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Modeling of Highly Nonideal Systems: 1. A Generalized Version of the NRTL
Equation for the Description of Low-Pressure Equilibria

Evelyne Neau,*" Joan Escandell,” and Christophe Nicolas®

Laboratory M2P2, UMR 6181, and Laboratory LMGEM, UMR 6117, University of Méditerranée, Faculty of Sciences of Luminy,
13288 Marseille, France

The topic of the present work is the development of a simple model for the description of phase equilibria occurring in
nonideal systems, such as those containing size-asymmetric components or mixtures made of polar or associating compounds
with hydrocarbons, that are capable of strong demixing. The generalized NRTL model presented in this first part derives from
the lattice two-fluid theory and differs from the original model by considering the size asymmetry of mixture components;
results obtained for the modeling of phase equilibria in hydrocarbon, polar, and highly immiscible systems are compared with
other literature models, such as the van Laar, NRTL, and UNIQUAC models. In the second part of this work, this model is

associated with the Peng—Robinson EoS using the EoS/G" approach based on a generalized reference state, and a new group
contribution is proposed for the prediction of the binary interaction parameters.

1. Introduction

The topic of the present article is the development of a new
excess Gibbs energy model for the description of phase
equilibria in highly nonideal systems, such as those containing
size-asymmetric components or mixtures made of polar sub-
stances or water with hydrocarbons that are capable of strong
demixing. These systems are of great interest not only in
chemical engineering under atmospheric conditions, but also
for process design under high pressure; in particular, the
modeling of complex systems, including petroleum fluids with
associating compounds such as water or glycol, has become
increasingly important with the exploitation of petroleum
reservoirs under extreme conditions.

A first way to handle such systems is to consider equations
of state (EoS) derived from theoretical expressions for the excess
Helmholtz energy. A first category of equations is based on the
association approach proposed by Wertheim;'? among them,
the SAFT (statistical associating fluid theory) model® or the CPA
(cubic plus association) equation® have acquired great popularity,
because of the wide range of applications involved and the
satisfactory description of phase equilibria. A second class of
models, especially suitable for polymers, is derived from the
lattice theories of Guggenheim® and Barker,® taking into account
the presence of vacant sites, or holes, and leading to
Sanchez—Lacombe-type equations.” The lattice-fluid hydrogen-
bonding (LFHB) model of Panayiotou and Vera®’ and, in
particular, the predictive quasichemical group contribution
equation of state (QC-GCEoS) model of Smirnova and Vic-
torov'® allow very successful estimations of phase equilibria in
mixtures containing associating components.

An alternative method for modeling these complex mixtures
is to consider the EoS/GE approach, which assumes that, in a
given reference state, the excess properties estimated from an
EoS are equal to those obtained from a “low-pressure” excess
Gibbs energy model, G. This assumption should, in principle,
allow for the definition of more physically meaningful EoS
mixing rules on the condition that liquid solution models be
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appropriate to the description of the mixture considered. Two
approaches are usually associated with cubic EoS. In the first,
excess Gibbs energy parameters previously determined at low
pressure using the activity coefficient technique are directly
introduced into the EoS; the most popular mixing rules thus
obtained are MHVI1'" (modified Huron—Vidal first-order),
MHV2'? (modified Huron—Vidal second-order), Wong—
Sandler,’®> and LCVM' (linear combination of Vidal and
Michelsen). The second approach consists of estimating the
excess Gibbs energy parameters directly from the EoS, usually
by means of group contribution methods; predictive models
developed in this framework lead to the well-known VTPR'
(volume-translated Peng—Robinson) and UMR-PRU'® (univer-
sal mixing rule Peng—Robinson UNIFAC) models based on
UNIFAC group contributions or to the PPR78'7 (predictive
Peng—Robinson 1978) and NRTL-PR'®?° (nonrandom two-
liquids-Peng—Robinson) equations obtained from the general-
ized van Laar and NRTL models, respectively.

The main purpose of the first part of this work is to propose
a liquid solution model based on the lattice fluid theory that is
able to represent the mixing properties of size-asymmetric
systems and mixtures containing polar and non polar substances.
The generalized NRTL model presented herewith derives from
the lattice two-fluid theory and differs from the original model
by considering the differences in size and shape between mixture
components. In the second part of this work,?® this model is
associated with the Peng—Robinson EoS using the EoS/G®
approach based on the generalized reference state,?' and a new
group contribution estimation is proposed for the calculation
of the binary interaction parameters.

Results obtained for the modeling of phase equilibria are
compared with other literature models, such as the van Laar,
NRTL and UNIQUAC (universal quasichemical) models. The
knowledge of the strong points and limitations of each low-
pressure g® model is crucial for the further development of
equations of state based on the EoS/G” concept. Indeed, the
use of an EoS will neither cancel the theoretical limitations
inherent in a given equation nor improve its ability to describe
mixing properties.



2. Generalized NRTL Model

Lattice models suggest that deviations from ideality in liquid
solutions are due to the two main following effects: First, the
differences in size and shape between molecules give rise to a
nonideal entropy of mixing described as the combinatorial part.
Second, the different forces of attraction between molecules are
responsible for mixing energies and entropic effects, called the
residual part. The Helmholtz energy of mixing at constant
volume, AMY, is expressed as

A = —1s™V + MY (1)
which leads to the excess Helmholtz energy at constant volume

A® = —75B + BV with SEY = sMV +
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where S®V and U®™Y are the excess entropy and energy,
respectively, and are described in the next two sections.

2.1. Combinatorial Part. The entropic effects are repre-
sented by the general Staverman—Guggenheim equation for
athermal mixtures of molecules of arbitrary size and shape

o 0,
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UEY = pMV(2)

¢; and 0; are the volume and surface fractions of a molecule i,
respectively, given by
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where r; and ¢; are the volume and surface area factors,
respectively, and z is the coordination number, usually fixed as
z=10.

2.2. Residual Part. As described by Guggenheim® and
Prausnitz et al.,?* the energy of mixing can be expressed as

U = MV = UConf(T’ V,n) — Z Uic(mf(n Vion) (5

where U™ and U™ are the configurational energies of the
mixture and pure compound i, respectively; they are estimated
from the configurational energies U; and Uj; of the pair
interactions between two nearest components of different types
(j and i) and of the same type (i and i)

EV 1 Z ZNz(l]ﬂ —

Nj; is the number of pair interactions between a component j
about a central molecule i; it is calculated by assuming that a
molecule i has g;z external contacts and that 0;; is the local
fraction of component j about molecule i.

The determination of 6; is the key point of lattice theories,
because it represents the probability that a contact starting from
i be a j—i contact. In classical models, it is estimated:

(i) Either by assuming a completely random mixture (G;; =
1 in eq 7), which leads to a one-fluid lattice model, such as the
van Laar*>** equation.

(ii) Or, as in this work and in the NRTL,>® UNIQUAC,*®
and Wilson®” models, by using the concept of local composition

Uy with N; = ngqz0; (6)

9—6’ = 7
0.7 0, -G, G = Gy (7

Gj; is the molecular repartition coefficient; it is assumed
independent of the molar composition and is expressed by the
relation

G;; = expl—(2/2)a(U; — U,)/RT] (8)
where o is the nonrandomness factor proposed by Renon and
Prausnitz for the NRTL model. The same relation is also used
with the UNIQUAC or Wilson models, except that those models
assume oy = 1.

By taking into consideration the conservation equation

0.
z 0, = gn 2 0,G; = 1 ©)
1 i

and the definition of surface fractions 6; (eq 4), the local fraction
0;i (eq 7) and therefore the number Nj; of pair interactions (eq
6) are expressed as follows

0. = ajGﬂ _ JqJGJl jquﬁ
) = =gl =
Z 0,G; Z x,9,Gy; z x,9,Gy;
!

1
(10)

so that the excess energy at constant volume U"Y (eq 6) is given
by the final expression
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an

I’ represents the configurational energy required for replacing
z/2 pair interactions i—i by z/2 pair interactions j—i.

By substituting, at low pressure, the molar Helmholtz excess
energy at constant volume, ABV/n (eq 2), by the molar excess
Gibbs energy at constant pressure, g&, given by

E _ E E
8 = Scombinatorial + residual (12)
with

=78, g = UIn (13)

8combinatorial —
we obtain, according to the expressions of the combinatorial
term (eq 3) and the residual contribution (eq 11), the final
formulation of the generalized NRTL model

E riz dir
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In addition, as is shown in Figure 1, the ratios ¢;/r; become
rapidly constant and small for long alkane chains, so that this
contribution is usually canceled in the Staverman—Guggenheim
combinatorial term (eq 3), which leads to the generalized NRTL
model expressed as
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The interaction parameters I'; are usually determined by
correlating experimental vapor—liquid equilibrium (VLE) and
excess enthalpy (hF) data.

The volume and surface area factors of pure compounds, 7;
and ¢;, respectively, are estimated from the values of the
UNIFAC?® subgroup parameters R; and Qy according to the
equations

r = ZvikRk? q; = zvika (16)

k k

where v is the number of subgroup k in a molecule i.

The nonrandomness factor, o (eq 15), is assumed to be
constant; it can be fixed as ap = 0.2, as in the original NRTL
model® or as 0y = —1, as suggested by Marina and Tassios*
for mixtures leading to strong demixing.

3. Results and Discussion

The aim of the present work is to study the ability of lattice
fluid models to describe nonideal systems, such as those
containing size-asymmetric components and polar substances
or water with hydrocarbons. For this purpose, results obtained
with the proposed generalized NRTL model were compared with
those of well-known literature equations, such as the van Laar,
NRTL and UNIQUAC versions presented in Table 1. Examina-
tion of the various expressions of the excess Gibbs energy leads
to the following conclusions:

(1) van Laar models, especially the generalized version with
a combinatorial term, also called a “zeroth-order approximation
of lattice models” (Guggenheim),’ are close to the proposed
NRTL model, except that they assume, in eqs 7 and 15, that
Gj; = 1. Therefore, these models based on the one-fluid lattice
theory presuppose that molecular interactions are sufficiently
small not to disturb the random distribution of molecules.

(ii)) Contrary to the other two-fluid NRTL models, the
UNIQUAC equation does not estimate the Helmholtz energy,
AV, directly from the excess energy (eq 2), but integrates U*"
with respect to the inverse of temperature, 1/7, the integration
constant being expressed from the excess entropy, —TS®V (eq
3). This procedure yields a residual contribution, g%, rather
similar to that of the Wilson equation, although the latter model

11
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Figure 1. Variations of the ratio gi/r;, estimated from the UNIFAC model,>®
with respect to the length, nc, of the alkane chain.

Table 1. Literature Excess Gibbs Energies Derived from the Lattice
Fluid Theory

Original van Laar®*>*
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is known to be mathematically unable to represent liquid—liquid
equilibria (LLE).

(iii) The original NRTL model is theoretically consistent,
except that it assumes that all molecules have similar sizes and
shapes (r; = ¢g; ~ 1), which yields a zero combinatorial term
(eq 3) and a simplified expression for the residual energy (eq
11). On the contrary, the HV-NRTL equation, proposed by
Huron and Vidal*® with the infinite-pressure reference state
associated with the Peng—Robinson equation of state, has no
theoretical background; indeed, even if no combinatorial term
is considered (r; ~ 1), surface fraction factors equal to the
covolumes of the EoS (¢; = b; ~ T./P.) are arbitrarily and
partially introduced in the residual term of the excess function,
gERTL_HV (see Table 1).

In view of their introduction in cubic EoS as excess Gibbs
free energy (G%) models, all of these equations were studied
from the point of view of their ability to describe the VLE of
hydrocarbons and polar—hydrocarbon mixtures, as well as the
LLE of water—hydrocarbon systems. Special attention was paid
to the physical meaning of the estimated parameters, which is



Table 2. Values of Model Parameters®

original  original generalized generalized
compounds T range (K) van Laar NRTL HV-NRTL van Laar NRTL UNIQUAC
1 2 N Twin—Twmax A, Az Tpp, Ty T2, Ty Ep T2, Ty Aupa, Auy, ref(s)

cyclohexane hexane* 25 298-313 0.1535  22.56 53.99 0.0452 26.72 62.14 31
0.1461  372.43 312.71 88.74 23.67

cyclohexane eicosane 27 306—317 —0.3706 3137.75  —5881.89 0.0451 —532.87 —251.18 32
—0.7283 —3562.24 1017.49 675.89 382.50

benzene hexane* 173 298—333 0.5018  2246.62 19691 0.2109 —492.89 —154.60 33-37
0.6672  —539.54 1163.09 1095.27 629.87

benzene hexadecane 73 298—333 0.0310 3801.34  193.31 0.2028 —230.39 —155.60 38-40
0.6319  —2790.25 71.85 1573.08 636.02

acetone pentane* 32 238—298 1.7239  1999.05  379.47 0.6077 —1101.41 —67.95 41
1.6557  2619.34  3994.79 3080.46 1988.56

acetone tetradecane 23 313—333  1.1536  7330.93  —12070.41 0.6205 —1551.98 —316.80 42
23881  —1124.68 10971.87 3709.53 2306.69

methanol benzene 139 293—333 23052 1036.50 —3749.83 1.2441 —1759.01 —379.31 43-50
1.7277  5108.51  8646.36 6521.46 934.82

2-propanol  decane 7 363 1.3390  4261.99  —9223.98 0.4536 —2110.34 —312.10 51
1.6874  896.27 10135.43 4318.16 2747.64

water hexane* 43 273—425 - - —4842 + 3641512/ —5.040 — 3265/T 11330 — 1839541/T —4292 + 55369/T 52

—346.8 + 5453313/T —2002 + 3965100/T —6921 + 1224702/T
water benzene 276 273—350 - - —4930 + 1945457/T —3.270 + 2348/T 13688 — 2535909/T —3809 + 39505/ 53

4023 + 2998734/T

—3940 + 3513531/ —7320 + 1188029/T

“ All parameter values in J/mol. ” N, = number of experimental bubble points used for the fitting of parameters.

the condition that must be addressed for the development of
further predictive equations of state. This the case for the group
contribution versions of the generalized van Laar, NRTL, and
UNIQUAC models, which led, respectively, to the PPR78,"”
NRTL-PR'®*2® and VTPR,'"> and UMR-PRU'® equations of
state.

Table 2 lists the mixtures considered, together with the ranges
of temperatures and numbers of data points used for fitting the
model parameters; all binary interaction parameters were
assumed to be temperature-independent, except for the LLE of
the water—hexane and water—benzene systems. Parameters were
obtained by minimizing the objective function built from
deviations in the bubble point and vapor mole fractions for VLE
and in the mole fractions of the dilute components in the aqueous
and hydrocarbon phases for LLE.

3.1. Hydrocarbon Mixtures. Four binary systems were
chosen to illustrate the VLE of hydrocarbon mixtures: cyclo-
hexane with hexane and eicosane and benzene with hexane and
hexadecane. The interest in such systems is that they can be
characterized by moderate excess Gibbs energies and a given
size asymmetry; they can therefore be considered as test systems
for the evaluation of the combinatorial impact on the various
modelings considered in Table 1.

Figure 2 shows that, once the parameters are fitted to the
experimental data, all models provide exactly the same descrip-
tion of the VLE. However, because the excess properties of
these mixtures are mainly governed by entropic effects, only
consistent models with a combinatorial term should, in principle,
provide parameter estimations that are really representative of
molecular interactions. This point is discussed further below.

All systems considered in Figure 2 are formed by molecules,
i and j, that contain only one functional group each, K and L,
respectively, corresponding to cycloalkane and paraffin for
cyclohexane—hexane and cyclohexane—eicosane mixtures and
to aromatic and paraffin for benzene—hexane and benzene—
hexadecane mixtures. Hence, the interaction parameters between
molecules (A, Iy, and Ej; in Table 2) should be equal to the
interaction parameters between groups (Axz, I'kz, and Egz) and
should, therefore, lead to the same residual term for each series
of mixtures considered. To check this assumption, the binary
systems cyclohexane—eicosane and benzene—hexadecane were
modeled using the interaction parameters fitted to the VLE of

cyclohexane—hexane and benzene—hexane, respectively [values
denoted with asterisks (*) in Table 2]. Figure 3 presents the
predictions obtained for these two systems with these param-
eters. The following observations can be made:

(i) The original models (van Laar and NRTL) yield identical,
unsatisfactory predictions. Results obtained with the HV-NRTL
model, especially for the benzene—hexadecane system (Figure
3b), evidence that the excess Gibbs energy proposed by the
authors suffers from a strong inconsistency, mainly because of
the introduction of covolumes in only one part of the residual
term (Table 1).

(i1) Successful, similar predictions are obtained with all
generalized models (van Laar, NRTL, and UNIQUAC) from
the sole correlation of the binary cyclohexane—hexane and
benzene—hexane systems. This confirms that only models that
take the entropic effects into account allow, for these systems,
meaningful estimations of binary interaction parameters.

3.2. Hydrocarbons with Polar Components. The purpose
of this section is to study the ability of the various lattice fluid
equations to model asymmetric systems made of polar and
hydrocarbon substances. Figure 4 shows the descriptions
obtained with the van Laar, NRTL, and UNIQUAC models for
the acetone—pentane, acetone—tetradecane, methanol—benzene,
and 2-propanol—decane systems. Examination of the various
modeling results yields the following conclusions:

(i) The generalized van Laar model yields the worst results
for all of the binary mixtures considered. Although this model
takes entropic effects into account, its main drawback is that it
is derived from the one-fluid lattice theory, which means that it
is based on the hypothesis of a completely random molecular
distribution. As a consequence, the excess Gibbs energy
depends, for a binary mixture (Table 1), on only one interaction
parameter (the interchange energy E;»), which is not appropriate
for the modeling of this kind of system.

(ii) All of the other equations, which depend on two binary
interaction parameters, provide identical, satisfactory representa-
tions of the experimental VLE data. This explains why these
models are commonly used for the correlation of this kind of
asymmetric system at low pressures.

From the conclusions of the study of hydrocarbon mixtures,
it can be expected that only the generalized NRTL and
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Figure 3. Hydrocarbon mixtures. Prediction of VLE, using model parameters listed in Table 2 for cyclohexane—hexane* and benzene—hexane*, with the
(blue dashed line) original van Laar, (purple dashed line) original NRTL, (orange dashed line) HV-NRTL, (blue solid line) generalized van Laar, (purple
solid line) generalized NRTL, and (green solid line) UNIQUAC models. (a) Cyclohexane (1)—eicosane (2) system (0)*> at 7 = 313 K, (b) benzene

(1)—hexadecane (2) system (O0)* at T = 313 K.

UNIQUAC models would be able to yield satisfactory repre-
sentation of the asymmetries due to the size and polarity of
substances with significant estimated parameters. Following the
same procedure as in the case of hydrocarbon mixtures, we
predicted the VLE of the acetone—tetradecane mixture with the
parameters [values denoted with asterisks (*) in Table 2] fitted
to the acetone—pentane experimental data. Figure 5 shows that,
exactly as for hydrocarbon mixtures, the original van Laar and

NRTL models, together with the empirical HV-NRTL equation,
yield inconsistent predictions (Figure 5a). In contrast, except
for the generalized van Laar equation, the other generalized
models, NRTL and UNIQUAC, are able (Figure 5b) to
satisfactorily account for asymmetries due to the size and
polarity of substances with meaningful parameter values.

3.3. Water—Hydrocarbon Mixtures. According to the
conclusions for the two preceding types of systems, the modeling
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Figure 5. Hydrocarbons with polar compounds. Prediction of VLE of the acetone (1)—tetradecane (2) system (0)** at 7 = 313 K, using model parameters
listed in Table 2 for acetone (1)—pentane*, with the (a) (blue dashed line) original van Laar, (purple dashed line) original NRTL, and (orange dashed line)
HV-NRTL models and the (b) (blue solid line) generalized van Laar, (purple solid line) generalized NRTL, and (green solid line) UNIQUAC models.

of water—hydrocarbon mixtures was performed by focusing on
the generalized NRTL and UNIQUAC models. However,
because the Huron—Vidal*® and PPR78'7 equations of state,
commonly used in the petroleum industry, are based on the HV-
NRTL and generalized van Laar excess Gibbs energies,
respectively, these models were also considered for the modeling
of the LLE occurring in these systems.

Figure 6 illustrates the LLE of the water—hexane and
water—benzene systems. As expected for these strong de-
mixings, the van Laar one-fluid lattice model completely fails
in representing both liquid phases; in our example, the
hydrocarbon phase was preferentially considered, which

resulted in a rather satisfactory description of this phase, but
to the detriment of the aqueous phase. In contrast, the three
other models, HV-NRTL, generalized NRTL, and UNI-
QUAC, which derive from the two-fluid theory, give satisfac-
tory predictions of the solubilities in both phases, once the
parameters have been fitted to experimental data. Concerning
the UNIQUAC model, the evolution of the solubilities with
respect to temperature is slightly less satisfactory for the
hydrocarbon phase.

Figure 7 shows the predictions obtained with these last three
models for the water—octane system using parameters fitted to
water—hexane data (Table 2). It can be observed that the
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NRTL, (blue solid line) generalized van Laar, (purple solid line) generalized NRTL, and (green solid line) UNIQUAC models for (O) aqueous and (M)
hydrocarbon phases. (a) Water (1)—hexane (2) system® and (b) water (1)—benzene (2) system.>*
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Figure 7. Water—hydrocarbon mixtures. Prediction of LLE of the water
(1)—octane (2) system™ at P = 1 atm, using model parameters listed in
Table 2 for water (1)—hexane (2)*, with the (orange dashed line) HV-
NRTL, (purple solid line) generalized NRTL, and (green solid line)
UNIQUAC models for the (O) aqueous and (M) hydrocarbon phases.

generalized NRTL model yields the most reliable solubility
predictions, especially in the aqueous phase.

4. Conclusions

The aim of the present work was to study the ability of lattice
fluid models to describe nonideal systems in view of their
introduction in cubic EoS. For this purpose, a generalized
version of the NRTL equation was proposed and compared with
other literature models; among them, the original van Laar,
NRTL, and modified HV-NRTL equations consider only
residual effects, whereas the generalized van Laar, NRTL, and
UNIQUAC models also take entropic contributions into account.
Mixtures containing size-asymmetric components or polar
substances with hydrocarbons were considered, and special
attention was paid to the physical meaning of the estimated
parameters, which is the condition that must be addressed for
the development of further predictive equations of state.

For hydrocarbon mixtures, once parameters have been fitted
to experimental data, all models provide exactly the same
description of VLE. However, only the generalized versions (van
Laar, UNIQUAC, and NRTL), which take the entropic effects
into account, allow meaningful estimations of the binary
interaction parameters; this explains why the predictive cubic
equations of state PPR78, VTPR and UMR-PRU, and NRTL-
PR that are based on these g® models provide successful
descriptions of hydrocarbon mixtures.

The study of systems containing polar and associating
components with hydrocarbons shows that, even with fitted

parameters, the generalized van Laar equation based on the one-
fluid lattice theory is not suitable for the description of such
mixtures. On the contrary, the two-fluid generalized NRTL and
UNIQUAC models are able to satisfactorily account for asym-
metries due to the size and polarity of substances with
meaningful parameter values.

A similar conclusion can be drawn for water—hydrocarbon
mixtures, but with a slightly better description of the solubilities
in both phases with the generalized NRTL model.

List of Symbols

A = Helmbholtz free energy

E;; = interchange energy

g = molar Gibbs energy

G = Gibbs energy

Gj; = molecular repartition coefficient
LLE = liquid—liquid equilibrium
n = number of moles

Nj; = number of pair interactions
P = pressure

q = surface area factor

r = volume area factor

R = ideal gas constant

S = entropy

T = temperature

U = internal energy

V = volume

VLE = vapor—liquid equilibria
x = mole fraction

z = coordination number

Greek Letters

0,y = nonrandomness factor

I'j; = configurational energy

0; = surface fraction of molecule i

0; = contact probability between molecules i and j
¢; = volume fraction

Subscripts

combinatorial = combinatorial part of the excess Gibbs energy
residual = nonathermal part of the excess Gibbs energy

Superscripts

Conf = configurational property

E = excess property at constant pressure
EV = excess property at constant volume
MV = mixing property at constant volume
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