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ON A CHARACTERISTIC OF THE FIRST EIGENVALUE OF
THE DIRAC OPERATOR ON COMPACT SPIN SYMMETRIC
SPACES WITH A KAHLER OR QUATERNION-KAHLER
STRUCTURE

JEAN-LOUIS MILHORAT

ABSTRACT. It is shown that on a compact spin symmetric space with a Kéhler
or Quaternion-K&hler structure, the first eigenvalue of the Dirac operator is
linked to a “lowest” action of the holonomy, given by the fiberwise action on
spinors of the canonical forms characterized by this holonomy. The result is
also verified for the symmetric space F4/Sping, proving that it is valid for all
the “possible” holonomies in the Berger’s list occurring in that context. The
proof is based on a characterization of the first eigenvalue of the Dirac operator
given in [Mil05] and [Mil06]. By the way, we review an incorrect statement in
the proof of the first lemma in [Mil05].

1. INTRODUCTION

Let (M™, g) be a spin compact Riemannian manifold with positive scalar curva-
ture, more precisely such that Scal, := min,,cas Scal(m) > 0. Under this assump-
tion, the only groups G in Berger’s list such that the restricted holonomy group of
M verifies Hol® C G are (cf. for instance [Bes87]) G = Uy, n = 2m, (M is then
Kahler), G = Sp,, - Spy, n = 4m, (M is then Quaternion-Kéhler) or G = Spiny,
n = 16, and then M is isometric to the Cayley plane OP? = F,/Sping, [Ale68],
[BGT2).

Assuming n = 4m in order to compare all the possible cases, there exist sharp lower
bounds for the square of the eigenvalues of the Dirac operator whose dependence
on the holonomy is summarized in the following illustration:

0
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n—1 4 n—2 4 n+8 4
Friedrich’s Hol®° C Ug,, Hol® C Sp,, - Sp1
inequality (Kahler) (Quaternion-Kéhler)
[Friso] [Kirs6] [KSW99)
T
n = 16

Hol® = Sping
0P? = F4/Sping

The study of limiting manifolds, that are manifolds for which there exists a spinor-
field ¥ such that

(1.1) D2V =\,
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2 JEAN-LOUIS MILHORAT

where D is the Dirac operator, and where A? is one of the bounds quoted above is
due to C. Bér in the general case, [Bar93], to A. Moroianu in the case of K&hler
manifolds, [Mor95], [Mor99], and to W. Kramer, U. Semmelmann and G. Weingart
in the case of Quaternion-Kéhler manifolds, [KSW98].
The study of limiting manifolds in the Ké&hler and Quaternion-Kahler cases involves
a special condition for spinor fields ¥ verifying (1.1), which is linked to the decom-
position of the spinor space ¥ into irreducible components under the action of the
holonomy group.
The spinor bundle ¥(M) of a spin Kéhler manifold (M, g, J) of complex dimension
m decomposes into a sum of parallel subbundles ¥(M) = @I'_;3,(M), each section
of the bundle ¥, (M) being an eigenvector for the eigenvalue i (m — 2r), for the
fiberwise action of the Kéhler form €2 on spinors, [Kir86].
It is then a characteristic of limiting Kahler manifolds that in the space of spinor
fields ¥ verifying (1.1), there always exists an element such that Q- ¥ =0 if m is
even, or ) - ¥ = £¢, if m is odd. We also may formulate this property as :

e In the space of spinor fields ¥ verifying (1.1), there always exists an element
such that

Q-2
IR
In order to illustrate how this property corresponds to a “lower action” of the
“Kéhler holonomy”, recall that the above decomposition of the spinor bundle cor-
responds to the decomposition of the spinor space Yo, under the action of the

groups Uy x SU,, when m is even, or S(U; X U,;,) when m is odd, actions given by
the commutative diagrams

(1.2)

is minimal.

U; x SU,,, —— Spin,,, S(U; x Uy,) Spin,,,,

U, € SOs,, U, € SOs,,

This decomposition may be easily expressed in the case m even, [Sal93],

(1.3) Som =P LM @AE,
r=0

where L* := L®* is the k-symmetric power of the standard representation L of Uy,
and F is the standard representation of the group SU,,.

The action of the Kahler form corresponds to twice the action of the Lie algebra
of Uy on Xay,, hence is equal to i (m — 2r)id on each component of the sum (1.3).
So, limiting K&hler manifolds of even complex dimension are characterized by the
existence of a spinor field verifying (1.1), which is also a section of the bundle
corresponding to the component L°® A™/2 in (1.3), this component being, roughly
speaking, the one with minimal “U; holonomy” in (1.3). There is an analogous
description in the case m odd.

There exists an analogous criterion for Quaternion-Kéhler limiting manifolds. The
spinor bundle (M) of a spin Quaternion-Kéhler manifold (M, g) of dimension 4m
decomposes into a sum of parallel subbundles (M) = @ X, (M) , each section
of the bundle %,.(M) being an eigenvector for the eigenvalue 6m — 4r(r+2), for the
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fiberwise action of the fundamental 4-form  on spinors, [HM95a]. This decompo-
sition corresponds to the decomposition of the spinor space Y4, into irreducible
components under the action of the group Sp,, X Sp; given by the commutative
diagram

Sp,, X Sp; ———— Spiny,,

Iy

SPy,-Sp; C SOunm,
One gets [BS83], [Wang&9], [HM95a],

(1.4) Sim =EPSTHR AL E,
r=0

where S¥H is the k-symmetric power of the standard representation H of Sp, in
the space H ~ C2, E is the standard representation of the group Sp,, in the space
H™ ~ C?™, and A*E is the irreducible hermitian complement of w A A*~2E in
A*E, w being the standard symplectic form on E.

Quaternion-Kéahler limiting manifolds are characterized by the fact that, among
the spinor fields ¥ verifying (1.1), there always exists a section of the bundle cor-
responding to the space S'H ® A™E.

This space may be characterized by the fact that it is the only component in
the decomposition (1.4) on which the Casimir operator of the subgroup Sp; acts
trivially (roughly speaking, one could say that this is the component with minimal
“Sp; holonomy” in (1.4)). From a geometrical point of view, the invariant given by
this action of the Casimir operator, gives raise to the operator 2—6m id, where € is
the 4-fundamental form € acting on spinor fields by Clifford multiplication. Hence,
we may re-formulate the characterization of Quaternion-Kéhler limiting manifolds
as:

e In the space of spinor fields ¥ verifying (1.1), there always exists an element
such that (Q —6mid)- ¥ =0.

e In the space of spinor fields ¥ verifying (1.1), there always exists an element
such that

(2 — 6mid) - U2
112

(1.5) is minimal.

Now, the following example makes think that the above criteria are not character-
istic of limiting manifolds. Consider the grassmannian Gro(C™*2) = %,
dowed with its canonical metric induced by the Killing form of SU,,, 2 sign-changed,
which is both Kahler and Quaternion-Kéahler (cf. 14.53 in [Bes87] for details). It
is shown in [Mil98] that there exists a spinorfield ¥ such that (1.1) is verified for
the first eigenvalue A and (1.5) is verified for the fundamental “Quaternion-K&hler”
4-form. Actually, it may also be checked that (1.2) is also verified for the Kéhler
form.

Hence it seems natural to conjecture that the above property is not a characteristic
of limiting manifolds and the aim of this paper is to prove that the conjecture is
true for compact spin symmetric spaces.

en-
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Proposition 1.1. Any spin compact simply connected irreducible symmetric space
G/K of “type I”, endowed with a Kdhler or Quaternion-Kdhler structure, verifies
the following criterion.

Among the spinorfields ¥ verifying D*¥ = X2 U, where X is the first eigenvalue of
the Dirac operator, there exists at least one such that

- v
]2

(2 —6mid) - |2
N ’

respectively s minimal,

where § is respectively the Kdhler form or the fundamental “Quaternion-Kdhler”
4-form of the manifold under consideration.

There is an analogous result for the Cayley plane QP? = F4/Sping, Q being in this
case the canonical 8-form on manifolds with holonomy Spin,.

2. PRELIMINARIES FOR THE PROOF

2.1. Spectrum of the Dirac operator on spin compact irreducible symmet-
ric spaces. We consider a spin compact simply connected irreducible symmetric
space G/K of “type I”, where G is a simple compact and simply-connected Lie
group and K is the connected subgroup formed by the fixed elements of an involu-
tion o of G. This involution induces the Cartan decomposition of the Lie algebra
g of G into

g=top,

where ¢ is the Lie algebra of K and p is the vector space {X € g; 0 - X = —X}.
The symmetric space G/K is endowed with the Riemannian metric induced by the
restriction to p of the Killing form of G sign-changed.

The spin condition implies that the homomorphism

a:he K Adg(h)), € SO(p)

lifts to a homomorphism & : H — Spin(p) such that £ o @ = a where £ is the
two-fold covering Spin(p) — SO(p), [CGSS].
Then the group K inherits a spin representation given by

ok K % Spin(p) & GLe(D),

where p is the spinor representation in the complex spinor space X.

The Dirac operator has a real discrete spectrum, symmetric with respect to the
origin. A real number A belongs to the spectrum if and only if there exists an irre-
ducible representation v : G — GL¢ (V) whose restriction Res% () to the subgroup
K, contains in its decomposition into irreducible parts, a representation equivalent
to some irreducible component of the decomposition of the spin representation px
of K. Then

(2.1) M =c,+n/16,

where ¢, is the Casimir eigenvalue of the irreducible representation ~ (which only
depens on the equivalence class of ) and where n = dim(G/K), n/16 being Scal/8
for the choice of the metric (cf. [BHM+] or [Gin09] for details).



2.2. A characterization of the decomposition of the spin representation
of K. We henceforward assume that G and K have same rank and consider a fixed
common maximal torus 7. Hence G/K has even dimension n = 2m.

It is shown in [Mil05] that the lowest eigenvalue Ay, of the Dirac operator verifies

n
(2:2) Xin = 2  ing 1811 + F

where the 5;, 1 < i < N, are the dominant weights (relative to the choice of T)
occurring in the decomposition of the spin representation of K, and where the norm
| - || on the space of weights is induced by the Killing form of G sign-changed.
The proof of proposition (1.1) is based on a characterization of those dominant
weigths 3; for which [|3;]|? is minimum, a characterization which appears implicitly
in [Mil06]. It is based on a lemma of R. Parthasaraty in [Par71] (cf. lemma 2.2),
which gives the following characterization of dominant weights occurring in the
decomposition of the spin representation of K.

Let ® be the set of non-zero roots of the group G with respect to T'. According to
a classical terminology, a root € is called compact if the corresponding root space is
contained in £¢ (that is, € is a root of K with respect to T') and non compact if the
root space is contained in pc. Let @E be the set of positive roots of G, ®}. be the
set of positive roots of K, and @;‘ be the set of positive non compact roots with
respect to a fixed lexicographic ordering in ®. The half-sums of the positive roots
of G and K are respectively denoted dg and dx and the half-sum of non compact
positive roots is denoted by é,. The Weyl group of G is denoted W¢. The space of
weights is endowed with the Wg-invariant scalar product (, ) induced by the Killing
form of G sign-changed.

To introduce the result of Parthasaraty first note that the common torus T may be
chosen in such a way that the weights of the spin representation of K are

1
(2.3) 5 (FarEaz - Ean),

where a7, . .., q;, is an enumeration of the non compact positive roots, the weights
of the half-spin representations Y% corresponding to an even (resp. odd) number
of negative signs.

Thus weights of the spin representation of K have the form

(2.4) Op— > i,  ITC{l,...,m}.

iel
Lemma 2.1 (R. Parathasaraty, [Par71]). Let
(2.5) Wi={weWg; w- o} > df}.

The spin representation of K decomposes into irreducible components as

(2.6) pr = P ik

weWw

where /)quw has for dominant weight

(2.7) Buw i=w-dg — Ok .
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2.3. A characterization of highest weights of the spin representation of
K with minimal norm.
Proposition 2.2. Let
I_ ::{i S {1,...,m}, (6K,ai> < 0},
and
Iy ::{i S {1,...,m}, (6K,ai> = 0}
Then, for any subset I C Iy

(2.8) Br = 5p*Zai*Zai,

is a highest weight of the spin representation of K with minimal norm.
So there are exactly 1+ #1y such highest weights.

Proof. Let I be a subset of Iy. First 8y is a weight of the spin representation of K
by (2.4). If 8; is not a highest weight, then there exists a K-positive root 8 such
that 8y + 6 is a weight. So there exists a subset J C {1,...,m} such that

Br+0=20,- a.
e
Then,
— Z ai—Zai—i—O:— Z Q; .
i€l_\J i€I\J i€ J\(I-UI)

Now, it is well known that (0, dx) > 0, (cf. for instance § 10.2 in [Hum?72]), hence
(— Zief,\J @i = ieng @it0,0k) > 0, whereas (— Zie‘]\(LUI) a;,0k) <0, hence
a contradiction.

By the lemma 2.1, there exists a wy € W such that

Br = wr - 6g — 0k = 0p — Zai—Zai.
iel_ il
Now, using the Wg-invariance of the scalar product,
18111* = lloG]® + 6% [I* = 2(wr - 8¢, 0xc)
= ll6c* + 6% |I* = 2 (B1 + 0K, 0xc)
= |16 ]1* + 6% 1> = 2 (61, 65c) +2 D _ (@i, 0xc)

iel_
(29) = 18,1 +2 3" (0,05
iel_
Hence all the highest weights 57, with I C Iy have the same norm. In order to
prove that among the highest weights of the spin representation of K, they are
those with lower norm, we use the same argument as in [Mil06].

Let 61, ...,0, be an enumeration of the K-positive roots. Let w € W (or € Wg as
well). By the lemma 3.1 in [Mil06], using the expression of w in reduced form, one

has
w-5G=5G—Zai— Zeja

i€l J€Jw
where I, is a subset of {1,... m}, and J,, a subset of {1,... p}.
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Since (6;,0x) > 0, j = 1,...,p, as we remark before, and since (a;,dx) > 0 if ¢
does not belong to I_ or I, one gets

(2.10) (w-da,0k) < (b — >, ai,0k)

i€I,N(I_UIp)

<{o— >, k)
iel_Ulg

< (6a— > ai,0k) = (wp - 0g,0K) -

el
Hence
|w - dc — 6k ||> = |6c]® + [0k > — 2 (w - b, Oxc)
> [16al® + 110k (1* = 2 (wp - 6c, k) = || Ball® -

Note that if the above inequality is an equality, then all the inequalities (2.10) are
equalities, hence J,, = () and I, = I_ U I, where I C Iy, so w - dg — 6k = Br.
As the above result is valid for any w € W, it may be concluded that for any
subset I C I,
. B 2 _ . . o 2 _ 2
o |w-dc — okl nin, |lw-dc — ok = I8~
O
Now the proof of (2.2) consists in the following steps ([Mil05]):

(1) For any w € W such that the highest weight w- ¢ — dx has minimal norm,
dqg —w™! - 6 is the dominant weight of an irreducible representation + of
G.

(2) The restriction of v to K contains in its decomposition into irreducible
components a representation with dominant weight w - ¢ — ok

(3) The Casimir eigenvalue for ~ is given by ¢, = 2 ||w - dq — 0k ||* + {5 (hence
equal to 2[|8,(|* +4 > .o, (o, 0k) + 15, by (2.9)).

(4) The above Casimir eigenvalue gives the lowest eigenvalue of the Dirac op-
erator.

In the preparation of this paper, we found a gap in the proof of the first item. We
give a different proof in appendix, which is indeed based on the result of proposi-
tion 2.2.

2.4. The space of eigenvectors of the Dirac operator corresponding to the
lowest eigenvalue. In order to understand the action of a form characterized by
the holonomy on the eigenvectors of the Dirac operator for the lowest eigenvalue,
we now review some well-known results (see [BHM+] for details).

First, recall that a spinor field ¥ on G/K may be viewed as a function

U:G+— Y%, VYgeG,VkeK, U(gk)=pk ") U(g).

Denoting by ¥, the irreducible K-space of ¥ with dominant weight 3,,, w € W,
and by II,, the projection ¥ — ¥, any spinor field ¥ decomposes into

(2.11) U=>"V,, U,:=I,0V.
weWw
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Since the restricted holonomy group of G/ K is K, the spin Levi-Civita connection V
respects the above decomposition, hence by the Lichnerowicz-Schrédinger formula,

D* =V*'V + % ;

if a spinor field ¥ is an eigenspinor of the Dirac operator D for the eigenvalue A,
then each non-trivial component ¥,, in the above decomposition is an eigenspinor
of D? for the eigenvalue \2.

Now, as it was recalled above (see (2.1)), any eigenvalue A of the Dirac opera-
tor D corresponds (up to equivalence) to an irreducible complex G-representation
v : G — GL¢(V,), whose restriction Res% () to the subgroup K, contains in its
decomposition into irreducible parts, a representation with dominant weight S,
w € W. The corresponding eigenvectors are given by a pair (v, A,), where vy, € V,
and A, € Homg(V,, %) := {A € Hom¢(V4,%), Vk € K, Aovy(k) = pr(k) o A},
giving raise to the spinor field

Uyoa,:G—3, U, oa(9)=4,(v(g7") vy).

Moreover

dim Homg (Vy, £) = Y mult.(Res@ (), K o) »

weW

where mult.(Res% (v), PK|w) denotes the multiplicity of the irreducible representa-
tion pr |, in Res% (7).
So, if mult.(Res% (), PK|w) 7 0, then the component W, in the decomposition of
U given by (2.11) is a non-trivial eigenvector of D? for A\2.
All that discussion applies to the irreducible G-representation v with dominant
weight 6g — w™! -k, where B, = w - 0g — 6k is a highest weight of the spin
representation of K with minimal norm (cf. prop. 4.1). As we recall it above,
this irreducible G-representation gives raise to the lowest eigenvalue A of the Dirac
operator. Moreover by prop. 4.2, the representation Resg(’y) contains in its de-
composition into irreducible components all the irreducible K-representations with
dominant weights (2.8).
Hence we may conclude

Lemma 2.3. For any subset I C Iy ={i € {1,...,n}, {0k, ;) = 0}, denoting by
Y1 the irreducible component of ¥ with highest weight Br = 0p— . c; i—> o5 i,
there exists a spinor field ¥y : G — Xy, such that

D2 =\,
where X is the lowest eigenvalue of the Dirac operator.
Now let  be a parallel form on G/K. First, Q may be viewed as a K-equivariant
function

Q:G— A(p), Vge G,Vke K, Qgk)=ak™)-Q(g),.

By the fundamental principle of holonomy, parallel forms correspond to K-invariants
of A*(p). Hence there exists a K-invariant € in A*(p) such that Q is the constant
function

Vg € G, O(g) = N.
Note that as € is K-invariant, §2 is K-equivariant since

VgeG,Vke K, Qgk)=Q=alk ™) Q=ak™")- Q).
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The form €2 acts on a spinor field ¥ by Clifford multiplication, giving a spinor field
Q - ¥ defined by the function

Q- U:G— X, Q-T(g):=02(g) - ¥(g)=02-T(g),

where 2 is viewed as an element of the Clifford algebra, which acts on the spinor
U(g) by means of the standard representation of this algebra.

Since € is K-invariant, the Schur lemma implies that the action of €2 on spinor
fields with values in some K-irreducible subspace X,,, w € W, of X, is a scalar
multiple of the identity, the value of the scalar depending only of w € W.

In particular, the spinor fields ¥y, I C Iy, introduced in lemma 2.3, which are
eigenspinors for the square of the Dirac operator for the lowest eigenvalue, are also
eigenvectors for the action of any parallel form.

3. PROOF OF THE RESULT

3.1. The Kahler case. On a spin Kéahler manifold of complex dimension m, the
Kahler 2-form €2 acts fiberwise on spinors as an anti-hermitian operator with eigen-
values i (m — 2r), r = 0,...,m, [Kir86]. Hence

-2 {0, if m is even

3.1 L
(3.1) VAT T 1, ifmisodd.

We are going to prove that (3.1) is verified for one of the spinor fields ¥y of
lemma 2.3.

First, an irreducible symmetric space G/K is Kéahler if and only if K has a center
Z ~ Uy, [KNG69].

Let ;J(JCr , (resp. pg) be the space generated by root-vectors corresponding to the
positive non compact roots (resp. negative non compact roots). Any element H
in the Lie algebra 3 of the center has a K-invariant adjoint action on pé , (resp.
pc ), hence by the Schur lemma acts as a scalar multiple of identity. The element
H is chosen such that ad(H)‘pg = 4id (hence oj(H) = 4, j = 1,...,m) and
ad(H),- = —iid. This action defines a K-invariant homomorphism J of p such

that J? = —id, which induces a Kihler structure on G/K. The Kihler form is
then defined by the K-invariant Q corresponding to «.(H) by the isomorphism
A?(p) ~ so(p). Hence the action of the Kihler form on spinor fields is given by the
action of € on ¥, which corresponds to 2 times the action of H on ¥ by the spinor
representation of K, since viewed as a 2-form, € is identified with an element of
the Clifford algebra, whereas viewed as a.(H) € so(p), it acts on spinors by the
isomorphism &, : spin(p) — so(p), which generates a factor 2. Finally, as H belongs
to the Lie algebra of the maximal torus! T', the Kihler form acts on spinor fields
with values in ¥,,, w € W, as a scalar multiple of identity, the eigenvalue being
given by 2 8, (H).

Hence we only have to prove that there exists a subset I C In = {i € {1,...,m},
(0k, ;) = 0}, such that S;(H) = 0 if m is even and B;(H) = +i/2, if m is odd,
where 81 = 0p — > .c; @i — D Qi

Let I+ ={ie{1,...,m}, (o, dk) > 0}. Then

S =5 S (i)~ 5 S (i) 5 S ag(H) 5 S ay().
FISEES jeI- JEI\T jEeI

lsince the center of K is the intersection of the maximal tori.
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Lemma 3.1. The sets I1 and I_ have the same number of elements.

Proof. Let @ be the set of negative roots of K. There exists an element wg in the
Weyl group of K (hence in the Weyl group of G) which sends ®}; to ®5, see for
instance theorem 3.1.9. in [GW09].

Note that, as H belongs to the Lie algebra 3 of the center Z of K, one has for any
K-root 0, §(H) = 0, since for any root vector Yy,

0 = [H,Ya] = 0(H) s
From this remark, one deduces that wg (@;) C <I>,;". Indeed, as H belongs to 3, if
k € K is some representative of wp, one has since Ad(k™')-H = H, and o, (H) = i,
j=1,...,m,

wo - o (H) = aj(Ad(k™") - H)=a;(H)=1i, j=1,...,m.
Now let j € I so that (a;,dx) > 0. Then (wo-cj, wo-0x) > 0,80 as wy-dx = —Ix,
one gets
<’LUO . Oéj,5K> < 0,

hence there exists i; € I_ such that a;; = wp - «;. This defines a one-to-one
correspondence between I and I_.
O
Hence since oj(H) =i, j =1,...,m, we obtain from the lemma
1 1
pir(H) =3 > ay(H) - 5 > a(H).
JeIo\I jer

Now if m is even, then by the result of the lemma, the set Iy has an even number
of elements. If Iy = 0, then By(H) = 0. If Iy # 0, then choosing a subset I C I
such that #1 = %#IO, one gets S7(H) = 0.

If m is odd, then by the result of the lemma, the set I has an odd number 2r + 1
of elements. Choosing now a subset I C Iy such that #I =, (resp. r+ 1) , one
gets By (H) = %i, (resp. f% i), and the result is proved.

3.2. The Quaternion-Kéahler case. A Quaternion-Kéhler manifold is a n = 4m-
dimensional Riemannian manifold (M, g) whose restricted holonomy group is con-
tained in the group Sp,,.Sp; = Sp,,, Xz, Sp1, m > 2. This group is identified with
a subgroup of SOy, by the representation

(4,q) € Sp,,-Sp; — (ac e H™ ~ R*™ Aac(j) .

Let i, j, k be the standard basis of imaginary quaternions. The action on the right
of —i,—j, —k on H™ defines three hermitian operators I, J, K, verifying the same
multiplication rules as the imaginary quaternions. The space Q generated by I,
J, K is K-invariant, hence by transport on the fibres, it defines a globally parallel
subbundle Q(M) of the bundle End(7T'M). By transporting the operators I, J, K on
fibres with the help of a trivialization, one gets three local almost complex structures
I, J, K, for which the metric g is hermitian, verifying the same multiplication rules
as the imaginary quaternions. Using the metric, one obtains three local 2-forms
Qr, Qj, Qk. Now, the 4-form

Q=UANQU+QAQ;+Qx A QFk,
is well-defined over M, parallel and non-degenerate, [Kra66], [Bon67].
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On any spin Quaternion-Kéahler manifold this 4-form Q acts fiberwise on spinors

as an hermitian operator with eigenvalues 6m — 4r(r + 2), r = 0,...,m, [HM95a).
Hence

Q —6mid) - ¥
(3.2) min |2 = 6mid) - WIF

¥ 1>

We are going to prove that (3.2) is verified for one of the spinor fields ¥y of
lemma 2.3.

Compact symmetric spaces with a Quaternion-Kéhler structure were classified by
J. A. Wolf in [Wol65]. It is well known in the theory of representations of compact
groups that any root associated to the choice of a maximal torus gives raise to a
subgroup of G isomorphic to Sp;. J. A. Wolf has shown that compact symmetric
spaces with a Quaternion-Kéahler are all inner symmetric space of type I of the
form G/K, where G is a simple group and K = K3 Sp;, where K is the centralizer
of Sp; in G. The subgroup Sp; of K in consideration here being defined by the
maximal root 5 (for a fixed ordering of roots).

Indeed, let Hg € t such that for any H € t, (Hg, H) = —i 8(H). Then ||Hg|* =
—i B(Hp) = |1BI. Let HS = 2/]||1* Hp.

Let X3 be a root-vector for the root 3. There exists a root-vector X_g for the root
—B such that [Xg, X_5] = —i Hj.

Then (HE,Yp :=1i(X_p+ Xp), Zp := X_p — Xp) defined a basis of a subagebra of
g isomorphic to sp; as

[H5,Ys| =225, [Hg, Zs] = —2Ys and [Vj, Zp] =2 Hj.

Now, the condition that 3 is the maximal root implies that ad(HE)mg = {id,
[Wol65], so the action of Hg,Ys and Zg on p by a. : € — so(p), induces three
hermitian operators I, J, K, verifying the same multiplication rules as the vectors
i,j, k of the standard basis of imaginary quaternions. The space Q generated by I,
J, K, which is K-invariant, generates the Quaternion-Kéhler structure on G/K.
Identifying I, J and K with 2-forms Qp, Qj, Qk, via the metric, one gets the
K-invariant 4-form on p

Q:QI/\QI+QJ/\QJ+QK/\QK,

which induces the Quaternion-Kéahler parallel fundamental 4-form Q on G/K.
Now, if the symmetric space has a spin structure, the 4-form 2 acts on the spinor
space X as the operator ([HM95b])

Q=6mid+ Q- Q1+ Q3 - Q3 + Ok - Ak,
where the 2-forms Q, Qy, Qk act by Clifford multiplication. Hence 2
(3:3) Q@ — 6mid = 4 (7. (HS) + 5.(Ya) + 5.(Z5)°) .

Note that the second term in the r.h.s. of the above equation is the Casimir
operator® of the representation p, restricted to sp,.

2here again the presence of the scalar factor 4 is due to the use of the isomorphism &, : spin(p) —
so0(p), when the two-forms Qp, Qj, QK are identified with Hg, Y3, Z3, acting on spinors by the
representation py of €.

3up to some normalization.
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Expressing the r.h.s. of (3.3) in the basis (H§ := —i Hj, X5, X_p) of sp; ¢ ~ slyc,
one gets

Q — 6mid = —4 (7. (H5)* +27.(X5) 0 7-(X_s) +27.(X_5) 0 pu(Xp)

(3.4) = —4 (B (HS)? + 25, (HE) +45.(Xp) 0 (X))
Hence we may conclude

Lemma 3.2. For any subset I C I,
(Q—6mid) - V; =0<+= B(Hg) =0.

Proof. By the Schur lemma, 2 —6m acts on the K-irreducible space ¥ as a scalar
multiple of identity. If ¢; is the eigenvalue, one then has (Q — 6mid) - ¥; = ¢; Uy.
To compute the eigenvalue, one applies (3.4) to a highest weight vector of ;. Since
the action of p.(Xp) is zero on such a vector, whereas p.(H§) acts by a non-negative
integer multiple of identity on it, one has ¢; = 0 if and only if ﬁ*(ng) acts trivially,
hence the result.

O
Let I+ ={i e {1,...,m}, (®;,0k) > 0}. Then

[e] 1 [e] 1 (o] 1 (e} 1 [e]
(3.5) Bi(Hg) = 3 > aj(Hﬂ)—§ > Oéj(HB)+§ > Oéj(HB)—§ > aj(HE).
jely jel_ JeIo\I jel
Lemma 3.3. Apart from G3/SOy, for any Quaternion-Kdahler compact spin sym-
metric space, one has

LI 4 # D =#], .
Proof. Note first that
(3.6) VO e Dy, 0£+6, (B,0)=0.

Indeed if Xy is a root-vector for the root 6, one has [Hg, Xg] = 0, since K; is the
centralizer of Sp; in K. So §(Hg) = 0. Now, let Hy € t be such that for any H € t
(Hg, H) = —10(H). We then have (Hg, Hg) = 0, hence (6, 3) = 0.

By this remark, positive non compact roots « are then characterized by the condi-
tion (a, 8) = 1 18]

Let «; be a positive non compact root. Then 8 — «; is a positive compact root. It
is a root since (ay, 3) > 0 (cf. for instance? § 9.4 in [Hum72]). And it is positive
since (8 — a;,8) = 3||8]|>. Note furthermore that 3 — a; # «, since otherwise
2a; = [ should be a root, which is impossible.

Now by (3.6), (6, B8) = 3 8]/, hence

(61,6 — i) = 5 18I = (e, ).

Hence, if j € I_ Uy, then (0,5 — ;) > % 1B1|%, hence 8 — a; = o, with i; € 1.
We thus get an injective map I_UIy — I, so we may conclude # I_ +# Ip < # 1.
On the other hand, if (§x, ;) > 0, then as §x is an integral weight®, one has
(0x, ) > % |loyj]|?, hence

(0rc, B = ) < 5 (181" = Nl 1) -

|~

4or note that og(ai) = a; — B, where o the reflection across the hyperplane 8L,

Ssince dx is a difference of integral weights: 0x = w -dg — (w-dg — 0k), w € W.
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Now as G is a simple group, the root system is irreducible and there are at most
two root lengths (see for instance § 10.4. in [Hum?72]).

If all the roots have same length, then (dx, 3 —a;) <0, s0 B —a; = «;,, where i; €
I_UlIy. In this case, there is an injective map I — I_UIy, so # [ < # I_+# Iy,
and the result is proved.

Now by the result [Wol65], using furthermore the result [CG88], the list of spin
compact Quaternion-Kéhler symmetric spaces is given by

G K G/K dim G/K Spin structure
SPmi1 | SPm X Sp; | Quaternionic | 4m (m > 1) Yes (unique)
projective
space HP™
SUpmt2 | S(Uy, x Ug) | Grassmannian | 4m (m > 1) iff m even
Grp(Cm*2) unique in that case
Spin,, 4 | Spin,,Spin, | Grassmannian | 4m (m > 3) iff m even,
Gry(Rm*4) unique in that case
Go SOy 8 Yes (unique)
F4 Sp3SU2 28 No
Es SUgSU, 40 Yes (unique)
E; Spin;,SUs 64 Yes (unique)
Es E;SUs 112 Yes (unique)

Note that all of them are inner as it was noticed in [Wol65].
Now, apart from® Sp(m + 1) and Gy, there are only one root length for the groups
G in the above list, hence the result is proved for the corresponding symmetric
spaces.
So it remains to prove the result for quaternionic projective spaces HP™ =
Sp(m +1)/Sp(m) x Spy, m > 1.
We consider the standard maximal torus T' of Sp,,,; made up of diagonal ma-
trices with entries of the form e®! := cos(B8) + sin(8)i, 3 € R. We denote by
(xo,21,...,%m) the standard basis of t* such that the value of x; on a diagonal
matrix with entries (Bpi,...,0m1) is B, k = 0,...,m. We set T} = ixp. The
scalar product on ¢ t* induced by the Killing form sign-changed verifies (Z;,%;) =
Zl(m;ﬂ) d;5. We choose as positive roots

Eiifj, 0<1< g3 <m; 27;, 0<i<m.
The roots Z; — T;4+1, 0 < i <m—1, and 2 &, then define a basis of the root system.
In order to avoid a re-ordering of roots, we consider K = Sp; X Sp,,, (instead of
Sp,, X Sp;) in such a way that the positive compact roots are

Ti+E;, 1<i<j<m; 2%, 0<i<m.

6there are two root lengths for G = F4, but the corresponding symmetric space is not spin.
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Then, the positive non compact roots are
/1'\0 + /:L'\k , 1 S k S m.

The maximal root is § = 2 &9. Note that Zo+ 7, = S— (Zo FZk), and (8, To £Tk) =
1/2]|B]1%.
Now i = 2o + Y pey(m — k + 1) Zj. Hence it is easy to verify that

(0,Zo +Tk) >0, I<m,

(0,Zo +Z) <0, 1<m-1,

(0,Zo +Tm) =0.
So#I_ +#1y=HI,.

(I

Going back to (3.5), one deduces from the above lemma, as ad(HB)mg =iid,

By (H3) = Li(# L~ # 1~ #15) =0,

Hence by the lemma 3.2, (2 — 6mid) - Uy, = 0, and the result of proposition 1.1 is
proved.

3.3. The case of G3/SO4. The group SOy is identified with Sp;-Sp; ~ Sp; Xz,Sp;-
The inclusion Spy - Sp; C Sp, - Sp; is not the “natural” one since the group acts
irreducibly on H? = R® with highest weight 3 w; +wa, where (w1, ws) is the standard
basis of fundamental weights corresponding to the half spinors representations, see
for instance §11 in [Sal89).

We use the result of [See99], where all the roots data for G and K are expressed in
the basis (w1, ws2) by

@E ={2w1, —3wi + w2, —w1 + wo, w1 + wa,2ws, 3wy + wa}
(I);r( = {2(,01, 2W2} N
fF = {—3wi +wa, —w1 +wa, w1 w2, 3wy +wa}.

The scalar product on weights induced by the Killing form sign-changed is given
by

3

The highest weights of the spin representation are obtained by means of the Partha-
saraty formula, [See99]

1 1
(a1 w1 + ag we, by wy + bawa) = 6 (— a1by + a2b2) .

4wy, 2wy and 3w+ ws.

The half spin representation Xy is irreducible with highest weight 3 w; +ws, the half
spin representation Eg’ decomposes into two components with respective highest
weights 4wy and 2wy. So, denoting by H the standard representation of Sp;, the
spin representation decomposes as

(3.7) Ye=(SPHeS'H)o (S*HoS"H)® (S°H®S?H).

There are two weights for which the norm is minimal: 8y = 2wy = 6, and f, =
3w1 + wo = 5)3 - (73&]1 +QJ2).

Hence the spinor field Wy verifies D¥y = A2 ¥y, where ) is the lowest eigenvalue
of the Dirac operator, and is also a section of the bundle corresponding to the
component S° H®S? H in the decomposition (3.7), on which the action (on the first
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component) of Sp, is trivial, thus our “holonomy criterion” is verified. However, it
has to be noticed that the Quaternion-Kéahler structure of Go/SO4 corresponds to
the action of Sp; on the second component, and that this criterion is not verified
for that action.

Indeed, it easy to see that 61 = 2w; and 0 = —3w; + ws are simple G-roots, and
that the maximal root is 3 := 2ws = 367 + 2605. Now note that

(B.a)=351B81* ifacdy,

hence we are in the description of Wolf spaces given above. It may be checked that
for any positive non compact positive root a, (0x,a) = 0, 1/24, 1/12 or 1/8, so
#1. =3, #1p = 1 and #1_ = 0, hence the result of lemma 3.3 is not verified
here.

Moreover note that, by definition of Hg, 8y(Hj) = H;ﬁ (B,Bp) # 0 and By, (Hg) =

ﬁ (B, B1,) # 0, so by lemma 3.2, the criterion is not verified for the action of Sp,

{(6,04):0 if o € By, a £ +B,

on the second component.

As an additional argument, one may remark that since (3,4 w;) = 0, 4w1(H§) =0,
so by the proof of lemma 3.2, the action of 2 — 6mid on spinors is zero only on
the K irreducible subspace of ¥ with highest weight 4 w;. But, by the results of
[See99], this is not a highest weight for the restriction to K of the Ga irreducible
representation giving raise to the lowest eigenvalue of the Dirac operator.

Indeed, the action of Sp; on the first component may also be described in terms of
the action of fundamental 4-form on spinors by Clifford multiplication. This is a
consequence of a more general result.

Lemma 3.4. The eigenvalue of the Casimir operator of the spin representation of
K has the same value for all irreducible components.

Proof. By the Parthasaraty formula, any highest weight of the spin reresentation
of K has the form 8, := w - d¢ — dk, where w is an element of the Weyl group
We of G. By the Freudenthal formula, the eigenvalue of the Casimir operator of
K acting on the K-representation with highest weight 3, is given by

<ﬂw+25Kaﬂw>'

Hence, by the Wg-invariance of the scalar product,

<6w+26K;6w> = <w'5G+5Kaw'5G_5K>
= ll6c* — llox|*-

[
Hence, since |6 — [|6x||?> = 4 here, the Casimir operator Cx of the spin repre-
sentation of K acts on each irreducible component as %id.
Denote by C; (resp. Cq) the Casimir operator of the restriction of the spinor repre-
sentation to the first (resp. second) Sp; component in K, (for the scalar product
given by the Killing form sign-changed of G3). One has Cx = C; + C2. The eigen-
value of C; (Cq) acting on S¥H is a scalar multiple of k(k + 2) times the identity.
Using the result of the above lemma, one gets by (3.7)

1 1
Cl|skH:4—8k(k+2)ld and CQ|SkH:1—6k/’(k/’+2)ld
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Hence using (3.4), one obtains
1. 1 .
Cl = §ld*C2: a(ﬂ+201d)

So for the symmetric space Ga/SOy4, the holonomy criterion is valid for the 4-
fundamental form acting (by Clifford multiplication) on spinors as  + 20 id.

3.4. The Cayley plane F4/Sping. The above “holonomy criterion” is also valid
for the Cayley plane F4/Sping. As it is said in [Bes87], the Spin(9) holonomy
is extremely special since a Riemannian manifold whose holonomy group is con-
tained in Spin(9) is either flat or (locally) isometric to the Cayley plane F4/Sping,
or its non-compact dual, [Ale68], [BG72]. There is an analogy between Spin(9)-
structures (for 16-dimensional manifolds) and Quaternion-Ké&hler structures, since
such a structure on a manifold M may be characterized by the existence of a 9-
dimensional subbundle of the bundle End(7'M), with local sections I,,, 1 < a <9,
satisfying

2=id , Ii=1, , IJg=—Igl,, a#p,
[Fri01]. There is also an analogy by the existence of a canonical 8-form €, which
corresponds to the unique parallel 8-form on F,/Sping. This canonical 8-form
was first introduced in [BG72] by means an integral formula. Explicit algebraic
expressions of this form are far from being simple [BPT85], [AM96], [LGM10],
[PP12]. Roughly speaking, the form is constructed by means of the Kahler 2-forms
associated to the almost complex structures Jog := I o Ig, [LGM10], [PP12]. To
avoid an explicit expression, we will use here the fact that it may be expressed in
terms of “higher Casimir operators”, see §125 and §126 in [Zel73] or [Hom04].
Indeed, this parallel 8-form is induced by an Ad(K )-invariant 8-form € on p = R'S.
From the expression of {2 given in [LGM10], [PP12], the action of € on spinors is
(up to a shift by a scalar multiple of the identity) a sum of terms of the form
ﬁ};* (Qal 31) o ﬁ}/f* (Qazﬁz) o ﬁ}/f* (Qasﬁs) o ﬁ}/(* (Qa4ﬂ4)a where the Qaﬂ are the Kahler
2-forms, identified with elements of the Lie algebra sping, associated to the almost
complex structures J,g. We thus may identify the action of €2 on spinors as the
action of an element of the universal enveloping algebra U(sping ), also denoted 2.
Furthermore this element belongs to the center 3 of U(sping ) since Q2 is Ad(K)-
invariant.
Now it is known that the center 3 is algebraically generated by a system of “higher
Casimir elements”, cf. §.125 and §.126 in [Ze173], which we briefly introduce in that
context.
Let (e;)1<i<9 be the standard basis of R?. Denote by e;; = e; Ae; the standard basis
of sping =~ s09 ~ A*(R?). For any non negative integer ¢, consider ef; € U(sogc)
defined by

a ._ Zlﬁ’ﬁ kg 1<9 €ik1€Ckiko -+ - Ckq_1j5> 4 >1 s

dij s q=0.

i=1 %

for g =1, C; =0 and for ¢ =2, Cy = Zij e;j€;i is the usual Casimir element.
It may be shown that the center 3 is algebraically generated by Cs, Cy4, Cg and Cy,
[Zel73].
Now, the above description of the element € € U(sping ) shows that it is expressed
only in terms of Cy and Cy. If we consider an irreducible component of the spin

Then the trace of 6%, Cq = 29 el belongs to the center 3. For ¢ = 0, Cp = 9,
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representation, then the Schur lemma implies that px,(C2) and pk,(C4) acts on
it as scalar multiples of identity. Furthermore, we already note in lemma 3.4, that
p«(C4a) acts on each irreducible component as a scalar multiple of identity with the
same eigenvalue. Finally, to prove our holonomy criterion, we only have to examine
the eigenvalues of p.(C4) on the irreducible components of the spin representation
of K. Those eigenvalues may be computed with the help of a formula given in
[CGHO0].

Denoting by (e1, e, €3, e4) the standard basis of R4, the root system of Fy is the set
of elements © = Z?:l x; e; with integer or half-integer coordinates in R* such that
|lz]|> = 1 or 2, [Hum72],[BMPS85]. Using the results in [CG88], we may consider

oL ={e;,i=1,2,3,4;e;te;,1 <i<j<4; %(€1i62ie3ie4)}
O ={e;,i=1,2345¢,+¢;, 1 <i < j<4},
@;:{%(61:&62:&63164)}.
Thus

1
og = 5(11€1+5€2+3€3+€4)a

1
0 = 5(7614—5624—3634—64),
5)3:261'

The scalar product induced by the Killing form sign-changed is a scalar multiple
of the restriction to the set of roots of the usual scalar product on R*. Using
the “strange” formula of Freudenthal and De Vries, [FAV69], one obtains ||dg||* =

d%g = 13/6, hence this scalar product is given by

4 4 1 4
<Z$i€i,zyi€z‘> = E Z:EzyZ
i=1 i=1 i=1

With the help of the Parthasaraty formula, it is easy to find the highest weights
of the spin representation of K. The half spin representation ¥ is irreducible
with highest weight %(3 e1 + es + e3 + e4), whereas the half spin representation Ei’%
decomposes into two components with highest weights e; + e2 4+ e3 and 2e;.

Note that the sets I_ and Iy have both only one element since for any positive

non compact root a, one has (dx,a) < 0 <= «a = %(61 — ey —e3 — eq), and
(0x,0) =0 <= =3 (e1 — ez — 3+ ey).
Indeed, there are two weights for which the norm is minimal

1 1
ﬂ@:§(3€1+62+63+64):5;375(61762763764),

and
1
ﬂjo:el+62+63:5,375(61—62763764)—5(61762763+e4).

By the result of [Mil05], the square of the first eigenvalue of the Dirac operator is
then given by 2||8p|* + 2 = 2|81, ||* + 2, hence
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Proposition 3.5. On the symmetric space F4/Sping endowed with the Riemann-
ian metric induced by the Killing form of Fy4 sign-changed, the square of the first
eigenvalue A of the Dirac operator verifies
7
2

A= 3=
We now verify the holonomy criterion by determining explicitly the eigenvalues
of the operator pg,(Cy). This may be done with the help of a formula given in
[CGHO0] which applies here as follows.
For each dominant weight u of SOg (relatively to the usual maximal torus), denote
by d(p) the dimension of a complex K-irreducible representation (p,, V(1)) with
highest weight p.
Let V(uo) be the standard representation of SOg corresponding to the weight p, =
(1,0,0,0). For each highest weight 1, B2, 85 of the spin representation of K where

Scal
R

[S2REEN

1
5115(3€1+62+63+64), B2 =e1+ex+e3 and f[3=2er,

denote by II; the set of highest weights occurring in the decomposition into irre-
ducible components of the tensor product V(8;) ® V(o). So

V(Bi) @ V(uo) = Z V(Aij) -

Aij €IT;
For each highest weight A;;, let m(A;;) be the so called conformal weight given by

1
m(Aig) = 5 (9= 10k + A I* + 19sc + Bil* — 1),

where ||| is the standard norm on the sets of weights of SOg: if p = (11, a2, p3, pa),
2 4 2
then [[pl* =322, 13-
The eigenvalue cg, 1, of the operator (pg,),(Ck) is then given by (see for instance
[Hom04])
1

d(Bi)

The values of cg, 1, © = 1,2,3, k = 2,3,4 are given in the following table. They
were obtained with the help of the LiE Program”.

S (—mg) dng)

Aij €115

CBik =

B1=3(3,1,1,1)] B2=(1,1,1,0) | B3 =(2,0,0,0)
s, 2 36 36 36
s, .3 -126 -126 -126
Cp; 4 1863/2 684 1404

The first line is not a surprise by lemma 3.4. The second line too since C's may be
expressed in terms of C5. Finally, the last line shows that the lowest eigenvalue of
the operator pk ,(Cy) is obtained for the space with highest weight 82 = (1,1, 1,0).
But B2 = B1,, which as we saw it before, is linked to the first eigenvalue of the
Dirac operator. Hence the “holonomy criterion” of prop. 1.1 is verified.

7http ://www-math.univ-poitiers.fr/~maavl/LiE/.
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4. APPENDIX

Recall that the highest weights of the spin representation of K are given by
Bw=w-0g—0g, weW,
where W is the subset of the Weyl group W defined by
W={weWs; w- 05D d}}.
In this appendix, we review the proof of the following result.
Proposition 4.1. Let wy € W be such that
(4.1) Buall? = min 1152

Then the weight
1650 ::wal'ﬁwo :6G_w61'6Ka

is G-dominant.
We will also justify the following remark :
Proposition 4.2. Let wyg and wy € W be such that

1Bus [I* = 1 Buwo [I* = min || 8[|

Then the G-dominant weights
G

wo

verify

—1 —1 G —1 -1
=wy PBuwy =0 —wy -0k and By i=w] - By, =0g —wy -0k

Biay = Bi, -

4.1. Review of the proof of prop. 4.1. The main error in the proof given in
[Mil05] concerns a technical assumption which is used at the end, asserting that
the highest weights with same minimal length may be ordered with respect to the
usual order of K-weights. As it can be seen in (2.8), this is actually not correct
since two such highest weights may only differ by a non compact positive root®.
Before that, there is also an imprecise statement, asserting that a certain weight of
the spin representation does lie in the Wg-orbit of a highest weight, which makes
the proof not satisfactory.

Hence we propose here an alternative proof we think correct.

Proof. First note that considering the sets
Af ={0e®f, wy-0 @} and Ay ={0e€d;, —w-0ec S},

one has

ﬂwo:% Z ’LU()'@:% Z’LU()@‘F% Zw()@

e \wy (o)) 0eE, 0EAL,
Hence since 1
5)3:5 Z w0~97— Z wWo 9,
9, 0,
(4.2) Buy =0p+ > wo-6.
9eha,

8WhereaLs7 if it is a root, a sum of compact roots is necessarily a compact one.
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Now by the result of prop. 2.2, there exists a subset I, C Iy such that

(43) = 6p Z a; — Z (o7

el i€1u,

Comparing (4.2) and (4.3), we get the following alternative : if a positive G-root
is such that wg - 0 is a non compact root, then either wy - 6 is negative and then
wo-0 = —ay, i € I_Uly,, s0 (wy-0,0k) > 0, or wy-0 is positive and then wq-0 = a,
i ¢ I_UlIy,, so (wy-0,0k) > 0.

So we may conclude that

Remark 4.3. If « is a positive G-root such that wy - « is a non compact root then,
whatever wg - « is positive or not, one always has

<6K,w0-a> Z 0.
Let g = {61,...,0,} C @E be the set of simple roots. It is sufficient to prove that

G
0i) . .. . . . .
2 %“_ 09_>> is a non-negative integer for any simple root 6;. First, as T is a maximal

common torus of G and K, By, , which is an integral weight for K is also an integral
weight for G. Now since the Weyl group W permutes the weights, ﬁgo =w, L. Buwo

G
,0i) . . .
is also a integral weight for G, hence 2 ﬁ;“i ?9i>> is an mteger for any simple root 6;.

So we only have to prove that (ﬂgo, 0;) = (d¢ — wo -0k, 0;) > 0, or equivalently
(by the Wg-invariance of the scalar product) that

(44) <’LUO-(Sg—(SK,’w0-9i> ZO

Let 6; be a simple root. Suppose first that wq - 0; € .

In this case, necessarily wq - 0; € @}, otherwise since wg € W, —6; = wo_l(—wo -6;)

should be a positive root.

Then since wg - dg — 0k is K-dominant, inequality (4.4) is verified in this case, since
o - 0; is a linear combination with non-negative integer coefficients of K-simple

roots.

Suppose now that wg - 6; ¢ Pk, that is wp - §; is a non compact root. We are going

to prove that

(45) <’w0'5G7(5K,U}0'9'><0

is impossible. Suppose that (4.5) is true. Note first that since 2 <<5G’ >> =1, (see

for instance §10.2 in [Hum72]) and since the scalar product (-,-) is Wg-invariant,
inequation (4.5) is equivalent to

(4.6) (61, wo - 0:) > = H9 2.

This implies that

<6K,w0 -91') > 0.
Now since dx is a linear combination with non-negative coefficients of K-simple
roots, this implies that there exists a K-simple root ¢’ such that

(47) <9/, wo * 91> >0.
By property of roots (cf. for instance §9.4 in [Hum?72]), this implies that
9’ — wo - 91 N

is a root, and moreover a non compact root by the bracket relations [¢,p] C p.
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By the definition of W, 6 := wy "' - 0’ is a positive G-root. By inequality (4.7)
(0,60;) > 0, hence 0 — 6; is a root, and moreover a positive root.

Now, the non compact root 8" — wy - 6; being the image by wp of the G-positive
root § — 6;, the above remark 4.3 applies:

(48) (5K,9’—w0-9i> Z 0.

Since 0’ is a K-simple root, (0x,0’) = 1 /¢'||*, hence we obtain from inequality
(4.6)

1 1
(4.9) 5 16:11* < (Gxc, wo - 0:) < S10/]2.

Now as G is a simple group, the root system is irreducible and there are at most
two root lengths (see for instance § 10.4. in [Hum?72]).

If all roots are of equal length, then the above inequality is impossible, and the
result is proven.

If there are two distinct root lengths, then the above inequality is only possible if
0’ is a long root and 6; a short one.

We rewrite inequalities (4.9) as

(O, wo - 0s) _ [10]1?
(0:,0:)  — 0]
Now [|6"]|?/]|6:|* is equal to 2 or 3, see for instance § 9.4 in [Hum72].

Let us examine the case where [|0']|%/]|0;||* = 2 first.
If the inequality (4.8) is strict, one obtains
(osc.w0-0) _ |9
(63, 6:) [16:11>°
hence a contradiction, since as dx = wp - dg — (wp - 0 — Ik ) is an integral weight,
(O, wo-0i)
2 ?(97:150
Thus (4.8) is an equality :

(410) <5K,9’7w0~9i>:0.

This implies that there exists j € Iy such that 8’ — wyg - 0; = ta;.
So, by the result of prop. 2.2

1<2

1<2

is an integer.

e cither ' —wy - 6; = a; and j € I, or § —wy - 0; = —a; and j ¢ I, and
then
‘LLO = (’LUO . 5G 75[{) + (9/ — wo 91)
is a highest weight of the spin representation with minimal length,
e cither 8’ —wy - 6; = a; and j ¢ I, or § —wp - 0; = —a; and j € I, and
then

o = (wo - 6 — ) — (0" — wo - 6;)
is a highest weight of the spin representation with minimal length.
In the first case, one gets using ||zol|* = [|wo-6c—0xk|?, (4.10) and (3¢, 6;) = 1 [|6:(|%,
0=2(wp-0g — 0x,0 —wp-0;)+ |6/ —wo -6,
=2 (wo - 0, 0') — |0:]1* + 16" — wo - 6|,
=2(0g, wy ' - 0') = 16ill* + 10 — wo - 6>,
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whereas in the second case, one obtains
0=—2(0g,wy" - 0) + [|6:]* + 16" — wo - 6],

But inequality (4.7) implies as 2 %fi‘é‘,‘;” is an integer

20, wo - 0;) > |0/
Hence
16" —wo - 0]1* = [|6']|* — 2 (8", wo - i) + 101> < (163>
This implies that 6’ — wq - 0; is a short root, hence that
16" —wo - 0> = [|6:]1*,  and  2(6",wo - 0) = [|6"]*.
In the first case, this implies
(0 wgt-0') =0,

which is impossible, since wg 1. ¢ is a positive root, because (0¢,0;) > 0 for any
simple G-root 6;.
In the second case, one obtains

0=—2(wo-dq,0) +2|0:|

= —2(wo - 0, 0') + [|6])*

= —2(wg - 6c,0") +2(0",wo - 6;),
hence

(wo 66,0 = (wo - 0;,0") .
Let o; be the reflection across the hyperplane 6;-. Since o; - 6¢ = dg — 0; (see for
instance § 10.2 in [Hum?72]), we obtain
(woo; - 6G,0") =0,

hence using the W-invariance of the scalar product
(4.11) (6g, 0wyt - 0') =0.

But wy 1.9’ is a positive root which, being a long root, is different from 6;. Hence
as o; permutes the positive roots other than 6;, (see for instance § 10.2 in [Hum?72]),
oiwy -0 is a positive root. Then as (6, 60;) > 0 for any simple G-root 6;, (4.11)
is impossible.

So the result is proven in the case where ||6/||?/]|6;]* = 2.

We finally examine the case where [|6']|?/||6;||> = 3. The only simple group for
which this is possible is the group Ga, and there is only one symmetric space of
type I to be considered: G2/S04. So we may give a direct proof of proposition 4.1
in that case.

We use the result of [See99], where all the roots data for G and K are expressed in
terms of the fundamental weights (w1, w2) of SOy, corresponding to the half spinors
representations.

(I)E = {2w1, -3 w1 + w2, —w1 + wa, w1 + wa, 2wz, 3w + wa}
O ={2w,2ws}.
Note that 1 = 2wy and 05 = —3w; 4+ w9 are simple G-roots, and that

g =wi+3ws and g =wi +ws.
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The scalar product on i T* induced by the Killing form sign-changed is given by

1 1
(a1 w1 + ag we, by wy + bawa) = 6 (g a1by + a2b2) .

The highest weights of the spin representation are ([See99]):
B1=4wi, PB2=2ws and f3=3wi;+ws.
Note that there are two highest weights for which the norm is minimal: 85 and Ss.
One has
f2 =dc — 0k and B3 =02 0c— Ik,
where o9 is the reflection across the hyperplane orthogonal to the simple root 6,.
Note that
oy B3=02-P3=2ws.
Now
2 2
2wn,0,) =0 and 2 Qs 02) =1,
(01,01) (02, 02)
hence the weight 2wy = 2 = 05 L. B3 is G-dominant, so the result is also proven
in that case.

2

O

4.2. Proof of prop. 4.2. By the result of prop. 2.2, there exist two distinct ele-
ments wy and wy in W such that || By, |? = || Bu,||* = mingew ||Bw]|?, only if Iy # 0.
Hence we suppose Iy # (). Let i € Iy and let I = {3}.

By (28)5 ﬂ] = ﬂ@ — aF.
Since ||81]]? = || Bg]|?, one obtains

2 (B, i) = (@i, o) ,
hence denoting by o,, the reflection across the hyperplane aiL,
Oa, - Bp = Bp — i = Pr .
On the other hand, as i € Iy, {0k, ;) =0, so
Ou; " Ok = 0K .
Hence, considering wy and w; € W such that Sy = wy-d¢—0k, and B = wr-dg—Ik,
one gets
wr - 0g — 0k = B1 =Py —ar =0a,  Bp = 0a,wp - G — Ok .
This implies
wl_laaiw@ -0g = 0¢q -
But this is only possible if
W[ = O, Wy ,
(see for instance § 122 in [Zel73]). Thus
Bf =6 —wi' 6k =da —wy o, 0k =0 —wy' -5k = By .

Repeating the argument, the result follows by induction on the cardinal of I C I.
O
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