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@LIP - UMR 5668 ENS Lyon - CNRS - UCBL - INRIA, Université de Lyon, Ecole
Normale Supérieure de Lyon

Abstract

According to the real 7-conjecture, the number of real roots of a sum of
products of sparse univariate polynomials should be polynomially bounded
in the size of such an expression. It is known that this conjecture implies
a superpolynomial lower bound on the arithmetic circuit complexity of the
permanent.

In this paper, we use the Wronksian determinant to give an upper bound
on the number of real roots of sums of products of sparse polynomials of
a special form. We focus on the case where the number of distinct sparse
polynomials is small, but each polynomial may be repeated several times.
We also give a deterministic polynomial identity testing algorithm for the
same class of polynomials.

Our proof techniques are quite versatile; they can in particular be applied
to some sparse geometric problems that do not originate from arithmetic cir-
cuit complexity. The paper should therefore be of interest to researchers from
these two communities (complexity theory and sparse polynomial systems).

1. Introduction

The complexity of the permanent polynomial

per(Tit,...,Tnp) = Z H:Ew(i)

o€Sy i=1

is one of the central open problems in complexity theory. It is widely be-
lieved that the permanent is not computable by arithmetic circuits of size
polynomial in n. This problem can be viewed as an algebraic version of the
P versus NP problem [27] [7].

It is known that this much coveted lower bound for the permanent would
follow from a so-called real T-conjecture for sums of products of sparse
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univariate polynomials [I8]. Those are polynomials in R[z| of the form
Zle [T;%, fij(x), where the sparse polynomials f;; have at most ¢ mono-
mials. According to the real T-conjecture, the number of real roots of such
an expression should be polynomially bounded in k, m and ¢. The original
T-conjecture by Shub and Smale [26] deals with integer roots of arbitrary
(constant-free) straight-line programs.

As a first step toward the real T-conjecture, Grenet, Koiran, Portier and
Strozecki [10] considered the family of sums of products of powers of sparse
polynomials. Those polynomials are of the form

k m
PN I i M

i=1 j=1

They are best viewed as sums of products of sparse polynomials where the
total number m of distinct sparse polynomials is “small”, but each polynomial
may be repeated several times. In particular, if one can find a (kt)©(1)200m)
upper bound on the number of real roots, then it will imply the real-r con-
jecture in the case where the number of distinct sparse polynomials is loga-
rithmically bounded. The upper bound on the number of real roots obtained
in [10] is polynomial in ¢, but exponential in m and doubly exponential in k.

Bounds on the number of real zeros for systems of sparse polynomials
were extensively studied by Khovanskii [I7] in his “fewnomial theory”. His
results imply an upper bound exponential in k, m and ¢t. In this article, we
will give a bound of order tO(RQm), thereby removing the double exponential
from [I0] while staying polynomial in ¢. Moreover, our results extend well
to some other families of functions. In particular, they extend a result from
Avendano [4] on the intersection of a sparse plane curve and a line. He
gave a linear bound on the number of roots for polynomials of the form
Zle 2% (az+b)% where o; and f3; are integers and gave an example proving
that his linear bound does not apply for non-integer powers. Our result gives
a polynomial upper bound for the wider family where the polynomials
fj are of bounded degrees and the «; ; are real exponents.

In addition to bounds on the number of real roots, we also give a de-
terministic identity testing algorithm for polynomials of the form . The
running time of our algorithm is polynomial in ¢, in the bit size of coeffi-
cients and of the powers (o ;) and exponential in k& and m. Polynomial
Identity Testing (PIT) is a very well-studied problem. The Schwartz-Zippel
lemma yields a randomized algorithm for PIT, but the existence of an effi-
cient deterministic algorithm is an outstanding open problem. Connections
between circuit lower bounds and deterministic PIT algorithms were discov-
ered in 1980 by Heintz and Schnorr [14], then more recently by Kabanets and
Impagliazzo [16], by Aaronson and van Melkebeek [I] and by Agrawal [2].
Recently, many deterministic PIT algorithms have been found for several
restricted models (see e.g. the two surveys [3 25]). In particular, a deter-



ministic PIT algorithm for functions of the form of ({1) has already been given
in [I0]. Their algorithm is polynomial in ¢, exponential in m but doubly ex-
ponential in k whereas we give a new algorithm which is only exponential in
k.

We now present our main technical tools. Finding the roots of a product
of polynomials is easy: it is the union of the roots of the corresponding
polynomials. But finding the roots of a sum is difficult: for example how to
bound the number of real roots of fg + 1 where f and g are t-sparse? It is
an open question to decide if this bound is linear in ¢. Our main tool in this
paper to tackle the sum is the Wronskian. We recall that the Wronskian
of a family of functions fi,..., fr is the determinant of the matrix of their
derivatives of order 0 up to k — 1. More formally,

W(fl? cey fk) = det ((fjgi_1)>1<ij<k) '

The Wronskian is useful especially for its connection to linear independence
(more on this in the next section). Another classical and very useful tool is
Descartes’ rule of signs:

Lemma 1 (Strong rule of signs). Let f = Zle a;x* be a polynomial such
that a1 < ag < ... < oy and a; are nonzero real numbers. Let N be the
number of sign changes in the sequence (ai,...,a;). Then the number of
positive real roots of f is bounded by N.

In this article, we will use a weak form of this lemma.

Lemma 2 (Weak rule of signs). Let f = i, a;z® be a polynomial such
that oy < ag < ... < ¢ and a; are nonzero real numbers. Then the number
of positive real roots of f is bounded by t — 1. Moreover, the result is also
true in the case where the exponents oy are real.

In their book [23], Pélya and Szegé gave a generalization of the strong rule
of sign using the Wronskian. Some relations were already known between
Wronskians and the sparse polynomials (c.f. for example [12], [11] and [13]).
We show in Theorem [7] that bounding the number of roots of the Wronskian
yields a bound on the number of roots of the corresponding sum. In general,
the Wronskian may seem more complicated than the sum of the functions,
but for the families studied in this paper it can be factorized more easily
(Theorems [12] and [13)).

The paper is organized as follows. The main results of Section [2]are The-
orems [7], [§] and [9] which bound the number of roots of sums as a function of
the number of roots of the Wronskian. Then, in Section [3] we apply these
results to particular families of polynomials. The main applications that we
have in mind are to polynomials of the form , and to the polynomials
studied by Avendafio. We give in Section [4] some PIT algorithms for poly-
nomials of the form . The proof of Theorem |§| will be given in Section



And finally, we show in Section [6] that our method is optimal in a precise
sense. Some of the proofs are postponed to the Appendix.

2. Zeros of the Wronskian as an upper bound

Let us recall that for a finite family of real functions fi, ..., fi sufficiently
differentiable, the Wronskian is defined by

W(fi,..., fx) = det ((f;il)>1<¢j<k> ‘

We will use the following properties of the Wronskian.

Lemma 3. Let fi,..., fr and g be k — 1 times differentiable real functions.
Then, W(gf1,---,gfx) = "W (f1,. .., fx)-

As a corollary:

Lemma 4. Let f1,..., fr be k—1 times differentiable real functions and let
I be an interval where they do not vanish.

Then, over I, we have W (fi,..., fr) = (fl)kW <<§i)/,..., (];’1“)/> :

These results can be found in [23] (ex. 57, 58 in Part 7). Notice that
the Wronskian of a linearly dependent family of functions is identically zero
(if a family is dependent then the family of the derivatives is also dependent
with the same coefficients). But the converse is not necessarily true. Peano,
then Bocher, found counterexamples [21], 22, [5] (see [§] for a history of these
results). However, Bocher [6] proved that this converse becomes true if the
functions are analytic [15].

Lemma 5. If f1,..., fx are analytic functions, then (f;) is linearly dependent
if and only if W(f1,..., fr) =0.

Definition 6. For every function g and interval I, we will denote Zi(g)
the number of distinct real roots of g over I. We just write Z(g) when the
interval is clear from the context.

Throughout the paper we consider only intervals that are not reduced to a
single point (and we allow unbounded intervals). The next theorem is in fact
implied, in the analytic case, by Voorhoeve and Van Der Poorten’s result [28§]
(see below, Theorem and the following paragraph for more precisions).
In Theorem [7] we only assume that the f are sufficiently differentiable.

Theorem 7. Let k be a non zero integer. Let f; be k functions k — 1
times differentiable in an interval I such that for all i < k, the Wronskian
W(f1,..., fi) does not have any zero over I.

If the real constants a1, ...,a are not all equal to 0, a1f1 +asfo+ ...+
arfr has at most k — 1 real zeros over I counted with multiplicity.



Proof. We show this result by induction on k. If k = 1, then, fi = W(f1)

does not have any zero. Moreover, aj is not zero. So, aj f1 has no zeros.
For some k£ > 2, let us suppose that the property is true for all linear

combinations of size k—1. Denote z the number of zeros of a1 f1 +. ..+ ag fx.

If ag = a3 = ... =a; =0, then a; # 0 and a1f1 + asfo+ ... + arfi =
a1 f1 has no zero, and the conclusion of the theorem holds true. Otherwise,
a + a}% R M has z zeros (since f; = W (f1) does not have any zero

by hypothesis). By application of Rolle’s Theorem, as <§2> +...+ag (fc’l“ )
has at least z — 1 zeros over I. . ,

Function f; does not have any root in I, so the functions ( f1> , (%)
are k — 2 times differentiable. Moreover, for all 2 < ¢ < k&,
w ((fg/fl)/ s (fi/fl)/) = W(fl, ooy 1)/ £ does not have any roots over

1. Since the coefficients ao, ..., ax are not all zero, by induction hypothesis

az (;2) +- - Fag ( ) has at most k—2 zeros. Hence a1 f1+azfo+...+arfx

has at most k£ — 1 zeros by Rolle’s theorem. O

The following theorem gives us a method to find upper bounds on the
number of roots. We will show in Section [] that it is sometimes tight.

Theorem 8. Let fi,..., fr be analytic functions on an interval I. If the
real constants ai,...,a are not all equal to 0,

Z(arfr+ ...+ apfy) < <1+Zz fl,...,f))>k—1. (2)

More precisely, if T = {x € I|3i < k,W(f1,..., fi)(x) =0} is finite, then
Z(arfi+ ... tarfe) < (1+[Y])k (3)

Moreover, the inequalities still hold if on the left side, zeros which are not
zero of one of the Wronskians W (f1,..., fi) are counted with multiplicity.

Proof. We will directly prove the more precise version . Ifaifi+...4+agfr
is the zero polynomial, then the family is linearly dependent and so the
Wronskian W (f1, ..., fi) is also the zero polynomial. This means that T = T
is infinite and the inequality is verified.

Otherwise, a1 fi + ...+ apfr has a finite number of zeros. We have T =

UZ( (fi,---, fi)). So, |T|<Z|Z( (fis---s fi))l andwewillprove

The set I\ T is an union of |Y| —|— 1 intervals. Let J be one of these intervals.
With Theoreml, we get Zy(arfi+...+apfr) <k—1. Soaifi+...+arfx
has at most (1 + |Y|) (k—1) zeros over I\ Y and at most (1 + |Y|) (k—1)+|Y|
zeros over 1. O

In Section 5], we will prove the following variation on Theorem 8}



Theorem 9. Let fi,..., fr be analytic linearly independent functions on an
interval I. Then,

k—2
Z(fr+ .o+ fi) Sk =1+ Z(Wi) + Z(Wie1) + 2> Z(W)).
j=1

In most applications, this result yields a better bound than Theorers [7]
and [§

3. Applications

In this section, we prove Theorem [I2] which bounds the number of zeros
of the polynomials of the form . The given bound improves both Grenet,
Koiran, Portier and Strozecki’s result [10] and the bound implied by Kho-
vanskil’s fewnomial theory [I7]. At the end of this section, we also extend
Avendano’s result to real exponents. We saw before (in Section [2]) that the
number of zeros of a linear combination of real functions can be bounded
as a function of the number of zeros of their Wronskians. As a result, it
remains to bound the number of zeros of Wronskians of polynomials of the
form [T}, f;*7. Such a Wronskian has few zeros thanks to a nice factor-
ization property: after factoring out some high powers, we are left with a
determinant whose entries are low-degree polynomials (or sparse polynomi-
als, depending on the model under consideration). It is then straightforward
to bound the number of real roots of this determinant.

3.1. Derivative of a power

We use ultimately vanishing sequences of integer numbers, i.e., infinite
sequences of integers which have only finitely many nonzero elements. We
denote this set N(N). For any positive integer p, let .7, = {(s1,s2,...) €

o0
N(N)| S™is; = p} (so for each p, this set is finite). Then if s is in .7}, we
i=1
observe that for all ¢ > p+ 1, we have s; = 0. Moreover for any p and any
o0
s = (s1,82,...) € NN we will denote |s| = Ys; (the sum makes sense

i=1
because it is finite).

Lemma 10. Let p be a positive integer and o > p be a real number. Then
p S
TRREDY lgasfa—|s| I1 (ﬂk)) ’“]
s€Sp k=1

where (Bq.s) are some constants.



The order of differentiation of a monomial [T}_, (f*)) is >-F_, ksi. The
order of differentiation of a differential polynomial is the maximal order of its
monomials. For example: if f is a function, the total order of differentiation
of £3(F)2 (F@)° +3ff is max(3%0+ 2% 1+ 34,051+ 1%1) =14,

Lemma [10] just means that the p-th derivative of a power a of a func-
tion f is a linear combination of terms such that each term is a product of
derivatives of f of total degree o and of total order of differentiation p.

Proof. In the following, e; is the sequence (0,0,...,0,1,0,0,...) where the
1 appears at the i*® coordinate. We show this lemma by induction over
p. If p = 1, then (f*)' = af’'f®~!. That is the basis case since .7} =
{(1,0,0,...)}. We notice that 8, (1,0,.) = o

Let us suppose that the lemma is true for a fixed p. By induction hy-
pothesis, we have

e = [ 3w o TT (79)
k=1

SESp

!/

=01+ 92

where

g1= B (1271) (H (f(’“))sk>
(k)

s€Sp k=1
= Pasf " <H (1 )) .
s€7, k=1

By rewriting each term, we get

P sk
g1 =Y Basla— s o T (19)
k=1

SESp
p s’
= > Basla— |+ 0T (F0)
s€Sp k=1
s'=s+eq
» Sj— s
f2= 3 B3 53504 (s9)” ! 11 (r0)"
s€Sp Jj=1 k#j
p+1 s
B Z Z 5aas/+€j—ej+1fa_|51|(5;‘ +1) H <f(k)> k
7j=1 ssej,i/’g k=1
_s/:s—ej+6j+1 |



If sisin .¥,, then s + e1 € .¥,11 and if moreover s; # 0 then s —e; +

P P+ J J
ej+1 € Fp+1. So the result is proved and the constants 3 are defined by:
Ba,(1,0,0,.) = @; and if s € S, with p > 1, then

5&,3 = 151750(05 - ‘3| + 1)Ba7(81—17827837---)

+ z (ijl + 1)/8017(81,...783'_1,Sj_l-‘rl,S]'—1,5j+17...)‘
2<5<p

5;7#0

3.2. Several models

In [10], the authors gave an t2(™2%) bound on the number of distinct real

k m o
roots of polynomials of the form f = > a; [] f;y” , where the f; are poly-
i=1 j=1
nomials with at most ¢ monomials. We improve their result in Theorem
using our results on the Wronskian from Section

Lemma 11. Let M be a set of T monomials and fi,..., fs be polynomi-
als whose monomials are in M. For every formal monomial P in the s>

variables fi, fl, ... £i7% fa, by, £271 of degree d and of order of differen-

tiation e, the number of monomials in x of P(f1, f],..., f51)(x) is bounded
by (d;if). More precisely, the set of these monomials is included in a set

Eg. of size at most (dé}izl) which does not depend on P.

Proof. Let M? be the set of monomials which are the product of d not
necessarily distinct monomials of M. The cardinal of this set is bounded
by the cardinal of the set of multisets of size d of elements in M, that is
(T;fizl). It is easy to see that we can take the set E;. defined as the set of
monomials of z7¢M?. Its cardinal is bounded by the cardinality of M®. [

k m
Theorem 12. Let f = > a; [] fja” be a non identically zero function such
i=1 j=1
that each f; is a polynomial with at most t monomials and such that a; € R
m 2 m 2
and a; j € N. Then, Zr(f) < 4ktm + 4 (e(1 + t))Tk = O(tTk).
Moreover, if I is a real interval such that for all j, f;(I) C]0, 400 (which
ensures [ is defined on I), then the result is still true for real (possibly

mk2
negative) powers o ;, i.e., Zr(f) < 4ktm + 4 (e(1 + t))Tk

Proof. Let N an integer such that for all 4 and j, we have o;; + N > 0.
g i+ N+k z

Let us consider [ = Ele a;g; where g; = qun:1 fja 7 . Note~ that f =

f- H;"Zl fJN'Hf. We are going to bound the number of zeros of f. In both

cases (whether q; ; are integer or real numbers), the functions g; are analytic
in I. Furthermore, we can assume without loss of generality that the family



(gi) is linearly independent. Indeed, if it is not the case, we can consider
a basis of the family (¢g;) and write f in this basis. Then we can suppose
that all a; are non-zero, otherwise, we remove these terms from the sum. We
want to bound the number of zeros of W (g, ..., gs) for all s < k to conclude
with Theorem [9] We know that for 1 < u,v <s

gD = Z H ( auJ+N+k>( )' (4)

T1,7250Tm  j=1
1+ Frm=v—1

We use now Lemma and we simplify the notation by writing 3, ; s instead
of /Bau7j+N+k,s-

D Sl | D ST 'S'H(f(k) (5)

T1,72,sTm  j=1 sey“r
1+ Frm=v—1

= (I {TL ) T (G5 s
j=1 j=1

with :

T ((f;gq_l))lﬁp,qSS) = Z H Z Bu va o IH ( )

T1,72,-Tm  j=1 sE/
r1+...+rm=v—1

The polynomial T}, , is homogeneous of total degree (v — 1)m with respect

to the s? variables ( f,Sq*”) and each of its terms is of differentiation
1<p,g<s

order v — 1.
Then, we notice that, in , the first parenthesis does not depend on v
and the second one on u. We get

W(gla cee 793) =
H H f;li,,j+N+k_i+1 det <<Tu,v <(f;gq_1))1§p’qgs))u v<s> ‘
i=1j=1 N
Hence,

ZW g1 oa0) < 205 | + 2 (det (T (£ M 1paes))) - 6)
j=1

We are now going to bound the number of monomials in x of det(T, ).
We saw that T}, , is a homogeneous polynomial of degree (v — 1)m with re-

spect to the s2 variables ( fzgq_l) ) o and of order of differentiation v— 1.
P.q<s

9



Moreover, as the family (g;) is linearly independent and as these functions
are analytic, the Wronskian is not identically zero (Lemma . So det(Ty,v)

is a linear combination, with respect to the variables ( f,gq_l)) , of
1<p,q<s

S
monomials of degree exactly > (v—1)m = m/(3) and of order of differentia-

v=1

tion (;) By Lemma the monomials in x of each term of det(T\ ) are in

the set E/s\_ sy. Consequently, the number of monomials in x of det(Ty
(5)m.(3) ’

is bounded by the cardinal of E(é)m ) i.e. by (m(%)njﬁt_l) Descartes’ rule
\2

2
of signs (Lemma [2)) gives

z ( det (TM)) < 2<m(§) ot = 1) Y (7)

u,v<s mt —1

We have now all the tools to prove the theorem. We have:

k
2(f) < (3" aigi).
i=1

By Theorem [9}

k
Z(f)<k—142> Z(W(gr,--.,9s)).

s=1

Using formula @ :

Z(f) <k—1+2k iZ(fj) + QiZ ( det (Tw ((fzgq—1>)p7qgs))> .

- u,v<s
Jj=1

By Descartes’ rule, Z;n:l Z(f;) < (2t = 1)m. We can then apply to
obtain the inequality

Z(f) < k—1+2k(2t—1)m+2i <2<m(;) +mt_1> —1>.

mt — 1

Finally, we use the well known bound: (}) < (en/ k)"

s=2 m (2)

r m(3)
Z(f)Sk—1+4ktm—2km—2k+4+4z<e <1+mt—81>>

2

mk

< dktm + 4 (e(1 + 1)) 2

10



Using polynomials of small degrees instead of sparse polynomials, the
same argument gives a polynomial bound.

Theorem 13. Let f = Zle a; [[j2y fja” where f is not null, the f; are of
degrees bounded by d and such that the a; are reals and the o ; are integers.
Then, Zr(f) < 3k*md + 2kmd + k ~ Kmd

Moreover, if I is a real interval such that for all j, fj(I) C RT™* (which
ensures f is defined on I), then the result is always true for real powers a ;,

ie. Z1(f) < 3k3¥md + 2kmd + k ~ Kmd,

Proof. In the proof of Theorem [12} we saw that det (T,,) is a homogeneous

polynomial of degree m(5) in the s? variables fi, f{,..., f§s’1). So, it is of
degree md (;) in the variable z. Moreover, as the family (g;) is linearly inde-
pendent and as these functions are analytic, the Wronskian is not identically
zero (Lemma . In Equation (@, the first term is bounded by md and the
second one by md(;). By Theorem m the number of zeros of Z,’f:l a;g; 18
bounded by (3k3*md + 2kmd + k). O

Avendaiio studied the case f = 32 | 2% (az + b)% where a; and f; are
integers [4]. He found an upper bound linear in & for the number of roots.
But he showed also that his bound is false in the case of real powers. We
find here a polynomial bound which works also for real powers.

Corollary 14. Let f = Zle cix®(ax + b)%. Let I be the interval {x €
Rlz > 0Aaz+b>0}. Then Zi(f) < 3k3 + 5k.

Li, Rojas and Wang [I9](Lemma 2) showed that polynomials f =
Zle a; HT:1(CJ’X + d;)* where coefficients a;, b;, ¢; and exponents «; ;
are real, have at more m +m? + ... +m”*~! zeros. Our result improves this
bound:

Corollary 15. Let f = 2% a [T7(cjz + d;)*s where the coefficients
a;i,cj, d; and the exponents o j are real numbers. On the interval I = {z €

RIVj, cjz + d; > 0} we have Zi(f) = O(mk3).

Another corollary was suggested to us by Maurice Rojas. In [19], Li,
Rojas and Wang bound, when it is finite, the number of intersection between
a trinomial curve and a t-sparse curve by 2/ —2. We improve here their result.
The main idea is to make a change of variables and reduce to the case where
f is affine. This may introduce rational exponents, even if the original system
has integer coefficients only.

!Using Theorem [§] instead of Theorem |§| would multiply our upper bound by a O(k)
factor.

11



Corollary 16. Let f be a non-zero bivariate trinomial and g be a bivariate
t-sparse polynomial. Then the number of positive intersections between these
two curves is infinite or bounded by %t?’ + 5t.

Furthermore, the result still holds if the coefficients are real.

Proof. Let f(X,Y) = c1 XY 4+ o X712V % 4 c3 XY % (with ¢3 # 0) and
9(X,Y) = 3 a;XYP. On (R+*)2, the zeros of f are the same than
the zeros of ¢1 + o X127 MY %2701 4 ¢ X371y %701 Then we can and will
assume that v; = 01 = 0.

e First case: there exists 7 € R* such that (v3,d3) = r - (y2,92). In this
case, we can put A = X72Y %, then on RT™:

f=0cc+cnA+cA" =0.

By Descartes’ rule of signs (Lemma : the last equation has at most
two real positive solutions which will be denoted s; and ss. So the
system is equivalent to the following:

Y= (35)% or Y = (%)%
g(X,Y)=0.

We obtain

Biva

i % . Pive ¢ % i
9(X,)Y) = E a;s;2 X" %2 or g a;sy> X 02
i=1 i=1

Again by Lemma the number of positive solutions is infinite or
bounded by 2t —2 < 2¢3 + 5¢.

e Second case: the family ((72,d2), (73,93)) is linearly independent. We
can define A = X72Y% and B = XY %_ then on RT*:

f=0&c1+cA+ce3B=0

C1 (6]
& B=——-—A
C3 C3

Y2 3

# 0. Then X = A(SKSBJ%2 and Y =
d2 03

Let us define A = det

03 72
A~™A BA. Hence,

—ai02+Biv2
A

t
a;03—B;
IX,Y)=0&> ad™ s "B
=1

The number of solutions corresponds to the number of roots of the
polynomial:

—; 524872

t
@;63—Pi73 c1 C2 A
E aiA A ——— —=A = 0.
—1 C3 Cc3
i



By Corollary , the number of positive roots is infinite (if the poly-
nomial is identically zero) or bounded by 2t + 5t.

O]

4. Some Algorithms for Polynomial Identity Testing

A PIT algorithm takes a polynomial as input, and decides whether the
polynomial is identically equal to zero. There are two classical forms for
these algorithms: blackbox and whitebox. For the first one, the input is
given by a blackbox. And in the second case, the input is given by a circuit.
These two types of algorithms are not comparable in our case since, if we
have a circuit, we cannot always evaluate it efficiently on an input because
the circuit may be of high degree.

4.1. Blackbox PIT algorithms

The bounds on real roots of Theorem immediately give a blackbox
PIT algorithm for some families of polynomials.

Corollary 17. Let f = > a; [] f;y” be a function such that f; is a polyno-
i=1 j=1

mial with at most t monomials and such that a; € R and o;;j € N. Then,

2

there is a blackbox PIT algorithm which makes only 1+4ktm—+4 (e(1 + t))%
queries.

Proof. We consider the algorithm which tests if the polynomial outputs zero
mk?2

on the 1 +4ktm + 4 (e(1 +1¢)) 2 first integers. By Theorem 12| this set is

a hitting set, that is, if the polynomial is not zero, then at least one of these

integers will not be a root of the polynomial. O

Corollary 18. Let f = Y% a; | i f]a” where each f; is of degree bounded
by d and such that the a; are reals and the oy j are integers. Then, there is
a blackbox PIT algorithm which makes only 1 + %k?’md + 2kmd + k queries.

Proof. We apply Theorem [13] O

4.2. A Whitebox PIT algorithm

Results for whiteboxes are more complicated. They rely on the link
between Wronskians and linear independence. In this section, we prove the
following proposition:

k m o
Proposition 19. Let f = Zaiﬂf;‘” where f;j is a polynomial with at
i=1 j=1
most t monomials, the a; are integers and the a; j are non-negative integers.
Let C' be an upper bound on the degrees of the fj, on the bit size of their

13



coefficients as well as on the bit size of the coefficients a; and of the exponents
«; . Then, there is a whitebox PIT algorithm which decides if f is zero in

time O (C’Q‘lmk2 log t) .

First, we will need an algorithm for testing if some Wronskians are
identically zero or not. We now describe an algorithm which takes as in-
puts functions hy = [[72; (f;)*4, ... = T[72, (f5)*9 (given by sequences
(fj)lgjgm and (ai,j)lgigl,lgjgm) and which outputs the leading coeflicient
of the Wronskian W (hy, ..., h;) if this determinant is not identically zero,
and outputs zero otherwise. We will use the notation f(n) = O(g(n)). It is
a shorthand for f(n) = O(g(n)log® g(n)) for some constant k.

Proposition 20. There is an algorithm which on the input (f;)j<m,
(0i,j)i<1,j<m outputs the leading coefficient of the Wronskian of

m

H(fj)al’j7 R H(fj)al’j

j=1 7=1

if the Wronskian is not identically zero and which outputs zero otherwise.
This algorithm runs in time O (024ml2 10gt>.

Proof. As in the proof of Theorem we in fact compute the Wronskian of
(91,---,q1) where g; = [[72; (f;)* . To get the correct leading coefficient,
we can just notice that:

W (g1, esg) = Wk, ) TT (50"
7=1

Hence, we want to compute the Wronskian of (gi,...,¢9;). Again as in
the proof of Theorem we factorize each column u by H;n:l (f;) and

each row v by 7L, (fj)l_vH. We will denote the resulting matrix by M.
The entries of this matrix are polynomials.
According to Lemma [29] in Appendix we can compute the
expanded polynomial in one cell (v,u) of M in time O (2V"t™v™C log1).
Then, computing all entries of the matrix which is of size (I x [) needs
0 (21mtml mc ) operations. Next, we have to compute the determinant of this
matrix. We are going to compute this determinant directly by expanding

it as a sum of ! products. This computation takes time O <C’24ml2 10gt> by
Lemma [30] in Appendix

If the determinant is zero, it means that the Wronskian is zero, then
the algorithm outputs zero. Otherwise, for computing the leading coeffi-
cient, we have to multiply the coefficient we got by the leading coefficient of

1 m N\, ! m N —v+1 ~
(L T2 () H,Jn) ((51_“;721 1= 05) ) This operation takes O (Cml(C +1))
=1\

14



operations since we can compute the product of n integers of size s in time

O(ns). O

Second, we will also need the following algorithm: if W(hy,...,h;) #0
and W(hl, e hl+1) = 0 then find a1, ...,a;+1 such that a;h; +...+ah; =
hi+1 (these constants exist according to Lemma . So for each ¢ € N,
alhgz) +...+ alhl(l) = h‘l(:zl‘ We can compute the a; using Cramer’s formula.
As a result, for each 1 < j <[ we have:

hy - hjior My ki o hy
hy T h;'fl E+1 ;'+1 e ;
(1) @y ety Gy d
s — hy hj—l hl+1 hj+1 Iy
i W, )

_lC(W(hla B 7hj71)hl+17hj+17 .. '?hl))
le(W(ha, ..., h))

where le(W (hi,...,h;)) is the leading coefficient of the Wronskian for the
family (hy,...,h;). The previous algorithm (Proposition computes these

coefficients, so we can compute the (a;) in time O <024m12 logt),

Finally, with such algorithms, we just need to go from a1hy to a1h1+...+
arphy. Each time we add a h;, either it is linearly independent and we add it
to the current basis or it is dependent, and we write it in the current basis.
At the end, arh1 + ... + aphy is expressed as a linear combination of basis
functions. We just have to check if all coeflicients are zero to conclude if this
function is identically zero or not. This completes the proof of Proposition

5. An improved upper bound

In this section, we give a proof of Theorem [0 First, we point out that
Voorhoeve and van der Poorten’s paper [28] contains a result similar to
Theorem [8] except that all zeros are counted with multiplicity.

Theorem 21. [Voorhoeve and van der Poorten, 1975 Let f1,. .., fi be real
analytic functions over an interval I. Then,

k—2 k
N(fit ...+ fo) Sk =14> NW;)+ Y N(W;)
i=1 i=1

where N (f) is the number of roots of f on I counted with multiplicities.

This result immediately implies Theorem[7]in the analytic case. However
in our applications we will have to not consider the multiplicity of roots.
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Indeed, the bounds in Theorem [12| and [13| do not depend on the exponents
«; ;. If we counted multiplicities, the resulting bound would depend on the
a; ;. Using some ideas of the proof of this theorem, we can nevertheless
improve equation .

We will denote W; = W(fi, fa,..., fi) for i > 1 when the family
(f1,..., fi) is clear from the context. Finally, we define W = 1.

In addition to Lemma [f] several connections between the Wronskian and
the linear combination of the functions are known. We will use a result of
Frobenius [9, 24 20]:

Lemma 22. Let f; a family of analytic functions. Let R; be the family of
functions defined by:
Ro=fi+...+ [k
W2 R\
Ripgp=—5(—].
T w <Wi+1>
Then the functions R; are analytic and R = W.

Proof of Theorem[9 Let R; be the family of analytic functions defined by:

Ro=fi+...+ fx

W2 R Y\
Riy1 = —+H — .
i W; <Wi+1>

We will prove by induction that for all 1 <4 < k—1, the analytic function
R; has at least Z(fi4...+ fx) —i— Z(W;) —23'_] Z(W;) roots on I. That
yields the theorem with ¢ = k£ — 1 and Lemma

If i =0, then Ry = f1 + ...+ fr and Ry has exactly (and so at least)
Z(fi+ ...+ fr) zeros.

Suppose that the property is verified for a particular ¢ such that i < k—2.
We will denote mg(F') the multiplicity of the root z in F' for all x € R and
analytic function F'. We define four values:

° Zj' is the number of x € R such that my(R;) > m,(Wi+1) > 0.
e Z- is the number of z € R such that my(R;) = mz(Wji1) > 0.
e 7.~ is the number of = € R such that m,(W;41) > mg(R;) > 0.
° Z;O is the number of x € R such that m,(W;11) > 0 = m,(R;).

We have: Z(Wi) =27+ Z7 + 2,V + Z;7 7.
We know by Lemma that R; is indeed analytic. Then by induction
hypothesis, the fraction -2i— has at least

Wit
i—1
Z(fo+ . A fo)—i—ZW) =2 > Z0W)) | — 27 — 2~
j=1

16



roots and at most Z;> + Z;O poles. By Rolle’s Theorem, the number of

/
zeros of (%) is at least
1+1

i—1
Z(fr+.+fe)—i—ZW) =2 | Y ZW)) | - 27 - 2~
j=1
_[Zi_>+Zi_0+1}'

Wf R I,
So, the number of zeros of R; 11 = V[;: L (WiL) is at least

Z(fi+.. .+ fu)—i—Z(W;) =2 ZW) | - 27 -z~

—Z77+Z7°+ 1) + 277 — Z(Wy).
We used here that if x is such that 0 < mgz(R;) < mg(Wit1) then
/!
(i) < s () = ma(Wesn)) < 0 and so s (W2, (1)) =
mg(Wit1) —1 > 0. Hence

Z(Rig1) 2 Z(fr+ ...+ fi) = (i +1) = ZWipa) =2 | Y Z(W))
j=1

6. Optimality of Theorem
Recall that in Theorem [8] it was proved that
Z(arfi+ ... tarfe) < (1+[T)k

with Y = U Z(W(f1,...,fi)). It will be shown in Theorem [26| that this

1<i<k
theorem is quite optimal in the sense that for arbitrarily large values of | Y|
and k, we can find functions f1,..., fr and coefficients aq, ..., a; such that

Z(arfi+...tapfy) = 1+ [T))(k—1).
We begin by proving a technical lemma.

Lemma 23. Let f be a non-constant polynomial. There exists, for 0
© < g, rational functions F;, such that if we define the function hp;

(pli!i)! (f/)i P~ then we have:

1. for all ¢ > 0, we have Fyq =1

IIIA
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2. for all 0 < i < gq, the rational function [(f)? F; 4] is a polynomial
q

3. For all q >0, for all p > 1 we have: (fp)(q) = > hyiFig.
i=0

The main point is that F; ;, does not depend on p.

Proof. We define F; ; by induction on ¢q. If ¢ = 0, let us define Fyog = 1.
Then, we have f? = hyo and ()" Foo| = 1.

We suppose now that F; , are defined for all ¢, ¢’ such that 0 <7 < ¢’ < g.
Let us define Fj ;1. We have:

i) = [ 2]

:@Toﬂ@—ﬂﬁy“ﬂzl+ﬁ%ﬁF7%ﬂ

1
hp,z—i—l + ( ; ) hp,

So,

q ’ f//
:zvz (e () 1)

[ () )

+ hp,qHFq,q'

We can then define
Fog+1 = (FO,q)/
for 1 <i<q, Fiqr1 = (Fiq) + Fiq < f/’/> +Fi_1q
and Fyy1 401 = Fyq =1

Then, we have (1) and (3) by construction. Finally, (2) is verified, since
by induction hypothesis:

(f')qHFi"q = [f’ ((f')qu,q)]/ —(g+1)f ((f')qFLq) is a polynomial.
d

We are going to show that the zeros of W (f17% ... f@=™*(z)) are either
zeros of f or zeros of f.

18



Lemma 24. Let f be an analytic non-constant function in an interval I and
ap, ..., be k pairwise distinct integers (with k > 1). Then

{xenasgk,W(fa1+k,...,fas+k>( )—O}C{:ceﬂ Ff)(x) =0}

Proof. Let us consider fo1t* .. . fox*tk  First suppose that this fam-
ily is linearly dependent. This means that there exist some constants
(ai,...,a;) € RE\ {(0,0,...,0)} such that

k
Zaifai+k =0on I (8)
i=1

But the integers (a; + k) are all distinct so the polynomial P(Y) =
Zle a;Y*** is not zero. Hence P(Y) has a finite number of roots. By
(8), Im(f) is included in the (finite) set of roots of P. Nevertheless, as f is
continuous, by the intermediate value theorem Im(f) is a real interval. So
Im(f) is a singleton. This contradicts the hypothesis that f is not constant.
Therefore, this family is linearly independent.

Let A be the matrix defined by A; ; = (fo‘”“k)(] b, By Lemma we

7—1

get ANjj = > ha,+k,; F1j-1, 1. in terms of matrix product:
1=0
A = [hatri-1]i<; s [Fi-1-11ig5] < < -

The second matrix of the product is an upper triangular matrix whose entries
on the main diagonal are 1 and so its determinant is 1. Then,

det ((Aivj)lgi,jgs) = det ((hai-t,-k,j—l)lgi,jgs) )

Finally, Ao, kjo1 = (oeitot s [F] [(f')j—1 f’H’H] The first bracket

does not depend on j and the second one on i. Consequently,

(1)@ oot aen (G )

s
> oy

det (ha;+k,j-1) = | [1=!

Then, for all  in I :

w (fa1+k, o fas““) (z) = 0 < det (ha,+kj-1) () =0 (9)

= {f(x) =0 or f'(x) =0 or det <<ai S 1>!> ) 0}'

a;+k—j+1)!
det (ha,+k,j—1) vanishes for all x and so the Wronskian is zero over I. But

If det (%) = 0, as it does not depend on =z, the function
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as the functions f®1* are analytic, they would be linearly dependent by
Lemma [f] That contradicts the hypothesis. Consequently,

{x cI3s <k W (f‘“*’“ , fas+k> _ o} C{zeI|(ff)(x)=0}.
0

As a byproduct, we give another proof of the weak version of Descartes’
rule of signs (Lemma [2). Let g = Zf L @iy, We need to show that the
number of distinct real roots is bounded by 2k — 1. We can use the result of

Lemma . Wlth f(x) = z. In this case g = Zle a;x. We get

T:{xenasgk,W(fal+k,...,fas+k)={o}} {z € I|(ff)(x) = 0}
c {0}

So, Theorem (8 gives: Z(f) < 2k — 1. A similar proof of Lemma [I| appears
in [23] (Part V, exercise 90).
In Lemma it can be seen that the converse of the implication @D is
true as soon as f’ really appears as a factor of det ((hai+kvj_1)1<ij<s)' It
S

is the case when (2) is different from zero, that is to say when s > 2. This
implies the following result.

Lemma 25. Let f be an analytic non-constant function in an interval I and
Qq, - .., be k pairwise distinct integers with the condition k > 2. Then

{xeﬂasgk,W(fa1+k,...,fas+k)( } {z € I|(ff')(x) = 0}.

We have now all the tools to prove the main result of the section: the
optimality of Theorem [8]

Theorem 26. Let T = {z € I|Fi < k,W(f1,...,fi)(x) =0} as in Theorem
@. For every k and p, there exists a function g = Zle a; f% such that o
are positive integers, f is a polynomial such that |Y| > p and such that g has
at least (14 |Y|) (k— 1)+ Z(f) zeros.

Proof. Let h =x Hf;ll (3:2 — i2). This polynomial is k-sparse and has 2k —1
distinct real roots: —k+1<... < -1<0<1<k—1.

p+l
I+ 5

Let f=k J[ (x—2i).
i=1
Then, we just have to verify that ¢ = h o f has the required properties.
We have g(z) = 0 if and only if f(x) € [-k+ 1,k —1]NZ. But for y an
odd integer, we have |f(y)| > k — 1 and for y an even integer between 2 and

242 {%W, we have f(y) = 0. By the Intermediate Value Theorem, g has

at least k — 1 zeros over each interval (n,n+ 1) with 1 <n <242 {%1
So
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Figure 1: roots of g = h o f in the proof of Theorem [26]

2t =2 (1[5 Yo+ (14 [241])

:(2k—1)(1+{p—;1—‘>. (10)

Rolle’s Theorem ensures that for two roots of f, there exists a root of
f’ which is strictly between both roots of f. Hence, Z(ff') > 2Z(f)—1=

142 {%—‘ Considering the degree of ff’, we find Z(ff') =1+ 2 P%ﬂ
Besides, f is not constant so by Lemma[25 |Y| = Z(ff’). Hence,

+1
Y| =Z(ff)=1+2 P)QW (11)
We can verify that the hypothesis |T| > p is true. Finally, equations
and show that Z(g) > (|| + 1)(k — 1) + Z(f). O

In the proof of Theorem [26] the roots of all W (f1,..., f;) are included in
the zeros of W(fi1,..., fx). So, it could be possible to improve both Theorem
and Theorem [J] by proving the following proposition.

Open question. Let fi,..., fi be analytic functions on an infinite interval
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I and ay,...,ax be non-zero real constants. Is the inequality

k
Z(arfi+ . Fapfi) <k =1+ ZW(fi,..., f)
=1

always true?

Acknowledgments

Saugata Basu pointed out to one of the authors (P.K.) that Polya and Szegd’s

book could be relevant and Maurice Rojas pointed out Voorhoeve’s papers and
the fact that Theorem [13| implies Corollary In the introduction, we mentioned
the problem of bounding the number or real solutions to an equation of the form
fg+ 1 =0. This question was raised by Arkadev Chattopadhyay.

1]

2]

13l

4]

[5]

[6]

7]

18]

19]

[10]

S. Aaronson and D. van Melkebeek. On circuit lower bounds from derandom-
ization. Theory of Computing, 7(1):177-184, 2011.

M. Agrawal. Proving lower bounds via pseudo-random generators. In Proc.
FSTTCS 2005, 2005. Invited paper.

M. Agrawal and R. Saptharishi. Classifying Polynomials and Identity Testing.
Current Trends in Science, 2009.

M. Avendano. The number of roots of a lacunary bivariate polynomial on a
line. Journal of Symbolic Computation, 44(9):1280 — 1284, 2009.

M. Bocher. On linear dependence of functions of one variable. Bull. Amer.
Math. Soc., 7:120-121, 1900.

M. Bocher. The theory of linear dependence. The Annals of Mathematics,
2(1/4):81-96, 1900.

P. Biirgisser. Completeness and Reduction in Algebraic Complexity Theory.
Number 7 in Algorithms and Computation in Mathematics. Springer, 2000.

S.M. Engdahl and A.E. Parker. Peano on wronskians: A translation. http:
//mathdl .maa.org/mathDL/46/7pa=content&sa=viewDocument&nodeId=
3642&pf=1.

G.F. Frobenius. Ueber die Determinante mehrerer Functionen einer Vari-
abeln. Journal fir die reine und angewandte Mathematik (Crelle’s Journal),
1874:245-257, 1874.

B. Grenet, P. Koiran, N. Portier, and Y. Strozecki. The limited power of
powering : Polynomial identity testing and a depth-four lower bound for the
permanent. In IJARCS Annual Conference on Foundations of Software Technol-
ogy and Theoretical Computer Science (FSTTCS 2011), volume 13 of Leibniz
International Proceedings in Informatics (LIPIcs), pages 127139, 2011.

22


http://mathdl.maa.org/mathDL/46/?pa=content&sa=viewDocument&nodeId=3642&pf=1
http://mathdl.maa.org/mathDL/46/?pa=content&sa=viewDocument&nodeId=3642&pf=1
http://mathdl.maa.org/mathDL/46/?pa=content&sa=viewDocument&nodeId=3642&pf=1

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

21]
22]

[23]

[24]

[25]

[26]

27]

D. Grigoriev and M. Karpinski. A zero-test and an interpolation algorithm
for the shifted sparse polynomials. Applied Algebra, Algebraic Algorithms and
Error-Correcting Codes, pages 162-169, 1993.

D. Grigoriev, M. Karpinski, and M.F. Singer. The interpolation problem for k-
sparse sums of eigenfunctions of operators. Advances in Applied Mathematics,
12(1):76-81, 1991.

D. Grigoriev, M. Karpinski, and M.F. Singer. Computational complexity of
sparse rational interpolation. SIAM Journal on Computing, 23(1):1-11, 1994.

J. Heintz and C.P. Schnorr. Testing polynomials which are easy to compute
(extended abstract). In STOC, pages 262—-272, 1980.

W. Hurewicz. Lectures on ordinary differential equations. Dover edition, 1990.

V. Kabanets and R. Impagliazzo. Derandomizing polynomial identity tests
means proving circuit lower bounds. Computational Complexity, 13(1-2):1-46,
2004.

A.G. Khovanskii. Fewnomials. Translations of Mathematical Monographs.
American Mathematical Society, 1991.

P. Koiran. Shallow circuits with high-powered inputs. In Proceedings of the
Second Symposium on Innovations in Computer Science,, pages 309-320, 2011.

T.Y. Li, J.M. Rojas, and X. Wang. Counting Real Connected Components
of Trinomial Curve Intersections and m-nomial Hypersurfaces. Discrete €
Computational Geometry, 30:379-414, 2003.

D. Novikov and S. Yakovenko. Simple exponential estimate for the num-
ber of real zeros of complete abelian integrals. Annales de l'institut Fourier,
45(4):897-927, 1995.

G. Peano. Sur le déterminant wronskien. Mathesis, 9:75-76, 1889.
G. Peano. Sur les wronskiens. Mathesis, 9:110-112, 1889.

G. Polya and G. Szegs. Problems and Theorems in Analysis. Volume IIL
Springer, 1976.

G. Polya. On the mean-value theorem corresponding to a given linear ho-
mogeneous differential equation. Transactions of the American Mathematical
Society, 24:312-324, 1922.

N. Saxena. Progress on Polynomial Identity Testing. Bull. FATCS, 99:49-79,
2009.

M. Shub and S. Smale. On the intractability of Hilbert’s Nullstellensatz and
an algebraic version of P=NP. Duke Mathematical Journal, 81(1):47-54, 1995.

L. G. Valiant. Reducibility by algebraic projections. In Logic and Algorithmic
(an International Symposium held in honour of Ernst Specker), pages 365-380.
Monographie n° 30 de L’Enseignement Mathématique, 1982.

23



[28] M. Voorhoeve and A.J. Van Der Poorten. Wronskian determinants and the
zeros of certain functions. Indagationes Mathematicae (Proceedings), 78(5):417
424, 1975.

Appendix A. Proof of lemmas for Section

In this section we prove two lemmas and needed for the proof of Propo-
sition 20} These proofs are elementary but somewhat technical.

In the following, we will compute additions of n integers of size s in time
O(n(s 4 logn)) and products of n integers of size s in time O(ns).

We begin by bounding the complexity of expanding a product of sparse poly-
nomials.

Lemma 27. We consider a product of v T-sparse polynomials P, ..., P, of degrees
bounded by v with integer coefficients of size bounded by «y. This product can be
expanded in time O (TH+). Moreover, the size of new coefficients is bounded by

wy + plogr.

Proof. For expanding such a product, we compute one by one each monomial of
the sum and we store the coefficients of these 7% new monomials. For computing
one coefficient, we have three things to do. We have to compute its degree (sum of
w integers of size v) in time O (u(y + log p)), its coefficient (product of y integers of
size ) in time O (i) and we add together the monomials with the same exponent.
At the end, at most 7 coefficients will be added together to form a given monomial,
so the size of the coeflicient is bounded by py+plog 7. Hence, as we add coeflicients
one by one, at each step we have to add an integer of size iy by one of size at most
wy + plog 7. Each term of the sum takes time

O (u(y +log p) + py + (uy + plog 7))
= O (v + plog(u)) .

Therefore, computing all coefficients takes time

O (7" (py + plog(ur)))
=0 (1").

O

Theorem [12] uses some constants 3, s which have been defined in Lemma
We will need to compute them.

Lemma 28. For every p in N, we have |S,| < 2p=1. For every a, p in N and for
every L in Sp, 0 < Bas < (p* + a)P.

Furthermore, for every o, p in N we can compute all B, s with s € Sy and g < p
in time O(2P log ).
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Proof. We showed in the proof of Lemma @ that 8, (1,00,...) = a and if s € S,
with p # 1, then

Ba,s = Ls;z0(a — |8 + 1)Boz,(én 1,52,83,...)
+ Z (sj-1+1) ﬂa(%mw@] 1,851+ 1,85 —1,8541,0.)" (A1)

1 2<j<p
sj7é0
However, in the formula above, the sequences (s; — 1,s2,83,...) and
(s1,...,8j-1,8j-1+1,8;—1,8j+1,...) fallin S,_1. Let us denote M, , = m%X|Ba7S|.
sESy

Hence, if p # 1, (A.1) implies,
Map < » + ) Ma,p-1.

Since, M, 1 = a, we get by induction 8, s < (p* + a)PLa.
For computing these constants, we notice that:

Sp+1] = [{s € Sprals1 # 0} + [{s € Spia]s1 = 0}
< 2|5,

The inequality comes from the two surjective functions:

Sp = {s € Spt1ls1 # 0} and S, — {s € Sp11]|s1 =0}
s+ (s1+1,59,...) s+ (0,82,...,8s,S1+s; + L, 8245, -)-

Hence by induction, [S,| < 2P7" and [UJ,Sy| = O(27). Then, if s € S, is fixed,
for computing B,,s with ( .7 we need to compute p products of an integer of
size plog(p? + a) by an integer of size logp or loga (in time O (plog(p? + )))
and a sum of all these products in time O (p2 log(p? + a)). Finally computing all
constants B, with s € S; and ¢ < p needs time O(2Pp? log(p? + ). That proves
the lemma. O

We can now prove the two intermediate lemmas of Proposition 20f For the
following, we keep the notations of Proposition

Lemma 29. Computing the expanded polynomial of a cell (v,u) in the matriz M
takes time O (2™t v™C'logl). Coefficients are of size bounded by O (mvC'log tl)
and degrees of size bounded by Cmu.

Proof. We also keep the notations of Theorem Each cell (v,u) corresponds to
the polynomial

Tuw ((fzgq_l))lép,qﬁo = Z ﬁ Z Bu.i, va o H (f(k))gk

T1,72,. 0 Tm =1 SEY
it rm=v—1

" e (Hﬁ s T ()"
LV J=1 k=1

71,72, "m st 52
it b rm=v—1 1557‘
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The first sum is a size at most v and the second one of size bounded by 2V
(Lemma . For computing one term, first, we need to compute H;nzl Bu,jsi =

H;"Zl Ba ;+1,s5 Wich is a product of m integers, each one of size vlog(v? + 2 +1)

(since o < 2). Tt is done in time O(mvC'logl).
Now, we want to develop the formula with respect to . We saw in the proof of

Theorem chat each monomial with respect to the [2 variables ( féqil)) e is
1<p,g<

of total degree m(v—1). We consider one monomial with respect to ( f,gq_l)) .
1<p,q<l

It is a product of m(v — 1) t-sparse polynomials with respect to the variable z. By
Lemma this product (the second parenthesis in the formula) can be expanded
in time O (t™(*~1 () and coefficients are of size Cm(v — 1) + m(v — 1) logt. Then

each coeflicient is first, multiplied by the corresponding coefficient H;"zl Bu,j,si i

time
0 (max{Cm(v — 1) + m(v — 1) log t, mvlog(v? + 2 +1)})
= O (mvClogtl),

that gives an integer of size at most O (mwvClogtl). Second, it is added to the
stored coefficient corresponding to the same monomial in time

O (mvC'logtl 4 log(v™2"™))
= O (mvClogtl).

To conclude, computing the cell takes time
O (vm2”m (mvClogl + (tm<”—1>c + tm(”_l)(mvC log tl + mvC'log tl))))
=0 (2”mvmtm<v*1>01og1)) .

That completes the proof of the lemma. O

Lemma 30. Assume that the entries of M are given in expanded form (i.e., as

sums of monomials). Computing the determinant of M takes time O (024””2 logt)

Proof. For each one of the (I!) permutations, we expand the corresponding poly-
nomial. Each cell has at most 2" ™t"™ monomials. Hence, each permutation
corresponds to a product of size [ of (2mllmtml)—sparse polynomials. Powers are

bounded by C'ml and coefficient sizes are bounded by O(mlC logt). By Lemma
each permutation can be computed in time

0 (lezlmltmIleC’log t)
_ O~ (23ml2 logtc)
and size of coefficients is bounded by

O (mi*Clogt + llog (2™1™t™))
=0 (leC’logt) .
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For computing the whole determinant, we compute permutations one-by-one,
adding each time new coeflicients to the one computed before. This is done in time

O (1t (22mt1eetc 4 om Pyl i Clogt) )
-0 (24m12 logtc> .
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