies to the compact set
K' = K\B(z,r) and we get

Ng-ae. M(K)=M(KNB(x,r)) + M(K\B(z,7)) < M(B(z,1)) ,
which implies the desired result as » — 0 since M is diffuse. |

The end of the proof of Theorem 1.2 follows an argument due to Le Gall in [28] pp. 312-313. Theorem
4.2 and Lemma 4.8 imply that for any compact set K such that dim(K) < '7 , and for any = € R¢,

Ny-ae. P, (KNR)=0. (130)

Recall the connection (39) in Theorem 2.7 between R, M and the excursions W7, j € 7, of the Brownian
snake. An easy argument on Poisson point processes combined with (129) and (130) implies that almost
surely 2 (Ryy; N Ryyi) = 0 for any i # j in J. Then, (39) entails

=Y Py (-NRyy)
JjeJ
Theorem 2.7 and (39) thus imply
Iidlﬂﬂ Z’idwﬂ ﬂRWj):ZMWj:M,
jed jeJ

which is the desired result.

4.4 Dimension of the range of the )-SBM.

We now prove Theorem 1.1. To that end, recall that { = (&;);>0 is a continuous process defined on the
auxiliary measurable space (€2, F) and recall that P is a probability measure on (€2, F) under which ¢ is
distributed as a standard d-dimensional Brownian motion starting from the origin 0. Recall that (V}):>0
be a subordinator defined on (€2, F, Py) that is independent of £ and whose Laplace exponent is {*'(\) =
¥'(A)—a. Recall from (47) that under Py, conditionally given (¢, V), N*(dtdW) = 37, 7. 0, wiyisa
Poisson point process on [0, 00) x C' (R, W) with intensity dV; N¢, (dWW). Then recall from (48) that for
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all a € Ry, we have set M3 =3, 7. 19 ,q)(t;)M; where for all j € J*, M stands for the occupation
measure of the snake W/ as defined in (38). Also recall from (71) the definition of the following random

variables:
Vi>s>0 Ni(s,t)=#{jeT :s<t;<tandR; NB(0,r) #0},

that counts the snakes that are grafted on the spatial spine & between times s and ¢, and that hit the ball

B(0,r).

Lemma 4.9 Assume that 6 > 1 and that d > 52—_51. Then, for all a € (0, 00), and for all ue (0, %)

Po-a.s.  liminf r—“ M (B(0,7)) < oo. (131)
r—0+

Proof. The present proof is very similar to that of Lemma 3.10. We detail only the main steps. Recall
from Lemma 3.8 the definition of the processes (Ty;))r>0 and (T, )r>0. Recall from (71) the definition
of N, (s,t). Recall from Lemma 3.13 the definition of the sequence (s, ),>0. Then, for all n>0, we set

Y = LMo 9250).0+9(250) =030 To 20 ~To(as,4 1) S54}- (132)

Reasoning as in the proof of (109), we get

Po-as.on{Y, =1}, M(B(0,s,)) <1+ Ty, ,)- (133)
Thus, if we show that
Py (Y vy =oc) >0, (134)
n>1

we get (131), by use of Lemma 3.13 (4).

The inequality (134) is obtained using Kochen Stone Lemma, as in the proof of (111). Indeed, under
the assumption d > 52—_51, Lemma 3.10 entails that for all n € N, Po(N;, (9(2s5,),a + 9(2sy,)) =0) >
c15 > 0; we then argue exactly as in the proof of Lemma 4.4 to obtain (134). We leave the details to the
reader. |

Proof of Theorem 1.1. Assume that & > 1 and that d > 52—_51. Recall from (37) the definition of R, the

range of the Lévy snake. By Theorem 2.7 and by spatial invariance of the snake, it is sufficient to prove
: — 2y

No-a.e. dimp(R) =dim(R) = p
/7 p—

Recall that for every bounded subset ' C R, dim,(A4) < dim(A) (see e.g. Falconer [21]). By (129), it
then only remains to prove

2
No-ae. dimy(R) > —1— . (135)
~v—1
Lemma 4.9 comnied with (50) implies that for all u € (0, %),
Nop-a.e. for M-almost all z, liminf r “M(B(z,r)) < oo, (136)

r—0+

which implies that Ny-a.e. dim,(R) > u by the comparison results stated here as Theorem 2.1. This
entails (135) and the proof of Theorem 1.1 is completed. |
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