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On L" hypoellipticity of solutions with compact support of
the Cauchy-Riemann equation

ERIC AMAR AND SAMUELE MONGODI

1 Introduction.

In this paper, we investigate the inhomogeneous Cauchy-Riemann equation

ou =g

when g has compact support and belongs to some L" space. The question is if it is possible to find
a solution v with the same properties, namely, compactly supported and in L".

The L" solvability of the Cauchy-Riemann equation has been discussed by Kerzman for smoothly
bounded strongly pseudoconvex domains (see [9] and [10]), by Fornaess and Sibony in C with
weights and in Runge domains in C? (see [6]). Other works on the subject are [12], [8], [5], [11], [4],
[1] and [16].

The problem of controlling the support of the solution is also widely discussed. In one complex
variable, the existence of a compactly supported solution in C is related to the vanishing of some
integrals, resemblant of the moment conditions which appear in CR geometry:

[Cg(z)zkdml(z) :

If these integrals vanish for every k& € N, then there exists a function u such that du/9z = ¢g and
suppu € {|z| < R} for some R.

It is not hard to generalize this result to domains like punctured discs, as we do in Lemma [3.2]

In higher dimension, it is well known that the existence of a compactly supported solution depends
on the vanishing of the cohomology with compact supports; HP4(2) vanishes, for Q C C™ Stein, if
q < n. For smooth forms, the existence of a solution compactly supported in a sublevel of some
strictly plurisubharmonic exhausting function has also been studied widely, beginning from the
work of Andreotti and Grauert ([3]).

Some attempts at controlling the support of the solution were made by Landucci, in the case of
smoothly bounded strictly pseudoconvex domains (see [13] and [I4]).

We tackle the problem for a very special class of domains, which generalize the punctured disc: we
consider the Stein open domain obtained by removing a compex hypersurface from a polydisc D".
Given f € O(D") with Z = {f = 0}, we consider the domain D" \ Z: the particular structure of
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these open sets allows us to give a constructive proof of our results. We will state our results in
terms of (0, ¢)—forms, the extension to the (p, ¢)—forms being obvious.
First of all, for (0, 1)—forms, we have the following.

Proposition Let Q C C" be a Stein domain and w a (0,1)—form with coefficients in Li(€2)
such that Ow = 0. Then there exists a unique f € L.(Q) such that Of = w, with || f|, < C||lw]l,
where C' depends only on ).

This result leaves the question open for ¢ > 1.
Let w be a generic (0, ¢)—form and let us write

W = Z (A)Jng .
|J|=n—q
We are going to work with the forms satisfying the following condition
(%) 9, .-+ 0wy e L(C" k=1,....,.n—¢q, V|J|=n—gq.

In Theorems 6.2}, [7.4]and BT}, we show that, given w a (0, ¢)—form compactly supported in C", with
Ow = 0, with L" coefficients and satisfying (x), we can find a (0,¢ — 1)—form g € L.(C") such that
08 = w.

This result in C" easily gives the corollary

nfq‘

Corollary B.4l Letw be a (0, ¢)—form with compact support in D"\ Z and satisfying conditions (x),
then, for any k € N, we can find a (0,q—1)—form B € L"(D") such that O(f*B) = w. Equivalently,
we can find a (0,q—1)—form n = f*3 such thatn € L’(D"), n is 0 on Z up to order k and On = w.

Moreover, in the case of (0,n)—forms, our construction allows us to obtain a slightly better result.

Theorem .8l Let f € O(D") be a holomorphic function in a neighbourhood of the closed unit
polydisc in C" and set Z = f~1(0). If w is a (0,n)-form in L'(D"\ Z), then for every k € N we can
find a (0,n — 1)-form n € L"(D") such that f~*n € L"(D") and all the coefficients of n but at most
one are in L'(D™\ Z); moreover, 1 is such that On = w.

The starting point of this work was an incisive question asked by G. Tomassini and the second
author to the first author.

2 Notations.

We denote by D the unit disc in C and by D" its n-fold product, the unit polydisc in C* . The
projection from C" onto the j— th coordinate will be denoted by 7; .

The standard Lebesgue measure on C" will be dm,, and we will denote by g %, h the partial
convolution in the £— th variable:

(g1 h)(21,0 0 20) = [Cg("' 215G Zhgts ) 2o, 2k — G 2, 0 )dma(Q).

If T is a distribution in C", we set EjT = %, j=1--- n.
J
Let J = (1, .-, Jq), J& = 1,...,n, then we define Z; € C"9 with coordinates in J deleted. For
instance 2, = (- -+, Zp_1, 2ry1, - ) € CP7L.



3 On the Cauchy transform.

Given ¢ € D(C") a smooth functions with compact support, the functions
C — gp( te 7Zk—17C7 Rk415 ')7

for k=1,---  n, are still smooth and with compact support, contained in 7 (suppy). The Cauchy
transform of ¢ in the k™ variable is

ey A e e S

and we know that [2]

Lemma 3.1. We have, with the above notations,
hGr(p)(2) =p(z) Vzel"

and

x el -
L'(D)

1
< ||—
1G] < Hm

So the Cauchy transform extends as a bounded linear operator on ¢ € LL(ID"™). Moreover G(p)
is holomorphic in z; outside of the support of ¢ considered as a function of z;, Z; being fixed.

Throughout this note, f will be a given function holomorphic in a neighbourhood of D" and
Z = Z(f) will denote its zero locus.
The set of directions for which there is a complex lines with that direction contained in Z is an
analytic subset of CP"™! of dimension n — 2; therefore we can find n linearly independent complex
directions not lying in it. So, after a linear change of coordinates, for every 1 < k < n, we can find
a number N, such that, given n — 1 complex numbers a;, j € {1,--- ,n}\{k}, with | a; |< 1, the
number of solutions of

f( 7ak—172k,ak+17"') =0

as an equation in zy, is less than N + 1.

Because these solutions are those of an analytic function, there is always a parametrization of
them by measurable functions: it is an easy application of [I8, Theorem 7.34]; let us denote these
solutions by {cix(a),..., ey, x(a)} where the functions ¢ = ¢;x(a) are measurable from C"* to
C.

Let ¢ € LL(D"\Z) and fix 2, € D" ; denote by S,(2) its support as a function of z;, which
depends on Z;. Then, by compactness, there exists numbers 4y, ..., d, such that S,(2;) has distance
at least 0y, from ¢y x(a), ..., cn, x(a), for every a € C"!, so there are numbers ;5 = 7;1(2;) > d > 0
such that the disc D(c;, rjx) in the 2z, variable is not in S,(Zx).

However, these discs could intersect without coinciding; suppose that the discs

D(thlw Tj1,k)a SRR D(ij/ﬂ Tjh,k)



form a connected component of the union of all the discs for the variable zj, then we can suppose
that 7, p = 0 for i = 1,..., h. If the discs

D(le’k, 5k/3Nk>7 ey D(th’k, 5k/3Nk>

are disjoint, then we are done, otherwise, let us consider a connected component of their union and
let us suppose, wlog, that it coincides with the union. Obviously, the diameter of such a connected
component is less that o, therefore a disc centered in one of the centers with radius d; will enclose
the whole connected componente and, by the definition of d;, will still be in the complement of S,.
Therefore, we can set all the centers equals to one of them (it is not relevant which one) and take dy
as a radius. The functions c;j will still be measurable. The discs will be then either disjoint or coin-
ciding and their radii will be bounded from below by 85 /3 Ny; we set 6 = min{d; /3Ny, ...,d,/3N,}.

As we already said, @ = Gy (¢) is holomorphic for z; ¢ D and for 2z, € D(c¢jk, 7jk)-
This will be precised in the next section with the help of the following definitions.
Let ¢ € LI(D"), we define

[plk(l) = %/c(p(‘ s 21, Gy gt -+ ) Chdma (Ge)
let p € LL(D™\Z), we define
[, () = 2 f etz gy ().
We have the following lemma linking this with 0 equation.

Lemma 3.2. Let ¢ € L7(D"\Z), then the following are equivalent :
(1) [ele(l) = [, jle(l) = 0 for every l € N and 1 < j < N
(i1) Gr(p) € Le(D"\Z) (= dGrlp) = #)-

Proof: Without loss of generality, we can set k£ = 1; we notice that, by Lemma 3.1, G1(p) is in
L™(C™), so (ii) is equivalent to the compactness of its support. Moreover, we remark that G;(y)
has compact support in D"\ Z if and only if for almost every a = (as, .. .,a,) € C*~! the function
2z Gi(p)(z,aq,...,a,) has compact support in

D"\ Z)N{z=ag,...,2zn =a,} =D\ {c11(a),...,c1n(a)} .

On the other hand, [¢];(l) and [p, j]:(]) vanish if and only if the integrals that define them vanish
for almost every zs,..., z,. So, we are reduced to the 1 variable case: let then cy,...,cy be points

inDcC Cand ¢ e LD\ {cy,...,en}); we set G(2) = Gi(9)(2).
If (i7) holds, for any h € O(D \ {¢c1,...,cn}) we have

[C H(2)h(2)dmy () = Ca%_z)h(z)dml(z) _ /C G(z)ag(;) dm(2) = 0

where we have used Stokes’ theorem, as G(z) has compact support. The last integral vanishes
because h is holomorphic.



On the other hand, suppose that (i) holds and let K = suppp. Consider r < 1 such that K € D, =
{|z| < r} and take z with |z| > r; then

66 =~ [ O = [ A0 Sy ¢
_ _Ezz—z | etcamc >:—;Zz-l-1mlm

So, G(z) = 0 if |z| > r, therefore suppG(z) € D.
Moreover, fix j, 1 < j < N; there exists 7; > 0 such that the closure of D(c;,7;) = {|z — ¢;| < r;}
does not meet suppp(z). So, if |z — ¢;| < r;, we have

1 1 1 1 1
e R e e e O Rt e P Tr e il
1 1 z—¢j) 1 .
- 1 vto= > =€) = = 2ol
Therefore, by hypothesis, G(z) = 0 if |z — ¢;| < 1}, so suppG(z) € D\ {c1,...,cen}- |

Moreover, we have the following relations between the Cauchy transform and the quantities defined
above.

Lemma 3.3. If g and h are L" functions, compactly supported in D", and g x; — o= = hx* — for
21 € D, then [g]1(k) = [h]1(k) for every k.

Proof: If z; ¢ D, we have
g dmi(G) =

1 R 1
g*1— Z/Q(Cl,zl)
21 D zZ1 — pon

1 / (1, 20)¢Fdma (C1) =) gl (k)"

k>0

gldml(Cl) - Z%/@Q(Cljil)1 _1

A similar expansion holds for h, so that

B = = ST RL (k)

Therefore, given that (g — h) z_11 =0 for z; ¢ D, we have [g]1(k) = [h]1(k) for every k. [

Lemma 3 4. If ]fg and h are L™ functions, compactly supported in D™, and there exists j > 1 such
that g x1 = = hx - - for every z1 € D(c;1(%1),75,1(%1)), then [g, jli(k) = [h, jli(k) for every k.

We omit the proof as it can be easily obtained from the previous one.

Finally, we recall a result about the solution with compact support of the equation 0f = w when w
is a (0,1)—form with compact support.



Proposition 3.5. Let Q@ C C", n > 2, be a Stein domain and w a (0,1)—form with coefficients
in LL(Q) such that Ow = 0. Then there exists a unique f € L5() such that Of = w, with
£l < C|wll», where C' depends only on 2.

Proof: For the proof in the case 2 = C", see for instance [I5], Chapter III]. For a generic Q C C", we
notice that if f; and f, are two compactly supported (distributional) solutions, then the difference
f1—f2 is O—closed, that is, a holomorphic function, but then f; = f,. Moreover, by [17], H>*(Q) = 0,
so there exists at least one distributional solution to T = w, compactly supported in €2, on the
other hand, we know that there is f € L%(C"), solving df = w, given, as described in [I5], by
convolution with the Cauchy kernel.

Therefore we have T'= f and the desired estimate follows. [ |

4 The coronas construction

Let ¢ be a function in L7(D™\Z) and consider the Cauchy transform G;(¢)(z) ; for a.e. Z1, Gi(2)
is holomorphic in z; in the complement of S(Z).

Because 7 (suppy) is compact in D, there exists D(0,r) containing S(2;) ; let 6 = (1 —r)/3 and
define the corona

Co={z1€D :r+d<|z|<r+20} €h

and let Ay = my(Cy).
In the same way, set d;(21) = r;1(21)/3 and define

Cj(él) = {Zl eD : 5](21) S‘ 21— Cj1 ‘S 2(%(21)} eD

and set A;(%1) = 1/mq1(C;(%)).

Definition 4.1. The outer corona component of  is the function
1
KV ()(2) = Addey ()21 Gr(9) (2)

and the inner coronas components of ¢ are the functions

KED(9)(2) = 4 (G0ley e (=) (21 — 1) Cr(9) ().

Remark 4.2. The outer and inner coronas components of ¢ are well defined for a.e. z; , because
o(+,21) is in L"(C) and has compact support for a.e. Z,. We define exactly the same way the

quantities K](-k)(@)(z) with respect to the variables zy,.

Lemma 4.3. The operators K%), m = 0,---, Ny, are linear and well defined from L.(C") to
Li(Cm).



Proof: As noted before, Kr(r})(gp) is well defined a.e. and it is obviously linear; moreover, it has
compact support in D by definition. We know that, by Lemma B.I] ||G1 () 1rcny < M [l@ll ey
hence we have

1
| Kg"(0) 1< Ao ey Ga() . < Ao gl
where M := ‘ L .
L (o)
For j > 1, A;(%) = 1/m1(Cj(21)), but my(Cj(21) > ¢ > 0 uniformly in 2, € D",_; hence
A;j(%) > 6! < oo, uniformly in 2; € D", ;. So we get
1 _
| K5 (@) 1< 1A O e,y % e G (@)l < 671M gl

So for fixed 2, € D", Ky(,%)(ap) has compact support in z; and, because it operates only in z;

and ¢ has compact support in C", then K,(,%)(go) has compact support in C". [ |

Remark 4.4. The operator Kél) is also bounded from L, to L7, therefore continuous. The operators
KW form > 1 are not.

The following results link the quantities [p];(k) and [p,c;1]1(k) with the corresponding ones
for Kél)(go) and Kj(-l)(gp).

Lemma 4.5. We have

KP(9)(2) = Ajleyen (21) Yl dh () (2 = cga(20))*

k>0

the convergence of the series being uniform in Cy or Cj.

Proof: If |z] > r+ ¢ and ({1, 21) € suppy, then
[ r

LI ‘
|z1] = 7446

so, in particular, if z; € Cy, then |2;| > |(1|. Therefore, if z; € Cy, we have

Gi(2) = 7 [ ol 5

™

1 : dmq(¢r) = L L@(Cl,fl)idml@l) =

1 — 61 TZ1 pon

—— [ eam) X am(@) = = lehhart = ezt

Tz z
1 k>0 1 1 k>0

So Kél)(gp) = Aol (21) D s0lpn](k) 27" and the convergence is obviously uniform on Cj.
On the other hand, if z; € Cj(%1) and ({1, 21) € suppy, then

|21 — ¢1(%1)

‘Cl - Cj,1(21)



so we have that, for z; € C;(%),

_ 1 P 1 © _
Gl(z) T [c 21— (1 dml(o s /c (Z1 - Cj,1(21)) + (%’,1(51) — C1>dm1(C1)
1 id ! _
7 /(C Cl - Cj,l(ZA’l) 1— 2:2183 dm1(C1) =
l/ ® (21 — Cj,l(il))kdm () = Z[SO T ) (1 — 1 (3)
™ Je G = ¢a(3) 5 (G = ¢alz)k h il R

So Kj(l)(go) = Aj(él)]].cj(gl)(zl) Zkzo[go,j]l(k:)(zl — cj71(21))k+1 and the convergence is obviously

uniform on a [ |
We set N
1
KD () =YK} (p)
m=0

Proposition 4.6. We have [KM ()], = [p]1 and [KW (), 1] = [, j]1.

Proof: We divide the proof in several steps.
1. K ()1 (k) = [¢]1(k) - We calculate

H(z) = K§(@) - = (Aon(;o(zo Z[go]l(k)z;’f) % i =
k>0
Ao Y el (k) (ey(21)2* = i)—A > el (k‘)/ S dm1(Gr)
0k20801 Co\%1)% 121 = okzowl cozl—Cl 1{61) -
If 21 ¢ D, we know that .
Cl dml(gl) — Ao—lzl—k—l

Co 71 — G1

SO
H(z) = Ao Y [eh (k) (Ag' 2" ) = el (k) "

k>0 k>0

Then we have that, if z; € D,
H(z) = Gi(?)

so, by Lemma B3, [¢]; (k) = [K" ()1 (k).
2. [Kj(-l)(gp)]l(k:) =0 for j >0 - We calculate

1) = KP(g) 0 — = (Aj@l)ﬂcm(zo > e, (k) (2 — cj,1<zl>>k+l> x— =

2z
1 £>0



Ai(2) D e i (B) Ly (21 — eja(21)) =) =

2
£>0 1

A Y k> ofp. iy [ =G

C; 21— G

dm1 (Q) .

If |Zl — Cj71(21)| > 7“]'71(2?1), then

(G = cia(2)H! " _
/C dmy (1) =0

; 21— G

for every k > 0. Therefore H;(z) =0, so by Lemma 3.3]0 = [Kj(-l)(go)]l(k).

3. [K}l)(gp),j]l(k‘) = [, j]1(k) for 7 > 0 - By direct computation, using Lemma [4.5], we have
K(.l) (D) = A (3 4 (k (5 \k+1 (3 —l—ld _
(K0, 10 (1) = Aj(21) ) lep, (k) (G = ¢a(2)" (G = ¢ia(%1)) mi(C1)

k>0 Cj(%1)

S e, i1 (k)dka = [, 31 (1) -

k>0

4. [Kr(rpgo,j]l(k) =01ifm#j- Bystep 2, H,(2) =01if |21 — ¢n1(21)] > mm1(21), so in particular
if z1 € D(cj1(%1),751(%1)) with j # m, we have H(z) = 0. By Lemma 3.4 it follows that

(K3 (), 411 (k) =0

if m # j and m # 0.
If m = 0, we notice that, if |z| <,

—k
H(z)=A k / dm
(2) okzzo[wh( ) S— 1(G1)
and .
G
dm =0
Co A1 — G I(Q)

for every k, as |z1| <7 <|(i|. So H(z) = 0 and by Lemma 3.3 we have that [Kél)(go),j]l(k) =0 for
every k. |

Corollary 4.7. Let ¢ € LL(D"\Z), there are @1, ..., on, all in LL.(D™"\Z) and such that

Proof: We set 1 := p — KMy and we notice that [p1]; = 0, [¢1,5]1 = 0 for every j =1,---, Ny.
Now, we can repeat this procedure replacing z; by 2z and ¢ by K (y) ; we will apply then
the operators Kg), defined with respect to the variable z9, with the relative coronas.



We set @y := KWy — K@ KWy with the property that [pa]s = 0, [p2, ]2 = 0 for every j =
1, Ny.
Iterating the algorithm we set ¢, := K2 ... KWy — K=Y ... KWy and

Pn =P =1 =~ Pn-1-
By an easy recursion we have

with, of course ¢ = 1 + -+ + @y
So finally we find a decomposition ¢ = @1 + -+ 4+ ¢, such that, for i < n, we have [¢;]; =
Oa [SOMJ]Z:OfOI' GVGTszl,"' aNi~ u

We have a first result on solvability of the Cauchy-Riemann equation with some control on the
support of the solution.

Theorem 4.8. Let f € O(D") be a holomorphic function in a neighbourhood of the closed unit
polydisc in C" and set Z = f~1(0). If w is a (0,n)-form in L'(D"\ Z), then for every k € N we can
find a (0,n — 1)-form n € L"(D") such that f~*n € L"(D") and all the coefficients of n but at most
one are in L'(D™\ Z); moreover, 0 is such that On = w.

Proof: We write
w=¢dz A ---NdZ,

and apply the result of Corollary 7 to f~*¢. We get
frfo=¢1+...+¢n
and [¢;]; = [pi,h]l; = 0fori =1,...,n—1and h = 1,...,N;. Therefore, by Lemma [3.2] the

functions

1 1
Fr=¢1x1—, ... |, Fhor=¢n1%-1——
A T Zn—1
are compactly supported in D™\ Z. However, for
1
Fn = ¢n *n
T2n
we only know that F,, € L"(D"). We note that
O(Fydzy + ...+ Fdz,) = f ¢ ,
therefore we define
and we have B B
on = ffo(Fydz + ...+ Fodz,) = ¢ .
It is easy to see that n satisfies all the requests of the theorem. |

10



5 Obstructions to a solution with compact support

Let us define the two quantities which tell us when the last term in the decomposition from
Corollary .7 verifies also
vj = 17 R Nnv [gpn]n = 07 [gpnv.]]n = O
We note that

and, more precisely, we have

Nn 1
S SIS S L)
My—1=0 m1=0

We set
1= {(ml, ceey mn_l) wmy S Nj} C Nn_l X
= (my,...omp_1) € My_q, I(p) :={k<n—1:my =0}, I =(lh,..., l,_1) € N*!

zj — Cm, i(2,¢))lit
T () (k) = / wloa 1T ¢ I tepeo R RmCCR LY KPR

T . 1
i€l(p)  jEI(p) (CJ ij,y(Z,C)) J

. c P Is+1
10 = [ 0106 i)™ TT ¢ TT Lo oo S0 a0

and

i€l sl
where
chie(2,¢) = cnp(z, o 20-1, Gorty - -5 Gn) I<k<n
Ch,l(’zu C) = ChJ(C?? ceey CTL)
n(2,0) = cnn(z1y-ey2n-1) -

and the same notation is used for ]lc(j)(z C)(Zj)' We have the link :

k )
Theorem 5.1. If Jﬁ?l)(go) = 0 for every p € M,_1 and Il € N" then [p,], = 0 ; given also
j=1,...,N,, if Jffl)(ap) =0 for every p € M, and l € N, then [pn, jl, = 0.

Proof: By direct calculation, using the series expansions given by Lemma [L.5] we have that

(K" ()] (k) = 1A Lo (1) Y 2 / (D)CE, dmy(Cugn)

>0

[Y]n(1)

— Cm,h+1

[K(gh)(?/’)am]hﬂ(k) 1A ]lC(h) Zh Z /Ch+1

YAt dmi (Cnr1)
1>0

K" @) (k) = %Aﬁh’ﬂc;m(zh) > (e — )™ / [, A1 (DG dm (Gran)

>0

[K§h)(¢),m]h+l(k) A ]lc(h)( )Z(zh - ijh)lﬂ/ ( . Jn) )k+1dm1(<h+1) :

— C
i >0 ¢ (Crt1 m,h+1

11



Therefore, by induction, we obtain that

(KD KWV, (1) =

Mn—1

HA,(Z) H ]lc“ z) Z H ) pl’u{ln} (¢)

i€l (u) l'eNn—14el(u)

and
(KO0 KWV, 1.1, =

T4 11 tp=) 2 11 % (9)-
i=1

zEI(u 'eNn—liel(p

So, if J(O)(¢) = J(jl)(¢) = 0, all the coefficients vanish, then

[¢n]n(k> =0 [¢na]]n(k) =0

as we wanted. [ |

Definition 5.2. We shall say that ¢ € L.(D"\Z) verifies the structure conditions if Ji?l)(go) =0
for every p € M,,_1 andl € N", and if Jffl)(go) =0 for every p € M,_; and l € N".

6 The polydisc - ¢ =n

As for now, we don’t have a way to deal with the integrals Jﬂb)(k) on the domain D™\ Z, so we
turn to the much easier case of the polydisc itself. We look first at the problem for (0, n)-forms.
Let w be a (0,n)—form with L’ (D") coefficients; we can find a function ¢ € L’(ID") such that

w=pdz A Ndz, .

In this case, the operators K™ coincide with the outer corona components K ém), so the obstructions

to a solution of compact support are given by the integrals Jo(?l)(k), where the subscript 0 stands
for a multi-index of the appropriate length containing only 0s. We have the following result.

Lemma 6.1. If there is a current T’ wzth compact support in D" such that 0T = w, then we have
Vie N*1 Vj=1,.., N, Joz() 0,
i.e. @ verifies the structure condztzons for the polydisc.

Proof: Let {p.} C D(C") be a family of functions such that p. — dp, when € — 0, in the sense of
distributions, with suppp. C {|z| < €} and ||pe||1 = 1.
We write

T="Tdz+...+T,dz,

12



so we have B B

where, obviously, every t; is compactly supported in D".

We set T = T}, * p. € D(C"); by standard theorems on convolution,
supp(1y,) € {z | dist(z, suppT}) < €}
so, for e small enough, all the regularized functions are compactly supported in D" and
OnTs =ty * pe =15, .

By Lemma [3.2] we have that
[th]n(k) =0

forevery ke Nand h=1,...,n.
Moreover, we have that
P =pxp.=1t+...+1

and ¢ — @ in L" as € — 0.

As ¢ and ¢ are compactly supported in D", for € small enough, we can see them as continuous
functionals on L (D") (where ¢=* + 7! =1). The convergence ¢. — ¢ holds also in this sense.
The functions ¢¥ [\, ¢ are in LL_(D") for every I € N1, k € N; therefore

loc

Tod (@) (k) — Ji7 (@) (k) .
Now, consider ¢, with h < n —1; we know that [t]5(l) = 0, for every [ so we can apply Fubini and
get

THOIOEEY AT | (TN GE
i=1

1 L X
ﬁcmggﬁéwmwm@wWamz
ih
1 - .
= | G TG dma-(G) = 0
T

i#h
If h =n, it is again an application of Fubini’s theorem to show that Jéf)l) (t)(k) =0.

By additivity of the integral, it follows that Jég)(ape)(k) = 0, so letting € — 0 we obtain the thesis.
|

Theorem 6.2. If w is a (0,n)-form in Ly(D") such that there is a (0,n — 1) current T, compactly
supported in D", such that 0T = w, then we can find a (p,n—1)-formn € LL(D") such that On = w.

13



Proof: By Corollary .7 we can write ¢ = 1 4+ ...+ ¢, and, by Lemma [3.2] the convolutions

1 1

fl =Pk Ty -y fn—l = Pn—1 *n-1
T2 T Zn—1

are compactly supported and

51f1+...+5n_1fn_1:Q01—|—...—|—Q0n_1zg0—g0n.

Moreover, by Lemma [6.1], ¢ satisfies the structure conditions, then, by Theorem G511, [¢,].(k) = 0
for every k € N. So, also

1
fn = Pn*n ——
T Zn
is compactly supported, always by Lemma
We set .
n="> (=1Y7"f;dz
j=1
so that B
on = pdz
and the coefficients of 1 belong to L (D"). [

Remark 6.3. We have that || f;||. < 7||¢;ll-, where v depens only on the dimension n and on the

radii of D™. We recall that ||Kém)gz5||r < AoM |8y, so Ifllr < (AoM + 1)7v||d]|,; this means that
the linear operator associating to w the solution 1 is linear and bounded from L to L.

7 The polydisc - ¢g=n—1
We turn our attention to (0,n — 1)—forms. Firstly, we give a refined version of Lemma [6.1]

Proposition 7.1. Suppose ¢ € L"(C") and Ty, ..., T,_1 are distributions, compactly supported in
D™, such that

Y = ngl + ...+ gn—lTn—l .

Then we can find @1, ..., pn_1 € L"(C"), compactly supported in P such that ¢ = o1+ ...+ @n_1
and [pi]i(k)0, for every k € N.

Proof: After performing the same regularization as in the proof of Lemma [6.1, we have

1

7Tn Cn

t5,(Q)a(C) H (fidma(¢) =0

for every a((,) for which the integral is well-defined (e.g. a € L'). This is because h ranges from
1 ton — 1, so we can isolate the terms [t],(/) employing only the functions which appear in the
product.

14



Therefore, the function
1

7Tn Cn—1

n—1
=1

vanishes for a.e. z,, and the same is true for the function

n—1
1 L .
—_ ‘ 'ld n\Sn
= AO) CRLHES

and, letting e — 0, also for

n—1
1 L .
—_ 'ld n\kn/ -
o, ) i|:|1 Gi'dmn(Gn)

By the analogue of Theorem [B.1]in the first n — 1 coordinates,
K02 KW, (k) =0,

so defining ©1,...,,_2 as in Corollary 7 and setting ¢, 1 = ¢ — ¢1 — ... — ©,_o We have that
[0i]i (k) = 0, as requested. -

The following corollary is immediate.

Corollary 7.2. Given w as before and a current T, compactly supported in D" such that 0T = w,
with
T="Tdzx+...+T, 1dz,_1,

we can find n with L"(C") coefficients, compactly supported in D", such that On = w and with
n= 771d§1 +...+ ﬁn_ldﬁn_l .

Remark 7.3. Obviously, we can suppose that the coefficient of dz, in T is zero and obtain that
there exists a solution with coefficients in L"(C™) with compact support in D™ where the coefficient
of dz, is zero.

By induction, we can show that if there exists a solution with the coefficients of dzy,, .. .,dz, equal
to zero, then we can produce a solution in L™ with the same vanishing coefficients.

We note that the construction of ¢, ..., ¢,_; doesn’t involve the n—th coordinate, so, d,¢ and
On¢; share the same regularity, whatever it is.

Theorem 7.4. If w is a (0,n — 1)-form in Ly(D"), Ow = 0, such that O,w, € L", then we can find
a (0,n —2)-form B € LL(D") such that 0 = w.

Proof: We proceed by induction on n; the case n = 2 is true. If there exists a distribution 7" with
compact support such that 9T = w, then, by Corollary [[.2] we have

n—1
Wp = Z Wnyj
=1
with Wnj € L™ and [wnj]j(k) =0.

15



We consider the following family of compactly supported (0,n — 2)—forms in C"!, depending on

the parameter z,:
n—1

: OWn, 1 .
= wi + (=)= ) dE;
., Z( (1
Note that, as 1., is thought as a form in C"!, the notation dz; has to be understood as the exterior
product of the differentials dz, ..., dz,_;, with dz; missing.
Now, we have that

(@1,,) Adz, = Ow = 0
where 0 operates in the first n — 1 coordinates. We note that

d n+j awnj 1 Y n+j 9 )
7 (wj +(—1) R sz) = 0jw; + (—1)""7 Onwy;

belongs to L"(C") for almost all z,,. By inductive hypothesis, we can solve 5/£Zn = 1), with compact
support (and the result will be in L"(C")).
We have 0(¢,, Ndz,) = 1., A dz,; we define a (0,n — 2)—form in C" with

- 1 .
= —1 ]_1wn'*'—d2'n .
Y 1( ) J T2 J

<.
Il

So we have

n—1
_ . 5 Owp, 1
0y = wydz, —)ynhi M
i T L
therefore B
oy + &, NdZ,) = w .
The form v + &, A dz, has compact support and belongs to L"(C"). |
8 The polydisc-1<g<n-—1
Let w be a generic (0, ¢)—form and let us write
W = Z (A)Jng .
|J|=n—q
We restate here the condition (x) given in the introduction
(%) 0y 0jwy € LT(C) k=1,....,.n—¢q, V|J|=n—gq. (8.1)

Theorem 8.1. If w is a (0, q)-form in L;(D"), dw = 0, fullfilling condition (8.1), then we can find
a (0,q—1)-form g € LL(D") such that 0 = w.
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Proof: Following Hérmander [7, Chapter 2|, we can write
w=gAdz,+h

where ¢, h do not contain dz,.

We can look at h as a family of (0,¢)—forms in C"~!, depending on the complex parameter z,;
similarly, g can be understood as a family of (0, ¢ — 1)—forms.

We denote by dcn-1 the 0 operator in the first n — 1 variables, that is

g(cn—l’l/f = Z Z 5k¢]d2k ANdZr .

ngl kgIu{n}

If ¢/ doesn’t contain dz,, then E'w = Ogn-11).

We proceed by induction on the dimension and we prove the following:
I,.1 the statement of the theorem holds in C" and S depends linearly on w;

I,.2 if the coefﬁci_ents of w depend on a parameter z,41 € C in such a way that w, 0w € Lr(Ccrth,
then also 3,08 € L7 (C"™!), where the 0 is intended in n + 1 variables.

We note that 5.1 and I5.2 hold. We assume I,,_;.1 and I,,_;.2 to hold.

Reduction. We note that dcn-1h = 0; therefore, h is a family of d—closed (0, ¢)—forms in C"~!
depending on the parameter z,. Moreover, by assumption, d,h; € L(C"). We denote by U, the
(n — 1)—dimensional open set D" N{z, =t} and we note that U, is still a polydisc, hence Stein, for
every t for which it is non-empty.

As a well known consequence of Serre’s duality (see [17]) we have HI(U;, O) =0, if 2 < ¢ <n — 2;
therefore we can find a family T of (0,q — 1)—currents in C"~! such that dcn 1T = h for almost
every z,. Then, by I,,_1.2, we can find a family H with H € L.(D") (and therefore H,, € L.(U,,)
for almost every z,) and with 0H € L7(C").

Moreover, as H,, depends linearly on h by I,_1.1, if h, = 0, then also H, = 0. Therefore, H is
compactly supported in P.

Now,

OH = ¢ H+ Y 0nHdz, Ndzp = h+ Y 0,Hydz, Ad7
I I
S0 B
w—0H =g Ndz,
where ¢’ does not contain dz,. Moreover, as w and OH are in L7(D"), also ¢ is. Further, we observe

that B B B B
(Ocn-1g" ) Ndz, = O(w —IH) = 0w =0

and finally, for z, fixed, ¢’ is a(0, ¢ — 2)—form in C*~*, fullfilling condition (8.1).

Solution. ~ We have reduced ourselves to solve 0G = ¢’ A dZz,, but as den-1¢g’ = 0, we can, by
the same argument used in the reduction, obtain a family G’ of (0,q — 2) forms in C"! such that
&can’ = g/, by In—1-2-
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Again, by the same reasoning, G’ € L’(D") and if we set G = G’ AdZ,, we obtain a (0,¢ —1)—form
G € L (D) such that G = ¢’ A dz,.

So, B = G + H is the solution we looked for. This shows I,,.1.

To show I,,.2 it is enough to notice that all our operations are constructive and preserve the regularity
(or summability) of an extra parameter. [

Remark 8.2. We have to separate the case of (0,n—1)-forms from the general case because in that
case Serre’s duality tells us only that H' (U, O) is equal to the topological dual of H°(Uy, Q"™1),
in general not vanishing, so the induction doesn’t work there.

Remark 8.3. We note that, in the proof of Theorem[8.1, we never actually used the fact that our
domain is the polydisc. Indeed, if we had the analogues of Theorems and [7.4) for the domain
D™\ Z in every dimension, then we could apply the same proof to get Theorem [81 for D™\ Z, with
exactly the same statement.

As a corollary of the previous results, we obtain the following.

Corollary 8.4. Letw be a (0, q)—form with compact support in D"\ Z and satisfying conditions[81],
then, for any k € N, we can find a (0,q—1)—form 3 € L'(D") such that (f*B) = w. Equivalently,
we can find a (0,q—1)—form n = f*B such that n € L.(D"), n is 0 on Z up to order k and On = w.

Proof: The (0,q)—form ¢ := w/f* is still d—closed and satisfies B.I} hence we have a (0,q —
1)—form 8 € L%(D") such that 98 = ¢. So n = f*3 verifies all the requirements. [ |
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