N
N

N

HAL

open science

Initial trace of solutions of Hamilton-Jacobi parabolic
equation with absorption

Marie-Frangoise Bidaut-Véron, Nguyen Anh Dao

» To cite this version:

Marie-Frangoise Bidaut-Véron, Nguyen Anh Dao. Initial trace of solutions of Hamilton-Jacobi
parabolic equation with absorption. 2015. hal-01024881v3

HAL Id: hal-01024881
https://hal.science/hal-01024881v3

Preprint submitted on 12 Feb 2015

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01024881v3
https://hal.archives-ouvertes.fr

Initial trace of solutions of Hamilton-Jacobi parabolic equation with
absorption

Marie Frangoise BIDAUT-VERON Nguyen Anh DAO

Abstract

Here we study the initial trace problem for the nonnegative solutions of equation
ur — Au+ |Vu|?! =0

in Qo,r = Q x (0,T), where ¢ > 0, and Q = RY, or Q is a bounded domain of RY and u = 0 on
09 x (0,T). We define the trace at ¢t = 0 as a Borel measure (S,uo), infinite on a closed set S, where
up is a Radon measure on Q\S. We show that the trace is a Radon measure when ¢ < 1. We study the
existence for ¢ € (1, (N +2)/(N + 1) and any given (S,uo). When S = W NN (w openC Q) existence
is valid for ¢ £ 2 when uo € L},.(Q), for ¢ > 1 when uo = 0. In particular there exists a self-similar
nonradial solution with trace (RV*,0), with a growth rate of order |x|Q/(q_1) as |z| — oo for fixed ¢.
Moreover the solutions with trace (@, 0) in Qg~ o may present a growth rate of order t~Y@=Y in o and
of order ¢~ (Z~9/(a=1) o o,

Keywords Hamilton-Jacobi equation; Radon measures; Borel measures; initial trace; universal
bounds
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1 Introduction
Here we consider the solutions of the parabolic Hamilton-Jacobi equation
ug — Au+ |[Vul?=0 (1.1)

in Qor = Q% (0,7), T < oo, where ¢ > 0, and Q = RV, or Q is a smooth bounded domain of R" and
u=0o0n 90 x (0,T).

We mainly study the problem of initial trace of the nonnegative solutions. Our main questions are the
following: Assuming that u is a nonnegative solution, what is the behaviour of u as ¢ tends to 07 Does u
converges to a Radon measure ug in €2, or even to an unbounded Borel measure in Q7 Conversely, does there
exist a solution with such a measure as initial data, and is it unique in some class?

In the sequel M(Q) is the set of Radon measures in Q, M;(€2) the subset of bounded measures, and
MT(Q), M (Q) are the cones of nonnegative ones. We say that a nonnegative solution u of (1.1) has a trace
ug in M(Q) if u(.,t) converges to ug in the weak* topology of measures:

lim [ u(.,t)ydr = / Pduog, Vi) € Ce(Q). (1.2)
Q

t—=0 Jo

First recall some known results. The Cauchy problem in Qg~ 1

ug — Au+|Vu|? =0, in Qr~ 7,
(P 7) { u(x,0) =ug in RV, (1.3)

and the Dirichlet problem in a bounded domain

Uy — Au + |Vu|q = 0, in QQ,T}
(Por){ u=0, ondQx(0,T), (1.4)
u(z,0) = uo.

have been the object of a rich literature, see among them [17], [3],[9], [7], [11], [27], [6], [13], [14], and
references therein. The first studies of (Pg~ ) concern the existence of classical solutions, that means
u € C*Y(Qg~ 7), with smooth initial data: the case ug € C7 (IRN) and ¢ > 1, was studied in [3], and
extended to any ug € Cp (RN ) and ¢ > 0 in [18]. Then the problem was studied in a semi-group formulation
for rough initial data uo € L™ (RY), 7 2 1, or ug € My(RY), [9], [11], [27], and in the larger class of weak
solutions in [13], [14].
A critical value appears when ¢ > 1:

_N+2

CN+1

Indeed the problem with initial value ug = dg, Dirac mass at 0 has a weak solution if and only if ¢ < ¢., see
[9], [13]. In the same range the problem has a unique very singular solution (in short V.S.S.) Yy, such that

s

lim Y03 (., t)dz = 0, lim Yi03 (., t)dx = oo, Vr > 0,

t—0 lz|>r t—0 lz|<r

see [26], [10], [8], [13]. It is radial and self-similar: Yy (z,t) = t=%/2F(|z| /v/t), with

Fec(0,00)), F(0)>0,F'(0) =0, lim e’ |gN""F(y)=C >0, (1.5)

[n|—o00

where 5
a=-—"19 (1.6)
q—1



It is clear that Yo} does not admit a trace as a Radon measure. Otherwise, for any ¢ > 1, the Dirichlet
problem (Pq ) admits a solution U such that lim;_,oU(z,t) = oo uniformly on the compact sets of (2, see
[17]. Thus we are lead to define an extended notion of trace.

The problem has been considered in [15], [23] for the semi-linear equation
u — Au+u? =0, (1.7)

with ¢ > 1. Here another critical value (N +2)/N is involved: there exist solutions with initial value Jp if and
only if ¢ < (N +2)/N, see [15], and then there exists a V.S.S., see [16], [19]. In [23] a precise description of
the initial trace is given: any nonnegative solution admits a trace as an outer regular Borel measure Uy in Q.
Moreover if ¢ < (N +2)/N, the problem is well posed in this set of measures in R . The result of uniqueness
lies on the monotony of the function u — u4. If ¢ = (N + 2)/N, necessary and sufficient conditions are
given for existence, the problem admits a maximal solution, but uniqueness fails. Equation (1.7) admits a
particular solution ((¢—1)t)~'/(¢=1) which governs the upper estimates. Notice that the V.S.S. has precisely
a behaviour in ¢t~V at £ =0, as t — 0.

Here we extend some of these results to equation (1.1). Compared to problem (1.7), new difficulties
appear:

1) The first one concerns the a priori estimates. The equation (1.1) has no particular solution depending
only on ¢. Note also that the sum of two supersolutions is not in general a supersolution. In [17] a universal
upper estimate of the solutions u, of order t~/(2=1 is proved for the Dirichlet problem. For the Cauchy
problem, universal estimates of the gradient have been obtained for classical solutions with smooth data
ug, see [9], and [27]. They are improved in [12], where estimates of u of order t~/(4=1) are obtained, see
Theorem 2.9 below, and it is one of the key points in the sequel.

2) The second one comes from the fact that singular solutions may present two different levels of singu-
larity as t — 0. Notice that the V.S.S. Y{o} has a behaviour of order t~%/? smaller than ¢t=1/(4=1).

3) The last one is due to the lack of monotony of the absorption term |Vu|?. Thus many uniqueness
problems are still open.

We first recall in Section 2 the notions of solutions, and precise the a priori upper and lower estimates,
for the Cauchy problem or the Dirichlet problem. In Section 3 we describe the initial trace for ¢ > 1 :

Theorem 1.1 Let g > 1. Let u be any nonnegative weak solution of (1.1) in any domain Q. Then there
exist a set S C Q such that R = Q\S is open, and a measure ug € MT(R), such that
e For any ¢ € C2(R),

lim [ wu(.,t)y = / Wdug. (1.8)
=0 Jr R
e For any xg € S and any € >0
lim u(.,t)dx = oo. 1.9
ol N (1.9)

The outer regular Borel measure Uy on ) associated to the couple (S, ug) defined by

o fEduo if FECR,
MO(E){OO if ENS #0,

is called the initial trace of u. The set S is called the set of singular points of Uy and R called the set of
reqular points, and ug the reqular part of Uy.

o
As t — 0, we give lower estimates of the solutions on S of two types: of type t=/(¢=1) on & (if it is
nonempty) and of type t~%/2 on S (if ¢ < ¢.). Moreover we describe more precisely the trace for equation

(1.1) in Qgw 7



Theorem 1.2 Let S be closed set in RN, S # RN, and ug € MT (RN\S) . Let u be any nonnegative classical
solution of (1.1) in Qr~ 1 (any weak solution if ¢ < 2), with initial trace (S,up).

Then there exists a measure v € M+ (RY), concentrated on S, such that tY/(@=Vqy, converges weak * to y
ast — 0. And v € LS (RN); in particular if |S| = 0, then v = 0; if S is compact, then v € L=(R").

In Section 4 we study the existence and the behaviour of solutions with trace (@ N ,0), where w is a
smooth open subset of Q. We construct new solutions of (1.1) in Qg~ 7, in particular the following one:

Theorem 1.3 Let ¢ > 1, ¢ = ¢/(q — 1), and RNt = R* xR ™! There exists a nonradial self-similar

solution of (1.1) in Qr~ 1, with trace (RNT,0), only depending on x1 : U(x,t) = t= 2 f(t=122y), where
’ 1 1 3—2q

lim 0 () = ¢y = (@) (——=)77,  lim_e% (-n) 5 () = C > 0.

n—o0 q— 1 n——00

Thus ast — 0, U(x,t) behaves like t='/@=1) for fired x € RNT, and U(x,t) = f(0)t~%2 for x € ORNT. And
for fized t > 0, U(x,t) is unbounded: it behaves like x7 as x1 — oo.

By using U as a barrier, we can estimate precisely the two growth rates of the solutions in Qg~ p with
trace (@, 0), on w and on dw, for any g > 1, see Proposition 4.8.

In Section 5 we show the existence of solutions with initial trace (S,ug), when S = wNQ and w C
is open, and wug is a measure on Q\w, which can be unbounded, extending the results of [12, Theorem 1.4]
relative to the case of a trace (0, ug):

Theorem 1.4 Assume that Q@ = RY (resp. Q is bounded). Let w be a smooth open subset of §), such that
R = Q\w is nonempty, and let S = WN Q. Let ug € MT(R). We suppose that either 1 < q < g, or
¢ <qg<2anduo € L},.(R), orq>2andug € L, (R) is limit of a nondecreasing sequence of continuous
functions.

Then there exists a weak solution w of (1.1) in Qg~ 7 (resp. a weak solution of (Dqr)) such that u
admits (S,uo) as initial trace. Moreover as t — 0, u(.,t) converges to oo uniformly on any compact in w,
and uniformly on wNQ if ¢ < qs.

In the subcritical case ¢ < g. we study the existence of solutions with trace (S, ug) for any closed set S
in . Our main result is the following:

Theorem 1.5 Let 1 < q < q., and Q@ = RY (resp. Q is bounded). Let S be a closed set in RY | such that
R = RN\S is nonempty. Let ug € M* (R).
(i) Then there exists a minimal solution u of (1.1) with initial trace (S,ug)

(ii) If S is compact in Q and ug € M;‘ () with support in R U, then there exists a maximal solution
(resp. a mazimal solution such that u(.,t) converges weakly to ug in R ast — 0).

In Section 6 we study equation (1.1) for 0 < ¢ < 1, with more generally signed solutions, and the initial
trace of the nonnegative ones. We first show the local regularity of the signed solutions, see Theorem 6.1.
We prove a uniqueness result for the Dirichlet problem, extending to any 0 < ¢ < 1 the results of [7], relative
to the case 0 < ¢ < 2/(N +1):

Theorem 1.6 Let Q be bounded, 0 < ¢ < 1, and ug € Mp(2). Then there exists a unique weak (signed)
solution u of problem (Pqo,r) with initial data ug. Let ug,vo € My(Q) such that ug < vo. Then u < v. In
particular if ug 2 0, then v 2 0. If ug < 0, then u < 0.

Finally we show that any nonnegative solution admits a trace as a Radon measure:

Theorem 1.7 Let 0 < g £ 1. Let u be any nonnegative weak solution of (1.1) in any domain . Then u
admits a trace ug in MT().



2 First properties of the solutions

We set Qqasr = Q % (s,7), for any 0 < s
set of continuous functions in 2, and Cy(€2)
Co(Q)={peC():o=00n00}.

< oo, thus Qar = Qaor. We denote by C(2) the

< T
= C(Q) N LX), C.(2) = {peC(Q):suppp CC Q}, and

Notation 2.1 Let Q = RN or Q bounded, and ¥ C Q. For any 6 > 0, we set

Yt ={r e Q:d(x,%) <6}, Yt ={r e X :d(z,Q\X) > §}. (2.1)

2.1 Weak solutions and regularity

Definition 2.2 Let ¢ > 0 and Q be any domain of RY. We say that a function u is a weak solution of
equation of (1.1) in Qar, if u € C((0,T); LL.(Qar)) N LL ((0,T); Wb (), [Vul? € L. .(Qar), and u
satisfies (1.1) in the distribution sense:

T
/ / (—upr — ulp + |Vullp)dzdt =0, Yo € D(Qa,r)- (2.2)
o Jo

We say that u is a classical solution of (1.1) in Qqr if u € C*Y(Qqr) and satisfies(1.1) everywhere.
For ug € M (RY), we say that u is a weak solution of (Pr~ 1) if u is a weak solution of (1.1) with trace

Uugp.

Remark 2.3 (i)If u is any nonnegative function such that w € L} (Qqr), and |Vul? € L} (Qar),

and satisfies (2.2), then u is a weak solution of (1.1). Indeed, since u is subcaloric, there holds u €

L2 (Qo,r)), |[Vul € L2 (Qar)), and u € C((0,T); L), (Qa,r)), for any p = 1, see [13, Lemma 2.4] for

q > 1; the proof is still valid for any q > 0, since it only uses the fact that u is subcaloric.
(ii) The weak solutions of (Prn 1) are called weak Mioe solutions in [14].

Definition 2.4 Let Q be a smooth bounded domain of RN. We say that a function u is a weak solution of

u — Au+|Vul?=0, in Qar,

(Pa.r) { u=0, ondQx(0,7), (2:3)

if it is a weak solution of (1.1) such that u € C((0,T); L' (Q)), u € Llloc(((),T);I/IiOl’1 (), and |Vul|? €

L}, ((0,T); L' (). We say that u is a classical solution of (Do,r) if u € C*°(Q x (0,T)) and u is a
classical solution of (1.1).

For ug € My(2), we say that u is a weak solution of (Por) if it is a weak solution of (Dqr) such that

u(.,t) converges weakly to ug in Mp(Q) :

tim [ (., £)pds = / bduo, Vb € Cy(QD). (2.4)
9]

=0 /o
Next we recall the regularity of the weak solutions for ¢ < 2, see [13, Theorem 2.9], [14, Corollary 5.14]:

Theorem 2.5 Let 1 < g < 2.

(i) Let Q be any domain in RY, and u be a weak monnegative solution of (1.1) in Qqr. Then u €

24, 1+7/2
o2t +v/

ow (Qa,1) for some~y € (0,1). Thus for any sequence (u,) of nonnegative weak solutions of (1.1) in

Qa,, uniformly locally bounded, one can extract a subsequence converging in 01203 (Qa.r) to a weak solution
wof (1.1) in Qqr.
(ii) Let @ be bounded, and u be a weak nonnegative solution of (Dqr). Then u € C*° (Q x (0,T)) and

u € CfOtV’H'YN(QQj) for some v € (0,1). For any sequence of weak nonnegative solutions (u,) of (Da,r),
one can extract a subsequence converging in 01203 (Qa,r)N Cllo’g (2% (0,7)) to a weak solution u of (Da,r).



2.2 Upper estimates

We first mention the universal estimates relative to classical solutions of the Dirichlet problem, see [17], and
[13, Remark 2.8]:

Theorem 2.6 Let ¢ > 1, and § be any smooth bounded domain. and u be the classical solution of (Da,r)
with initial data ug € C*9 (Q) N Cy (Q) Then for any t € (0,T),

. )l (@) £ CL+ETT)d(2,09),  [[Vu(,t)] =@ < D(?), (2.5)

where C > 0 and D € C((0,00)) depend only of N,q,2. Thus, for any sequence (uy) of classical solutions
of (Da,T), one can extract a subsequence converging in Cfocl (Qar) to a classical solution u of (D).

Morever some local estimates of classical solutions have been obtained in [27], for any g > 1:

Theorem 2.7 Let ¢ > 1, and Q be any domain in RY | and u be any classical solution of (1.1) in Qq.r.
Then for any ball B(xo,2n) C Q, there holds in Qp(zyn),r

Vul (L) SCE T +n  +n 71)(1+u(,t), C=C(N,q). (2.6)

Thus, for any sequence of classical solutions (uy) of (1.1) in Qq,r, uniformly bounded in L7S.(Qa,r), one
can extract a subsequence converging in Cfo’cl(Qsz’T) to a classical solution u of (1.1).

A local regularizing effect is proved in [12], easy consequence of the subcaloricity of the solutions:

Theorem 2.8 Let g > 1. Let u be any nonnegative weak subsolution of (1.1) in Qq,r, and let B(xo,2n) C Q
such that u has a trace ug € MY (B(xo,2n)). Then for any 7 < T, and any t € (0,7],

sw @) SCrFer [ dw) €= W), (2.7)
z€B(z0,m/2) B(zo,m)

Concerning the Cauchy problem in Qr~ 7, global regularizing effects have been obtained in [14] for weak
solutions with trace ug in L™(RY),r = 1, or in M,(R”Y). A universal estimate of the gradient was proved in

[9] for any classical solution of (1.1) in Qgr~ o such that v € Cy(Qgrn o). From [12], this estimate is valid
for any classical solution, implying growth estimates of the function:

Theorem 2.9 Let ¢ > 1. Let u be any classical solution, in particular any weak solution if ¢ < 2, of (1.1)
in Qr~ . Then
1 u(,t)

[Vu(.,t)]* = —1 t in Qry 7. (2.8)

As a consequence, if there exists a ball B(xo,2n) such that u has a trace ug € MT((B(xo,2n)), then for any
te(0,7),

u(x,t) S C(t™ T |z — x| + O T +1t+ /B oA C=CW.a). (2.9)
xo,m

Remark 2.10 Estimate (2.9) is easy to obtain for classical solutions u such that u € Cy(Qpry o) or for
limit a.e. of such functions, since it is a consequence of the universal gradient estimate, see [12, Theorem
4.1]. The difficult part of Theorem 2.9 is the extension of the gradient estimate without a priori estimates
as |x| — oo.



Finally we recall some well known estimates, useful in the subcritical case, see [4, Lemma 3.3]:

Theorem 2.11 Let ¢ > 0 and let  be any domain of RN and u be any (signed) weak solution of equation
of (1.1) in Qa,r (resp. of (Da,r)). Then, u € L}, .((0,T); Wllock(Q), for any k € [1,q.), and for any open set
wCCQ andany 0 <s<7<T,

ll L (o, myswrii @y S CR@)(Tuls $)llpr ey + HVUl® + [Vul + |ulll Ly g, )- (2.10)
If Q is bounded, any solution u of (Dqr) satisfies u € L¥((s, 7); Wolk(Q)), for any k € [1,q«), and

”u”Lk((s,T);WOl’k(Q)) S C(kvﬂ>(”u('75)||L1(Q) + H|VU|q||L1(QQ,S,))- (2.11)

2.3 Uniqueness and comparison results

Next we recall some known results, for the Cauchy problem, see [11, Theorems 2.1,4.1,4.2 and Remark 2.1
],[14, Theorem 2.3, 4.2, 4.25, Proposition 4.26 ], and for the Dirichlet problem, see [1, Theorems 3.1, 4.2],
[7], [14, Proposition 5.17], [24].

Theorem 2.12 Let Q = RY (resp. Q bounded). (i) Let 1 < q < s, and ug € My(RY) (resp. ug € My(12)).
Then there exists a unique weak solution w of (1.1) with trace ug (resp. of (Par)). If vo € My(R?) and
ug < vg, and v 18 the solution with trace vg, then u < v.

(i1) Let ug € L™ (Q), 1 Sr<oo. If 1< g < (N+2r)/(N +71), or if g =2, r < 00, there exists a unique
weak solution u of (Pe~ 1) (resp. (Po,r)) such that w € C([0,T);L" (RN)). If vo € L™ (RY) and ug < vy,
then u < v. If ug is nonnegative, then for any 1 < q < 2, there still exists a weak nonnegative solution u of

(Pen 1) (resp. (Pa,r)) such that w € C([0,T); L™ (RY)).

Remark 2.13 Let 1 < q < gs, and ug € M} (RY) and u be the solution of (Pex 1) in RN, and uS be the
solution of (Dq.1) for bounded Q with initial data u§} = uoL(2, then u®* < u.

We add to the results above a stability property needed below:

Proposition 2.14 Assume that 1 < ¢ < q.. Let Q = RN (resp. Q be bounded), and ug n,uo € M ()
such that (ugn) converge to ug weakly in My(Q). Let un,u be the (unique) nonnegative solutions of (1.1)
in Qrn 1 (resp. of (Dq,r)) with initial data ugyn,uo. Then (uy,) converges to u in 01203 (Qr~ 1) (resp. in
C2H(Qa,r) N CH (O x (0,T))).

Proof. (i) From [14, Theorem 2.2], (u,) is uniformly locally bounded in Qg~ 7 in case Q = RY.
From Theorem 2.5, one can extract a subsequence still denoted (u,) converging in Cl2 O’Cl (Qr~ 1) (resp.
CEN(Qar)nCtO (2 x (0,7))) to a classical solution w of (1.1) in Qg~  (resp. of (Dg,7)). From uniqueness,
we only have to show that w(.,t) converges weakly in M;(€2) to ug. In any case, from [14, Theorem 4.15 and
Lemma 5.11], |[Vu,|? € L}, ([0,T); L*(Q)) and

loc
t
/un(.,t)d:c+/ / |Vun|qdz§/duoﬁn, (2.12)
Q 0 Q Q

and lim [, dug, = [, dug. Therefore (u,) is bounded in L>((0,T),L*(2)), and (|[Vu,|?) is bounded in
L} ([0,T); LY(€2)). From Theorem 2.11, for any k € [1,q.), (uy,) is bounded in L¥((0,T), WL¥(RN)) (resp.
LE((0,T), Wolk(Q)) Then for any 7 € (0,T), ( |Vun|?) is equi-integrable in Qg , for any R > 0 (resp. in
Qo.r). For any € € CL(RN) (resp. € € C(€2),

/Qun(.,t)fdx—i—/ot/Q(Vun.V«E-i-|Vun|q£)dxdt:/gfduo7n,



and we can go to the limit and obtain

/Qw(.,t)gdsc+/0t/ﬂ(Vw.vg+|vu|q§)dzdt/diuo,

Then w is a weak solution of (Pq,r), unique from Theorem 2.12, thus w = u. ]

Corollary 2.15 Suppose 1 < q < gs, Q bounded, and let v € C*1(Qq,r) N C°(Q x (0,T)) such that
vy — Av + |V’U|q >0, m D/(Q(27T),
and v/q has a trace ugp € My(Q2). Let w be the solution of (Da 1) with trace ug. Then v 2 w.

Proof. Let € > 0 and (¢,) be a sequence in DT () with values in [0,1], such that ¢, (z) = 1 if
d(z,00) > 1/n, and wg, be the solution of (Dq 1) with trace ¢,v(.,€) at time 0, unique from Theorem 2.12.
From [27, Proposition 2.1], v(.,t 4+ €) = wS. As n — o0, (¢nv(.,€)) converges to v(.,€) in L}(Q), then from
Proposition 2.14, (wf) converges to the solution w® of (Dgq r) with trace v(.,€). Then v(., ¢t +€) = we. As

e = 0, (v(.,€)) converges to ug weakly in Mp(2), thus (w®) converges to w, thus v 2 w. |

2.4 The case of zero initial data

Here we give more informations on the behaviour of the solutions with trace 0 on some open set. We show
that the solutions are locally uniformly bounded on this set and converge locally exponentially to 0 as t — 0,
improving some results of [17] for the Dirichlet problem.

Lemma 2.16 Let F be a closed set in RN, F # RN (resp. a compact set in Q bounded).
(i) Let u be a classical solution of (1.1) in Qg~ 1 (resp. (Da,r)) such that uw € C([0,T),Cy(RYN)) (resp.
u € C([0,T);Co()) and suppu(0) C F. Then for any & > 0, (resp. such that § < d(F,00)/2)
||u(.,t)||Loo(Q\}-§xt) < C(N,q,0)t, vt € [0,T). (2.13)
In particular u(.,t) converges uniformly to 0 on Q\F§*" ast — 0. Moreover, there exist C; s = C; 5(N,q,0) >
0 (i=1,2), and 75 > 0 such that
_C25
Hu(.,t)HLw(Q\}-gmt) < Cise "t on (0,74]. (2.14)
(1i) As a consequence, for any classical solution w of (1.1) in Qg 1 (resp. (Dq,1)) such that w(.,t) converges
to 0o as t — 0, uniformly on F§*, for some § > 0, there holds u < w.
(1ii) If ¢ < 2, then (i) still holds for any weak solution w of (1.1) (resp. of (Da,r)) with trace 0 in
M@RN\F) (resp. which converges weakly to 0 in My(Q\F)), and (ii) holds if F CC Q.

Proof. From [12, Lemma 3.2], for any domain Q of RY, if u is any classical solution of (1.1) in Qq r
such that u € C(Q x [0,T)), for any ball B(zg,3n) C Q, and any ¢ € [0,T),

flul., t)”LOO(B(IoJZ)) SCWN, g " t+ ||u0HL°°(B(107277)) : (2.15)

(i) Let © be arbitrary. For any zg € Q\F¢*, taking n = 6/3 we deduce (2.13) follows. Next suppose
Q bounded and F compact. Consider a regular domain €’ such that Fsi* C Q' cC Q. Let v = d(Y,00).
For any xo € QV\Fg*, taking n = min(5/3,7/3), we have B(z¢,3n) C Q\F thus we still get (2.13). As a
consequence u(.,t) < Ct in Y\ Fg*, with C = C(N, q,d,), in particular on 9. Following an argument of
[13, Lemma 4.8], the function z = u — Ct solves

2z — Az =—|Vu|? = C in Q\Q



then z* is subcaloric and z* = 0 on the parabolic boundary of Q\€, thus ¥ = 0. Thus u(.,t) £ Ct in
Q\Fget.,

Next consider the behaviour for small ¢. We use a supersolution in B; x [0, 00) given in [25, Proposition
5.1]. Let a € (0,1/2), and dn () radial: dy(z) = do(|2|), with do, € C2([0,1)), do(r) =1 -1 for 1 —r <
do(r) =3a/2 for 1 —r > 2a, |Vds| £ 1, |Ady| £ C(N)d;?. Let

1 da(@)3
’U(ZL',t) = egda(z) m=ey

with m < m(N) small enough. Then if « £ «(N) small enough, there exists 7(«) > 0 such that v is a
supersolution of (1.1) in By x (0,7()]. Then v(z,t) = Cy(a)e~2(®)/t in B; ;5 x (0,7()]. And v is infinite
on dB; x (0,7(a)] and vanishes on By x {0} . Then by scaling, for any zo € RV\Fg** (resp. 2o € Q\F5""),
from the comparison principle in B(xg,d) N Q, we get

u(@o,t) S 5 %(wo/6,/62) < Cy(a)d~%e™Ca(/t (2.16)

and (2.14) follows.

(ii) Suppose that w(.,t) converges to oo as t — 0, uniformly on F§**. Then for any €y > 0, there exists
10 € (0,T) such that u(.,t) < € in Q\Fs x (0,79]. Let € < 7p. then there exists 7. < 75 such that for
any 6 € (0,7.), w(.,0) = maxgu(.,€) in Fs. Then u(.,t+€) < w(.,t+0) + €, in Q x (0,79 — € from the
comparison principle. As 6 — 0, then € — 0, we get u(.,t) < w(.,t) +€o, in Q x (0, 7] . From the comparison
principle, u(.,t) £ w(.,t) + €, in © x (0,T). As ¢ — 0, we deduce that u < w.

(iii) Assume g < 2. First suppose 2 = RY. From [13, Proposition 2.17 and Corollary 2.18], the extension
u of u by 0 to (=T, T) is a weak solution in Qg~x\ 7,7 1, hence u € C?1(RN\F x [0,T)), then u is a classical
solution of (1.1) in Qgwz\ 7 _7,r; thus (2.13) and (2.14) follow. Moreover, if F is compact, then u(.,¢/2) €
Cyp(RY) from (2.13), then u(.,e) € CZ(RY), thus we still obtain u < w from the comparison principle. Next
suppose 2 bounded and F compact. Arguing as in [13, Lemma 4.8], we show that u € CY(Q\F§** x [0,T)),

and u(0) = 0 in Q\Fg*t. We still get (2.13) by considering z as above, and using the Kato inequality, and
(2.14) from the comparison principle. Moreover we still get u < w. ]

3 Existence of initial trace as a Borel measure
Recall a simple trace result of [13].

Lemma 3.1 Let Q be any domain of RN, and U € C((0,T); L}, .(Q)) be any nonnegative weak solution of
equation

Ut - AU =® mn QQT? (31)

with ® € L}, (Qar), ® = —G, where G € L}, (2 x [0,T)). Then U(.,t) admits a trace Uy € M ().

>
Furthermore, ® € L1 ([0,T); L} (), and for any ¢ € C%(Q x [0,T)),

loc loc

T
7/ /(Ugat + UAp + dp)dadt = / o(.,0)dUq. (3.2)
0 Q Q

If ® has a constant sign, then U € L ([0,T); L}, () if and only if ® € L} ([0,T); L, .(Q)).

loc loc loc loc

As a consequence, we get a characterization of the solutions of (1.1) in any domain  which have a trace
in M*() : as in [13, Proposition 2.15] in case ¢ > 1, we find:



Proposition 3.2 Let ¢ > 0. Let u be any nonnegative weak solution u of (1.1) in Qq . Then the following
conditions are equivalent:
(i) w has a trace ug in M*(Q),

(ZZ) u€ Lloc( [0 T) loc( ))a
(iii) |Vul? € L}, .(Q x [0,T)).
And then for any t € (0,T), and any ¢ € C1(Q x [0,T)),

t
/u(.,t)cpd:c+/ /(fugat+Vu.Vga+|Vu|q w)dzdt:/cp(.,())duo. (3.3)
Q 0o Jo Q

And if ¢ > 1, for any nonnegative ¢, & € CL(Q),
t
q _
/Qu(.,t)g“dx —|—/O /Q(VU.VC + |Vu|? {)dxdt = /Qg“duo, (3.4)

/Q (D¢ dn+ = //|vu|q5q dz < C(q /|vg|qcz:c+/gq duo. (3.5)

Proof. The equivalence and equality (3.3) hold from Lemma 3.1. Moreoever for any 0 < s < t < T,

/ u(., )& dz+/ /|vu|ng de = —¢ /: /a=Dyy, Vfder/Q u(s, )¢9 da
< 2/ /|vu|ng dz + C(q) /|vg|qu+/ u(., )¢9 dz,

hence we obtain (3.5) as s — 0. |

Remark 3.3 Note that u € LS.([0,T); L1, .(Q)) if and only if limsup,_,, fB(IU » u(.,t)dx is finite, for any
ball B(xg,p) CC Q.

Remark 3.4 IfQ is bounded, ug € M;(Q) and u is any nonnegative classical solution (resp. weak solution
if ¢ < 2) of (Pa,r), then (3.5) still holds for any nonnegative & € C}(Q). Indeed for any 0 < s <t < T, (5.4)
s replaced by an inequality

/ gd:c+/ / (Vu.VCdz + |Vu|? ¢)dadt = //m gdsdt+/Q (, s)gdxg/gu(.,s)gdx,

and (3.5) follows as above.

Then we prove the trace Theorem:
Proof of Theorem 1.1. Let ¢ > 1. Let u be any nonnegative weak solution of (1.1) in Qq 7.
(i) Let zo € Q. Then the following alternative holds (for any 7 < T'):

(A1) Either there exists a ball B(zo,p) C € such that [ JB(2g,p) [Vul” dwdt < oo. Then from Lemma
3.1 in B(zo, p), there exists a measure m, € MT(B(x,p)), such that for any ¢ € C2(B(zo, p)),

lim u(., ) = /B( )wdmp, (3.6)
xo,p

t=0JB(x0,p)

10



(A2) Or for any ball B(zo, p) C €2 there holds [ fB(IU ) |Vu|? dedt = co. Taking ¢ = €7 with € € D(R),
with £ =1 on B(zg, p), with values in [0, 1], we have for any 0 < t < 7,

/B( )u(.,t)dz_/ ul., )gq’dz—/ ul.,r quz+// (O DTuTE + [Tul? €7 )
z0,p

/ /IVUIQ«EQ dxdt—C/ /|vg|q dadt,

lim u(.,t)dr = oo. 3.7)
20 JB(ao.p) 1 (

(ii) We define R as the open set of points z¢ € Q satisfying (A1) and S =Q\R. Then from (A1), there exists
a unique measure ug € M(R) such that (1.8) holds; and (1.9) holds from (A42). |

II\/

then

3.1 First examples
1) Let 1 < g < g«. (i) The V.S.S. Yjqy given by (1.5) in Qr~ o admits the trace ({0} ,0).

(ii) Let © be bounded, and zy € €. There exist a weak solution Y{Q yof (Dq,c0) with trace ({zo},0)),
called V.S.S. in € relative to xq. It is the unique weak solution such that

lim Yy (o t)de = 00, ¥p > 0, lim [ Y{} (., t)¢de = 0,%) € Ce(Q\ {o}), (3.8)

t—0 B(zo,p) t—0 Q

see [13, Theorem 1.5].
2) Let 1 < g < g«. From [26], for any § > F(0), where F is defined at (1.5), there exists a unique positive

),
radial self-similar solution Ug(z,t) =t~ “/Qfg(%) such that
£5(0) = 5, £5(0) =0, and lim Sl = C(5) > O (3.9)

then Up has the trace ({0}, C(B) |z|~*). Notice that 2 +— |z|~* belongs to L}, .(RV\ {0}) but not to L}, (RY).

3) Let ¢« < ¢ < 2. For any 8 > 0, there exists a unique solution as above, see [26]. Then Ug has the trace
(0,C(B) |z|~“); notice that = — |z|~ belongs to Li,.(RY) but not to L*(RY).

4) Let €2 be bounded, and ¢ > 1. From [17], there exists a solution of (Dq ) which converges to co uniformly
on the compact sets of 2 as t — 0. Then its trace is (€2,0). See more details in Section 4.

3.2 Lower estimates
We first give interior lower estimates, valid for any ¢ > 1, by constructing a subsolution of the equation,

with infinite trace in B; /o and compact support in Bj.

Proposition 3.5 Let ¢ > 1, and Q be any domain in RN, and let u be any classical solution u of (1.1)
in Qa,r, such that u converges uniformly to co on a ball B(xg,p) C Q, ast — 0. Then there exists C' =
C(N,q,p) such that

hmtmf ta-1 lu(gc t)y=2 C=C(N,q,p), Vx € B(xo, g), (3.10)
—0

hmtlgfotqflu(:co,t) >Cp?, Co=(d1+¢)(g—1) 7. (3.11)

11



Proof. Let h, A > 0 be two parameters. We consider a function t € (0,00) — ¥(t) = ¥p(t) € (1,00)
depending on h, introduced in [12], solution of the ordinary differential equation

Y+ h(? =) =0 in (0,00),  ¥(0) =00, ¢(o0)=1, (3.12)

given explicitely by ¥(t) = (1 — e‘h(q_l)t)qull; hence 19 —+ > 0, and () = (h(g — 1)t)~1/@=1 for any
t > 0. Setting ,
Vizg,t) =v@)f(z]), fr)=Q0Q+d¢rA-r)7,  Vvrelol],
we compute
D=V, = AV [VV[* =2V = (If'|* = hf)(W? =) + (|f'[" = Af = Xf)o.
Note that f/(r) = —Mr(1 — )71, with M = ¢/(1 + ¢). Thus f(0) = 0 and fo is nonincreasing, and
If'|*—hf £0o0n [0,1] for h = Cy = M9. Otherwise |f/|? — Af — X\f = (1 —r)? J(r) with

N—(N—1+¢)r
1—r)2

J(r) = Mir?— X1+ ¢'r)+ MG(r), G(r) =

Then J(0) = MN — A3 £ 0 for A 2 Cy = NM. We have
J(r) = qMir?T"t — \¢' + MG'(r), G'ry=1-r)3(N+1-¢ — (N —-1+¢)r).

then G'(r) = 0forr 2ryqg=(N+1-¢)/(N —-1+¢'), and G’ is continuous on [0, 1), hence bounded on
[0,7n,4]. Then J" = 0 as soon as A = C3 = (¢ — 1)M? + (1 + ¢') maxg ., .} G'. We fix h = h(N,q) = Cy and
A= AN, q) 2 max(Cs, C3), then J(r) < 0 on [0,1], thus D £ 0. Then the function

If ¢ < (N +1)/N, there holds ¢ > N + 1, hence G’ £ 0, thus J' =0, for A = (¢ — 1)M?. If ¢ > (N + 1)/N,

(,1) > w(z,t) = e MV (2, 1) = e M(t) fo(|z])

satisfies
wy — Aw + N T|? <0,

hence it is a subsolution of the Dirichlet problem (Dp, ), since er4=Dt > 1. By scaling the function
(z,t) — w(z,t) = p~*w((x — z0)/p,t/p*) is a subsolution of (Dp(y,,),)- And u is a solution in Qq 1
which converges uniformly to oo on B(xg, p) as t — 0. For given € > 0, there holds (., €) < m. = p~%(e/p?)
in B(xo,p); and there exists 7. € (0,¢) such that for any 6 € (0,7.), u(.,0) =2 m¢ in B(xg,p). Then
W(.,t4€) Su(,t+0)in Qpag,p),r—e As 0 — 0 and € — 0, we get W < u in Qp(a,,p),7- And

iz t) 2 p e N (/%) 2 (pf2) e N9 (h(g - 1)t) D

in B(xo, p/2), hence (3.10) holds. Taking h = M? = (¢'(1 + ¢’))?, there holds u(xo,t) = pq'e*At/P2 (h(q —
1)t)~Y(@=1 thus (3.11) follows. .

In case 1 < q < g4, we give a lower bound for all the weak solutions at any singular point, by an argument
of stability-concentration, well-known for semilinear elliptic or parabolic equations, see [23].

Proposition 3.6 Let1 < q < g.. (i) Let u be any nonnegative weak solution u (1.1) in Qgn r with singular
set S. Then for any xo € S, there holds u(z,t) 2 Yioy(x — x0,t) in Qrn 1, where Yoy is the V.S.S. given at
(1.5). In particular,

u(zo,t) = C(N, q)t~2, vt > 0. (3.13)

(11) Let Q bounded, and w be any nonnegative weak solution uw of (Dq,r), with singular set S. Then for
any xo € S, u(x,t) 2 Y{%O}(z,t) in Qq,r, where Y{%O} is given by (3.8). In particular,

lim tin%t%u(xo,t) > C(N,q) > 0. (3.14)
—

In any case, u(.,t) converges uniformly on S to oo as t — 0.
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Proof. (i) We can assume zy = 0. For any ¢ > 0, there holds lim; ;¢ fBE u(z,t)de = oo. And u €

C?!(Qg~ 1). We will prove that for fixed k > 0, there holds u = u®, where u® is the unique solution in R
with initial data kdg, from Theorem 2.12. There exists t; > 0 such that fB (x,t1)dx > k; thus there

exists s1; > Osuch that [,  min(u(z,t1), s1,4)dx = k. By induction, there eX1sts a decreasmg sequence (t,)
Y
converging to 0, and a sequence (s, ) such that [, min(u(z,t,), spx)dx = k. Let p € N, p > 1. Denote by
2—n

Up, k,p the solution of the Dirichlet problem (Dp, ), with initial data w,, k. p(.,0) = min(u(., tn), sn.k)XB,_, -
Then we get u 2 unk,p in By, from Corollary 2.15. As n — 00, (un,kp(0)) converges to kdy weakly in
My(Bp). Indeed for any ¢ € CT(By),

Un,k,p(0)0dx — kp(0)| =

| minuleta).sa)vde = k00)| < 6= 00, -

BP 2

Then (un,,) converges in Crol(Qp, r) to the solution u*P» of the problem in B, with initial data kdo,
from Proposition 2.14. Thus u = u*P». Finally, as p — oo, u¥'B» converges to u* from [13, Lemma 4.6] and
uniqueness of u*; thus u = u*. As k — oo, (u*) converges to Yi03, hence v = Yioy. Then (3.13) holds with
C = F(0) given by (1.5).

(ii) In the same way, denote by uﬁ’oﬂ, Un, k2, the solutions of the Dirichlet problem (Dgq ), with respective
initial data kd,,and T, ,v(.,t )XB(IO 2-ngy» Where d = d(zg,08). Then as above we get u = Up k.o, i €,
then u = uf. As k — oo, (uF%) converges to Y%O}, and moreover, for any ¢ > 0, there exists 7 = 7(g,d)
such that Yy, (z,t) =Y (z — xo,t) = Y{%U} +¢in Q x (0,7), see the proof of [13, Theorem 1.5]. Then u =
Y{%O} and (3.14) follows by taking ¢ = F(0)/2. ]

Remark 3.7 As a consequence, for 1 < q < q., there exists no weak solution u of (1.1) in Qg r with
singular set S = RN . Indeed if u exists, u satisfies (3.13), then u converges uniformly on RN ast — 0. Then
for any k > 0 and any ¢ € DT (B1), ¢ = 1 in By 2, u is greater than the solution uy, with initial trace
ko(x/p). As p — 00, ug,p tends to the unique solution uy with initial data k, namely u, = k, thus u 2 k for
any k > 0, which is contradictory. The question is open for q = q..

Remark 3.8 Another question is to know for which kind of solutions (3.14) still holds when q = g.. We
give a partial answer in Section 4, see Proposition 4.8.

3.3 Trace of the Cauchy problem

In this part we show Theorem 1.2, based on the universal estimate of Theorem 2.9.

Proof of Theorem 1.2. (i) From Theorem 2.9, u satisfies (2.8). Reporting in (1.1), we deduce

1 wu
A ——20
U — u+q71t_
Setting y = t'/(4= Dy, we get that
1 1 u
— Ay =tiT — —|vulYh 20
y= 171 (g~ V) 2

in Qgw~ 7, thus y has a trace v € MT(RY), see Lemma 3.1. Since u(.,t) converges weak* to uy in RV\S,
we find that supp v C S. Let B(xo,2n) C RV\S. From (2.9), we have

y(x,t) £ C(q )|x—x0|q —l—C(l—i—tq —i—tq /( )duo C =C(N,q,m),
B(zo,n

hence v € L2 (RY). [

loc
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Remark 3.9 In particular for ¢ < q., the V.S.5. Yoy in RY satisfies v = 0, which can be checked directly,

—a/2 +\q’

since limg_ot/(a=1) = 0. The function U given at Theorem 1.3 satisfies y(x) = cq(x7])? .

4 Solutions with trace (N ,0), w open

Here we extend and improve the pionneer result of [17], valid for the Dirichlet problem in € bounded. In
case of the Cauchy problem, the estimates (2.6) and (2.9) are essential for existence.

Theorem 4.1 Let ¢ > 1 and w be a smooth open set in RY with w # RY (resp. a smooth open set in
bounded). There exists a classical solution u =Y, (resp. u=Y%) of (1.1) in Qgy  (resp. of (Da,ss)),
with trace (wNQ,0). Moreover it satisfies uniform properties of convergence:

lim inf w(z,t) =00 VK compact C w, lim sup u(z,t) =0 VK compact C Q\@. (4.1)
t—=0zeK t—=0 pcK

More precisely, for any 6 > 0,

lim tinfotqfllu(x,t) = C(N, q)&q/, Vr € i, (4.2)
—
sup u(z,t) < C(N,q,0)t, vt > 0. (4.3)
Q\wg=t

If q¢ < qx, then for any x € wN €,

7211%1%1@(90,1&) =2 C(N,q) >0 (resp. 1imtinf0t%u(ac,t) = C(N,q) > 0). (4.4)
> -
Moreover, if Q = RN the function Y_ satisfies the growth condition in Qr~ o

Yo (2,8) SCt+t o)1+ 27), C=C(N,qw) (4.5)

Proof. First suppose Q bounded, then @ is a compact set in R™. We consider a nondecreasing sequence

©,) of nonnegative functions in C!(Q), with support in @, such that ¢, = p in @™"! | and the nondecreasing
P c p 1/p

sequence of classical solutions ug with initial data ¢,. From Theorem 2.6, (ui}) converges in Cl2 (;;(Q(LT) to
a solution YUQ of (Dq.r). Then by construction of ug, YUQ(., t) converges uniformly to oo on the compact
sets in w. Then the conclusions hold from Lemma 2.16, Propositions 3.5 and 3.6.

Next suppose 2 = RY. We can construct a nondecreasing sequence (¢p)psp, of functions in C;" (RY),
with support in @N B,, such that ¢, = p on wg’;; NBp_1/p- Let u, be the classical solution of (1.1) in Qg~ o
with initial data ¢,. Since w # R¥ there exists a ball B(xo,n) C R¥\w). From (2.9),

up(x,t) < C(g)t™ 7T |z — 20|” + C(N, q,m)(t™ 7T + 1), (4.6)

thus (uy) is locally uniformly bounded in Qgw~ . From Theorem 2.7, (u,) converges in 01253 (Qr~ o) to a
classical solution Y_ of (1.1) in Qg~ . Then by construction of u,, Y_(.,t) converges uniformly to oo on the

w

compact sets in w, and the conclusions follow as above. Moreover, from (4.6), Y_ satisfies (4.5). ]

Remark 4.2 Moreover, from the construction of the solutions, denoting by y, the solution of (1.1) with
initial data ¢ € C; (RN) N Cy (@) (resp. the solution of (Da,«) with initial data ¢ € C; () we get the
relations

w

YUQ = sup Yo Y, = sup Y- (4.7)
LpEC(T(Q),suppapCD APGCIT(]RN),supprCD

Indeed we get y, = Y_, for any nonnegative p € CLRN) (resp. CL(Q)) with suppp C W, and the relation
extends to any ¢ € C;"(RN) (resp. Cy (Q)), from uniqueness of y,.
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Remark 4.3 When Q is bounded, and @ C ), or w = Q, it was shown in [17] that there exists a solution
YUQ satisfying (4.1). Moreover, using the change of unknown v = e ", they proved that if w CC §, then for
any x € Ow,
Q : P Q _ Y T Q _ -
h_r}r&Yw (z,t) =00, if ¢ < 2; ,}I_%Yw (z,t) =In2, if ¢ = 2; %I_%Yw (z,t) =0, if g > 2. (4.8)
Next we study the question of the uniqueness of solutions with trace (&, 0) which appears to be delicate.

A first point is to precise in what class of solutions the uniqueness may hold, in particular in what sense the
initial data are achieved.

Definition 4.4 Let Q = RY (resp. Q bounded) and w be a open set in 2. We denote by C the class of
classical solutions of (1.1) in Qg~ 1 (resp. of (Da,r)) satisfying (4.1). We denote by W the class of weak
solutions of (1.1) in Qr~ 7 (resp. of (Dq,r)) with trace (@,0).

n [17], the authors consider the class C. They show that if @ is compact contained in © bounded and
w, Q are starshaped with respect to the same point or ¢ = 2, then YUQ is unique in that class. But we cannot
ensure that any weak solution u with trace (w,0) converges uniformly to oo on the compact sets in w. And
in case ¢ > 2 we even do not know if u is continuous. Here we give some partial results, where we do not
suppose that ) is starshaped.

Theorem 4.5 (i) Let ¢ > 1. Under the assumptions of Theorem 4.1, Y_ =supY_ in and Y_ is a minimal

t

solution in the class C (resp. YUQ = sup Yff and YUQ is a minimal solution in the class C). If w is

nt
)

compact, U_ = infsso V. is a mazximal solution of (1.1) in Qrn~ r in the class C (resp. if w CC Q, then

ea:t

2 —infs Y isa mafmmal solution of (Dq,r) in the class C).
“s

(ii) Let 1 < q¢ < 2 and suppose w compact (resp. w CC ). Then the function u_(resp. T ) defined above
is mazimal in the class W. If w is starshaped, then Y_ (resp. YQ) is the unique solution Of (1.1) in Qr~
(resp. of (Dq,r)) in the class C.

(iii) Let 1 < q < q. and suppose w compact (resp. w CC Q). Then W =C. Thus Y, (resp. Y!) is
minimal in the class W. If w is starshaped it is unique in the class V.

Proof. (i) Let Q be bounded. Let v be any classical solution of (Dg,r) satisfying (4.1). Let ¢ € Cf (Q)

with suppy C @. Then there exists a nondecreasing sequence (,,) € Cy (Q), with support in wﬁ’}‘;, converging

to ¢ in C*(Q). Then the function (y,, (.,t))) defined at Remark 4.2 converges to y,(.,t) in C (), uniformly
for t > 0. For fixed n, let € € (0,T). Since v(.,t) converges uniformly to oo on the compact sets of @, and

=0in Q\wﬁ%, there exists 6,, € (0, €) such that inf v(.,¢) 2 max ¢, 2 maxy,, (.,€) for any t < 6,,. Then
v > Yy, on [e,T) from the comparison principle, hence v 2 y,,. Then YQ is minimal in the class C. Moreover
for any 6 > 0, YQ < YQ and from (4.7),

Q Q
supY™, = sup( sup Yp) = sup Yo = Y_".
s 4 wEC*(Q) suppt,aC_”’t wEC[T(Q),suppapCE

Now consider the case 2 = R". Let v be any classical solution in Qg~ 7 satisfying (4.1). Let ¢ € CF(RY),
with suppy C @. As above we deduce that v = y,. From the uniqueness of the solutions, we deduce that
v 2 y,, for any ¢ € C;f (RY), with suppy C @. Then Y_ is minimal in the class C. As above we obtain
Y =supY i

Assume that Q =RY and @ is compact. For § > 0 we consider the function Y.

t*

st constructed as above.

Then by construction, Y_ = Y . Taking d,, — 0, (Y ... ) decreases to a classical solution wu_ of (1.1) in
6

Qgr~ 7 from Theorem 2.7 thus 7 2 Y_, then u_ satisfies (4 1). Moreover let v be any solution in the class C.
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From Lemma 2.16 (i), v £ Y. then v < @_, thus w_ is maximal. Next assume €2 bounded and w CC ©;

@t

—ext

the result follows as above by taking ¢ < dp small enough such that w§'* C © and using Theorem 2.6.

(ii) For ¢ < 2, u_(resp. u) is also maximal in the class W, from Lemma 2.16 (iii). But we cannot ensure
that is minimal in this class.

Suppose that w is starshaped, then Y_(z,t) = k*Yjy (kx, k*t), from (4.7). As above, any weak solution v
of (1.1) in Qg~ 7 with trace (@, 0) satisfies v < Yy for any k > 1, hence v < Yz as k — 1, thus i < Y, hence
U, = Yz. We get uniqueness in the class C. Now any weak solution w of (Dgq ) with trace (@, 0) also satisfies
w < Vg in Qx (0,7T) for any k > 1, then also Y < %! < Yiz. Thus as k — 1, one gets Y < ' <Y, Let
€0 > 0. We fix § > 0 such that @§"" C Q. From Lemma 2.16 (i), we get Y_(.,t) < C(N,q,d)t on 9€; hence
there exists 79 > 0 such that Yz < ¢y on 9Q x (0, 79]; thus, for any n < 1, Y5 < YUQ + €, in Q x (0, 7] .
Asn — 1 we get Y_ < YUQ + €0, in Q x (0,79]. Then T < YUQ + €9, in Q x (0,79]. From the comparison
principle, 7! < YUQ + €0, in 2 x (0,T). As ¢g — 0 we get u'! < YUQ, hence u'! = YUQ. And any weak solution v
of (1.1) with trace (@,0) satisfies v < Y in Qg~ , for any k > 1; thus as k — 1, @, = Y_, hence @, = Y.

(iii) Any weak solution v € W is classical since ¢ < 2, and from Proposition 3.6, v(., t) converges uniformly
in @ to oo as t — 0. Then W = C. the conclusions follow from (i) and (ii). ]

As a consequence we construct the solution of Theorem 1.3. We are lead to the case N = 1.

Proposition 4.6 Letq > 1, N = 1. Then there exists a self-similar positive solution U (x,t) = t=*/2f(t=1/%x)
of (1.1) in Qr 1, with trace ([0,00),0), and f satisfies the equation

P+ f )+ S Fm) — 1F )" =0, VpeR (4.9)

And setting ¢, = (¢/)~9 (¢ — 1)~/ (a=1),

. 7q/ .
Jim 0™ f(n) = cq, (4.10)
lim e (—n) 1 f(n) =C > 0. (4.11)

n——00

In case q = 2, [ is given explicitely by

N | —

ﬂm:fm%wﬁmn»:fm(/ma“@y (4.12)

/2

Proof. We apply Theorems 4.1 and 4.5 with = R and w = (0, c0). Since w is starshaped and stable by
homothety, we have Y_(xz,t) = k*Yjz(kx, k*t) = k*Yo(kx, k*t) for any k > 0. Thus U = Y_ is self-similar.
Hence Ul(z,t) = t=%/2f(t='/2z), where n — f(n) is a nonnegative C2-function on R and satisfies equation
(4.9).

In the case ¢ = 2, we can compute completely U : The function V = e~V

with V(0,2) = X(—sc,0), thus

is solution of the heat equation,

0 z—y)? 1 T
V(t, :4t*1/2/ T dy = Zerfe(=2
(t,z) = (4nt) 3 e y 261"(3(2\/5)

where x — erfc(z) = % fxoo e~ ds is the complementary error function. Then U(z,t) = —InV, and f
is given by (4.12). Note that f can also be obtained by solving equation f”(n) + Zf'(n) — f'(n)*> = 0, of
the first order in f’. We get f(0) = In2. As  — oo, since erfe(z) = (1/y/7Tz)e™® (14 o(1), we check that
fn) = (1/47*(1 + o(1)).
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Next suppose g # 2. Writing (4.9) as a system

Ui

fftn=gm), dm)= —59() — gf(n) + g,

we obtain that f is positive, from the Cauchy-Lipschitz Theorem. Indeed if there holds f(n;) = 0 for some
m € R, then g(m) = f'(m) = 0, thus (f, g) = (0,0). From (3.10), we get U(1,t) = t=*/2f(t~1/?) > Ct/(a=1);
for t small enough, hence f(n) = Cn? for large . From (2.14), there holds U(—1,t) < Cy e~ %21/t on (0, 7],
since U is a pointwise limit of classical solutions with initial data Cy(R) with support in [0, 00) . Then f(n)
converges to 0 exponentially as n — —oo. Next we show that f* > 0 on R : if f/(1n9) = 0 for some 7y we have
J"(n0) +5f(no) = 0. Since a # 0, 1o is unique, it is a strict local extremum, which contradicts the behaviour
at oo and —oo. The universal estimate (2.8) is equivalent to

1

fin) £ (F—lf(n% vn € R. (4.13)

/

Therefore the function n —s /4 (n) — ¢/ 1 is nonincreasing, hence

) € /T £Y0), v zo. (4.14)

Otherwise, f is convex: indeed
f/// 4 Qf// 4 1 f/ o qf/qflf// — 0 (415)
2 2(q—1)
If f”(m) = 0 for some ny, then f"/(n1) < 0, thus n; is unique, and f”(n) < 0 for n > 7y, then f is concave
near oo, which contradicts the estimates above; thus f”(n) > 0 on R. From (4.9) and (4.13), we deduce that
nf'=4q'f.

Let H(n) = n~7 f(n), for n > 0; then H is nonincreasing, and H(n) = C for large . Thus H has a
limit A > 0 as 7 — oo, and A < ¢, from (4.14). Let us show that A = ¢,. Suppose that A < ¢,. We set
o(n) =n~ /@ f'(n), for n > 0, then ¢ < ¢’ H; hence we can find b < 1 such that gp?=1(n) < b for large .
By computation we find

1, 1 1 a
_(‘0:(‘011_90__’_ 7)__[{, 4.16
n 5 (g—1)n*" 2 (4.16)
and from (4.15) we obtain
2 n _ © - a
" / 1 1
PPt ey )+ (=g + 5) =0
(¢—1)n 2 q—1 Un
If ¢ is not monotone for large 7, then, at any extremal point 7,
" 14 -1 a ¥ a
= (1—qpt ) > (1 b+ —
@ qfl( ap +772)_qfl( +772)’

hence ¢ < 0 for large 1, which is impossible. Thus by monotony, ¢ has a limit 6 as n — oo. From the
L’Hospital’s rule, we deduce that A\ = lim, oo f(7)/n9 = lim, oo f/(7)/g'n*/@ D = 6/¢’. Then from
(4.16), lim,) o0 @' (n)/n = (¢’ A\)? — A/(¢ — 1). Since ¢’ is integrable, we deduce that A = ¢4, thus we reach a
contradiction. Then (4.10) follows.

Next we study the behaviour near —co. From (4.13), f and f’ converge exponentially to 0. Let h(n) =
F'(n)/f(n) for any n € R. Then we find

h’+h2+gh+g—f’(q*1)h:0, (4.17)
h
'+ 2hh + gh' +5 = F1 gk + (g = )k = 0.

17



Either h is not monotone near —oo. At any point where h’ = 0, we find by computation

W= (= Dh(h(h+ ) - )

2 2
hence at any minimal point, h > |n| /2, then lim,_,_ h(n) = co. Let us show that it also true if / is mono-
tone. Suppose that h has a finite limit ¢, then ¢ = 0 from (4.17). If ¢ > 2, then liminf, ,_ 2'(n) 2 |a| /2,
which is contradictory. If ¢ < 2, following the method of [16] we write (7 /4h)" = €7 /4(—a/2 + o(1)), then
by integration we obtain that lim,_,_ o nh(n) = a, from the 'Hospital’ rule, then liminf, . (—7)* f(n) > 0,
which is a contradiction. Thus again lim, ,_ h(n) = co. And then (4.11) follows as in [16], more precisely,
as n — —oo,

2
-_n_

F(m) = Ce ™ ) = (1= (a = 1)(a —2) [n] 2 + ol|n| ).

Remark 4.7 We have constructed a nonradial solution f € C*(R) of (4.9), satisfying (4.10) as n — oc.
Let us show that there exists no radial solution f € C%(R) satisfying the same conditions. Indeed suppose
that such a radial solution fo exists; then it is still positive, f§(0) = 0, and 0 is the unique local extremal
point of fo, with f§'(0) 4+ § fo(0) = 0. This is impossible if ¢ < 2. Next assume q > 2. From the Cauchy-
Lipschitz Theorem, setting Co = fo(0) > 0 there exists a local unique solution of (4.9) such that f(0) = Cp
and f'(0) = 0. But the Cauchy problem with initial data Cy |90||a| has a self-similar solution of the form
Ucy(w,t) = t=2 fo,(t71/22) with fo, € C*(R) and fc,(0) = Co, since |90||a| € L}, .(R), see [12, Theorems
1.4,1.5] or Theorem 1.4 below. From local uniqueness, fo = fc,, which contradicts its behaviour as |n| — .

Thanks to the barrier function U(z,t) = t~%/2f(t~/2x) constructed at Proposition 4.6, we obtain more
information on the behaviour of the solutions with trace (@, 0) on the boundary of w :

Proposition 4.8 Let 1 < q, and w be a smooth open set in RN. Then the function Yz constructed at
Theorem 4.1 satisfies

(i) For any xg € Ow, lim inf;_,o t%/2Yz (x0,t) 2 f(0).
(ii) If w is convez, then for any xg € dw, limy_,0 t*/2Yy (20,t) = £(0),
(iii) if RN \w is convex, then for any xo € @, infyq t%2Yy (20, t) = £(0),

where f is defined at Proposition 4.6.

Proof. (i) Since w is smooth, it satisfies the condition of the interior sphere. Thus we can assume that
zo = 0 and w contains a ball B = B(y, p) with y = (p,0) € RVt = R* xR ™!, Then Yz > Y5. Let us
consider Y. 5(z,t) = n~*Yg(x/n,t/n?). The sequence (Y. 35) is nondecreasing, and there holds Y. 5(z,t) =0
in B((—1,0),1). Thus from estimate (2.9),

Yap(a.t) £ C(N,q)(t™ 77 (jo + (1,0)| +1) + 1),

hence the sequence is locally bounded in Qg~ . From Theorem 2.7, (Y;5) converges in Cl2 o’i(Qme) to
a classical solution u of (1.1). Then u is a solution with trace (RN*,0), satisfying (4.1), thus u(z,t) 2
Yar=(,t). Observe that Yoxe(z,t) = U(x1,t), since U(r1,t) = SUD i (R) suppep 0,00 Yior A0 Yarr(w,t) =
oeCH (RN suppocENT Yoo Then u(0,t) =2 U(0,t) = f(0)t=%/2. And Y=5(0,1) = n=%Y5(0,1/n?) converges
tou(0,1) = f(0), then limn=*Y%(0,1/n?) = f(0); similarly by replacing 1/n by any sequence (e, ) decreasing
to 0, then liminfy o t%/2Y5 (0,t) = £(0).

(ii) Let us show that for any zo € dw, Y (x0,t) < £(0)t~%/2. We can assume 29 = 0 and w C R¥*. Then
Yo(z,t) = Yaze(x,t) = U(wy,t), hence Y (0,t) = f(oyt—a/2,

sup

(iii) Since RV\w is convex, @ is the union of all the tangent half-hyperplanes that it contains. For any
such half-hyperplane, we can assume that it is tangent at 0 and equal to RV, Then for any z € RV T, there
holds Y5 (z,t) = U(x1,t) 2 f(0), since f is nondecreasing, and the conclusion follows. ]
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5 Existence of solutions with trace (S, u)

5.1 Solutions with trace (N, uy), w open

Proof of Theorem 1.4. (i) Approximation and convergence. We define suitable approximations of the
initial trace (S,uo) according to the value of g. We consider a sequence (,) in Cy (RY) (resp. Cp (Q2)) as in
the proof of Theorem 4.1. We define a sequence (¢,) in the following way: if 1 < ¢ < g«, we define 9, by the
restriction of the measure ug to Ri%ﬂBp (resp. to Rﬁ%ﬂQﬁ’}tp), if ¢. < ¢ < 2, we take 1, = inf(uo, p)XrNB,
(vesp. v, = inf(ug, p)xwr ). If ¢ > 2, by our assumption we can take a nondecreasing sequence (¢,) in C. (R)
converging to ug in L}, (R). We set ugp, = @p + ¥p. Then for 1 < q < qu, ug,p € M (Q), for ¢, < g < 2,
ug,p € L7(Q) for any r > 1 and for ¢ > 2, up, € C, (RY). In any case there exists a solution u, of (1.1)
(resp. of (Dg 1)) with initial data ug p, unique among the weak solutions if ¢ < 2, see Theorem 2.12, and
among the classical solutions in C' ([0, T) x ﬁ) if ¢ > 2, and the sequence (up) is nondecreasing if ¢ = g..
Moreover if Q = RY (u,) satisfies the estimate (2.9): considering a ball B(zg,n) C RV \w, there exists

C = C(N,q,n) such that for p = p(n) large enough,

(1) € O (o — ol +1) + ¢ +/

dugp) < C(t 77 (Jo — mo|7 +1)+t+/ duyg),
3(10777)

B(zo,m)

then (u,) is uniformly locally bounded in Qg~ r ( resp. if Q is bounded, (u,) satisfies (2.5), since it is
constructed by approximation from solutions with smooth initial data). From Theorem 2.7 (resp. 2.6)), we
can extract a subsequence Cfo’i—converging to a classical solution u of (1.1) in Qg~ 1 (resp. of (Dq,r)). If
¢ 2 ¢, from uniqueness, (u,) is nondecreasing, then (u,) converges to u = sup u,.

(ii) Behaviour of u in @. By construction, u = Yz, (resp. u = Y3!), then u satisfies (4.2), hence as t — 0,
u(.,t) converges uniformly to co on any compact in w, thus (1.9) holds; if ¢ < ., u satisfies (4.4), thus the
convergence is uniformly on @ N €.

(iii) Behaviour of u in R. From (3.5) and (3.4), for any £ € CF(RY), with support in R,

!’ 1 t ’ ’ !
/ wy (o £)€7 dar + —/ / IV, |7%¢7 d < Ct/ Vel da +/ ¢ dup,, (5.1)
RN 2 Jo Jry RN RN

t
/Qup(.,t)éd:an/O /gl(Vup.VéJr|Vup|q§)d:cdt:/ﬂéduoﬁp. (5.2)

First suppose ¢ < ¢.. From Theorem 2.11, (|Vu,|?) is equi-integrable in Q. for any compact set
K CRand 7€ (0,7T). From (5.2) for any ¢ € C.(R), for p = p(¢) large enough such that the support of ¢

. . . ot ot .
is contained in sz}p N B, (resp. Rzl% N Qzlv}p)’

/Rup(t,.)g“dx—l—/ot/n|Vup|q§dac:—/Ot/RVup.Vg“dx—i-/Rﬁduo.

Then we can go to the limit as p — oc:

/Ru(t,.)gdva/Ot/R|Vu|q§dz/Ot/RVu.VCd:ch/RCduo.

thus lims_q f]RN u(.,t)¢dx = f]RN (dug.
1

Next suppose ¢ < ¢ < 2 and ug € L. (R), or ¢ > 2 and wy is limit of a sequence of nondecreas-
ing continuous functions. Then v, < uo. From (5.1), we have |Vu|?’ € L}, ([0,T);L},.(R)) from the

Fatou Lemma. Hence, from Lemma 3.1, u admits a trace pg € M(R). For any fixed ¢ € CF(R), we
limy o [pn up(., t)¢dz = fR Cypdx. Since (up) is nondecreasing, we get

lim u(., t)¢dx = /RCdMO = }E%/RN up(., t)¢dr = /RC?/’pdx-

t—0 RN
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thus from the Beppo-Levy Theorem, po = ug. Moreover for any ¢ € C.(R), from (5.2),

/Rup(t,.)g“dx—l—/ot/R|Vup|qux:/Ot/RupACdx—i—/RCz/deac;

and (up) is bounded in L¥(Q ) for any k € [1,q.), for any compact set K C R, and u, — u a.e. in R,
then (u,) converges strongly in L'(Qx ), thus from the dominated convergence Theorem and the Fatou

Lemma, . .
/Ru(t,.>§d1'+/0 /R|Vu|q§dz§/0 LUAgdz+/72<du0'
/Ru(t,.)g“dx—i—/ot/RWuPCdx:/Ot/RuACdx—i—/RQduo,

then [ Cduo < [, Cdug, hence g < ug, hence pig = uo.
In any case u admits the trace (S, ug). ]

But from Lemma 3.1,

5.2 Solutions with any Borel measure

In this part we consider the subcritical case with an arbitrary closed set S.

Theorem 5.1 Let 1 < q¢ < q., and Q = RN (resp. Q bounded). Let S be a closed set in Q, such that
R = Q\S is nonempty. Let ug € M* (R).

(1) Then there exists a solution u of (1.1) (resp. of (Dq,r)) with initial trace (S,up), such that u satisfies
(4.4), hence u(t,.) converges to oo uniformly on S.

(i1) There exists a minimal solution umin, satisfying the same conditions.

Proof. Assume that Q = RY (resp. €2 bounded) (i) Existence of a solution. Let B(xg,n) C Q\S, and
do small enough such that B(zo,n) C Q\S5**. For any d € (0,d0) we can suppose that S§** = w5 N Q, where
ws is a smooth open subset of Q (if S§* is not smoothenough regular, we replace it by a smooth open set
S§tsuch that S C St C §§**). Let us be the solution with initial trace (S§**, uo (Q\Sg*")) constructed
at Theorem 1.4. Then us; admits the trace ug on B(xo,n), thus it also satisfies the estimates (2.9) (resp.
(2.5)), thus (us)s<s, is uniformly locally bounded in Qq 7. From Theorem 2.7 (resp. 2.6), one can extract a
subsequence converging in Cfo’cl (Qq,1) to a solution u of (1.1) in Qg~ 7 (resp. of (Do r)). As in the proof
of Theorem 1.4, for any compact K C R, taking § < §x small enough so that K C Q\Sg}ft, and choosing a
test function & with compact support in K in R, we obtain that (|Vus|?)s<s, is equi-integrable in Qg , for
any 7 € (0,T). Then we get for any £ € C.(R),

u(t,.)édx + t |Vuliédx = — t Vu.Védr + Eduyg.
RN 0 JRN 0o JRN RN

thus lim¢ o [pn u(. t)éde = [pn Edug. Moreover for any xg € S, us 2 Yiz1 in Qra 1, (vesp. us = Y{%O} in
Qq,r) from Proposition 3.6, hence the same happens for u, which implies (1.9). Thus u admits (S, ug) as
initial trace, and u(.,t) converges uniformly on S to co as t — 0.

(ii) Existence of a minimal solution.

Assume that Q = RY. Let A be the set of solutions with initial trace (S,ug). We consider for fixed € > 0,
the Dirichlet problem in @p, 7, p 2 1, with initial data m(z,€) = inf,c4 v(z,€). Thus 0 = m(x,€) < u(z,€),
where u has been defined at step (i), and u € C*!(Qg~ 7), thus m(.,€) € L}, (RY) . Since m € L'(B,), there
exists a unique solution wy, . of (Dp, 1) with initial data m(z,€) in B,. From Corollary 2.15, wy ((x,t) <
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v(x,t +¢) for any v € A and x € B,,. Moreover for any v € A and any xg € S, there holds v 2 Y3 2 Ygff”,
thus m(z,€) 2 Y, (z,€), hence wy ((z,t) 2 Yo (x,t +€), from [27, Proposition 2.1]. For any zo € B, and
v > 0 such that B = B(zo,7) satisfies B C R N By, let wy be the unique solution of the Dirichlet problem
in B with initial data uoLB. Then from Corollary 2.15, v(z,t) = wg(z,t) in @Qp,r, for any v € A, thus
m(z, €) 2 wg(z, ), thus wy (z,t) 2 wi(z,t + ¢€).

Next we go to the limit as ¢ — 0. From Theorem 2.6, one can extract a subsequence, still denoted
(wp,c) , converging a.e. to a solution w, of the Dirichlet problem (Dp, r). And in B, (with the notations
above), w, < v for any v € A, w, 2 Yﬁ” and w, 2 wy. Finally we go to the limit as p — oco. Since u is
locally bounded, then (w,) is uniformly locally bounded. From Theorem 2.7, one can extract a subsequence
converging in Cfo’i (Qrw~ 7) to a weak solution denoted umin of (1.1) in Qr~ 7. Then Uiy satisfies tmin < v
for any v € A, and upi, = Yxﬁ’) for any zg € S, and upiy = wy for any zg € R and v > 0 such that

B = B(z0,7) satisfies B C R. As a consequence up;, satisfies the trace condition (1.9) on S. And for any
20 € R, and any ¢ € C(R) with support in U,

[ uttiis 2 [ umalngdez [ (et

hence

lim umin(.,t)fdz:/ Eduyg.
R

t—0 R
Then iy admits the trace (S, ug). Thus umiy is minimal, and Ui, = min,e v.

Assume that Q is bounded. The proof still works with B, replaced by €2, which requires only to go to
the limit in € and use Theorem 2.6. ]

In the case where ug is a bounded measure we can give more convergence results:
Corollary 5.2 Under the assumptions of Theorem 5.1 suppose that ug € M (R). Then for any ¢ € Cy(2)
with support in R, u(.,t)p € L* (R) for any t € (0,T), and

lim u(.,t)cpdz:/ wduyg, (5.3)
R R

t—0

and similarly for umin. More precisely, if @ = RN, (5.3) is valid for any weak solution v of (1.1) with trace
(8, Uo) .

Proof. First assume that & = RY and v is any weak solution with trace (S,ug) let ¢ € C}(RY) with
support in R, and ¢, € D (RY) with values in [0,1], with ¢, =1 on By, 0 on By, and (|V¢,|) bounded.
Then from (3.5),

/ oo, ) (pn)? d < Clg)t / IV ()| e + / (on)? dug < Ct + / o dug;
R RN RN R

thus v(.,t)y? € L' (R), and limsup,_,q [ v(.,t)¢7 dz < [, dug from the Fatou Lemma. And

lim inf/ v(.,t)wq/dngin%/ v(.,t)(wtpn)qldx:/(w@n)q/duo,
R VIR R

t—0

thus from the Beppo-Levy Theorem, we get (5.3) by density. N
Next suppose that €2 is bounded, note that u can be obtained as a limit in Cfo’cl(QQyT) N C’llo’g (Q x (0, T))

of classical solutions u,, with smooth data u, o = u}w +’u72110 with suppu}h0 - ngif, suppu}h0 C R, and (U}z,o)
converges to ug weakly in M;(R). For any nonnegative £ € C}(Q) with support in R,

/ wn (s E7 da < Clq)t / Ve[ do + / €72 o,
R R Q
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from Remark 3.4, hence

4 gy < qa q
/Ru(.,t)f dx:C(q)t/R|V£| d:I:—l—/QE duo,

and then limsup, o [, u(.,t)¢7 dz < [, 97 dug. And for any ¢, € D (Q) with values in [0, 1], with ¢, = 1

int
on Rl/n,

lim inf / u(., )1/)‘1 dzx 2 lim v(.,t)(wgan)q/d:c = / (1/1<pn)q/du0,
R R R

t—0 t—0
Thus w still satisfies (5.3). The same happens for umin, since limsup; o [ Umin(.,t)odz < [ @dug and
liminf;_, fR umin(.,t)wq/d:c > fR(d)cpn)q,duo. [

Remark 5.3 Assume 1 < q < q«. Note some consequences of Theorems 5.1 and 1.4.
(i) For any constant C' > 0, there exists a minimal solution uc with trace ({0}, C |z|™%)). Then uc is
radial and self-similar. This shows again the existence of the solutions of example 2, Section 3. This shows

that the set {C(5) : B > F(0)}, where F' and C(B) ere defiend at (1.5) and (3.9), is equal to (0,00).

(i1) Suppose N = 1. For any C > 0 there exists a minimal solution uc with trace ([0,00),C(x~)"%); it
is self-similar, o (x, t) =t “/Qf(t 122): as in the proof of Proposition 4.6, we obtain that f is increasing
and lzm,Hoof( )~ = ¢, and lim,_, s f (m)/f(n) = a, and then limy, wof (M) 0" = C. In the same
way, for any C > 0, there exists a minimal solutwn uc with trace ({0},C(a™)~ ) then it is self-similar,
uo(z,t) =t~ a/2f(t 122, where n — f( ) is defined on R, and we check that f has an exponential decay
at —oo, and lzm,Hoof( ne = C.

Next we look for a maximal solution when the measure ug is bounded. A crucial point in case = RY
is the obtention of an upper estimate, based on Theorems 2.8 and 2.9:

Proposition 5.4 1 < ¢ £ 2. Let S be a compact set in RN, and ug € M+ (RN\S), bounded at co. Then
any weak solution v of (1.1) in Qr~ r with trace (S,uo) satisfies, for any 0 < e <7 < T,

||v||L°°((E7T);L°°(]RN)) § C? C = C(N7 q,¢€, T)' (5'4)

Proof. Let 7 € 0,T). We take n =1 and zg € RV\S; in (2.9). Then for any (z,t) € Qg~ ,,
v(z,t) < C’(q)t_q+1 |l — z0|q/ + C(N, q)(t_q+1 +t +/ dug). (5.5)
B(IU 1)
In particular it holds in S x (0,7]. And for any (z,t) € RV\S,, since ug € M (RV\Sy), from (2.7),

w(@, ) < C(N, g, r)tN2(t + /B IROE O, ¢ 7)1 + [, 0 (5.6)
xo,1 1

Then (5.4) follows. ]

Theorem 5.5 Let 1 < q < g.. Let Q = RY (resp. Q bounded). Assume that S is compact in Q and
ug € M (Q) with support in RUQ, where R = Q\S. Then there exists a mazimal solution u of (1.1) (resp.

of (Da,1)) among the solutions with trace (S,uo) (resp. among the solutions v of trace (S,ug) such that
v(.,t) converges weakly in R to ug as t — 0).

Proof. Assume Q = RY (resp.  bounded). Let § > 0 be fixed, such that § < d(S,suppug)/3, hence
suppug C Q2\Sss. Let us be the solution with initial trace (S§**,ug) constructed at Theorem 1.4.

22



Let v be any weak solution with trace (S, ug) (resp. and such that v(.,t) converges weakly in My(R).

Then v(.,t) £ C(N,q, )t in K5 = 855;2\8(?%, from Lemma 2.16 (resp. from (2.15) in O = S§F"\S§™, valid
since v € C([0,T) x O)). Let €y > 0. Then there exists 7o = (o, d) < T such that v(.,t) < eg in K5 x (0, 79] .
Let € < 79, and C. = maxg,; v(.,€). Since us converges to oo uniformly on the compact sets of S§*, there
exists 7. < 7o such that for any 6 € (0,7.), us(.,0) =2 Cc = v(.,€) in Ss/5. Since v(.,€) < ¢ in Ks, there
holds v(.,€) < us(.,0) + €0 in Sz5. And v(.,t) < €9 on dS2s5 x (0,70], thus v(.,t +¢€) < us(.,t +60) + € in
Sas x (0,79 — €] from the comparison principle. As 6 — 0, then ¢ — 0, we get

v(,t) Sus(,t) e in Sas x (0,70). (5.7)

Otherwise, since ug € M (), there exists a unique solution w of (Pq,r) with initial data ug, from Theorem
2.12. We claim that
v(z,t) £ wlx,t) + €, in Q\Sas x (0, 70] - (5.8)
Indeed let @5 € C(£2) with values in [0,1] with support in Q\S2s and 5 = 1 on RN\S55/5. From
Proposition 5.4 (resp. from Theorem 2.12), the function z — v(x, 79/n) is bounded, and continuous. Let
ws,, be the solution of (1.1) in Qq r with initial data v(.,70/n)ps. As n — oo, v(.,70/n)ps converges to
upps = ug weakly in M, (RN ), from Remark 5.2 (resp. from our assumption). Hence w; , converges to w,
from Proposition 2.14. And then

v(.,70/n) = v(.,, 10/n)ps + v(.,, T0/n)(1 — p5) < wspnl.,0) + €

in Q\Szs, and on the lateral boundary of 2\Sas x (0,79(1 — 1/n)], there holds v(z,t + m0/n) < €. Then
v(z,t+10/n) S ws (., t) + e in Q\Sas x (0,70(1 —1/n)]. As n — oo, we deduce (5.8).
Next we get easily that w < us on Q\Sas x (0, 7], by considering their approximations, hence

v(x,t) £ us(z,t) + €o, in Q\S25 x (0,79] . (5.9)
As a consequence, from (5.7) and 5.9),
v(x,t) < us(x,t) + €, in Q x (0, 7).

The last step is to prove that the inequality holds up to time 7. We can apply the comparison principle
because, from Proposition 5.4, u and v € Cy((e,T); Cy(RY) for any € > 0 (resp. because v and ugs are
classical solutions of (Dgq r)). Then

v(z,t) < us(x,t) + €o, in Q x (0,7)

As ¢p — 0, we deduce that v < us. Finally as 6 — 0, up to a subsequence, {us} converges to a solution u of
(1.1) (resp. of (D r), such that v < u, thus u satisfies (1.9). As in Theorem 1.4, by integrability of (|Vus|?)
we obtain that u admits the trace ug in R, thus u has the trace (S,ug) (resp. and the convergence holds
weakly in Mp(R)). Thus u is maximal. |

From Theorems 5.1 and 5.5, this ends the proof of Theorem 1.5.

6 Thecase 0<¢=1

Notice that Theorem 2.5 is also valid for ¢ = 1. In fact it can be improved when q is subcritical, and extended
to the case ¢ < 1.

Theorem 6.1 (i) Let 0 < q < q, and 2 be any domain in RN . Let u be any (signed) weak solution of (1.1)

in Qo,r. Then u € CIQOJE’YJJF’Y/Q(QQ,T) for some v € (0,1). If Q is bounded, any weak solution u of problem
. oY , /2

(Da,r) satisfies u € C*° (2 x (0,T)) N CEI2(Qa 1) for some v € (0,1).

loc
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(ii) Let 0 < ¢ £ 1 and Q bounded. For any sequence of weak nonnegatwe solutions (un) of (Da,r),
bounded in L2.((0,T); L*(2)) one can extract a subsequence converging in Crt(Qq.r) N CM0 (2% (0,7)) to

loc
a weak solution u of (Da,r).

Proof. (i) From our assumptions, u € C((0,7); L},.(Qqa,7)), thus u € L ((0,T); L}, .(Qa,r)). We can
write (1.1) under the form u; — Au = f, with f = —|Vu|? From Theorem 2.11 u € L} ((0,7); Wllock(ﬂ) for
any k € [1, ¢.) and satisfies (2.10).

First suppose ¢ < 1. We choose k € (1, ¢.), thus (|[Vu| + |u|) € LE_ (Qa.r) . Then u € W2 (Qq 1), see

loc

[22, theorem IV.9.1]. From the Gagliardo-Nirenberg inequality, for almost any ¢ € (0,7,

1 1—-L
196 )y S el e o a1 )

where ¢ = ¢(N, s,w). Hence we obtain |Vu| € Lfgg (©). In the same way

s Ol o ) < cllu@® i@ llu®IZTE),

with @ = (1 — 1/kq.)/((N + 2)/N — 1/s) < 1. Therefore |u| € L% (Q). Then u € W2 " (Qq.r). By
induction u € Wfocl k(g-) (Qa,r) for any n = 1. Choosing n such that k(g.)" > N + 2, we deduce that
n dq,0
|Vu| € C%%/%(Qys,-) for any § € (0,1 — (N +2)/5(g)"), see [22, Lemma 11.3.3]. Then f € C,% q/Q(QQT),
thus u € C?H0a14+94/2(Q, . ).
Next suppose 1 < g < g.. we choose k € (1,q./q), hence (|Vu|? + |u]) € LE (Q); as above, |Vu| + |u| €
Lfgg (), hence (|Vu|?+|u]) € Lf:g/q (Q); then u € Wfoi kq*/q(QQ’T). By induction we get again that |Vu| €

c’ J/Q(QQ 1) for some § € (0,1), then f € C} 7/2(QQ,T) for some v € (0,1), thus u € CQJF'Y 1+7/2(QQ7T) for

loc loc

some v € (0,1).
If © is bounded, and u is a weak solution of (Dq 1), then u satisfies (2.11). In the same way, u €

W2LE(Qq s +), and by induction u € C10 (Q x (0,7)) N CL” 2(Qar).

loc
(ii) From (2.11), ||u||clw0(QTS’,.)+HVUJHC%WZ(m is bounded in terms of H|VU|Q||L1(QW,S,T)+HU(" s)||L1(Q) .
And since u is nonnegative, from [14, lemma 5.3] (valid for ¢ > 0),

/Qu(t,.)dx—i—/st/Q|Vu|qu§/Qu(s,.)d:n. (6.1)

Thus [[[Vul?|| 11 (q,, . ,) is bounded in terms of [[u(., s)|| ;1 () - Then one can extract a subsequence converging
in Cfo’cl (Qar)NCHO (ﬁ X (O,T)) to a weak solution u of (Dq,r). [

Remark 6.2 In case of the Dirichlet problem, the result also follows from [7, Theorem 3.2 and Proposition
5.1], by using the uniqueness of the solution in (Qu.e1)-

Next we prove the uniqueness result of Theorem 1.6. For that purpose we recall a comparison property
given in [1, Lemma 4.1]:

Lemma 6.3 ([1]) Let Q be bounded, and A € L°(Qar) with 0 > N + 2. Let w € L'((0,T); Wy (),
with w € C((0,T]; LY(2), such that w, — Aw € LY(Qq.r), and w(.,t) converges to a nonpositive measure
wp € Mp(Q), weakly in My(2), and

—Aw = AVw in D'(Qa,r).

Then w < 0 in Qq,r.
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Proof of Theorem 1.6. From [7], the problems with initial data ug, vy admit at least two solutions
u,v. Then f = |Vu|? € L}, ([0,T); L' (). And by hypothesis u € C((0,T); L' (2)) N L*((0,T); Wy (Q)).
Assume that ug < vo. Let w = u — v. Then we have w € C((0,T); L' (Q)) N LY((0,T); W' (), |[Vuw| €
LE(Qq ;) for any k € [1,q.) and 7 € (0,7T). Setting g = |Vu|? — |Vv|4, then w is the unique solution of the
problem

wy —Aw =g, in Qqr,
w=0, ondQx(0,T),
limy g w(.,t) = ug — vy, weakly in M;(Q).
Since g < 1, there holds
wy — Aw =g < |Vw|? < V| + 1.

In case ¢ = 1, Lemma 6.3 applies. Assume that ¢ < 1. Let ¢,n € (0,1). Then g £ C,|Vw| + 1. with
C, =n~%(=9_ As in his proof we get by approximation

1 t
+y1+e +ye—1 2
1+E/Q(w ) (t,-)d:c+s/ /(w )" Vw|*ydadt
t
gc,]/ /( |Vw|dxdt+77/ / e dadt,
0o JQ

and the second member is finite. Then lim; o [,(w*)'(¢,.)dz = 0, hence lim;_,o [, wT (t,.)dz = 0. Let z =
w —nt, then satisfies z € C((0,T); L* (Q))ﬁLl((O T);Wh ! (Q)) and z; — Az = g n<C, |Vz| in D' (Qa.r) -
Then zt € C((0,T); L' () N L'((0,T); Wy ' (Q)) and from [4, Lemma 3.2], z;7 — Azt < C,|V(2)|. And
lim;_,0 27 (t) = 0 weakly in M;(R2), since 2™ < w™. Then z* = 0 from Lemma 6.3 applied Wlth A= C..
Thus w < nt; as n — 0, we obtain w < 0. ]

Remark 6.4 We can give an alternative proof of uniqueness, using reqularity: let u,v be two solutions with
initial data ug, and w = u — v, thus w satisfies

wy — Aw = g := |Vul|? — |[Vv|?, in Qar,
w=0, ondQx(0,T), (6.2)
limy o w(.,t) =0, weakly in Mp(S2).

Since ¢ < 1, there holds |g| < |Vwl|?. As in Theorem 6.1, we choose k € (1,q.), thus |[Vw| € L (Qa.,).
From the uniqueness of the solution w due to [4, Lemma 3.4], we deduce that w € W*Y*(Qq.,), for any
7€ (0,T), from [22, theorem IV.9.1]. By induction we deduce that w € C° (Q x [0,T))NC*71+7/2(Qq 7).
Then w = 0 from the classical maximum principle.

Next we prove the trace result of Theorem 1.7:

First proof of Theorem 1.7. From Theorem 6.1, u € C* 1(QQT). And 1+ w is also a solution of (1.1).

loc
We can set 1 +u = v%, with @ > 1, in particular v 2 1. Then we obtain an equivalent equation for v :

2
[Vol* oIV

—Av=H:=(a-1) ” D=0

From the Young inequality, setting C' = ((a — 1) /2)(4=2)/4_ there holds, since v > 1,

|Vl ca—1 Vo) 1—2mw, a—1 |VU|
D) = 3 ” + Cwv = — + Cw.
Hence w = ¢Ctv satisfies
a—1|Vuwl?
—Aw =G :=e"(H+ Cv) > 5
w
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Then w is supercaloric, and nonnegative, and G € L, .(Q7). From Lemma 3.1, w admits a trace in M (),
and then w € L2 ([0,7); L},.(Q)), and G € L}, ([0,7); L},.(22)). As a consequence, v € L2 ([0,7); L},.(2))

and |Vv| Jv e L, ([0,T); L}, .()).

loc

Next we show that moreover u itself admits a trace measure. For any 0 < s < ¢t < T, from the Holder
inequality,

t t |V’U| t (2a l)q
a_q/ / |Vu|? dedt = / / pla—1a |Vo|? dzdt < / / ———dxdt + / / dxdt. (6.3)
s Jw s Q s Jw v s Jw

First suppose ¢ < 1. Choosing « such that moreover 1 < o £ 1/¢, in order that (2a —1)qg £ 2 —q. Since v €
L (0,T); L1 (), we have v € L' (Q7), hence

loc loc
o/ q |VU| !
a™? [Vu|* dedt < ——dxdt + (v + 1)dzdt,
s Jw 0 Jw v 0 Jw

(2 x [0,T)). Then u admits a trace ug € M1 (). Next assume ¢ = 1. From the Holder

/|Vv|d:c /|Vv| dx +/ vdx

hence |Vo| € L}, ([0,T); L},.(2)). Let £ € D(R). Setting v€ = z, z is the unique solution of the problem in
Qo

hence |Vul|? € L}
inequality,

loc

— Az =g:=F{+v(—Ay) —2Vu.Vy, in Qqr,
z=0, ondQx(0,T),
lim;_,0 2(.,t) = Eug, weakly in My(9),
where g € L*(Qq,). From Theorem 2.11, for any k € [1,q.), and for any 0 < s < 7 < T, and any domain
w CC Q,

H’Z”LK‘(Q%SYT) = C(”FgHLl(wasﬂ.) + [[2(s, ')HLl(w)) = C(HFfHLl(Qw,) + HUHLoo((o,T);Ll(w)))

Then z € LF ([0, T); L*¥(Q)). We can choose « such that 1 < o < 1+ ¢./2, and take k = 2 — 1. From (6.3)
we deduce that |Vu| € Lj, (© x [0,T)), and conclude again that u admits a trace ug € MT(Q). |

Finally we give an alternative proof by using comparison with solutions with initial Dirac mass, inspired
of [2]. We first extend Proposition 2.14 to the case ¢ £ 1 when  is bounded:

Lemma 6.5 Let 0 < ¢ < 1, Q bounded, and ugn,uo € M (Q) such that ug, converge to ug weakly in
Myp(R). Let up, u be the unique nonnegative solutions of (Dq,r) with initial data wug n, uo. Then u, converges

tou in Cot(Qa,r) NCY (R x (0,7)).

Proof. We still have (2.12) and lim,_o [, un(s,.)dz = [, dugn, thus [, u,(t,.)dz < [, dug,, and
limp oo [ duon = [ dug, thus (uy,) is bounded in L°°((O T); Ll(Q)) From Theorem 6.1, one can extract
a subsequence converging in Cp:!(Qq ) N CHO (2% (0,T)) to a weak solution w of (Dar). And (uy) is
bounded in L*((0,T), Wy*(Q) for any k € [1,¢.). As in Proposition 2.14, for any 7 € (0,T), ( |Vun|?) is
equi-integrable in Qq r, and we conclude that w = u. [

Second proof of Theorem 1.7. We still have u € Cl (QQ 1) from Theorem 6.1. It is enough to show
that for any ball B(zo,p) CC €, there exists a measure m, € M(B(zo,p)) such that the restriction of u
to B(zo, p) admits a trace m, € M(B(:I:O, p)). Suppose that it is not true. Then from Proposition 3.2 and
Remark 3.3, there exists a ball B(xg, p) CC 2 such that

t—0

limsup/ u(., t)dx = oo.
B(xo,p)
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We can assume that 2o = 0 and p = 1. For any & > 0, the Dirichlet problem (Pp, r) with initial
data kdg has a unique solution ukBl, from Theorem 1.6. As in the proof of Proposition 3.6, there exists
t1 > 0 such that fBTl u(z,t1)dx > k; thus there exists s1; > 0 such that fBTl min(u(x,t1), $1,5)dr =
k. By induction, there exists a decreasing sequence (t,) converging to 0, and a sequence (sp ) such
that fBrn min(u(x,t,), $p,k)dr = k. Denote by wu, j the solution of (Pp, r) with initial data u, o =
XB,_ . min(u(., ty), Sn.k). Then u 2 up g in By, from Theorem 1.6. And (uy k,0) converges weakly in M;(€2)
to kdo. From Lemma 6.5, (u, k) converges in Crot(Qp,,r) N C0 (By x (0,T)) to the solution u* Pt of the
problem in B; with initial data kd, Thus u > u*?P1. Now, since ¢ < 1, for any k > 1, the function ku'P is
a subsolution of (1.1), since ‘V(kul’Bl)‘q <k |V(u1’Bl)|q. From Lemma 6.3, we deduce that u = ku®51 for
any k > 1. Since u"1 is not identically 0, we get a contradiction as k — oo. ]
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