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Abstract

In the present paper we study the vector potential problem in exterior domains of R®. Our approach
is based on the use of weighted spaces in order to describe the behaviour of functions at infinity. As a
first step of the investigation, we prove important results on the Laplace equation in exterior domains
with Dirichlet or Neumann boundary conditions. As a consequence of the obtained results on the vector
potential problem, we establish usefull results on weighted Sobolev inequalities and Helmholtz decom-

positions of weighted spaces.
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1 Introduction

Let Q' be a simply-connected bounded domain of R3 assumed to have at least a Lipschitz-continuous
boundary 4Q and let Q denote the complement of {/, in other words, the exterior of Q. For a given
divergence-free vector field u, the vector potential problem in Q consists in looking for a vector field ¥
that satisfies

u=curly and divy=0 in Q, (1.1

where u and v satisfy appropriate boundary conditions.

This problem has many applications in fluid mechanics, particularly in fluid flow past an obstacle described
by the Navier-Stokes equations and related linearized problems. We refer for instance to [7, 14, 15] and ref-
erences therein, for the direct use of (1.1) in order to solve the Stokes equations in exterior domains.
Problem (1.1) also allows to establish important results on Helmholtz decompositions which are powerful
tools in the study of the Navier-Stokes equations (see for instance [11, 12] and references therein). We also

refer to [9] for discussions and applications of (1.1) in fluid mechanics and other fields.
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In this work, since the domain Q is unbounded, we propose to investigate (1.1) by setting the problem in a
class of weighted Sobolev spaces. These spaces enable to describe the growth or the decay of functions at
infinity. They were introduced and studied by Hanouzet in [18]. They were used by Girault to study (1.1) in
the whole space R3 [13] and in exterior domains [14]. Let us notice that in these works, the study was done
in a Hilbertian framework. Since we are interesting in applications of (1.1) to nonlinear exterior problems,

we choose to use an L”-theory where 1 < p < co. Thus, this work is an extension of [13] and [14].

Let us mention now that the potential vector problem has been studied in other types of domains. We can
refer for example to [3, 8, 19] for bounded domains and [10] for the half-space. Finally, for exterior domains
we can refer to [21] where the asymptotic behaviour of regular vector potentials is studied and to [20] where

the problem is set in Sobolev-Besov or Besov spaces.

This paper is organized as follow. In the next section we introduce the class of weighted Sobolev spaces and
we recall some of their basic properties. In Section 3 we solve two important auxiliary problems needed for
the investigation of (1.1). The first problem is the divergence equation. The second problem is the Laplace
equation in exterior domains with Dirichlet or Neumann boundary conditions. The results established here
extend the ones proved in [6] in the sense that we are interested in the resolution of these problems for vari-
ous decay properties at infinity. In Section 4 we solve the vector potential problem. We start with the case of
the whole space and then extend the obtained results to exterior domains. Finally in Section 5, we give two
important applications of the resolution of the vector potential problem. We first derive weighted Sobolev
inequalities that extend important imbedding results well known in bounded domains (see for instance [3]
and [8]). The inequalities we proved are extensions of the ones proved in [14] and [23]. Then we end by

proving results on Helmholtz decompositions.

We now give the Notation we use throughout the paper. In what follows, p is a real number in the interval
11,00[. The dual exponent of p denoted p’ is defined by the relation 1/p + 1/p’ = 1. We will use bold char-
acters for vector or matrix fields. A point in R3 is denoted by x = (x1, X2, x3) and its distance to the origin
by

r=lxl=(xf+x5 +x§)1/2
Let N denote the set of nonnegative integers, Z the set of all integers and Z~ the set of nonpositive integers.

For any multi-index A € N, we denote by 7 the differential operator of order A,

oM
a/’l _

= A=A+ A2+ Ao,
axflax§20x§3

We denote by [s] the integer part of s. For any k € Z, 2. stands for the space of polynomials of degree less

than or equal to k and 9’? the harmonic polynomials of 2. If k is a negative integer, we set by convention



P = {0}. We denote by 2(Q) the space of € functions with compact support in Q. We recall that 2'(Q) is
the well-known space of distributions defined on Q and .%’(R3) is the space of tempered distributions. We
recall that LP(Q) is the well-known Lebesgue real space and for m = 1, we recall that W"”(Q) is the well-
known classical Sobolev space and the space W™P(Q) is the closure of 2(Q) in WP (Q). We shall write
ue er:ép (Q) to mean that u € WP (0), for any bounded domain &, with 0 < Q. For R > 0, we denote Br
the open ball of radius R centered at 0. We set Qg = QN Bg and Cg = R3\ Bg. The notation {.,.) will denote
adequate duality pairing and will be specified when needed. If not specified, (.,.)5q will denote the duality
pairing between the space W~'/7?(9Q) and its dual space W'/P?'(3Q). Given a Banach space B with dual

space B’ and a closed subspace X of B, we denote by B’ L X the subspace of B orthogonal to X, i.e.,
B'LX={feB YveX,(f,v)=0}=(B/X).

Finally, as usual, C > 0 denotes a generic constant the value of which may change from line to line and even

at the same line.

2 Aclass of weighted Sobolev spaces and preliminaries

We introduce the weight function

p) = (1+12)"2.

For a € R, we define

WS””(Q) ={ue?2'(Q), p*ucllQ),
which is a Banach space equipped with the norm
luellyyor g = I ullLr ).

For any m e N\ {0} and a € R, we set

-1, if 3/p+a¢fl,..m},
k=k(m,p,a)=

m-3/p—a, if 3/p+acfl,.. m}.

We define the weighted Sobolev space:

W, P (Q) = {ue2'(;
VAeN: 0= A<k p@ ™ M (n@+ r?) 0 ue LP(Q);
VAeN®: k+1<|Al<m,p® ™Moty e LP(Q)},



which is a Banach space when endowed with its natural norm:

1/p

— 2 -1 —
lulymry={ >, Np® " Man@+r*n~ 0% ulll, g+ Y lNp® ™Mol
0<|A|<k k+1<|Alsm

We define the semi-norm

1/p
A
|u|Wam.p(Q):( Z ||pa6 u||Lp(Q)) .
[Al=m

Let us give an example of such space that will be often used in the remaining of the paper. For m =1, we

have
WP (@) ={ue?' (Q); p*uelP(Q), p*VueIP(Q)} if 3/p+a#l
and
W, (@) ={ue 2 (Q); p® 'nR+ ) ue LP(Q), p®VueIP(@Q)} if 3/p+a=1.

Observe that the logarithmic weight only appears for the critical case 3/p + a € {1,..., m}.
We shall now give some basic properties of those spaces. For more details, the reader can refer to [5, 6, 18].

The space 2(Q) is dense in W,"” (Q). For any A € N%, the mapping

ue W"P(Q) —orue w P Q) 2.2)

is continuous.

If m e N\ {0} and 3/p + a # 1, we have the following continuous embedding:
WarP (@) — W' P (. 2.3)

Let j be defined as follow:
[m-3/p-a], if3/p+aez,
j= (2.4)
m-3/p—a—1, otherwise.
Then £?; is the space of all polynomials included in W, P (Q). Moreover, the following Poincaré-type in-

equality holds (see [6]):

Vue WP @), inf flu+tpllyme g < Clulyme ), (2.5)
# j’ a a

where j' = min(j, m —1). Inequality (2.5) is the reason of choosing the weight functions in the definition of
W, "P(Q). All the local properties of the space W,"” (Q) coincide with those of the standard Sobolev space

WP (Q). Hence, it also satisfies the usual trace theorems on the boundary Q. Therefore, we can define



the space
Wa™P (@) = {ue WP (@), you=0,71u=0,..ym-1u=0}.

If Q) is the whole space R, then we have W,"” () = W,"” (R3). The space 2(Q) is dense in W,"” (Q). There-
fore the dual space of W(;n 'P(Q), denoted by W__,;n P (Q) is a space of distributions. Moreover, we have the

following Poincaré-type inequality:
Vue Wy’ (@), llullymr g < Clulymr q,. (2.6)

We recall some weighted asymptotic properties proved in [1]. To that end, let us introduce first the following

norm:

1/p 2n 7 1/p
lw(R, ) @om,) := R72/P ([ Iu(x)lpdx) = (f [ lu(R,0,¢)|” sinfdOdg 2.7)
8Bg o Jo

where (R, 0, ¢) are the spherical coordinates of x. Now let @ € Z and R > 1 be a real number such that Q' ¢ Bp.

Then there exists C > 0 such that for any u € Wé'p (Q), we have

lu(R,Mron) < CR™P ull v, if 3/p+a#l, o
lu(R, )l rr@m, < CIn(2+R?) || ullyirg if 3/p+a=1.

The above asymptotic properties yield the following result that will be often used in the sequel.

Proposition 2.1. Let a, § be real numbers. Let A be a polynomial that belongs to Wé’p Q)+ Wﬁ1 Q). Then A
belongs to 2, wherey =max(1-3/p—a,1-3/q—-f).

This proposition is proved in Appendix A.
The main tools of this paper are the following isomorphism results on the Laplace operator which summa-
rize Theorems 6.6, 9.5, 9.9 of [5].

Theorem 2.2. Let a and p satisfy

a€Z, 3lp+a¢Z and 3/p'-a¢Z”. (H)

Then the Laplace operator defined by

1, -1,
N WP @)D 5 = Wa PROLPY 40 (2.9)
is an isomorphism.
Assume moreover that3/p+a # 1 and3/p'—a # 1, then for any interger m = 1, the Laplace operators defined
by
A Wi P®YIPE 50— Wi @) LP) (2.10)

a+m a+m [1-3/p'+al



and
1-m,p' 3 A -l-m,p’ 3 A
AW I ®YIPE 50— Woam? ®RLPY 4, o (2.11)
are isomorphisms.

Remark 1.

1. The above isomorphism results are also valid for real values of « satisfying at least (H). But for the

sake of simplicity, we restrict ourselves to a € Z.

2. Observe that if a < —1+3/p’, then @[Al_g Ipa) = {0} and there are no orthogonality conditions in (2.9)

and (2.10). In the sequel, due to these orthogonality conditions, apart from assumption (H), addi-
tional assumptions on a and p will be required for the vector potential results in weighted Sobolev

spaces.

3. We recall that if u € %' (R®) satisfies Au = 0 in R3, then u is a polynomial.

We end this section by introducing the spaces that will be used to study the vector potential problem. We

first recall that for any vector field v= (vy, v2, v3), the curl of v is defined by

“\0x, Ox3 ' Oxg Ox; Ox1 Ox»)

Next note that the vector-valued Laplace operator of a vector field v = (v, v, v3) is equivalently defined by
Av=grad (divv) — curlcurlv.
This leads to the following definitions. For a € Z, we define
HY (eurl, 0) = {ve W, (@); curlve W7, @)}

HE (div, Q) = {ve wy'” @) divee W, @)}

and we set

XP(Q) = HY (curl, Q) n HY (div, Q).

These spaces are respectively endowed with the norms

1/p
_ p p
190 i curtcn = (1217 om gy + lewrd w17 o o)

1/p
p . p
/][ =||lv + ||div v
I ”Ha(dIV,Q) (” ”Wg,p(Q) I I ;fl ))

and

1/p
xXP@ =(1v” +||div v||? + |lcurl v||” .
H(e) (u 190 gy * NV 20, + leurlwl? s,

a+l a+l
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These definitions will also be used when the exterior domain Q is replaced by the whole space R.

Observe that 2(Q) is dense in ng (div, Q) and in Ho’f (curl, Q). For the proof, one can use the same arguments
as for the proof of the density of 2(Q) in W,"” (Q)(see [18]). Therefore, denoting by n the unit normal
vector to the boundary 0Q pointing outside (, if v belongs to Hg (div, Q), then v has normal trace v- n in
w-Ypr(Q), where W1/PP(6Q) denotes the dual space of wi-vp.p (0Q)). By the same way, if v belongs
to HY (curl,Q), then v has a tangential trace v x n that belongs to W~!/7P(Q). Similarly as in bounded

domain, we have the trace theorems: for each «a € Z, there exists C > 0 such that
Vve Hy (div, Q), [lv-nlly-1p @0y < CIYI o iy 0

Vve Hy (curl,Q), [lvx nlly-vprea) < ClIYI 2 curt,0) -

Moreover the following Green’s formulas hold. If 3/p’ — « # 1, then for any ve H(’f (div,Q) and ¢ € W_l;xp ’ Q),

we have
(v~n,<p>aQ:f v-V(pdx+f pdivvdx (2.12)
Q Q

and for any ve HY (curl, Q) and ¢ € W (Q), we have

(vx n,(p>aQ:f v-curl(pdx—f curlv- pdx. (2.13)
Q Q

We finally introduce two subspaces of X7 (Q):
X, v ={re X7 (Q), vxn=00n00},

and

X(f,T(Q) ={ve X (Qjv-n=00n 0Q}.

3 Auxiliary problems

In this section, we solve in weighted Sobolev spaces two problems that we need in order to solve the vector

potential problem and to establish weighted Sobolev inequalities: the divergence and the Laplace problem.

3.1 The divergence operator

We start by recalling a lifting boundary result (see [4, Lemma 3.3] or [12]).

Lemma 3.1. LetG c R® be a bounded domain with boundary 00 Lipschitz-continuous. Let ge W'/ PP (60)
be a given function such that

g-nds=0.
o0



Then there exists ue WYP (@) such that
divu=0 in O and u=g on 00. (3.14)

Moreover we have

inf  |lu+ vy <Cllglyy.
veVir(0) W gl WHP 00y

where C > 0 is independent of u and g and VP (0) = {ve WP (), div v=0}.

We introduce the space

VP Q) = {ve WP (), dive=0}. (3.15)

Proposition 3.2. Let Q be an exterior domain of R® with boundary 0Q) of class €' if p # 2 and Lipschitz-

continuous if p = 2. Let a and p satisfy (H). Then the following divergence operators are isomorphisms:
div WP @QIvVyP Q- weP@Q if a<3lp,

div : WoP @ /veP Q) — woP( QLR if a>3/p.

Proof - First observe thatif u e Wé 'P(Q), thenue H 5_1 (Q,div) and since 3/ p’ # a the Green formula (2.12)

holds. Thus owing to the boundary condition of #, we have
Vo€ Wllfi(Q), f @divudx= —f u-Vodx.
Q Q

Furthermore, if @ > 3/p/, then the constants belong to Wllfxl (Q) which implies that we can take ¢ = 1 and
this yields
f divudx=0.
Q

Hence, if a > 3/p’, then divu must be orthogonal to constants.

Next the divergence operator is clearly linear and continuous. It is also injective by construction. It remains
to prove that the operator is onto. Let z be in W,S’p(Q) ifa<3/p'or W{S’p(Q)J_IR if a > 3/p’. Extending z by
zero in (', then the extended function Z belongs to Wﬁ"’ R3)if a < 3/p’ or W,S”’ R} LR if a >3/p’. Since a
and p satisfy (H), then there exists @ € W,i’p (R3) such that

divp=2 in R3

(see [1, Proposition 2.1]). Now let R > 0 be a real number large enough such that Q'c Bg. Then the restric-



tion of ¢ to 0Qp belongs to W””/”’(OQR). Set now

@ on 0Q
g =
0 on OBp.

Then g belongs to Wl/”"”((?QR) and
f g-nds:f @-ndx=| divipdx=0.
00z 00 (o)
It follows from Lemma 3.1 that there exists ¥ € WLP(Qp) such that
divy=0 in Qp and w=g on 0Qp.

Extending v by zero outside Bg, then the extended vector field still denoted ¥ belongs to W;’p (Q). Let
u=p—-Ye Wé’p(ﬂ), then we have divu=zin Q. O

As already mentioned in the proof, this result is an extension to exterior domains of a result proved in the
whole space R? (see [1]).
3.2 The Laplace’s equation

3.2.1 The Dirichlet problem for the Laplace operator

In this section, we propose to solve the Laplace equation with Dirichlet boundary condition: given f in
W,;l’p(Q) and g in W“p’w(am, find u in Wé'p(ﬂ) solution of:

-Au=f in Q, u=g on 0Q. (3.16)

The case @ =0, 1 < p < oo has been studied in [6] and the case a € Z, p =2 has been studied in [16].

We start by giving the definition of the kernel of the Laplace operator for any integer a € Z:
daA,p(Q) = {)(e W;'p(Q); Ay=0 in Q and y=0 on OQ}.

In contrast with a bounded domain, the Dirichlet problem for the Laplace operator with zero data can have
nontrivial solutions in an exterior domain; it depends upon the exponent of the weight. We recall the char-

acterizations proved in [16] and [6] respectively.

Proposition 3.3. (Giroire [16]). Let Q be an exterior domain of R® with a Lipschitz-continuous boundary.

Assumea € Z. Then

AL ={v@)-q, qeP’_},
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where v(q) € WOI’Z(Q) is the unique solution of the Dirichlet problem
Av(g)=0 in Q and v(g)=g on 0Q. (3.17)

In particular, &{0%2 (Q)=1{0}ifa=0.

Proposition 3.4. (Amrouche et al. [6]). Let Q be an exterior domain of R3 with boundary 0Q) of class € 1,1 if
p # 2 and Lipschitz-continuous if p = 2. Then

Ay ={v@)-a, qeFy,},

where v(q) € WOLZ(Q) N Wol"”(Q) is the unique solution of (3.17). In particulardoép(Q) ={0} ifl < p<3.

We generalize the two previous results by characterizing the kernel ,QiaAy p@) foraeZand 1< p<oo. The

proofis given in Appendix B.

Proposition 3.5. Let Q be an exterior domain of R® with boundary 0Q) of class €' if p # 2 and Lipschitz-

continuous if p = 2. Assume a € Z. Then
A _ A
da_p(Q) = {v(q)—q, qeg?’[l_g/p_a]}.

where v(q) € Wol’z(Q) N W;'p(Q) is the unique solution of (3.17). In particular, gftﬁp(ﬂ) ={0} ifa>1-3/p.

Our second step is to solve the following harmonic Dirichlet problem
Au=0 in Q u=g on 0Q. (3.18)

Theorem 3.6. Let Q be an exterior domain of R® with boundary 0Q of class €' if p # 2 and Lipschitz-
continuous if p = 2. Let a and p satisfy (H). Assume moreover that a < 0. Then for any g in wlrhr 0,
Problem (3.18) has a solution u in Wal’p(Q).

The proof of this theorem is given in Appendix C. As a consequence, we can prove the following theorem for

anya€”Z.

Theorem 3.7. Let Q be an exterior domain of R® with boundary 0Q of class €' if p # 2 and Lipschitz-
continuous if p = 2. Let a and p satisfy (H). Then for any f in Wa_l'p(Q) and g in WY'P"P(3Q) such that

oA

o =(g 2t , (3.19)
Q)XW_lap Q) <g an>W”V"p(ﬁﬂ)XW‘I/P/'P/(OQ)

Viess, Q) (f, A

problem (3.16) has a unique solution u in Wé’p @/ dﬁp(ﬂ). In addition, there exists a constant C, indepen-

dentofu, f and g, such that

”u'lwal'p(ﬂ)/.ﬂfﬁp(ﬂ) = C(”f”Wa_l'p(Q) + ||g||wl/p/,p(aﬂ)) .

10



Proof - The case a =0 is proved in [6] so we focus on the case a # 0.

1. We first prove that (3.19) is a necessary condition. Let A be in «f _Aa » (Q). Note that for any open
bounded domain @ c Q, A belongs to W'?' () and AA to L” (@). Then for any v € 2(Q), the following

Green formula holds:

oA oy
A/ldx—f A /1dx2< ,—> —<—,/1> .
fgw Q v v on/ wur'poa)xw-1r'v 60) on 0Q

Since A € of _Aa p, (Q), this is reduced to

oA
—[ Aw?l,dx:<1//,—> .
Q on/ wur'.poq)x w112 (9Q)

Letnow u € Wi’p(Q) and g€ wl'rr Q) satisfy (3.16). Then, due to the density of 2(Q) in Wi’p(Q),
we deduce (3.19).

2. For the resolution of (3.16), the proof is made of three steps.

* Step 1: the case a <O and g = 0.
The first point is to extend f by zero in Q'. Since f belongs to W, P (Q), then there exists a func-
tion F in W;"" (Q) such that f = divFin Q (see [2, Proposition 1.3]). Let F denote the extension
by zero of F in Q' and set f = divF. Then f € W, P (R3) is an extension of f- Next since a <0,

the polynomials space 9?’[%_3 Ip'+al is reduced to {0}. Using the fact that @ and p satisty (H), we

deduce from Theorem 2.2 that there exists i in W,i’p (R3) such that
~Aw=f in RS

We denote by w the restriction of v to Q. Thanks to Theorem 3.6, there exists ¢ € Wal P Q)
satisfying
Aé=0 in Q, é=—-w on 0Q.

Settingu=w+¢,thenue Ww1 P (Q) and satisfies problem (3.16) with g = 0.

* Step 2:the case a >0 and g =0.

It follows from the previous case that the Laplace operator defined by
AW @1t @) — WP Q)
is an isomorphism. Therefore, by duality, the Laplace operator

A WP (@) — W P (@) Lat?, ()

is also an isomorphism

11



* Step 3: the general case.
Let R be chosen so that Q' is contained in Bg. Let v € WhP(Qp) be the lifting function of g
satisfying:
Av=0 in Qg v=g on 0Q, v=0 on O0Bp. (3.20)

Extending v by zero outside Br and still denoted by v the extended function, problem (3.16) is

equivalent to
-Az=f+Av in Q, z=0 on 0Q. (3.21)

If @ < —143/p’, then thanks to Proposition 3.5, a@a o (Q) ={0}and as f+A v belongs to W,;l’p Q),

it follows from steps 1 and 2 that problem (3.21) has a solution z € Wal 'P(Q). Hence u = v + z be-

longs to Wal 'P(Q) and satisfies problem (3.16). Uniqueness follows from the definition of the

kernel dcﬁ pQ). fa=-1+3/ p', then, using (3.19) and the properties of v, one can easily prove
. A . .

that f + Av is orthogonal to &/~ P (Q) and we can again use the previous steps to end the proof.

a

Remark 2. Assume Q be an exterior domain of R® with boundary 4Q of class €', assume that f is in
W;”” (Q) and g in WtV PoP(OQ). If @ and p satisfy (H) and the additional assumptions 3/p + « # 1 and
3/p+ a # 2, then one can prove that the solution u discussed in Theorem 3.7 (where a is replaced by a — 1)

belongs to W(f’p Q)/ &faA_L p(). In addition, there exists a constant C, independent of u, f and g, such that

I|u||W§,p(Q)/'g{aA—l,p(Q) = C(”f”wgvp(ﬂ) + ||g||W1+1/p’,p(aQ)) .

This regularity result is obtained via an adequate partition of unity that allows to split z into the solution of
a Laplace problem in R3, solved by Theorem 2.2 (isomorphism (2.10) with 7 = 1 and a replaced by a — 1)

and the solution of a Dirichlet problem for the Laplace operator in a bounded domain.

3.2.2 The harmonic Neumann problem

In this part we consider the following Laplace equation: For g given in w=1PPQ), find u solution of:

Au=0 in Q a_u_ on 0Q (3.22)
B ’ Gn_g ' '

We define the kernel of the Laplace operator with Neumann boundary condition:

0
N Q) = {x eWlP@), Ay=0 in Q 6—’( -0 on aQ}.
’ n
The characterizations below are proved in [16] and in [6] respectively.

12



Proposition 3.8. (Giroire [16]). Let Q be an exterior domain of R® with a Lipschitz-continuous boundary.

Assume a € Z. We have

A @ ={w@-q, qeP_.},
where w(q) € WOI'2 Q)N W,i’z (Q) is the unique solution of the Neumann problem

ow(q) _ a_q

A =0 in QQ,
wiq) n on on

0Q. (3.23)

In particular ¥4 ,(Q) = R and N2, (Q) = {0}, I[fa =0,
Proposition 3.9. (Amrouche et al. [6]). Let Q) be an exterior domain of R3 with boundary 0Q) of class € 1,1 if
p # 2 and Lipschitz-continuous if p = 2. We have

c/VO,Ap Q) =P1-3/p)-

The next proposition characterizes the kernel {/VaA’p (Q) for a € Z and the proofis given in Appendix D.

Proposition 3.10. Let Q be an exterior domain of R® with boundary 0Q of class 6! if p # 2 and Lipschitz-

continuous if p =2. Assume a € Z . We have
Ny (Q) = {w(q) -q, qe€ @ﬁ_s/p_a]},
where w(q) € Wol'2 Q)n Wi’p(ﬂ) is the unique solution of (3.23). In particular, ,/VaA’p Q) ={0}ifa>1-3/p
and Ny, Q) =R if-3/p<a<1-3/p.
The two theorems below solve the harmonic Neumann problem in weighted spaces.

Theorem 3.11. Let Q be an exterior domain of R® with boundary 0Q of class €V if p # 2 and Lipschitz-
continuous if p = 2. Let a and p satisfy (H). Assume moreover that a« < —1+3/p’. Then for any g in
w-1pPppQ), problem (3.22) has a solution u in W;'p (Q) unique up to an element of t/VaAyp (Q). Moreover

we have the estimate
” u” Wﬂi‘p(Q)/%Ayp(Q) = C”g” W-1p.pHQ)-

Theorem 3.12. Let Q be an exterior domain of R® with boundary 0Q of class €' if p # 2 and Lipschitz-
continuous if p = 2. Let a and p satisfy (H). Assume moreover that « = —1+3/p’. Then for any g in
w-YPP(6Q), problem (3.22) has a solution u in Wé’p(ﬂ) if and only if

Vve N5 Q) (g )aq=0. (3.24)
The solution u is unique up to an element ofL/VocA’,J (Q). Moreover we have the estimate

” u”Wallp(Q)/JVaA,p(Q) = C”g”W*l/PvV(OQ)'
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Remark 3.

1. Note that these results have been proved by Specovius-Neugebauer [22] for exterior domains with
boundaries of class at least €2. The solution of the harmonic Neumann problem is represented as a
single layer potential and weighted estimates on the solution are established. We propose proofs with
a different approach making use of known results established in [6], [16] and Theorem 2.2. The proofs

can be seen in Appendices E and F.

2. Assume Q be an exterior domain with boundary of class ¢! and assume that the datum g belongs to
wlrr Q). If @ and p satisfy (H) and the additional assumptions 3/p+a # 1 and 3/p + a # 2, then
as in Remark 2, the solution u of Problem (3.22) discussed in Theorem 3.11 and Theorem 3.12 belongs
to W2 (Q).

4 The Vector potential operator

In this section we study the vector potential problem (1.1). We begin with the whole space R® and then
extend the results to exterior domains.

4.1 The vector potential in R

We start by introducing the following spaces:

G = {Vq, ge 2, .}

Gmp {Vq, gewnp ([Reg')/g»j,}

where j' = min(0, j) and where j is defined in (2.4). For m € Z, we recall the space
Va'P R = {we WP ®®), dive=0}.

We finally recall a useful lemma whose proof can be found in [13].

Lemma 4.1. (Girault [13]). Let k = 1 be an integer, q be a polynomial in &?;._, such thatdivqg=0 andr be a

polynomial in &?._,. Then there exists a unique polynomial A in &;./4;. such that
curlcurlA = q and divA =r.

The mapping (q,v) — A is linear.

14



Theorem 4.2. Let a and p satisfy (H). Assume, moreover that a« < 1+3/p’. Let u be in VC? "P(R3). Then there

exists a unique vector potential W € W;'p(l]%g)/@[l_yp_a] such that
u=curly and divy =0.

Moreover, we have

<
1l @) gy = CE 07 gs)-

Proof - We shall prove that the curl operator is an isomorphism from Vé’p (R3) /913 p—a] ONLO V£ P (R3).
The curloperator is clearly linear and continuous. Let us prove that it is injective. Let u be in VQ"’ (R3).
Assume that there exist two vector potentials ¥, and v, that belong to V; P (R3) satisfying u = curly, =

curly,. Setp =y, —y,, then
curlp=0 and divep=0. (4.25)

This implies that A¢g = 0 and therefore, ¢ belongs to 271 _3/,—q). From (4.25) and Lemma 4.1, ¢ belongs to
91-3/p—a1- We shall now prove that the curl operator is onto. Let u € V,f 'P(®3), then it follows that curl u

belongs to W, "7 (R3).

» Assume first that @ < —1+ 3/p’, then thanks to Theorem 2.2, there exists W € Wi’p (R3) such that
~Ay=curlu in RS (4.26)

Furthermore, since div# = 0, then, on the one hand, we have curly —u e Wg 'P(R3) satisfies Acurly —
u) = 0 which shows that curly — uis a polynomial of 27|_3,,—4) and, on the other hand, we also have
div(curly — u) = 0. Besides, Equality (4.26) implies that A(divy) = 0 which yields that divy is a
polynomial of |3/ q). Therefore, according to Lemma 4.1, there exists a polynomial A in 1 _3/p—q)
such that

curlA =curly —u and divA =divy.

Hence a vector potential candidate is ¥ — A.

e Assume next that —1+3/p’ < @ <3/p’. Then curlu is obviously orthogonal to % and we can again

solve (4.26).

 Assume finally 3/p’ < @ <1+3/p’, then curl uis orthogonal to &2,. Indeed, we have

Vqe 2, (curly, q)Wa,lyp(RB)ijfr(m = _<u’curlq>w,f"’([ﬂz3)xwf'f'(uqﬁ)'

Besides, for any g € &2, there exists p € 27, such that curl g= Vp. It follows that

(€Tl yon ooy @) = VP oo @ty @ = AV Py 0

®)x W ®3)
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since u € V" (R3). Then, again we can solve (4.26). O

Theorem 4.3. Let a and p satisfy (H). Assume moreover that « =1+ 3/p’. Let u be in Vg P (R3) satisfy

0, Vge®?’ (4.27)

(curlu, q) W [1-3/p'+a]"

®)x W ®3) ~

Then there exists a unique ¥ € W;'p(RE‘)/éﬁ[l_g/l,_a] such that
u=curly and divg=0 in R

Conversely, any function u= curly with y in V,;’p (R3) satisfies (4.27).

Proof - Since curl u satisfies the compatibility condition (4.27), then, for the proof of the existence of
the unique vector potential ¥ in Vé’p (R3) /913 p—al, one can apply Theorem 2.2 and therefore one can
proceed as in the proof of Theorem 4.2. Let us now prove the converse. If u = curl ¥ with y € V; 'P(R3), then
we have,

curlu = curlcurly = -Ay + V(divy).

It follows that  is solution of the Laplace equation

Ay = —curlu inR3.

A

(1-3/p'+al” In other words, curl u satisfies

Hence, in view of Theorem 2.2, curl # belongs to W, Lp (R} L2

4.27). O

Remark 4. The main drawback of Theorem 4.3 is that the necessary compatibility condition (4.27) is dif-
ficult to satisfy in most applications. The last theorem of the subsection states that the existence and the
uniqueness of the vector potential in the case @ = 1+3/p’ can still be valid once condition (4.27) is removed.
In return, this unique vector potential is not necessarily of divergence free. We first need a lemma on char-

acterizations of duals of some weighted spaces.

Lemma 4.4. Let a and p satisfy (H). Assume moreover that a =1+ 3/ p'. Then we have
_ / !
(Vaa? ®) = WP ®/Ge”

and
’ !
(Vo2 ®) /G va) = Vi ®).
This lemma is proved in Appendix G. As a consequence, we can state the following.

Theorem 4.5. Let a and p satisfy (H). Assume moreover that « = 1+3/p’. Let u be in Vg’p (R3). Then there

exists a unique w € Wy'P ®3)/GyP such that
u=curly in RE.
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Proof - Proceeding as in the proof of Theorem 4.2 with the use of the isomorphism of the Laplace oper-

ator (G.55), we can easily prove that the curl operator defined by
curl : V2P ®) /9 3101 — Vo’ ®)
is an isomorphism. By duality, the curl operator defined by
curl : (V:;"”'(R?’))/ - (Vo ([Rz3)/<g[_3,,,/+a])'
is an isomorphism. Then Lemma 4.4 ends the proof. O

4.2 The vector potential in an exterior domain

For a in Z, we define the spaces
v/ (@ ={we X? (@); divw=0 and curlw=0 inQ}. (4.28)

and

v/ (@ ={we X/ (@; divw=0 and curlw=0 inQ}. (4.29)

As a consequence of Section 3 and the vector potential problem in the whole space, we have the following

characterizations of these spaces.

Proposition 4.6. Let Q be an exterior domain of R3 with boundary 0Q) of class €' if p # 2 and Lipschitz-
continuous if p = 2. Let a and p satisfy (H). Then

YCZN(Q) = {V(w(q) - CI), qe ‘@[%—S/p—a]}’

where w(q) is the unique solution in WOI’Z(Q) N Wé'p (Q) of problem (3.17). In particular, Yof N(Q) = {0} if
a>1-3/p.

Proof - The proof follows the ideas of Girault-Giroire-Sequeira in [15]. Let wbe in Y(f, ~(Q). Then since
Q' is simply-connected and under the assumptions on @ and p, thanks to Theorem 4.2 and Theorem 4.5,
there exists a y € W;’p (Q), unique up to an additive constant, such that w =V y. But wx n= 0, hence, y is
constant on 6Q) ( we recall that 0Q is a connected boundary) and we choose the additive constant in y so

that y =00n 90Q. Thus y € Wé'p (Q) satisfies the following problem:
Ay=0 in Q and y=0 on 0Q.

Thus the proposition follows from the characterization of the kernel ,d‘ﬁ p(©). Now, to end the proofwe shall
prove that V(w(q) — q) belongs to Yap N(Q). But this is a simple consequence of the definition of g and w(qg).
O
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Proposition 4.7. Let Q be an exterior domain of R® with boundary 0Q) of class €' if p # 2 and Lipschitz-
continuous if p = 2. Let a and p satisfy (H). Then

Yy, (@)= {V(w(q) -4q), q¢ ‘@[%—B/p—a]}’

where w(q) is the unique solution in Wol'z(Q) N W(i’p(Q) of problem (3.23). In particular, Y‘ET(Q) = {0} if
a>-3/p.

Proof - We proceed as in the proof of Proposition 4.6. If w belongs to € Ylf Q) , then the fact that Q'
is simply-connected and under the assumptions on a and p, there exists a y € Wé'p (Q), unique up to an

additive constant, such that w=V y. But w-n=0o0n 6Q thus y € W;’p (Q) satisfies the following problem:
ox
Axy=0 in Q d ==0 0Q.
x in and - on

Thus the proposition follows from the characterization of the kernel JVaA,p (Q). Finally the fact that V(w(q) -
q) belongs to er, 7(Q) is straightforward. O

Our first theorem does not require the uniqueness of the vector potential and holds for any exponent of the

weight satisfying (H).

Theorem 4.8. Let Q be an exterior domain of R® with boundary 0Q of class €' if p # 2 and Lipschitz-
continuous if p = 2. Let & and p satisfy (H). Then for any function ve HY, (div,Q) that satisfies

dive=0 in Q and (v-m1)sn=0,
there exists W in Wé’p (Q) such that
v=curly and divy=0 in Q.
Proof - Let us solve the following Neumann problem in the bounded domain Q'
AO=0 in Q and g—0=—v-n on 0Q.

n

Since (v-n, 1)5q = 0, this problem has a solution 8 in W (Q') and there exists a constant C independent of

v such that

||9||len(Q') = Cllv-nlly-1rpq)-

Let us take w = V0 in Q' and w = v in Q. Then w belongs to H(f (div,R®) and divw = 0 in R3. Indeed let
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¢ € 2(R%), then we have

(divw, (p>@’([R3)><9(IR3) = - - WV(pdx

—f v-V(pdx—f VO -Vedx
Q (o)

= —(v-nQ) —<@ > =0
- , 0060 an’(p GQ_ .

Moreover we have
1wl £ giv,rey = 120 12 v, -

The proof is now splitted into two cases.

e The case @ < 1+3/p’. Thanks to Theorem 4.2, we deduce that w has a unique vector potential ¥ in
Wé'p(Rg)/%l_g,p_a] that satisfies

w=curly and divpg=0 in R

Then the restriction of ¥ to Q is the required vector potential.

* The case @ = 1+3/p’. In order to apply Theorem 4.3, curl w needs to satisfy the compatibility con-

dition (4.27). The goal is then to modify the extension w so that it satisfies (4.27). Observe first that
due to Theorem 4.5, there exists a vector potential ¥ € W;’p (R3) such that w = curl ¥ in R3. But of
course, this vector potential is not necessarily divergence free. Let now D; and D, be two balls such

that Djc D, cQ'andlet ue 2 (R3) be a cut-off function such that
O=sp=<l, pu=1 in D;, supppcDs.
We introduce the mapping

1/2
q— ( fQ , ,u(x)q(x)zdx) (4.30)

which is a norm on & for any k € N. Consider next the following problem: find A € 2_1_3/p/1q)

solution of

Vge P _1-3/p'+a) fQ,/vt(x)Mx)-q(x) dx:j[;?sw(x)-q(x) dx. (4.31)

The bilinear form (q,, q,) — fQ, 1(x) q,(x)-q,(x) dxis continuous and coercive with respect to the norm
defined in (4.30). Therefore, thanks to Lax-Milgram lemma, problem (4.31) has a unique solution

A € P_1-3/p'+a)- Hence for any g€ P13/ +q), we have curl curl g€ 2|1 _3/p+q), SO We can write

/ ©(x) A(x) - curl curl g(x) dx= f Y (x) - curl curl g(x) dx
Q R3
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which implies

fQ/ curl curl (XA (%)) - gx) dx = (curl w, D yy1r gy e @)

Setting now w = w— curl (uA), then we Hg (div,R3) is an extension of v that satisfies div & = 0 and

condition (4.27). Then Theorem 4.3 ends the proof. O

In order to ensure the uniqueness of the vector potential, we shall impose either the tangential component
of the trace or the normal component of the trace to vanish. This will lead to additional constraints on the
exponent of the weight function. We start with a result where the vanishing of the tangential component of

the trace is imposed.

Theorem 4.9. Let Q be an exterior domain of R® with boundary 0Q of class €' if p # 2 and Lipschitz-
continuous if p = 2. Let a and p satisfy (H). Assume moreover that a <3/p',3/p+a #1 and3/p+a # 2.
Then each function v in ng (div, Q) that satisfies

dive=0 in Q and v-n=0 on 0Q

has a unique vector potential W in W;’p (Q)/Yap_ 1 N (Q) such that

v=curly, divy=0 in Q wxn=0 on 0Q. (4.32)
Moreover it depends continuously on v:

@ <Clivily, (4.33)

||1,I||Wa1'p(Q)/Yap,LN g'p(Q)'

Proof - Let us prove the existence. Since v- n =0 on dQ, we can extend v by zero in Q' and the extended
function denoted by ¥ belongs to Hg (div, R3) and satisfies divy = 0 in R3. Under the assumptions (H) and
a < 3/p', we can apply Theorem 4.2 which implies that ¥ has a vector potential z € W;'p (R3). In addition,
we have

(S Cl|7l| (4.34)

llz] 'Wé"’(R%/%l%/pﬁ WP ®3)

Now, the fact that curlz = 0 in Q' implies that, z= V@ in Q' for some function § € W2P(Q?')/R. Let 6 be a
representative of 0. Then (4.34) yields

||6||W2vp(Q’) < C||z||W1'p(Q’)/(g[1,3/p,a] < C”v”W‘?l’(Q) (435)

As a consequence, the trace of § on 0Q satisfies

1010allwz-1praa) < ClOlw2r @y < C||V||W£vn(m- (4.36)
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In order to satisfy the boundary condition in (4.32), we solve the following Dirichlet problem for Laplace:
Ay=0 in Q, y=6 on 0Q. (4.37)

Since 0|3q belongs to W2~1/PP(9Q), under the assumptions on a and p , it follows from Theorem 3.7 and

Remark 2 that this problem has a solution y in W(f P (©) unique up to an element of daA—l, »() such that

||X||W5VP(Q)/£¢$7M(Q) < ClIBlaallw2-11pr50)- (4.38)

Now, every solution y of problem (4.37) satisfies Vy x n = z x n on 0Q. Indeed, for each tangent vector T
alongdQwehave Vy-Tt =V6O-1 = z-1. It follows that Vy— (Vy-n)-n=z—(z-n)-nwhich implies Vyxn=zxn
on 0Q).

Therefore it remains to set ¥ = z— Vy is the required vector potential of v. Equality (4.33) follows
from (4.34), (4.36) and (4.38). Finally, the uniqueness follows immediately from the definition of the space
Y)Y y@. O

We end this section with a result where we impose the normal component of the trace of the vector potential

to vanish.

Theorem 4.10. Let Q be an exterior domain of R® with boundary 6Q of class €' if p # 2 and Lipschitz-
continuous if p = 2. Let a and p satisfy (H). Assume moreover thata <1+3/p’,3/p+a #1 and3/p+a #2.
Then each function ve HY (div,Q) that satisfies

dive=0 in Q and (v-m1)sn =0,

1

has a unique vector w in W'’ (Q)/Y‘f_1 (&) such that

v=curly, divgy=0 inQ and w-n=0 on 0Q. (4.39)

Moreover we have

@ < Clivly,

020y (4.40)

IWilwer vy,

Proof - Let ¢ be the vector potential of v constructed in Theorem 4.8 and let us solve the following
problem

. 0z
Az=0 in Q and 6—:¢p-n on 0Q. (4.41)
n

Since ¢ € Wé’p () and dive = 0 in Q we deduce that ¢ - nbelongs to W/ P'P(6Q). The proof now is splitted

into two cases.

(i) The case a <3/p’. With this assumption, JVIA_ ap (Q) is reduced to {0} which implies that ¢ - » has no

compatibility condition to satisfy. Therefore applying Theorem 3.11 problem (4.41) has a solution z
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. 1L,p
in Wa_l(Q).

(i) The case3/p'<a<1+3/p'. It follows from Proposition 3.10 that 4,2 (@) =R. Thus problem

(4.41) does not have a solution in W;’_l (Q) unless - nsatisfies the necessary condition (¢@-n, 1)5q = 0.

But, for any w € Wlli’: (Q) the following Green’s formula holds:
(p-n, M/)aQ:f @-Vwdx. (4.42)
Q

Since 3/p’ < @ < 1+3/p’, the constants belong to Wlli’;’ (Q) then (4.42) is still valid for w = 1 and thus

we have

{(p-n1)s0=0.

It follows from Theorem 3.12 that there exists z in W;’_pl

(Q) solution of problem (4.41).

In both cases, thanks to regularity results (see Remark 3) we deduce that z belongs to Wé’p (Q). Therefore it
remains to set ¥ = ¢ — V z is the required vector potential of v and it satisfies (4.40).

The proof of uniqueness follows the same lines as in the proof of Theorem 4.9. O

5 Applications of the vector potential results

We state here some important results that are obtained as consequences of the vector potential results.

5.1 Weighted Sobolev’s inequalities

Theorem 5.1. Let Q be an exterior domain of R® with boundary 0Q of class €' if p # 2 and Lipschitz-
continuous if p = 2. Let a and p satisfy (H). Assume moreover that a <3/p',3/p+a #1 and3/p+a # 2.
Then the space Xt’f_l N(Q) is continuously imbedded in Wi’p(Q). In addition for any ¢ € Xf_l N(Q), we have

1/p
: p p
) + “le(p”W;"”(Q) + ||curl || )} . (5.43)

p
”(p”W;vﬂ(Q) SC{“(p”WIS W‘S,p(Q

P Q

Proof - We shall use a partition of unity. Let R > 0 be a real number large enough so that Q' c Bg. Let A

and p be two scalar, nonnegative functions in C*®(R3) that satisfy
V xeBg, A(x)=1, suppAlcBgy, VY xe€ R®, A(x) +u(x)=1.

Then for any ¢ € ch_l () we can write @ = 1@ + u¢, where A ¢ has its support in Qg4 and pe in Cg.
Consider first p¢. Its domain Cp is simply-connected and has a very smooth and connected boundary 6Cp.

Next, div(u ) = pdive + ¢ -V u belongs to Wg’p (CR). Therefore, applying Proposition 3.2, there exists w in
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WP (Cp), that vanishes on dCg, such that
divw=div(ugp) in Q
and

” w”W;"’(CR) < C”dlv(u(p)“WC?'p(CR)

< C(Idivellyor i, + 1@l
Let @ = i~ w~Vz(A), where z(A) € &/, | ,(Cp). Then
divy=0 in Cgp, wxn=0 on 0Cpg.
Set v=curly, then v=pcurle +V u x ¢ — curl w belongs to Wg’p(CR), and
1ollyyorcy < € (II Wilyr oy +llcurd@llyop oo+ 11118, \BR))-
In addition, the function v satisfies
divv=0 in Cr and v-mn=0 on O0Cg.

Then the uniqueness of the vector potential defined by Theorem 4.9 implies that ¥ belongs to
WP (Cr)1Y) | \(Cp) and

1Wllwir vy, e S ClVIWEP -

In turn, this implies that p ¢ belongs to W;’p (Cg) and
”/J(pl | W;'p(CR) < C (' |d1V(P| |W2'p(CR) + ||Curl(P| | W,S’p(CR) + | |(p| |Lp (BR+1\BR)) . (5-44)

Finally, consider A ¢. Its domain Qg is of class Cl1. Next, A x n=0o0n0Qp.1, because A ¢ vanishes on

0Br+1 and ¢ x n=0 on 0Q. Applying [3] (Theorem 3.2), implies that A ¢ belongs to W"?(Qpg,;) and
HA@llwir g, < CUIAIVIA@)ILr (1) + IlCurl(A @)l Lr g, ) + A @lILr(Qpi1))- (5.45)

Combining these two results, we derive that ¢ belongs to Wé 'P(Q) and (5.43) follows from (5.44) and (5.45). O

Our second imbedding result is stated in the following theorem:

Theorem 5.2. Let Q be an exterior domain of R® with boundary 0Q of class €' if p # 2 and Lipschitz-
continuous if p = 2. Assume moreover thata <1+3/p’,3/p+a #1 and3/p+a # 2. Then L‘hespozceX‘fZ_1 (9]
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is continuously imbedded in Wé’p (Q). In addition there exists a constant C such that for any @ € X 5_1 (),

1/p
pon<C P +||dive]|? +||curl ||’ ) 5.46
Il {||¢||W;,,,,I(m divepll? o, , +lleurlglly,, (5.46)

We skip the proof as it is the same as the one of Theorem 5.1. The only diffrence is that here we need the
second type of vector potential proved in Theorem 4.10.
5.2 The Helmholtz decomposition

Another application of the vector potential problem is the Helmholtz decomposition. We start with a result

in the whole space R® and we state an extention to exterior domains.

Theorem 5.3. Let a and p satisfy (H). Assume moreover that a < 3/p' and let ge W,S’p (R3). Then g has the

unique decomposition
g=Vo+curly,
1, 1 )
where e W, p(l]@)/@ﬁ_g/p_a] andwy eV, p(R?’)lég[l_g/p_a]. Moreover, we have the estimate
”(p”Wi'p(W)/g’[%fs/p—a] * ”wllW;'p(R?’)/‘gufs/p—a] = Cl|g||W£'p(R3)' (5.47)

Proof - Since g € Wo'” (R3), then divg € W,, P (R3). Next since a < 3/p/, the polynomial space PU-31p'+a]
contains at most constants. Therefore div g is orthogonal to 221 3/} 4. Thanks to Theorem 2.2, there exists

aunique @ € W;’p(Rs)/QQ’[Al_yp_a] such that

Ap=divg in R3.

0

Then by construction g—V ¢ € W,'” (R%) and div(g— V ¢) = 0 in R%. Therefore from Theorem 4.2, there exists

a unique vector potential ¥ € Vé'p(Q)/ég[l_g/p_a] such that g— Ve =curly. O

Theorem 5.4. Let Q be an exterior domain of R® with boundary 0Q of class €' if p # 2 and Lipschitz-
continuous if p = 2. Let a and p satisfy (H). Assume moreover that a <3/p’,3/p+a #1,3/p+a # 2 and let
ge WS’P (Q). Then g has the decomposition

g=Vp+curly,

where @ € Wé’p(ﬂ) andy € V‘i'p(Q), such thaty x n=0 on 0Q.

In addition, there exists A € A, (Q) and q € 3?’[%_3 I p—ay SUch that

”(P + /1 + q” W{;'p(Q) + ” W” W;‘p(Q)/Y;—l,N(Q) < Cl |g||W2vrl(Q)~

Proof - Let us extend g by zero in Q' and let g denote the extended function. Then g € Wg’p (R3) and
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divge W, P (R®). Since a < 3/p’, then Theorem 2.2 implies that there exists a unique function 7 € W, (R3)/ Ph s p—al
such that
AU=divg in R3,
I v”W;vP(Rs)/t@[%73m7 (= Clglyorgs) = Clglyor g

a

Then g— Vi € Wy (R?) and div (g — V7) = 0in R3. Therefore (g — V7)-nbelongs to W~1/PP(30). Now let us

solve the following problem

: ow
Aw=0 in Q, a:(g—vU)-n on 0Q. (5.48)

The proof now is splitted into two cases.

(i) The case @ <—1+3/p’. With this assumption, (§— V7) - n has no compatibility condition to satisfy

since JV_A“ V (Q) is reduced to {0}. Therefore applying Theorem 3.11 problem (5.48) has a solution w
. 1,p '
in W7 (Q).

(i) The case —1+3/p’' < a <3/p’. It follows from Proposition 3.10 that JV_Aa p, (Q) = R and proceeding as

in the proof of Theorem 4.10, we can prove that
(8-VD)-n1)sq=0.

Therefore applying Theorem 3.12 there exists w € Wé’p (Q) solution of problem (5.48).

In both cases we have
lwlhwir s, = Cl8lwerq

Let v be the restriction of 7 to Q, then setting ¢ = v+ w and z = g— V ¢ then z belongs to Wg’p(Q), divz =
0in Q and z-n = 0 on 0Q. It follows from Theorem 4.9 that there exists a unique vector potential ¥ in
WaP @)Y} | (@) such that

z=curly, divy=0 in Q and wxmr=0 on 0Q. O

Theorem 5.5. Let Q be an exterior domain of R® with boundary 0Q of class €' if p # 2 and Lipschitz-
continuous if p = 2. Let a and p satisfy (H). Assume moreover that« <3/p',3/p+a #1,3/p+a # 2 and let
ge Wﬁ"’ (Q). Then g has the decomposition

g=V+curly,

where @ € Wé’p(Q) andwy € Vé’p(Q), such thaty -n=0 on 6Q.
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In addition, there exists A € A, (Q) and q € 3?’[%_3 I p—a SUch that

”(P + /1 + q” Woi‘p(Q) + ” 1”” WI;YP(Q)/Y;’—LT(Q) < C”g” WS'”(Q)‘

Proof - For the proof, one can use the same arguments as for the proof of Theorem 5.4. Note that since
the vector field z, constructed in the previous proof, belongs to WS’” (Q), satisfies dive=0inQandz-n=0
on 0Q, then it also satisfies (z- n,1)3q = 0. From here, Theorem 4.10 yields the existence of a unique vector

potential y in W, (Q)/Y,” | () such that

z=curly, divyg=0 in Q, and w-n=0 on 06Q. O

6 Conclusions

This paper solves the div-curl problem in exterior domains. In order to describe the asymptotic behaviour at
infinity of the solutions, we set the problem in weighted L? spaces. We proved the existence of vector poten-
tials that may grow or decay at infinity. To insure the uniqueness of the vector potential, we impose either
the tangential component of the trace or the normal component of the trace to vanish on the boundary of
the domain. Moreover we also impose a sufficient growth at infinity of the vector potential.

In this paper, we have only considered an exterior domain Q that is the complement of a simply-connected
bounded obstacle (/. The results stated here can be extended and adapted to Q' that is not necessarily con-
nected, but has a finite number of connected components where each of them has a connected boundary.

Another possible extension of this paper is the extension to exterior domains where the first two Betti
numbers do not vanish. The study has been done for bounded domains in [8, 19]. As far as we know, one of
the first study in exterior domains has been done in [21] where the vector potential is assumed to be regular

enough (at least of class € by,

Appendices

A Proof of Proposition 2.1

Let us assume 3/p+a # 1 and 3/g + B # 1. The proofs of the other cases are similar. Next without loss of
generality we may assume that g > p. Now let A be a polynomial in Wé’p Q)+ Wﬁl "7(Q2). Then there exist
ue W;'p(Q) andve W/;'q(Q) such that A = u+ v. Let R > 1 be a real number such that Q' c Bg. Then we can

write

IAR, Mzr@By) < lu(R, )rr@p,) + VR, )lr@B,)

< lu(R,)llzr@B,) + Cllv(R, ) L9 @B,)-
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The second inequality holds due to the fact that g > p. Now, thanks to (2.8), we obtain
IA(R, )z B,) < C (31‘3""“ + R1_3/’7_ﬁ) <CR",
where y =max(1-3/p—-a,1-3/q - ). Assume now that A(R,.) = R/ for an integer j. Then we have
IAR, v om,) = 4m) PR,

Hence, this shows that if 1 is a polynomial, its degree can not exceed .

B Proof of Proposition 3.5

Let zbein &foﬁ p (Q). Then for any bounded domain & such that Oc Q, z belongs to WLP (@) and Az belongs
to L” (©). Moreover, due to inner regularity results z also belongs to W2 (@) and Az also belongs to L?(0).
0
Thus a—z belongs to w=PPEQ) n W-122(6Q). Let us extend z by zero in Q'. The extended function,
n

denoted by Z belongs to W,” (R?) and for any ¢ € 2(R3), we have

o3
Q) = an»(P 6Q’

where (., .)5q not only denotes the duality pairing between W~PP(3Q) and W/ PP (9Q) but also the duality
pairing between W~"22(3Q) and W'/22(4Q). This shows that AZ belongs to W, P ®%) n W " (®%) and has

a compact support. Then, thanks to Theorem 2.2, there exists a unique v € WOI’Z([RE3) satisfying
AT=AZ in R

Hence v — Z is a harmonic tempered distribution and we deduce that 7 = Z+ g where q is a polynomial of
WOI’Z(IRES) + Wi'p (R3). But since there are no polynomials in the space Wol’2 (R3), thanks to Proposition 2.1,
g belongs to P13/ p-a1 < W, (R?). Thus, 7 belongs to W,*(R%) n WP ®%), its restriction to Q belongs to
’ NnW, and satisfies (3.17). The fact that ={0}ifa>1- ollows from the fact that in
W, *(Q) W, P (Q) and satisfies (3.17). The fact that «Z2 ,(Q) = {0} if & > 1 — 3/ p follows from the fact that i

. A _ .
this case, 92’[1_3 Ip-a) = {0} and from the uniqueness of v.

C Proof of Theorem 3.6
Let R be chosen so that ' is contained in Bg. Let v be the lifting function of g satisfying:
Av=0 in Qp, v=g on 0Q, v=0 on 0Bg.

This set of equations defines a unique function v in W? (Qg). Extending v by zero outside By, the extended

function, still denoted by v, belongs to Wﬁl’p (Q) for any B € R, so in particular, v belong to Wa1 "P(Q). Then
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problem (3.18) is equivalent to
—-Az=Av in Q, z=0 on 0Q, (C.49)

where, using the same arguments as in the proof of Proposition 3.5, A v belongs to Wa_l'p (Q) and has a

bounded support. The proof now is splitted into two cases.

(i) The case p > 3/2. Owing to the support of A v, Av is also in WO_I’p (Q). Applying Theorem 2.10 of [6],
problem (C.49) has a solution z in Wol’p (Q). Note thatin the case p > 3/2, we have </ Ap, (Q) = {0} which

implies that Az has no compatibility condition to satisfy. We thus deduce that u=z+v € Wol’p Q) is

a solution of problem (3.18). Finally since a < 0, then u also belongs to Wa1 Q).

(i) The case 1< p <3/2. Due to inner regularity results, for any bounded domain @ such that @ ¢ Qg U

0
0Bg, ve WH2(@) and Av € [%(®) and consequently a—y belongs to w—1225Q). Extending v by zero
n
outside By and still denoting by v the extended function, then Av belongs to Wo_l’2 (Q) and thus there

exists w in WOI'2 (©Q) such that
-Aw=Av in Q w=0 on 0Q.

Let us extend w by zero in Q' and let i denote the extended function. Then A i belongs to WO_I’2 (R3)
and has a bounded support and since 1 < p < 3/2, this implies that A iv also belongs to Wa_l’p (R3).

Next since a < 0, then thanks to Theorem 2.2, there exists Z in Wé’p (R3) such that
AZ=Aw in R

Hence z—iv is a harmonic tempered distribution and therefore a polynomial of Wﬁ_a_g 1m < W; P (R3).

Thus w belongs to W(i'p Qandu=w+ve Wé’p (Q) is the required solution to problem (3.18).

D Proof of Proposition 3.10

The proof uses similar ideas than the proof of the characterization of the kernel doﬁ p(). Let zbein ,/VaA'p Q)

and let z’ € WP (Q') be the unique solution of

Az’ =0 in Q, zZ/ =z on 0Q.

6 /
Note that 6_Z belongs to W~1/PP(4Q). Next due to inner regularity results, for any open set @ such that
n

/

— 0
0 < Q', we have in particular z' € WL2(@) and Az € L2(©). This shows that a—z also belongs to w-Y220).
n

28



Set now

z in Q

ISH
Il

z in Q

Then Z belongs to Wé'p (R3) and due to the previous arguments, AZ belongs to WO_I’Z(IR{s) nw, Lp (R3) and

. . ~ 1,2 . .
has a compact support. Therefore there exists a unique w € W, (R3) satisfying
A@=AZ in R’

Since there are no polynomials in Wol’2 (R3), thanks to Proposition 2.1, iv = Z+ g where g € 9’[%_3 Ip-al" This
shows that w also belongs to Wé’p (R3) and its restriction to Q denoted by w belongs to W; P (Q) and satisfies
(3.23).

Now if @ > 1-3/p, then 271_3,,—q) = {0} and as a result of the uniqueness of w, c/VaAyp (Q) = {0}. By the same

way, if -3/p <a <1-3/p, then 21 _3/p-q) =R and as a result (/VaAW Q) =R.

E Proofof Theorem 3.11

The proofis splitted into two cases.

(i) The case p > 2. Applying Proposition 3.5 of [6], Problem (3.22) has a solution u in WOI'2 Qn Wol’p ().

It remains now to prove that u belongs to W;’p Q). Let u' e WH2(Q)nWbP(Q') be the unique solution

of
Au'=0 in Q, u=u on 0Q. (E.50)
Set now
_ u in Q,
u= (E.51)
v in Q.

Then u belongs to Wol'2 RN Wol’p([l%g), At belongs to WO_I’Z(IR3) n Wo_l’p(lR?’) and has a compact sup-
port. Therefore, A also belongs to W, P (R3). Since a < —1+3/ p', then thanks to Theorem 2.2, there
exists Z € WP (R®) such that

AZ=AT in RS,

This shows that zZ — # is a harmonic tempered distribution and therefore it is a polynomial that be-
longs in particular to WOI’Z(RS) + Wi’p (R%). Thanks to Proposition 2.1, Z— 1 belongs to W,;’p (R3) which
implies that u belongs Wi’p Q).

(ii) The case case 1 < p <2. Let R be chosen so that Q' is contained in Bg. Let v be the lifting function of

g satisfying:

. ov
Av=0 in Qp, a—:g on 00, v=0 on OBg.
n
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This set of equations defines a unique function v in WP (Qp) (see for example [17]). Extending v by
zero outside Bg, the extended function, still denoted by v, belongs to Wa1 'P(Q). Then problem (3.22)
is equivalent to

. ow
-Aw=Av in Q, 6_:() on 0Q, (E.52)
n

where A v belongs to Wa_l’p (Q) and has a bounded support. Using inner regularity results, for any
bounded domain @ such that @ c Q RUOBg, vE W2(0) and Av € [*(@). Then using an adequate
partition of unity of Q, one can show that Av belongs to L?(Q2) and since the support of Av is bounded,
Av also belongs to WlO 2 (Q). Therefore, there exists w in Wol'2 (Q) satisfying (E.52) (see [16] or [14]). Let
we WOI’2 (R3) denote the extended function constructed in (E.51), where ' € W12(Q) is the unique
solution of (E.50). Then A i belongs to WO_I’Z(IR3), has a bounded support and since 1 < p < 2, it
follows that A i also belongs to W, Lp (R3). Since a < —1+3/ p', then thanks to Theorem 2.2, there
exists Z in W, P (R®) such that
AZ=A®W in R

Hence z— i is a harmonic tempered distribution and therefore a polynomial of ?}’[%_3 Ip-al © W; P (R3).

Thus w belongs to Wé’p Qandu=w+ve Wé’p (Q) is the required solution of problem (3.18).

F Proof of Theorem 3.12

To prove that condition (3.24) is necessary, one can proceed as in the proof of Theorem 3.7. Let us prove that

condition (3.24) is sufficient. The proof follows the same line as in Theorem 3.11. The only difference here is

that in order to use Theorem 2.2, the distributions Az and Aw defined in Theorem 3.11 must be orthogonal

to the polynomials of 22

Using Green formula, this amounts to prove that for any g € &

A

1-3/p/+al’ We shall prove this for Ai. So let us prove that for any g € &2

A
[1-3/p'+al’ we

(Ad, q>w;1'”(uqz3) W ®3) ~ 0.

A
(1-3/p'+al

(55-s) -
on o

A

[1-3/p+a) WE AN write

* On the one hand, in Q’, for any g € &,

ou' 0
f Au’qu:():f u,Ade+<—u ,q> —<ﬁ,—q> .
. o on 00 On/ wuppa)xw-1rr 3Q)
Since Ag =0, we get

(%.0) ~(n2) #s
on’" /s "on WW"”(OQ)XW*“V'V/@Q). .
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* On the other hand, in Q, forany v € W_l;f ' (Q) such that Av =0 in Q, we can write

ou _ 0v
Auwdx=0=( —,v —{u,— ,
Q on /sa on/ wurp@a)xw-1rr' (50)

which implies

_0v
(& Voa = <u —> . (E54)
on WYpp(6Q)xW-1pr (5Q)
Now, for any g € yﬁ_g Ip+a) WE €an write
(35, (35, -0

ou'
n 0Q

where v(g) € Wol'2 @ n W_lof’ / (Q) is the unique solution of (3.23). Since by definition v(g) — g belongs to
‘/V—Aa, o (Q), then thanks to condition (3.24), we have (g, v(q) — q)s3q = 0. Therefore, using (E53), (E54) and

ov(q) dq
he f h =—,
the fact that an an we get

(D g) (%) g
on 849 aQ_ anrq 20 8, v\q))o0,

<,; 0_q> -<a 6v(q)>
On/ W@y xw-1rr (60) Lon [ wure )« w-ier 90)

Il
e

A

Similar arguments hold to prove that Aiv is orthogonal to Pz pial’

G ProofofLemma 4.4

(i) Letus prove that
’ !
(V:l’p (Rg) = Wi'p([R?)/G}x'p.

The first point is to prove that Gé’p is a closed subspace of Wi’p (R3). To that end, let us show that the

divergence operator defined by
div: WP @)V @) — WA @)

is an isomorphism. The above div operator is clearly linear and injective. To prove that it is onto

take z in W__,f’p ’ (R%). Observe next that under the assumptions on a and p, we have 3/p + a # 2 and
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(i)

3/p' — a #0. Then thanks to Theorem 2.2 (isomorphism (2.11)), the Laplace operator defined by

. /0P (3 A -2,p' (3 A
AW, (R )/9[_3,p,+a] —W_," (R )L9[2_3,p_a] (G.55)

is an isomorphism. The fact that a = 1+3/p’ implies that 2—3/p - a < —2 < 0. Hence 2} = {0}

| [2-3/p—-a]
and there exists v € W (R®) such that
Av=z in R
Thenu=Vve W__;'p (R3) satisfies
divu=z in RS

Thus the div operator defined above is indeed an isomorphism. Now by duality, the gradient operator
defined by
Vi WP R — WP R LV P ®P)

is an isomorphism. This shows that G(lx'p is a closed subspace of W;'p (R3). It follows that we can write
VoI @S = wi P @) LGLP

which implies that
_ / !/ _ ! /
(v_ Lp (R%) =(W_,§”f’ (RS)J_G},;’?) = WP ®3)/GLP.

Let us prove that
0,p' ! 0,
(V—ap (R3)/(g[—3/p’+a]) =V, p(R3)-

Thanks to Theorem 2.2, the Laplace operator defined by

. bP o3 A -Lp' 3 A
A . W—(X (R )/9[1_3/’7/_'_&] e W— (R )J_‘@[l—s/p—ﬂf]

is an isomorphism. Therefore, under the assumption on a and p and proceeding as in (i), we can

prove that Gg’p is a closed subspace of Wj,"” (R%). Then we can write
W ®)LGYP = VO (R

which implies that
0,p' ! 0,p' o,p) 0, 0,
(V_a" ([RS)) = (W_f (R3)J_Gap) = WP ®3)/GYP.
Now forany v € Wg’p(RS)J_%[_g/prw], divve W(;l'p(RB)J_W[l_g/prm], then according to Theorem 2.2,
there exists w € W,'"” (R3) such that

Aw=divy in RZ.
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This shows that one can identify the space (Wg’p R3) LY, _3, p/m])/Gg’p with Vj,"p (R3) on the space
?ap ’ (R3). Moreover thanks again to Theorem 2.2, the space GS;” is orthogonal to ¥|_3/p+q) and by

definition the space Vg P (R3) is also orthogonal to ¥_3, p'+a)- Therefore, summarizing, we can write

(ngxp’(R?’)/‘g[—s/pwa]) ( (RS ) 1Y 3/p+a)

O 0,
(Wa? ®)1Ge” ) LY 3114

= (Wa? ®) LG 31prva) 1Ga?

VP (R).

References

(1]

(2]

(3]

(4]

(5]

6]

[7]

(8]

91

(10]

E Alliot and C. Amrouche. The Stokes problem in R": an approach in weighted Sobolev spaces. Math-
ematical Models & Methods in Applied Sciences, 9(5):723-754, 1999.

E Alliot and C. Amrouche. Weak solutions for the exterior Stokes problem in weighted Sobolev spaces.
Mathematical Methods in the Applied Sciences, 23(6):575-600, 2000.

C. Amrouche, C. Bernardi, M. Dauge, and V. Girault. Vector potentials in three-dimensional non-
smooth domains. Mathematical Methods in the Applied Sciences, 21(9):823-864, 1998.

C. Amrouche and V. Girault. Decomposition of vector spaces and application to the Stokes problem in

arbitrary dimension. Czechoslovak Mathematical Journal, 44(119)(1):109-140, 1994.

C. Amrouche, V. Girault, and J. Giroire. Weighted Sobolev spaces for Laplace’s equation in R”. Journal

de Mathématiques Pures et Appliquées. Neuvieme Série, 73(6):579-606, 1994.

C. Amrouche, V. Girault, and J. Giroire. Dirichlet and Neumann exterior problems for the n-
dimensional Laplace operator: an approach in weighted Sobolev spaces. Journal de Mathématiques
Pures et Appliquées, 76(1):55-81, 1997.

C. Amrouche and M. Meslameni. Stokes problem with several types of boundary conditions in an

exterior domain. Electronic Journal of Differential Equations, pages No. 196, 28, 2013.

C. Amrouche and N. E. H. Seloula. LP-theory for vector potentials and Sobolev’s inequalities for vector
fields: application to the Stokes equations with pressure boundary conditions. Mathematical Models

and Methods in Applied Sciences, 23(1):37-92, 2013.

C. Barbarosie. Representation of divergence-free vector fields. Quarterly of Applied Mathematics,
69(2):309-316, 2011.

T. Z. Boulmezaoud. On the Laplace operator and on the vector potential problems in the half-space: an

approach using weighted spaces. Mathematical Methods in the Applied Sciences, 26(8):633-669, 2003.

33



(11]

(12]

(13]

(14]

(15]

[16]

(17]

(18]

(19]

(20]

(21]

(22]

(23]

R. Farwig and H. Sohr. Weighted L7-theory for the Stokes resolvent in exterior domains. Journal of the
Mathematical Society of Japan, 49(2):251-288, 1997.

G. P. Galdi. An introduction to the mathematical theory of the Navier-Stokes equations. Vol. I, volume 38
of Springer Tracts in Natural Philosophy. Springer-Verlag, New York, 1994.

V. Girault. The gradient, divergence, curl and Stokes operators in weighted Sobolev spaces of R3. Jour-

nal of the Faculty of Science. University of Tokyo. Section IA. Mathematics, 39(2):279-307, 1992.

V. Girault. The Stokes problem and vector potential operator in three-dimensional exterior domains:

an approach in weighted Sobolev spaces. Differential Integral Equations, 7(2):535-570, 1994.

V. Girault, J. Giroire, and A. Sequeira. A stream-function—vorticity variational formulation for the ex-
terior Stokes problem in weighted Sobolev spaces. Mathematical Methods in the Applied Sciences,
15(5):345-363, 1992.

J. Giroire. Etude de quelques problemes aux limites extérieurs et résolution par équations intégrales.

These de Doctorat d’Etat. Université Pierre et Marie Curie, Paris, 1987.

P. Grisvard. Elliptic problems in nonsmooth domains, volume 24 of Monographs and Studies in Mathe-

matics. Pitman (Advanced Publishing Program), Boston, MA, 1985.

B. Hanouzet. Espaces de Sobolev avec poids application au probleme de Dirichlet dans un demi es-

pace. Rendiconti del Seminario Matematico della Universita di Padova, 46:227-272, 1971.

H. Kozono and T. Yanagisawa. L’-variational inequality for vector fields and the Helmholtz-Weyl de-

composition in bounded domains. Indiana University Mathematics Journal, 58(4):1853-1920, 2009.

P. B. Mucha and M. Pokorny. The rot-div system in exterior domains. Journal of Mathematical Fluid
Mechanics, 16(4):701-720, 2014.

M. Neudert and W. von Wahl. Asymptotic behaviour of the div-curl problem in exterior domains. Ad-
vances in Differential Equations, 6(11):1347-1376, 2001.

M. Specovius-Neugebauer. The Helmholtz decomposition of weighted L"-spaces. Communications in
Partial Differential Equations, 15(3):273-288, 1990.

W. von Wahl. Estimating Vu by divu and curlu. Mathematical Methods in the Applied Sciences,
15(2):123-143, 1992.

34



	Introduction
	 A class of weighted Sobolev spaces and preliminaries
	Auxiliary problems
	The divergence operator
	The Laplace's equation
	The Dirichlet problem for the Laplace operator
	The harmonic Neumann problem


	The Vector potential operator
	The vector potential in R3
	The vector potential in an exterior domain

	Applications of the vector potential results
	Weighted Sobolev's inequalities
	The Helmholtz decomposition

	Conclusions
	Appendices
	Proof of Proposition 2.1
	Proof of Proposition 3.5 
	Proof of Theorem 3.6
	Proof of Proposition 3.10
	Proof of Theorem 3.11
	Proof of Theorem 3.12
	Proof of Lemma 4.4

