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Minimal hypersurfaces asymptotic to Simons cones

Laurent Mazet *

Abstract

In this paper, we prove that, up to similarity, there are only two
minimal hypersurfaces in R"*2 that are asymptotic to a Simons cone,
i.e. the minimal cone over the minimal hypersurface \/ZSP x y/ "=ES"~P
of Snt1

1 Introduction

One important property of minimal hypersurfaces is the monotonicity for-
mula. If ¥ is a proper minimal hypersurface in R"*2, it says that the
quantity

1
O(p,r) = mwﬂ(z N B(p,r))

is a non decreasing function of r (here w41 is the volume of the unit ball
of dimension n + 1 and B(p,r) denote the ball of R"*2 centered at p and
radius 7).

Hence we can define the density at infinity of ¥ as 5 (2) = lime, 0(p, ).
The monotonicity implies that 0. (3) > 1 and 0,,(X) = 1 iff ¥ is a hyper-
plane. One interesting question is to understand the gap between this value
1 and the density at infinity of 3 for ¥ not a hyperplane.

When 0, (X) is finite, the asymptotic behaviour of ¥ is given by a min-
imal cone which is the limit of a blow-down sequence (t;%);en with ¢; \, 0
(here the limit is in the varifold sense). This cone has density 0 (2) so the
study of minimal cones is important to understand what are the possible
densities at infinity.

In dimension 3 (n = 1), it is known that 6, (X) > 2 and it is conjectured
that this value 2 is only realized by catenoids and singly periodic Scherk
surfaces (see [7] for a partial answer by Meeks and Wolf). In dimension 4
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(n = 2), the proof of the Willmore conjecture by Marques and Neves [6]
implies that 6. (X) > 7/2 if ¥ is non planar and this value corresponds to
the cone over a Clifford torus. In higher dimension, good candidates for the
lowest value of the density at infinity are the one of the cone over product
of spheres. More precisely the submanifold

Sn,p = \/ESP X4/ L;pgn—p

is a minimal hypersurface of S"*! (notice that Sy is a Clifford torus). The
cone (), over S, is a good candidate for the lowest density at infinity;
such a cone (and its image by linear isometry) is called a Simons cone. More
precisely, if n is even it is conjectured that the density of C,, /o is a lower
bound for the density at infinity of a non planar minimal hypersurface of
R"*2 and, if n is odd, the lower bound is given by Cn,(n—1)/2- The best
known result about that question is given by Ilmanen and White in [5]; they
obtain lower bounds for the density of some area-minimizing cones under
topological assumptions.

The aim of this paper is to understand the minimal hypersurfaces whose
asymptotic behaviour is given by C,, ,. This cone is invariant by the sub-
group Op+1(R) X Op—pt1(R) of Opi2(R). Actually we are going to prove
that a minimal hypersurface asymptotic to (), is also invariant by this
subgroup. This implies that, up to homotheties and translations, there are
only two such hypersurfaces. So our main result can be stated as follows.

Theorem 1. For any n > 2 and 1 < p < n — 1 there are two minimal
hypersurfaces Ypp+ C R such the following is true. If ¥ is a minimal
hypersurface of R""2 asymptotic to a Simons cone, then ¥ = f(S,p 1) for
some p € {1,...,n — 1}, sign £ and a similarity f. Moreover ¥o,, ; =
Yop.p,—-

After writing the paper, the author has discovered that the same question
was studied by Simon and Solomon in [10]. They got the same result but
with the restriction that the cone C,, ) is area minimizing that is n > 6 and,
if n==6,p¢ {1,5}. So Theorem 1 generalizes their result to any value of n
and p.

In dimension 4 (n = 2), the proof of the Willmore conjecture by Marques
and Neves [6] gives the following corollary which identifies the non planar
minimal hypersurfaces with the lowest density at infinity.

Corollary 2. Let ¥ be a minimal hypersurface of R* with (%) = 5 then
Y= f(X21,4) for a similarity f.



The proof of the main theorem starts with a result of Allard and Almgren
[3], which implies that a minimal hypersurface ¥ asymptotic to C,, , can be
described as a normal graph over C,, ;, and the function defining the graph
has a certain asymptotic. The first part of the proof consists in improving
this asymptotic to get a very good description of the behaviour of X outside a
compact subset. A similar work appears in the paper of Simon and Solomon
[10] but we add some extra arguments to deal with low values of n.

Using this description, we are then able to apply the Alexandrov reflec-
tion technique [2] to X to prove that it possesses a lot of symmetries and
then is invariant by Op41(R) X Op—pr1(R). Here we apply this technique
to non compact hypersurfaces; this is why we need to know the asymptotic
behaviour of ¥ (see [8] for a similar situation). This argument is different
from the one of Simon and Solomon. The last step of the proof consists in
classifying the minimal hypersurfaces invariant by such a group of isome-
tries.

The paper is divided as follow. In Section 2, we recall some definitions
and study the Simons cones C,,. We mainly study the minimal surface
equation satisfied by normal graphs over C, ,. We are interested on the
asymptotic behaviour of solutions of this equation. In Section 3, we prove
that a minimal hypersurface asymptotic to Cy, p is Opt1(R) X Op—pt1(R)
invariant. This is the main step of the proof of Theorem 1; we also give the
proof of Corollary 2. In Section 4, we classify all minimal hypersurfaces that
are invariant by Op41(R) x Op—p+1(R). The paper ends with two appendices
where we give two results used in Sections 2 and 3.

The author would like to thank Fernando Marques for discussions which
are at the origin of this work.

2 Preliminar results

2.1 Density at infinity and asymptotic behaviour of minimal
hypersurfaces

Let ¥ be a proper minimal hypersurface in R**2. The monotonicity formula

tells that the quantity.

1
0(p,r) = mv‘ﬂ(z N B(p,r))

is increasing in r; here wy 11 is the volume of the unit ball of dimension n+1
and B(p,r) denote the ball of R**?2 centered at p and radius r.



Hence we can define the density at infinity of ¥ as 0 (2) = lime, 0(p, 7).
This definition does not depend on the point p. Choosing p € ¥, we get
00 () > limy d(p,r) = 1 and the equality case in the monotonicity formula
says that 0. (X) = 1 if and only if ¥ is planar.

Assume now that 6 (X) is finite. Then if (¢;);en is a decreasing sequence
converging to 0, there is a subsequence such that the blow-down sequence
(t;3) converges to C' in the varifold sense where C' is a cone over a stationary
varifold of S**1. This cone C is called a limit cone of X, we also say that ¥
is asymptotic to C. A priori, the cone C' depends on the chosen sequence
(t;) and is not smooth outside the origin. As an example, if ¥ is a catenoid,
0 (X) =2 and C is a plane with multiplicity 2. Notice that in dimension 3
(n = 1), except the plane, no minimal cone is smooth outside the origin.

In R* (n = 2), if 6(X) < 2; the proof of Theorem A.1 in [6] given by
Marques and Neves implies that a limit cone C' is smooth outside the origin.
So C is a cone over a smooth minimal surface S of S3. If (%) > 1, S is
not an equator of S and has non zero genus. So Theorem B in [6] implies
that the area of S is at least 272 and is 272 if and only if S is a Clifford
torus. Thus 0 (X) > § and 05 (X) = § iff a limit cone C' is a cone over a
Clifford torus (in that case C' does not depend on the blow-down sequence
by a result of Allard and Almgren [3]).

2.2 The Simons cones

The aim of this paper is to identify a minimal hypersurface in terms of its
limit cone. Actually we are interested to particular minimal cones.
Forn>2and 1 < p <n—1, let us write R**? = RPT1 x R?»~P+! and

consider the submanifold S, , = \/gSp X 4/ ES"7P which is a minimal

hypersurface of S**1. Let C,,,, be the minimal cone over the minimal hy-

persurfaces S, ,. The surface Sy 1 is the Clifford torus of S? and Copp is the

classical Simons cone [11]. So in the following, we call C,, , a Simons cone.

Actually, any image of Cj, ;, by a linear isometry is also called a Simons cone.
Crp can be parametrized by

X :RxSPxSVP 5 RV (t,z,y) — et(\/gx, i _py).
n’\V n

Using this coordinate system, the metric on Cy, ;, is € (dt* + Edst + "L ds3)
where ds? and ds3 are respectively the round metrics on SP and S*P. The




unit normal vector to Cy,, is given by

NGz = ()" Lo 2

Let (e;) and (fo) be respectively orthonormal bases of T, SP and T,S"P.
Then an orthonormal basis of T'x (s 4,)Cnp is given by

p [n—Dp
((\/;,II, Ty)7(€170)7'” J(ep70)7(07f1)7”' 7(07fn—p))
In this basis, the shape operator S of C, , is diagonal with
S 617 - el’ 0
((ei,0)) V . P(ei.0)

S((0, £a)) = b (0,

n —

2.3 The minimal surface equation

In the following of the paper, we study minimal hypersurfaces of R"*2 that
can be described as normal graphs over a cone Cy, ,. More precisely, such a
surface is the image of the following parametrization:

Y:@xw%%éOVE%vﬁgpw+g@wwﬂ¢%;p%VEM

where ¢ is a smooth function defined on a domain of R x SP x S"7P,
Using computations of the preceding section, this hypersurface is mini-
mal if g satisfies to the following partial differential equation:

0=o, L9 div Vi

( ) +,/ rg) 1((1+,/",,7pg>w)
n n diva(— V9 )
(n—p)1—\[75e) Q- \[Eaw (1)

nn2p

ng + (g4 g:)(n — 9
+

TEOE=—y

!



where V!, V2, divy, divy are respectively the gradient and the divergence
operator for the round metric with respect to the x € SP and y € S*"P
variables and W is given by the following expression:
n vl 2 n v2 2 1
W:(1+(g+gt)2+§ Vg o | gL 2)2
n—p \2 — _ |
(1+ TQ) (1 n—p9 )

The expression of Equation (1) is long but we notice that it is an elliptic
second order equation and moreover it is uniformly elliptic if Vg is uniformly
bounded.

Besides, for most of our arguments, we only need a simplified version of
Equation (1). Indeed the function g will be close to 0, so we will use the
following form:

n n
0=gu+ EAlg + ﬂAzg + (n+ 1)gs + 2ng + Q(g) (2)

where A1 and Ay are respectively the Laplace operator with respect to x
and y variables and Q(g) gathers all the nonlinear terms of Equation (1).

2.4 The kernel of the linearized operator

The linearized operator of the minimal surface equation (2) is
n n
Lu=uy + —Aru+ ——Aqu+ (n+ 1ug + 2nu
p n—p

Our analysis of solutions of (1) is based on the asymptotic behaviour of
elements in the kernel of L. Such an element in the kernel can be decomposed
as the sum of terms of the form v(¢)®(z)¥(y) where ® and ¥ are respectively
eigenfunctions of the Laplace operator on SP and S"7P. The eigenvalues of
A on S™ are —k(k+m —1) (k> 0). So (¢t,z,y) — v(t)®(x)¥(y) is in the

kernel if v satisfies the following ode for some k and [:
0= vy + (n+ L)vp + (2n — %k:(k:—i—p—l) = HLWZ(H(n—p)—mU
The asymptotic behaviour of v is given by the roots of
o:x2+(n+m+2n—%k(k+p—1)—nL_]01(z+(n—p)—1)

In the following, these roots are denoted by Ap;+. Actually, we are only
interested in roots whose real part is between —2 and 0.



If k +1 = 0, the equation is 0 = A\? + (n + 1)\ + 2n whose discriminant
(n + 1)% — 8n is negative if n < 6 and positive if n > 6. So the roots are
— l — 2
)\0,0,:I: _ (n+1)%iy/8n—(n+1) fn<6

2
f(n+1)iw/2(n+1)278n ifn>6

A00+ =

If n > 6, a computation gives A\go,— < A0+ < —2. So the real part of \g o+
is between —2 and 0 only for n = 2, 3.
If k4+1=1, the equation is 0 = A2 + (n + DA +n = (A +1)(A +n). So
Aki+ = —1 and Ap;— = —n which lies in [-2,0) if n = 2.
Ifk+12>22n—2k(k+p—1) I(l+(n—p)—1)<0,50 Ay >0
and A\p; - < —(n+1) < -3.

__n
n—p

2.5 Asymptotic behaviour of a minimal graph

In this section, we study the asymptotic behaviour of a minimal normal
graph over a cone (), ;. Actually, we prove an improvement result for the
asymptotic behaviour of solutions of (1).

First we recall a classical definition of weighted norm for functions on
R4 x SP x S"7P. If u is a continuous function on Ry x SP x S P and § is a
real number, we define its weighted norm

lulls = sup{e”[u(t, z,y)|, (t,2,y) € Ry x SP x S* 77}

when this quantity is finite. When |julls < 400, we will also write u =
O(e™%).

We then have the following result that describes the asymptotic be-
haviour of a solution of (1) with ||u||s finite for § > 0.

Proposition 3. Let u be a solution of (1) on Ry x SP x S"P such that Vu
is uniformly bounded and ||u|ls < +o00 with 6 > 0 and —25 # A\ + for all
k,l > 0. Then u can be written u = v + r where ||v||s < +oo satisfies to
L(v) =0 and ||r]l2s < +o0.

Proof. The proof is based on the spectral decomposition of functions on
SP x S*7P.

First, since Vu is uniformly bounded, Equation (1) is uniformly elliptic,
so classical elliptic estimates give upper bounds on the derivatives of u: more
precisely, for any m > 0, there is a constant C,,, such that for any s > 1

V™ ul|cofs,s+1)xspxsn—r) < Cmllullco((s—1,s+2]xsP xs7-P)



This implies that for any m, ||[V™ulls < +oc. Since the term Q(u) in (2)
gathers all the nonlinear terms in u we have ||Q(u)||2s < co and [|[V™Q(u)||2s <
00.

In the preceding section, we have describe the spectrum of the Laplace
operator on the sphere. So let us denote A\, = k(k+p — 1) and &5, an
orthonormal basis of the eigenspace of A; associated to —A; on SP. We also
denote py = I(l+n—p—1) and ¥; 3 an orthonormal basis of the eigenspace
of Ay associated to —y; on S*™P. The multplicity of the —\; and —p; are
respectively bounded by c¢(k? 4+ 1) and ¢(k" P + 1). Moreover, we have the
following estimates for the L>° norm of the eigenfunctions (see [12]):

(n—p)—1

p—1
H(I)k,CMHoo < C)\k4 and ||\Ill,ﬁHoo < cy 4

Now let us define
Bia® = [ ultsn,)@a(e)Wia0)dody
SPx§n—p
fra,8(t) = —/ Q(u)(t, z,y)Pra(z)¥; 5(y)drdy.
SPxSn—P

9k la,8 a0d f 1 o p are smooth functions on Ry and, from (2), they satisfy

Grtops — Metd + Mt )kt T Akt X Akt =)k 10,8 = frla8

Using A1® o = —ApPp o, A2V 3 = —1y¥; g and integration by parts,
we get the following estimates for a,b € N:

supy_, [V *u(t, 2, y)|
(1+ Ap)*(1 + py)b
SUPy—¢ ’v2a+2bQ(u) (tv z, y)|

|9k,1,0,8(5)| < ¢

| fra(s)] < c (L) (1+ )P
Thus we get
|| V72a+2by |5
lorsaslle < cam Ryams mp

V22 Q(w) |25
L4 Ae)*(1+ )’

| frpa,8ll2s < c(

From Lemma 10 in Appendix A, we can write

tA tA
Ik 1,0,5() = k10,8600 + b a,p€ T + T 0,(8)



(R Y o PV )
[Ni,t,+— o1, —|
is uniformly bounded and |26 — (A, +)| is uniformly bounded below far

from 0. Thus there is a uniform constant ¢ such that

with some estimates on the different terms. First we notice that

) < cUlgriaslls + 19%1a8lls + | feiasll2s)
V20 20y |5 4 || V220 Ly || 5 4 || V20200 (u)] 95
(14 Ap)o(1 + p)?

max(|ag 10,8/ |0k,1,0,8

<c

and

7k,0,0,8l126 < cll frt,0,8]l26
. [V2F25Q (u) |26
T (T4 M) (1 4 )b

Besides if R( g1 +) > =6, t — et?ri: does not have a finite d-norm so ar.1,8,a
or by .8 vanishes. When R(\;; ) < =20, t — e*e.1+ has a finite 25-norm
equal to 1.

Finally we have the following writing

U= > (@ 1,0, + by a,p™ 007 ) By o (2) W 5(y)
~20<R Ak, 4)<—0

Y (@pape™ i+ by g ) By o (2) T 5(y)
%(Ak,l,i)<_26

+ D e ) Phal@)Vis(y)

First we notice that the first sum is finite and is an element of the kernel of L,
this is the expected function v. Let us see that the two other sums converge
and have finite 26-norms. Let A(t,z,y) be the second sum. In the following
computation, we use the expressions of A; and gy, their multiplicities and
the L> estimates on ®j , and ¥; g.

p—1 (n—p)—1
1Alls <€ > (akgasl + BriashA™ 1y
%‘:(Ak,l,i)<726
-0 Z Hv2a+2b'a”5+ Hv2a+2b+1uH6+ Hv2a+2bQ(u)”26)\pr1 (nfi))fl
B (14 Ae)* (L + pu) ko

k7l7a7/3
3(n—p)

1+ kD)1 +127)

< C(\|V2a+2buH5 + Hv2a+2b+lu”5 + HVZaJrQbQ(U)HQ(;) Z (

— (L+ k) (1 +12)°

< +00



if @ and b are chosen such that 2a — 37*” > 2 and 2b — w > 2. The study

of the last sum works the same. O

Remark. From the proof, the function v in the kernel of L can be actually
written as a finite sum of terms of the form eM®(2)¥(y) with —26 < R(\) <
—4.

A second remark is that the function r is a solution of L(r)+Q(v+r) =0
with ||Q(v,7)||2s < 4+00. So elliptic estimates give that | V"r|lss < +o0.

3 Symmetries of minimal hypersurfaces asymp-
totic to Simons cones

Let ¥ be a minimal hypersurface of R"*2 which has a Simons cone as limit
cone. If f is a similarity (composition of an isometry and a homothety) of
R™+2 £(X) is also a minimal hypersurface asymptotic to a Simons cone. The
following result says that up to similarities, there are two such hypersurfaces
(at n and p fixed) and even one when n = 2p.

Theorem 1. For any n > 2 and 1 < p < n — 1, there are two mini-
mal hypersurfaces X, ,+ in R"™2 such that the following is true. If ¥ is
a minimal hypersurface of R"*2 with a Simons cone as limit cone, then
Y = f(E,p+) for some p € {1,...,n — 1}, sign + and a similarity f.
Moreover Yop,, — = Yopp 4.

Actually, Cy,, = f(Cpn—p) for a certain isometry f of R"*2 50 Topt =
Zn,n_l’ﬂ:'

In the case n = 2, we have a corollary of this which comes from the proof
of the Willmore conjecture by Marques and Neves [6].

Corollary 2. Let ¥ be a minimal hypersurface of R* whose density at in-
finity is 0o (X) = 5. Then ¥ = f(¥2,1,+) for a similarity f.

Proof. As explained in Section 2.1, 6(X) = § implies that ¥ is asymptotic
to the cone over a Clifford torus so Theorem 1 applies. O

In order to prove Theorem 1 we first notice that, using an isometry, we
can assume that the limit cone in C,, . The cone (), , is invariant by the
subgroup Oy, = Opt1(R) X Op—pr1(R) of Opy2(R). The following result is
the main step of the proof of Theorem 1. It says that a minimal hypersurface
with C), , as limit cone is also invariant by the subgroup Oy, .

10



Theorem 4. Let X be a minimal hypersurface of R""2 which has Cp, as
limit cone. Then there is xo € R"2 such that the translated hypersurface
Y — zg is invariant by Opi1(R) x Op—pr1(R).

The rest of this section is devoted to the proof of this result.

3.1 Asymptotic behaviour of ¥

In this section we study the asymptotic behaviour of a minimal surface with
Chpp as limit cone.

Proposition 5. Let ¥ be a minimal hypersurface of R" 2 with Chp as limit
cone. Then there is xg € R"2 such that, outside a compact set, the translate
Y —xq can be described as the normal graph of a function g over a subdomain
of Cy p. Moreover the function g can be written g(t,z,y) = u(t) + f(t, z,y)
where u is in the kernel of L and || f||s < +o0 for some § > 2.

Proof. First, we use a result of Allard and Almgren [3] and Simon [9] which
implies that outside a compact set, the hypersurface ¥ can be described as
the normal graph of a function g over (), ;, and the function g is defined on
[t,+00) X SP x S"7P and satisfies ||g||c < +o0 for some € > 0. The result of
Allard and Almgren applies since all Jacobi functions on S, , comes from
Killing vectorfields of S"*! (see Section 6 in [3]). Decreasing slightly ¢ if
necessary, we can assume that —2e # A\p;+ and apply Proposition 3. So
g = v+ r with v in the kernel of L with decay between —e¢ and —2¢ and
I7|l2e < 4o00. If there is no element in the kernel of L with decay between
—e and —2¢, we get ||g|l2e < oo; in that case we have then improved the
decay of g. So we can iterate this argument until we get a first non vanishing
element in the kernel.

The first decay of elements in the kernel is given by A1 g+ = Ag,1,4+ = —1.
Besides, the eigenfunctions ®; , and ¥, g are the coordinates functions so g
can be written

g(tv €, y) = €_t(a1$1 + Ap+1Tp+1 + blyl +---+ bn—p+1yn—p+1) + T(tv €, y)
with ||7||1+e < +oo for some € > 0. This can also be written
gtz y) = e~ (Xo, N(t, 2, y)) +r(t,2,y)

The first term can be interpreted as a translation. More precisely, in the
parametrization Y, a term (Xo, V)N appears. So the translated hypersur-
face ¥ — X can be expressed as the normal graph of a function w over C,,
with the following estimates ||wl/1+- < 400 for some € > 0.

11



From now on, we study the asymptotic behaviour of ¥ — Xy as a normal
graph over C,,,. We still call ¥ this translated hypersurface.

If we apply Proposition 3, we get the following writing w = v+ with v in
the kernel of L with a decay between —1 —¢ and —2—2¢ and ||r||242: < +00.
If n > 3, all A+ are outside the segment [-2 — 2, —1 — ¢] for e close
enough to 0, so v is vanishing and the proposition is proved. If n = 3,
Ao+ = —2 & iv/2 is the only possibilities. This value comes from the
constant functions on SP and S"~P so v only depends on ¢, so the proposition
is proved.

When n = 2, we have two possibilities, A0+ = —% + zg coming from
constant functions on S and S"7P and Aio—- = Ag1,— = —2 from the
coordinate functions. So w can be written

Tt
w(t,m,y) = ae_% COS(\g + (100) + 6_2t(X1, N(ta x,y)) + T(t7$7y)‘

Let us prove that actually X; is vanishing. To prove this, we use a flux
argument. Let us recall that if Q is a subset of ¥ with smooth boundary
and v denote the normal to 0f) tangent to X, then the flux of v across 052
vanishes; more precisely:
v=20
o0

We apply this result to the bounded subset €2, of ¥ whose boundary is the
hypersurface {t = to}. Using the above expression of w in Appendix B, we
estimate this flux (see Equation (7)) and we get

1
o:/ y:—/ 2 (X1, N)N 4 O(e™2).
004, Sixst 2

Taking the limit ¢ — +oo and taking the scalar product with X;, we get
that (X1, N) =0 for all (z,y) € S' xS! : so X7 = 0. This finishes the proof
of the proposition. O

We recall that the derivatives of f also have finite §-norms.

3.2 Alexandrov reflection

Let ¥ be a minimal hypersurface in R"™? with C,,, as limit cone. We
translate ¥ such that the asymptotic behaviour of Proposition 5 is true
(the translated hypersurface is still named ¥). In this section, we use this
asymptotic behaviour to prove that ¥ is invariant by Op41(R) x Op—py1(R)
and then prove Theorem 4.

12



Let us denote the coordinates of R"™ by (@1, , Tp41, Y1, s Yn—p+1)-
Actually, we are going to prove that ¥ is symmetric with respect to {x; = 0}.
If f € Opr1(R), f(X) satisfies the same hypotheses as ¥ so f(X) will be
symmetric with respect to {x; = 0} and then ¥ will be symmetric with
respect to f~1({z1 = 0}). All these symmetries imply that ¥ is Opy1(R)-
invariant. For the O,,_,11(R)-invariance, the proof is similar by exchanging
p by n —p.

Outside a compact, the hypersurface ¥ is the normal graph a function
g that can be written as in Proposition 5 g(t,z,y) = f(t) + O(e™%) with

. . . . t
0 > 2. The first coordinate of the point Y (¢,z,y) is given by e (\/g +

g(t,z,y)1/ L)x1. In the following we are interested to the following subset
of 3

e = Y{{(1,,0) € RxxE7 1> to, (Lol .00y " D)o > )

So a point of ¥ is in ¥ 4 if it is sufficiently far from the origin and its first
coordinate is larger than a.

We denote by 7 the projection map of RP*! on {z; = 0}. We have a
first lemma that describes ¥ .

Lemma 6. There are ty and ¢ > 0 such that for any a > 0 the map (m, id) :
R"2 — {21 = 0} x R"PT s injective on 3y, o where

to = max(tg,In E)
a

Proof. tg is assumed to be sufficiently large so that e%° is small enough and
all the computations below are right. We denote z = (x1,7(z)). If the map
is not injective, we have (¢,z,y) and (¢',2',vy") (t' > t) such that

2o = (e [ @)

with g = g(t,z,y) and ¢' = g(t', 2", y/).
From (4), y =y and e'(y/™L — g\/%) = ef'({/=F — g’\/g). So if
h=el(y/=L - f(t)\/g) and I = e (/"2 — f(t')(/B), we get B — h =

O(et=or )(It '+ |z = 2])

13



So el (t' —t) < O(eM=9(|t — | 4 |# — 2’|). Then
it —t| < ce™® |z — 2|

Thus

te [P TPy _ ot [P n—p (1=8)N(,. _ 7
L+ D) = ([ gy )+ 0l

Using this in (3), we get

et\/g]ﬂ(a: — )| = 0> M)z — 2|

On the hemisphere SP N {z; > 0}, we have |7(z — 2')| > cmin(z1,2))|z —

p

#'| for some constant ¢ > 0. This implies e'y/2

O(e"=9) |z — 2'|. Thus

min(zy, 2}z — 2| =
alr — 2’| < ez — 2|
Since § > 2 it implies x = 2’ and then t = ¢’ if

lnE

t>mS > 2

&

- a 6-—1
O

This lemma implies that large part of ¥ can be described as graph in
the x1 direction. For a > 0, we denote by S, the symmetry with respect to
xr1 = Q.

Lemma 7. There are constants tg, b and ¢ such that for any a > 0 the
image of Xy, o by S, does not intersect ¥ where

to = max(tp,bln E)
a

Proof. As above, tg is chosen such that e~ is sufficiently small. We have

2a — et(\/%—l- gy\/ SB)
Sa(Y(tx.y) = | e(y/2 +gy/"P)m(a)
et(\/”TTp—g\/%)y

14



So [Sa(Y((t,z,y))| > €l( g\/>) > cel. Thus S,((Y(t,z,y)) is outside
a large ball if ¢ > t( is large. So we can care only about the part of 3 which
is parametrized by the normal graph and with large t: if S, (Y (¢,2,y)) is
inside X, this point can be written Y (¢, 2/, y’) with ¢’ large.

If a < e%ﬂ%—gﬂ%)azl < 3a/2, it is clear that S, (Y (t,z,y)) is not

in ¥ because of Lemma 6 applied with ¢’ = a/2.
Now we assume that et(\/%—k g/ 52)x1 > 3a/2 and we have

Sa(Y(t,2,) =Y (t',2",y/) (5)

For (z,y) € RPT! x R P et Q(x,y) = (n — p)|z|*> — ply/>. We have
Q(Sa(Y (L, z,y))) = QY (¢,2",y')) thus

th/(2g'm+g’2(n—2p) =(n —p)da(a \/>+g\/ _px1

+62t2g\/ (n— p+g (n—2p))

Using et(\/g—i- gy/ =2)x1 > 3a/2, this gives

"(2¢'\/p(n — p)+¢" (n—2p))—€*(29\/p(n — p)+¢*(n—2p)) < —(n—p)2a*
From (5), we also have

(6)
et(W - 9\/5)1/ = et/(\/n? ’\/g)y’

As in the Lemma 6, this gives [t/ — t| < ce™®. Using this in (6), we finally
get

)

e > (n — p)2a’
Lemma 7 is then proved since ¢ > 2. O

Now we can apply the Alexandrov reflection procedure to prove the
following result.

Lemma 8. The surface ¥ is symmetric with respect to {x1 = 0}.

Proof. First we denote by ¥, = X N {x; > a}. Let also ¢, be given by
Lemma 7. If @ > 0 is large, >, is a subset of the part of ¥ which is a normal
graph. Besides |Y (¢, z,y)| > a so t is large on ¥, if a is large. This implies

15



that for a sufficiently large ¥, = ¥, 4. So from Lemma 7, S,(X,) N X = ()
for a large.

For any a > 0, ¥, \ X, 4 is a bounded subset, so if there is some a’ > 0
such that Sy/(3,) NY # 0, there is a first contact point between S, (3,)
and X: there is ap > 0 and pg € ¥ N (Sg, (Xa,) U 0%4,) such that Sy, (34,)
lies on one side of ¥ near pg. So applying the maximum principle at pg, we
get Sg,(Xa,) € X which is not possible by Lemma 7.

This implies that ¥y is a graph in the z; direction and ¥ N {z; < 0}
lies on one side of Sp(Xp) in {z; < 0}. We notice that Sy(X) has the same
asymptotic behaviour as . Thus, applying the same argument to Sy(2),
we get that ¥ N {x; < 0} is also a graph in the z; direction. Now because
of the asymptotic behaviour of ¥ the first coordinate of the normal to X
changes its sign. So ¥ is normal to {z1; = 0} and the maximum principle
implies that Sp(X) = . O

4 Minimal hypersurfaces invariant by O,.;(R) x
On—p+1(R)

In order to finish the proof of Theorem 1, we need to understand all the
minimal hypersurfaces that are invariant by Opy1(R) X Op—pi1(R). This
study has been partially done by Bombieri, de Giorgi and Giusti in [4] in the
case n = 2p > 6. It has been completed by Alencar, Barros, Palmas, Reyes
and Santos [1]; here for sake of completeness, we write the part of the study
which is necessary for our result. We want to prove that up to homotheties
there is two minimal hypersurfaces invariant by Op41(R) X Op—pt1(R) with
Chp as limit cone.

So we are looking for a pair of functions a, b defined on an interval I
such that the hypersurface parametrized by

X I xSPxS"P — R"™2: (t, z,y) — (a(t)z, b(t)y)

is minimal.
The hypersurface is minimal if a and b satisfy to a certain ordinary
differential equation:

!/

N/ VA N/ 2 /2 _and li
0=2a"b —b"d" + (a —i—b)((n p)b pa)

Since being minimal is invariant by homotheties, (Aa, \b) is a solution if (a, b)
is a solution. In other to use this property we introduce new parameters by
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these expressions:
(a,b) = e’(cos B, sin )
(a’,b) = e"(cos p, sin p)
The above ode is then equivalent to

/

Pl =e""Pcos(f — p)

0 = —e""Psin(f — @)
1 — r—p(n=2p) cos(0—p)+n cos(0+y)
Y = sin 26

So, changing the time parameter, we get the following system

/

Pl =sin26cos(f — p)
0" = —sin20sin(f — )
¢ = (n—2p)cos(d — ) +ncos(d+ ¢)

So we are let to understand the flow lines of
(6,0) = Y(0,9) = (—sin20sin(8 — ), (n — 2p) cos(8 — ) + ncos(8 + )

We denote by Y; and Ys the two components of the vectorfield. First we
remark that Yi(kmw/2,p) = 0 so the subsets {kn/2 < 6 < (k + 1)7/2} are
stable. Moreover, we have Y (0 + m,¢) = =Y (0,¢), Y(0,o+7m) = =Y (6, ¢)
and Y(—6,—¢) = Y(0,¢). So we need to understand the vectorfield on
[0,7/2] x (—7/2,m/2].

In this subset, the singular points are the following

e a saddle point (7/2,0) with stable direction (0,1) and unstable one
(p + 17p - n)a

e a saddle point (0,7/2) with stable direction (0,1) and unstable one
(n+1—p,—p) and

e a stable nodal or focal point (6p,0p) where 6y € (0,7/4] satisfies
cosby = \/% (if n < 2, the roots of dY (6y,0y) are conjugate com-

plex numbers with negative real parts and, if n > 3 the roots are
negative real numbers).

The properties of the vectorfield Y are summarized in the following
proposition (see also Figure 1).
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Proposition 9. The vectorfield Y satisfies to the following properties :
o if o€ (—m/2,0), Ya(0,¢p) >0 for all 6 € [0,7/2] and

e there is a continuous decreasing surjective function t : [0,6y] — [0,7/2]
such that Y points inside [¢, o + t(0)]? along its boundary for ¢ €
[Oa 00] .

Proof. We have Y2(0,¢) = 2(n — p)cospcosf — 2psinpsinf, so the first
property is clear.

For the second property, we first notice that, for 0, p € [0,7/2], Y1(6, )
has the same sign as ¢ — 6. We remark also that Y3(0,¢) = Ya(p,0).
Moreover

Yo(p +t, ) = (n — 2p+ ncos2p) cost — nsin2psint

= n(cos 2¢ — cos 20p) cost — nsin2¢sint

So, for ¢ € [0,60p], t — Ya(p + t,¢) is non increasing for ¢t € [0,7/2]. It
vanishes for t = t(¢) = arctan(%). Thus is non negative for
t € [0,t(¢)]. When ¢ > 6y, t — Ya(¢p + t,7) is non increasing for ¢ €
[—7/2,0]. Since Ya(p, o + t(p)) = Ya(p + t(¢),p) = 0, it implies that
Ya(o +t(p) —t, 0 +t(p)) is non positive for ¢ € [—t(y),0]. This finishes the
proof of the second item. O

The above properties are sufficient to describe all the integral curves of
Y passing trough a point in (6, ¢) € (0,7/2) x (—7/2,7/2). We have four
possibilities :

an integral curve starting from (6y, 6y — 7) and ending at (6o, 6p),

an integral curve starting from (6, 6y + 7) and ending at (6o, 6p),

the unstable manifold starting from (7/2,0) and ending at (6y, 6p) or
e the unstable manifold starting from (0,7/2) and ending at (6o, 6p).

The behaviour of § and ¢ along the unstable manifolds close to (7/2,0)
and (0,7/2) implies that p has a limit when the time parameter goes to —oc.
This implies that these two integral curves generate minimal hypersurfaces
that extend smoothly near this endpoint.

The behaviour of § and ¢ near (6y,6y) (and also (6y, 0y + 7)) implies
that p grows linearly when the time parameter is close to 2co. This implies
that all these integral curves generate proper minimal hypersurfaces whose
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asymptotic behaviour is given by twice the cone (), in the first two cases
and once the cone (), ;, in the last two cases.

Since we study minimal hypersurfaces asymptotic to once the cone Cy, 5,
there is only two possibilities that correspond to the two unstable manifolds
(when n = 2p, extra symmetries of Y implies that the two integral curves are
symmetric to each other). Moreover, we know that the density at infinity
of (), is less than 2 so these two hypersurfaces are embedded. These
two hypersurfaces are precisely the hypersurfaces X, , + that appear in the
statement of Theorem 1.

Om2
Ty
!

3 Jr(90790) 3
T

Figure 1: The vector field Y in [0,7/2] x [—7/2,7/2]

A An ODE lemma

In this appendix we prove the following lemma about solutions of linear ode.

19



Lemma 10. Let g and f be two smooth functions on Ry such that

g =N+ wpg +Aug=f

We assume that ||g||1,3 and ||f||s are finite where 6 # R(N\),R(p). Then g
can be written g(t) = ae* + be!t + v(t) with the following estimates:

2 2\1/2
(2+IA’|A —W' 7 (1900 + 190 + 1 £O))

+2max(0, (8 +RN)) ™, (0 +R(w) )| flls
lolls < 2018 + R + 16 + R(w)| 7)1 £lls

for some universal constant ¢ > 0.

max(|al, [b]) <

Proof. As a solution of such an ode, g can be written
t t
g(t) = ae™ + bet + eAt/ flu)e " du + e)‘t/ fu)e Hdu
0 0

With a and b solution of

g(0) =a+b
g'(0) = Xa+ ub+2f(0)

%0 <Z> = (ﬁ _11> (9’(0)g£0%f(0)> w0

2 2\1/2
mmwmwnsJ2+ﬁLfW” (19(0)] +19 )] + FO)]).

If & + R(A

+00 t
/ f(u _’\tdu—/ f(u)e Mdu + f(u)e Mdu
+oo
t

= A+ fu)e du
+oo

with [A] < [57%| flse=OFRODugy < ‘flm and

A Ifls  —(tmo0
du| < .
| mf(“) Y= RO
If 6 + R(A) < 0, we have:
2[fls  _
X (5+RON))t
d .
’/f Y < GrRoye
This finally gives g = ae + be#t + v with the expected estimates. O
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B A flux computation

In this appendix, we make the computation of the flux used in the proof of
Proposition 5. So we use some notation introduced in this proof.
We are in the case n = 2, so the hypersurface X is parametrized by

Y(t,0,0) =é (R(Q, ) +w(t,0,0)N (0, 90))

where
cosf cos 6
1 | siné 1 sin 6
R(0,¢) = 73 | cos and  N(0,¢) = 7 | —cose
sin ¢ —sing
Moreover, we notice that w and w; are O(e™ ) and wy and wy, are O(e™2t).
We also define
—sinf 0
cosf 0
E€(97 SO) - 0 and Ecp(ea QO) -1 _ Sincp
0 Cos

We notice that R, Ey, E,, N is an oriented orthonormal basis. We have

Y, = €' (R+ (w+w)N)
1+ w
Y'QZC(TEQ—FUJQN)

1—w

V2

So the cross product of X;, Xy and X, is

sze( E, —i—w@N)

1 — w? 1—w 14w
NG Yi,¥p) = ¥ (5N = = Ewg By = = SEwp B, = (0 w)R)
1
—HEN W Wp W Yep Lo %))

2 2 V2 V2

So the unit normal n(t, 8, ¢) to the graph has the following expression

n=N —(w+w)R—V2wgEy — V2w, E, + O(e_%)
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Then to get an expression of the normal v to the boundary of £2;, we compute

W + Wy

N+ O(e %))

1
/\(TL, Yv@v Y(P) = th(_iR +

5t

Sov=—R+ (w+w)N +O(e” 2). Besides the surface element along 9
can be estimated by % (3 + O(e™3"))dfdy. So the flux F of v is given by

— % 2“ 27T— w + w ef% 1 e 3
F= /0/0(R+( FuN +0(e=$)(; +0(e™*))dbdy

eZt 2w 2m -
=3 / / —R+ (w+w)N + O(e™ 2 )dfdp
o Jo

We notice that the integral of R and IV vanishes, so because of the expression
of w we get the following estimates

€2t 2 21
F = / / —® (X1, N)N + O(e”®+2)dady
0 0

2T 2T
. /U /0 %(Xl,N)NdegoJrO(e*M)

References

[1] Hildrio Alencar, Abdénago Barros, Oscar Palmas, J. Guadalupe Reyes,
and Walcy Santos. O(m) x O(n)-invariant minimal hypersurfaces in
R™" - Ann. Global Anal. Geom., 27:179-199, 2005.

[2] A. D. Alexandrov. A characteristic property of spheres. Ann. Mat.
Pura Appl. (4), 58:303-315, 1962.

[3] William K. Allard and Frederick J. Almgren, Jr. On the radial behavior
of minimal surfaces and the uniqueness of their tangent cones. Ann. of
Math. (2), 113:215-265, 1981.

[4] E. Bombieri, E. De Giorgi, and E. Giusti. Minimal cones and the
Bernstein problem. Invent. Math., 7:243-268, 1969.

[5] Tom Illmanen and Brian White. Sharp lower bounds on density of
area-minimizing cones. preprint.

[6] Fernando C. Marques and André Neves. Min-max theory and the will-
more conjecture. Ann. of Math. (2), 179:683-782, 2014.

22



[7]

[11]

[12]

William H. Meeks, III and Michael Wolf. Minimal surfaces with the
area growth of two planes: the case of infinite symmetry. J. Amer.
Math. Soc., 20:441-465, 2007.

Richard M. Schoen. Uniqueness, symmetry, and embeddedness of min-
imal surfaces. J. Differential Geom., 18:791-809 (1984), 1983.

Leon Simon. Isolated singularities of extrema of geometric variational
problems. In Harmonic mappings and minimal immersions (Monte-
catini, 1984), volume 1161 of Lecture Notes in Math., pages 206-277.
Springer, Berlin, 1985.

Leon Simon and Bruce Solomon. Minimal hypersurfaces asymptotic to
quadratic cones in R"*!. Invent. Math., 86:535-551, 1986.

James Simons. Minimal varieties in riemannian manifolds. Ann. of
Math. (2), 88:62-105, 1968.

Christopher D. Sogge. Oscillatory integrals and spherical harmonics.
Duke Math. J., 53:43-65, 1986.

LAURENT MAZET, UNIVERSITE PARIS-EST, LAMA (UMR 8050), UPEC,
UPEM, CNRS, 61, AVENUE DU GENERAL DE GAULLE, F-94010 CRETEIL
CEDEX, FRANCE

laurent.mazet@math.cnrs.fr

23



