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Pointwise estimates and existence of solutions of porous medium
and p-Laplace evolution equations with absorption and measure
data

Marie-Francoise Bidaut-Véron* Quoc-Hung Nguyen'

Abstract

Let Q be a bounded domain of RY (N > 2). We obtain a necessary and a sufficient condition,
expressed in terms of capacities, for existence of a solution to the porous medium equation with
absorption

wp — A(|u™ ") + |u|Ttu = in Q x (0,7T),
u=0 ondQx(0,T),
u(0) = o,

where o and p are bounded Radon measures, ¢ > max(m,1), m > % We also obtain a

sufficient condition for existence of a solution to the p-Laplace evolution equation

ur — Apu+ |[u|lu =p in Q x (0,7),
u=0 ondQx(0,T),

u(0) = 0.
where ¢ > p—1 and p > 2.
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1 Introduction and main results

Let Q be a bounded domain of RN, N > 2 and T > 0, and Qr = Q x (0,7). In this paper we study the
existence of solutions to the following two types of evolution problems: the porous medium problem with
absorption

wp — A(Ju|™ ) + |ul?tu = g in Qr,

u=0 ondQx(0,T), (1.1)

u(0) = o,

where m > % and ¢ > max(1, m), and the p-Laplace evolution problem with absorption

ug — Apu+ |u|Tu = p in Qp,

u=0 ondQx(0,T), (1.2)

u(0) = o,
where ¢ > p—1 > 1, and p and o are bounded Radon measures respectively on Qr and 2. In the sequel,
for any bounded domain O of R!(I > 1), we denote by M,;(O) the set of bounded Radon measures in O,
and by /\/l;r(O) its positive cone. For any v € M(O), we denote by v and v~ respectively its positive and
negative part.

When m = 1,p =2 and ¢ > 1 the problem has been studied by Brezis and Friedman [12] with g = 0. It

is shown that in the subcritical case ¢ < 14 2/N, the problem can be solved for any o € M(£2), and it has
no solution when ¢ > 14 2/N and o is a Dirac mass. The general case has been solved by Baras and Pierre

[5] and their results are expressed in terms of capacities. For s > 1,a > 0, the capacity Capg_ , of a Borel
set E C RV, defined by

Capg,, o(E) = inf{||g|[7.@ny : 9 € L3(RY),Gqo ¥ g > 1 on E},

where Gy, is the Bessel kernel of order o and the capacity Cap, ; ; of a compact set K C RN+ is defined by

Capy ; ((K) = inf {||<p||f%2,1(RN+1) cp € S(RVNTY), » > 1 in a neighborhood of K} ,
where
llellwz gavery = el ey + lloel ey + 11Vl o@reny + D w, llos@nen.
4,j=1,2,...,N

The capacity Cap, ; , is extended to Borel sets by the usual method. Note the relation between the two
capacities:
C~'Capg, , o(E) < Capy 1 ,(E x {0}) < CCapg, , .(E)

s s



for any Borel set E C RY, see [34, Corollary 4.21]. In particular, for any w € My(RY) and a € R, the
measure W ® dg;—q} in RN+ is absolutely continuous with respect to the capacity Capy; , (in RYN*1) if and
(in RV).

only if w is absolutely continuous with respect to the capacity CapG% 2.5

From [5], the problem
—Au+ |ulf"u=p in Qr,
u=0 ondQx(0,7T),
u(0) = o,
has a solution if and only if the measures u and o are absolutely continuous with respect to the capacities

Cap, ; o in Qr and Capg, . in Q respectively, where ¢’ = qqu.
7

In Section 2 we study problem (1.1).

For m > 1, Chasseigne [14] has extended the results of [12] for 4 = 0 in the new subcritical range
m<qg<m-+ % The supercritical case ¢ > m + % with ¢ = 0 and o is positive is studied in [13]. He has
essentially proved that if problem (1.1) has a solution, then o ® d;—g) is absolutely continuous with respect
to the capacity o+ defined for anycompact set K C RY+1 by

(K) = inf{||<p||" " @) ¢ pE S(RN),go > 1 in a neighborhood of E} ,

q m’
where

||(p||W2_’1q_,q/(]RN+1) ||‘P||Lq m(RNH)"‘HSDtHLq ]RN+1)+|||V<P| ||Lq m(RN+1)+ Z ||<Pzzzj||Lq = (RN+1)'
a—m i,j=1,2,...,N

In this Section, we first give necessary conditions on the measures y and o for existence, which cover the
results mentioned above.

Theorem 1.1 Let ¢ > max(1l,m) and pp € My(Q2r) and o € My(Q). If problem (1.1) has a very weak
solution then p and o ® d(1—oy are absolutely continuous with respect to the capacity Caps 4 q .

’ 77n7q 1

Remark 1.2 [t is easy to see that the capacity Capyy _a_ _ e is absolutely continuous with respect to the
-

capacity Capy 1 . Therefore p and 0 ®dy—o) are absolutely continuous with respect to the capacities

SR g}

Cap, 4 In particular o is absolutely continuous with respect to the capacity Capg

maxjm 1} q— max{m,,l}

’ q—n—nax{WL

The main result of this Section is the following sufficient condition for existence, where we use the notion
of R-truncated Riesz parabolic potential Iy on RN*! of a measure p € M} (Q7) , defined by

R~
I8 (2, ) :/0 Wd—; for any (z,t) € RN

with R € (0,00], and Q,(x,t) = B,(x) x (t — p*,t + p?).



Theorem 1.3 Let m > Y22, ¢ > max(1,m), p € My(Qr) and o € M,y().

i. If m > 1 and p and o are absolutely continuous with respect to the capacities Capy 1 o in Qr and Capg , o
q

in §2, then there exists a very weak solution u of (1.1), satisfying for a.e.(x,t) € Qr

ute0) < 0 (O ™ o1(@) + ul@r) +14 B0l @ ey + i) . (13

where C = C(N,m) >0 and

mlim(mN—i—Q)(l—i—QN)’ d = diam(Q2) + T/~.

ii. If % <m <1, and p and o are absolutely continuous with respect to the capacities Cap21172(q71)+2qN(17m)
in Qr and CapG%N g " S Q, there exists a very weak solution u of (1.1), such that
q

for a.e.(x,t) € Qr

.ol <0 (OO 1 @0l 0 5 + ) ) )
where C' = C(N,m) >0 and
o IN(N +2)(m + 1)

2+ Nm)2-N1-m)2+N1+m)

Remark 1.4 These estimates are not homogeneous in u. In particular if 1 = 0, u satisfies the decay
estimates, for a.e. (z,t) € Qr,

ic if m>1,

et <0 (D) + ol +1+ 2.

ii. fm <1,

u(z, )] < © <<|Jc|z#)m +1+4 (EL(N%)W)> .

We also give other types of sufficient conditions for measures which are good in time, that means such
that

ceLl'(Q) and|u<f+w®F, wherefe Ll (Qr),FeLl((0,T)), (1.5)

see Theorem 2.10. The proof is based on estimates for the stationary problem in terms of elliptic Riesz
potential.



In Section 3, we consider problem (1.2). Let us recall some former results about it.

For ¢ > p—1 > 0, Pettitta, Ponce and Porretta [36] have proved that it admits a (unique renormalized)
solution provided o € L}(Q) and p € M, (27) is a diffuse measure, i.e. absolutely continuous with respect
to Cp-capacity in Q7, defined on a compact set K C Q7 by

Co(K,Qr) =inf {||¢||lw : ¢ € CZ(Qr)p > 1 0on K}, (1.6)

where

W ={z:2€LP(0,T,Wa?(Q) N L*(Q)), z € L” (0, T, W1 (Q) + L*(Q2))}.

In the recent work [7], we have proved a stability result for the p-Laplace parabolic equation, see Theorem

3.5, for p > QNN—E As a first consequence, in the new subcritical range

p
<p—1+—=,

q<p =+ N
problem (1.2) admits a renormalized solution for any measures p € My(Qr) and o € L*(£2). Moreover,
we have obtained sufficient conditions for existence, for measures that have a good behavior in time, of the
form (1.5). It is shown that (1.2) has a renormalized solution if w € M () is absolutely continuous with

respect to Capg - The proof is based on estimates of [8] for the stationary problem which involve
’q—p

Wolff potentials.

Here we give new sufficient conditions when p > 2. The next Theorem is our second main result:

Theorem 1.5 Letg>p—1>1 and p € Mp(Qr) and 0 € My(Q). If u and o are absolutely continuous
with respect to the capacities Capy o in Qr and Capg, o in 2, then there exists a distribution solution of
q

problem (1.2) which satisfies the pointwise estimate

lu(z,t)] < C <1 +D+ (W) ) + 137 [lo] ® Sgimoy + |1l] (z,t)) (1.7)

for a.e (z,t) € Qp with C = C(N,p) and

(V4RO -1 o e
3= (p—1)N+p) A+ Ap—1))° A= {1/(p—1),1/N}, D = diam(Q) +T/7. (1.8)

Moreover, if o € LY(Q), u is a renormalized solution.

2  Porous medium equation

For k > 0 and s € R we set Ti(s) = max{min{s, k},—k}. The solutions of (1.1) are considered in a weak
sense:



Definition 2.1 Let u € My(Qr) and o € Myp(Q) and g € C(R).
1. A function u is a weak solution of problem

ue — A(ju|™ " ) + g(u) = pin Qr,
u=0 ondQx(0,T), (2.1)
u(0)=0 in Q.

if u € C([0,T]; L*(Q)), |u|™ € L3((0,T); HX(Q)) and g(u) € L*(Qr), and for any ¢ € C>1(Q x [0,T)),

_/ uprdxdt + V(|u|™ " u).Vpdzdt —|—/
Qr Qr Qr

g(u)pdrdt = /

<pd,u+/ »(0)do.
Qr Q

ii. A function u is a very weak solution of (2.1) if u € L™ (Qr) and g(u) € LY (Qr), and for any
p € C2HQ x[0,T)),

—/ uwtdxdt—/ |u|m71uA<pdxdt+/ g(u)tpdmdt:/ godu—l—/go(O)do.
QT QT QT QT Q

First we give a priori estimates for the problem without perturbation term:

Proposition 2.2 Let u € L>®(Qr) with [u|™ € L*((0,T); H(Q)) be a weak solution to problem
ug — A(ju|™ ) = p in Qr,
u=0 ondQx(0,T), (2.2)
u(0) =0 in Q,

with o € Cp(Q) and p € Cp(Qr). Then,

[[ul| oo (0,521 () < |o|(€2) + |p|(Qr), (2.3)
N+2
[ul mt2/n.00 ) < C1(|0](R2) + [p](Qr)) mF+2, (2.4)
e m(N+1)+1
1V (|ul 1u)|||ngﬁ,w(QT) < Co(lo(Q) + |p|(Qr)) mv2, (2.5)

where C1 = C1(N,m),Cy = Co(N, m).

Proof of Proposition 2.2. For any 7 € (0,7), and k > 0 we have

/(T(Hk(u))tdzdtJr/ VT (Ju|™ ) Pdedt = /Q, Tr(|u|™  w)du(z, t),

-

where H(a) = [ Tr(|y|™ ' y)dy. This leads to

/ VT (Ju™ ) Pdwdt < k(|o](Q) + |ul(Qr))  and (2.6)

Qr

/Q(Hk(U))(T)dw < k(lo](Q) + |1l (©r)), vr € (0,T).



Since Hy(a) > k(Ja| — k) for any a and k > 0, we find
/Q (lul(r) — k)dz < |o](R) + [ul(Q1), Vr € (0,T).

Letting k — 0, we get (2.3).

Next we prove (2.4). By the Gagliardo-Nirenberg embedding theorem, there holds

/ T (Juf™u)
Qr

2(N

+1) m— 2/N m—
N dadt < Cy||Te(jul™ )17 0001 (0 /Q VT (Ju™ ) [P dadt
T

2(

m—1) 2/N m—
<k [ullP oy /Q IV T (Ju)™ ) 2 dadt.
T

Thus, from (2.6) and (2.3) we get

2( N+42

2(N+1) - 2(N+41) m—1)
kx I{IUIm>k}|§/ T (|u[™ )| 75 dadt < erk™ =5 (|o|(Q) + |ul(Qr)) V7,
QT

which implies (2.4). Finally, we prove (2.5). Thanks to (2.6) and (2.4) we have for k, kg > 0

. 1+ .
Va0 > 1< 5 [ 9] > eyjae
1 _
<l > ko + g [ VT (™ ) Py
Qr

——Z-—1 Ni2 _
< Cikg ™ (|o[(Q) + [ul(Q7)) ™ + kok ™ (|o](Q) + [l(Qr)).
Choosing ko = ki1 (Jol(Q) + |p|(Qr)) TF1, we get (2.5).

Next we show the necessary conditions given at Theorem 1.1.

Proof of Theorem 1.1. Asin [5, Proof of Proposition 3.1], it is enough to claim that for any compact
K C Qx[0,T) such that u~(K) =0, (0~ ® dg4—0y)(K) = 0 and Capy ;o ,(K) = 0 then u*(K) =0 and
(07 ® dg4=0})(K) = 0. Let &€ > 0 and choose an open set O such that (|u| + o] ® d{;—0})(O\K) < € and
K COCQx(=T,T). One can find a sequence {p,} C C°(0) which satisfies 0 < ¢, <1, | =1 and

©n — 0in W (RN*1!) and almost everywhere in O (see [5, Proposition 2.2]). We get

/
i

/ gondu—i—/ gon(O)da:—/ u(gon)tdxdt—/ |u|m_1uA<pnd:Edt+/ |u|9  up, drdt
QT Q QT QT QT

< lellaaten + 1l lonllwes v+ [ fultadsdr
’ T

q—m’q—1

Note that
/Q i+ / on(0)do > i+ (K) + (0% ® (o) () — (1] + o] © S(1—op) (O\K)

> W (K) + (07 @ Sm0))(K) — .



This implies
)+ (0% © 00=0)) () < (llatar) + lrcar)onllys vy + /Q Jultpudad +<
Letting the limit we get p* (K) + (07 @ dg—0}) (K) < . Therefore, u(K) = (6F @ d4—0y)(K) = 0. [
Next we look for sufficient conditions of existence. The crucial result used to establish Theorem 1.3 is

the following a priori estimates, due to of Liskevich and Skrypnik [31] for m > 1 and Bogelein, Duzaar and
Gianazza [11] for m < 1.

Theorem 2.3 Let m > 22 and p € (Co(Ur)) . Let u € LY (Qr) with u™ € L*(0,T, H,
solution to equation

(Q)) be a weak
ur — A(u™) =p in Qp.

Then there exists C = C(N,m) such that, for almost all (y,7) € Qr and any cylinder QT(y, T) CC Qr, there
holds

i. ifm>1
2N
1 L 1+2N )
u(y, ) <C | |33 /Q - jul ™+ 2% davdt + [[ul Lo (rmr2 )L (B, ) T 1+ B 6y 7) |
+(Y,T
ii. ifm <1,
2N (m+1)
1 214mN) 2=N{A-m))2+N (1+m)) 5
u(y,7) <C o) /Q . |u| NOFm) dadt + 1+ (I [pl(y, 7)) = V0=
r\Y,S

As a consequence we get a new a priori estimate for the porous medium equation:

Corollary 2.4 Let m > 822 and p € Cy(Qr). Let u € L=(Qr) with [u|™ € L2(0,T, H} () be the weak
solution of problem

ug — A(ju|™ ) = pin Qr,

u=0 ondQdx(0,T),

u(0)=0 in Q.

Then there exists C = C(N,m) such that, for a.e. (y,7) € Qr,

i. if m>1,
o)l < 0 ((PER2) el + 1+ Bl 7)) 27)



ii. ifm <1,

e <€ ((LER) ™ s (8 ol ) ) 28)

where m1, my and d are defined in Theorem 1.3.

Proof. Let zp € Q, and Q = Baa(wo) x (—(2d)?, (2d)?). Consider the function U € (Cp(Q))™, with
U™ € LP((—(2d)?, (2d)?); HE (B2a(z0))) such that U is weak solution of

U= AU™) = xarlul  in Baa(zo) x (—(2d)?, (2d)?),
U=0 on dBaq(z0) % (—(2d)?, (2d)?), (2.9)
U(—(Qd)Q) =0 in Bgd(mo).

From Theorem 2.3, we get, for a.e (y,7) € Qr,

2N

1 e Tr2N
Uly,7) <1 (W /Qd(y . [U|mtew dxdt) + 10| (r=a2 r4a2ysn (Bayyy) + 1+ B (|l (y, 7)

if m > 1 and

2N (m+1)
) E-NA-m) @+ N(IF+m)

1

U <C val(—ifﬁ—fd d 1 12" NG
wo=c| | g [, Wl vt 1+ (B[ (y, )
d\Y,s

if m < 1. By Proposition 2.2, we have

HUlLoo ((r—d2,7+d2); L1 (Ba(y))) < |01(227),
U] > 6] < eo(|ul(Qr)) T ~F—m w0,
Thus, for any ¢y > 0,

1 [ee)
/ U™ 2N dzdt = (m + —)/ (mraEn LU > 0}|de
o 2N’ Jq

1 é() 1 1
—(m+ 5 [ €m+ﬁ_1|{U>€}|d£+(m+ﬁ)/ (S U >

2

(Jul(Qr)) 7

1
< cydN TN 4oy 03N

N+2

Choosing ¢y = (‘“S—ST)) mNH, we get

(N42)(2mN+1)
2mN (mN+2)

/ UOFDE-D grdt < esaN+2 <|M|(§3T)>
- d
Q

Thus, for a.e (y,7) € Qr,

Ur) < eo ((LER) ™ 4 et r) + 1+ 800l

9



if m > 1. Similarly, we also obtain for a.e (y,7) € Qrp,

Uly,m) S er ((“‘Lﬁ—?ﬂ)m f1y (Hgdlﬂul](y,r))m) |

if m < 1. By the comparison principle we get |u| < U in Qr, and (2.7)-(2.8) follow. ]

Lemma 2.5 Let g € Cy(R) be nondecreasing with g(0) = 0, and u € Cp(Qr). There exists a weak solution
w € L®(Qr) with |u|™ € L*(0,T, H}(Q)) of problem

ur — AJu[™ " u) + g(u) = pin Qr,
u=0 ondQx(0,T), (2.10)
w(0)=0 in Q.

Moreover, the comparison principle holds for these solutions: if uy,us are weak solutions of (2.10) when
(1, g) is replaced by (pu1,91) and (pe,ge), where p1, pe € Cyp(Qr) with pur > pe and g1, g2 have the same
properties as g with g1 < g2 in R then uy > us in Qr.

As a consequence, if p > 0 then u > 0.

Proof of Lemma 2.5. Set a,(s) = m|s|™ 1t if 1/n < |s| < n and a,(s) = m|n|m" L if |s| > n,
an(s) = m(1/n)™1if [s| < 1/n. Also Ay(7) = [ an(s)ds. Then one can find u, being a weak solution to
the following equation

(un)e — div(an (un)Vuy) + glu,) = p in Qp,
up, =0 on 90 x (0,7T), (2.11)
up(0)=0 in Q.

It is easy to see that |u,(v,t)| < #||ul|p~(q,) for all (x,t) € Qp. Thus, choosing A, (un) as a test function,
we obtain

/ IV A (un)Pddt < C1 (T, |lall = (c1p). (2.12)
Qr

Now set ®,,(7) = [y [An(s)|ds. Choosing |4y (un)|¢ as a test function in (2.11), where ¢ € C2'(Qr), we
get the relation in D'(Qr) :

(P (un))e — div([An (un)|V A (un)) + VAn(un).VI[An (un)] + [An(un)|g(un) = [An(un)|p.
Hence,

1(@n(un))ellLr@r)+2(o.mym-1(2) < [An(Un) VA (un)ll20r) + VAR (a)lllZ2 )
+ [[An (un)g(un)ll L2 @2y + [[An(un)pl| L2 1) -

Combining this with (2.12) and the estimate |Ay(un)| < Co(T, |||z ()), We deduce that

sup [[(@n (un))tl L1 () + 220,151 (@) < 00

10



On the other hand, since |4, (un)| < |un|an(un) < T|[pl|L)@n(un), there holds

/ |V<I)n(un)|2d:cdt:/ |An(un)|2|Vun|2dxdt§T||;L||Loc(9)/ |an (n) [? | Vun 2 dadt
Qr

QT QT

< Tllll o) /Q IV A () Pdedt < Cs(T,||ull ).
T

Therefore, ®,,(uy,) is relatively compact in L!(Qr). Note that

m (LY g126i0n(s)  if |s] < L
@n@{ 2 ()" sPsign(s) if Js] < 2

(m—1)(2)" (|s| — %) sign(s) + T (|s|m+1 — (%)"H'l) sign(s) if £ <|s| <n.

n
So, for every ni,n2 > n and |s1], [sa| < T||ul|r~(q),

1
m—+1

1

n

||sl|msl—|s2|ms2|sc4<m,T||u||Lx<sz>>( ) [y (51) — B (s2)].

Hence, for any € > 0,

1
{ i lm I = b ] > 22 | < {10 ) = B )] > e}

for all ny,ng > (Ca(m, T||M||Lw(9))/€)l/m. Thus, up to a subsequence {u, } converges a.e in Qp to a function
u. From (2.11) we can write

—/ untptdxdt—/ An(un)Atpdxdt—l—/ g(un)godxdtz/ od,
QT QT QT QT

for any ¢ € C?1(Qr). Thanks to the dominated convergence Theorem we deduce that

—/ ucptdxdtf/ |u|m_1uA<pdzdt+/ g(u)cpdzdt:/ pdj.
QT QT QT QT

By Fatou’s lemma and (2.12) we also get [u|™ € L%((0,T); H}(2)).

Furthermore, by the classic maximum principle, see [29, Theorem 9.7], if {@,} is a sequence of solutions to
equations (2.11) where (g, u) is replaced by (h,v) such that v € Cy(Q2r) with v > p and h has the same
properties as g satisfying h < g in R, then, u,, < @,. As n — 0o, we get u < @. This achieves the proof. =

Lemma 2.6 Let m > ¥=2 and g : R — R be a nondecreasing function, such that g € Cy(R), g(0) = 0,
and let p € My(Qr). There exists a very weak solution u of equation (2.10) which satisfies (2.7)-(2.8) and

N+2
/Q lg(u)ldzdt < |p|(Qr), [lullpmse/n.o@z) < C(lpl(Qr)) ™72 (2.13)
T
where C' = C(m, N) > 0. Moreover, the comparison principle holds for these solutions: if ui,us are very

weak solutions of (2.10) when (u, g) is replaced by (11, g1) and (pa2, g2), where p, pa € My(Qr) with pwy > pe
and g1, ge have the same properties as g with g1 < g2 in R then uy > us in Q.

11



Proof. Let {u,} be a sequence in C°(Qr) converging to p in My(Qr), such that |u,| < ¢p, * |p| and
ln](Q7) < |u|(Qr) for any n € N where {p,} is a sequence of mollifiers in R¥*!. By Lemma 2.5 there
exists a very weak solution u,, of problem

(n)e — A|un ™ tuy,) + g(un) = pn in Qr,
u, =0 on 00 x (0,T),
un,(0)=0 in Q,

which satisfies for a.e (y,7) € Qr,

Q m .
ot <0 (LT 4 lut0r) + 14 g B llm)) i1,
Q m2 NG .
7 <€ (LA™ 14 (B I 0im) ) it ms
and
/ VT ([t |™ tug) Pdadt < E|u|(Qr),  VE >0, (2.14)
Qr
{lun| > 6} < CLOFuf(Qr) N, V>0, (2.15)

/ lg(un)\dxdt < |pa| ().
Qr

For [ > 0, we consider S; € C%(R) such that
Si(a) = |a|™a, for |a| <1, and Sj(a) = (21)™sign(a), for |a| > 2I.
Then we find the relation in D' (Q7) :
(Si(un))e = div (] () ¥ (fun|™ ) ) + mluen ™ V10 25 (1) + 9(100)S] (1) = S () pin-

It leads to

1(St(wn))ell Loy s p2.mm-1(@) < 1157 (un) V(lunl ™ wn)llz2r) + mlllun] ™ Vun 28] (wa)llp @r)

9 (un)S; ()|t 20y + 1157 (un )l |21 02

Since [ (un)| < Cox(—ar,21(un) and |S; (un)| < Csluwn|™ X (21,21 (un), we obtain

10St(wn))ell @y +L20,7,m-1(2)) < Ca (IIVT(@tym (lun™ " un)l|L2(07) + 9] Loe )| Qr] + |1n] (1)) -
So from (2.14) we deduce that {(S;(u,))¢} is bounded in L*(Qr) + L2((0,T); H~1(2)) and for any n € N,

1081t Dl @y 201y < (D720l (@0) 2 + gl e o2 + 1l @2))

Moreover, {S;(u,)} is bounded in L2(0,T, H}(2)). Hence, {S)(uy)} is relatively compact in L (Q7) for any
[ > 0. Thanks to (2.15) we find

{len, ™ty = Juny [ un, | > G < [{luny| > B+ {lun,| > 3B+ {151 (un,) = Siun, )| > £}]

N+2

< 2G5l () T 4 [{ISi(uny) — Si(uny)| > €}

12



Thus, up to a subsequence {u,,} converges a.e in Qr to a function u. Consequently, u is a very weak solution
of equation (2.10) and satisfies (2.13) and (2.7)-(2.8). The other conclusions follow in the same way. ]

Remark 2.7 If supp(u) C Q x [a,T] for a > 0, then the solution u in Lemma 2.6 satisfies u = 0 in
Q% [0,a).

Now we recall the important property of Radon measures which was proved in [6] and [34].

Proposition 2.8 Let s > 1 and p € M (Qr). If u is absolutely continuous with respect to Capy 1 ¢ in
Qr, there exists a nondecreasing sequence {p,} C M;‘(QT), with compact support in Qp which converges to
w weakly in My(Qr) and satisfies 18[u,] € Li (RN*Y) for all R > 0.

loc

Next we prove Theorem 1.3 in several steps of approximation:

Proof of Theorem 1.3. First suppose m > 1. Assume that u,o are absolutely continuous with
respect to the capacities Capy ; ,» in Qr and Capg, , in Q. Then 6" @ dpp—oy + pt,0” @ dgy—gy + pu~ are

absolutely continuous with respect to the capacitiesq Capy 1 o in 2 % (=T,T). Applying Proposition 2.8 to
0" ® Ogy—0y + 1,07 ® dpy—oy + p, there exist two nondecreasing sequences {v1,,} and {vz,} of positive
bounded measures with compact support in  x (—7,7T) which converge respectively to ot ® (5{t:0} +pt
and 0~ ®Jyy—qy + 4~ in My(Qx (—7,7)) and such that 1% [vy ,,], 13% [va ] € LI(Q x (—T,T)) for all n € N.
By Lemma 2.6, there exists a sequence {tn, ny ki.k, } Of of weak solution of the problems

(un17n2,k17k2>t - A(|un17n2,k1,k2 |m71un17n27k1,kz) + Tkl ((thnQ,kl,kZ)q)
— Tkz((u;,nz,kl,@)q) = U1y — Uz, inQx(=T,T),

Uny ,ng,ky, ko = 0 omn 00 x (7T, T),

unl,nz,kl,kQ(*T) =0 in Q,

which satisfy

al(Q) + |p|(Qr)\™
fomms i) < € ( (O o) 44 @) +14+ B + 2]} (220

and

| Dl st [ D07, ) < 20
T T

Moreover, for any n; € Nyka > 0, {Uny no.ky ks fnaks 1S Don-increasing and for any ne € N,k > 0,
{Un, ny kv ko bry ky 18 MOn-decreasing. Therefore, thanks to the fact that 129 [v ], 13%[vg,] € LI(Q x

(=T,T)) and from (2.16) and the dominated convergence Theorem, we deduce that ty, n, = LIm  Hm wn, .k ks
k1 — 00 kz—)OO

is a very weak solution of
(unh’rm)t - A(lum,n2|m_1un17nz) + |un1,n2|q_1un17n2 = Vl,ny = U2;n, in Q x (_T’ T)’

Unyng =0 on 0Q x (=T,T),
Unymo(—T) =0 in Q.
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And (2.16) is true when tn, n, ki ks, 1S replaced by ty, n,. Note that {un, n, }n, is non-increasing, {tn, n, fns
is non-decreasing and

/ [tng my |1dzdt < |u|(Qr) ¥V ni,ne € N
Qr

From the monotone convergence Theorem we obtain that v = lim lim wuy, n, is a very weak solution of
ng—00 N1 —>00
uy — A(lu|™ ) + [ul? e = 0 ® oy + xoppu In Qx (=T,T),
u=0 ondQx (=T,7T),
u(=T)=0 in Q.

which v = 0 in Q x (=7,0) and wu satisfies (1.3). Clearly, u is a very weak solution of equation (1.1).
Next suppose m < 1. The proof is similar, with the new capacitary assumptions and (1.3) is replaced by
(1.4). ]

We also obtain the subcritical case.

Theorem 2.9 Let m > % and 0 < g < m+ % Then problem (1.1) has a very weak solution for any
w € Mp(Qr) and o € Mp(Q).

Proof. As the proof of Theorem 1.3, we can reduce to the case 0 = 0. By Lemma 2.6, there exists a
very weak solution ug, x, of

(uk1,k2)t - A(|uk1,k2|m_1uk1,k2) + Tkl((u;:l,kz)q) - Tkz((ulzl,kz)q) =p in Qr,
up, =0 on 90 x (0,7),
up(0) =0 in Q.

such that {wg, k, }x, and {uk, k, }k, are monotone sequences and

N+42
[tk oo || L2800 (1) < C (|l (7)) ™R 52

In particular, {ug, r,} is a uniformly bounded in L*(Q7) for any 0 < s <m + Z.

Therefore, we get that w = lim lim wg, k, is a very weak solution of (1.1). This completes the proof. ®
kz—)OO k1 — 00

Next, from an idea of [7, Theorem 2.3], we obtain an existence result for measures which present a good
behaviour in time:

Theorem 2.10 Let m > %22, ¢ > max(1,m) and f € L*(Qr), p € My(Qr), such that
| <w®F  for some w € My (Q) and F € LL((0,T)).

If w is absolutely continuous with respect to the capacity Casz,Lm in Q, then there exists a very weak
solution to problem ’
ur — A(Ju]™ ) + julfu = f+pu in Qr,
u=0 ondQx(0,7T), (2.17)
u(0) = 0.
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Proof. For R € (0,00], we define the R-truncated Riesz elliptic potential of a measure v € M/ (Q2) by

woyy_ [F B
e = [ 28R wea

By [8, Theorem 2.6],there exists sequence {w,} C M;(Q) with compact support in Q which converges to w
in Mp(2) and such that Igdlam(m [wn] € L9™(Q) for any n € N. We can write

fAp=p—p2,  p=fT4p",  pe=f"+u,
and put,u” Sw® F. We set
pin =To(fY) +inf{pt w, @ To(F)}Y,  pon =To(f7) +inf{p",w, ® To(F)}.

Then {1 0}, {p2,n} are nondecreasing sequences converging to p1, ps respectively in My (Qr) and gy p, 2., <

O ® X (0,1, With &, = n(xa + w,) and Igdiam(ﬂ) [@n]) € LY™(Q). As in the proof of Theorem 1.3, there

exists a sequence of weak solution {un, n, ks .k, } Of equations

(unl,ng,kl,kg)t - A(|Un1,n2,k1,kz |m71un1,n2,k1,k2) + Tkl ((u’;‘;:17n2,k1,k2)q)
= Do (g g oy 4p)?) = Htimy = H2imy 0 Q7 (2.18)

Uny,ng,k1,ka = 0 on 98 x (OaT);
Uny,ng,k1,ka (0) =0 in (.
Using the comparison principle as in [7], we can assume that
m—1
—Uny < |un1,n2,k1,kz| Uny,naki,ke S Ungs

where for any n € N, v,, is a nonnegative weak solution of

{ —Av, =&, inQ,

u, =0 on 99,
such that
Uy < cllgdiam(m [@On] VneN.
Hence, utilizing the arguments in the proof of Theorem 1.3, it is easy to obtain the result as desired. [ |
It is easy to show that w ® x| 7] is absolutely continuous with respect to the capacities Capy; _a_ ./ in

q—m

Qr if any only if w is absolutely continuous with respect to the capacities Capg, < in {2. Consequently,
’q

we obtain the following:
Corollary 2.11 Let m > 22, ¢ > max(1,m) and w € My(Q). Then, w is absolutely continuous with
respect to the capacities Capg, _a_ in S if and only if there exists a very weak solution of problem

q—m

ue — A(fu|™ ) + Jul e = w @ X770 Qr,
u=0 ondQx(0,T), (2.19)
uw(0)=0 in Q.
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3 p—Laplacian evolution equation

Here we consider solutions in the week sense of distributions, or in the renormalized sense,.

3.1 Distribution solutions

Definition 3.1 Let p € My(Qr), 0 € My(RQ) and B € C(R). A measurable function u is a distribution
solution to problem (3.1) if u € L3(0,T, Wy '*(Q)) for any s € {1,1) - NL_H) , and B(u) € L*(Qr), such that

B(u)pdzdt = /

Qr

—/ u@tdxdt—i—/ |Vu|p_2Vu.V<pdxdt+/
QT QT

sodu+/ ¢(0)do,
Qr Q

for every ¢ € CH(Q x [0,T)).

Remark 3.2 Let 0/ € My(Q) and o’ € (0,T), set w = p+ 0’ @ dyy—ary. Let u is a distribution solution to
problem (3.1) with data w and o = 0, such that supp(u) C Q x [a',T], and v = 0, B(u) = 0 in Q x (0,a’).
Then @ := ulg, (o 7y 15 a distribution solution to problem (3.1) in Q x (a',T) with data p and o’

3.2 Renormalized solutions

The notion of renormalized solution is stronger. It was first introduced by Blanchard and Murat [10] to
obtain uniqueness results for the p-Laplace evolution problem for L' data p and o, and developed by Petitta
[35] for measure data p. It requires a decomposition of the measure p, that we recall now.

Let Mo (27) be the space of Radon measures in 2 which are absolutely continuous with respect to the
Cp-capacity, defined at (1.6), and M;(Qr) be the space of measures in Qr with support on a set of zero
Cp-capacity. Classically, any p € M;(Qr) can be written in a unique way under the form p = po + ps where
1o € Mo(Qr) N Mp(Qr) and ps € My(Qr). In turn po can be decomposed under the form

po = f—div g + hy,

where f € L*(Qr), g € (LP (Q7))N and h € LP(0,T; W, P(Q)), see [20]; and we say that (f,g,h) is a
decomposition of pg. We say that a sequence of {u,} in My(£2r) converges to u € My(2r) in the narrow
topology of measures if

lim odp, = / wdp Yo € C(Qr) N L™(Qr).
T

n—oo o Qp

We recall that if u is a measurable function defined and finite a.e. in Qr, such that Ty (u) € LP(0, T, W, *(Q))

for any k > 0, there exists a measurable function v : Q7 — RY such that VT (u) = X|u|<k? a.e. in Qr and
for all £k > 0. We define the gradient Vu of u by v = Vu.
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Definition 3.3 Let p > 2]<,V:'11 and p = po + ps € Mp(Qr), o € L1(Q) and B € C(R). A measurable

function u is a renormalized solution of

ur — Apu+ B(u) = p in Qr,
u=0 on 00 x (0,T), (3.1)
u(0)=0 in Q,

if there exists a decomposition (f,g,h) of po such that

v=u—heL(0,T);Wy*()) N L=((0,T); L"(Q)), Vs € [Lp N]j— 1> ’

Ti(v) € LP((0,T); Wy () Vk > 0, B(u) € LY(Qr), (3.2)

and:
(i) for any S € W2>°(R) such that S’ has compact support on R, and S(0) = 0,
— / S(o)p(0)dr — / oS (v)dadt + S’ (v)|[VuP~2VuV pdadt
Q Qr Qr

+ S (v)|VulP~2VuVudrdt + S"(v)pB(u)dxdt :/ (fS' () +g.V(S' (v)p)dzdt  (3.3)
Qr Qr Qr

for any ¢ € LP((0,T); Wy *(Q)) N L=(Qr) such that ¢, € L¥' ((0,T); W=12(Q)) + L' (Qr) and (., T) = 0;
(i3) for any ¢ € C(Qr),

1
lim — / | VulP~2VuVudzdt = ddut  and (3.4)
m—o0 M Qr
{m<v<2m}
1
lim — / }|Vu|P*VuVodrdt = pduy . (3.5)
m—oo M Qr

{—-m>v>—-2m}
We first mention a convergence result of [7].

Proposition 3.4 Let {u,} be bounded in My(Qr) and {o,} be bounded in L'(Q), and B = 0. Let u,, be
a renormalized solution of (3.1) with data pn = fin,0 + pin,s relative to a decomposition (fn, gn,hn) Of tino
and initial data on. If {fn} is bounded in L' (Q7), {gn} bounded in (L¥ ()N and {hn} convergent in
Lr(0,T, Wol’p(Q)), then, up to a subsequence, {u,} converges to a function u in L*(Qr). Moreover, if {u,}

is bounded in L'(Qr) then {uy} is convergent in L*(0,T, Wy *(Q)) for any s € {1,1) - NL_H)

Next we recall the fundamental stability result of [7].
Theorem 3.5 Suppose that p > 2N+l and B=0. Let o € L'(Q) and

N+1

p=f— divg+ he + pf — ps € Mp(Qr),
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with f € LY(Qr), g € (LP ()N, h e LP((0,T); WoP(Q)) and uf, py € M (Qp). Let o, € L*(Q) and
tn = fn — divgn + (hn)t + pn — nn € My(Qr),
with  fn € LYQ7), gn € (L7 (Qr))N, hyy € LP((0,T); Wy (Q)), and pp,nn € M (Qr), such that
P = pp — div ph 4 prs, N =1y — div 0 4 1 s,

with py,my, € LY(Qr), p2,n2 € (LP (20))N and pn,s, 7, € M (Qr).

Assume that {un} is bounded in My (), {on}, {fn}, {gn}, {hn} converge to o, f, g, h in L*(Q), weakly
in LY (Qr), in (L (Q7))N in LP(0, T, Wy P () respectively and {pn}, {n.} converge to ut, us in the narrow
topology of measures; and {pL},{n.} are bounded in L'(Qr), and {p2},{n2} bounded in (LP (Qr))N.
Let {u,} be a sequence of renormalized solutions of

(Un)t — Aptn, = o in Qr,
Up =0 on 9 x (0,T), (3.6)
un(0) =0, in Q,

relative to the decomposition (fn + pL — 0k, gn + p2 — 12, hn) of tino. Let vy =y — hy,.

Then up to a subsequence, {u,} converges a.e. in Qr to a renormalized solution u of (3.1), and {v,}
converges a.e. in Qp to v = u — h. Moreover, {Vuv,} converge to Vv a.e in Qp, and {Ti(v,)} converges to
Ti(v) strongly in LP(0,T, Wy *(Q)) for any k > 0.

In order to apply this Theorem, we need some the following properties concerning approximate measures
of u € My (Qr), see also [7].

Proposition 3.6 Let u = po + ps € M (Qr), po € Mo(Qr) N MF(Qr) and ps € M(Qr). Let
{p1.0},{p2.n} be sequences of mollifiers in RN R respectively. There exists a sequence of measures ji, o =
(fr Gns hn), such that f, gn, b, tin.s € C(Qr) and strongly converge to f,g,h in L*(Qr), (Lp/ Q)N and
LP((O,T);WOLP(Q)) respectively, . s converges to ps € M (Qr), and pn, = fino + fin,s converges to p, in
the narrow topology, and satisfying 0 < pin, < (¢1,092.n) * 4, and

||fn||L1(QT) + ”gn”(Lp/(QT))N + ||h’n||LP(07T7W01’p(Q)) + s (1) < 20(Q7) for any n €N.

Proposition 3.7 Let u = po + s, fin = fn,o + fins € MJ(QT) with f1o, o € Mo(Qr) N M;(QT)
and fin, s, s € MF(Qr) such that {p,} is nondecreasing and converges to p in My(Qr). Then, {un,s} is
nondecreasing and converging to s in My(Qr); and there exist decompositions (f, g, h) of o, (fn,Gn, hn) of
tn.o such that {fn},{gn},{hn} strongly converge to f,g,h in L*(Qr), (Lp, Q)N and LP((0,T); Wol’p(Q))

respectively, satisfying

[ fnllr @) + ||gn||(Lp’(QT))N + ||hn||Lp((07T);W01'p(Q)) + bn,s(Qr) < 20(Qr)  for any n € N.
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3.3 Proof of Theorem 1.5

Here the crucial point is a result of Liskevich, Skrypnik and Sobol [30] for the p-Laplace evolution problem
without absorption:

Theorem 3.8 Letp > 2, and p € My(Qr). Ifu € C([0,T); L2 () NLY

1o (0T, VVllof(Q)) is a distribution
solution to equation

ur — Apu=p in Qr,

then there exists C' = C(N,p) such that, for every Lebesgue point (x,t) € Qr of u and any p > 0 such that
Qp,pr(x,t) := By(x) X (t — pP, t+ pP) C Qr one has

1
1 1+X(p—1)
Mams01+<ﬁgl§(“wMHW“> +Pplul(a,) | (3.7)
p,pP T
where A = min{1/(p —1),1/N} and

Pz[u](xvt) - Z Dp(pi)(xvt)a

1=0

1 1l(Qp, 7 pr (2, ))
2(p—1)p~! pY ’
with p; =27"p, Qprpr(x,t) = By(z) x (t — TpP, t 4 TpP).

D, (pi)(x,t) = 71—2% {(p _ 2)7_,20%2 .

As a consequence, we deduce the following estimate:

Proposition 3.9 Ifu is a distribution solution of problem
ug — Apu = 1 in Qp,
u=0 on 9 x (0,T),
u(0) =0 in Q,

with data p € Cp(Qr). Then there exists C = C(N,p) such that for a.e. (z,t) € Qr,

Q e
ol (14 0+ () 8o ) (3.5
where mg and D are defined at (1.8).

Proof. Let zg € Qand Q = Bap(xo)x(—(2D)?, (2D)P). Let U € C(Q)NLP((—(2D)P, (2D)P); Wol’p(BgD(:co)))
be the distribution solution of

Uy — AU = xarlpl  inQ,
u=0 on 0Bsp(zo) X (—(2D)P, (2D)P), (3.9)
u(—(2D)?) =0 in Bap(xo),
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where for zg € Q. Thus, by Theorem 3.8 we have, for any (z,t) € Qr,

1 [EYESY)
U(:L', t) S C1 1 + W / |U|(/\+1)(p71) + P;?[M](za t) 9 (310)
Qp,pr(z,t)

where Qp pr(x,t) = Bp(z) x (t — DP,t + DP).
According to Proposition 4.8 and Remark 4.9 of [7], there exists a constant Cy > 0 such that

{IU] > ¢} < ea(p| Q)7 ePH=F w0,

Thus, for any ¢y > 0,

/ |U|OHDE=D gadt = (A + 1) (p — 1)/ (OEDE=D=11077| > ¢} de
Q 0

lo o0
— (= 1) [ O] > e+ (1) 1) [ @D o] > 6y
0 Lo

< ¢aDNHPOFDE=D) | C4£(()/\+1)(p71)7p+1*%(|M|(QT))‘7RN

N+p

Choosing by = (W‘[()—%T)) (Pfl)N+P’ we get

(N+p)A+D(p—1)

/|U|(A+1)(p—1)dxdt<c5DN+p |/¢|(7§2T) (r-DN+p - (3.11)
Q B DN
Next we show that

P& {u)(x,t) < (p— 2)D + c6I37[|ul] (x, t). (3.12)

Indeed, we have _
1 |1l(Qpi (1))
2(p - 1)r—t py

Dy(pi)(z,t) < (p—2)pi +

where p; = 27°D. Thus,

Pl[u](z,t) < (p—2)D + 71plzlu|Qplxt
S(pf2)D+05/0 W%}'

So from (3.11), (3.12) and (3.10) we get, for any (z,t) € Qr,

|U(x,t)| < C (1 +D+ ('”KQT))M +H§D[|u|](x,t)) .

DN

By the comparison principle we get |u| < U in Qp, thus (3.8) follows. [ |
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Proposition 3.10 Let p > 2, and p € Myp(Qr), o € My(RQ). There exists a distribution solution u of
problem
us — Apu = in Qrp,
u=0 ondQx(0,T), (3.13)
u(0) = o.

which satisfies for any (x,t) € Qr

|o](62) + |1l (1)

|u(x,t)|§C(1+D+( DN

ms
) B lel@dumny ) 1), (319
where C = C(N,p). Moreover, if o € L*(Q), u is a renormalized solution.

Proof. Let {1}, {2} be sequences of standard mollifiers in RY and R. Let u = po+ps € Mp(Qr),
with po € Mo(Qr), s € Ms(Qr). By Lemma 3.6, there exist sequences of nonnegative measures i, 0,; =
(frisGni» Pni) and pin s such that fri, gni, hni € C°(Qr) and strongly converge to some f;, ¢;, hi in
LY(Q7), (L ()N and LP((0,T); Wy () respectively, and fin.1, fin.2, fin.s.1, ns2 € C°(Qr) converge
to pu, T, put, s in the narrow topology, with fi, ; = fin,0,i + fin,s,i, for i = 1,2, and satisfying

pg = (f1,91,h), pg = (f2,92,h2) and 0 < pin1 < (P10902,0) * 11,0 < pno < (Prnpan) * 1.

Let 01 n, 02, € C(Q), converging to ot and o~ in the narrow topology, and in L*(Q) if o € L(Q), such
that

0<01n<prp*x07,0< 00, <prpx0 .

Set fin, = ptn1 — fn2 and op, = 01,5 — O2 5.
Let u,, be solution of the approximate problem

(Un)t - Apun = Un in QT;
up, =0 on 0Q x (0,7), (3.15)
un(0) =0, on .

Let gnm(x,t) = on(x) ij Y2.m(s)ds. As in proof of Theorem 2.1 in [34], by Theorem 3.5, there exists a
sequence {Up m }m of solutions of the problem

(Un,m)t = Dptn,1,m = (Gnm), + XQrtn in Qx (=T,T),
Un,1m =0 ondQx (=T,T), (3.16)
Unm(—=T) =0 on Q,

which converges to uy, in Q x (0,7). By Proposition 3.9, there holds, for any (z,t) € Qr,

|pn|(Q27) + (Ion| © Y2,m)(2 x (=T, T))
DN

MWM%MSCO+D+( ) +me+wu®mmum)

Therefore

g (2, 8)] < C (1 + D4+ (Iun|(QT) + (o] (Xl))fvz,m)(ﬂ x (=T, T)))’"S)

+ C(prnpa.m) * BP[lul + o] @ d—oy](z, 1).
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Letting m — oo, we get

|pn|(Q7) + |om|
DN

ms
(et <0 (140 D))+ ealonn) « (870 + o] @ 8map ) ) o),
Therefore, by Proposition 3.4 and Theorem 3.5 , up to a subsequence, {u,} converges to a distribution
solution u of (3.13) (a renormalized solution if o € L*(Q)), and satisfying (3.14). ]
Proof of Theorem 1.5. Step 1. First, assume that o € L!(Q). Because p is absolutely continuous
with respect to the capacity Capy; ., so are ut and p~. Applying Proposition 2.8 to u™, ™, there exist
two nondecreasing sequences {1} and {p2,} of positive bounded measures with compact support in Qp
which converge to u* and p~ in M, (27) respectively and such that 13°[uy ,,], 132 [ua.n] € LI(Qr) for all
n € N.
For i =1,2, set fi;1 = wi1 and fi; 5 = pi 5 — fhij—1 => 0, S0 pipn = Z?Zl fi,;. We write

Wi = Hin,0 + Mins, fij = fij,0 + fijs, WIth [ 5.0, fino € Mo(Qr), tin,s, fin,s € Ms(Qr).

Let {¢m} be a sequence of mollifiers in RN¥*!, As in the proof of Proposition 3.10, for any j € N and
i = 1,2, there exist sequences of nonnegative measures fim i ;o = (fm.ij,Gm.ijsm,ij) and fm ;s such
that frij, Gmaij, bmi; € C2(Qr) strongly converge to some f; ;,¢:;,h:; in LY(Qr), (LP (7)Y and
L*(0,T, Wol’p(Q)) respectively; and fim. i j, fim,i,j,s € Co(Qr) converge to fi; ;, flij,s in the narrow topol-
ogy With fim,ij = fun,ij,0 + fim,i,j.s, Which satisfy fi; jo = (fi.j, 9ij, hij), and

0 < fimij < @m * iy form,i i (1) < 5 (7p),

[ fm.iiller@ry + 19midll o ey + Whm.iill Lo o wir )y + Hmiig.s(Qr) < 275 (Qr). (3.17)
Note that, for any n,m € N,
Z(ﬁm,l,j + fim,2,5) < ©m * (P10 + p2,n) and Z(ﬁm,l,j(QT) + fim,2,5 (7)) < |p|(Q7).
j=1 j=1

For any n,k,m € N, let up i m, Un,k,m € W be solutions of problems

(un,k,m)t - Apun,k,m + Tk(|un,k,m|qilun,k,m) = Z?:l(ﬂm.,l,j - ﬂm,Q,j) in QT7
U oym = 0 on 90 x (0,7T), (3.18)
Unke.m(0) =Ty (oF) = T(c™) on Q,

and
n

(Vnkem)t = Bptnkm + To(Vg g ) = 2251 (fim,15 + fim,2,5) 0 Qr,
Unkym =0 on 99 x (0,7, (3.19)
Un.k,m(0) = Tp(lo|) on €.

By the comparison principle and Proposition 2.8 we have for any m, k the sequences {vp k.m }n is increasing
and

al(Q) + |u|(Qr)\™
|Un,k,’m| < Un,k,m < (1 + D+ (Mw> + ]IgD [Tn(|0'|) & 6{t—0}})

+ c1m * 137 [p1n + p2n) -
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Moreover,
/ Ty(v? ., )dadt < |ul() + |o](2).
Qr

As in [7, Proof of Lemma 6.4], thanks to Proposition 3.4 and Theorem 3.5, up to subsequences, {tn k.m}m
converge to a renormalized solutions uy, j of problem

(Un,k)t - Apun,k + Tk(|un,k|q71un,k) = Hin — H2,n in QT,
Upk =0 on 02 x (0,7,
Uunk(0) =T, (c") = T,(c7) on £,

relative to the decomposition (377 f1,; =371 S5, D51 91,5 = 2o j=1 92,4+ 2y P1,j =2 4=y P2,j) Of p1p0—
H2.n,0; and {Vp k. m }m converge to a solution v, j of

(Un k)t = Dpvn g + T (v} ) = pr1,n + p2n in Qr,
Upk =0 on 02 x (0,7,
Unk(0) = Ty (lo]) on €.

relative to the decomposition (3°7_ f1,;+> 021 f2,5, D 5=y 91,5+ 25—y 92,55 2 jq M1+ 25—y haj) of im0+
12,50 And there holds

|o](2) + |pl(2r)

|un,k|§Un,k§C(1+D+( N

) + ]@D [Tn(|0|) ® 6{t-0}}) + C]@D [Ml,n + MQ,n] .

Observe that 13°[u1 ., + p2n] € LY(Qr) for any n € N. Then, as in [7, Proof of Lemma 6.5], thanks to
Proposition 3.4 and Theorem 3.5, up to a subsequence, {un i} {vn k}x converge to renormalized solutions
Un, Vn Of problems
(un)t - Apun + |un|q71un = Hi,n — H2,n in QT,
Up =0 on 092 x (0,T), (3.20)
Un(o) = Tn(o+) - Tn(o—i) in Q,
(Un)t - Apvn + Ug = HU1n + H2,n in QT7
vy =0 on 90 x (0,T), (3.21)
vn(0) = Tn(lo]) in €,

which still satisfy

|o](62) + |pl(€27)

IunISUnSC(l+D+( N

m3
)+ B2 [Tl @ 8] ) + OB v+ .
and the sequence {v,}, is increasing and

/ vldedt < |ul(Qr) + |o|(Q).
Qr
Note that from (3.17) we have

||fi,j||L1(QT) + Hgi,jH(Lp’(QT))N + ||hi,j||Lp(o,T,W(}vP(Q)) < Qﬁi,j(QT)a
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which implies

1Y fidlleron + 11D gisll i @myy + 11D higll oo mmwiey < 260 (Qr) < 2/ul(Q).
j=1

Jj=1 Jj=1

Finally, as in [7, Proof of Theorem 6.3], from Proposition 3.4, Theorem 3.5 and the monotone convergence
Theorem, up to subsequences {uy}n, {vn}n converge to a renormalized solutions u, v of problem

u — Apu+ |u|u=p in Qp,
u=0 on 90 x (0,7T),
u(0)=0 in Q

)

relative to the decomposition (3372, f1,; — D021 fa.i, Dy 91,5 = Doget 92,5 2get Mg — 2ojey ha,j) of po.
And

vy — Apu+v?=|p| in Qp,

v=20 on 99 x (0,7T),

v(0) =1o| in Q,

relative to the decomposition (Z_C;il fl,j + Z_C;il f2.,j7 Z_C;il 91,5 + Z_C;il 92,5, Z]Oil hl,j + Z_C;il hgyj) of |/L0|
respectively; and

0 Qr\"™
lul <v<C (1 +D+ ("TK);#) + 137 [|o| ® dys—oy + Iul])

Remark that, if ¢ = 0 and supp(u) C Q x [a,T], a > 0, then u = v = 0in Q x (0, a), since U, = v, = 0 in
Q% (0,a).

Step 2. We consider any o € M;(Q) such that o is absolutely continuous with respect to the capacity
Capg, o in Q. So, u+0®6(;—0y is absolutely continuous with respect to the capacity Capy 1 o in Qx (=T, T).

q
As above, we verify that there exists a renormalized solution u of

uy — Apu+ [u|9 u = xopp+ 0 @ p—oy in Qx (=T,T)
u=0 on 90 x (=T1.T),
u(=T)=0 on £,

satisfying w = 0 in Q x (—=7,0) and (1.7). Finally, from Remark 3.2 we get the result. This completes the
proof of the Theorem. ]
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