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Abstract. We investigate a two-player zero-sum differential game with asymmetric infor-
mation on the payoff and without Isaacs condition. The dynamics is an ordinary differential
equation parametrised by two controls chosen by the players. Each player has a private infor-
mation on the payoff of the game, while his opponent knows only the probability distribution
on the information of the other player.

We show that a suitable definition of random strategies allows to prove the existence of a
value in mixed strategies. Moreover, the value function can be characterised in term of the
unique viscosity solution in some dual sense of a Hamilton—Jacobi—Isaacs equation. Here we do
not suppose the Isaacs condition which is usually assumed in differential games.

Key words. zero-sum differential game; asymmetric information; Isaacs condition; viscosity
solution; subdynamic programming principle; dual game

AMS subject classifications. 49N70, 49125, 91A23, 60H10

1 Introduction

We consider a two-player differential game which dynamic is given by the following differential
equation

dX,
ds

parametrised by two controls u : [t,T] — U and v : [t,T] — V chosen by the Players 1 and 2,
respectively. Here the function f : R x U x V +— R% satisfies standard assumptions, and U and
V' denote two compact metric spaces.

The final cost involves I x J payoffs g;;(Xr)i=1,2...1, 5 =1,2...J, where the g;; : R? —
R are given bounded functions. The first player aims to minimize the cost, while the second
player’s objective is to maximize it.

= f(XS7u87US)7 ERS [t,T]
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Let us now describe the rules how the game is played. For this let us fix an initial time
t€0,77.
- Before the game starts, a pair (7,7) is chosen randomly according to a probability measure
p®qe A(l)® A(J) ( Here A(I) denotes the set of probabilities p = (p;)i=1,..r on {1,...,I};
A(J) is similarly defined);
- The choice of 7 is communicated to Player 1 but not to Player 2, while 7 is communicated to
Player II but not to Player I;
- The game is played on the time interval [¢,T7;
- Both players know the probability p ® ¢ and observe their opponents controls.
Note that the players do not know which g;; they are actually optimising, because they have
only a part of the information on the pair (7, j). Nevertheless they can try to guess their missing
information by observing what their opponent does. Indeed, in order to use his information, a
player necessarily reveals at least a part of it, and any piece of information he reveals can be
later exploited by his opponent.

Such a game with asymmetric information was first introduced by Aumann and Maschler [1]
in the framework of repeated games, where the first player has a private information not available
for the second player. This was extended by Mertens and Zamir [20] to the case where both
players have a private information not available for their opponents. Models with asymmetric
information in economics have been investigated extensively, for instance in [2, 3, 4, 25]. They
study the case that participants in a market have private information not public to the others.

A milestone in the literature of differential games is the article [17] which has been later
extended to stochastic differential games in [18]. It was shown there that under the following
Isaacs condition

inf supf (z,u,v) - £ = supinf f (z,u,v) - &,
ueUyey veVuel

the value function of a differential game is given as the unique viscosity solution of a Hamilton—
Jacobi-Isaacs (HJI in short) equation. For two-person zero-sum stochastic differential games, we
also refer the reader to [5] for an overview and a more complete description. Differential games
with incomplete/asymmetric information on the payoff were studied first by Cardaliaguet in [8] (
see also [10, 12]) . The case where the incomplete or asymmetric information concerns the initial
position was studied in [14]. The extension to stochastic differential games was investigated in
[11, 13]. The proof was accomplished by introducing the notion of dual viscosity solutions to the
HJI equation of a usual differential game, where the probability (p,q) just appear as additional
parameters. Such a notion of dual solution was introduced in [8] for differential games and in
[15] for repeated games. A different unique characterisation via the viscosity solution of the HJI
equation with double obstacles in the form of constraints in (p,q) was given in [9] .

Recently, the article [6] considered zero-sum differential games with complete information
without Isaacs condition by imposing on the underlying controls for both players a conditional
independence property. We also refer the reader to [19] for another approach of differential
games without Isaacs condition. More recently the article ([7]) generalized this method to
stochastic differential games using the approach of backward stochastic differential equations.

The present paper introduces this method to differential games with asymmetric information.
We randomise nonanticipative strategies (cf [16, 22, 24] ) directly only on a single probability
space. By using a suitable notion of random non-anticipative strategies with delay, we finally
show that the limit value of the game exists and is the unique dual viscosity solution of the



following HJI equation

%—‘{ (t,z) + inf sup H (z,DV (t,z,u,v)) =0, in [0,T] x RY,
HEP(U)veP (V) (1.1)

V(T z) =3, piq;9i5 (),

where

H(z,& p,v) = f(z,u,v) p(du) v (dv) - €.
UxV
Here P (U) denotes the space of all probability measures on U, P (V) that on V. Since both
control state spaces U and V' are supposed to be compact and metric, also P (U) and P (V)
have these properties, and from the bi-linearity of H (x,&, p,v) in (u,v), we deduce that the
following Isaacs condition is automatically satisfied:

inf  sup H(z,DV (t,z),u,v)= sup inf H (x,DV (t,x),u,v).
HEP(U)yeP (V) ( (), o) veP(V)HEP(U) ( &), mv)

The organisation of the paper is as follows. In the next section we present necessary defi-
nitions. Section 3 shows the convexity (concavity) of the value of the game along a partition
and considers its dual game. A subdynamic programming principle is established for the dual
game in section 4. In section 5, we prove that the lower value function and the upper value
function are a viscosity subsolution and a viscosity supersolution respectively of the associated
HJI equation. In section 6, we show by a special comparison principle of partial differential
equations that the limit value of the game along partitions exists as the mesh of partitions tends
to zero, and the limit value function is characterized as the dual solution of some HJI equation.
In the last section we consider the case of lack of information on the dynamics.

2 Settings of the game
Throughout the paper we work with the following probability space:
(Qva P) = ([07 1] ’B([Ov 1]) ,dl‘) >

where the interval [0, 1] is endowed with the Borel o-field B (]0,1]) and the Borel measure dz.
Let {(j1, 1 > 1, j =1,2} be a family of independent random variables following all a uniform
distribution on [0, 1]. Let us consider two compact metric spaces U and V representing the
control state spaces used by player 1 and 2, respectively. P (U) and P (V') denote the space of
all probability measures over U and V', endowed with Borel o-field B (U) and B (V), respectively.
It is an immediate consequence of Skorohod’s Representation Theorem that P (U) (resp., P (V))
coincides with the set of the laws of all U-valued (resp., V-valued) random variables defined over
([0,1],B([0,1]) , dz).

Let us now introduce the admissible controls for both players.

Definition 2.1 (Admissible controls) Given the initial time t € [0,T], we define the sets of
admissible controls for player 1 and player 2 by

Ur = {all U-valued and Lebesque measurable functions (us)se[tﬂ},

Vir = {all V-valued and Lebesque measurable functions(vs)se[mT]}.

Both spaces are endowed with the topology generated by the convergence in L'([t,T)).



The dynamics of the game is given by
{ dXLPomY = f (Xﬁ’x’u’v,us,vs> ds, selt,T], (u,v) € Upr X Vi,

b _ (2.1)

where f : R? x U x V — R? is bounded, continuous, and Lipschitz continuous in z € R,
uniformly with respect to v and v. Standard estimates show that there exists a constant C' > 0
such that, for all (t,z),(#',2") € [0,7] x R4 and all s € [t V¥, T],

(i) ‘Xﬁ’x’u’v — a:‘ <C(s—t),

(ii) ‘Xg,gc,u,v . X;t’,gc’,u,v‘ < C(‘t N t/’ + ’(L’ o JZ/’)

While player 1 tries to minimise a given cost functional, the objective of player 2 is to
maximise it. For this they have at their disposal the above introduced spaces of admissible
controls. But can they play the game “control against control”? As it is by now well-known,
apart from rather particular cases, differential games of the type “control against control” don’t,
in general, admit the dynamic programming principle and don’t have a value. This is why
in the literature approaches studying games of the type “strategy against control” and “non
anticipative strategy with delay (NAD-strategy) against NAD-strategy” have imposed. This
latter type has turned out to be the best adapted one for the study of differential games with
asymmetric information. Taking into account the asymmetry of the information, the players
aim to hide a part of their private knowledge. To do this they randomise their strategies. From
a technical point of view, this randomness is also the key argument to get a value of our game
without Isaacs condition.

Let us consider now a partition 7 = {0 =ty < t; < ... <ty =T} and let us fix arbitrarily
the initial time of the game ¢ € [t;_1,tx], for some 0 < k < N.

Definition 2.2 (Random NAD strategies along the partition w) A random NAD-strategy along
the partition 7 for player 1 is a mapping o : Q@ X Vi — Uy of the form

a(w,v) (s) =a; ((Cik,--->C) (W),v)(s),

weEQ,s€E[tVt_i,tVt), k <1< N, with a Borel measurable mapping oy : RFF+1 XVyr = Ut
satisfying the following: For all v,v" € Vi r, it holds that, whenever v =" a.e. on [t,t;_1], we
have for all x € RI7FFL o (2,0) = oy (2,0'), a.e on [tV t_1,t V t].

Similarly, a random NAD strategy along the partition w for player 2 is a mapping 5 : € X
Uy — Vi1 of the form

B(w,u)(s) = B (k> ---»C20) (W), u) (5),
weQ, setVt_1,tVt], k<l<N, with a Borel measurable mapping f; : R7FFL x Uy 7
Vi1 satisfying the following: For all u,u’ € Uy, it holds that, whenever u =u' a.e. on [t,t;_1],
we have for all x € RI7FH By (z,u) = By (z,u)), a.e on [tV t_1,t V).

We denote by AT (t,T") the set of all such random NAD strategies for player 1, and by
BF (t,T) that for player 2. Sometimes we will use pure (i.e. deterministic) strategies: Let
A7 (t,T) (resp. B (t,T)) denote the subset of strategies in AT (t,T) (resp. BF (t,T)) which do
not depend on w € ).

Remark 2.1 Given t € [ty_1,tx], for s € [t,T], (u,v) € U7 X Vi1, we have

a (w,v) () = ag (CLi (@) ,0) - L) (8) + Spas 1 (Cups -5 C0) (@) ,0) - Ty (5),

Bw, 1) () = B (Coe (@) 1) * L) (8) + St Bi (ot -+ Go) (W) s u) - Lpyy ) (5) -( |
2.2



Thanks to the delay of the strategies, we have the following property.

Lemma 2.1 For any (o, B) € AF (t,T) x B (t,T) there is a unique (up to a null set) mapping
Q3w (uw, V) € Uy X Vi1 such that, for all w € ,

a(w,vy) = Uy, B(w,uy,) = vy, a.e on [t,T].

The proof of this lemma uses standard arguments. However since the special form of the
random NAD-strategies which we use here is new, we prefer to give the proof for the convenience
of the reader.

Proof Let t € [ty_1,tk], 0 < k < N. For each w € Q, a(w,v) and [ (w,u) restricted to
[t,tx] depend only on v € Vi and u € Uy p restricted to [t,tx_1]. But [¢,t5_1] is empty or a
singleton, so that « (w,v), B (w,u) on [t,t;] do not depend on v and u. Thus, for any v° € V; 1
and u’ € Uy T, we can define ul = « (w,vo), vl = (w,uo). We observe that this definition
guarantees the measurability of the mapping Q 3 w — (uclu,v&)) € Uy X Vi 7. Moreover, from
this definition we have

o (w,vl) =u', B (w,ul) =l ae., on [t t;].

Assume that for j > 2, Q3 w — (uﬂ'fl,fugfl) € Uyt X Vi1 is measurable and such that
o (w,vgfl) =t B <w,uﬂfl) = vt ae., on [t,tk+j—2]. Then we set A <w,vgfl),

Obviously, the thus defined mapping w (uﬂJ,vﬂJ) is measurable and

(uZJ,fuj> = <uﬂ;_l,vﬂ;_l>, a.e., on [t,tg4—2]. Then by the NAD property of a and f, ul, =

alw,vl), v, =B w,u&), a.e., on [t,try;—1]. Iterating the above steps, we can obtain the

desired result. The uniqueness is an immediate consequence of the above construction. [J

Remark 2.2 We observe that, for all 1 < 1 < N — 1, the processes u and v constructed in
the above proof and restricted to the time interval [t,t;] are conditionally independent knowing
G = (G Ck)y - Go1 = (C11=1,C24-1). Indeed, the processes u and v are of the following
form:

{ Uu. (S) = uk (87 Cl,k) : 1[t,tk) (8) + Zln:k—l—l ul (87 Ck) cee 7Cl—17 gl,l) : l[tl,l,tl) (S) )
v (s) = 0% (5,Con) - L) (8) + 2oimppr 0 (55 G5 Gty Co) - Ly ) (5)
1

where (u ,vl) are measurable functions of s, (jm, j = 1,2, k <m <1 —1 and ¢ = (C11,¢2,),
forl > 1.

The description of the game involves I x J terminal payoffs (where I,.J > 1): g;; : R — R
fori =1,...,1 and j = 1,...,J, which are supposed to Lipschitz continuous and bounded
throughout the paper.

We now define the lower and the upper value functions.

Definition 2.3 Let (p,q) € A(I) x A(J), (t,z) € [0,T) x Re. Fort € [th_1,tg), & =
(ai)izl,...l e (Ar(t, 1)), B= (ﬁj)j:17___J € (B ( ,T))J, we define the cost functional

J <t,33,07,3,p, Q) = iipi%E [Qij <X;x’ai’6j)] ) (2.3)

i=1 j=1



the upper value function

wT (t,x,p, q) = inf sup j <t,$,d,B,p, Q) ’ (24)
ae(Ar(t,1) pe(Br (4,1))”

as well as the lower value function

VT (t,x,p,q) =  sup inf J(t,w,d,ﬁ,p,q>- (2.5)
Be(Br(t,T))” @€ (AF (1,7))"

3 Convexity and Fenchel transforms

One main argument in approaches for games with asymmetric information is based on the con-
vexity (resp. concavity) of the value functions with respect to the probabilities p (resp. to q).
In this section we study this property and introduce the Fenchel transform of the value functions.

The proofs of the following three lemmas are inspired by [8]. We just remark that, in order
to take into account the missing Isaacs’ assumption, our notion of strategy is much more explicit
and, therefore, more restrictive than the one defined in [8]. This explains additional difficulties
in the proofs.

Lemma 3.1 The value functions W™ and V™ are Lipschitz continuous with respect to (t,z,p,q),
uniformly with respect to .

Proof We only give the proof for V™. By the definition of V™ and the boundness of g;;, it is
easy to see that V™ is Lipschitz with respect p and ¢. For every t € [0,T] and (u,v) € Uy 7 X Vi1,

we can show that x — g;; (erp:““’> is Lipschitz uniformly w.r.t. (¢,u,v) and, hence, for any

(4.8) € (A7 (1. 1))" x (BF (t,T))’, the mapping

x = J (t,w,d,B,p,q)

is Lipschitz continuous with a Lipschitz constant C' (for short, C-Lipschitz) independent of
(t,p,q) € [0,T] x A(I)x A (J) and 7. Therefore, we deduce that V™ is C-Lipschitz with respect
to x.

Now we show that V™ is Lipschitz in ¢. Let € RY, (p,q) € A(I) x A(J) and t <t' < T
be fixed. Let § = (Bj) 1.y € (BF (t,T))” be e-optimal for V™ (¢, z,p, q). We have to associate
with each ; a strategy 5; € Br (¢,T). To this aim, we fix some arbitrary constant control
u € U and set

Bj (w,u) = Bj (w, ) , where @ (s) = { u 5 € [t’t/)]’.

If t/ < ty, then Bj € B (', T) and we set f3; = Bj.

Otherwise, let [ > k such that t;_; < t' < t;. We consider now [ — k + 1 random variables
Kk, ...,k on ([0,1],B([0,1]),dz) with k;(z) = z,z € [0,1], which are uniformly distributed on
[0,1], mutually independent, and independent of (;, (i,m) # (2,1). We remark that then
also the composed random variables xi o (a7, ...,k © (2 are mutually independent, uniformly
distributed random variables, which are moreover independent of all (; ,,, (¢, m) # (2,1). Indeed,
recall that the (;;’s themselves are also i.i.d. and obey a uniform distribution over the interval



[0, 1].
Now we set, for any u € Uy p, |l <m < N, and s € [t' V ty—1,tm),

ﬁ;(w7 U)(S) - /377771 (K‘k o C2,la ..., KO C2,l7 C2,l+17 ey C27m) (w7 U)(S)

Then f; € By (t',T). Moreover, for all u € Uy ,0}(u) and Bj(u) obey the same law knowing
Co,1y 20415 - - - Copms if -1 <t/ < t;. Thus

tl 7w7u7/63 (u)

Elg(Xy )] = Elg(xp ™" ),
and, hence, for all & = (a;) € (AT (¢, T))",
j(t/7x7éé7 (/8;)7])7 Q) - j(t/axada (B])upu q)

Next, to every a € AT (', T), we associate some new strategy o’ € AT (¢,T) by setting, for all
v E VuT,
, u(s), s et t),
o (w,v)(s) =
(w,2)(s) {awﬂmm@»seWH.

By construction, if t;_; < ¢ < #; (k <1 < n), the couples of random controls associated by
Lemma 2.1 to the couples of strategies (o/,8;) and (e, ;) coincide on the time interval [¢/,T]
under the conditional law P[ - (2,1, (141, - - -, (). Therefore the standard estimate applies :

E [‘X?:E,o/ﬂj - Xz/,:v,aﬂj’} < M |t/ o t| s € [t/,T],

where M is a constant depending on the bound of f as well as the Lipschitz constants of f and
the functions g;;, but not on . Hence, for any & = (a;),_; € (AT ', 7)), we have

J (t/,ib,d, (ﬁ;) Dy q) =J (t/,:zt,d, (BJ> Dy q) > 7 (t,:n,é/,ﬁ,p, q) — LM |t’ — t|

>  inf  J (t,x,d”,ﬁ,p,q) — LM |t —t|
& (AT (4.1)!

> V7™ (t,x,p,q) — e — LM!t’ —t‘
where we have used the fact that 3 is e-optimal for V7 (t,z,p,q). Consequently,
VT (t/,x,p,q) >VT (t,x,p,q)—e—LMW—t‘. (3.1)

To prove the reverse inequality, we associate in a symmetric way to above to a vector of strategies
B = (Bj)j=1,..g € (B] (t',T))” which is e-optimal for V™(#,z,p,q) and each arbitrary & €
(AT (t,T))" some vectors of strategies 3’ € (BT (t,T))” and & € (AT (¢,T))", in order to get
the inequality

j (t7w7d73,7p7Q) Z j (t/7x76/7/37p7q> _LM‘t_t/’ Z Vﬂ (t/7x7p7q) _E_LM‘t,_t|

and, thus,
VT (t,x,p,q) > V™ (t/,a:,p,q) —E—LM!If'—t‘. (3.2)

Finally, thanks to the arbitrariness of ¢ > 0, from (3.1) and (3.2) we get the Lipschitz
continuity for V™ in ¢t. OJ

Lemma 3.2 For any (t,z) € [0,T) x R?, the mappings W™ (t,z,p,q), V™ (t,z,p,q) are convex
in p and concave in g on A (I) and A (J), respectively.



Proof We only present the proof for V™. Observing that

I

VT (t,x,p,q) = . inf (X EEPY | 3.3
trpa= o 3 op aejsmi% o (X577 (33)

the convexity of p +— V7™ (t,z,p,q) becomes obvious.

Let us now prove the concavity of ¢ — V7 (t,z,p,q). Let (t,z,p) € [0,T] x R% x A(I),
0 1 50 _ (0 ™ J a1 _ (1
.q" € A(J), X € (0,1), and let 3 = (5) L, € R’ md f = (@.)FLJ c
(BF (t,T)) be e-optimal for V7™ (t T,p,q ) and V7 (t T,p,q ), respectively (¢ > 0). We set
@ =(1-X) "+ ¢t € A(J) and ¢; = a qa)q’ A1 <j<J ForweQ uelrg,sel[tVt_1,tVE),
kEk<I<N,j=1,...,J, let us define the Jfollowing strategies

B} (w,u) (s) = B (Copps-- -, C2u) (W) ,u) (5)

where

Bii (W1, - Yi—kr1) u) = B < Y1, Y2, - --,yl—k+1,u> “Lio.c;1 (41)
1 1 1
+ﬁlj 1_—cj(y1_cj)7y27"'7yl—k+l7u * tej,1] (yl)
The mappings ﬁlOJ and ﬁll’ i’ k <1 < N, are associated with ﬁ? and ﬁ} through Definition 2.2.
It is easy to see that <ﬁ;‘> € (BT (t,T))”.

Then a straight forward computation yields

I
. U . 2,0, 8
w7 (t,2,6, 5" p.0") =;piaejg{ﬂ Zq {%( t >

ae(A7(t,T

I J t7m7a7ﬁj ((%ylvc2,k+l7“'7<2,]\7)(w)7')
— Z inf Z q]>-‘ (/ E | gij XT J dy;
i=1 =1 [0701'}

aEA" (t,T)

tvxvaiﬁ}-((%cj(y1—cj),C2,k+1,---,C2,N)(w)v')
—l—/ FE Gij XT dyl)

! J (1 —-A) qQ ; 0 Mol 1
_ . A ¥i ,x,aﬁ» q] t,x,aﬁ»
S o [ o ()] e ()

1
txaﬁ
+/\Zplaefll]’gftT Zq] [g” ( ﬂ
=1

>(1-\)V™ (t,x,p,q ) +AVT (t,2,p,q") — ¢,



where we have used the fact that BO and 3! are e-optimal strategies respectively for V'™ (t, T, P, qo)
and V7™ (t,:z:,p, ql). Hence,

vT (t,x,p, q)‘) > de(Ai;Irl(iT))Ij (t,x,d,B)‘,p, q)‘>

> (1 — )\) VT (t,x,p, qo) + AVT (taxapu ql) - &

Taking into account the arbitrariness of € > 0, we obtain the stated result. [J

Let us now introduce the Fenchel transforms: Given a mapping w : [0,T) x R? x A(I) x
A(J) — R convex in p and concave in ¢ on A (I) and A(J), respectively, we denote by w* its
convex conjugate with respect to variable p:

w* (t,2,p,q) == SXI&){@,M —w(t,z,p,qQ)}, (t.z,p,q) €[0,T]x R xR x A(J),
pe

and w¥ its concave conjugate with respect to variable ¢:

w (t,2,p,q) = A g —witopal, (tap.d) €[0,T] RYx A(I) x R”.
In coherence with these notations, we write V™* (W7#) for the convex (resp. concave) conjugate
of V™ (W™) with respect to p (resp. ¢). We now reformulate the formula for V™*. In the dual
game, after this reformulation, player 1 has no private information anymore. Thus, he can play
pure strategies.

Lemma 3.3 (Reformulation of V™) For all (t,x,p,q) € [0,T) x R4 x R x A (J),
(i) we have

TT% A . A~ T, 35
V™ (t,z,p,q) = inf sup max < p; — q;FE [g-- <tha 3)} , (3.4)
(Bj)e(lg;r(tj)) AT (t, T)i€{l,....I} : ]Z:; J ] T
(ii) Player 1 can play pure strategies in V™ :
d B
V™ (t,x,p,q) = inf sup max ¢ E [g < xXhme 3)} (3.5)
(B))€BF (t,T))” acAx (t,T)i€ {1, T} ]zz:l ' v
Proof (i) Let us put
R . t 0,
z(t,x,p,q) = inf sup max q; [g < ’)]
(B)eBx (1)) ac A~ (t,T)i€{L,-.. T} Z ! Y

We first show that z(¢, z,p, q) is convex with respect to p.
The proof uses the same type of transformation of strategies as that in the proof of Lemma

3.2. For (t,x,q) € [0,T) x R" x A(J), p°, p' € RI, X € (0,1), we choose (6?) e (BT (t,T))”
and (6}) € (Br (t,T)) as e-optimal strategies for z (t,x,ﬁo, q) and z (t,x,ﬁl, q), respectively,
where € > 0 is fixed arbitrarily. We set p* = (1 — X) p° + A\p* and

ﬁjA (w,u) (s) = Brj (Coy -5 Co0) (W), u)(s), s €[tV E—1,t Vi,
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where

1
5l,j ((ylv s 7yl—k+l) ,U) = ﬁll,] <<)\y17y27 cee 7yl—k+1> ,’LL> : 1[0,)\} (yl)
1
+ B <<m (Y1 —A),y2,- - ,yz—k+1> U> Iy (1)

for the functions Bl% and 6117 ; associated with 6? and le», respectively, we refer to Definition 2.2.

It is easy to see that (ﬁ]’\) € (B (t,T))”. By the convexity of the mapping (s;) — max {s;}, we
K]

have that, for all a € AT (¢,7T),

tma,ﬁ
s - [gw( )
t:coa,B t:coa,ﬁ
a0 - o [gw( )] o (B b (7))

Jj=1

<(1—=X) sup  max qu [g”< twﬁﬂ

ac Ax (t,T)ie{ L1}
+ A sup max ZqE[Q ( ma’ﬁ ﬂ
ac A (t,T)ie{ L1} ’ K
<(1 —)\)z(t,a:,ﬁ ,q) + Az (t,a:,p 7(]) +e.

Hence,

t )
z(t,x,ﬁ’\,q)é sup ~ max Zq] [%( S ﬂ

ae AT (t,T)1{L,.... 1}
<(1-XN)z (t,x,ﬁo,q) —i—)\z (t,m,p ,q) +e,

and from the arbitrariness of €0, the convexity follows.

For the proof of the equality between z(t,x,p,q) and V™, (3.4), we use a by now standard
argument (see [23]). For the reader’s convenience we give it here. For this we observe that

2 (t,x,p,q) zsup{p‘ﬁ—inf max { mfZ 14 [gw (thaﬁ]ﬂ}}

5 (B;)ie{1,.aT}
i i (5 T8 o (<54}
Let f; :== igf ijl q; [g” (Xt . aﬁ])}. We have

sup min {p-p— pz+fz}—511p 1nf -p—p)+f 0}
p i€{L,....T} A(I)

= 1nf su —p)+ f-p},
saal ﬁp{p (p—p)+ f-p}
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where the latter equality follows from the bilinearity of p- (p — p) + f - p with respect to p and
p. Consequently

p i€{l P

sup mlnl}{p p—pi+ fi} = Elgf {f p+sup(p(p— P))}Zf'l%

because, for all p € A(I)\ {p}, sup (p(p — p)) = +o0. It follows that
P

* t )
2 (t,2,p,q) —suprzlanq] [sm( Mﬁj)]

J =1
=V (t,x,p,q).

Since z is convex in p, we have V™" = 2™ = 2.

(ii) The inequality “>” in (3.5) is obvious, because A" (t,7) C AT (t,T). Now we prove
the converse relation. Note that for any o € AT (¢t,T) (of the form given by (2.2)), for any
y=(y1,y2, - ynN—k+1) € RN "l andany l € {k+1,...,N}, a; (y,) € A" (t,T). Let us fix
arbitrarily (8;) € (BF (t,T))”. From the convexity of the mapping (s;) max {si}, we have

thanks to Definition 2.2 (See also Remark 2.1)

sup max qu [9@]( txaﬁj)]

OfE.A‘"(t T)Ze{lv 7-[}

< sup

t,x,a((Y1,y2, YN —k+1)s):05
max - q;FE [g'- (X )] dyi ... dyn—g+1
a€AT(L,T) /[071}Nk+1 ie{1,....I} Z J ij \ A7 )

=1

.

J
< sup sup max Z oE [gm ( f z, a((yl73/27---79N—k+1)7‘)76j>]
a€ AT (t, T)yE[O 1]N k+1i€{1,.... T} i1

< sup  max Zq] [9@)( txaﬁ])]

acAT (t’T)ZE{l,...,I}

<.

Finally, by taking the infimum over (8;) € (B} (t,T))” we obtain (3.5). O

4 The subdynamic programming principle

For games with asymmetric information, we do not have the dynamic programming principle. In
fact, if the dynamic programming principle held, we would obtain a Hamilton-Jacobi equation
corresponding to classical differential games without private information. However, for the dual
game we can prove a subdynamic programming principle.

Lemma 4.1 (Subdynamic programming principle) For any (t,z,p,q) € [tp—1,tx) x R? x RI x
A (J) and for all I (k <1< N), we have

V™ (t,z,p,q inf sup E V™ (tl,Xt’x’a’B,ﬁ, qﬂ 4.1
(t )< (BF)EBE(tt)ac A7 (tt)) K 1)

< inf sup E V™ (¢ thaﬁ p,q)|. 4.2
(BHEBT (L) ae AT (1)) ( ﬂ ( )
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Proof The second inequality is obvious. Let us prove the first one. For this, we let V™ (¢, t;, x, p, q)
denote the right side of (4.1). For arbitrarily given ¢ > 0, let 8% € BT (t,#;) be an e-optimal
strategy for V™ (t,t;,p,q). For any z € R, let B = <5jz) e (Br (tl,T))J be an e-optimal
strategy for player 2 in the dual game with value function V™ (¢;,z,p,q). From the uniform
Lipschitz continuity of the mappings

Yy sup )ie?llil.}fl} qu [ ( ety )]

a€AT (4, T

and, hence, also that of y — V7™ (t;,y,p,q), it follows that 5 is a (2¢)-optimal strategy for
V™ (t;,y,p,q), if z belongs to the ball B, (y), for some radius » > 0 small enough but not
depending on y € R? Because the coefficient f is bounded, Xfl’m’a’ﬁ takes all its values in
some ball Bg (0), for R > 0 large enough. We choose a finite sequence (x,) c R? such
that Bg (0) C Up2, By (x5,). This allows to construct a Borel partition (4;),_; _,, of the ball
Bpr (0) such that, for all 1 < n < ng, z, € A, C By (z,). To simplify the notation, we write
B} = Bj". We observe that on the event {Xfl’x’a’ﬁ € By (z5)} the strategy B} is (2¢)-optimal

for V™* (tl,thaB,p,q)
For any w € Q and u € U 7, we set

n=1,...,ng

' . 50 (w7u) (8)7 s € [t7t1)7
By (w0, w) (s) = B (w,ulp, ), s € [t, T] and Xfl’m’“’ﬁo € A,.

Since, for all 1 < n < ng, (w,u) — 1ga, (Xfl’x’u’ﬁo(w)) is 0 {Cos-- G2, ulpy,) f-measurable,

there are Borel functions f™ : Rl_kaZ/{W — R such that 14, <Xfl’x’“’60) = fn (C27k7 o Ca, u][t,tl)).
Note also that, by the definition of 7' € BY (t;,T),

Bj(w,u)(s) = (ﬁo(w,u)( [t,61) Zﬁ" w,uw)(s) " (Co (@), -y Coa(w), i) ey (8)) :

Thus g; € Bf (¢,T).
For any a € A™ (t,T), we have

t tl? CE,Q, QB 0
g (im0%) = ng< ) L, ().

where & € A™ (t;,T) is a restriction of « to [t;, T] defined by
a(v) (s) = a (V) (s), Yo € Vyr, where v/ (s) = { :}_}(S) ’ z € bt),

with the controls (., .) being associated with (a, ﬂo) through Lemma 2.1.

t7x7a750
Xy,

We observe now that is independent of ﬁ]” (Indeed, while ﬁ]” depends only on
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(C205-- - C2,N)s Xt 2,000 Xfl’f’a’ﬁo only depends on ({24, ..,C27-1) ). It follows that

o, {50 o (457}

ie{1,...1}

0
N tletyxya,B 7&75".7’ 0
= max 3 p =S 4 E | Sl oy (X l J)'lAn Cr >”

ie{17"'71}

— N - tlvyaﬁ t,w,a,ﬁo
_iel{n}?-}fl} b Z 14 Z" 1 [ ( ] thaﬂo' An<th >

%) J tl,yOé t7 ) 750
<8 S0 g i S F [gw (7)Y, g1 (E7)
no A try.af BT tz,00,80
SE (0%, sup max (D — 2 i1 GE |gij | Xp L la, X;
L o' € AT (4, T )7'6{17 1} y:X;’I’Q’B
<E ZZO:lVW* <tl7Xtma’ﬁ 7p7 ) ]-A < twaﬁ >:| + 2¢

< V™ (t, 4,2, P, q) + 3e.

The latter inequality is due to the fact that B° is e-optimal for V™ (¢,t;,z,p,q). Then we
conclude that V™ (t,x,p,q) < V™ (t,t;,x,p,q). O

5  Viscosity solutions of the dual game

Let (7),,>; be a given sequence of partitions of the time interval [0,77] such that the mesh of
the partition |7, | tends to zero, when n — co. We prove in this section that (V™*) converges
to some function V as |m,| — 0 and that, for fixed (p,q), the limit function V is a viscosity
subsolution of the following HJI equation,

{ %—X (t,z) + H* <x,Df/ (t,:z:)) —0, in [0,7] x RY, 5.1
Vv (T7 ‘T) = Zij Di4;59ij5 (LE) )
where
H(z,§) = V:g%av)ueig(fw (/vaf (z,u,v) p (du) v (dv) '§>
" 800,58, o0y -c)
and
H* (x,§) = —H (z,—¢)
= Velg(fv)uesgg]) < vaf (@, u,v) p (du) v (dv) - €>
= MESEFU)veig(fV) < vaf (@, u,v) p(du) v (dv) - é) : (5.2)

The following lemma is obtained directly from the boundedness of f and the Lipschitz
continuity of f (-,u,v) and of g (-).
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Lemma 5.1 There is some constant L € R™, depending only on the bound of f and the Lipschitz
constant of f(-,u,v) and of g, such that, for all partition w of the interval [0,T] and for all
(t,z,p,q), (t, ’,ﬁ’q) €[0,7) x R x R x A (J),

‘Vﬂ* (t7$7]§7q) -V (t,7$l7p,7q,)| < L (‘t - t/‘ + |$ - 33‘,‘ + |]§ _ﬁ,| + |q - q,D )
and for all (t,x,p,q), " 2',p',qd) € [0,T) x R* x A (I) x R,

‘W”# t,,p,q) — W™ (t',2',p', )| <

(ft =t +]e=2| +|p=p|+]a-¢]).

By the above equi-Lipschitz continuity of the family of lower and upper dual value functions,
applying the Arzela-Ascoli Theorem, we have

Lemma 5.2 There exists a subsequence of partitions, still denoted by (7y,),~, and there are two
bounded Lipschitz functions V : [0, T]x RExRI x A (J) = R and W : [0, T]xR*x A (I) xR’ —
R such that

(Vs WTn#) — (f/, W) uniformly on compacts in [0,T] x R* x A (I) x A (J) x RT x R.

We deduce from Lemma 5.1 that also the functions (f/, W) in Lemma 5.2 are Lipschitz
continuous with respect to all their variables. More precisely, we get the following corollary:

Corollary 5.1 For the constant L introduced in Lemma 5.1, we have, for all (t,z,p,q), (t',2',p',q") €
0,7) x RTx RI x A(J),

‘f/(t,:n,ﬁ,q)—f/(t o g ) SL(t—t|+ |z =2 |+ |p—p|+|a—d]).

and for all (t,.p.d) , (t,a',p/,d') € [0,T) x RY x A (I) x RY,

W (t,p,0) = W (¢,0 0 @) S L (|t =] + |0 = /| + [p = o] + |0 — @)

Proposition 5.1 (viscosity subsolution) The function V (t,x,p,q) is a viscosity subsolution of
HJI equation (5.1).

Proof For fixed (p,q), we denote V (t,x,p,q) by V (t,z) for short. Let (t,z) € [0,T) x R% and
¢ € C} ([0, T] x Rd) be any test function such that, for any (s,y) € [0, T)xR%, V (s,y) < ¢ (s,y)
and V (t,z) = ¢ (t,x) at (t,z).

Recall that V™* — V uniformly on compacts. Thus, for any p > 0 and M > 0 with |z| < M,
we can find a positive integer N, js such that, for all n > N, ,

o (t,z) = V™ (t,2)| < pand VT (s,y) < ¢ (s,y) + p, for all s € [0,T], [y| < M.

Let n > Ny, mp = {O =ty <t <...< t’](,n = T} and k = k, such that }}_; <t <}, Since
V7™* is bounded by some constant Cjy, uniformly with respect to n > 1, we have from the
subdynamic programming principle (Lemma 4.1) with respect to the partition 7,

C,D(t,:l?) -p < Vs (t7$)

< inf sup [V””* (tZ,X:f @b 5 q)]
BEBT™ (4t} ) qe AT (t.47)
< inf sup {E[(p(tk,X”aﬁ)—|—(2C’0—|—p)'P{X”aﬁ>M}]} p.

BEBI™ (4,t7 ) qe AT (t )
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We observe that
t7 b 75 1 t7 b 75 1
P{thxa >M} < —ME‘Xtha ‘ < —M(]a:\—i—TCf),

where C; denotes the bound of f. Hence, by choosing M = M, large enough such that
% (Jz| + TCy) < p and recalling the equation for the dynamics of X%®%#, we have forn > N, r,

—3p < inf sup F [(p < Z,thx’a’ﬁ> —p (tal’)}
BEBI™ (4,t7) qe AT (t.t7) r
ty o
< inf sup E [/ <_(’D <7,7 Xﬁ,%,aﬂ) + f (Xﬁ’m’a’ﬁ,ar,/@r> - Dy <7«7 Xﬁ,m,a,ﬁ) dr] )
BB (L7 )acarn (rap) Lo \OT

(5.3)

For (u,v) € Uy X Vi, we introduce the continuity modulus

m(6) = sup
[r—t|+|y—z|<S,ucUpeV

ot

<g—f (r,y) +f(y,u,v)-D<p(hy)> - (8_90 (t, ) +f(x’“’v)'D(p(t’x)>"

Then m (§) is increasing and m (§) — 0, as ¢ | 0. Taking into account that
xpmed —al < Oyl —t] < Cplt —t],r € [187]

we obtain

<m(Clty —t]),r e [t 6],

where C' depends on = which is fixed here. Consequently, by (5.3),
n Iy n
—3p—(ty — 1) E(tal’)‘Fm(C\tk—ﬂ)

tr
< inf sup F [ f(x,ap,Br) - Do (t,x) dT}
BEBI™ (44 )acArn (tay) L/t

< sup )E [/j? f (az,ar,Br> Dy (t,x) dr} ,

QEAT™ (17

where we take 3 := Z;V:"k 05 (C2,5) - 1[ , Uj is a measurable, V-valued functional of (y ;.

tven_tvir ]
There is a p-optimal strategy a”(depending on f3) such that

4= (-0 (5 ) +m(C It~ 1))
<E sz f <x,a{3,6r) Dy (t, z) dr]

<ul/ (00" (G ), 0 (C20)) - Dip (1) o).
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Then we have, thanks to the independence of ¢y and (a1,
n 0
= -0 (52 )+ m(Cl 1))
tr
<[ [" 100 G0, 00 () - Dp(ta)ar
t

<t =05 [ BL (@54(G)) - Do (bl s ). (5.4
Thus, thanks to the arbitrariness of 0y, we get

—dp— (t" —t) (g—f (t,2) +m (C [t7 — t|)>
< (th — 1) uei%l(fwu:;%) Jusy f(zu,v) - Do (t,2) p(du) v (dv).

Let now ¢ > 0 be arbitrarily chosen, p =& and n > N, p(= N2 ) large enough such that
the mesh of 7, is less to e. Then 0 <t} —t < ¢ and, from (5.4) it follows that

n n 8 n
—alt =02 - (-0 (G () m(Clep 1))
< (ty —t)- inf sup / f(zyu,v) - Do (t,x) p(du) v (dv) .
veP(V)ueP(U) JUxV

Finally dividing by (¢} —t) on both sides of the above inequality and taking limit as n — oo,
we get

— (t,z) + inf sup / f(z,u,v) - Do (t,x) p(du) v (dv) > 0.
or (G0 dnt sup [ ) D (ta) ) v )

Thus, V is a viscosity subsolution of HJI (5.1). O
Note that

W7 (t,z,p, f ; ; twauﬁj .
(t,2,p,q) = et ) (B L. ;lep 0E |~gi (X777

The right side of this equation has the same form as V7, only the role of players changes.
Hence, the convex conjugate of (—W™) with respect to ¢, i.e., —W™# (— q) satisfies a subdynamic
programming principle. Then, as a consequence of the above result for V', we can deduce easily
the following:

Corollary 5.2 (viscosity supersolution) For any (t,x,p,q) € [0,T) x R* x A (I) x R7, and for
alll (k <1<n), we have

W™# (t,z,p,4) >  sup inf E [W’T"# (tZ,X%x’a’B,p, (j)} , (5.5)
ae A () (BH)EBE (t.t7)

and W, the uniform limit on compacts of (W™#) is a supersolution of the HJI equation (5.1).

Here we have used equality (5.2). Actually W is a supersolution of (5.1) with Hamiltonian

H (€)= sup inf [ (o) p(du)y(d) €
ueP(UWEPV)Juxv



17

6 Existence of the value

In this section we show that the limit of the game along partitions has a value. This value can
be characterised by dual solutions of some HJI equation.
We now recall the definition of dual solutions for the following HJI equation:

{ % (t,x) + H (v,DV (t,2)) =0, in [0,T] x RY, 6.1)

V(T z) =3, piq;9i5 (),
where

H(z,§)= inf sup < UXVf(a:,u,v),u(du)u(dv) . §> .

HEP(U)yep (V)

Definition 6.1 A function w : [0,T] x R? x A (I) x A(J) — R is a dual subsolution of (6.1)
if w is Lipschitz continuous, convex with respect to p, and concave with respect to q and if for
any (p,4) € A(I) xR, (t,z) — w™ (t,z,p,q) is a supersolution of the dual HJ equation

9% (t,x)+ H* (x,DV (t,z)) =0, in [0,T] x RY, (6.2)

where H* (x,§) = —H (z,=§).

We call w: [0,T] x R* x A(I) x A(J) = R a dual supersolution of (6.1), if w is Lipschitz
continuous, conver with respect to p, and concave with respect to q and if for any (p,q) €
R x A(J), (t,z) = w* (t,z,p,q) is a subsolution of (6.2).

The function w is called the dual solution of (6.1) if w is at the same time a dual subsolution
and a dual supersolution of (6.2).

Note that P (U) and P (V) are compact spaces. The measures p € P(U) and v € P (V)
can be interpreted as control variables. Therefore, the comparison principle applies here in the
sense of Cardaliaguet [8].

Lemma 6.1 (comparison principle) Let wy,ws : [0,T] x R4 x A (I) x A (J) — R a dual subso-
lution and a dual supersolution of HJ (6.1), respectively. If, for all (x,p,q) € REx A (I)x A (J),
wy (T, z,p,q) < wy (T,2,p,q), then we have w; < wy on [0,T] x R x A (I) x A (J).

We now state the main result of the paper.

Theorem 6.1 (uniqueness and existence of the value) For all sequences of partitions (my,) with
|| — 0, the sequences (V™) and (W™) converge uniformly on compacts to a same Lipschitz
continuous function V', which is the unique dual solution of the HJ equation (6.1).

We will establish an, in appearance, weaker result :

Proposition 6.1 For all sequences of partitions (my,) with |7,| — 0, there exists a subsequence
of partitions, still denoted by (my,),~,, such that (v™) and (w™) converges uniformly on com-
pacts to a couple (V, V'), where the function V is the unique solution of the HJ equation (6.1).

But we remark that, if Proposition 6.1 is true for the partition (m,), it holds also for all
subsequence of (m,,): there exists a sub-subsequence (7y,) such that (V™ , W7 converges uni-
formly on compacts. But Proposition 6.1 characterizes the limit V(= W) as the unique dual
solution of the Hamilton-Jacobi-equation (6.2). Consequently, all converging sub-subsequences
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have the same limit, and the Theorem 6.1 follows.

Proof of Proposition 6.1

Step 1. We know since Lemma 3.1 that, for all n, V™ and W™ are Lipschitz continuous
in all their variables, with the same Lipschitz constant depending only on f and g. It follows
that there are a subsequence of partitions, still denoted by (m,),,~; and two bounded Lipschitz
functions V, W:[0,T] x R? x A (I) x A (J) — R such that (V™ W™ ) — (V, W) uniformly on
compacts in [0,7] x R? x A (I) x A (J) and, obviously, the functions V, W are also Lipschitz
continuous with respect to all their variables, convex in p, concave in ¢ (see Lemma 3.2).

Step 2. Recall that W = lim (W™)# V = lim (V™)*. Due to our results in Section

n—-+400 n—-4o0o
5, w1 := W# and wy = V* are, respectively, a dual subsolution and a dual supersolution of HJI
equation (6.1) and W (T, z,p,q) = v (T, z,p,q) = Zij piq;gij (). Then, by the comparison
principle (Lemma 6.1), we have

W# <V*on [0,T] x REx A (I) x A(J). (6.3)

Step 3. Since V™ converges to V uniformly on compacts, for any ¢, M > 0, there is a
positive integer N. s such that for all n > N. ar, t € [0,7] and |z| < M, (p,q) € A(L) x A(J),

’Vﬂ—n (tawapu q) - V (tawapu Q)‘ S g.
Here € > 0 is arbitrarily given. Consequently, we have for all n > N p, t € [0,77], |z| < M and
(B,q) € RT x A(J),

’VWH* (taxuﬁaq) _V* (t7x7ﬁ7Q)’ S sup {ﬁ.p_vﬂ’n (t7w7ﬁ7Q)}_ sup {ﬁp_v(tawapuq)}

pEA(I) peA(I)
S sup ‘Vﬂn (tawaﬁu q) - V (t7x7p7 Q)’
peA(I)
<e.
Hence, V = hT V™* — V*_ and, consequently, since V is convex in p, V = V** = V*,
n——+0oo
In a symmetric way, it is easy to get that W# = lim W™ = W.

n—-+0o0o
As a consequence of (6.3), we have W < V in [0,7] x R% x A (I) x A (J). Observing that
W= lim W™ > lim V™ =V, we obtain that the game has a limit value

n——+0o0o n——+o00
W=Vin [0,T] xR x A(I) x A(J).

From the above proof we deduce that the value V' (= W) is the unique dual solution of HJ
equation (6.1). O

7 The case of lack of information on the dynamics

In this section, we consider a game in which the players have also an asymmetric information on
the dynamics: In each of the scenarios (i,7) € {1,...,1} x {1,...,J} the game has a different
dynamic given by

{ AX (5) = i (X7 (5) u(s) 0 (9)) ds, s € [6T), (w,0) € Uy X Vi

7.1
X%x,u,v (t) =Tj € Rd, ( )
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where f;; : R? x U x V + R? is bounded, continuous and Lipschitz continuous in z, uniformly

with respect to (u,v). The possible payoffs are still given by g;; (X:Jm” o (T)), with g;; bounded
and Lipschitz.

As already in the sections before, for some fixed (p,q) € A(I) x A(J), at time ¢, a scenario
(,7) is chosen at random with the probability p;q;; the choice of i is communicated only to
player 1, while the choice of j is communicated only to player 2. The players observe their oppo-
nent’s behavior and try to deduce from it their missing information. Player 1 aims to minimize,
Player 2 to maximize the payoff. We remark that, in the case with Isaacs’ assumption but with
correlated information, the case of lack of information on the dynamics has been considered by

Oliu Barton [21].

As in the previous chapters, we fix a partition 7 = {tc =t < ... < ty = T'}. Keeping the
same definitions for the sets of strategies AT and BJ, the upper and lower values of the game

associated to 7 are then, respectively, for (p,q) € A(I) x A(J), (t,x) € [0,T) x (Rd)u

wr (t,X,p, Q) = inf I sup Z sz% |:ng ( txzwazﬁj (T)>:| , (72)
(@) €(AT(ET)) (8;)e(Br (1)) i=1 j=1

and

VT (t,x,p,q) = sup inf ZZqu] [glj ( xbeisaibi (T))} . (7.3)

(8;)€Br (t,1))” (i) E(AT(LT))" =4 =4

The idea to solve this case of asymmetric information is to blow up the dynamics: We
introduce the following auxiliary dynamic with values in R®*/:

{ dXEXwY (g) = F (XE5%Y (s) u(s),v(s))ds, s€[t,T], (7.4)

Xt,x,u,v (t) =x,

with F =(f;;) ,x =(z;;) and a new family of payoffs G;; (x) = gi; (x;;). This permits us to
rewrite the value functions as

W7 (t,x,p,q) = inf sup ZZWJJ [ ( tXOémB]):|

() (AT (LT (5))e(Br (+.T))” =1 j=1
and
VT (t,x,p,q) = sup inf ZZ% [ ( txal,ﬁj)]7
(8)€(BF (7))’ () (AT (BT 55 557

and we recover the case of asymmetric information solved in the previous chapters. As a conse-
quence we have the following result:

Theorem 7.1 The limit value of the game exists, as the mesh of partitions tends zero, and it

is the dual solution of the following HJI equation:

N (t,x) +H(x,DV (t,x)) =0, in [0,T] x (R%)"’ (7.5)
VAT, x) = 325 pid;9ij (ij) »
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where

H (x, inf su i (X, u,v) p(du) v (dv) - &
(x,6) = HGP(U)VGP(p); vaf]( J ) (du) v (dv) - &ij

= sup mf f” Xij, u, ) p (du) v (dv) - &;.
veP(V)HEPU

Remark 7.1 In the present paper the incomplete information structure concerns a number of
finite types of the payoffs g;j(Xr), i = 1,2...1, j = 1,2...J. An interesting question would
concern the case where the set of types is infinite : typically each player, instead knowing a prob-
ability measure with finite support which represent the information on its opponents knowledge,
would know a probability measure which support is an arbitrary subset of some RY.

In this direction the results of the present paper could be extended using methods of [12] and

[14].

References

[1] R. J. Aumann, M. B. Maschler, Repeated Games with Incomplete Information, with the
Collaboration of Richard E. Stearns, MIT Press, Cambridge, MA, 1995.

[2] K. Back, Asymmetric information and options, Rev. Financ. Stud. 6 (3) (1993) 435-472.

[3] K. Back T. R. Bielecki C. Hipp, S. Peng W. Schachermayer, Stochastic Methods in Finance-
Incomplete and Asymmetric Information in Asset Pricing Theory, Page 1-27, Lectures given
at the C.LM.E.-E.M.S. Summer School held in Bressanone/Brixen, Italy, July 6-12, 2003
Editors: M. Frittelli W. Runggaldier, Springer.

[4] R. N. Bebczuk, Asymmetric Information in Financial Markets-Introduction and Applica-
tions, Cambridge University Press, 2003.

[5] R.Buckdahn, P. Cardaliaguet, M. Quincampoix, Some Recent Aspects of Differential Game
Theory, Dyn Games Appl (2011) 1: 74-114.

[6] R. Buckdahn, J. Li, M. Quincampoix, Value Function of Differential Games without Isaacs
Conditions. An Approach with Non-Anticipative Mixed Strategies, International Journal
of Game Theory (2013), 42 (4), 989-1020.

[7] R. Buckdahn, J. Li, M. Quincampoix, Value in mixed strategies for zero-sum stochastic
Differential Games without Isaacs Conditions, Preprint, March 09, 2013.

[8] P. Cardaliaguet, Differential games with asymmetric information. STAM J. Control Optim.
46(3), 816-838 (2007)

[9] P. Cardaliaguet, A double obstacle problem arising in differential game theory, J. Math.
Anal. Appl. 360 (1) (2009) 95-107.

[10] P. Cardaliaguet, C. Rainer, On a continuous time game with incomplete information, Math.
Oper. Res. 34 (4) (2009).

[11] P. Cardaliaguet, C. Rainer, Stochastic differential games with asymmetric information,
Appl. Math. Optim. 59 (1) (2009) 1-36.



[12]

[13]

[14]

21

P. Cardaliaguet, C. Rainer, Games with incomplete information in continuous time and for
continuous types, Dyn Games Appl (2012) 2:206-227.

P. Cardaliaguet, C. Rainer, Pathwise Strategies for Stochastic Differential Games with
an Erratum to “Stochastic Differential Games with Asymmetric Information”, Appl Math
Optim 68 (2013) 75-84.

P. Cardaliaguet, C. Jimenez, M. Quincampoix, Pure and Random strategies in differential
game with incomplete informations, Journal of Dynamics and Games, to appear.

B. De Meyer, Repeated games, duality and the central limit theorem, Math. Oper. Res.,
21 (1996), 237251.

N.J. Elliot, N.J. Kalton, The existence of value in differential games. Mem. Amer. Math.
Soc., 126 (1972).

L. C. Evans, P. E. Souganidis, Differential games and representation formulas for solutions
of Hamilton—Jacobi-Isaacs equations, Indiana Univ. Math. J. 33 (1984) 773-797.

W. H. Fleming, P. E. Souganidis, On the existence of value functions of two-players, zero-
sum stochastic differential games, Indiana Univ. Math. J. 38 (1989) 293-314.

N.N. Krasovskii, A. I. Subbotin GAME-THEORICAL CONTROL PROBLEMS. Springer-Verlag,
New-York, 1988.

J.-F. Mertens, S. Zamir, The value of two-person zero-sum repeated games with lack of
information on both sides. Internat. J. Game Theory 1 (1971/72) 39-64.

M. Oliu-Barton, Differential games with asymmetric and correlated information, to appear
in Dynamic Games and Applications (2014)

E. Roxin, The axiomatic approach in differential games , J. Optim. Theory Appl. 3, (1969)
153-163.

S. Sorin, A First Course on Zero-Sum Repeated Games, Springer, 2002

P. Varaiya, J. Lin, Existence of Saddle Points in differential game, SIAM J. Control Optim.
7 (1967) 141-157.

A. Ziegler, INCOMPLETE INFORMATION AND HETEROGENEOUS BELIESFS IN CONTINUOUS-
TIME FINANCE, Springer-Verlag Berlin Heidelberg, 2003.



	Introduction
	Settings of the game
	Convexity and Fenchel transforms
	The subdynamic programming principle
	 Viscosity solutions of the dual game
	Existence of the value
	The case of lack of information on the dynamics

