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REGULARITY OF THE MAXWELL EQUATIONS IN
HETEROGENEOUS MEDIA AND LIPSCHITZ DOMAINS

ANDREA BONITO2 JEAN-LUC GUERMOND?23 AND FRANCKY LUDDENS3:4

ABSTRACT. This note establishes regularity estimates for the solution of the
Maxwell equations in Lipschitz domains with non-smooth coefficients and min-
imal regularity assumptions. The argumentation relies on elliptic regularity
estimates for the Poisson problem with non-smooth coefficients.

1. INTRODUCTION

The purpose of this note is to prove regularity estimates for the solution of the
Maxwell equations in Lipschitz domains with non-smooth coefficients and mini-
mal regularity assumptions. More precisely, given a Lipschitz domain €2, we are
interested in the time harmonic Maxwell system,

(1.1) VXE—iwpH =0 and VxH+iweE=1J,

where E is the electric field, H is the magnetic field, J is a given (divergence-free)
current density, € is the tensor-valued electrical permittivity of the material, and p is
the tensor-valued magnetic permeability. The tensor fields x — e(x) and x — p(x)
are assumed to be piecewise smooth and uniformly positive definite. The Maxwell
system (1.1) must be supplemented with boundary conditions. In this work, we
assume that E satisfies the perfect conduct boundary condition , i.e.,

(1.2) Exnl|r =0,

where n is the outer unit normal of 2 and I" is the boundary of 2. Eliminating the
magnetic field from (1.1), the electric field satisfies the following system:

(1.3) Vx (b 'VXE) —w’E =iwJ, V:(eE)=0, Exn|r=0.
If the electric field is eliminated instead, we obtain
(14) Vx(e7'VxH) —w’pH=Vx (¢7'J), V(uH)=0, (pH)n|r=0,

where the boundary condition (pH)-n|r = 0 is a consequence of (1.2).
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Establishing regularity estimates for (1.3) and (1.4) requires studying the follow-
ing model problem

(1.5) Vx (b 'VxF) =g, V-(eF) =0, Fxn|r = 0.

In the above formulation, g is assumed to belong to L?(Q) with V-g = 0. However,
for numerical considerations, see Bonito and Guermond [1] and Bonito et al. [2], it
is advantageous to consider the following mixed formulation of the above problem:

(1.6) Vx (p 'VxF)+eVp=g, V-(eF) = 0, Fxn|r =0, plr=0,

where this time it is not necessary to require that g be solenoidal. The additional
scalar field p accommodates the possible non-zero divergence of g. Of course p =0
if g is divergence free.

The main result (Theorem 5.1) established in this paper is that, under very mild
assumptions on the fields p and e, there is 7(e, p) (possibly les than % for Lipschitz
boundaries) so that the mapping g — (F,VxF) is continuous from L?(Q) to
H*(Q)xH?(Q) for all 0 < s < 7(e,p). Theorem 5.1 relies on the following two em-
bedding estimates established in Proposition 4.1 and Proposition 4.2, respectively:
There are constants c(s, €), ¢(s,p) so that

(1.7 [Flle(o) < c(s,¢) (IVXFlL2(o) + [IV-(€F)llge-10), Vs €[0,7(e))
holds for all smooth vector fields F with zero tangent trace, and
(1.8) G e (@) < cls,W)IIVXGlLa@), Vs e[0,7(w)

holds for all smooth vector fields G such that V:(uG) = 0 and (pG-)n|p = 0. The
estimate (1.7) is of particular interest when approximating the Maxwell equations
with Lagrange finite elements and when using a stabilization technique that requires
controlling the divergence of the electric field in H*~1(Q2) with s € (0,1), see e.g.
Bonito and Guermond [1]. The estimates (1.7)-(1.8) are also useful to establish
compactness on the electric field and its curl. More precisely, assuming that F solves
(1.5) and upon setting G = p~!VxF, we observe that (uG-)n|r = 0, V-(uG) =
0, and (1.8) implies that G is a member of H?*(2), which in turn, under mild
assumptions on the multiplier p, implies that VxF is in H*(Q2). Estimates similar
to (1.7)-(1.8) have been obtained by Jochmann [12] using different norms to control
F in (1.7). More precisely, the right hand side of (1.7) is replaced therein by a norm
in an interpolation space between Hp cuy1(Q2) and L2(9). Although this alternative
estimate entails less regularity on VxF, it seems to us that the interpolation norm
may not have a characterization as clear as that in (1.7).

To the best of our knowledge, the results stated in Theorem 4.1, Proposition 4.1,
Proposition 4.2, and Theorem 5.1 are new in the range s € (0, %) In partic-
ular Theorem 4.1, Proposition 4.1, and Proposition 4.2 generalize the now well-
known fact, established in particular in Costabel [3], that Ho cur1(€2) N Haiy (©) and
H.,1(2) N Hy qiv(2) are continuously embedded in H:z (). The proofs of Propo-
sition 4.1 and Proposition 4.2 use regularity estimates on the Laplace equation
with non-smooth coefficients supplemented with either Dirichlet or Neumann data.
These regularity estimates are stated in Theorem 3.1. The estimates in Theorem 3.1
are not new, and may be found scattered in the literature in various guises. We
nevertheless have included the proof of this theorem in the paper to make it self-
contained. For instance, Savaré [16] has proved similar results for Dirichlet data by
assuming some global integrability of the right-hand side of the Laplace equation
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and assuming that the multiplier is piecewise constant over two sub-domains. Later,
Jochmann [11] removed the extra integrability assumption, considered finitely many
sub-domains and mixed Dirichlet-Neumann boundary conditions. His proof tech-
nique is based on local maps and requires some mild regularity on the boundary of
the domain (each map is Lipschitz and its Jacobian is piecewise CO’%) when dealing
with mixed boundary condition. Following the arguments proposed by Meyers [15]
and Jochmann [11], we provide in Theorem 3.1 a regularity result for both types
of boundary conditions assuming only Lipschitz regularity on the boundary of the
domain and piecewise smoothness on the multiplier. The proof uses the regularity
results of Jerison and Kenig [10] on Lipschitz domains for the Laplace equation.

The paper is organized as follows. We introduce some notation and prove pre-
liminary results on multipliers in §2. Regularity properties of the Laplace equation
with non-smooth coefficients are discussed in §3 and collected in Theorem 3.1. We
establish embedding results in §4; these results are stated in Proposition 4.1 and
Proposition 4.2 and are used to prove regularity estimates on the Maxwell system.
Finally §5 focuses on the Maxwell system with non-smooth coefficients, e.g. electri-
cal conductivity, magnetic permeability, or electrical permittivity. The main result
of this section is Theorem 5.1. The main thrust for the present work is our ongo-
ing research program to establish convergence estimates for the approximation of
the Maxwell system using H'-conforming Lagrange finite elements in the spirit of
Bonito and Guermond [1], Bonito et al. [2].

2. PRELIMINARIES

The objective of this section is to introduce notation and recall key results re-
garding multipliers. Although some of these results are somewhat standard, we
provide proofs for the sake of completeness.

2.1. Notation. Henceforth ) is a bounded, simply-connected Lipschitz domain
in RY, d = 2,3, that we assume to be partitioned into M connected Lipschitz

subdomains €4, -+, Q. The boundary of the domain is assumed to be connected
and is denoted T, i.e., I' := 9€), the interface between the subdomains Qq,---, Qs
is denoted ¥, i.e.,
(2.1) 2= JrinTy.

i#j

Let E C Q be a non-empty connected open Lipschitz subset of 2. We denote
(-,-)p the inner product in L?*(E) for scalar-valued fields, in L?(E) for vector-
valued field, and in L.2(E) for dxd tensor-valued fields. The subscript is omitted if
the domain of integration is . The subspaces of L?(FE) and H'(E) composed of
the functions with zero average over E are denoted L?(E) and H'(E) respectively.
Owing to the Poincaré and Poincaré-Friedrichs inequalities, we equip H}(E) and
H'(E) with the following norms:

(2.2) lull g 2y = [IVullLze), lull i1y = IVullLzm)-
The norm of (H} (E)), is then defined by

(Fyw) (3 (my 1y (B)

(2.3) |Fll(z2 )y == sup

0£ucHL(E) Vulrzey
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and the norm of (H 1(E))/ is defined similarly.

We define the Sobolev spaces H*(E), H*(E) for 0 < s < 1, by using the real
interpolation method (K-method) between L2(E) and H'(E) and between L2(E)
and H'(E), respectively; see for instance Lions and Peetre [14] or Tartar [17, Chap-
ter 22]. We also define H§(E) by interpolation between L?(E) and Hg(E), so that
for any 0 < s < 1, the spaces H(E) and H*(E) coincide (cf. Lions and Magenes
[13, Thm 11.1] or Grisvard [8, Cor. 1.4.4.5]). For the sake of conciseness, we denote

(2.4) HE(E) = {Hg (E) for Dirichlet boundary condit.i(.)ns7

H?(E) for Neumann boundary conditions,
for s € [0,1], and H*(E) := (H%(E))’ for s € [-1,0]. Note that when we use
HY(E) = H'(E), the elements of the dual space #*(E), s € [~1,0), cannot be
identified with distributions in (D(E))’ in general. For instance, for any g € L?(OF)
and s € [—1,—3), the linear form H~*(E) 3 p — [, gp is in H*(E) but it cannot
be represented by a distribution in (D(FE))’. The above definitions naturally extend
to vector fields and tensor fields, and in these cases we use bold and blackboard
symbols to avoid confusion. For any s € [0, 1], we abusively denote H!**(E) the
following spaces:

Cog gy _ [0 € HAE), Vp e OE)) it 1A (E) = HY(E)
eo (E){{peH(i(E), VpeH(E) it HA(E) - H(E)

and we equip H!T*(E) with the following norm:

(2.6) [P+ () == IVDla: ().

The Poincaré constant over each sudomain €; is denoted Cq,, i.e.,

(27) Vu € H(l)(Ql), ”uHLz(QJ < Cﬂi VuH[LQ(Qi)’
and we set
(2.8) Cq := max, Cq,.

The norm of the natural injection from H?*(€;) to H{(€2;) is denoted Dj q, for all
s € [0,%) andalli=1,..., M, ie.,

(2.9) IVllEs ) < Dsaillvime ), Vv eH ().
In addition, we set
(2.10) D= max(lgé%)%l D q,.1).
Assuming that X and Y are two Banach spaces, £(X,Y) denotes the space of
bounded linear operators X — Y equipped with their natural norm, | - ||x>y. In

the rest of the paper we use the generic notation ¢ for constants. The value of ¢
may change at each occurrence.
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2.2. Multipliers. We now introduce notation to stipulate the regularity that we
require on the tensor fields € and p. In the rest of the paper we assume that all the
tensors are symmetric. We then define

(2.11) Wy ™(Q) == {v € L®(Q) | V(yjq,) € L>®(Q)?, i=1,--- , M},

where the norm of tensors is defined to be the norm induced by the Euclidean norm.
For all v in le’oo(Q) we define vimax € R such that

(212) Vmax = H/\max(ﬂj)Hﬂ_oc(Q)a

where Apax(v) is the largest eigenvalue of v. We also define A, € R by

max;—1.... V(W) g, . .
A, = Lo Vo)l (Q’)d, if wmax #0, A, :=0 otherwise.

ﬂ/max

Given a tensor field v in \&\/IZ’OQ(Q)7 we call multiplier &, associated with v the
linear operator &, : L%(Q) — L?(Q) so that

(2.13) (&,(u))(x) := v(x)u(x) for a.e. x in Q, Yu € L*(Q).
The key result of this section is the following

Proposition 2.1. Let v € Wy™(Q). Then &, € L(H*(Q),H*(Q)) for every s €
[O, %) and

(2.14) HEWHHS(Q)*)HS(Q) < VmaxNsw, where Ny, :=Dsq(2(1+ C%AE%))%
Moreover, the following holds for allr € [0, 3),
(215) H‘ﬂl/”H%Q)—)HS(Q) < IVmaxNTl?,ﬂ/a Vs € [077’}.

Proof. Let 0 < s < % and consider u € H*(Q2). We set u; := ujq, fori =1,--- M.
Then owing to Lemma 2.1 below, u; € H?(Q;) for all ¢ = 1,..., M. This in

turn implies that u; € H{(£;) since 0 < s < % We now proceed by using the
K-interpolation theory. For any u; € [L2(€2;), H}(Q;)]s = H§(Q), we set
2 1 — 2 2010112
K(t,ug, L7(€), Ho(£4)) = velilrgﬂz:) {||ui =Vl +t ”V”H(l)(ﬂi)} :

Then asserting that u; is in H§(£2;) is equivalent to saying that the mapping R* 3
t > K(tug, L), H(Q)) is in L' (RT, 1%;). For any ¢ > 0, we define u;; €
H}(Q;) so that (Wi, vi)g, + t2 (Vi1, Vvi)g = (W5, vi)q,, for all v; € H} ().
This definition implies that

s = i llEa g, + 12100 lEn ) = K0 ws, L2 (), Hp ().

Now we estimate K(t,&u,L2(Q), H}(Q2)). For this purpose we define u; by
U0, = W;;. Since every u;; vanishes on 3, we have u; € H{(Q), &u, € HE(Q)
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with the following two estimates:

M
1€ (a —u) |20y = ZII — W) |F20) < Viax D 105 — wislF2(0,),
i=

||5wut||%1(1](sz) = [|V (&) “52(9) = q @) T ||(V“’)Ui,t||i2(§zi)

i=1
M
S 2WI211ax (1 + CSQIAE) Z ||Vu”|\iz(97)
i=1
where we used the Poincaré inequality on every €); in the second estimate. Com-

bining the above two inequalities and setting a? := 2 (1 + CZAZ) gives

K(t, Enu, L2(Q), Hy(Q)) < (1€ (0 — war) [F20) + t2||5ruuat”%{5(n)
M
< 92 (105 = it + P2Vl

=1
M
Z (at,u;, L2(Q;), HE (0)).

As aresult £,u € H{(Q), and using [|uil|mgz(o,) < Ds, i|| s ;) we deduce that

M
Vimax [E00F15 () < Z/ K(at, wg, L2(), Ho(Q))¢ 1 72dt < o® Y il o,

i=1
M
< O‘QSZD o, il 0,y < fwz il 0,
i=1

Then we finally obtain (2.14) by using Lemma 2.1. The inequality (2.15) directly
follows from the re-interpolation formula H*(€2) = [L*(©2), H"(€2)] ., upon noticing
that No, = 1, This completes the proof. ’ ([

Lemma 2.1. The following holds for all s € [0,1] and for all v € H*(Q),

(2.16)

Proof. The result is evident for s = 0 and s = 1. Let us now consider s € (0, 1),
and let v be a member of H*(Q2). Recall that

IVlle @) = ( / K(t,v,L2<ﬂ>,H1<m>2twsdt) ,
0

K(t,v,L(Q), H'(Q))2

: 2 2 2
ot (v = Wil + PIwlino))

For all t € Ry, let us denote v; the function in H'(Q) that achieves the infimum
in the definition of K(t, v, L2(Q), H}(Q)), i.e., —t?Av; +t>v; + (v, — v) = 0 over
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with homogeneous Neumann boundary condition. Then

M
i=1

M oo
B0 = Z/O K(t, vio,, L7 (), H Q)% 2 dt
i=1

M 00
<30 [ (M0 = vanulscan + Plvan e, ) £ ar
i=1

M

oo
= / Z Hvlﬂl — Vi,
0

i=1

iz(Qi) +t2||vt\f2i %1(90) t_l—ZSdt

:/ K(t, v, L*(Q), H' ()%t 7dt := ||V -
0
This completes the proof. O

3. NON-CONSTANT COEFFICIENT LAPLACE EQUATION

We establish regularity estimates for the Laplace equation with non-constant
coefficients in this section.

3.1. The main result. Let v be a tensor field in Wy;>°(2) and assume that

(3.1) Imin > 0 such that £7v€ > i€l € ae. in Q, V& e RY
Consider the following problem: given f € H~1(Q), find p € H!(Q) such that,
(3.2) Vg e Hl(Q)a (vVp,Vq) = (f, Q>’H*1(Q)77-L1(Q) .

The existence and uniqueness of a solution to the above problem is ensured by the
Lax-Milgram lemma since

Vp S Hl(Q)v ﬂ/min”p”%[l(g) = Vmin (VP7 VP) S (l])Vp, VP) .

We re-write the above problem (3.2) in the symbolic form —Afflp =f.
The objective of this section is to prove the following theorem which is a variant
of a result from Jochmann [11].

Theorem 3.1. Let v € Wg™(Q) be satisfying (3.1). There exists T € (0, 1), only
depending on v, Q, and the partition {Q;}M, such that, for every s € [0,7) and
every f € H5Y(Q), the solution p € HY(Q) of the problem (3.2) is in H1T*(Q) and
satisfies the estimate

(3.3) [Pll#s+1(0) < el flla—1(0);

where ¢ depends only on Q, v, the partition {Q;}M,, and s.

Remark 3.1 (Extensions to general multipliers). Theorem 3.1 holds in the general
case when v is a multiplier of H?(Q) satisfying (3.1), i.e., & € L(H*(Q), H?(Q2)).
The proof proposed in §3.3 extends readily for any multiplier such that &, €
L(H (), H*(Q)).

We postpone the proof of Theorem 3.1 to §3.3. We will use a technique similar to
that in Jochmann [11], where the author proves the result for a more general class
of spaces, but requires some additional regularity conditions on the boundary I"
and assumes (2.14). Since it was not seem clear to us whether or not the additional
regularity condition stated in Jochmann [11] was needed for the pure Dirichlet and



8 A. BONITO, J.-L. GUERMOND, AND F. LUDDENS

pure Neumann problems, we re-prove the result here and show that the Lipschitz
condition is sufficient. We also derive an almost explicit admissible range for 7;
however, our predicted admissible range may not be robust with respect to the
contrast of v.

3.2. Key lemmas. Using the same notation as in Jochmann [11], we introduce
the operators J € L(H™1(Q),H*(Q)) and S € L(L2, H~1(2)) defined as follows:

(3.4) VEEHTHQ), Yae HI(Q),  (V(TF),Va) = {f,0) -0y -
and
(3.5) VF € L2, Vg € H(), (SF, @) 310 2010y = (F, Va).

Note that J is well defined owing to the definition of H!(Q2) and the Lax-Milgram
lemma.

Lemma 3.1. For all s € [0,1] and for all F € H§(Q), we have
(3.6) SF € H*~1(Q) and || SF|

we-1@) < IF ez 0)-

Proof. This is again a standard interpolation argument. We start with s = 0 and
F € L?(2). Then the following series of bounds holds for all p € H!():

(SE, D)1 () 1 (0) = F VD) < [Flliz) Vel =IFllz @) llpl#e @),
which leads to
(3.7) ISFl-1(0) < [IFllL2@)-
When s = 1 and F € H}(Q2), the following estimates hold for all p € H'(Q):
<$F’P>H—1(Q)7H1(Q) = (F,Vp)=—(VF,p) < ||V'F||L2(Q)Hp||?-t0(§2)~
Using the fact that
IVFIZ2 ) < IVFl720) + IVXFllE2 ) = IVFIZ2 ) = [l q):

and recalling that SF = —V.F and [, SF = 0, since F € H{(Q), we infer that
(3.8)
(SF,D)3-1(0) 10 ()

sup = [SFl30 = [|SF |2 = [ISF[lL2(2) < [IF Iy 0)-
0£pEHO(Q) P10 ) L2() () HI(Q)
We conclude by the using the Riesz-Thorin Theorem. (Il

Lemma 3.2. For allr € [0, %), there is K := K(Q, 1) such that the following holds
for all f € H7H(Q),

(3.9) Jf € HT(Q) and |7 fllg+r) < K| fllur—1 (-
and for all s € [0,7] and all f € H*1(Q),
(3.10) JfeH Q) and || T fllar+e) < K7 || fllas-10)-

Proof. The result is proved by using a standard interpolation technique. We first
establish the estimate for s = 0. Taking f € H~!(Q) and using the definition of J
together with the norm in H!(2) gives

1T FBe) = (T Py < Il @I Flla o),

thereby leading to
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(3.11) Ve 1), 1T fllarw) < I lln-1 -

We must distinguish two cases for r < % depending whether H!(2) = H{ ()
or H'(Q) = HY(Q). If H'(Q) = H}(Q), then a standard result from Jerison and
Kenig [10] (cf. Theorem 0.5) implies that there exists K only depending on €2 and
r such that

1T flaer@) < Kllfllar-r@),  VFeHTHR) = (Hy ™" ().

The Neumann boundary case, H'(Q2) = H'(Q), does not seem to be as clear as
the Dirichlet case. It appears however to be a by-product of Theorem 3 in Savaré
[16]; it is proved therein that Jf € H'(Q) for any r € [0, 3), i.e., (abusing the
notation) there exists K only depending on  and r such that

IVT fllar ) < Kl fll (@) VieH TN Q) = (H"(Q).

In conclusion, for any 0 < r <  there exists K = K(r,Q) such that (3.9) holds.
The estimate (3.10) is obtained by interpolation using (3.11) and (3.9). O

Remark 3.2. Owing to the property JSVu = u for all u € H(2), we infer that
| T [l3gr—1 g ||S||Hg_)HT—1 > 1, which in turn implies the following lower bound
K@) > [T llrrprs > 1

3.3. Proof of Theorem 3.1. We want to use a perturbation argument a la Meyers
[15]. Let k > 0 be a positive number yet to be chosen. Let f € H~1(2) and let
p € HY(Q) be the solution to (3.2). Let us start by observing that the following
holds in the distribution sense if f € (Hg(£2))":

1
f=-V(Vp) = —kAp+ V((Fl —v)Vp) = —A(kp) + V(I = -v)V(kp)),
where | € R%*? is the identity matrix. This representation must be modified as
follows to account for boundary conditions (in particular to account for Neumann
boundary conditions, i.e., when f € (H(Q))):

f = 8(Vp) = KSVp— S((K1 —)Vp) = SV (kp) — S((1 — 13)V (kp).

Upon setting v := 1— %uf and ¢ = kp, and using that JSV is the identity operator
in H1(Q), we arrive at
q—J(SWVq)=JTf.
Let us denote Q := JS&EV and let us assume for a moment that we can establish

that Q is a bounded operator from H*+1(Q2) to H*+1(Q2) and that the norm of Q
in L(HTL(Q), H5HL(Q)) is less than 1, say ||Q|lgs+1ps+1 < 1. Then

171l
=9

and the conclusion follows readily. In summary, the crux of the matter consists of
proving that || Q|| gs+1 ps+1 < 1.

Since ¢ is in H1T5(Q2), we infer that Vq € H*(Q). The hypothesis s < % together
with Proposition 2.1 implies that &Vq € H§(Q). Using Lemma 3.1, we infer

k]

£

wer1(9) = lallnstio) < H-1()
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that S&Vq € H571(Q) so that Lemma 3.2 yields Q¢ = JS&EVq € H¥TL(Q). In
addition, we have

Qa1 sagstr ST s sags+1 IS g s [1Eo s mg
S K% ﬂ_/maxNZi/
where U,y is the L°-norm over Q of the largest eigenvalue of ¥, as defined in (2.12).

Then by choosing k = 3 (Vmin + Vmax), We have Umax < (1 = 2Vmin/(Vmax + Ymin)),
we consequently have the following bound

s
T

Vmax — Vmin El
S —Emin fe SN

1QlI3¢s41 53¢e 41 <

max T Vmin

which implies that ||Q|l3s+1_xs+1 < 1 for all s € [0,7) where

(o (jatnn )
7:=rmin | 1, —log(KN,,.,n—,)

Note that K N,.; > 1 owing to Remark 3.2 and definitions (2.10), (2.14). Observe
also that 7 € (0, 3). Finally we arrive at
K+

s

1 Vmax —Vmin J~ 2 =

— Ymax—Vmin [T N 7
Umax T Vmin lld

pllgs+1(0) < Fllas—1()-

This concludes the proof of Theorem 3.1.

4. H®* EMBEDDINGS

We prove in this section two embedding results that are used in §5 to establish
regularity estimates on the Maxwell problem (1.6). The main results of this section
are Propositions 4.1 and 4.2. Both these results are consequences of Theorem 4.1,
which by itself is an improvement of Theorem 2 from Costabel [3].

4.1. Notations. In the rest of the paper we use the following spaces to characterize
the regularity of vector fields:
(4.1) Heu () i= {F € L¥(©) | VxF € L¥(©)} |
(4.2) Hyi (Q) == {F e L*(Q) | VF e L*(Q)} .
Let s be a real number in the range [0, %) We consider the following space equipped
with its canonical norm:
(4.3) Z'75(Q):={FeLl*Q) | VxFeH *(Q), VFe H *(Q)}.
Let E : Ht2(I') — H5(Q) be one right-inverse of the trace operator v :

H'™(Q) 5 v — y(v) = vp € Hst2(I), s € [0, 1). The existence of right-
inverses is guaranteed by the continuity and surjectivity of the trace operator -y, see
e.g. Jerison and Kenig [10, Thm 3.1]. The tangential trace of a function v.€ H™%(Q)

with Vxv € H5(1) is defined as an element of H™*~2(T'), s € [0, 1), by
(4.4) <V><n71/J>H—.<—%(F)7Hs+%(r) = (Vxv, E(¥))u-+(),H:(Q)

— (v, VXE®))u @), V€ HFI(D)

for all ¢» € H5"2(T'). Note that the above definition is consistent with the usual
tangential traces when v € He,y (), and it is independent of the extension that
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is chosen owing to the density of C5°(2) in Hy *(2). In addition, the following
estimate holds

(4.5) vxnlgy o < e (IVla-s@ + IVxVia-@)-
Similarly, for v € H—*(Q) with V-v € H5(€2), we define v.n € H=*~2(I) by

(46) <V n? w) ‘577 )Hb+ ( ) = <V.V7E(w)>H_S(Q),HS(Q)
+ (v, VE(¥))1-+(0),H () vy € Ho 3 (D).

Moreover, the normal trace v-n satisfies

(4.7) [vn] < c(Ivlia-s@ + IVVla-@) -

H™ S77(F)

The above arguments show that it is legitimate to consider the following sub-
spaces of Z175():

(4.8) Z75(Q) = {veZ Q) | vor =0},
(4.9) Zy5(Q):={veZ"*Q)| vxnr =0}.

4.2. Case of constant coefficients. The exponent 1 — s in the definitions of
Z'75(Q), Zy*(Q), Z17°(Q) is meant to reflect the fact Z} *(Q), Z17*(Q) embed
in H'~*(Q) when the boundary of  is smooth with s = 0 and s = 1. Theorem 2 in
Costabel [3] asserts that ZL(€) and Z} (Q) are continuously embedded in Hz (£2)
when the boundary is Lipschitz. The objective of this secticlm is to exterid this
result by showing that the embedding in Hz () holds for Z?—(Q) and Z?ﬁ(Q),

where 3+ is any number in [0, ).

Theorem 4.1. For all s € [0, %), there is ¢ > 0 so that the following embedding
estimates hold:

(4.10) ||UHH2(Q ¢ (IVxullg-« (o) + IVull g-s(q) + [uxn|2r))
(4.11) ||UHH%(Q) <c([IVxullg-+ () + [[Vul g+ + [lun]2r)) -

Moreover, for all u € Z'=%(Q), the following conditions are equivalent:

(i) uxn e L4(T),
(ii) un € L*(T).

In order to prove Theorem 4.1, we introduce B, an open ball containing Q, and
we set g = OB and O := B\{. Then we establish the following lemma:

Lemma 4.1. For any s € [0,1) and for any g € H_s_%(f‘), there exists x €
H'=5(0) such that

(412) <VX’V’(/}>H,S(O)’HS(O) = <g71/)> 73—%(F)’HS+%(F) ’ V'(/) S H1+S(O)
(4.13) Xl 7220y < €llglly o 1y

where ¢ is a constant that only depends on s and T'. If in addition, (g, 1)
0, then (4.12) holds for any ¢ € H'T5(0O).

a1 el =
H™*73(D),H*"3 (D)



12 A. BONITO, J.-L. GUERMOND, AND F. LUDDENS

Proof. Owing to the closed range Theorem, proving (4.12) is equivalent to proving
the following inf-sup condition:

, (Vo, Vi) -+ (0)1:(0)
inf sup i
0AYEH2(0) p£pc H1~5(0) ||¢HH1—-<((9)H1/’||Hl+s(o)

)

for some a > 0. Using the notation of §3 with #*(O) = H*(0), and defining the
operator S : L2(0) — (HY(0))’ by

vt € L*(0), Vg € HY(0),  (S£,9) 1107y .11 (0) = (F: V)0
we infer that
(Vé, V) -« (0y, 15 (0) = SV, O)3-1(0) 212 (0) »

for all $ € H'=5(O) and all ¢y € H'**(0). As a result, the following holds for all
Y € H¥H1(0):

Vo, Vip)g-o .
(4.14) sup Vo Va0 1-(0) =

: . [SVYl3s-1(0)s
0#£pcHL—> H(ZSHHFS(O)

Since O is a Lipschitz domain, we define the operator 7 : (H'(0)) — H'(O) by
Vf e (H'(0)), Vg e H'(0), (VI f.Vag)o = (f, @(Hl(o))gfp(o) ;
and we have JSV1) = ¢ for all ) € H'(O). Then Lemma 3.2 implies that

(415) [IVlse() = [¥llsassio) = 1T8Velhars-(o) < K(O, )8Vl 1(0)-

Combining (4.14) and (4.15) and using the Poincaré-Friedrichs inequality in O leads
to the inf-sup condition with a~! = K(O,r). This in turn implies the existence of
a function x satisfying (4.12) and the estimate (4.13) with ¢ = a~! (see for instance
Ern and Guermond [6, Lemma A.42]). If in addition g satisfies the condition

<g7 1>H—s—% (F),Hs-%—%(l—\) = 07

the definition (4.12) holds for all ¢ € H'*%(0), i.e.,
(4‘]‘6) V¢ € H1+S(O)? <VX7V¢>H73(O)’HS(O) = <g>z/}>H737%(F)’Hs+%(F) 9
since the left-hand side of (4.12) only involves gradients. O

Let D be an open Lipschitz domain in R?. We denote by Ep : L*(D) — L'(R?)
the zero extension operator, i.e.,

F(x) ifxeD,

(4.17) VF € L' (D), EpF(x) =
0 elsewhere.

We use the same definition for vector-valued functions in L!(D).

Proof of Theorem 4.1. The proof is similar to that of Theorem 2 in Costabel [3].
Given u € Z'~*(12), we build an extension of Vxu in H=*(R?) in order to be able
to construct w € H!7%(£2) such that u — w is curl-free. Then we use results from
Jerison and Kenig (cf. Jerison and Kenig [9]) to obtain some regularity on u — w.
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Consider u € Z'7%(Q). By definition Vxu € H™%(Q) and V-V xu = 0, so that
(Vxu)n is well-defined as an element of H—5~2(T'), owing to (4.6). Note also that
this normal trace satisfies

((Vxu)mn,1 = 0.

>H*S*%(F),H”%(F)

Thus we can apply Lemma 4.1, and there exists x € H!~%(0) such that
VX, Vi (0) 12 (0) = <—(VXU)'H,¢>H_S_%(F) gtk TWE H'*(0).

We now set f = EqVxu+ EpVy. Since s < 3, H¥(Q) = H§(Q) and H*(B) =
H;(B), f can also be seen as an element of H™ ([Rd)7 i.e., the following holds:

(€, U) g (e 1 (Re) = (VXU \IJ|Q>H*S(Q),HS(Q) +(Vx, \D|O>H*S(O)7HS(O) ’

for all U € H*(R?). Moreover, since the restrictions H*(R?) — H*(2) and H*(R¢) —
H?(O) are continuous with norm 1, combining (4.13) and (4.7) leads to

||f||H75([Rd) < HVXUHH*S(Q) + HVXHH*&(O)

< [Vxullu-s(o) +ell(Vxu)nl| .y
S CHVXuHH—s(Q),

Owing to the definition of the trace (Vxu)-n and the definition of x we infer that,
the following hold for all ¢ € C5°(R?):

(£:Vo)u- #(R4),H=(RY) — <qu V¢\Q>H 5(2),H* () <VX’V¢\O>H—5(O),HS(O)’
= (VX0 V00 areey — (VX0 g
= (Vxu, V¢\Q>H—s(9) Hs(Q) (Vxu, v¢|Q>H—s(§z),Hs(Q)
— (VVxu,9) ) o) = 05

implying that V-f = 0. As a result there exists ® € H2~*(R?) such that

—A® = f with V@ = 0 and [|®||gg2-—+(ga) < c[[f|lgg—s(ge
Setting w := Vx®, we infer that

W g+ (ray < cllflle—s(re), Vxw =f, Vw = 0.
This in turn implies that

Vxwio=Vxue H(Q),  Vwj =0, [Wiallea-: () < cllfla-s®a)-

We set now z := u — wq. Using the fact that §2 is simply-connected together with
Vxz = 0, we infer from Girault and Raviart [7, Theorem 2.9] that there exists
v € HY(Q) such that z = Vv. We now split v to be able to apply a regularity result
on a homogeneous Laplace equation with non homogeneous boundary conditions.
Let EqV-u be the zero extension of V-u. Clearly EqV-u € H™*(B) since

and
[EoVulg-ss) < [Vullg-
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since s < 2. Let p € H{(B) be the solution of —Ap = —EqV-u. Then elliptic reg-
ularity implies that p € H2=*(B) (see for instance Jerison and Kenig [10, Theorem
0.5]) and the following estimate holds:

[Vollai-«s) < cllEqVullg-«) < ||[Vul g-s(q)-

Finally, let us define 7 := v — pjo. By definition of w and p, Ar = 0 in H~*(Q),
and we arrive at the following decomposition:

u=(w+ Vp)o+ Vr.

Let us assume that (¢) holds, i.e., uxn € L*(T). Since w|o € H'~%(), we have
wxn € Hz=5(T') ¢ L2(I"). Similarly, pio € H?75(Q) so that Vpxn € Hz () C
L*(T). As a result, we have Vrxnr = (uxn — wxn — Vpxn)r € L*(T), which
together with rip € L*(T') implies rjp € H'(T'). Thus we have

Ar =0in Q, rr € H'(T).
Consequently r € H? () and the following estimate holds since I is connected

IV | < dlrflar < C,”VTXIl”Lz(F).

H? (Q
Hence, because u = (w + Vp) | + V7 with w|g € H!=5(Q), Vpja € H'=5(Q), and
Vr € H2 (), we deduce that u € Hz (Q). Note also that (w-n + Vpn)r € L2(T)
and rp € H'(I'), which implies that unpr = (w-n + Vpn + Vrn)r € L*(T)
thereby proving (i7). The proof of the converse implication is similar, we leave
the details to the reader; in particular, one must use the fact that the scalar field
T :=v — p|q is such that

Ar =0in Q, nVr € L*(D),

which again implies r € H2 (), (see for instance Jerison and Kenig [9] or Costabel
[3, Lemma 1]). In summary, we have proved that (i) and (i) are equivalent, and
that both these assumptions imply u € Hz (€).

Using s < % and gathering all the previous estimates, we end up with:

Iallgt o) <

by < € (Wl + 10l + 97

C( H%m))

¢ (Iwlle-—+@) + IVl ) + [uxnllLz) + [wxnllLz @) + [Voxn||L )
e

c(

[VARVAN

[Wll-: ) + | Vpllai-: (o) + [luxn|lL2r))
I£lls1-2(ra) + [EoV-ul| -« 5) + [[uxn]/pz2(r)

[VARVAN

¢ ([IVxullg-s(o) + [[V-u -+ (o) + luxn|L2(r)) ,

which is the desired result. The inequality involving u-n is obtained similarly. [

Remark 4.1. During the review of this paper it has been brought to our attention
that an alternative proof of Theorem 4.1 can be done by invoking arguments from
Costabel and McIntosh [4]. Using an argument from Costabel and McIntosh [4]
one can show that any u € Z'~*(Q) has a decomposition u = w + Vp, where
w € H'=%(Q), p is harmonic and p € H'=%(Q). The regularity result then reduces
to the case s = 0 since Vp € Z°().
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4.3. Case of non-constant coefficients. Throughout §4 and §5 we assume that
the tensor fields € and p satisfy the following property:
Assumption 4.1. e,y € le’oo(Q) and there exist €min, Mmin > 0 such that

Tet > emné € ae inQ, VEeR?,

ETE > pmin€’ € ae inQ, VEeR

The analysis of the regularity of Maxwell problem (1.6) requires introducing the
following two spaces for 0 < s < %:

(4.18) Y*(Q) :={F € L*(Q) | VxF e H*(Q), V:(uF) =0, pF-n =0},

(4.19) X*(Q):= {F e L*(Q) | VxF e H *(Q), V:(¢F) € H*'(Q), Fxnp =0}.
We define the following semi-norms in X*(2) and Y*(Q):

(4.20) |F|§<s(9) = ||VXFH%—I—S(Q) + ||V'(‘EF)||%15—1(Q)7 |F\Ys(9) = [|[VXF|g-:(q)-
Two embedding results for X* and Y*(2) are established in this section.

Proposition 4.1. Let Assumption 4.1 hold. There exists 7, > 0, only depending on
Q and e, such that, for any s € [0,7), X*(Q) is continuously embedded in H*(L),
and there is ¢ > 0 so that

(4.21) |Fllezs o) < c|F

Xs(Q)> VF € XS(Q)

Proof. Owing to Assumption 4.1, we can apply Theorem 3.1 with v = € and
HY(Q) = H}(Q). Let 7o < § be the parameter defined in Theorem 3.1. Let us
consider F € X*(Q) with s € [0,7.). We define p € HE () such that

(Vp,Vq) = (F,Vq), Vg€ Hy(Q),

and we set w := F — Vp. This definition implies that w € Z*~*(Q) since Vxw =
VXF and V'w = 0. Observing also that wxnr = 0 and applying Theorem 4.1, we

deduce that w € Hz (Q) and ||W||H%(Q) < ¢||Vxw|g-s(0)- In addition, s < § and
Vxw = VxF, imply that
(4.22) [Wlle: () < cl| VXF |- (0)-

Moreover, since w € H*(2), Proposition 2.1 ensures that ew € H*(Q); as a result,
V-(ew) € H*~1(Q) and

(4.23) [V-(ewW) || gra-1(0) < cllew || ga() < [|[Wllmeo) < " |[VXF|la-:q)-
Let us now turn our attention to p. In view of the following equality
(eVp,Vq) = (eF,Vq) — (ew, Vq), q € HY(Q),

and upon introducing the linear form f : H(Q) > ¢ — (e¢F —ew, Vq), ie., f =
—V-(e(F — w)), we infer that p solves:

(€Vp, V) = (f, Dn—1(0), 1) Vg € H'(Q).

The definition of X*(£2) implies that V-(eF) € H*~1(Q2). This, together with (4.23),
implies that || f|lzs-1(0) < ¢|F|xs(). Applying Theorem 3.1, we infer that p €
H'*$(Q) and

(4.24) IVplla: (o) < c|F

Xs (Q) .
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Using (4.22), (4.24), and recalling the definition F = w 4+ Vp, we conclude that
F € H*(Q2) and there exists a constant ¢ that only depends on €, €, and s such
that

(4.25) [Flla: o) < c|Flx:(q)-

This concludes the proof. O

Proposition 4.2. Let Assumption 4.1 hold. There exists 1, only depending on
Q and p such that, for any s € [0,7,) and any t € [0,%), the space Y(Q) is
continuously embedded in H*(2).

Proof. We proceed as in the proof of Proposition 4.1. We consider F € Y!({2) and
we want to decompose F as follows:

F=w+ Vp,

where w is a regular part and p is the solution of an elliptic system with discontin-
uous coefficients. We first focus on the construction of w. We introduce

HO,curl (Q) = {G (S chrl (Q) | Gxn = 0}7

Hdiv:O (Q) = {G S Hdiv (Q) | VG = O}
Owing to (4.10) with s = 0 (see also Costabel [3, Theorem 2]) and the Lax-Milgram

lemma, there exists a unique G € Hg curi () N Hgiv=0 (€2) such that the following
holds:

(4.26) (VxG,Vxf) = (F,Vxf), VE € Ho cun () N Haiv=0 () .
Since the above definition only involves V xf, we infer that the following holds also
(VxG,Vxf) = (F,Vx{), VE € Ho cun (92).

Setting w := VX G, the above equality implies that Vxw = VxF. The equality
Vxw = VxF first holds in the distribution space D’(£2), and then in H~*(2) taking
advantage of the regularity VxF € H7*(Q). We have w € L?(Q2) with V'w = 0 and
Vxw € HH(Q), i.e. w e Z'*(Q). Moreover, the condition Gxnjr = 0 implies

w-nr = 0. Then Theorem 4.1 implies that w € H:z(Q) and

(4.27) ([wl ) S c|[Vxwla-+ (o) = c[|[VXF[a-+ ().

H? (Q
The equality Vxw = VxF yields the existence of p € H*(Q2) such that F = w+Vp,
see e.g. Girault and Raviart [7, Theorem 2.9]. Up to an additive constant, we assume
that p € H'(Q2) and we now derive H*({2) estimates. The definition of p together
with the assumption V-(pF) = 0 implies that

1Vp,Vg) = WF,Vq) — (uw,Vg) = — (ww,Vqg), Vg€ H'(Q).
As a result, we have
WVp, V) = —=(S(pw),q), Vg€ H'().

Proposition 2.1 ensures that pw € H*(Q) for all s < 1

5, and Lemma 3.1 implies
that S(uw) € H5~1(Q), so that

[S@w)llags—1 ) < [pWllas©) < MmaxNspllWlles @) <cllwll ;1 -
HZ (Q)
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We now can apply Theorem 3.1 with #'(Q) = H'(Q) and v = p. Let 7, be the
parameter defined in Theorem 3.1. Then p € H'*%(Q) for all s € [0, 7,,) and there
is a constant ¢ so that

(4.28) VPl @) < clSEW)llr1(@) < ¢Iwlgs g

Recalling that and F = w 4+ Vp, we finally conclude that F € HS, and owing to
(4.27) and (4.28) we obtain the following estimate:

(4.29) 1|22 () < cf|w] S ANVxF|a-t0) = ¢ [Fly: (g -

H2(Q) —
This concludes the proof. O
Remark 4.1. The counterpart of Proposition 4.1 and Proposition 4.2 when € are
u are constant or smooth tensor fields is that X*(Q2) and Y*({2) are continuously

embedded in H? (Q). There is loss of regularity when the fields e are y are discon-
tinuous. See also Costabel et al. [5].

5. APPLICATION TO MAXWELL PROBLEM

We turn our attention in this section to the Maxwell problems mentioned in the
introduction. Using Theorem 3.1, we establish a priori estimates for the following
problem: Given g and b, find (E,p) so that

(5.1)  Vx(p 'VxE)+eVp=g, V(eE)=0b, Exnlp=0, plpr=0.

5.1. Notation and preliminaries. If b is nonzero, we define p € Hg(£2) so that
(5.2) (eVp,Vr) = (b,r),  Vre Hi(Q),

and we set E := E + V. Then the vector field E solves the Maxwell system (5.1)
with b = 0. Note in particular that Vp € H*(Q) if b € H*71(Q), s € [0,7.) (see
Theorem 3.1). We now consider that b = 0 in the rest of the paper.

Let us consider the following space:

(5.3) v () = {F € X*() | V:(eF) = 0},

equipped with the canonical norm ||FHX3 HF||L2 @t |VXF||3- () We
anticipate (see proof of Theorem 5.1) that Problem (5.1) can be reformulated as
follows: Find E € X9,,_,(Q) and p € H{ () such that the following hold:

(5.4) (L'VXE,VxF) = (g, F),  VF € X%, _o(Q).

(5.5) (eVp,Vr) = (Vg,r), Vr € H3(Q).

Let us denote A : L%(Q) 2 g — E € XY,,_,(Q) the solution map for the model

problem Problem (5.4). We deduce an existence result as an immediate consequence
of Proposition 4.1, i.e., the linear operator A is well defined.

Proposition 5.1. Let the Assumption (4.1) hold. Problem (5.4) has a unique
solution E := Ag in XY, _(Q) for any g € L*(Q) and there is a constant c,
independent of g, so that

(5.6) lAglxo) < cllgllLz(o)-
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Proof. This is a direct application of the Lax-Milgram lemma. Indeed, for any
F € X9,,_,(Q), Proposition 4.1 implies that

2
IF(%o) = IFlZ20) + IVXF[[72(0) < ¢|Flxo(q) + [V XF|f:.
After observing that [F|xoq) = ||[VxF||rz, since F € XY;,_o(€), we conclude that
IFl%o() < cIVXFIlE: < chimax (0! VXF, VXF),

and the bilinear form (u™!VxF,VxG) is coercive in X3, ,_(€2). The rest of the
proof is standard. O

5.2. Regularity of the Maxwell problem. We now establish regularity esti-
mates for the solution of the Maxwell problem (5.4).

Theorem 5.1. Let the regularity Assumption 4.1 hold. There exist 7, T,,, depend-
ing only on Q, €, and p so that,

(5.7) g € L?(Q) — Ag € H*(Q) is continuous for all s € [0, 7;),

(5.8) g € L*(Q) — VxAg € H*(Q) is continuous for all s € [0,7,).

Proof. By applying Proposition 4.1 and Proposition 5.1, we infer that
1Aglla: () < c|Aglx:(q) < clVxAgllz @) < ¢llgllLz(),

which proves (5.7).
We now prove (5.8). We first establish that there exists p € H(Q) so that
Vx (u~!'VxAg) =g —¢eVp. Let F € C(Q) and let ¢ € H () be so that

(eVgq,Vr) = (eF, Vr), Vr € H&(Q),

and set w := F — Vq. The definition of ¢ implies that wxn|r = 0, V-(ew) = 0,
and Vxw = VxF € L?(Q). As a result, w is a member of X°(Q). This in turn
implies that

(b 'VxAg, VxF) = (p'VxAg, Vxw) = (g,w) = (g,F — Vq).

Now let us define p € Hj(£2) so that
(eVp, Vr) = (g, Vr), Vr € Hy(Q).
Then,
([;FleAg,VxF) = (g,F) — (eVp,Vq) = (g,F) — (eF, Vp).
Since F is an arbitrary member of C5°(2), the above equality implies that
Vx (b~ 'VxAg) +eVp =g, in (D(Q))".
The equality actually holds in L2(€2) since g € L2(2) and p € H}(Q), and
IVx (b 'V xAg) [l < llgllLz@) + Emaxl| VPlL2@) < (14 emaxeiiy ) 18llL2 )

In conclusion p~!Vx Ag is a member of Heyp ().

Now let us observe that since VxAg is a member of Hy;y (2), the condition
V- (VxAg) = 0 together with the boundary condition Agxn|r = 0 implies that
(VxAg)-n|r = 0. Moreover it is clear that V-(u(p~'VxAg)) = 0. In conclusion,
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B~ 1V xAg is a member of Y°(Q). Using Proposition 4.2 with ¢t = 0, we infer that
there is 7, > 0 so that the following holds for all s € [0,7,,):

™'V x Agllas (o) < cllp™ 'V xAgllyoq)
=c (|||]~171v><Ag”L2(Q) + [V (' VxAg)|12(0)

< C/”g”L?(Q)-
We conclude by using the fact that &, is a continuous mapping from H*(Q) to
H*(Q) for all s < 7, < 1. O
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