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Abstract

In the present paper we study the vector potential problem in exterior domains of R®. Our approach
is based on the use of weighted spaces in order to describe the behaviour of functions at infinity. As a
first step of the investigation, we prove important results on the Laplace equation in exterior domains
with Dirichlet or Neumann boundary conditions. As a consequence of the obtained results on the vector
potential problem, we establish usefull results on weighted Sobolev inequalities and Helmholtz decom-

positions of weighted spaces.
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1 Introduction and basic notation

Let Q' be a simply-connected bounded domain of R3 assumed to have at least a Lipschitz-continuous
boundary 4Q and let Q denotes the complement of ', in other words, the exterior of Q. For a given
divergence-free vector field u, the vector potential problem in Q consists in looking for a vector field ¥
that satisfies

u=curly and divy =0 in Q, (1.1

where u and v satisfy appropriate boundary conditions.

This problem has many applications in fluid mechanics, particularly in fluid flow past an obstacle described
by the Navier-Stokes equations and related linearized problems. We refer for instance to [7, 14, 15] and ref-
erences therein, for the direct use of (1.1) in order to solve the Stokes equations in exterior domains.
Problem (1.1) also allows to establish important results on Helmholtz decompositions which are powerful
tools in the study of the Navier-Stokes equations (see for instance [11, 12] and references therein). We also

refer to [9] for discussions and applications of (1.1) in fluid mechanics and other fields.
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In this work, since the domain Q is unbounded, we propose to investigate (1.1) by setting the problem in a
class of weighted Sobolev spaces. These spaces enable to describe the growth or the decay of functions at
infinity. They were introduced and studied by Hanouzet in [18]. They were used by Girault to study (1.1) in
the whole space R3 [13] and in exterior domains [14]. Let us notice that in these works, the study was done
in a Hilbertian framework. Since we are interesting in applications of (1.1) to non linear exterior problems,

we choose to use a L theory where 1 < p < co. Thus, this work is an extension of [13] and [14].

Let us mention now that the potential vector problem has been studied in other types of domains. We can

refer for example to [3, 8] for bounded domains and [10] for the half-space.

This paper is organized as follow. In the next section we introduce the class of weighted Sobolev spaces and
we recall some of their basic properties. In Section 3 we solve two important auxiliary problems needed for
the investigation of (1.1). The first problem is the divergence equation. The second problem is the Laplace
equation in exterior domains with Dirichlet or Neumann boundary conditions. The results established here
extend the ones proved in [6] in the sence that we are interested in the resolution of these problems for var-
ious decay properties at infinity. In Section 4 we solve the vector potential problem. We start with the case
of the whole space and then extend the obtained results to exterior domains. Finally in Section 5, we give
two important applications of the resolution the vector potential problem. We first derive weighted Sobolev
inequalities that extend important imbedding results well known in bounded domains (see for instance [3]
and [8]). The inequalities we proved are extensions of the ones proved in [14] and [20]. Then we end by

proving results on Helmholtz decompositions.

We now give the Notation we use throughout the paper. In what follows, p is a real number in the interval
11,00[. The dual exponent of p denoted p’ is defined by the relation 1/p + 1/p’ = 1. We will use bold char-
acters for vector or matrix fields. A point in R3 is denoted by x = (x1, X2, x3) and its distance to the origin
by

r=lxl=(x+ x5+ 23)'".
Let N denote the set of nonnegative integers, Z the set of all integers and Z~ the set of nonpositive integers.

For any multi-index A € N®, we denote by 8” the differential operator of order A,

oM
6/1 —

=—— , A=A1+ A2+ .
foldxgzaxg3

We denote by [s] the integer part of s. For any k € Z, 2%;. stands for the space of polynomials of degree less
than or equal to k and 9@ the harmonic polynomials of 2. If k is a negative integer, we set by convention
2P = {0}. We denote by 2(Q) the space of € functions with compact support in Q. We recall that 2'(Q) is

the well-known space of distributions defined on Q and .%'(R®) is the space of tempered distributions. We



recall that L (Q) is the well-known Lesbesgue real space and for m = 1, we recall that W7 (Q) is the well-
known classical Sobolev space. We shall write u € Wl';lc'p (Q) to mean that u € W™P (@), for any bounded
domain @, with @ < Q. For R > 0, we denote Bg the open ball of radius R centered at 0. We set Qr = QN Br
and Cg = R%\ Bg. The notation (.,.) will denote adequate duality pairing and will be specified when needed.
If not specified, (.,.)5q will denote the duality pairing between the space W~1/7P(9Q) and its dual space
WwY/Pr'(3Q). Given a Banach space B with dual space B’ and a closed subspace X of B, we denote by B’ L X

the subspace of B’ orthogonal to X, i.e.,
B'LX={feB, VYveX,(f,v)=0}=(B/X).

Finally, as usual, C > 0 denotes a generic constant the value of which may change from line to line and even

at the same line.

2 Aclass of weighted Sobolev spaces and preliminaries

We introduce the weight function

px)=(1+ rz)“2

For a € R, we define
WP Q) =ue2' @), p*uelPQ),

which is a Banach space equipped with the norm
el yyor ) = lo%ullLr -

For any m € N\ {0} and a € R, we set

-1, if 3/Ip+ae¢fl,..,m},
k=k(m,p,a)=
m-3/p—a, if 3/p+acfl,.. m}.

We define the weighted Sobolev space:

WP (Q) ={ue2'();
VAN : 0<|A| <k, p® ™ M (n@+r?) 10 ue LP (Q);
VAeN®: k+1<|Al<m,p® ™Moty e LP ()},



which is a Banach space when endowed with its natural norm:

”u”W:"V(Q)=( Z ||pa_m+|’“(ln(2+rz))_laﬂuni’p(m
0=|A =k

1/p

—m+|Al 57

X lptmHo u“f”(ﬂ)) .
k+1<|Al=sm

We define the semi-norm

1/p
A
|u|W;""’(Q):( Z ||Pa6 u”LP(Q)) .
[Al=m

Let us give an example of such space that will be often used in the remaining of the paper. For m =1, we

have
Wy (@) ={ue?' (Q); p*uelP(Q), p*VueIP(Q)} if 3/p+a#l
and
W, (@) = {ue 2 (Q); p® 'nR+r?) " ue LP(Q), p®VueIP(@Q)} if 3/p+a=1.

Observe that the logarithmic weight only appears for the critical case 3/p + a € {1,..., m}.
We shall now give some basic properties of those spaces. For more details, the reader can refer to [5, 6, 18].
The space 2(Q) is dense in W,"” (Q). For any A € N®, the mapping

ue W"P(Q) —orue w P () 2.2)

is continuous.

If m e N\ {0} and 3/p + a # 1, we have the following continuous embedding:
WP (@) — W' P (. 2.3)

Let j be defined as follow:

[m-3/p-al], if3/ip+a¢z,
j= (2.4)
m-3/p—a—1, otherwise.

Then £} is the space of all polynomials included in W, P (Q). Moreover, the following Poincaré-type in-

equality holds (see [6]):

Vue W @), inf flu+tpllyme g < Clulyme ), (2.5)
# j’ a a

where j' = min(j,0). Inequality (2.5) is the reason of choosing the weight functions in the definition of



W, "P(Q). All the local properties of the space W, "’ (Q) coincide with those of the standard Sobolev space
W™P(Q). Hence, it also satisfies the usual trace theorems on the boundary Q). Therefore, we can define
the space

WP Q) = {ue Wy (Q), you=0,y1u=0,...ym-1u=0}.

If Q is the whole space R3, then we have W, """ () = W, "” (R3). The space 2(Q) is dense in W,"” (Q). There-
fore the dual space of W,"” (), denoted by W_,"” / (Q) is a space of distributions. Moreover, we have the

following Poincaré-type inequality:
Vue Wy’ (@), llullymr g < Clulym g, (2.6)

We recall some weighted asymptotic properties proved in [1]. Let @ € Z and Let R > 1 be a real number such

that Q' Bg. Then there exists C > 0 such that for any u € Wé'p (Q), we have

luR, Mir@sy < CR™MP ™ ull v, if 3/p+a#l, o
lu(R, Mr@sy < CIn(2+R?) lull ying, i 3/p+a=1.

The above asymptotic properties yield the following result that will be often use in the sequel.

Proposition 2.1. Let «, § be real numbers. Let A be a polynomial that belongs to Wi’p Q)+ Wg "1(Q). Then A
belongs to 2, wherey =max(1-3/p—a,1-3/q- B).

This proposition is proved in Appendix A.

The main tools of this paper are the following isomorphism results on the Laplace operator which summa-

rize Theorems 6.6, 9.5, 9.9 of [5].

Theorem 2.2. Let a and p satisfy

a€Z, 3lp+a¢Z and 3lp'—a¢Z . (H

Then the Laplace operators defined by

A WP ®RYIPE 4y = Wa PRILD ) 2.8)

is an isomorphism.

Assume moreover that3/p+a # 1 and3/p' —a # 1, then for any interger m = 1, the Laplace operators defined

by

WP 03y gpl —l+m,p 3 A
A Wa+m R )/‘@[1—3/[7—61] - Woc+m R )J-‘@[I—S/p/+a] (2.9)
and
1-m,p’ —1-m,p
AW I @YD 50— Woalm? ®LPY 4, o (2.10)
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are isomorphisms.
Remark 1.

1. The above isomorphism results are also valid for real values of « satisfying at least (H). But for the

sake of simplicity, we restrict ourselves to a € Z.

2. Observe thatif @ < —1+3/p’, then 96_3 Ipa) = {0} and there are no orthogonality conditions in (2.8)

and (2.9). In the sequel, due to these orthogonality conditions, appart from assumption (H), addi-
tional assumptions on a and p will be required for the vector potential results in weighted Sobolev

spaces.
3. We recall that if u € ' (R®) satisfies Au = 0 in R3, then u is a polynomial.

We end this section by introducing the spaces that will be used to study the vector potential problem. We

first recall that for any vector field v= (v;, v, v3), the curl of v is defined by

a 0)62 OX3,6.X3 axl’axl 6362 '

Next note that the vector-valued Laplace operator of a vector field v = (v, v», v3) is equivalently defined by
Av=grad(divv) — curlcurlv.
This leads to the following definitions. For a € Z, we define
H,’f(curl, 0) = {ve Wg'p(Q); curlve W(S’fl (Q)} ,

HE (div, Q) = {ve WP @); divee Wy @)}

and we set

XP (@) = HY (curl, Q) n HY (div, Q).
These spaces are respectively endowed with the norms

1/p
_ p p
190 s curtcn = (1217 om y + lewrd w17 o o)

1/p
_ p : p
I v”Hé’(div,Q) = (” V”W[;),p(Q) +[ldiv v”WO,p @

a+1

and

1/p
X =1v” +||div v||? + |lcurl v )
¢ we (@ el @ pd

These definitions will also be used when the exterior domain Q is replaced by the whole space R®.



Observe that 2(Q) is dense in HY, (div, ) and in HY, (curl, Q). For the proof, one can use the same arguments
than for the proof of the density of 2(Q) in Wén 'P(Q)(see [18]). Therefore, denoting by n the unit normal
vector to the boundary Q) pointing outside Q, if v belongs to HY (div,Q), then v has normal trace v- nin
w-1PPQ), where W1 PP(3Q) denotes the dual space of wli-1p'.r' 5Q). By the same way, if v belongs
to HY (curl,Q), then v has a tangential trace v x n that belongs to W~PP(3Q). Similarly as in bounded

domain, we have the trace theorems: for each a € Z, there exists C > 0 such that
Vve Hg(div, Q), llv-nlly-1ppa) < Cl'””Hg(diV'Q))

Vve H (curl, Q), [[vx nlly-1na0) < ClIYI 7 curt 0)-

Moreover the following Green’s formulas hold. If 3/p" — a # 1, then for any ve Hfz (div,Q) and ¢ € W_l’ap , (Q),

we have
(v-n,<p>6Q=f v-V(pdx+f pdivvdx (2.11)
Q Q

and for any ve Hg (curl,Q) and @ € W_lzf ’ (Q), we have

(vx n,tp)aQ:f v-curltpdx—f curlv- @pdx. (2.12)
Q o)

We finally introduce two subspaces of X% (Q):
X!y ={re X7 (Q), vxn=00n00},

and
Xz,T(Q) ={ve X ;v-n=00n 0Q}.

3 Auxiliary problems

In this section, we solve in weighted Sobolev spaces two problems that we need in order to solve the vector
potential problem: the divergence and the Laplace problem.
3.1 The divergence operator

We start by recalling a lifting boundary result (see [4] Lemma 3.3 or [12]).

Lemma 3.1. Let @ c R® be a bounded domain with boundary G Lipschitz-continuous. Let ge WY'P"P(30)
be a given function such that

g-nds=0.



Then there exists ue WYP (@) such that
divu=0 in O and u=g on 00. (3.13)

We introduce the space

VP Q) = {ve WP (), dive=0}. (3.14)

Proposition 3.2. Let Q be an exterior domain of R® with boundary 0Q) of class €' if p # 2 and Lipschitz-

continuous if p = 2. Let a and p satisfy (H). Then the following divergence operators are isomorphisms:
div : WoP@/vpP @) — woPQ if a<3lp,

div : WyP@/viP Q) — woP@QLR if a>3/p.

Proof.  First observe that if u € V'Vé’p (Q), then u € Hg_l(Q,div) and since 3/p’ # a the Green for-

mula (2.11) holds. Thus owing to the boundary condition of u, we have
Yoe WIIL’Z(Q), fg(pdivudx: —fQ u-Vodx.

Furthermore, if @ > 3/p/, then the constants belong to Wllfxl (©) which implies that we can take ¢ = 1 and
this yields
f divadx=0.
Q

Hence, if a > 3/p’, then divu must be orthogonal to constants.

Next the divergence operator is clearly linear and continuous. It is also injective by construction. It remains
to prove that the operator is onto. Let z be in Wg’p(Q) ifa<3/p’ or W[S’p(IR{?’)J_IR if a > 3/p’. Extending z by
zero in ', then the extended function Z belongs to Wg'p(l]@) ifa<3/p or Wg’p(R?’)J_R ifa>3/p'. Since a
and p satisfy (H), then there exists ¢ € W;’p (R3) such that

divp=2z in R

(see [1], Proposition 2.1). Now let R > 0 be a real number large enough such that Q'c Bg. Then the restric-

tion of ¢ to 0Q belongs to W/P"P(8Qp). Set now

@ on 0Q
g =
0 on OBp.



Then g belongs to W'/?"?(0Qp) and

g-nds= @-ndx=| divpdx=0.
0Q 0Q (o}

It follows from Lemma 3.1 that there exists ¥ € WLP(Qp) such that
divp=0 in Qp and ¥ =g on 0Qp.

Extending v by zero outside Bp, then the extended vector field still denoted ¥ belongs to Wé’p Q). Let
u=p-yYe Wé’p(ﬂ), then we havedivu=zin Q. O

As already mentioned in the proof, this result is an extension to exterior domains of a result proved in the
whole space R3 (see [1]).

3.2 The Laplace’s equation

3.2.1 The Dirichlet problem for the Laplace operator

In this section, we propose to solve the Laplace equation with Dirichlet boundary condition:

for given f in Wa_l’p(Q) and g in W”pl"”(OQ), find u in Wé’p(Q) solution of:

-Au=f in Q u=g on 0Q. (3.15)

The case a =0, 1 < p < oo has been studied in [6] and the case a € Z, p =2 has been studied in [16].

We start by giving the definition of the kernel of the Laplace operator for any integer « € Z:
dlﬁp= {)(EW&’WQ); Ay=0 in Q and y=0 on GQ}.

In contrast with a bounded domain, the Dirichlet problem for the Laplace operator with zero data can have
nontrivial solutions in an exterior domain; it depends upon the exponent of the weight. We recall the char-

acterizations proved in [16] and [6] respectively.

Proposition 3.3. (Giroire [16]). Let Q be an exterior domain of R® with a Lipschitz-continuous boundary.
Assumea € Z. Then
A A
Ay ={v@-aq, qeP, },

where v(q) € WOI’Z(Q) is the unique solution of the Dirichlet problem
Av(g)=0 in Q and v(g)=g on 0Q. (3.16)

In particular, d‘ﬁz ={0} ifa=0.



Proposition 3.4. (Amrouche et al. [6]). Let Q be an exterior domain of R® with boundary 6Q of class €' if
p # 2 and Lipschitz-continuous if p = 2. Then

oy, (Q) = {v(q) -9, qE‘@ﬁ—B/p]}’

where v(q) € Wol’z(Q) N Wol'p(Q) is the unique solution of (3.16). In particulardoA’p Q) =1{0}ifl<p<3s.

We generalize the two previous results by characterizing the kernel .szfaAy p() foraeZand 1< p<oo. The

proofis given in Appendix B.

Proposition 3.5. Let Q be an exterior domain of R® with boundary 0Q) of class €' if p # 2 and Lipschitz-

continuous if p =2. Assume a € Z. Then

App() = {v(q) -4 4q¢ *@ﬁ—s/p—a]}'
where v(q) € Wol’z(Q) al Wé’p(Q) is the unique solution of (3.16). In particular, .daA’p(Q) ={0} ifa>1-3/p.

Our second step is to solve the following harmonic Dirichlet problem
Au=0 in Q u=g on 0Q. (3.17)

Theorem 3.6. Let Q be an exterior domain of R® with boundary 0Q of class €V if p # 2 and Lipschitz-
continuous if p = 2. Let a and p satisfy (H). Assume moreover that a < 0. Then for any g in wlrhr 0,
Problem (3.17) has a solution u in Wal’p(Q).

The proof of this theorem is given in Appendix C. As a consequence, we can prove the following theorem for

anya€”Z.

Theorem 3.7. Let Q be an exterior domain of R® with boundary 0Q of class €' if p # 2 and Lipschitz-
continuous if p = 2. Let a and p satisfy (H). Then for any f in Wa_l'p(Q) and g in WYPP(5Q) such that

oA
A
VAE A @ My iy ) = <g’ on

> , (3.18)
on/ wur'pea)xw-11"v (60)

problem (3.15) has a unique solution u in Wi’p Q)/ ,szfcﬁp(ﬂ). In addition, there exists a constant C, indepen-
dentofu, f and g, such that
||u||W;'p(Q)/-Q¢(1A,p(Q) = C(”f”Wl;l'p(Q) + ||g||W1/p’,p(GQ)) .
Proof. The case a =0 is proved in [6] so we focus on the case a # 0.

1. We first prove that (3.18) is a necessary condition. Let A be in «f _Aa P (Q). Note that for any open
bounded domain @ c Q, A belongs to W'?' (@) and AA to L” (@). Then for any v € 2(Q), the following

10



Green formula holds:

oA oy
A/ldx—fA /ldx:< ,—> —<—,/1> .
fgw Q v Y on WP p@Q)xw-1rr 9q)  \OR /a0

Since A € /2, (), this is reduced to

oA
—f Aydldx= <1//,—> .
Q on/ wi'p@a)xw-1r' (00

Letnow u € Wé’p (Q)and g€ wl'rp Q) satisfy (3.15). Then, due to the density of 2(Q) in Wé’p (Q),
we deduce (3.18).

2. For the resolution of (3.15), the proof is made of three steps.

* Step 1: the case a <O and g = 0.
The first point is to extend f by zero in Q'. Since f belongs to W, Y7 (Q), then there exists a func-
tion F in Wjj"’ (Q) such that f = divF in Q (see [2], Proposition 1.3). Let F denote the extension
by zero of F in Q' and set f = divF. Then f € Wa_l‘p(l]@) is an extension of f. Next since a <0,

the polynomials space ,@ﬁ_g Ip+al is reduced to {0}. Using the fact that a and p satisfy (H), we

deduce from Theorem 2.2 that there exists a unique i in Wi’p (R3) such that
~Aw=f in RS

We denote by w the restriction of iv to Q. Thanks to Theorem 3.6, there exists ¢ € Ww1 P Q)
satisfying
AE=0 in Q, é=—-w on 0Q.

Setting u=w+¢,thenue W,,c1 P (©) and satisfies problem (3.15) with g = 0.

e Step 2:the case a >0 and g =0.

It follows from the previous case that the Laplace operator defined by
AW @lett, (@) — WP Q)
is an isomorphism. Therefore, by duality, the Laplace operator

AW (@) — W ") Lot @

is also an isomorphism

» Step 3: the general case.

Let R be chosen so that Q' is contained in Bg. Let v € WHP(Qp) be the lifting function of g

11



satisfying:
Av=0 in Qp, v=g on 0Q, v=0 on O0Bp. (3.19)

Extending v by zero outside By and still denoted by v the extended function, problem (3.15) is
equivalent to

-Az=f+Av in Q, z=0 on 0Q. (3.20)

If « < —143/p’, then thanks to Proposition 3.5, .Q¢_Aa p (Q) = {0} and as f+A v belongs to W(;I’p ),

it follows from steps 1 and 2 that problem (3.20) has a solution z € WOLl 'P(Q). Hence u = v + z be-

longs to Wal 'P(Q) and satisfies problem (3.15). Uniqueness follows from the definition of the

kernel d(ﬁp(ﬂ). If @ = —1+3/p/, then, using (3.18) and the properties of v, one can easily prove
. A . .

that f + Av is orthogonal to &/~ P (Q) and we can again use the previous steps to end the proof.

O

Remark 2. Assume Q be an exterior domain of R® with boundary 4Q of class ¢!, assume that f is in
W(S’p(Q) and gin wi+l/r'r(3Q). Then, if3/p+a #2and3/p’—a #0, one can prove that the solution u dis-
cussed in Theorem 3.7 belongs to Wé’p Q)/ daAfL p(Q). In addition, there exists a constant C, independent

of u, f and g, such that

||u||W£'p(Q)/,g{aA7Lp(Q) = C(”f”Wg'p(Q) + ||g||Wl+1/p’,p(aﬂ)) .

This regularity result is obtained via an adequate partition of unity that allows to split z into the solution of
a Laplace problem in R3, solved by Theorem 2.2 (isomorphism (2.9) with m = 1 and a replaced by & — 1) and
the solution of a Dirichlet problem for the Laplace operator in a bounded domain.

3.2.2 The harmonic Neumann problem

In this part we consider the following Laplace equation: For g given in W~1/PP(9Q), find u solution of:

Au=0 in @ —¢ on 40 3.21)
a " on 8 ' '

We define the kernel of the Laplace operator with Neumann boundary condition:

3
Waﬂp(ﬂ):{xewj"’(g), Ay=0 in Q a—xzo on OQ}.
! n

The characterizations below are proved in [16] and in [6] respectively.

Proposition 3.8. (Giroire [16]). Let Q be an exterior domain of R® with a Lipschitz-continuous boundary.
Assume a € Z. We have
‘/VaA,Z(Q) = {w(q) -4, JE ‘@—Al—a} ’

12



where w(q) € WOI'2 Qn Wé’z (Q) is the unique solution of the Neumann problem

owlq) _9oq

A =0 in €,
wig) n on on

0Q. (3.22)

In particulart/V_Al,2 Q) =R and JVasz Q) =10}, Ifa=0.
Proposition 3.9. (Amrouche et al. [6]). Let Q) be an exterior domain of R3 with boundary 0Q of class € L1 if
p # 2 and Lipschitz-continuous if p = 2. We have

Q/VO'A,, Q) =P-3/p)-

The next proposition characterizes the kernel JVaA,p (Q) for a € Z and the proof is given in Appendice D.

Proposition 3.10. Let Q be an exterior domain of R® with boundary 0Q of class 6! if p # 2 and Lipschitz-

continuous if p =2. Assume a € Z . We have
JVwA,p(Q) = {w(q) -4 4q¢ g’)ﬁ—s/p—a]}’
where w(q) € Wol'2 Q)n Wi’p(ﬂ) is the unique solution of (3.22). In particular, ,/VaA’p Q) ={0lifa>1-3/p
and Ny, Q) =R if-3/p<a<1-3/p.
The two theorems below solve the harmonic Neumann problem in weighted spaces.

Theorem 3.11. Let Q be an exterior domain of R® with boundary 6Q of class €' if p # 2 and Lipschitz-
continuous if p = 2. Let a and p satisfy (H). Assume moreover that « < —1+3/p’. Then for any g in
w-1rprpQ), problem (3.21) has a solution u in Wé'p (Q) unique up to an element of e/VaAyp (Q). Moreover

we have the estimate

” u”W;'p(Q)/,/VaA,n(Q) = C”g”W*“F’J’(@Q)-

Theorem 3.12. Let Q be an exterior domain of R® with boundary 0Q of class €' if p # 2 and Lipschitz-
continuous if p = 2. Let « and p satisfy (H). Assume moreover that « = —1+3/p’. Then for any g in
w-YPr(6Q), problem (3.21) has a solution u in Wi’p(ﬂ) if and only if

Vve N5 Q) (g 1)aq=0. (3.23)

The solution u is unique up to an element OfJVaA’p Q).
Remark 3.

1. Note that these results have been proved by Specovius-Neugebauer [19] for exterior domains with
boundaries of class at least €2. The solution of the harmonic Neumann problem is represented as a

single layer potential and weighted estimates on the solution are established. We propose proofs with
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a different approach making use of known results established in [6], [16] and Theorem 2.2. The proofs

can be seen in Appendices E and F.

2. IfQis an exterior domain with boundary of class 6! and if the datum has the additional regularity: g
belongs to W/ P"P(0Q) and if @ and p satisfy the additionnal assumptions 3/p+a #2and 3/p'—a #0,
then as in Remark 2, the solution u of Problem (3.21) discussed in Theorem 3.11 and Theorem 3.12
belongs to Wi’p(Q).

4 The Vector potential operator

In this section we study the vector potential problem (1.1). We begin with the whole space R® and then

extend the results to exterior domains.

4.1 The vector potential in R3

We start by introducing the following spaces:

8
Il

{Va, ac 7.}
{Vq, ge W;”“””(R%/@j,}

Gy'P

where j' = min(0, j) and where j is defined in (2.4). For m € Z, we recall the space
VP @) = {ve WP ®®), dive=0}.

We finally recall a useful lemma whose proof can be found in [13].

Lemma 4.1. (Girault [13]). Let k = 1 be an integer, q be a polynomial in ?_, such thatdivqg=0 andr bea

polynomial in &._,. Then there exists a unique polynomial A in &?;./4}. such that
curl A =q and divA=r.

The mapping (q,v) — A is linear.

Theorem 4.2. Let a and p satisfy (H). Assume, moreover that « < 1+3/p’. Let u be in VO? "P(R3). Then there

exists a unique vector potential ¥ € W;’p (R3) /913 p—a) Such that
u=curly and divy =0.

Moreover, we have

<
”w”W;p(Rs)/(g[l—Slp—a] =Cl u”WS"”(RS)'
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Proof. We shall prove that the curl operator is an isomorphism from V;’p (R3) /913 p—a] ONLO Vs’p (R3). The
curl operator is clearly linear and continuous. Let us prove that it is injective. Let u be in vjj P (R%). Assume
that there exist two vector potentials ¥, and v, that belong to Vé P (R3) satisfying u = curl ¥, = curl y,.

Setgp =y, —wy,, then
curl p =0 and diveg =0. (4.24)

This implies that Ag = 0 and therefore, ¢ belongs to 71 _3/,—q. From (4.24) and Lemma 4.1, ¢ belongs to
91-3/p-a)- We shall now prove that the curl operator is onto. Let u € Vg 'P(R3), then it follows that curl u

belongs to W, "7 (R3).

 Assume first that @ < —1+3/p’, then thanks to Theorem 2.2, there exists y € Wé’p (R3) such that
—-Ay=curlu in R3. (4.25)

Furthermore, since div u = 0, then, on the one hand, we have curl w—-u € Wg P (R3) satisfies A(curl w—
u) = 0 which shows that curl ¥ — u is a polynomial of &|_3,,_4) and, on the other hand, we also have
div (curl ¥ — u) = 0. Besides, Equality (4.25) implies that A(div ¥) = 0 which yields that divy is a
polynomial of |3/ q). Therefore, according to Lemma 4.1, there exists a polynomial A in 221 _3/p—q)
such that

curl A =curl v —u and divA =divy.

Hence a vector potential candidate is @ — A.

e Assume next that —1+3/p’ < a < 3/p’. Then curl u is obviously orthogonal to &, and we can again

solve (4.25).

 Assume finally 3/p’ < @ <1+3/p’, then curl uis orthogonal to &,. Indeed, we have

Vqe2?, (curlu, q) W —(u,curl q)

®)x WP ®3) WP @) x WP ®3)"

Besides, for any g € 22, there exists p € 22, such that curl g = Vp. It follows that

{u,curl q>w""’ =(u, Vp)Wo,,, = (div u, p)W,l,,, 0

®3)x W2 ®3) ®)x W2 ®3) ®)x W ®3)

since u € V" (R%). Then, again we can solve (4.25). O

Theorem 4.3. Let a and p satisfy (H). Assume moreover that « =1+ 3/p’. Let u be in Vg P (R3) satisfies

=0, VgePh (4.26)

(curl u, q>W,;1’p [1-3/p'+al"

®)x W' @)
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Then there exists a unique W € Wé’p(Rg’)/Cﬁ[l_g/p_a] such that
u=curly and divy=0 in R

Conversely, any function u= curl ¥ with v in V‘i P (R3) satisfies (4.26).

Proof. Since curl u satisfies the compatibility condition (4.26), then, for the proof of the existence of the
unique vector potential v in Vé PR3 /143 p—al, one can apply Theorem 2.2 and therefore one can proceed

as in the proof of Theorem 4.2. Let us now prove the converse. If u = curl ¥ with y € V; P (R3), then we have,
curl u = curl curl v = -Aw + V(div y).
It follows that v is solution of the Laplace equation

Ay =—curl u inR3,

A

(1-3/p'+a]’ In other words, curl u satisfies

Hence, in view of Theorem 2.2, curl u belongs to W, LP(R3) Lo
(4.26). O

Remark 4. The main drawback of Theorem 4.3 is that the necessary compatibility condition (4.26) is difficult
to satisfy in applications. The last theorem of the subsection states that the existence and the uniqueness
of the vector potential in the case @ = 1+ 3/p’ can still be valid once condition (4.26) is removed. In return,
this unique vector potentiel is not necessary of divergence free. We first need a lemma on characterizations

of duals of some weighted spaces.

Lemma 4.4. Let a and p satisfy (H). Assume moreover that a =1+ 3/p'. Then we have
-Lp ! 1, 1,
(v_ p (R3)) - WP ®%)/GLP

and
/ !/
(Vo2 ®) /G 1) = VP ®).
This lemma is proved in Appendix G. As a consequence, we can state the following.

Theorem 4.5. Let a and p satisfy (H). Assume moreover that « =1+3/p’. Let u be in Vg’p (R3). Then there

exists a unique W € W{i’p (R3)/ Gé’p such that
u=curly in R

Proof. Proceeding as in the proof of Theorem 4.2 with the use of the isomorphism of the Laplace

operator (G.53), we can easily prove that the curl operator defined by

0,p' -1p
curl : Vo ®®)/ G 31101 — Vo’ (RY)
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is an isomorphism. By duality, the curl operator defined by
_ ! !/ ’ !
curl : (V2,7 ®)) — (Vo ®*)/G 51 prva
is an isomorphism. Then Lemma 4.4 ends the proof. O

4.2 The vector potential in an exterior domain

For a in Z, we define the spaces

v @) ={we x? (@; divw=0 and curlw=0 inQ}f. (4.27)
and

v/ (@ ={we X/ (@; divw=0 and curlw=0 inQ}. (4.28)

As a consequence of Section 3 and the vector potential problem in the whole space, we have the following

characterizations of these spaces.
Proposition 4.6. Let Q be an exterior domain of R® with boundary 0Q) of class €' if p # 2 and Lipschitz-

continuous if p = 2. Let a and p satisfy (H). Then

Y;),N(Q) = {V(w(q) -q), qe ‘@[%—S/p—a]}’

where v(q) is the unique solution in WOLZ(Q) N Wé’p (Q) of problem (3.16). In particular, Ya’? ~(Q) = {0} if
a>1-3/p.

Proof. The proof follows the ideas of Girault-Giroire-Sequeira in [15]. Let wbe in Y(f, ~(Q). Then since
Q' is simply-connected and under the assumptions on a and p, thanks to Theorem 4.2 and Theorem 4.5,
there exists a y € W;’p (Q), unique up to an additive constant, such that w =V y. But wx n= 0, hence, y is
constant on 6Q ( we recall that 0Q is a connected boundary) and we choose the additive constant in y so

that y =00n 0Q. Thus y € Wé'p (Q) satisfies the following problem:
Ay=0 in Q and y=0 on 0Q.

Thus the proposition follows from the characterization of the kernel ,dtﬁ p(©). Now, to end the proof we shall
prove that V(w(q) — q) belongs to Yap N(Q). But this is a simple consequence of the definition of g and w(qg).
O

Proposition 4.7. Let Q be an exterior domain of R3 with boundary 0Q) of class €' if p # 2 and Lipschitz-
continuous if p = 2. Let a and p satisfy (H). Then

Y, Q)= {V(w(q) -q), q 69’[%_%3/,7]},
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where w(q) is the unique solution in WOI'Z(Q) n W,;’p(Q) of problem (3.22). In particular, Y(f’T(Q) = {0} if
a>-3/p.

Proof. 'We proceed as in the proof of Proposition 4.6. If w belongs to € Y‘f Q) then the fact that Q'
is simply-connected and under the assumptions on a and p, there exists a y € Wé'p (Q), unique up to an

additive constant, such that w=V y. But w-n=00n 6Q thus y € Wi’p (Q) satisfies the following problem:
0
Axy=0 in Q and —X=0 on 0Q.
on

Thus the proposition follows from the characterization of the kernel ,/VaAyp (Q). Finally the fact that V(w(q) -
q) belongs to ch 7(Q) is straightforward. O

Our first theorem does not require the uniqueness of the vector potential and holds for any exponent of the
weight satisfying (H).

Theorem 4.8. Let Q be an exterior domain of R® with boundary 0Q of class €' if p # 2 and Lipschitz-
continuous if p = 2. Let & and p satisfy (H). Then for any function ve HY, (div,Q) that satisfies

dive=0 in Q and (v-m1)sn =0,
there exists W in Wé’p (Q) such that
v=curly and divy=0 in Q.
Proof. Let us solve the following Neumann problem in the bounded domain Q':

00
AB=0 in Q and 3, v oon 0Q.
n

Since (v- n, 1) = 0, this problem has a solution 6 in W?(Q') and there exists a constant C independent of
v such that

||9||W1v!’(Q’) = Cllv- n||w—1/pyp(ag)~

Let us take w = V0 in Q' and w = v in Q. Then w belongs to H(’f (div,R®) and divw = 0 in R3. Indeed let
¢ € 2(R3), then we have
(le w, (p>@’(IR3)><@(IR3) = - - w- V(p dx
—f v~V(pdx—f VO-Vepdx
Q Q

—(v-n,¢) —<% > =0
» P76Q an:(p aQ_ .

The proof is now splitted into two cases.
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e The case @ < 1+3/p’. Thanks to Theorem 4.2, we deduce that w has a unique vector potential ¥ in
W;'p(ﬂ%g)/%[l_g/p_a] that satisfies

w=curly and divy=0 in R

Then the restriction of ¥ to Q is the required vector potential.

* The case @ = 1+3/p’. In order to apply Theorem 4.3, curl w needs to satisfy the compatibility con-

dition (4.26). The goal is then to modify the extension w so that it satisfies (4.26). Observe first that
due to Theorem 4.5, there exists a vector potential ¥ € Wi’p (R3) such that w = curl ¥ in R3. But of
course, this vector potential is not necessarily divergence free. Let now D; and D, be two balls such

that Dy c D, cQ'andlet ue 2 (R3) be a cut-off function such that
O<spu=<l, p=1 in D;, supppucDs,.

We introduce the mapping
1/2
q— ( fQ ,u(x)q(x)zdx) (4.29)

which is a norm on & for any k € N. Consider next the following problem: find A € Z_1_3/p/1q)

solution of

Vqe P _1-3/p'+al fQ/,u(x)A(x)-q(x) dx=fR3t//(x)-q(x) dx. (4.30)

The bilinear form (q,,q,) — [ (%) q; (%) - ,(x) dx is continuous and coercive with respect the norm
defined in (4.29). Therefore, thanks to Lax-Milgram lemma, problem (4.30) has a unique solution

A€ P_1-3/p'+a)- Hence for any g€ P13, +q), we have curl curl g€ &1 _3/p +q), SO We can write
f ©(x) A(x) - curl curl g(x) dx = f Y (x) - curl curl g(x) dx
Q R3

which implies

er curl curl (u(@)A(x)) - gx) dx = (curl w, Dy 1r sy e @)

Setting now i = w— curl (uA), then i € HY, (div,R%) is an extension of v that satisfies div i = 0 and

condition (4.26). Then Theorem 4.3 ends the proof. O

In order to ensure the uniqueness of the vector potential, we shall impose either the tangential component
of the trace or the normal component of the trace to vanish. This will lead to additional constraints on the
exponent of the weight function. We start with a result where the vanishing of the tangential component of

the trace is imposed.

Theorem 4.9. Let Q be an exterior domain of R® with boundary 0Q of class €' if p # 2 and Lipschitz-
continuous if p = 2. Let a and p satisfy (H). Assume moreover that « <3/p',3/p+a #2 and3/p' —a # 0.
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Then each function v in HY (div, Q) that satisfy
dive=0 in Q and v-n=0 on 0Q
has a unique vector potential ¥ in Wé’p )/ Yap 1, N(Q) such that
v=curly, divyg=0 in Q wxn=0 on 0Q. (4.31)
Moreover it depends continuously on v:

) S C||V||Wg (4.32)

||W||Wli‘p(Q)/Yap—1,N(Q vP(Q)'

Proof. Let us prove the existence. Since v- n =0 on 0Q, we can extend v by zero in Q" and the extended
function denoted by ¥ belongs to HY (div,R?) and satisfies divy = 0 in R®. Under the assumptions (H) and
a < 3/p’, we can apply Theorem 4.2 which implies that ¥ has a vector potential z € W,;’p (R3). In addition,
we have

| S Cl|vl| (4.33)

2l 2r @),y WP R

Now, the fact that curlz = 0 in Q' implies that, z = V0 in Q' for some function 8 € W2P(Q')/R. Let 6 be a
representative of 6. Then (4.33) yields

N0llwzr @y < Cllzllwrr )i, sp-a < C||V||W3,n(ﬂ)- (4.34)
As a consequence, the trace of § on 0Q2 satisfies
06allwz-1pr a0y < ClIOlwzr @) < C||V||W£,p(g)- (4.35)
In order to satisfy the boundary condition in (4.31), we solve the following Dirichlet problem for Laplace:
Ay=0 in Q, xy=6 on 06Q. (4.36)

Since 0|5 belongs to w2-1p.r3Q), under the assumptions on « and p , it follows from Theorem 3.7 and

Remark 2 that this problem has a solution y in Wa2 P (©2) unique up to an element of daA—l, A such that

X271z, @ = ClOlanllwz - (4.37)

Now, every solution y of problem (4.36) satisfies Vy x n=z x non 0Q. Indeed, let p € wl/pp 09Q). As Q' is
bounded, we can fix once for all a ball By, centered at the origin and with radius R > 0, such that Q' c Bg.
Thus we have the existence of ¢ € W7 (Qp) such that ¢ = g on 6Q and ¢ = 0 on dBg. The function ¢ can

be extended by zero outside B and owing to its boundary conditions on dBg, the extended function, still

20



denoted by ¢, belongs to W; 24 (Q), for any ¢ since its support is bounded. Let ¢’ € WhP' Q) be any function
such that ¢’ = gon 0Q and set ¢ = @ in Q and ¢ = ¢’ in Q'. Thus @ belongs in particular to Wllfi (R3). Now,

using (2.11) and (2.12), we can write

(Vyxnp),n f Vy-curlpdx=(curlp-n0),,
Q

f z-curlpdx=(zxnp),,.
Q/

Therefore it remains to set ¥ = z—V y is the required vector potential of v. Equality (4.32) follows from (4.33),
(4.35) and (4.37). Finally, the uniqueness follows immediately from the definition of the space Yf_l, N(Q).
O

We end this section with a result where we impose the normal component of the trace of the vector potential

to vanish.

Theorem 4.10. Let Q be an exterior domain of R® with boundary 0Q of class €V if p # 2 and Lipschitz-
continuous if p = 2. Let a and p satisfy (H). Assume moreover thata <1+3/p',3/p+a#2 and3/p'—a #0.
Then each function ve HY (div,Q) that satisfies

dive=0 in Q and (v-m1)sn =0,
has a unique vector v in Wi’p(ﬂ) / Yap_l,T(Q) such that
v=curly, divyg=0 inQ and ¥-n=0 on 0Q. (4.38)

Proof. Let ¢ be the vector potential of v constructed in Theorem 4.8 and let us solve the following
problem

. 0z
Az=0 in Q and &ztp-n on 0Q. (4.39)

Since ¢ € Wé’p (Q) and dive = 0 in Q we deduce that ¢ - nbelongs to W/ P'P(6Q). The proof now is splitted

into two cases.

(i) The case a <3/p’. With this assumption, J&/IA_ ap (Q) is reduced to {0} which implies that ¢ - has no

compatibility condition to satisfy. Therefore applying Theorem 3.11 problem (4.39) has a solution z
in WP (Q).

(i) The case3/p’'<a<1+3/p’. It follows from Proposition 3.10 that ‘/VIA—a p, (Q) = R. Thus problem

(4.39) does not have a solution in W;’_p 1(Q) unless @-n satisfies the necessary condition (@-n,1)5q = 0.

But, for any w € Wllfx/ (Q) the following Green’s formula holds:

(p-n, w)aQ:f @-Vwdx. (4.40)
o}

21



Since 3/p' < @ <1+3/p’, the constants belong to Wllg’;’ () then (4.40) is still valid for w =1 and thus

we have

(@-n,1)50=0.
It follows from Theorem 3.12 that there exists z in W;‘_pl (Q) solution of problem (4.39).

In both cases, thanks to regularity results (see Remark 3) we deduce that z belongs to Wj’p (). Therefore it
remains to set ¥ = ¢ — V z is the required vector potential of v.

The proof of uniqueness follows the same lines as in the proof of Theorem 4.9. O

5 Applications of the vector potential results

5.1 Weighted Sobolev’s inequalities

Theorem 5.1. Let Q be an exterior domain of R® with boundary 0Q of class €' if p # 2 and Lipschitz-
continuous if p = 2. Let a and p satisfy (H). Assume moreover that « <3/p',3/p+a #2 and3/p' —a # 0.
Then the space X 5_1 ~(Q) is continuously imbedded in Wi’p (Q). In addition for any @ € X 5—1, ~(Q), we have

1/p
, <C p +|divepl|P +||curl||” . 5.41
el {”"’”nglm) Idivepll) o, +llcurlell?, (5.41)

Proof. We shall use a partition of unity. Let R > 0 be a real number large enough so that Q' c Bg. Let A

and u be two scalar, nonnegative functions in C*°(R3) that satisfy
VY xeBg, Ax)=1, suppAlcBgy, VYV xe R:, A(x) +u(x)=1.

Then for any ¢ € Xf_LN(Q) we can write ¢ = A¢@ + p@, where A ¢ has its support in Qg4 and e in Cp.
Consider first . Its domain Cp is simply-connected and has a very smooth and connected boundary 0Cp.
Next, div(u ) = udive + ¢@ - V 1 belongs to W;"’” (Cg). Therefore, applying Proposition 3.2, there exists w in
W;’p (Cg), that vanishes on 0Cg, such that

divw=div(uep) in Q
and

Il < ClIdiv)llor,

< C(Ildivellyr ) + 1@l
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Letw = g — w—V z(A), where z(1) € d(f_lyp(CR). Then
divgy=0 in Cr, wxn=0 on O0Cg.
Set v=curly, then v=pcurle +V u x ¢ — curl w belongs to Wg’p(CR), and
1ol yor ey < € (II Wiy e,y +lleurl@llyop o )+ ||(P||LF’(BR+1\BR))-
In addition, the function v satisfies
divv=0 in Cr and v-n=0 on O0Cg.

Then the uniqueness of the vector potential defined by Theorem 4.9 implies that ¥ belongs to
WP (Cr)1Y] | (Cp) and

1Wllwir ey, yew S ClPr ey
In turn, this implies that p ¢ belongs to Wi’p (Cg) and
| |/J(P| | W;'p(CR) < C (' |d1V(P| |W2'p(CR) + | |Curl(p| | W(S‘p(CR) + | |(P| |LV(BR+1 \BR)) . (5'42)

Finally, consider A ¢. Its domain Qg is of class Cl!. Next, A x n=0o0n0Qg;1, because A ¢ vanishes on

0Bpr+1 and ¢ x n=0on 0Q. Applying [8], implies that A ¢ belongs to WP (Qp41) and

HA@llwrr g, < CUIdIVIA@)ILr(p,p) + Ilcurl(A @)l Lr g, ) + A @llLr(Qpi1))- (5.43)

Combining these two results, we derive that ¢p belongs to W; 'P(Q) and (5.41) follows from (5.42) and (5.43). O

Our second imbedding result is stated in the following theorem:

Theorem 5.2. Let Q be an exterior domain of R3 with boundary 0Q of class €' if p # 2 and Lipschitz-
continuous if p = 2. Assume moreover thata < 1+3/p’,3/p+a #2 and3/p'—a # 0. Then the space XC’;_I (9]

is continuously imbedded in Wé’p (Q). In addition there exists a constant C such that for any @ € X (’j_ 17,

1/p
14 : p 14
. <C + ||div + ||curl . 5.44
IIqDIIW;p(Q) {II(PIIWO,_,,I(Q) [l (pllwg,,,(m I (p“w;)'"(m} (5.44)

a

We skip the proof as it is the same as the one of Theorem 5.1. The only diffrence is that here we need the
second type of vector potential proved in Theorem 4.10.
5.2 The Helmholtz decomposition

Another application of the vector potential problem is the Helmholtz decomposition. We start with a result

in the whole space R? and we state an extention to exterior domains.
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Theorem 5.3. Let a and p satisfy (H). Assume moreover that « < 3/p’. Let g€ W}j’p (R3). Then g has the

unique decomposition
g=Vo+curly,
wherep € Wé'p(ﬂ%g)/e@ﬁ_g/p_a] andy € Vé’p(lR{?’) /411-3/p-a)- Moreover, we have the estimate
lepllyy v ®)/PR o iyl GOV Cligllyor gs): (5.45)

Proof. Since g€ Wy (R3), then divg € W, "7 (R3). Next since a < 3/p/, the polynomial space 213 p+al
contains at most constants. Therefore div g is orthogonal to 2213/, 4). Thanks to Theorem 2.2, there exists

aunique @ € W;’p(Rs)/@[Al_yp_a] such that

Ap=divg in R

Then by construction g-Ve € Wg’p (®%) and div(g—V ¢) = 0in R3. Therefore from Theorem 4.2, there exists
a unique vector potential ¥ € Vé'p(Q)/ég[l_g/p_a] such that g— Ve =curly. O

Theorem 5.4. Let Q be an exterior domain of R® with boundary 0Q of class €' if p # 2 and Lipschitz-
continuous if p = 2. Let « and p satisfy (H). Assume moreover that a <3/p' and let g€ Wg’p (Q). Then g has
the decomposition

g=Vop+curly,

where p € Wé'p(Q) andy € Vé'p(Q), such thaty x n=0.

In addition, we have

||v(p||W£‘p(Q) S C“g”WlSvp(Q))
with a constant C that is independent of g and ¢.

Proof. Let us extend g by zero in Q' and let g denotes the extended function. Then g € Wﬁ"’ (R3)
and divg € W, LP(®3). Since a < 3/ p', then Theorem 2.2 implies that there exists a unique function v €
Wé’p(Rs)/(@ﬁ_a_ym such that

AT=divg in R3,

=clgll

||U| |W;'p(R3)/gb[lfa73/p Wg'p(Rg) = C“g“ngV(Q)-

Then g— Vi € Wy (R?) and div (g — V7) = 0in R3. Therefore (g — V7)-nbelongs to W~/P7(30). Now let us

solve the following problem

: ow
Aw=0 in Q, E:(g—vU)-n on 0Q. (5.46)

The proof now is splitted into two cases.

(i) The case @ <—1+3/p’. With this assumption, (§—V7) - n has no compatibility condition to satisfy
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since JV_Aa V (Q) is reduced to {0}. Therefore applying Theorem 3.11 problem (5.46) has a solution w
in WP (Q).

(ii) The case —1+3/p’ <a <3/p'. It follows from Proposition 3.10 that JV_Aa p, (Q) = R and proceeding as
in the proof of Theorem 4.10, we can prove that

(8-VD)-n1sq=0.

Therefore applying Theorem 3.12 there exists w € Wi’p (Q) solution of problem (5.46).
In both cases we have
v w”wjj'”(g) =Clgl WO ()"

Let v be the restriction of ¥ to Q, then setting ¢ = v + w and z = g — V ¢ then z belongs to WS”’ (Q), dive =

0in Q and z- n = 0 on 0Q. It follows from Theorem 4.9 that there exists a unique vector potential ¥ in
WoP (@)Y} | (@) such that

z=curly, divyg=0 in Q, and yxnr=0 on 0Q. O

Appendices

A Proof of Proposition 2.1

Let us assume 3/p+a # 1 and 3/g + B # 1. The proofs of the other cases are similar. Next without loss of
generality we may assume that g > p. Now let A be a polynomial in Wé’p Q)+ W[; "7(Q). Then there exist

ue Wi’p(Q) and v e Wg’q(Q) such that A = u + v. Let R > 1 be a real number such that Q' c Bpg. Using (2.7)
we can write

IAR, Mrr@By) < Iu(R, irr@By) + VR, e @By
< u(R,)r@By + Cllv(R, )La@By)
< C(R1—3/p—a +R1—3/p—ﬁ)

<CRY,

where y = max(1-3/p—a,1-3/g— f8). The second inequality holds due to the fact that g > p. Let us now
denote j the degree of A. Using the following spherical coordinates

X1 = Rsinfcosp, x,=Rsinfsing, x3=RcosH,

25



where 6 €]0, [ and ¢ €]0, 27 [, we have

T 1/p .
IAR, )l rr By = c(f RIPR? sianB) > CR/*?P,
0

Therefore, in view of the previous inequalities, we deduce that j <y and therefore A belongs to &7;.

B Proof of Proposition 3.5

Let zbein .daA’p (Q). Then for any bounded domain & such that 0c Q, zbelongs to WLP(@)and Az belongs
to LP(0). Moreover, due to inner regularity results z also belongs to Wbl2(@) and Az also belongs to [2(0).
0
Thus a_z belongs to W~YPP Q) n W~22(5Q). Let us extend z by zero in Q. The extended function,
n

denoted by Z belongs to W,'"” (R3) and for any ¢ € 2(R3), we have

(AZ. 0 <6z >
Z, ==\ = )
¢ on ¢ 0Q

where (., .)5q not only denotes the duality pairing between Ww-1Pr(6Q) and WY PP (6Q) but also the duality
pairing between W~122(3Q) and W'/22(8Q). This shows that AZ belongs to W, " (®%) n W, *(R?) and has

a compact support. Then, thanks to Theorem 2.2, there exists a unique v € WOI’Z(R?’) satisfying
AU=AZ in R’

Hence ¥ —Z is a harmonic tempered distribution and we deduce that U = Z+ g where g is a polynomial of
Wy (R3) + WP (R®). But since there are no polynomials in the space W,*(R%), thanks to Proposition 2.1,
q belongs to &1 _3/p—q) Wé'p(ﬂ%g’). Thus, v belongs to Wol'z(le) n Wé'p(ﬂ%*?’), its restriction to Q belongs to
Wol’2 Q)n Wé’p (Q) and satisfies (3.16). The fact that a{(ﬁ p(Q) ={0} if @ > 1 -3/ p follows from the fact that in

. A _ .
this case, 97’[1_3 Ip—a) = {0} and from the uniqueness of v.

C Proof of Theorem 3.6
Let R be chosen so that Q' is contained in Bg. Let v be the lifting function of g satisfying:
Av=0 in Qp, v=g on 0Q, v=0 on O0Bg.

This set of equations defines a unique function v in WLP(Qp). Extending v by zero outside B, the extended
function, still denoted by v, belongs to Wg P Q) for any f € R, so in particular, v belong to Wal 'P(Q). Then
problem (3.17) is equivalent to

—-Az=Av in Q, z=0 on 0Q, (C47)
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where, using the same arguments as in the proof of Proposition 3.5, A v belongs to Wa_l'p (Q) and has a

bounded support. The proof now is splitted into two cases.

®

(i)

The case p > 3/2. Owing to the support of A v, Av is also in WO_I’p(Q). Applying Theorem 2.10 of [6],

problem (C.47) has a solution zin Wol’p (Q). Note thatin the case p > 3/2, we have ‘doAp/ (Q) = {0} which
implies that Az has no compatibility condition to satisfy. We thus deduce that u=z+ v € Wol’p Q) is

a solution of problem (3.17). Finally since a < 0, then u also belongs to Wal PQ).

The case 1 < p <3/2. Due to inner regularity results, for any bounded domain @ such that @ c Qg U

0
0Bg, ve WH2(@) and A v € (@) and consequently E’: belongs to W~1/22(Q). Extending v by zero
outside By and still denoting by v the extended function, then Av belongs to Wo_l’2 (Q) and thus there

exists w in WOI’2 (Q) such that
-Aw=Av in Q w=0 on 0Q.

Let us extend w by zero in Q" and let i denote the extended function. Then A i belongs to WO_I'2 R
and has a bounded support and since 1 < p < 3/2, this implies that A iv also belongs to Wa_l'p (R3).

Next since a < 0, then thanks to Theorem 2.2, there exists Z in W‘i‘p (R3) such that
AZ=Aw in R’

Hence z—w is a harmonic tempered distribution and therefore a polynomial of ‘@ﬁ—a—e) ;< Wé P (R3).

Thus w belongs to Wé’p Qandu=w+ve Wé’p (Q) is the required solution to problem (3.17).

D Proof of Proposition 3.10

The proof uses similar ideas than the proof of the characterization of the kernel .d(ﬁ P (Q). Let zbein (/VaAyp Q)

and let z’ € WP (Q') be the unique solution of

Az =0 in Q, Z=z on 0Q.

/

0
Note that 6—Z belongs to W~1/PP(3Q). Next due to inner regularity results, for any open set @ such that
n

/

— 0
0 < Q', we have in particular z’' € W?(@) and Az’ € L?(0). This shows that 0_fz also belongs to W~1/22(5Q).

Set now

]z in Q
=
z in Q'
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Then Z belongs to W,"” (®%) and due to the previous arguments, AZ belongs to W, “*(R*) n W, " (®?) and

has a compact support. Therefore there exists a unique w € WOI’Z(RS) satisfying
A =AZ in R’

Since there are no polynomials in Wol’z([R{s), thanks to Proposition 2.1, iv = Z+ g where g € '@[Al—s Ip—al* This
shows that w also belongs to Wi 'P(R3) and its restriction to Q denoted by w belongs to W,i 'P(Q) and satisfies
(3.22).

Now if @ > 1-3/p, then 271 _3/p-q) = {0} and as a result of the uniqueness of w, (/VaA,p (Q) = {0}. By the same
way, if -3/p <a <1-3/p, then P|;_3/p-q) =R and as a result L/VaA,p Q) =R.

E ProofofTheorem 3.11

The proofis splitted into two cases.

(i) The case p > 2. Applying Proposition 3.5 of [6], Problem (3.21) has a solution u in WOl ’Z(Q) N WO1 P Q).

It remains now to prove that u belongs to W,i’p Q). Let u' e W2(Q")nW'P(Q)) be the unique solution

of
Au'=0 in Q, v=u on 94Q. (E.48)
Set now
_ u in Q,
u= (E.49)
v in Q.

Then u belongs to WOI’2 R3 N Wol'p(le), At belongs to Wo_l’z(lRis) n Wo_l’p(R3) and has a compact sup-
port. Therefore, Az also belongs to W, LP(®3). Since a < —1+3/ p', then thanks to Theorem 2.2, there
exists zZ € Wé'p (R3) such that

AZ=A# in RS

This shows that Z — # is a harmonic tempered distribution and therefore it is a polynomial that be-
longs in particular to WOI’Z([RS) + W;'p (R3). Thanks to Proposition 2.1, Z— 1 belongs to W;’p (R3) which
implies that u belongs W;’p Q).

(ii) The case case 1 < p <2. Let R be chosen so that Q' is contained in Bg. Let v be the lifting function of

g satisfying:

0
Av=0 in Qp, 6—U=g on 002, v=0 on OBg.
n

This set of equations defines a unique function v in W?(Qp) (see for example [17]). Extending v by
zero outside Bg, the extended function, still denoted by v, belongs to Wocl 'P(Q). Then problem (3.21)

is equivalent to

. ow
-Aw=Av in Q, 6_:() on 0Q, (E.50)
n
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where A v belongs to Wa_l’p (Q) and has a bounded support. Using inner regularity results, for any
bounded domain @ such that @ < Q RUOBg, veE W2(0) and Av € [*(@). Then using an adequate
partition of unity of Q, one can show that Av belongs to L?(Q2) and since the support of Av is bounded,
Av also belongs to WIO’2 (Q). Therefore, there exists w in Wol'2 (Q) satisfying (E.50) (see [16] or [14]). Let
we WOI’2 (R3) denote the extended function constructed in (E.49), where ' € W12(Q') is the unique
solution of (E.48). Then A i belongs to WO_I’Z(IR{3), has a bounded support and since 1 < p < 2, it
follows that A i also belongs to W, Lp (R3). Since a < —1+ 3/ p', then thanks to Theorem 2.2, there
exists Z in W, P (R®) such that
AZ=Aw in R

Hence zZ—iv is a harmonic tempered distribution and therefore a polynomial of gﬁ_g Ip-al © Wé P (R3).

Thus w belongs to Wé’p Qandu=w+ve Wé’p (Q) is the required solution of problem (3.17).

F Proof of Theorem 3.12

To prove that condition (3.23) is necessary, one can proceed as in the proof of Theorem 3.7. Let us prove that
condition (3.23) is suffcient. The proof follows the same line as in Theorem 3.11. The only difference here is

that in order to use Theorem 2.2, the distributions Az and Aw defined in Theorem 3.11 must be orthogonal

A

1-3/p/+al’ We shall prove this for Ai. So let us prove that for any g € &2

. A
to the polynomials of 22 1-3/p'+a]? W€

have

(A u, 6]) Wl;l'p(Ra)XW_lf/ (R3) =0.

A
[1-3/p'+a]

(55-s) -
on o

A
[1-3/p'+al’

Using Green formula, this amounts to prove that for any g € &

* On the one hand, in Q’, for any g € &, we can write

ou' aq
Au' dx=0=f u'A dx+<—, > —<17,—> .
f’ q Q' 9 on qa 0Q on WYpp(@Q)x W-1pr' (5Q)

Since Ag =0, we get
ou _0q
=4 =\ . (E51)
on 0Q on/ wimp@a)xw-1rr' 00

* On the other hand, in Q, forany v € W_l;f I (Q) such that Av =0 in Q, we can write

ou _ 0v
Auwdx=0=( —,v (U= )
Q on /sq on/ wivraa)xw-1rr' (00
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which implies
_ 0v

(8, Voa = <u an (E52)

>W1/W(6me1/W’ )

A
[1-3/p'+al’

<6—ul—g q> _<6_u’ q> -(g,9)
On ’ 0Q On’ 0Q ’ 0Q

ou'
= <6_’q> +<g» V(Q)—CI)aQ—(g,U(Q))aQ»
n 00

Now, for any g € &2 we can write

where v(g) € Wol'2 Q)n W_lgf / (Q) is the unique solution of (3.22). Since by definition v(g) — g belongs to
JV_Aa P (Q), then thanks to condition (3.23), we have (g, v(q) — q)sq = 0. Therefore, using (E51), (E52) and
ov(q) 0dq

the fact that ==, t
e fact tha n 6nwege

(B p0) (%0 g
on 849 aQ_ an)q a0 8, v\q))o0)

<ﬁ 6_q> _<a 0V(67)>
"On/ wirp ooy < w-1er 00 L on [ wimeea)xw-1ed 60)

0.

A

Similar arguments hold to prove that Aw is orthogonal to 27, peal’

G ProofofLemma4.4

(i) Letus prove that
_ ’ !
(V_ Lp ([sz‘) = WP ®3)IGLP.

The first point is to prove that G(lx’p is a closed subspace of Wé’p (R3). To that end, let us show that the

divergence operator defined by
div: WP @V @3 - wEP 3

is an isomorphism. The above div operator is clearly linear and injective. To prove that it is onto
take z in W__é’p (R3). Observe next that under the assumptions on a and p, we have 3/p+ a # 2 and

3/p' — a # 0. Then thanks to Theorem 2.2 (isomorphism (2.10)), the Laplace operator defined by

. 0P (3 A -2,p" '3 A
AW ®)PLg = W ®RLPG 4 o (G.53)
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(i)

is an isomorphism. The fact that @ > 1+ 3/p’ implies that 2—-3/p — a < -2 < 0. Hence there exists
VE Wg’p’(le) such that

Av=z in R

Thenu=Vve W__,i'pl(lR?’) satisfies

divu=2z in RS,

Thus the div operator defined above is indeed an isomorphism. Now by duality, the gradient operator
defined by
VWP RS — WP RS LV P RS

is an isomorphism. This shows that G(lx'p is a closed subspace of W;’p (R3). It follows that we can write
VoIS = WP ®%LGLP
which implies that
! ! 1 !/
(v_‘l"’ (R%) = (W_‘l”’ (R%LG;”’) = WP ®3)/GLP.

Let us prove that
0, ’ !/ 0,
(Vo2 ®)/ s = Va? ).

Thanks to Theorem 2.2, the Laplace operator defined by

. P 3 A -Lp" m3 A
A:W_, R )/@[1_3/’7/4_&] — W_ R )J“@[I—S/p—a’]

is an isomorphism. Therefore, under the assumption on a and p and proceeding as in (i), we can

prove that Gg’p is a closed subspace of W;"” (R3). Then we can write
w2 ®3)LGYP = v ®®)

which implies that
’ / ’ /
(V_O;f ([Rﬁ)) = (W?;f (R3)J_Gg’p) = WP ®3)/GYP.
Now forany v € Wg’p(RS)J_éﬁ[_g/prw], divve Wofl'p(R3)L<@[1_3/pr+a], then according to Theorem 2.2,
there exists w € W,'” (R3) such that

Aw=divy in R

This shows that one can identify the space (W,;"’” (R3)J_cg[_3/ ,,/w])/Gg"” with V;’"’ (R3) on the space

V?’ap (R3). Moreover thanks again to Theorem 2.2, the space Gg’p is orthogonal to ¥|_3,,+4) and by
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definition the space V(S P (R3) is also orthogonal to ¥_3, p'+a)- Therefore, summarizing, we can write

(Vgéxp’(Rs)/g[—?’/p%a]) ( 7 (R) ) LY 3/p+a)

(Wa” ®)/Ga? ) 13114

= (WaP ®) LG 31 prva) 1Ga?

VP (R).
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