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Remark on stabilization of second order evolution
equations by unbounded dynamic feedbacks and
applications

Zainab Abbas T, Kais Ammari * and Denis Mercier '

Abstract

In this paper we consider second order evolution equations with unbounded dynamic feedbacks. Under a
regularity assumption we show that observability properties for the undamped problem imply decay estimates
for the damped problem. We consider both uniform and non uniform decay properties.

2010 Mathematics Subject Classification. 35L05, 93D15, 37K45, 93B07.
Key words and phrases. Unbounded Dynamic feedback, observability, uniform stability, non uniform sta-

bility.

1 Introduction

Let X be a complex Hilbert space with norm and inner product denoted respectively by ||.||x and < .,. >x x.
Let A be a linear unbounded positive self-adjoint operator which is the Friedrichs extension of the triple (X, V, a),
where a is a closed quadratic form with domain V' dense in X. Note that by definition D(A) (the domain of
A) is dense in X and D(A) equipped with the graph norm is a Hilbert space and the embedding D(A4) C X is
continuous. Further, let U be a complex Hilbert space (which will be identified with its dual space) with norm
and inner product respectively denoted by ||.|v and < .,. >yy and let B € L(U, V'), where V' is the dual
space of V obtained by means of the inner product in X. Consider the system

x”(t)—l—Ax()—i—Bu():O t €[0,+00)
(1) PU’(t) ( ) = Bral(t) = t € [0,+00)
2(0) = w0, 2'(0) = yo, u (0)

with p a scalar parameter. By replacing p by 0 and —-C by the identity in system (1) we obtain the system

whose stability was studied in [4].
In this paper we are interested in studying the stability of linear control problems coming from elasticity

which can be written as

() + Ax( ) + Bu(t) =0, € [0, +00)
(2) u'(t) — Cu (t) — B*2'(t) =0, t € [0,+00)
z(0) = o, 2'(0) = yo, u(0) = uo,

where z : [0, +00) — X is the state of the system, u € L?(0,T;U) is the input function and Cisa m—dissipative

operator on U. We denote the differentiation with respect to time by ’.
The aim of this paper is to give sufficient conditions leading to the uniform or non uniform stability of the

solutions of the corresponding closed loop system.
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The second equation of the considered system describes a dynamical control in some models. Some systems
that can be covered by the formulation (2) are for example the hybrid systems.

Let us finish this introduction with some notation used in the remainder of the paper: the notation A < B
and A ~ B means the existence of positive constants C'y and Cs, which are independent of A and B such that
A S CQB and ClB S A S CQB

2 Well-posedness results

In order to study the system (2) we use a reduction order argument. First, we introduce the Hilbert space
H =V x X x U equipped with the scalar product

< 252 >7—[,7~[: a(z,:i)+ < yvg >X,X + < ’U,,’EL >U,U7 VZ,E S H,Z = (z,y,u),é = (jayvu)
Then we consider the unbounded operator

Aq D(.Ad) — H
= (z,y,u) — AdZ = (yv 7"41' - BU,B*’IJ+CU),

where

~

D(Ay) = {(z,y,u) € V xV x D(C),Ax + Bu € X}.

So the system (2) is formally equivalent to
3) 2'(t) = Aaz(t), 2(0) = 20,
where zo = (0, Yo, uo)-

Proposition 2.1. The operator Ay is an m-dissipative operator on H and thus it generates a Cy-semigroup.
Proof.
<Agz,z>un = aly,x)— < Az + Bu,y >x x + < B*y+ 6u,u >u.u

a(y,z) —a(z,y)— < Bu,y >v..v + < B*y,u >yu + < Cu,u >uu
a(y,z) —a(z,y)+ < Cu,u >pu .

Taking the real part of the above identity we get (5) since Cis dissipative. Hence A is dissipative.
We would like to show that there exists A > 0 such that A\ — Ay is surjective. Let A > 0 be given. Clearly, we

~

have A € o(C). For (f,g,h) € H, we look for (z,y,u) € D(Aq) such that

z f
A=A |y|=19]:
U h
i.e. we are searching forz €V, y eV, u € D(a) satisfying
Ar —y = f
Ne+Ax+Bu = g+ Mf
(M -C)u—B*y = h.

By Lax-Milgram lemma there exists a unique x € V' such that
(W +A+ABOL=C)'B ) o =g+ Af + BAL—C) (B'f — ).
In fact, we have A2 + A + AB(Al — C)"'B* € L(V,V"), g+ Af + BA — C)~! (B*f —h) € V' and

R <()\2 T A+ ABM — 6)—13*) z, :c>V, > (Az,2)y

)



since

§R<B(AI— 6)—1B*x,x> — 8‘%<u, (Al—é)u>

VIV UU

)2 — %<u,5u>UU >0,

with u = (Al — 6)713*90, i.e. the coercivity property is satisfied.

Define
u=A -C)' (h+ B (\x— f)),

by choosing y = Az — f we deduce the surjectivity of A\l — A. Finally, we conclude that AI — A is bijective, for
all A > 0.
O

Now, we are able to state the following existence result of problem (3).

Proposition 2.2. (i) For an initial datum zo € H, there exists a unique solution
z € C([0, +0), H) to system (3). Moreover, if zg € D(Aq), then

(4) z € C([0, +00), D(Aq)) NCH([0, +00), H).

(i1) For each zo € D(Aq), the energy E(t) of the solution z of (3), defined by

B(t) = 2]12(0)
satisfies
(5) E'(t) =R < Cu(t), u(t) >< 0,
therefore the energy is non-increasing.
Moreover, we have the following estimate

t
(6) E0)—-E(t) = —/ R < Cu(s),u(s) >ds < %”Z()H?H, Vit € [0, +00), Yz € H.
0

Proof. (i) is a direct consequence of Lumer-Phillips theorem (see [7]).
(i) For an initial datum in D(A,) from (4), we know that u is of class C! in time, thus we can derive the
energy E(t), and using Propostion 2.1 we obtain:

E’(t) =R< 7,z Sun=R<Agz,z>yun=R< au,u > .

Hence the energy is non-increasing. Finally (6) is a direct consequence of (5). O

Assume that C can be written as C = —C — DD* where C is a skew-adjoint operator on U, D €
L(W,(D(C))"), and W is supposed to be a Hilbert subspace of U identified with its dual, thus D* € £(D(C), W).
Denote by A, the operator obtained by replacing C by —C' in the expression A;. We can easily check that A,
is closed anti-symmetric, m-dissipative operator whose opposite —A. is also maximal dissipative, therefore A,
is skew-adjoint and generates a unitary group. Denote by A, the operator

A i (z,y,u) € H— (0,0,—DD*u),
it is easy to see that A, is dissipative and Ay = A. + A,.. Note that the energy satisfies:

(7) E'(t) = —[| D u(t) -



3 Some regularity results
Let T > 0 be fixed and u € L?(0,T;U). Consider the evolution problem
(8) 25(t) = Acza(t) + Ar2(t), 22(0) = 0,t € [0,T],

where A, z(t) = —(0,0, DD*u(t)).

Lemma 3.1. Suppose that D € L(U). Then problem (8) admits a unique solution za(t) = (x2(t), y2(t), ua(t))
such that
Uz € LQ(Oa T’ U)7

satisfying the following estimate
(9) 1D uzll 20,70y < cllD*ull 20,750,

where ¢ is a positive constant.

Proof. Clearly A,z(t) = —(0,0, DD*u(t)) € C'(0,T;H), and since A. generates a unitary group e“**- on H,
then (8) admits a unique solution given by

t t
zo(t) = / et A, 2(s)ds = / e A, 2(t — s)ds, Yt € [0, T).
0

0

Moreover D € L(U) and

T
eliors = | e
0
T
< [ a0l
OT t
<[] et st - sl
0 0
T t 2
< J, (fwrna z(t—s>|Hds) @
< / / s 2(5)lleds)?d
< / / I Av2(s) eds)2dt
OT OT
< [ ([ 1ppuldsya
OT OT T
< [ ([ va[ 10D u)ds)ar
0 0 0
T
< [ TIDIID a0t
< T2||DH HD*U||L2(0TU)
Consequently, as || D*uzl| (0,10 < |D%llallz2(0,7:0)» (9) holds with the constant T/ D||D*]|. o

4 Uniform stability

In this section, we give sufficient and necessary condition which lead to uniform stability of system (3). We first
introduce the conservative system associated with the initial problem (2) as

2"(t) + Az(t) + Bu(t) =0, t € (0,+00)
(10) u'(t) + Cu(t) — B*2'(t) = 0, t € (0,400)
( ) = o, T ( = Yo, U (0) = Uop-



The corresponding Cauchy problem can be written as

(11) 2'(t) = Acz(t), 2(0) = 20 € D(A,).

Recall that the system (11) is the system (3) with C = —C and that (A., D(A,)) is given by
A.z = (y,—Ax — Bu, B*y + Cu), Vz = (z,y,u) € D(A.),

with
D(A.) ={(z,y,u) € VxV x D(C), Az + Bu € X }.

Note also that Proposition 2.2 still holds. In order to get uniform stability we will need the following assumptions:

(O) (Observability inequality) There exists a time 7" > 0 and a constant ¢(T") > 0 (which only depends on T')
such that, for all zg € D(A,.), the solution z1(t) = (x1(t), y1(t), u1(t)) of (11) satisfies the following observability
estimate:

T
(12) | 1D @) s = om0l
(H) (Transfer function estimate) Assume that for every A € C4 = {\ € C|R\ > 0}
ANeCy —» HN) =-D*NM+C+AB*(N+A)"'B)"'D e L(W),

is bounded on Cg = {\ € C|RA = 8}, where (3 is a positive constant.

Theorem 4.1. Assume that assumption (H) is satisfied or that D € L(U). Then system (3) is exponentially
stable, which means that the energy of the system satisfies

(13) E(t) < ce “" E(0),Vt € [0, +00),

where ¢ and w are two positive constants independent of the initial data zo € D(Aq) if and only if the inequality
(12) is satisfied.

By using [6, Theorem 5.1] and [2, Proposition 2.1] we have the following characterization of the uniform

stabily of (3) by a frequency criteria (Hautus test).

Corollary 4.2. Assume that assumption (H) is satisfied or that D € L(U). Then system (3) is exponentially
stable in the energy space if and only if there exists a constant § > 0 such that for allw € R,z € D(A.) we have

(14) I(iw — Ao)zll5 +[|( 0 0 D* )z|;, >4 |25,

Proof. (of Theorem 4.1). Let z(t) = (z(t),y(t), u(t)) be the solution of (3) with initial datum zg € D(A4). Con-
sider 21 (t) = (z1(t), y1(t), u1(t)) the solution of (11) with initial datum zy € D(Ag). Let 22(t) = (x2(t), y2(t), ua(t))
be such that z2(t) = z(t) — z1(t). Then 2z is solution of (8) and due to Lemma 3.1 its last component o satisfies
(9) if D € L(U). Otherwise, (9) holds true due to assumption (H). Since u = uy + uz, we get

Izl < ||D*U1H%2(01T;W) estimate (12)
S ||D*U||%2(0,T;W) + ||D*U2||%2(01T;W) (triangle inequality)
5 ||D*u||%2(O,T;W) (estimate (9))

Indeed z2, uy satisfies the system

x5 (t) + Axa(t) + Buz( ) =0, t e (0,+00)
(15) uh(t) + Cus(t) — B*xh(t) = —DD*u(t), t € (0,400)
x(O ) =0,25(0) = OUQ( ) =0.
Extend D*u by zero on R\ [0,T]. Since the system (15) is reversible by time we solve the system on R. We

obtain a function z € C(R; V) N CY(R; V) N L?(R; V') which is null for all + < 0. Let Z2()\), and @a()\), where



A=v+in, R(A) =~ > 0and n € R, be the respective Laplace transforms of 23 and ug with respect to t. Then
To and Uy satisfy

N235(\) + AT (\) + Biia(\) = 0,
(16) { Nis(\) + Clia(\) — B*AZa(\) = —DD*G(N).

Since A2 + A is invertible (Lax-Milgram lemma), we deduce from the first equation of the system (16) that
Ty = —(\* + A) "' Bus.
Substituting Zs in the second equation of system (16), we get
(M +C +AB*(\? + A)"'B)uy = —DD*a.
Noting that the invertibility of \I + C' + AB*(\?> + A)~!B follows from the invertibility of AI — A, we obtain
D*ly = —[D*(\[+C + AB*(\? + A)"'B)"'D]D*u

and by assumption (H) estimate (9) holds. Finally, the inequality, |23, < [ID*ul|72( 7.r7). implies that there
is a constant ¢ (7") which depends only of T such that

E(0) — B(T) > e1(T)E(0).

But it is well known (see for instance [4]) that the previous estimate is equivalent to (13). O

5 Weaker decay

In the case of non exponential decay in the energy space we give sufficient conditions for weaker decay properties.

The statement of our second result requires some notations.
Let H1,Hs be two Banach spaces such that

D(Aq) CH1 CHC Ha,

where
l-llpa) ~ [l
and
(17) [H1;H2]9 =H
for a fixed 6 €]0; 1], where [:;:] denotes the interpolation space (see for instance [8]).

Let G : Ry — R be such that G is continuous, invertible, increasing on R and suppose that the function

1
x +— —5—G(x) is increasing on (0;1).
r1-06

Theorem 5.1. Assume that the function G satisfies the above assumptions and that assumption (H) is satisfied
or that D € L(U). Then the following assertions hold true:

1. If for all non zero zo € D(Ag), the solution z1(t) = (z1(t),y1(t),u1(t)) of (11) satisfies the following
observability estimate:

r oll%,
1) | IDr o) ds > c<T>|zO||%LG< ) ,
0

(e

then we have

6

(19) Bt < [Gl (ﬁtﬂ T olB -



2. If for all non zero zo € D(Ay), the solution z1(t) = (z1(t),y1(t),ui(t)) of (11) satisfies the following
observability estimate:

T
(20) / 1D us(3) |2 ds > e(T)l|20l12,.

then we have
1

(21) E(t) < mHzOHQD(Ad)'

Proof. 1. Using the same arguments as in the proof of Theroem 4.1 we get from (18)

T 2 2
Ve € DA, [ IDuls)fds > el ().
0

1013

The sequel follows the proof of Theorem 2.4 of [4], therefore we give the outlines below. Using (17) and
the interpolation inequality

—0 0
lIz0ll7¢ < llzoll32,° l20ll%,

we easily check

z0ll3e, o lzolla”
20 Z

?;2 > & 7; 26 ) vZO € D('Ad)
z0ll3e ™ 2],

Consequently, using (7) and the fact that the function ¢ + ||z(t)||% is nonincreasing and G is increasing
we obtain the existence of a constant K7 > 0 such that

DB, < 15O, - Kal=@) G [ D
1Ol

Applying the same arguments on successive intervals [T, (k + 1)T], k = 1,2, ... we obtain the existence
of a constant K5 such that

|2((k + )T >||i[9”
12O

l2((k + 1)T)5, < (kD)3 — Koll2(kT)|5,G » V2o € D(Aq).

kT)||4,°
If we set & = G % , the previous inequality, the property of G and the fact that ¢t —
[12(0) |57
|[2(T")||% is nonincreasing then we get
|2((k + DT, _Ex
(D)1, Erar

Er <& — Kle%—i—l-

Equivalently, we have

2—260
R N B0yl
[ e )
ll= (kD) } z Hq
2—260
2 [
(22) 120l i1 < & — KoER .
1 G lz((k + 1)T)[l4°
_ £ 2-26
[|z<<k+1>T>; 7 } e 12(0)[|4,
27929
120115,



1
Combining (22) and the fact that the function © — ——G(z) is increasing on (0; 1), we get

xr1-0

Enp1 < & — Ko7 .

M
We thus deduce the existence of a constant M > 0 such that &, < P and we finally get (19).

2. As for 1. the proof is similar to the second assertion of Theorem 2.4 of [4] which is based on Lemma 5.2

of [3] and is left to the reader.
(]

6 Examples

Beam System

We consider the following beam equation:

ug (2, ) +u®(x,t) =0, 0<z<1,te|0,00)
ne(t) + Bn(t) — u(1,t) =0, 0<z<1,te(0,00)
u(0,t) =/(0,t) =u’(1,¢t) =0, te€[0,00)

W"(1,1) = n(t)

(23)

with the initial conditions
u(x,0) = uo(x), us(x,0) = ui(x),n(0) = no.
In this case
X =L1%0,1),U =C,V = {uec H*0,1) : u(0) = v'(0) = 0},
D(A) = {u e H*0,1) : u(0) = «/(0) = u"(1) = 0,u® (1) = 0},

1
a(u,v) = / 10D dzx (u,v € V), Au=u® (u € D(A)),
0

B*=61,B 0 =¢(1)(peV).
(Bn,@)vi,v =qp(1) (n e C,p e V),
and
C: C-oC
n——=pn

where (3 is a postive constant.

Note that C is bounded, so we only need to find the observability inequality in order to deduce the type of
stability of the system. Since B € L(U, V') then By = n- B1, and since B1 € V/ and A € L(V,V’) then there

12

exists a unique ug € V' such that B1 = Aug. Indeed, it is easy to check that ug(z) = 5 — % Moreover, C' =0

and D = +/B.

Remark that in this case

D(A.) = D(Ag) = {(u,v,m) €V xV x C: Au+ Bn € L*(0,1)},

and
u v

(24) Aclv ]| =|—-Au— Bny
n B*v

Note that since D(A.) is compactly injected in H, then 4. has a compact resolvent and thus its spectrum is
discrete. In addition, since A, is a skew-adjoint real operator, then its spectrum is constituted of pure imaginary
conjugate eigenvalues. Now, let A =iy € o(A.) with U, an associated eigenvector then A= —iu € o(A.) with
Uu an associated eigenvector. Since the eigenvalues are conjugates , it is sufficient then to study p > 0.



Lemma 6.1. The eigenvalues of A. are algebraically simple. Moreover, 0 € o(A.) and for every A = iu €
o(Ae), >0, u satisfies the following characteristic equation,

(25) F(1) = /i + 1y/Ficosh(y/J7) cos(y/B) + sin(y/7) cosh(y/77) — cos(/7) sinh(y/7) = 0.

Proof. First it is easy to see that 0 is a simple eigenvalue of A, and that an associated eigenvector is
U =n(—up,0,1)",n € C.
Let A = iu € o(A.), 0 > 0, and let U = (u,v,m)" € D(A.) be a nonzero associated eigenvector. Then U
satsifies
Ac(u,v,m) " = Mu,v,n)7,

which is equivalent to

v = A\u
(26) B*v=M\n
—Au — nAug = v = \u.

We then deduce that
A(u 4 nug) = —Nu, B*u = (1) = 1.

But as U € D(A.), then Au + By = A(u + nug) € L?(0,1), which implies that u + nug € D(A) and that
u € H*(0,1) satisfies

(27) w(0) = u/'(0) =" (1) = 0,4 (1) = n.

However, A(u+nug) = (u+nue)® = u®, thus we need to solve u(®) = —\2u = p?u, u(1) = 1 with u satisfying
(27). We deduce that u could be written as

u = ¢ sin(y/pz) + co sinh(y/px) + 3 cos(y/pux) + ¢4 cosh(y/uz),
with C = (c1, ca,c3,¢4) " satisfying
(28) MC =V,
where

0 0 1 1 0
_ 1 1 0 0 | o
M=1_ sin(y/) sinh(\/) —cos(y/p) cosh(y/R) M= g

—cos(y/ft) cosh(y/p)  sin(\/m)  sinh(y/n) #_\n/ﬁ

We first remark that 1 # 0. Otherwise, since u satisfies u(*) = p?u and the boundary conditions u(1) =

u”(1) = u"(1) = 0, then there exists a constant ¢ € R such that u is given by

u(x) = c(sinh(\/p(1 — ) + sin(y/p(1 — z)).

But cosh(,/n) + cos(y/) > 0, then w/(0) = 0 implies that ¢ = 0 and hence U = (u, Au,n)" = 0 which is a
contradiction.

Consequently, each eigenvalue of A, is simple. In fact, suppose to the contrary that there exists pu # 0
such that A = iu is not algebraically simple. Then as A. is skew-adjoint, A = iy is not geometrically simple.
Thus there exists at least two independent eigenvectors U; = (u;, v;,7;),¢ = 1,2, corresponding to A, and hence
U =nU; —mUs = (u,v,n) = (u,v,0) is an eigenvector which is impossible.

Going back to (28), we get from the first three equations,

sin(y/p) + sinh(y/z)
cos(y/1t) + cosh(y/n)

Co = —C1, €4 = —C3, C3 = —C1



Therefore the last equation of (28) becomes

~ 2c1(1 + cos(y/) cosh(y)
cos(/ft) + cosh( /1) oV

As 7 # 0 then the determinant of M which is given by det(ﬁ) = —2 (1 4 cos(y/m) cosh(,/k)) is nonzero and
C is given by

— cos(y/t) — cosh(,/11)
O =M1V, = n cos(/m) 4 cosh( /1)
24,/1(1 4 cos(y/p) cosh(y/m)) | sin(y/i) + sinh(/z)

—sin(y/it) — sinh (/1)

Substituting C' in the condition u(1) = n, we finally deduce that u satisfies the charateristic equation (25). O

Now, we study the asymptotic behavior of the eigenvalues of A..

Lemma 6.2. There exists kg € N large enough such that for all k > ko there exists one and only one A\, = iy,
eigenvalue of A. with /iy € [kr, (k + 1)7]. Moreover, as k — oo, we have the following

us 1 1
(29) \/Mk:§+kﬂ+m+0(ﬁ).

Let Uy i, = (u1,k, AkU1k, m1,k) be the associated normalized eigenvector. Then,

4 1
(30) ml® = 7 +o (k_4) -
Proof. First step. Let z = /i where i € 0(Ac) and p > 0. Then by (25), we have
f(2?) = 2* 4 cosh z(2° cos z + sin z) — cos zsinh z = 0.

e~

Iieplacing coshz = % and sinhz = 62_2 ~in f(2?) and dividing by 2326
f(z) =0, where

"~ we deduce that z satisfies

f(z) = cosz + Sinz — CoSz

cos si
+2eF 4 (cos z+ z 1nz)

23 23 + 23
For z large enough we have 3
f(z) =cosz +0O(1/2%).
It can be easily checked that for k large enough, f doesn’t admit any root outside the ball By = B (z,g, k%),
with 29 = 5 +km. Then by Rouché’s Theorem applied on By, we deduce that for k large enough there exists a
unique root z; of f in [kx, (k + 1)7]. Moreover, z, satisfies

T
Zk=§+kﬂ'+€k,

with e = o(1). Since zj, satisifes f(zk) = 0, then ¢, satisfies

sin (£ +km+e) + o(1)

cos (g + km + €k) + 1373 1 o(k?) +O0(e™**) = 0.
Hence
— sin(eg) + CZSB(;;“) +o <%) =0,
and thus

1
—kPer, + o(KPe) + = +o(k?*ex) +o(1) =0,
which gives

1 3
€L = W+O(1/k )

10



Therefore, (29) follows for yuj, = 27.

sin(zy) + sinh(zg)

. Th
cos(z) + cosh(zy) o

Second step. Set [ =

et 4+ 2sin(z) — e %k
ek + 2cos(zg) + e~ %k

(31) B = =1+ o(e ).

By the proof of Lemma 6.1, the last component 7;, of U] is nonzero and thus
. 9 1
Uk = (uk,zzkuk, 1) = 77—U171C

is an associated eigenvector to zz,% with ug having the form,
up () = c1 sin(zpx) + o sinh(zgx) + c3p cos(zxx) + car, cosh(zgx),

with
Cok = —Clk, C4k = —C3k, C3k = —PkCik-

It follows that

(32) up(z) = c1g [(sin(zgz) — sinh(zkz) — cos(zxx) + cosh(zxx)) + (Br — 1)(— cos(zkx) + cosh(zxx))] -

In order to get the behavior of 1, = ||U—1k|\’ it is enough to compute the integral fol |ug|?dx. Indeed, multiplying
u,(:l) = —Nuy = p?ug by Uy, integrating by parts and noting that u(0) = u},(0) = 0, ug(1) = u}’(1) = 1 we
obtain

1 1
[ Pas = e [ a1,
0 0
and hence
1 1 1
Ukl = / ug,dr + u,ﬁ/ updr +1 = 2uk2/ uidz.
0 0 0
Since
3 —cosz, — S (1 + e %)
2z = 1+ <5 cos 2, (1 + =22k
D) k( +e )
_ —1+0(e™")
(=D tlsine, + O(e k)’
we deduce that
—1)k
(33) g = ( 2> + o(1).

As
/ (sin(zz) — sinh(z2) — cos(zx) + cosh(zx))?dx = / (sin(zz) — cos(zz))?dx + o(1) = 1+ o(1),
0 0

and )
/ (— cos(zx) + cosh(zx))?dx = 68— + 0((;—),
0

we consequently deduce due to (31), (32) and (33) that
by 1 2 _ K 4
/ wh(@)de = 7 +o(1), and U = 5 4 o(k?).
0

Hence (30) holds. O

11



Proposition 6.3. Let Uy = (ul,vl,m)T be the solution of the conservative problem (24) with initial datum
Uo € D(A.). Then there exists T > 0 and ¢ > 0 depending on T such that

T
(34) A|mm%z¢%%mﬂ-

Proof. We arrange the elements of o(A.) in increasing order.
Let J = {ip: || < pro}. Then o(Ac) = J U {ips : |k| > ko} and (Uy)ues U (U k) k|>k, forms a Hilbert basis

of H. We may write
Uo=Y uhUu+ > uf?Us.

neJ |k|>ko
Moreover,
_ it (k) Jipgt
= E Jugen, + E uy €Mk
peJ k| >ko

Note that pupy1 — pp > 5 for |k| > ko. Set o = min {Z, min{|u—p/|:pe J o/ € J}}. As |p—p/| = 7 >0
for all consecutive p € U(A ),/ € o(A.). Then using Ingham’s inequality there exists T' > 27y, > 0 and a
constant ¢ depending on T such that

T
k
L/MNWﬁZCEH%mF+§:WVMW
0 ueJ |k|>ko

1
Due to Lemma 6.2, we have that | x|? ~ k—4. we deduce using Ingham’s inequality the existence of T' > 0
such that

) [ ez X e Y

peJ k| > ko

(k)

Therefore, we obtain (34) as required. O
Theorem 6.4. Let Uy € D(Aq) and let U be the solution of the corresponding dissipative problem
Uy = AqU, U(O) =Up € D(.Ad)

Then U satisfies,

1

(36) VOIS 1

1001154,

Proof. Since the operator D € L(U), then Lemma 3.1 holds true.

Set Hy = D(A.) and Hy = D(A_!), obtained by means of the inner product in X. Then H = [H1; Ha]1/2.
By Proposition 6.3, we have

T
/HWM@%wzmm%f
0

By Theorem 5.1 applied for 6§ = 1/2, we therefore obtain (36). O

Example on uniform stability

Consider the following system,

wge(z,t) + u® (2, 1) + abyy(z,t) = 0, te0,00),0<z <1
01 (x,t) + BO(x,t) — Qg (x,t) = 0, te0,00),0<z <1
w(0,t) = u(l,t) = u”(0,t) =u"(1,t) =0 t € [0,00)
u(z,0) = uo(z), u(z,0) = ui(z), 0(x,0) = Op(z), 0<e<l

(37)

12



with a > 0,8 > 0. Define the following spaces,
V = H?0,1)N H}(0,1),X =U = L*0,1),
and the following operators,
D(A) = {ue H'(0,1) N Hg(0,1) : gz (0) = g (1) = 0}, At = t1gger € L*(0, 1),
C: L20,1)— L2(0,1)
0 — Bo.
Remark that C is a bounded operator on L?(0,1). Moreover, B and B* are given by

B: U—V , B*:V—=U
0 — by U — QUgy,

and D, D* € L(U) with DO = D*0 = \/B30. The norm defined on the energy space H =V x X x U is given by

1 1 1
|\(u,v,9)T|\%=/o |um|2dx+/0 |v|2dac+/0 102 dz

D(Aq) = D(A) = {(u,0,0)T € V xV xU:u™ +0,, € L>(Q)}.

We moreover have

The associated conservative system is given by

ugt (2, 1) + u® (2, 1) + Al (2, 1) = 0, te0,00),0<z<1
(38) Or(x,t) — auggy(x,t) = 0, tef0,00),0<z<1
w(0,t) = u(1,t) = v’ (0,t) = u” (1 t)=0 t € [0,00)

u(z,0) = uo(x), u(z,0) = ui(z), 0(x,0) = Op(z), 0<z <l

In the following proposition we prove that the solution u, 8 of (38) satisfies the required observability inequality
(assumption (O)), which is enough to deduce the exponential stability of (37) as D € L(U).

Proposition 6.5. Let Uy = (ug,u1,00)" € H. Then the solution (u,0) of (38) satisfies

T
(39) | owpa z ol
Proof. Writing (ug,u1,00)" € D(A.) with respect to the basis (sin(kmx))gen- of L2(0,1), we have

ug = g ud sin(krx),u; = E uy, sin(kmx), 0y = E 09 sin(krx).
keN~ keN~ keN~

The solution (u, ) of (38) is thus given by

u(t) = Z u(t) sin(krx) and 6O(t Z 01 (t) sin(kmx).

keN* keN*

By the second equation of (38),
0. (t) + ak*n?u)(t) = 0,Vk € N*.

Due to the initial conditions we deduce that

O (t) = —ak?nuy(t) + 09 + ak*m%u.

13



Replacing v and 6 in the first equation of (38), we deduce that

ull(t) + Kt (1 4+ o®)ug(t) = ak?*7% (00 + ak*nul), vk € N*,
henee a0 + ak?m?u?)
ug(t) = k§ﬁ2(1+a2)k

+ ¢1 cos(k*m? /1 + a?t) + cosin(k*n% /1 + a2t),
where
—aeg + k27r2u2 u,lC
ST ko R
k272(1 + a2) 2 k2721 + a2’

obtained by the initial conditions u(0) = u?, u}.(0) = u} and 6;(0) = 6.
ko Ui k k

Cc1 =

Finally,
0 (t) = m[\/l—i——cﬂwg + ak?mud) + a\/l—l——c@(aeg — E*m%ud) cos(\/l—l——anQWQt)
—a(l + a®)ul sin(v/1 + a2k22t)].
Set T = ﬁ. Then,
ARG m [(2+ah)(OR)” = 20(=2 + ®)K*muy, + o 3k ! (uR)? + (1 + o®) (uy)?)]

where M is a square matrix given by

3a27? _a(=2+a*)T
(14+a2)2 (1+a2)2
_a(=2+a?)m 2+at
(1+a2)2 r(1+a2)?2
But as 5 o A 5 4
2a°m 2+« 3acm
det M = g > 0, trace M = Zho Foam > 0,

(1+a?)
we deduce that Apin > ¢ > 0 (where Ay, is the smallest eigenvalue of M) for some constant ¢ independent of
k and hence

(14 a?)s

’ 2 o?(1+a?)(uy)? . 40,0V2 1 (992
/0 10k (t)] dtzT( (4 anin + Amin (M) (k* (ug)® + (0%) ))

we get
T
| 100Par 2 Y (R + 602 + (k) 2 Vol
0 kEN*
We hence conclude (39) by denseness of D(A.) in H. O

Recall that the energy of (u,6) a solution of (38) is defined by

1/ ! 1
E(t)§</0 Ium|2d:c+/ Iut|2d:c+/ |9|2dz>.
0 0

Theorem 6.6. Let Uy € H. Then there exists w > 0 such that the energy of the solution (u,8) of (38) satisfies
(40) E(t) < e " E(0),Vt € [0, +00).

Proof. By Proposition 6.5, assumption (O) holds true. Then (40) follows by applying Theorem 4.1. O
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Hybrid example-2D problem

Let Q be a bounded domain of R? whose boundary I' satisfies
I =TyuUl'y, I[NNI = ¢, and meas I'y # 0.
We assume moreover that there exists a point zg € R? such that
Ip={zel:m@)v <0}, I'1={zel:m)r>w>0},
for some constant w > 0, where m(z) = © — xyp and v = v(x) denotes the unit outward normal vector at x € T.
Denote by R = ||m|ec = sug”m(m)”

re
Consider the following system,

yu(z,t) — Ay(z,t) =0, zeQt>0,
y(z,t) =0, x €T, t >0,
(P) aye(z,t) + Oy (z,t) + n(x,t) =0, =z e€Tly,t>0,
ne(x,t) — ye(z,t) + bn(z,t) =0, zel,t>0,
y(2,0) = yo(z), ye(z,0) =y1(x), =z €,
n(z,0) = no(x) zely,

where a and b are two positive constants. In order to justify that the system could be written in the proposed
general form, we introduce a proper functional setting. Let

X =L%(Q) x L*(Ty)

endowed with the inner product,

(007 @87), = [ <ni>ders [ <cé>as

1

and
W={yeH' (Q):y=0o0nTo}=Hf (Q), U= L*I).

Define also V' by
V={(y,6) e W x L*(T1) :ay =€ on I'1},

and the operator (A, D(A)) by
A(yag)—r = (_Ayaauy|F1)T

with
D(A) ={z = (y,€)" €V :ye H*(Q)}.

We can easily check using Lax-Milgram lemma that (A +4I) are surjective. In addition, since A is symmetric
we deduce that A is self-adjoint. The corresponding form a is given by

(0= [ <y > dou= (0.7 € Via=(G8T V.
Q
In addition, we define for every n € U and (y, &) € V the operators B and B* by
Bn=(0,n)", B*(y,€)" =ylr,-
The operator C' = 0 and the operator Cis given by
Cn = —bn, n € L*(Ty).

Hence the system (P,) can be written in the form of system (2).
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Accordingly, we define the energy space
H =V x L*(Q) x L*(T)?,

endowed with the inner product

1 -
(u,a)H:/ <ym,y}>dx+/ <z,2>dm+—/ <£,§>ds+/ <n,7>ds,
Q Q Iy

a T

where u = (y,(,2,&,m), 4 = (g,é,z,é, 7) € H, and < .,. > represents the Hermitian product in C. The
associated norm will be denoted by || - ||%. Moreover, (Aqg, D(Aq)) is then given by

Adu = (nga Aya 7al/y -1, Z|F1 - bn)v Vu = (ya Cv vaa 77) € D(Ad)a

with
D(Ad) = {’LL = (ya<727§an) EH: ye H2(07 1),2 € W,C = a’y|F1§ = (J,Z|F1}.

Hence, the previous problem (P) is formally equivalent to
(41) Uy = Adu, U(O) = Uug,

where ug = (yo, ayo|r,, 1, ay1|r,,M0). The energy of the system (P,) is given by

1 1
B =1 ( [t [ 1Vopass S [ uas | |772|d8),
2 \Jq Q a Jr, Iy

d
—EB(t)=—b 2|ds.
PO =—b | In'lds

The corresponding conservative system is defined by

and its derivative

yee(x,t) — Ay(z,t) =0, €N t>0,

y(z,t) =0, x €T, t >0,

ayu(x,t) + Opy(x, t) + n(x,t) =0, x€Tlq,t>0,
(Po) _

nt(xat)_yt(xat)_oa $€F1at>oa

y(ZC,O) = yo(-r)a yt(xao) = yl(-r)a T e Qa

77(1'50) :770(1'> ZL'EFl.

The initial value problem associated to the conservative system (Fp) is given by
(42) up = Acu, u(0) = ug,

where

‘ACU = (Zaga Aya _al/y - 77’ Z|F1)’ VU = (y) Ca zaga 77) € D(AC)’ D(AC) = D(Ad)
As the operators D and D* given by,

Dn = D*n= by, neL*I),

are bounded, Lemma 3.1 holds true. Thus in order to deduce the polynomial stability of the solution of (41),
it is sufficient to check that the solution uy of (42) satisfies the observability inequality (O),

T
oI 12 el
0 T, 1 D(ACZ);

where D(A-?) denotes throughout the example the space (D(A2))".
We first state the following proposition.
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Lemma 6.7. Let ug = (yo, Co, 20,&0,Mm0) | € H and let uy = (y1,C1,21,€1,m) " be the corresponding solution of
the problem (42). Then there exists cp > 0 such that

T
2 2
(43) L iz erlwl

Proof. First step. Let vg € D(A.) and v = (y,¢,2,£,m) " be a solution of

(44) vy = Aqv, v(0) = vg.
Then there exists T' > 0 such that
T T T
(15) fl<er [ [ wirec [ [ owrc [ mk
o Jr, o Jr, o Jr,

for some positive constants Cy, Cs, C3.

Indeed, for vy € D(A.), we have

T T
(46) / /ytt (2m-Vy) = / /yt (2m - Vy) + [/ ye2m - Vy]
Q 0 Q
T
2 [ [l / [l + | [ w2 Vy] ,
0o Ja

//Vy V(2m - Vy) + //&,me V)
- [ foorsit s [ [osen-s

Finally, multiplying the wave equation by 2m - Vy and substracting (47) from (46) leads to,

(48) 2/0 [ w/@ Fl(m-u>|yt|2+/0 JRCRIT
+[/Qthm-Vy]OT—/OT/Fauy(Qm-Vy)=0.

Multiplying the wave equation equation by y we obtain

(49) —/OT/QIytIQJr/OT/QWyFJFUgyty]:—/;/r(y.vy)y:
As
/OT/Fauy@m.Vy) = 2/OT/F(??”L.l/)(auzj)Q+2/0T/F(TrL.T)(&,yaTy)7

then taking into consideration the Dirichlet condition on I'g, we get

[ [owem-wi- [ fonorwut = [* [onmowr- [ [ )0

T
+2/ g (m.7)(0,y0ry).

I A (m)@? + / i %
[

and

(47) / : A Ay(2m - Vy)

Due to the geometric conditions imposed on I', we have

o [ [owemvn- [ [monwe

IN

IN
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Hence (48) leads to

&) 2 [ [ [[wemew] < [ [ monue s [0 ] o

Adding (49) to (51), we obtain

T

(52) /OT/Q Iytl2+/0T QIVyI2 [/ ye2m - Vy]T+ [/ yty}o —/()T/F(V-Vy)y
/ [ ol + (1 )/OT/F1(5"9>2'

T
Note moreover that [/ yr2m - Vy} + [/ yty] 2 —E(0), and
Q

[ fomsesr [ [owes[ [isq[ [+ [

We deduce that for € > 0 chosen small enough there exists C' > 0 such that

(53) (Tc>||vo||%¢§/0T/Fl|yt|2/0T e < [ Fl(m-u>|yt|2+i/T/Fl<ayy>2
s ) [0 oy

Finally, choosing T large enough, we get the required result (45).

Second step. Let o > 0 and set

1
m=—(=0yy —n) +20z+ o’

We have the following expression for |n;|? on I'y,

(ac® —1)2 e 4o

1 %"
|771|2 = _lal/y|2 + 4a2|2|2 + - —O0yyz + (1 —ax )au?ﬂ? + —(aa2 —1)zn.
a? a? a

By the boundary condition on I'1, 7y = z and 0,y = —n — any, we get

1 —1 4 aa?)(1 + ac? 2 (—1+ ac?
it = ol + a0t EEOINTOD o gy s + O,
Thus
T
1+ aa? —1 4+ aa®)(1 + aa?
[ e = [ [ oo s a2 - 2D SR
0 I a a
(54) 420 [ TP ~n(0)ds +2 [ (T - ml0)ds +
Ty Iy
2(—1+ aa? 2(—1+ aa?
A0 [ s - 22D om0
a Fl a Fl
Choosing « large enough, we get
2(—1 2 2(1 2 -1 (1 2
w1:—2>0,w2:4a2— ( +aa): (+ao¢)>0,w3:( +aa)2( +aa)>0'
a a a a

18



In addition, (54) implies that

T T
/ I 2ds > / / 1 By + wal2(1)? + wslnf2)ds — K allvollZ,
0 Ty 0 Iy

for some constant K, o > 0 independent of 7.
Combining the previous inequality with (45), we deduce the existence of ¢; > 0 such that

T
/ I ds > e (T — 2)[ooll% — KaallvolZ
0 I

Finally, choosing T large enough, we obtain

T T
(55) / i ds = / /
0 Ty 0 Ty

for some positve constant co depending on 7.
Last step. Let ug € D(Ay) and let u; = (y1,(1,21,&1,m) " be the corresponding solution of (42), then

v=(4,¢(2&n)" =[(Ac+al)?] ',

is a solution of (44) where vg = [(A. + al)?] tug € D(A.). Since (A, + al)? = A% + 2aA, + o2, the last
component 77 of u is given by

1 2
(=0 —n) +202(1) + o®n| ds > callvoll3,

1
m = —(=0uy =) +20z(1) + o,

thus by the two previous steps we get (55). Noting that ||ug||p(a.) ~ [|voll#, we consequently deduce that (43)
holds for all ug € D(A,). O

Theorem 6.8. Let ug € D(Ayg) and let u be the solution of (41). Then u satisfies,

1
(56) lu@®)l* < jHUOHQD(Ad)-

(1+1¢)

Proof. Since the operator D € L(U), Lemma 3.1 holds true.

Set H1 = D(A.) and Hy = D(A-?). Then H = [H1;Hs]1/3. By Lemma 6.7, we have

T
| 107 s = erlual,
0
By Theorem 5.1 applied for § = 1/3, we therefore obtain (56). O

Remark 6.9. Using the same method we get an analogous result for the one dimensional problem. we can also
get the observability inequality by a spectrum analysis and that was already done in the paper [5], where the
authors obtained an optimal decay, thus we expect the decay in the two dimensional case to be optimal as well.

Remark 6.10. Consider the following system studied in [1]

Y (2, 1) — You(z, 1) = 0, O<zx<l,t>0,
57) y(0,1) = 0, t>0,

ym(la t) + (n(t)’ CO)(C”' = 0, t>0,

Ut(t> - BOU@) - Coyt(lvt) = 07 t> 07

and
y(x,0) = yo(x), ye(x,0) = y1(),n(0) = 10,0 < 2 < L,

where By € M,,(C), Cy € C" are given. System (57) can be written in the form (1) where V = {y € H*(0,1) :
y(0) = 0}, X = L%(0,1) and U = C". In this case, C = By is a bounded operator and By = (n,Co)d1 for all
n € C". Indeed, since C is bounded then it is enough to verify assumption (0). Assumption (O) was verified in
[1] and the polynomial stability of (57) was deduced. In particular, for n = 1 we obtain the system studied in
[9], where a polynomial decay is proved using a mutltiplier method. The polynomial decay can be also obtained
by proving an observability inequality for the solutions of the corresponding conservative system which is exactly
what has been verified in [1], thus applying the appraoch intoduced in this paper.
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7 Unbounded example
Consider the following system

U (2, ) — Ugg (2, 1) + w(z, t) =0, te0,00),0<z<1
(58) wE x,t) — twge (2, t) + w(E, )0 — us(z,t) =0, te0,00),0<z<1
u(z,0) = uo(z), Ou(z,0) = ui(z), w(z,0) =we, 0 <z < 1,
where £ € (0,1). Define the following spaces and operators:

X =U = L*0,1),V = H}0,1),U = L*(0,1), W = C,

A:u€ D(A) — —uge € L*(0,1), D(A) = H*(0,1) N H} (0, 1),

and B = B* = Iy = I12(p,1)- In addition,
D:neC—né (D)), D*:we DC)— w() eC,

and

C:wée D(C) = —iwg, € L*(0,1), D(C) = H*(0,1) N H}(0,1).
The operator C is thus given by R

Cw = twgy — w(&)de
with R
D(C) = {w € Hy(0,1) N[H(0,8) N H?(€,1)] = i[wy]e = i[w, (§7) —wa(€7)] = w(&)}.

As the operator D is unbounded, we need to verify that the problem satisfies assumption (H) as well as the
asumption (O) for conservative problem. In this case we have

~

D(Aq) = D(A) x V x D(C)

and
D(A.) = D(A) x V x D(C).

In order to verify the assumption (H), we proceed by finding the transfer function, for this purpose we recall
that us = u — uy and wy = w — wy satisfies (15) which is in this case

Onug — Opgua(z,t) + we(x,t) =0, te0,0),0<z<1
(59) Oywa (z,t) — i0zgwa(z, t) — Opua = w(§, t)d¢, tef0,00),0<x<1
u2(07t> = u2(17t> = w2(05t) = w2(15t) =0,
uz(x,0) = 0, drua(z,0) =0, wa(x,0) =0,0 < z < 1,
and
Onur — Opgur (z,t) + wi(z,t) =0, te0,0),0<z<1
(60) Opwr (z,t) — 10zpw1 (2, t) — Opur = 0, te0,00),0<z<1

ul(Ovt) = u1(17t> = wl(oat) = wl(lat) = 05 te [0,00),
u1(z,0) = uq1 0, drur(x,0) = u1,0, wo(z,0) = wop, 0 <z < 1,

Verifying the assumption (H) is equivelant to verifying (see [4, Proposition 3.2] for more details)
lwa (&, 1)7 < |w(& 1)
For this purpose, we state the following proposition.

Proposition 7.1. Let (u2,ws) = (u — uy, w — wy) be the solution of (61). Then wo verifies

|’LU2 (&7 t)|2 S |’LU(§7 t>|2
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Proof. Let A = 1 + in and consider us,wy the Laplace transforms of us and wsy respectively. Then s and we
satisfies (16) given by

(61) { A ’CLQ(,%, )\) — amﬂg(x, A) + 'UA]Q(ZC, )\) =0,

M2 (2, N) — 105z Wa(x, A) — Mg = W(E, )¢,
The problem reduces to studying o and ws solutions of

{ )\2’(72 — Ogglin + o =0

(62) Ny — 100y @y — Ny = —ibe

with
12(0) = ua(1) = 0, wa(0) = Wz (1) = 0, [Ou]e = 1, [We]e =0,
and proving the existence of Cz > 0
[w2 (&, Al) < Cp, VA =B+ iy, y €R.

First, we set
Wy = W3 + Wy,

where

(63) A3 — 102, W3 = —id¢,

with

(64) wW3(0) = w3(1) = 0, [0, Ws)e = 1, [W3]e = 0.
and

(65) A4 — 1055W4 = AUo.

with

(66) @1(0) = @4(1) = 0.

Let 8 > 0 be fixed. It is required then to prove that
|w3(&, \)| < Cup, |[Wa(€,N)| < Cop, VA = B +iy,y € R.

We start by writing the expression of ws,

. X V2sin(kr€) | sin(kmé)|?
’LUg(ZL',)\): 2 1w\/_sln kﬂ'l' = 2Zm

For simplicity we consider A = 1 & in2y>2.

£A|N§:|Wiy 2|

We first give an estimate for A = 1 + in2y?,

= 1 1
D6 N <y — — <=
|'LU3(§) )| ~ ; (k2 +y2)7r =6
For A = 1 — in%y?, we have
. 2 1
|w3 (&, A\)| < ) Z kQ +2n% + Z [
1<k<E(y)— 1Y E(y)+2<k

21



But X Bk 1
y) —
> o< Y 5 me Y o st
2 _ .2 — 2 _ 1.2 I
1<k<E(y)-1 y K 1<k<E(y)-1 E(y) k 1<k<E(y)—1 E(y) +k

and
2

1 s 1 > 1 7
D e Y e LD DY

E(y)+2<k k=2 2
Therefore |w3 (&, A)| is bounded on the line R(A) = 1.

It remains to find the estimate satisfied by @,4(¢, ). Indeed, since (v/2sin(knz))ren- form a Hilbert basis
of L?(0,1), then we may write s, W2, W4 as follows

—+o0 —+o0 —+o0
a(w,N) = Y us?V2sin(kra), @ = Y wi V2sin(krz), @y = Y w” V2sin(kn).
k=1 k=1 k=1

By the first equation of (62), we get

(k) wék)
>1 = =
Vk > » U k2712 + )2
Due to (65)
(k)
(k) )\’U,Q
>1 ="\
k2 Lwi = e s
We deduce that
Ao'tF)
(k) _ Wa

wy = -

(k272 4+ A2)(ik2m2 + )
For A =1+ iy we have

k272 4+ 22 = /4y + (14 k272 — 42)% > 2]y,

and
lik*n? + N = |1+ ik*72 +iy| > |y).

Hence for |y| large enough we have
d

) < 22
~ |yl

Using wy = W3 + w3 we get for |y| large enough

(k)
|w51k)| < |w3 |
|yl

We finally conclude that for |y| large enough |w4 (£, A)| is bounded on the line R(A) = 1. It follows that |w2(&, \)|
is bounded as well.
O

In what follows we prove that the observability assumption (O) holds on subspaces of D(A4) on which we
deduce the polynomial stability of the energy. Let us first remark that 0 is not an eigenvalue of Ay. Let A = iu
an eigenvalue of A; and U = (u, v, w) a corresponding eigenvector. We then have,

424 — —
(67) { WU — Ogzu+w=20

pw — Oggw — pu = 1w(§)de.

with
u(0) = u(l) = w(0) = w(l) = 0.
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Multiplying the second equation by w then integrating by parts on (0, 1), we find that w(£) = 0. We hence
deduce that w = 0. Moreover, multiplying the first equation by =, integrating by parts and considering the

imaginary part we deduce that u = 0.
In order to verify the observability assumption (O) we study in what follows the spectrum of A.. Recall that

the eigenvalues of A, are of the form A =iy, u € R.

Proposition 7.2. Let o(A.) be the set of eigenvalues of A..
(i) Then every element of o(A.) is simple and o(A.) is a disjoint union of three sets:

o(Ac) = 0oUay Uoy

where og is a finite set, and there exists ko € N* such that o1 = {ijtk,1}kez,|k|>ko» and 02 = {iftk2} keN x>k -
(i) For ipy; € 0;,i = 1,2, an associated eigenvector ¢, , = W(uuk,i’vﬂk,i’w#k,i)’ with oy = 1 and
as =4 is given by
Uprge,s (‘T) = sin(kzﬂx),vuk,i (‘T) = ilu’kaiuﬂk,i(x)’ Wy ; (x) = (M%,i - k27T2) Sin(/{?ﬂ'l‘).

(iii) The following estimates hold

1 1
(68) M1 :kﬂ+m+0(ﬁ), |k/’| — 00,
(69) G llze ~ 1,
1 1
(70) pha— R = (),
1
(71) ,U/k,2 = —1{52772 + O(ﬁ)’ k — +OO,
(72) [l = O(1),
(73) pi o — K27? = ki'rt + O(k?).
Proof. Let X\ =iu be an eigenvalue of A, and U = (u, Au, w) be a corresponding eigenvector of A.. Then u and
w satisfies
2
—p* U — Ogzu+w =10
(74) { pw — Oggw — pu = 0.

Replacing w in the second equation, we find that

2 _ 3y,
(75) { Onzeat + (B° — 1) 0zzu + (1 — p*)u = 0,

u(0) = Jgpu(0) = u(l) = Ozpu(l) = 0.

= —1 are not eigenvalues of A..
(1 — p? + VA) be the roots of

It is easy to check that 4 =0, =1 and y
1 ) 1
Let X; = §(u7u —VA) and Xy = 5

pX)=X*+ (2 =W)X +p—p® =0,

where A = p(p — 1)(u? + 3u + 4) is the discriminant of p.
Set t; = v/X;,i = 1,2 then the general form of u satisfying the first equation of (75) and the left boundary

condition is
u(x) = ¢y sinh(t1z) + co sinh(tax).
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Considering the right boundary conditions we see that u is non trivial if and only if ¢; and ¢ satisfy
sinh(t;) sinh(t2) (3 — t3) = 0.
But 2 — 3 # 0, since u # 0 and u # 1. Hence t; and ¢ satisfy the following characteristic equation

sinh(¢1) sinh(t2) = 0,

which gives that t; = tkw or to = ikm, k € Z* i.e X7 = —k272 or Xy = —k272.
Now, we remark that all the eigenvalues of A, are simple. Suppose otherwise that there exists a double
eigenvalue, then there exist k;, € N*,i = 1,2 s.t X; = —k;m2,7 = 1,2. Thus we have
X1X2 k%k%ﬂz

= — = 1.
X1+ Xo k3 + k3 oot

Now, replacing p in X1 + Xy = o — 2, we find that

2k] + 4k2k2 + 2k3 — k7% — kS7® 4+ kikynt =0,

2

which is impossible since 7° is a transcendental number.

Therefore,
u(z) = sin(krz), w(z) = (u* + X;)sin(kmz), i =1 or 2.

Moreover, the eigenvalues of A, are formed of two disjoint families of eigenvalues. The first class of eigenvalues
is obtained from X; = —k2x2, the second class is obtained from Xy = —k?72.

1 1
Now, we firstly study the asymptotic behaviour of the first class: since X1 = —u? + — 4+ o(—) = —k?7? then
T

1 1
w=kr+ ——= +o(-=5), |k| = co. If we denote by {ipx 1}rez- this first class of eigenvalues then the previous

2m2k2 2
estimate is (68). Using the previouls estimate we directly get (69) and (70).
Secondly, since Xo = p+ O(=) = —k?*7% we deduce that the large eigenvalues of the second class are

negative, and denoting them by iuy 2 we easily see that (71) holds true. Moreover, since i , — k*7* = O(k*)
then (72) holds. O

In order to use generalized Inghams inequalities we need to estimate inf |tok,1 — i 2| Unfortu-
M, 1 €01, 2€02

nately it seems to be a difficult task and it remains a open question. Hence, to get an observability result we
will take the initial condition Uy in some subspaces of H. So we introduce

Hy = Span(‘bu)uecfo U Span(¢u)#€01 and Hy = Span((b#)#ego U span(¢#)#€(,2.

Before given an observability result we introduce the set S of all numbers p € (0,7) such that L ¢ Q and if
T
[0,a1,...,Gn, ...] is the expansion of P a5 a continued fraction, then (a,) is bounded. Recall that if 7€ € S then
T
. 1 X
(76) |sin(kné)| 2 —, k € Z*,

(see for instance [3]).

Proposition 7.3. 1. For all € € (0,1) there are not T,C > 0 such that for all Uy € H we have
T
(77 [ twtenPar = Crlvali
0

2. Suppose that £ € S.
Let Uy € Hy and U = (u,v,w) be the corresponding solution of the conservative problem

(78) U, = AU, U(0) = Up.
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Then there exists T>0 and a constant cr > 0 such that

T
(79) | et tpar = crivl

where D(AZ3) = (D(A2))', obtained by means of the inner product in X .
For Uy € Hy we have

T
(50) | wtetpar= crp?

Proof. 1. Since

1
(Ac?)

i G = A duallz + ([0 0 D* ) ol =0

Which implies according to [6, Theorem 5.1] that we don’t have the exact observability, i.e., the inequality
(77).

2. Let Uy € Hi. We may write

Uo = Z uf by + Z )¢#k1

HETO |k|>ko
Moreover,
1 .
e == 5 e+ 3 e, 6
HETQ ‘k‘zko
Note that v; = inf | — /| > 0, then using Ingham’s inequality there exists 7' > 27y, > 0 and a

Mol o, pFAp
constant c¢p > depending on T such that

T
k
| e 0Pz e | 3 b @F + 3 i, (©)F

KETo |k|>ko
Now using (ii), and estimates (68),(69), (70) of Proposition 7.2 we get (79). For Uy € Hs, we use analogous
argument.

O
Theorem 7.4. 1. For any £ € (0,1), the system described by (58) is not exponentially stable in H.
2. Let Uy € H1 N D(Aq), and let U be the solution of the corresponding dissipative problem
U, = AqU, U(0) = Up.
Then U satisfies,

1
(81) Iw®I* < E 1001154,

(1+1)%
3. Let Uy € Ho ND(Aq), and let U be the solution of the corresponding dissipative problem
U = AU, U(0) = Uy.
Then U satisfies,
(52) IO S g 0ol
Proof. 1. This result is a direct consequence of the first assertion of Proposition 7.3 and Theorem 4.1.

2. Due to Proposition 7.1 and Proposition 7.3 we deduce (81) from Theroem 5.1 setting H; = D(A.) and
Ho =D(A?) and 0 = 1.

3. Asin 2. we deduce (82) setting H1 = D(A.) and Hy = D(A;%) and 0 = 2
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