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Abstract

We study the Bogoliubov-Dirac-Fock model which is a mean-field approximation
of QED. It allows to consider relativistic electrons interacting with the Dirac sea. We
study the system of two electrons in the vacuum: it has been shown in a previous
paper [2I] that an electron alone can bind due to the vacuum polarisation, under some
technical assumptions. Here we prove the absence of binding for the system of two
electrons:the response of the vacuum is not sufficient to counterbalance the repulsion
of the electrons.

1 Introduction and main results

THE DIRAC OPERATOR

The theory of relativistic quantum mechanics is based on the Dirac operator Dy,
that describes the kinetic energy of a relativistic electron. To simplify formulae, we
take relativistic units i = ¢ = 4mep = 1 and set the bare particle mass equal to 1.

In this case, the Dirac operator is defined by [24]: D° = —iax - V + 8 where 3, a; €
M4 (C) are the Dirac matrices:

_ Idz 0 o 0 O'j .
B*( 0 _Id2>7 a]7<o_j 0>7]*17273 (1&)
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It acts on the Hilbert space = L?(R? C*) with domain H'(R* C*). Tts spectrum is
not bounded from below: o(Dy) = (—o0, —1] U [1,+00), which implies the existence
of states with arbitrarily small negative energy. Dirac postulated that all the negative
energy states are already occupied by "virtual" electrons forming the so-called Dirac
sea: by Pauli principle a real electron can only have positive energy.

According to this interpretation, the vacuum, filled by the Dirac sea, is a polarizable
medium that reacts to the presence of an electromagnetic field.

BDF MODEL

In this paper we study the Bogoliubov-Dirac-Fock (BDF) model which is a no-photon,
mean-field approximation of Quantum Electrodynamics (QED) which was introduced
by Chaix and Iracane [3]. It enables us to consider a system of relativistic electrons
interacting with the vacuum in the presence of an electrostatic field. This paper is a



continuation of previous works by Hainzl, Gravejat, Lewin, Séré, Siedentop [10], [7] [8]
9l [6] and Sok [211 20].

The derivation of the BDF model from QED is explained in [3] and |7, Appendix]:
we refer the reader to these papers for full details.

In QED, an electronic system is described by a state in the fermionic Fock space F¢;
|24, Chapter 10] on which (formally) acts the Hamiltonian Hqep [7, Appendix]. The
mean-field approximation consists to restricting the study to Hartree-Fock type states,
called BDF states. They are fully characterized by their one-body density matrix
(1pdm) which are orthogonal projectors of §.

For instance, the projector P° := X(—o0,0)(Do) is the 1pdm of the vacuum state
Qo € Fer: it must be thought of as the infiniter Slater determinant fi A fa A --- where
(fi)i>1 is an orthonormal basis (BON) of Ran(P?). A projector P defines a BDF state
iff P — P° is Hilbert-Schmidt (i.e. its integral kernel is square integrable).

We take P° as a reference state and define a renormalized Hamiltonian : Hqep : by
a procedure of normal ordering relative to P [3}[7]. The energy (Qp , : Horp : Qp) of a
state Qp, turns out to be a function of the reduced density matrix (rlpdm) @ := pP—PY.
Formally this function is

Epr(Q) = Tr(DoQ) — aD(v, pQ) +

«

2 (D(vapQ) - HQ”%x)7 (2)

where o > 0 is the fine structure constant, v is the external density of charge, pg(z) :=
Trea (Q(ar:7 ac)) is the density of @, with Q(zx,y) the integral kernel of @, and:
~ 2 2
D(v,v) = ||v]|g := 471'/ |V(k2| dk and ||Q||&x := // dedy' (3)
s K [z — vl

R3 xR3

The hat in 7 denotes the Fourier transform and D(v,v) < 400 is the Coulomb energy

of v: it coincides with H %dwdy whenever this integral makes sense. We also
write BN
(k)
||
In (@) we recognize the kinetic energy, the interaction energy with v, the direct term
$D(pq, pq) and the exchange term —%HQHZEX A priori this formula makes sense only
when @ and Do are trace-class and the variational problem is ill-defined.
An ultraviolet cut-off A > 0 is necessary. Following [6], we replace Do by

C:= {V € S'(]R?’)7 7 measurable and / dk < +oo}. (4)

D := Do(1 - %) with domain H*/*(R®, C*),

and only consider states @ such that Tr(|D]|Q[*) < +oo.

By adapting ([2]), we get a well-defined energy Egpr (defined in the next section).
Remark 1. We use the terms Direct space and Fourier space: a function that depends
on position variables (such as a wave function ¥ (z) or a 1pdm Q(z,y)) is in Direct
space, while its Fourier transform that depends on momentum variables is in Fourier
space (such as (p) or Q(p,q))-

Remark 2. Other choices of cut-off are possible. This one, the smooth cut-off, is
convenient for the study of functions in Direct space. In [7} [l 0] Hainzl et al. have
chosen the sharp cut-off, replacing LZ(R3,(C4) by its subspace $Hx made of square-
integrable functions whose Fourier transform vanishes outside the ball Bgs (0, A).
Remark 3. We still have x(_oo,0)(D) = P2. We also write P} := X(_o0,0)(D?) = Id—P°
the projector on its positive spectral subspace.

Notation 1. For an operator @), we define Rq by its integral kernel:

Rq(z,y) := %7 2,y eER*XR®, w#y. (5)
Moreover for any p € C we write
Vp = p ﬁ (6)



EXISTENCE OF MINIMIZERS

For a rlpdm Q = P — P2, the charge of the system is given by its so-called P°-trace
Trpo (Q), defined by

Trpo (Q) := Tr(PLQPY) + Tr(PLQPY). (7)

It coincides with the usual trace for trace-class operators and is well-defined for rlpdm
because of their structure. Indeed as a difference of orthogonal projectors @ satisfies:

PY(P—P°)P) — P°(P - P°)P® = (P — P°)*. (8)

A minimizer for Egpp among states with charge M € N is interpreted as a ground
state of the system with M electrons in the presence of v. For ¢ € R, the infimum of
the BDF energy on the charge sector Oa(q) := {Q : Trpo (Q) = ¢} is written E¥(q).

A sufficient condition for the existence of a minimizer for E”(q) is the validity of
binding inequalities at level ¢ [9, Theorem 1|. This result is stated for the sharp cut-off,
however it is possible to adapt its proof to get this Theorem:

Theorem 1. Let 0 < a < %, A>0,veC and g € R. Then the following assertions
are equivalent:

1. the binding inequalities hold: ¥k € R\{0}, E”(q) < E¥(q — k) + E°(k),

2. each minimizing sequence (Qn)n>1 for E”(q) is precompact in Qa(q) and con-
verges, up to a subsequence, to a minimizer for E¥(q). If v = 0, this result holds
up to translation.

If q is an integer, then we can only consider k € Z\{0} in the first assertion.

Checking binding inequalities is a difficult task. Hainzl et al. checked them in
some cases with non-vanishing v [9, Theorems 2 and 3]. [9} Theorem 3] states that for
v € L'(R*,Ry) NC, there exists a minimizer for E¥(M) provided that M — 1 < [v
under technical assumptions on «, A.

In [2I], the existence of a ground state for E°(1) is proved, still under technical
assumptions on «, A. It is remarkable that an electron can bind alone without any
external potential: this is due to the vacuum polarisation. The electron creates a hole
in the Dirac sea that allows it to bind. This effect causes a charge screening: from far
away the charge of the electron appears smaller as it is surrounded by the hole.

Let @ be a minimizer for Eo(l)7 then its density po is integrable [20], and we have
the charge renormalisation formula:

1

1+ Zalog(A) 71 ()

/ po=1x2Z3~1x
Here Z3 is the renormalisation constant. This inadequacy is possible because the min-
imizer is not trace-class (hence the mere fact that pg is integrable is non-trivial).

We emphasize that these results were proved with the sharp cut-off, but the proofs
can be adapted in the present case.

Our purpose in this paper is to study the variational problem E0(2)7 that is two
electrons in the vacuum. We recall that an electron does not see its own field, but in
the case of two electrons any electron feel the field induced by the other resulting to a
repulsive force. If the vacuum polarisation is not strong enough to counterbalance this
repulsion, then there is no minimizer for £°(2). This constitutes our main Theorem.

Theorem 2. There exist oo, Ao, Lo such that if & < aw, A > Ao and alog(A) < Lo,
then there is no minimizer for E°(2).

Remark 4. This result is proved in the case of the smooth cut-off, and we expect it to
be true for the sharp one but we were unable to show it.



We prove it ad absurdum. Let us give the main ideas.

Along this paper we suppose that there exists a minimizer @ for E°(2). Such a min-
imizer satisfies a self-consistent equation [9, Proposition 1], and can be decomposed
as follows:

Q = [Y1) (W] + [vh2) (P2] 4+, (10)
where the v;’s are eigenvectors of the so-called mean-field operator:
Dq ::D—|—a(va —RQ), (11)

where for a density p € C and an operator @), we define

Q(z,y)

|z — yl

Ro(z,y) :== , z,y € R® and v, := p* ﬁ (12)
For short we will also write
Bg = vy, — Rq. (13)

By studying E°(2) < 2E°(1), we get a priori information on the v;’s. In particular
we show that the subspace Span(¢1,12) splits as follows

€L
Span(v1,42) = Chi @ Cha, ||kl 2 =1,

where hi and hs are essentially two bump functions which are some distance Ry, away
from each other. The operator v is also localised around each h; such that the energy
ESpr(Q) can be written

Epr(Q) = 2E°(1) + 612,

where 012 > 0 in our range of parameters («, A).

Roughly speaking the BDF energy should be the sum of the BDF energy of these
two parts plus the interaction energy. This interaction energy is too big to ensure EO(Q)
is attained.

Remark 5. Throughout this paper, we work in the regime where a and A satisfy
these conditions: a < ap,alog(A) := L < Lo and A > Ao > 0 for small constants
g, Lo,AO*lA K is some constant independent of those numbers while K(\) means a
constant depending on the quantity A. Symbols o(+),O(-) and ©(-) are to be understood
in this regime.

The paper is organised as follows. In the next section we properly define our model
and give a priori estimates about E° (2) and its hypothetical minimizer in Lemma [I]
This Lemma is proved in Section

Then in Section B] we study the Pekar-Tomasevitch functional to exploit these
results (Propositions B} @ and ). These Propositions are proved in Appendix [Bl

SectionMlis devoted to introduce important tools of the proof: the Cauchy expansion
(part 1)) and useful inequalities (part[£3]). We recall in part[42]the form of the density
of a minimizer.

Section [0 is dedicated to prove Theorem We show how the energy is distributed
in Direct space (Proposition [6). This enables us to prove Theorem [ (part [6.3]). To
this end we first study the localisation of the "real" electrons’ wave functions (Lemma
[7 proved in Appendix[C]). We then show how this enables us to get localisation of the
energy of a minimizer (Lemma [§ proved in this Section but using Appendix [D]). For
the sake of clarity we explain in Remark [[6l how Appendix [Dlis used to prove Lemma
8l

We have postponed the most technical proofs in the appendices. In Appendix[A]l we
prove Proposition [Iland Lemma [Gl This last Lemma shows estimates on a minimizer
by bootstrap arguments. Maybe the most difficult results lie in Appendices[C] and [D
dedicated to prove localisation estimates in Direct space.

Acknowledgment: The author wishes to thank Eric Séré and Mathieu Lewin for useful
discussions and helpful comments. This work was partially supported by the Grant
ANR-10-BLANO101 of the French Ministry of research.



2 Presentation of the model

Remark 6 (Fourier transform). In this paper, the Fourier transform is defined on L' (R?)
by the formula:

YfeL'®), fo) = Gy

f(z)e P *dz.
R3
Notation 2 (Splitting w.r.t. P{). For an operator @ and ej,es € {+,—} we write
Q%2 = P QPx,
Notation 3 (Schatten classes). We recall that for 1 < p < oo, the set of compact
operators whose singular values form a sequence in ¢ is denoted by &,(Ha) [19, [19].
The case p = 2 (resp. p = 1) corresponds to Hilbert-Schmidt operators (resp. trace-
class operators).

Those Banach spaces satisfy Holder-type inequalities [I8]. We also recall the Kato-
Seiler-Simon inequalities [19]:

V2<p<oo, Vfge L'R), ||f(2)g(=iV)lle, < 2m) " |If e llgler.  (14)

Furthermore we write B($4), the set of bounded linear endomorphisms on 4.

Notation 4 (On Doy and D). We write s, for Do®)_ the action of sign(Dp) in the

V1+Ipl? .
Fourier space. The function /1 + [p|? is also written E(p) and E, := /1 + |p|*(1
[pI*/A%).
Throughout this paper
14 ¢e[A]

e[A] = e = :

and a[A] :=

1
Tog(A) (15)

‘We have
|Do|' T4 < E(A)°ID| < (1 +¢€)|D|, A > e =exp(1). (16)

2.1 The BDF energy

Let v be an external charge density in C and o, A > 0 be given. We want to extend
@)): the result is the BDF energy (24]) below.
Following [6] we define the set:

Qxin == {Q € ©2,D|'*Q,QD|'""* € &2, D|'*Q**D"*,|D|'*Q""D|'"* € &}
(17)
The kinetic energy functional is defined on Qkin by the following formula

Trpo (DQ) := Tr(ID|V*(@Q"" — @™ 7)D|'?). (18)

It coincides with Tr(DQ@) when DQ is trace-class. We will work in the subset of this
space defined by:

K:={Q € Qxin, —P2 <Q < P!} C {Q € Qkin, Q" =Q}, (19)

the closed convex hull (under that norm) of the difference of two orthogonal projectors:
pP— P
We also define Q; the Hilbert space of Q(x,y) € L*(R* x R*, C") such that

Q1% = [[ B+ Bl o) v < +oc. (20)

The definition of the density pg must coincide with the usual one when Q) is (locally)

trace-class and pg must be of finite Coulomb norm: ||pg|lc < +oc. For @ in 6 . PQ
is defined by duality:

0
VVeC, QVed, and Trpo (QV) = (V, pa)erxc. (21)

We have the following proposition (proved in Appendix [Al).



PU
Proposition 1. The map Q € &, — pg € C is continuous and:

lpalle < I1Do|™Q**Do|*™ s, + [ Do]*™Q ™~ | Do|*M s,

., (22)
+1/log(M)[[|1 Do *™MQ s, -
Thanks to Kato’s inequality (G0]), the exchange term is well-defined [I]
2 / |Q(m7y)|2 2 1/2 2 1/2
— 7d:cdy < Tr(|Do Q = Tr{|Do Q Do
e (1D01@?) = Tr{|Do|/*Q*| Do) o

and for Q € K: < Te{|Do["*(Q*T — Q™ 7)[Do|"/?} < Trpo (DQ),

The BDF energy is defined as follows:

2
14 « x7
Eior(@) = Trpe (DQ) — aD(v.pa) + § (Dlpa.pa) ~ [[ =L dway). @ ek
(24)
Any charge sector Q(q) := {Q € K, Trpo (Q) = ¢} leads to a variational problem

Efor(@) = inf Eaoe(Q). (25)

By Lieb’s variational principle [9] Proposition 3], a minimizer @ for E¥ (M) with M € Z
is necessarily a difference of two projectors P — P°.

2.2 Form of a minimizer

To simplify, from this point we assume that v = 0. For an integer M € N, let @ be
a ground state for EO(M)7 then necessarily Q = P — P°, where P is an orthogonal
projector.

The study of the first and second derivative gives more information: we have
[Dq, P] =0, and [9, Proposition 1]

P= X (—o0,u] (DQ)7 0<p<l, (26)

where we recall the mean-field operator is defined in (). We decompose @ with
respect to the positive and negative spectrum:

N :=x(0,u(Dq) and Tryac = v + P .= X(—00,0)(D@)s (27)

where Trvac (resp. n) is interpreted as the polarized vacuum (resp. as the real electrons).
If M is small enough, then we can show that Trpo (y) = 0 and thus N has rank M

[9] 20]. We will recall the proof below.
In the present case, a minimizer for E°(2) can be written as in (28)-(Z1). For small
enough «, we have

N = 1) (| + [2) (2|, Doy = pjvpj, 0 <pe < =p <1, je{1,2}. (28)

These equations constitutes the starting point of our proof: they enable us to get
estimates on the Sobolev norms of the 1;’s. More precisely we will prove Lemma [Tl
Before stating it, let us recall the Pekar-Tomasevitch functional:

ol @)l 1
eor(w) = |Velte — [ I iy, vy e .

It describes the energy of a single electron in its own hole. In the case of M electrons,
the energy is |5]:

VOST <1, Tl = M, &) = Te( = A) = lprld + U(llor 2 = ITIE),  (29)

where U > 0 is some number. By scaling we can assume U = 1 but —||pr ||z has to be
replaced by U™': this last number measures the strength of the polarisation.



In this paper, a specific value U = Up(a, A) is considered: Uy ' = 1 — Zs(a, A)
where Z3 is the renormalisation constant that we have mentionned in the introduction.
Its precise expression is given below (B7]).

We write ESp(M) the infimum of the Pekar-Tomasevitch energy on the set {0 <
r<i, IrI' = M}, with U = U.

Remark 7. We assume that Uy > 2U., where U, is the critical value above which, there
is no minimizer for ESy (M) for any integer M > 2. This important result is proved in
[5].

For unitary wave functions ¢1 L ¢2, we also write
2
Er(dn A 62) = & (D 16)(651)
j=1

Lemma 1. In the regime of Remark [, let Q = N 4 v be a minimizer for E°(2),

decomposed as in (26)-28]).
Let ¢ be {a(1 — Zg(OQA))}il where Zs is defined in ([&1). We write 1; the scaling
of ¥j by c:
ﬁ(x) = 03/21/)j (cx), T € R?,

Then we have the following:

E%pr(2) = E3pr(Q) 24 52 EpTuy (Y1 A2) + Oac™?). (30)

{ E%pr(l) = 1+ 55Epr(1)+ O(ac™?),

We split each 1; into an upper spinor ¢; and a lower one x;, both in ? (R3, (Cz). We
write ny = |1b;|*> (resp n; = |ﬂ|2) and n=ny +nz (resp n =nyi + nz). Then we have

IVillza 1 _
pi =1+ —55=— = 5 D(ny,n) + Ofac %), (31)
in particular:
(1= p)é 2 1. (32)

Estimate (2) follows from (@7)-@8). This quantitative error O(ac™?) gives a priori
information about the %;’s thanks to [I5, [5] (see the next Section).

Notation 5. Throughout this paper, we will use the following notations.

N; o= W)l | N = Ni+ N,
nj = | n = ni+na, (33)
Y=Q = =9+N,|p, = pytn

When we add an underline Nj etc. we mean the scaled object by ¢ = (a(1 — Z3)) ™.
Writing

O.: ¢p(x) € L* = **p(cx),
we have ¢; = Oct)j, N; = OchO;l, v= 0.0 .

3 The Pekar-Tomasevitch functional

3.1 Decoupling of almost minimizers for E5%(2)

Thanks to [I5], one knows that there exists but one minimizer for Epr(1) up to a
phase and to translation in L> (R3,(C). This minimizer can be chosen positive radi-
ally symmetric and decreasing. It is also smooth and with exponential falloff. As
J |V|cz$||2 < [|V¢[? [16], there holds the same in L*(R* C*). The set of minimizers is
a manifold & ~ S” x R® where S” is the unit sphere of C*. There also holds coercivity
inequality [11]:



Proposition 2. Let ¢ € H* with ||¢||2 =1 and let ¢ € P such that:
lo — @l = fig;”(b — fllzg1, then there exists k > 0 such that (at least in a

neighborhood of & ):
Epr(¢) — Epr(1) > k¢ — Gll7-
Notation 6. We write &Py C £ the submanifold of &2 made of minimizers with center
0 € R?: it is isomorphic to S7.
We are interested in EPUT(2)7 with U = Ug > 2U., where U, is the critical value
above which there is no mminimizers for Epr(2) [5]: in particular Epr(2) = 2Ep1(1)
(the proof of [5] also applies for spinor-valued functions). If we choose Uy > 2U.:

~—

VU € L2(R? x R?), [[¥]|2 = 1: Epr(¥) — 2Epr(1) > =2 (D(pw, pw) — Tr(ywRlyy]))

(34)

M|Q

where we recall py is the density of ¥ and ~g is its one-body density matrix.

There holds Lieb’s variational principle: EPUT(Q) is also the infimum of &Yy over
Slater determinant hi A ho with h; € H' and (h; , hy) = 8.

Let us consider such a state ¥ = hy A he. The plane Span(hi, h2) can be defined
with other orthonormal families: U(2) acts on the set S[¥] of those families:

a c ha ahi + bha
(<b d>,<h2>)6U(2)><S[\I/]|—><Ch1+dh2> e S|, (35)
The first vector is written (m - h); and the second is written (m - h)s.

Characteristic length For ¥ = h; A hs we define the inverse dy of the character-
istic length Ri2(W):

dy = nf  D(|(m- b, |(mh)af?) = Ria (W) (36)

Let ¢o € P be the radially symmetric and positive function (with ¢o(z) parallel
o(1 0 0 0)* for instance). Let ¢, = Ty 0 be its translation by xo € R®. We have:

Vo, [x0] > 1 [x0|x D(|do[, e P) < s |z|\/// [¢o(x |x| [62( D grdy = Yo < +oo.
(37)

Geometric length For a Slater determinant ¥ = h; A ho where h; and he satisfy
D(|h1]?, |h2|*) = dw, we define the geometric length R, as follows.

Let ¢(;y € & be the closest function of & to h; in H'. Each @) is radial with
respect to some vector z; € R®, we set Ry(¥) := |21 — 22| (or the smallest of such
|z1 — 22]): it should be seen as the interparticle distance.

Remark 8. The geometric length Ry does not appear in the energy and Rz = d\z,l may
be much smaller.

Proposition 3. There exist ap > 0 and b= b(ao) > 0 such that

YU = hy Ahs: A€ = SgT(\I’) — QEPT(I) < ap = Azé > b (38)
v
Proposition 4. There exist ag > 0 and b’ > 0 such that:
2 /
YU = hi Aho: AxE <al) = /dedyzi. (39)
lz -yl Ry

More precisely:
For any 0 < X let BJ’-\ be B(zj,A\Rg) and B := B x By UB3 UB?}. Then there
exist ax > 0, kx > 0 such that

VYU = hy Ahe: Al <an = // 7)|dd >k_ (40)
|z — yl Ry
(z,y)eBA



Remark 9. It is not possible to replace R;l by dw.

To prove Proposition [ we need to compare Ri2(V¥) and Ry.

3.2 On the relation between R3(V) and R,

Let us consider an almost minimizer for Efy(2):
U = hy A ha, ES7(2) — ERp(2) < ao < 1,U big enough. (41)

We suppose that D(|h1]?, |hz|?) = dw and write ¢; the closest function to hj in &2. We
write §; = h; — ¢;. By Propositions 2] and [3] we have:

dv = 7= <Seo and [01]F: + [162]7n < ao.

We will here compare Ri2 and Ry (defined as |21 — 22| where z; is the center of ¢;).
As ¢;(- — z;) is radial and smooth then:

0 < inf (651" * 17)(2) wp (16517 * 17)(2)

T1 T1
=€R (16512 % ) (@))"? T wemd (16512 * 2)(2))

By Newton’s Theorem [I6], writing |¢o|® = |¢; (- — 2;)|* we have:

< +o0. (42)

Va e R, 2, 1y = L d |o(y)? 1 s
v R, (6ol + f)(o) = o y‘gx"%(y)'“/‘y»m Whay < o )

As a consequence, for sufficiently small ao:
* % 13
|D(Re(3761),182%) < oall= D1, 102%),  ID@Re(Gign), ga)] < LR2,
(44)
where we used Cauchy-Schwarz inequality:
[ 18 @y < Il [ 1@ sy

Thus there holds the following.

Proposition 5. Let ¥ be as in (Adl). We write || = >_,[|6;|: there ezists & > 0 such
that for sufficiently small ap > 0:

dy 2> (1 = Kv/ao) (D(|¢1|27 |621%) + D61, |92]*) + D(|¢1 [, 162]*)) + D(|d1]*, [62]*),

[ el gy < L 4 Mlle2 Bl 52, e
R Ry

(45)
Remark 10. In particular Ri2 = O(Rg4). Moreover for sufficiently small ag, we have
A€ = (Epr(hy) — Epr(1)) = O([|6][31).
J

With the help of Proposition [B] we get the following estimates:

hi( ha(
//l ! |x|—| T2 Al dzdy < aj. (46)



3.3 On the decomposition of ¥; A 1,

In our problem, we consider a couple (ag,b) described in Lemma B and we choose
(a, A) such that Up > (2 + 1)U..
We consider ¥ = 91 A 92 of Lemma [Il We have: 5PT(Q/}1 A 17/)2) < aand dy < a.
This result and the estimate of Remark [IQ] lead to the following Lemma.

Lemma 2. For (k, k') = (1,2) or (2,1) and ¥r(z) = c 3”%(17/0), we have

ha ()% ha( o’
Mo o = i) = 1 x ol < 5 /' : |:,;|_| TQ O gy < .

Proof: Indeed the quantity in the Lh.s. of (2] corresponds to the squared L?-norm
of (pw * Tlﬁ/)k — R[yw]tr) where W := 91 A 1po. Then we decompose ¢, with respect to
an orthonormal family (h1,h2) with h1 A he = ¥ and D(|h1|?, |he|?) = dw. o

We recall that ¥ and 2 are eigenvectors of the mean-field operator with eigenvalues
1 and p2. In the case p1 # p2 we cannot choose 1/)1 = hy and 17/)2 = hso.
From the estimation of the u;’s &I) we may ask whether the quantity

Fe($n) := Epr(vr) — D¢l 19w ) (47)

is negative and away from 0 or not. As hr = ¢r + 6 with ¢ € & and |0k =
O(v/A2€) a simple computation shows that:

V(a,b) € C2NS*: Fe(ahy + bhs) = ngTu) + O((AE)Y, (48)

4 Technical tools

4.1 The Cauchy expansion

In this part we use the functions s., E(-) and E. and numbers ey, a[A] defined in
Notation @l We recall Ineq. ([I6)). The results stated here follow from [21], [20].
Let 5 be the operator defined by:

¥ = X(—o00) (D + a(v; — Rg)) — PY, (Q,p) € Qu x C.

For instance we can take v of 7). Provided that ||Q||xin, [|7]lc are small enough, by
Lemma [3] we have

ID + a(v; — Rg)l = IDI(1 - a(llpellc + 1Qllex)) = DI(1 + o(1)).
As a result we can expand g in power of a, this is the Cauchy expansion [7]:
+m . ~
ﬁ = ZO‘JQJ' [Q7ﬁ]7
= | (49)

< dw

@lan = %[ 5 (R p)”

We can further expand each @; into Z§:O Qk,j—k [@, pé} where each Qp, j—x is poly-
nomial in R (resp. v[pg|) of degree k (resp. j — k).
The respective densities of Qr,j—x and Q); are written p j—x and p;.
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Convergence of the series ([@J) In [7] 6], Hainzl et al. proved that this series
is well-defined and in [21] 20] the functions (Qk,j—k, pr.j—kr)[", -] are studied in several
norms.

It is possible to adapt the proofs to show that these functions are multilinear con-
tinuous in Q; X C or more generally in the banach spaces X, = Q. X &€, defined by
the following norms:

o) P, (50

1Qlfa., = [[ vt Euto- @0l dpda and 1%, = [

where /w : R® — [1,400) is a weight function satisfying some sub-additive assump-
tions.

Furthermore the growth of the norms |[(Qk j—&,pr,j—)|B(x,) is also polynomial:
it follows that there exists some radius A(a, A, w) such that

+oo
(Q,p) € Bx,(0,4) — (7 = Zanj [Qvﬁ}vp’y) € BXg(Ov A),
j=1

is well-defined and contractant.
The main ingredients of the proof are the following inequalities:

1Pl ptlles < VIRl | IRgretrrlies < Qe
los i lles < IAlle lsriralls < [l

In the Lh.s. the first estimate follows from a simple computation in Fourier space
|7, 21], and the second one is an application of the KSS inequality (I4)).

In the r.h.s. the first is proved below (Lemma [B) and the last follows from an
homogeneous Sobolev inequality (B9). We will say no more about these results and
refer the reader to the cited articles and to [22].

4.2 On the minimizers: equation and density

The results of this part are proved in [20].
Let @ = v+ N be a minimizer for E°(M) with M € {1, 2}. Tt satisfies Eq. (206)-(&17)
and rank N = M for « sufficiently small. We recall:

Y = X(—o0,0)(Dg) — P2. (52)

In [7) 21 20], a fixed-point scheme is used to see v as a fixed point of some function
FO (with parameter N). This scheme enables us to get estimates on v and N. By
the Cauchy expansion, Eq. (B2)) is rewritten as follows:

—+oo

(10— aQuol ) '] = N + Qi [6)] + 3 '@ 1],

=2

In [20], it is proved that the linear operator (Id—an,o []) is a continuous endomorphism
for Q4 and &, (1 < p < 2) provided that alog(A) < Lo is small enough.
Its inverse T is written and it has a uniform bound for all those Banach spaces.
This gives

+oo
7 = aT[Ruo(N)] +aT(Qoa(p))] + 3’ T[Qs1', p)]]- (53)

In [20], the density ap[Qo,1(p)] is computed and we have:

ap[Qoa(ps)] = —faxpl,

where fo € L' with norm ||fo| 1 < L.

11



Remark 11. For the smooth cut-off, the same proof applies for |- |ZfA. For any fixed
integer ¢, there exists K (¢) > 0 such that, if o < K(¢) then

{/|ZC|2(1+D(1+|5C|2)|f/\(13)|2d$/m}1/27 o

< o«

-1 Fall 2

IN

The same results hold for

—+oo

Fp = ,95*1(1 f‘fA) - ;(—1)“%{1’ (55)

provided that a < K'(¢) with a smaller bound K'(¢) < K (/).
We write 7;[-] := p[TQ;[]] and 74 j—[] := p[TQk,j—«[]]. There holds:

—+oo

pr = —Enent (G Fa) s (amo[N] + 3D a7 ml, p)), (56)
= —Fysn+ (60 — FA) * (om'l,o[N] + 335222?'2[7'7pi,]).
We have p,, € L' with J pv = —Fa(0) x M. The renormalisation constant Zs is
Z3:=1—Fx(0) = ! R~ L and Uy := L . (57)
1+ fa(0) 14 Zalog(A) Fx(0)
We also recall [20]
Vk, k' € Brs(0,2) : |Fa(k) — Fa(K)| < alk — k'] (58)
we will use below with k' = 0.
4.3 Some inequalities
— Let us recall some Sobolev inequalities in R3:
s SUV Az, MFlpe SUVEAFlee, MFles SNV 22 (59)
The last one gives ||U5W\+/2HB < Iplle for peC.
— We also recall Kato’s inequality and Hardy’s inequality:
2
[ 58 < 5vie. o) w

IA

/%m 4((~A)¢, ¢).
R3 [T

— The following Lemma gives estimates about the operator Rq.

Lemma 3. Let Q(z,y) be an operator of finite exchange term and p of finite Coulomb
energy, then:

_ * dy 2 *
IhreRalles = Te(RombrRa) < (| o) 'TH(@ Ra),

2 ~
J[ 0 oty = 1@ Ra) < e [ i@+ /20— 2

oo ez s < lolle-

In particular [|(v, — Ro)fllzz < (Iplle + Qe IV £l 2-

12



Proof: The proof for |\M+/2RQ||62 is just an application of the Cauchy-Schwarz

inequality once we remark that |[V|™! is the convolution by Const/| - |* [I6]. For the

last inequality we write s = £ and t = z — y and A(s,t) :== Q(s +t/2,s — t/2) a.e.

By Kato’s inequality:
2 2
J[ 19Dt g, [[1AGE
lz -yl It
T
5 [ dsviAGs. ) Als, )

< g / [u|Q(u + k/2,u — k/2)|dudk.

IN

A

Those inequalities are true at least for Q(x,y) in the Schwartz class S(R® x R?), we
conclude by density. o

— To end this part we give estimates about D.
We have
Id — spsq = sp(sp — 8¢) = (Sp — Sq)sq

and

Do(p) _ Do(p) , Do) = Do(a)| . 2p—d]
E(p)  Elq) E(q) ~ max(E(p), E(q))’

Notation 7. The symbol e will always stand for any unitary vector in R®.
Remark 12. There holds (cf for the expression of (a® — A)™h):

L(x_ ) _E/Jroodiw(x_ )
Do Y Tx )y IDoP e Y

+oo [ —Ey|r—y|
_ /2 / e
0 Lm—y|

_ Ki(Jz—yl
= Cnst =

where K; is the modified Bessel function [25].

[Id — spsq| < [sp — 84 =

(61)

5 Proof of Proposition [I

5.1 A priori estimates on a minimizer for E°(2)

This part is devoted to prove (63]).
Let us say v/ = v + N is a minimizer for £°(2) written as in (26)-(Z1).
First we prove (28)). There holds a priori estimates [20]:

a0 )

Tr( |Do|

a a am

02) + 21612 <€) — 2+ STy RIY)) < SET(VI)?)
a1 )

where we have used [D| —1 > %TO‘A It follows that:

—A(L- £5)

(5]

(4)?) +alld [l < Ko

As in |20], we can apply a fixed point scheme on (v, p,) with the help of the self-
consistent equation (in Qi x C for instance). This gives:

1/2 1/2
la: < VEallplle + alllVI"?y lle, and [Ipslle < Llphlle + VIal|VI'H |ls,-

Hence |Tro(v)| < [[¥lle, < 1 and Tro(y) = 0 as shown in [7]. This proves Tr(N) =
Tro(N) = Tro(y") — Tro(v) = 2.

13



Let (1:)1<i<2 be a basis of orthonormal eigenvectors of xo,,(D.) with eigenvalues

0 < 1 < po < 1. We write Nj := [;)(2b;] and |n; := 1;|*>. From the equation satisfied
by 9,

(D + a(vlpy +n] = Ry + N))¢; = psv; (62)

we get the following.
Lemma 4. Let v and (1;); be as above in the regime of Remark[d. Then there holds:

e [P+ B0+ (4 )15, ) dp < DY — 1 and
2
1D 1122 — 1 < allpslelins llc + ol lles IRIN e, + (all By s sl V12412

As a consequence we also have:
Tr(—A(l— & + A)N) <2 (63)

It suffices to use the inequalities in the r.h.s. of (EI) in Eq. (62).

Remark 13. Compared to the case of E°(1) there is an additional term (v, — Ry )1,
that has been neglected in —2aRe(Bn1); , 1;): this term is non-positive.

Notation 8. From now on, we write vjr = (¥]) * W and v; := v;; and define

ajr = |Jv; — vkl 2.

5.2 Proof of Lemma [I} estimate of E°(1)

We compute the energy of a particular test function Qy = Qo + No, defined as follows
[21]. First, we take ¢cp = ¢1 a minimizer for Epr(1) in L*(R* C) (e.g. real-valued
and positive centered in 0, ¢f [15]). Then let ¢; be:

Y1:="(¢1 0 0 0) € L*(R*,C"). (64)

Then, we define ¥1 := ¢~ %% (¢ (-)) where ¢! := a?F(0) and

No |¢ ) (Y | Qo+ Pl =T :=x- ooO{D-FOé((PQo-FnO)*%—(RQU‘FRN(,))}

— 2 — —

We have used the fixed point scheme of Section 1] to define Qo. We also write

No = [to)(tol, Qo = Qo+ No,
Bo = (pQo + o) * \ a(Rq, + RN(,) Dq, =D+ abBo.

The test function @y is the difference between the orthogonal projections Ilg + No and
PP. Following the same method as in [2I], the following estimates hold.

IQollq., <a [Molle,, <c /2
Qollq., <c loQollew, < L2 (65)
[Qolls, < ac™? | |Ry,lle, <c

where wi(p — q) = E(p — q) and w2(p — q) = E(p — ¢)°.
As shown previously in [21] 20] there holds

Eepr(Q) = (Do, o) — $Tro(B[Qo]Qo) — 3 (Tr(|D + aBo|Q3) — Tr(|D|Q3))

+%(D(p[Qo] + 1o, p[Qo] + no) — Tr(QHR[Q0)))
(66)
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Estimate of the density pg, By Section 2] we write

pqy = (80 = Fr) (Mo + t{No] + a’72), (67)
= (50 — FA) * N0 + Trem- (68)
We have

[1(G0 — Fia) 7o * fyllze < g(l HIEA L )(VIeL, 1) S VLl = O,

We use Ineq. (BI)) to estimate the norm ||7rem||c of the remainder Tyenm,.

The traces in ([G0) By Lemma[3] we can estimate |D + oeBo‘ - ‘D‘ and get the
following [21].
Lemma 5. There holds:

75| := [{ID + aBlQe)né — [DIQE}
< (190l + (1Qollcs + [remlle)ViQolfn + el + 1703 12 }1Qol,

< ac Stact xale <ac 3.

(69)
(Do, o) in ([B6) There holds (1 —TIo)Yp1 = —Qotp1 + P1. Then

<D1/11 Y1) <DQ01/11 , Qo?ﬁl) —29”‘°<P+Q0¢1 , P+¢1> <|D|P£¢; 1)
<|D|P+¢% Y1) =1+ 2||V¢ 172 Yo,

Ql= o=

Then thanks to Lemma [3} |||D|1/2Q01/)1 Iz < H|D|1/2Q0 \1/2 ||B|||V|1/21/’ |22 and
IID["2Qov1 |2 < ac™

As Qo = aQ1]Q0, po,] + « QZ[QmPQg] and that Q1 = Qf ™ +Q; "
PLQovr = aQf " P2y1 + o’ P’ + Qatb1.
Therefore:

QP(DIGevs, P+ 1) < I e B G s
<ol xem 1C—O( 272
o{[DIQF " Plyy, Piw1) <ol [DIV2Qi™ ‘v‘l/zllslllvll/zpolﬁ ||L2H|D|1/2¢1 ll2

c
<ac™V? x 73?2 = O(ac™?).

Hence:

(DO~ T}y, (1= To)ra) /(1 Mot [2) = 1+ V91|22 +Ofac™).  (70)

1
c

The potential energy in (GG) By the same methods we prove:

% (2D(p[Qo], o) — D(p[Qo), o) — Re(2Tr(Qo R[No]) — Tr(QoR[No))))

. 71
= —2D(F) x7o,M0) + O(a’c3/?). (71)

For instance by Cauchy-Schwarz inequality followed by Hardy inequality:

|D(plQo], (PL%1)" (Qowr1))| < llo[Qollle x 44|V 115 1Qu]| 12 = O(c™®).
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By Ineq. ([B8)), there holds:

- 1 _ _ _
—%D(FA * o, To) = —%D(ﬁo,ﬁo) + 0 + ¢ Hmol32) = O(a’c™?);

indeed: |[Tio|p2 = [|l¥1 24 < [||VI**1|22. As a consequence:
& _
ERpr(1) < Epr(Qo + No) =1+ 7P;C(§bl) +O(ac™?). (72)

We have proved the inequality the < part. For the > part, it suffices to take a real
minimizer and with the same estimates as above and |2I] we prove similar estimates.

That there exists a minimizer for E°(1) follows from Theorem [l using the same
method as in [21I]. We have proved Eo(l) < 1, then by Lieb’s variational principle we
get that for any 0 < ¢ < 1, Eo(q) > qEO(l), hence the binding inequalities holds for
0 < ¢ < 1. For q € [0,1]°, binding inequalities hold for sufficiently small a. We refer
to |2I] for more details.

Similar estimates apply for EY(2), in particular we have E°(2) < 2E°(1) < 2 +
—gpgc(fl) + O(ac™?).

5.3 Study of a minimizer + for E°(2)

Bootstrap argument We write 2* := Tr(—A(1 — & + %E)N). By Lemma [ we
have z® < ¢72. This fact enables us to use the method of |4, 21].

We scale 1; by ¢: 9, (z) = /%1 (ca) and scale v accordingly: (@, y) = S y(cx, cy).
Then writing L4 := (1 — A/A?), the wave function v; satisfies:

(¢®B —ica- V)i + acloy (v[p[y] + 0] — Rlg + Ny = s Lodyy.  (73)

Splitting 1; between upper spinor p; and lower spinor x; both in L? (]R?’7 (Cz)7 this gives:

Ixallze + lixzllze S ¢

Going back to 9, one gets (Dt;, ;) = 1 + O(c™?) and it shows that for j = 1,2:
0 < (1 — p;)c® < K thanks to the equation 28). As

— 2 —
ca < —a then (74)

2 1y
Oéc(l_‘ccA)fczAz_A_A27

C2
C2(MchA - 1)& = C2(Mj - 1)& + c2A2A7Aﬁ
= — Vs + 012 (%)

thanks to Lemma [ (O72 means in L?-norm). We can get another estimate: in the
spirit of [2I] [20] we can use bootstrap argument with the norms

QI3 = // E(p - ) (B + 0))|Q(p, ) Pdpdg and ||p|2,, = / W%

to get the following statement:

Lemma 6. For any fired k € N*, there exists oy > 0 such that for o < ay, 1; with
§=0,1,2 is in H*'? with norms O(1) and

Ihollqu: [Vl IPDllew s lleho]lle, < 1.
It is supposed alog(A) < Lo. There also holds:

1A%z < min(e™ (¢ + A7), 7*2), |xllz2 S ¢ ' and [Vx|lp2 S ¢,

The estimation of Egpr(7') is proven with the help of the estimate ||Av| 2 < ¢ %/?
as shown in the (technical) proof of Lemma [G] in Appendix[A2]
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Remark 14. By Estimate (63]) we can prove that n,~, p, have estimates of the same
kind of those stated in (63 [211 [20]: we have

1/2

(75)

Inle < ¢, llpylle € Le™2, ||Ru; ez < ¢ DI Alles < ¢4 1Y llen S ac

There also holds ||n;||z2 < ¢ %2
By Lemma[6], we get:
Iollze S L2,

Following [20] we can prove p, € L' and ||p |1 < L.

Estimate on ¢?(1 — yj) Using estimates on Vi; and Vy; (Lemma [B) together
with Ineq. (B8]), we get the following estimate from (28]):

IVeillze 1 _
pj =1+ — 5~ 5 D(n;,n) + Oac™). (76)
With [@17)-ES), we get:
(1= py)e® < =3 EBpr(1) + O(a'/*) 2 1. (77)

6 Localisation of minimizers in Direct space

6.1 Decay estimates on the 1);’s

It is known t1 A2 can be split into two almost minimizers of Choquard-Pekar energy
hi and h2: hi A ha = ¢1 Atpo. For j € {1,2}, we write ¢; € £ the closest Pekar
minimizer to h; and its center is written z;. We write

Ry := |21 — 22| (78)
By Section [3] we have:
91 A a(,y)] 1
M>(p1 A -:/ = dedy > —. 79
(Y1 A ¢2) — V2R, (79)

Our aim is to show decay estimates far away from z; and z2. Up to translations,
we assume the mean z,, = % is 0.

Localisation functions Let & > 0 be some radial Schwartz function in S(R?)
satisfying
2] <1 = &(x)=1and |z] >2 = &(x)=0.

We define £a(x) := & (%) for any A >0 and 04 := /1 —&3. For any z € R® we write
d(x) := min{|z — z1|, |z — 22|} (80)

Let H be the plane {z : |z — z1| = |z — 22|} ; the function d(-) is differentiable in
R*\ ({z1,22} UH). For any A> R,y and 0 < A < 2 we define

mh, (2) = (1 - Er, (& — 21) — Er, (z — 22)) /% (81)
We define Ao > 0, defined by the formula

AoRg = % where Co(L,Ry) > 1 is chosen large. (82)

The function n?{g can be seen as the dilation of 7} 1= /1 —&(- —e1) — £3(- — e2) by

R Zi—Zm
Ry where e; := —;Rg .

At last we define:
A
N, (@) = /1 - &, (@ — 1) — g, (@ — c22), (83)

we use it in Section [D.2.3]
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Lemma 7. e For each Ao < A\ < 271, there exists Ky such that:

YA>0, [ d@?€i@) i, @) (Do 0a(@) + |1 Do] (@) *)dz - < K
(84)
Moreover we can choose (Kx)x to be nonincreasing and K, is (uniformly) bounded in
the regime a, L, A= small.
e For any 2Xo < X\ < 27! the same holds for df))/\ = d(:c)2§AnE%)g :

[ e E@mR, @ (6] @] + 1o a(e))do < K5 (85)
where K5\ > K depends on \, Ky, &1.
e We can replace |Do|1/2ﬁ by ¥; above.

Remark 15. This is a weak estimate due to the presence of v 9); — vy Yk.

This proposition is proved in Appendix [C.1l

6.2 Localisation operators

We want to prove that minimizers are localised in space around the centers z1, z2 of
the electrons. To this end we use localisation operators of [9] [14] with respect to the
functions &.ar, o and ngg introduced in the previous Section (GII).

By Lemma [l we know that the wave functions ;1 and )2 are localized near z; and
z2. By scaling, it follows that 11 and 12 are localized near_czl and cz2. We consider:

(A)( ) = §C)‘Rg (JZ - Czl) and (A)( ) = §C)\Rg (:C - 022)7

XV i (€M) L (D)= and XD = (W) 4 (D))
and localise 7':
M= XX, Y= XV ()XY
We define the set
= {B(cz1,cARy) x B(cz2, cARg) U{B(cz2, cARg) x B(cz2,cARg) } C R® xR®. (86)

Our aim in this section is to prove:

Proposition 6. If ' is a minimizer of E°(2) in the regime o, L, A™" small then:

Eppr(Y) = Ebpr(&l '[7,])+S%DF(§S // = /l\;/)i x| ) dx dy+0( ; )
(96 Y)EB, 1
(87)
Moreover: .
Tro(6 - [v']) = 1+, &5 = 0(1),4 = 1,2,
(3 &, 1 (88)
Tro(6™ - ) + Tro(&™ - 1) = 2+ 0

Assuming this Proposition — proved in Subsection (€3] — we can prove Theorem

6.3 Proof of Theorem
By Proposition [4] for sufficiently small «, L, there holds:

|1 A a(, )2 L
dedy > ———
// |:c -yl reY = KRy’

(Ivy)€B3 1
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for some constant Kz > 1 independent of a, A in the regime of Remark [5l This gives:

L 1
Ewor() 2 Bor(1 4 21) + Bor(1 422 + 2t 4 0( L),
BoF(7') 2 Egpr(l +€1) + Egpr(l +€2) + K.k, + 7R,
We know that the function E3pp(-) : R — R is uniformly Lipschitz with constants 1
and this function is concave on each interval [M, M + 1] where M € Z [0, Corollary
3 mutatis mut(mdis]A Furthermore we may assume €1 = —e2 > 0 up to an error

@) (%) The case €1, €2 < 0 is easily excluded by concavity of ESpp in [0, 1] because
"Ry
ERpr(0) = 0 and 2ER5p(1) > ESpp(2). Then:
Eppr(1+¢e1) + Egpr(l — 1) > e1Eppr(2) + (1 — 1) Eppr (1) + (1 — e1) Eppr(1)
> e1Eppr(2) + (1 — e1)(2Egpr (1)) > (1 — &1 + 1) Egpr(2) = Egpr(2).

Thus taking Fa(0) = ©(alog(A)) sufficiently small, the quantity L™" is big enough to

compensate the error term (9( ) We get the desired contradiction:

Ry
1

—— > EYr(2).
+02R9Ké> BDF (2)

Eppr(2) = Eepr(Y) > Enpr(2)

6.4 Localisation of the energy of the vacuum ~

Lemma 8. For Ao < A < 27" big enough (e.g. A\ = %7 %7 %) there holds:

A L A 1/2 A 1/2 1
In5, oy lle < and [|In33, DI *ylles, nCR, Dol *lle; £ ——- (89)

/AR, AR,

This part comes after lots of technicalities: we put together results of Lemma [1],
Propositions [7] Bl [@ Remark [I8 and the known estimates of Remark [[4l We refer the
reader to Remark [I6] for explanation.

Here we assume that L is small enough in such a way that
MRy = O(L™Y) is big enough. Lemma B gives that for all Ag < A < 271

\) €1

<
||77cRgP~/HC —= \/m

We recall that AoRgy := % with Co(L,Rg) > 1 to be chosen. Up to taking a bigger Co:

Co < 5’0 < 6CH we assume \g = 27‘]", Jo € N. Taking ¢y := c% as unity of length, we
define the sequences (um ), (Um), (wm) by the formulae:

+ealnyPpylle, a6 =0(L). (90)

(Xo0)

Uo = Vo = Wo = ||"7¢Rg Pl
— (2™ Xo) _ 2m/2
Um = anRg pylles vm = Um, (91)

2
Wi = €14 ) = F €2V2wnm,

It is clear from ([@0) that vm41 < e ; + €2v/20,,. Thus we have:
V to

Vm € N*: 0 < wm = weo + (2/%€2)™ (w0 — woo)

where woo = €1(2/00)Y?(1 — €21/2)"*/? is well defined provided ez < 27/2. In partic-
ular:

YmeN": u

61\/§ (\/562)m (Mo) _i
o A {InG)p+le \/4_0(1—52\/5)}
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—1
It remains to evaluate at m = Jo: this gives Hngg )p.y||c. Similarly the case m = Jo—1
corresponds to 67! etc. By Hardy-Littlewood-Sobolev inequality [16l, Theorem 4.3]:

2 1
A 3 3 —1/2
||17£R(;)Pw||c <llosllle < llpallzers < llovll2illoalZe < Le™ 2.

For H’r]ﬁg)g ID|*?7||s, it suffices to use this result, Proposition B with Lemma [7

Remark 16. The following holds.
1. Lemma [7 states that each 1); is localized around its center czj,

2. we give in Remark [I4] estimates on the norms of v,N, py and n. In particular the
densities have the "correct behaviour" in L*, L? and Coulomb norms. We call
these estimates: "non-localized estimates".

2
The other cited results are used of as follows. We remark that ngi\;{)g = ngi\;{)g nil%g).

Proposition [§ gives an estimate of ||17£;{)9|D|1/2fy||62 and |\n£§g|D0|afy||62
(where @ € {27!, a[A]}) in terms of

A A A A
IS, vlps]llzes ISR e, I, Ralle, and [0y vle ]l zs,

and in terms of the non-localized estimates (with the "correct behaviour" with respect
to cARy, that is as in (89))). Below, we shorten: non. loc. est. w. the c. b.
Proposition [0l gives an estimate of ”"72;39 Volpy]|l2 in terms of

A
A 1/2 A A (3)
InS, 1Dy lle, and [0} palle = llpMiR, .2, e,

and in terms of the non. loc. est. w. the c. b.
Furthermore, it gives an estimate of ||'r/£?{)g Up., ||6 in terms of H’r]ﬁg)g Vv, | 2 and of

the non. loc. est. w. the c. b. The term H’r]i?ngEx is controlled by ||"7$1)9|D0|1/27H62
and by the non. loc. est. w. the c. b.
Thanks to Lemma [7 the term ||7;£i\>3gR1\r||EX (resp. ||n£i\>3gn||c) is proved to be of

order (¢?ARg) ™" (resp. (cARy)™/?).

A
Finally Proposition[ftogether with Remark[I8lgives an estimate of Hp[nﬁi\% fynil%g)] llc

A
in terms of ||ni§3Pj0[’y||e27 ||n£;{)gPi’yHe27 and in terms of the non. loc. est. w. the c.

b. The presence of P is harmless as we can check from the proofs.

6.5 Proof of Proposition

1 1 1
We consider each term of the BDF energy and write 1 = ('r/ig) )2+ (553))2 + (5@3))2.

We use once again Lemma [7] Proposition 8 and Remark Iﬂ We treat one after the
other the case of N and ~v. We write

(EM)? = (€V) + (D).

The function ¢ refers to €™ or 'r/%)g.

6.5.1 Kinetic energy

Kinetic energy for v

1
)
I(ned,)IDIV2AIE, S =i

IEF s NIDI2A1E, < oy

1
&
Tr((n.3))D|"/*+*|D['/?)
To(¢FD|Y2D]2)

IANIA
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Kinetic energy for N : We recall the following equalities: Dv; = pu; —aB1); and
(vn — RN)1 = vathr — w2102 = O (a3/2071) . Thus, we have:
H ) H H
<nc%ngj7 chgl/’ﬁ = <77¢1§{g (/’LJ - O‘B)wjv chg%‘)
(3 (3 3 2 (3) (3)
[(ned, Dvs, ni,vi)l < (A +allvlpb]llie)lng, ¥illz: +aln g, ¥illz (I(nd, ) Ryvibsll 2
1
(3) a o
faons o~ In'E) velle) < 7 + 2Lles = o(c?R;).

We write : . . .
(€30)% = (P + PO)(E®)(PY + PO)(E®) (P + PY),
we have to show that (£51°2£°2%3D); | 1)) is (’)(072R;1) whenever €1 # €2 or g2 # €3.
We recall that ||P24);| 2 and | Bi;| 2 are O(c™t).

1 1
The operator (£(37)*~(£(3))~+ is O(c *R,?) in ||-||s-norm. Except for the corre-
sponding term, we have €1 = — or €3 = —, leading to an upper bound:

O(IED) 5P sl 2 + all Buyll2)) = O o).

?Ry

Similar estimates lead to (88). The estimates 1,2 = o(1) follow from the fact that
n = [p1|* + [th2* = |ha|* + |h2|?, where the h;’s satisfy hy A hy = ¢1 A2 = ¥ and

D(|h |, |h2]?) = du.
In fact, this o(1) is an O(a 4 e KR9),
6.5.2 Direct term
On the outside: nﬁ)r\{)g . By Lemma [7 and Kato’s inequality (Appendix [A]):

1
GTINRE

&) *nlle <
1
On the inside: 5(3) . We remark the following:
1 1 (33) L (33) (35)y2/,.(3) Lya 2
€D) = E@DR(mT)2 + €)= P2 - 0T 1PmE ) + (€)2(eD)?

= ) - )+ ()

ncRg ncRg
(92)
Thus:
(212 (32, (32 (32 (15)\2
’D((S 3)2pys (e, )05 | < ek, )’ ol (I, ) oy lle + 11(ne’ )P lle)
L ) oIl P4 e
+HD((ET2) 2y, (me, )7 00| S T 4 oK),

cRy

1 1
We treat D((§§3))2p.y7 (§§3))2p;) in a similar way: it is O(ﬁ). We have proved so
far:

/ / _ (%)2/ (%)2/ (%)2/ (%)2/
D(pY, ) = D&% ) p5: (§:°)°p5) + D((&:°7)7p5, (£°7)°F5)

Bo (3)s L
+2D((&°7)"n, (&°7) n)—l—O(g)
9

In appendix [D] we prove the following Lemma.
Lemma 9. For j = 1,2, we have:

1 1 1 1

(3) / (3) / (3) / (3) / L

(&™) @7 e) = D(o[67 1] o[ 1)) + O )



6.5.3 Exchange term
By Lemma [7 and Kato’s inequality (G0)):

( ) ( 1 _ o
Tr<('r/c?Dw NRN) E:H”’IC 77/13HL2TY(|V|N) cORy)2 O()\chg)'

With the same trick used before, we have:
I (z, ) (3) L W @,y (5 1
/ m—y] W= ((n., (2))*+(€3 (w))2)w((mﬁg ()*+(€3 (y))*)dady.
We use Kato’s inequality as usual to get:
A ’ A A ’ ’
ISR, Y llex < Do >0 2 lse < I1Do"*, 0 157 sl Dol 2 lles + [mSR, Dol /Y lls.
b
cy/ ARy
Using trick ([@2]), we get
/ 2 1 1
v (z,y 3 3 T,y
J[ =0 dnay :|m3vwax+wm§ww@x+-2[/ ﬂx__ﬁ'<fg<>fdxdy

+0(”21|:|f2 Ty (( ) NRN) + Hniﬁi)v’llEX)-

Now let us show that for j = 1,2:

Jun

3 1

1677/ = 17 - 1Yl + O( g 7): (93)

It suffices to use Kato’s inequality and Eq. ([@4]), we have:

- 1 +o<> |D0|1/2 1
Dol/2et H : ‘
H| O| 5 Q||62 271’ D0+iwa vé_DO—FZU}Q

I /\

So

v * dw ||QHG
X oo (;) S < 2,
|| (€CAR9)HL || HQQ [ E( )3/2 ~ C)\Rg

1%\

A Estimates
A.1 [V, P°] and proof of Proposition [

For any smooth complex valued function V', there holds [6]:

i [Te0 1 dn
Pl=_— : .
VPl == ] _ Dovan® VYV Dot

(94)

Thanks to the KSS inequality as shown in [2], provided smoothness of V (VV € LP)
then this operator is &,(L*(R?, ¢*)) for p > 3.

The integral kernel of its Fourier transform [7] is:

1 1
2(2m)*/2 E(p) + E(q)

F(IV, P°L;p,q) = (;8;V(p — q) — 8p0;0;V(p — q)sg).  (95)

0
We prove Proposition [l by duality, following [6]. Let V be in S(R?), Q € fo (we
recall that 2a[A] =1+ log(A)) then
Tro(QV) = Tr(P{Q(PY + P)YVPY) + Tr(PLQ(PY + P°)VPY).

The operator Q*~|Dg|*]

Do ‘ 7 [P2, V] is in &1: indeed thanks to ([@5) we have

/7 W — ol —aldede 0 vy,
1+1og<A> (E(p) + E(q))
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showing HW[PE,V]HG,Z < /1og(A)||VV 2. This also treats the case

Q tVT™ € ;. Then we have QT TV T+ = Q+F| Do ‘Do‘la[A] Vit e 6.

Indeed | Do|*™Q**|Dy|*™ € & and rBofer VT € 6 with norm O((log(A))YO|VV || 2).

Then \Do\la[A] \Tans ‘Do\la[/\] € 66 with norm O(||VV]|z2). So:

alA] a[A]
) — | Do ++1Dol ++
TI"(Q 14 ) _Tr(|DO|a[A] |D0|a[A]V )

= Te ({|Do|"™Q*+| Do|" W H{ -ty IV ++
= O(1Do " MQ**|Do| M|, [ VV | 2)-

The same holds for Q™ V™. This ends the proof.
Remark 17. In Appendix [Dl we do analogous estimates but with an additional locali-
sation operator.

We adapt [2] Lemma 5]:
Lemma 10. Let p be in (3,+00] and V' a smooth function with VV € LP. Then for
any 0 < a < 1:

1
[Do AT )

1Dol", V] i € 6. (96)
To prove it we use [I7], p. 87]
. 400
V:c>0,0<a<1:xa—M/ ;15 r . (97)
™ 0 stThx+s

A.2 Proof of Lemma

Proof: Let us explain the bootstrap argument.
— We show that Tr((—A)*T'N) < 1. As a consequence:

V[ nslle < oo K(Ea)IVIZ ™ (93Dl V12 (165) ] s
< Yiso K@ a)lIVIF 1T (D 2 NIV ()| 2
< K(a).

— As shown in [20], (7', p%,) is the fixed point of some function F®M in a ball of X,:

_ . ~ B(k)*

= {(@.p) € @2xSs [ Bo-0) B+ Qo) < +o0 and [ ZECGD < +oc).
~ We multiply by |Do|“T®/2 the equation Doty = L3 (1;9; — aB.s1b;) and we show

that Tr((—A)**2N) < 1. We have to deal with [|Do| @72 v]4h; and [|Do|“+3)/2, R]up;:

it suffices to compute in Fourier space and to use Taylor’s formula on the function
E(-)(“+3)/24

Proof of the estimates Here as Tr(—AN) < 1, the fixed point method can be
applied on X,—;. Indeed ||n||;2 < |[[V[¥?v/nl2 < 1. We get that

// I — gl B+ ) R(p, @) Pdpdq < 1.

Let us show the assumption on the HZ?-norm of Pj.
There holds f(—iV)Dw; = f(—iV)(u; — aB[y])¥; for any f > 0. Taking the L*-norm
we have to deal with [f(—iV), R./] and [f(—iV),v[p(7)]]. For f(—iV) = |V|*/? there
holds

1/2 2 |ﬁ(P—Q)|2 dpdq 2 N2
v ooz < [ EE=BE s [ aap)laliit)

IIVIY2,Raldll32 <[] Ip—dllQp, a)dpdg [[[V]** |22
1/2 1/2 ..
V|2 Do) :u%w—a%Bw:Om(l) a priori

VIV2By = [IV"/2, Bl + Bl V] and:

23



(IVI(1=A)1, Y1) —=(|V[e1, Y1) < 04671||1721/J1—”0211/J2||L2—|—673—|—a2672 = O(cf3+acfla12).
We get Tr(]Do|?N) < 1 and by the fixed-point Theorem:

hia = [[ 56— 0B+ R0l < 1

Notation 9. The star in ||-||& means that we replace E(p—q)*>E(p+q) by [p—aq|*|p+4ql.
Using the methods of [7, 2I] we have:

—+oo
* — * * k
Vg < e 2lp e + ally Q) + allp e + 1V18) D VE@E(IAlle + 1V e )",
k=1

+oo
IV Allea < alllphllzz + INIG) + el ez +1171Q) Y VEE@K 2 lle + 17 1a))",
k=1

+oo

— * * k

lovllze < Lilnllze + 217 1G + alllph e + 171Q) D VE@E (16 e + 17 la: )"
k=1

Therefore

IV la = 0(c™), [[V:4]le: = Olac™?) and [|p, |12 = O(Le™* 4>+ (Vaara)).
For f(—iV) = Ok with k = 1,2,3 we have:
ORow = (00, RIQIIY + Rodkth and dvib = (9uv)ib + v(001)

[0k, BQlllrz = [[R([0k, QD ¢llL2 < I[0k, Qllle,lIVYllL2 and [[RQOkillr2 < (1@, | AV L2
lvp(Bs)ll2 < llvpllzs 10wlls < NpllelIVI 29z < llplle TV AV L2

p(k)[* _ dkdg 2 2
lOwoults < [[ B G 1Vl + JAv] 3]

3
> UloxD)72) = [VYll72 < (4* = DIVYIIT2 + 6ap|| V|2 | Bl ¥l + o[ VB Y l3-
k=1

Tr(A%(1 — % + %E)N) < aappe”t 475

This gives ||Av;32 < ac™? and in particular:

121 = L2010 = O(X2S).

As a consequence we have:

IVx;il2 = llio - Vxylliz = Oc™). (98)

Thanks to those estimates, we get:

SPT(E A ﬂ)

Eepr(y+ N) =2+ 202 +0(a?c 3 4 7). (99)
We recall that 1 — £,' = ﬁ.

Thanks to Section [Bl there holds

D(ny,ny) — D(th1 "th2, 1" h2) < ¢ Vand a;p < o2t
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From this point we get better estimate on ||A[|?, < ¢ ® but this is still unsatisfactory.
Let us be more precise about u = ((D + aB)¥, ¢) and x:

(1+pm)x1 = —ioc-Vei — ﬁ)ﬁ + 7 (Vo X1 + (vax1 — v21x2) — (Ryt1)y)
” v _ _
= h(io Vo + X17) = T2V 64 O (e A+ )

(DY, ) = (Do, ¥) — (A%, ¥) + (& —ia - Vi, 9)
= 1= 2Y|x|2s + 2%%e(—io - Vo, x) + O(LTEL2 4 A0 T2 )
» 1+]A
=1+ 2 (1- 53)IVel3e +9%1+u(1 — 15;)Re(—io - Ve, X)) +O(Zlres2)
=1+ V|2 + O(c™ + ¢ 2A72(1 + [|Ap]12)).

Then:
L3 ¥l3. =1+ 0 A7 + [|[Ay]72/A%)
IVLL $l72 = IVYl7e + OIAY[lL2/(cA®) + | AY]172 /A7)
—20uRe(LZABY, ) = —20p(B, ¥) + O(a| By L2 | A 12 /A?)
|—iaVBY|2 < [V, Blgllez + 1BV 2 = O(c™*2 + | Ay|[}S e + | Al 2™ /?).

and thus:

(1= A)p, (1=A)) =p? (35~ ¥) — 20uRe( 22 By, ) + | 22 B35

=1+2(u—1—a(BY, ¥) + ||V
+O( (2 + A7) + L2002 4 Ay|2. (A2 4 aeh)).

From (62) and the expression of Do;, we have ||V1/JjHL2 = —20Re(BY; , ¢;). We
conclude [|[Ay|32 < ¢ ?(c7? + A™?) and

[AY]72 < min (%, ¢ (7 + A77).

B Proofs of Section
B.1 Proof of Proposition

Reductio ad absurdum.

We assume this is false and take a non-increasing sequence (a;);>0 tending to 0 such
that there exists U; that does not satisfy ([B8]) with b = a;: A2€ < a; and Adf < aj.
In particular (W;); is a minimizing sequence for Epr(2). By geometrical methods [12]
we see that U; can be decomposed in two pieces of mass one, each piece tending to a
minimizer for Epr(1). Indeed it is clear that (Tr(—A~vy,)); is bounded and that there
is no vanishing for (pw;);>0. If we follow a bubble [I3] of pw; (one of the biggest) let
us show its mass is 1 at the limit.

By scaling, for any 0 < A < 1 we have FEprt()\) > )\3EPT(1), where Epr()) is defined
as the infimum of Epr over non-negative one-body density matrix whose trace is .

Up to following a bubble and extracting a subsequence there holds with ¥; =

hlyj A hzyj :

2
h1s A ho g (ha s Ahas| = Goo ® Gi1 @ Gz, Y Tr(Gy;) =1 and Tr(Goo) < 1
7=0

We recall that each G is a density matrix in (L?)"). Following [I2} part 5|:
Gy = Tr(Gy5)Gyj

Jj—+oo

2
lim inf€6(V;) = Epp(2 Z Epr(Gi;) + Tr(Gy;) Epr(2 — 5))
Jj=0

> > Tr(Giy)(E6r(Gig) + Bbr(2 = §)) > Ebr(2).

=0
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As not all particles are lost (we follow a bubble) either G11 # 0 or G22 # 0. In the
case Ga22 # 0, enables us to say SgT(ézg) > Epr(2). So G22 = 0 and G11 # 0.
Thanks to [I5] and Lieb’s variational principle (we may assume G117 = Tr(G11)|$)(9|)
there holds

Epr(G11) = (Tr(G11))*Err(1),

then necessarily Tr(G11) = 1.
As a consequence there is exactly two bubbles in (py,);, there exist a decomposition
U; = h1; A he,j and a sequence (21,;; 22,;); of (R*)? such that (up to extraction)

L bk, heg) = Oke and |21,; — 22,5] — +oo0,
e — J—0o0
H! . .
2. hi (- — zk,;) — @j,0c Where ¢j o0 € & is radial.
— J—>0o0

Then it suffices to compute: £ (W) with this decomposition:

> dxdy
|z —yl

Evr(¥;) = Epr(hug) + Epr(hag) — D(lhasl*, [hasl*) + 5 // [P Aba (@, )
=& + &+ Wiz — Dip > SWiz 4 2Ee1(1).
The last equality holds because we have U > 2U.. Let us write
A€ = gPT(&) + gPT(%) — 2EPT(1).
Then:
2
2
—a; < A€ — Dip < aj and A€ > HZH@— Ok, |71
k=1
where ¢, ; € 2 is the closest function to hy ; in H* (Proposition B). We may assume
that D12 = dw; because minimizing this quantity corresponds to minimizing A;€. In
particular:

|A1E = Dig| <aj = o (Di2) = A€ ~ Dig>aj.
—+oo Jj—+oo

J—

Indeed, let us say that Diz > dw,, then (fk, (- — 2x)); still converges to ¢jcc, in
particular (A1E); converges to 0. But if (fi ;, f2 ;); is a decomposition with D15 = du,
then A1 < A€ and

dist(fr;, &) — 0.

Jj—4oo
From now we will drop the subscript j for convenience and suppose D12 = dy,.
Notation 10. We introduce hix = (hi — ¢x) + d = 0k — ¢k in |he|* and in hi*ho. We
use the convention

16112 == 101ll2 + 1162122, 16l == 101l + 16271

We recall that an element of &2 has an exponential falloff with respect to its center.
For some constant € > 0, there holds:

lhel® = 16k[* + [ox]* + 2Re(55 dr)
hi*he* = 6162+ @12 + 61 pa + P12
[Rah2l2 = (1612l + 16162012 + O((I61 |2 (182l z2) (Rg * + (161122 (1 + [ V8] 2) + e~ *F9))
D1z = D(|¢:11%,|¢2]?) + D(|61[, [#2]*) + D(|¢1|?, 162]*)

° —7
+O(LE2 + 18112 182 | 2 (1612 (1 + V8] 2) + e~ 9))

[y

1
e N *hal2 > 3
Thus: a]U > Do th h2HC = Rg —|—J£oo(|‘5||L2)

and Rig = jﬁ(?roo(ajUil + H(5||i2)
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As j — 400, thanks to the coercivity inequality (2]) there holds

Jj—+oo

1
Diz ~ Ai€ = Ol + 82]31) and o = o (Dua).
9

Studying more precisely M?(hy A hs) := [[ |h1 A ha(z,y)[? ‘fffg‘:

My Ak) = M2 A go) + M2 AG) + O (R 416l = o (D)
Diz = DU I6af?) + DUer [, 5) + o (Diz) 2 151l + 18201

(100)

We can easily exclude the case 61, d2 = 0 for then it is clear M?(¢1A¢p2) = D(|é1]%, |¢2]?)

thanks to (¢1, ¢2) = 0. Say then that [|01]|z1 > ||02]|z1: 61 # 0. The case d2 = 0 and
61 # 0 is an easy adaptation of what follows, we treat it later. As there holds

ol # (@) < iy

where z2 is the center of ¢2, Estimate ([00) is true only if there lies a mass of d1
near zo: the quantity ||07 ¢2||2 must compensate D(|01]?, |#2]?). Eventually the same
phenomena occurs for d2 around z; the center of ¢1. Up to extraction:

5k( — Zk)

—g1 l
[0kl 7070

and (¢1,£2) # (0,0). Indeed up to contraction there is convergence in L and if £, = 0
then for all » > 0 and (i1,2) € {(1,2),(2,1)}

lim sup '(fg(”ﬁ' (b P (@)do < Ltimsup [ B @ (g = 1
i1 | r

j—+oo T jo+4oo T—2ziy|<T ”(SHH2 | |

this would contradict (I00). Then as we have:

lim M

2 _ - 2 —
am (m A ¢2) = hm M (61 A ¢2) ,

J—+oo

then necessarily /1 = £1¢2, with |e1| < 1. Furthermore, either |[0z2|| 71 = o (101 z1)
Jj—+oo

or |82l = © ([01llz)-
Jj—+oo

— In the first case then ||d2]3:1 = o (D12) and £; # 0. We get a contradiction by
j—o+oo T

computing:

OZ/EQ :/¢I¢z+/5f¢z+/¢;52+/5;52

o (efgag)+/5;¢2+_o (162112 (1 + 16111 .2))
J—+oo

j—+oo

:/5r¢z+_ o (161l).
Jj—+oo

— In the second case we also get _111;11 [|62 M2(62 A ¢1) and by = e2¢1,00, |e2| < 1.
j—+oo

[
Writing for k # k' : hi, = ér + |0k g1 dar +h,(;), up to extraction the following holds:

= / hi'he = O (™) 4 eillén s + callfalln + / () ha + / BB

0 .
J—+oo
J#) b

The ° (/|61 1) comes from the LE -convergence to 0 of
—

() 6o + / () 161111 61) + / TeVIe
ol + O (I8l + jﬁqwuwlnm 18 10)-

" (—z9)

W and the uniform

shape of the ¢2(- — 22)’s. In particular:
eilld2llm = —e2lld1llgn + 0 ([I6]m1)-
Jj—+oo
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Writing 1|01 || 71 = a and e2]|d2]| gz = b= —a™ + (da) :
hi =1+ ags+ Y h? =61 — ago
@ = ¢2 — a*¢1 + (5(1)(251 + hg) hér) = o — b¢2-

We apply < v 1_—a|a|2 \/;z_*w> with /1= [ =: s
<9—1> _ [ #1(s+1al* — a(6a)) + ¢a(a(s — 1)) + sh{” — ahy”
g2 ba(s + |a]?) + ¢1(a™ (1 — s) + (6a)s) + shy” + a*h{”

2
replacing s = 1 — % + jﬁ(?roo(|a|4) and neglecting the term Oy (|al?):

<£> _ < @11 + 18— a(6a) + b — ahl” + Oy (Jaf) )
) 7\ 1+ B)0n + on(G1 = £ + 1)+ D + O ()

By L .-convergence, it is clear that D(|¢x|?, |h](:/)|2) = jﬁaw(ﬂdk/ﬂzl) for (k, k') equal
o (1,2) or (2,1). Using da = 2 OO(H5||H1), at last we have:

Dlgsllg, ") < DU 16l + o (I8lF) = o (I8lm) = o (Diz=du),

which gives the desired contradiction.
— Let us treat at last the case 1 # 0 and d2 = 0. Then as before:

D(haf?,1621) = D(I1[*, 6]?) + O(FIRHE2) = D(I61]?, 62) + o0 (Daa).

Jj—+o0
Then necessarily there lies some mass of J; near z2 and:
61(- — 22)
16111722
As before necessarily: ¢1 = €1¢2,00 with 0 < |e1| < 1. But this contradicts:

0= [wor= [si6+ [6i6= [5i0a+ 0 (7).

B.2 Proof of Proposition (4l

The proof is similar to that of Proposition [3} by contradiction we assume the existence
of (a;); decreasing to 0 together with (¥; = hy Ahg) with E57.(¥;) < a; and M?(¥;) <
a;jRg;;. We re-use the same notations of the previous Subsection.

—\Hl (1 # 0.

Thanks to Proposition [f] we know that dy ; is bounded from below by

(1= w/ap){D(|¢1]*, [62]*) + D(I611%, [¢2[*) + D(|61]%, [82]*) } + D(|61]%, [32]*)
As (hiyi (- — 21;5)); tends to ¢r.co € & in H* for k = 1,2, then for any A > 0:

lim |hk,j(x)|2dx :/ |¢k,oo(:c)|2dx.
I+ J B2y, 5,A) Bz, j,A)

For any 27%/2 < XA < 1 let Ay > 0 be the number such that the last integral with
A = A, is equal to \. We have:
|ha Ah2($79)|2 2 // 2 2
— = dxdy > ———— h h dzd
ey > P [ (&) o ()l
|[z—y|<Rg+2Ax |[z—y|<Rg+2Ax

2
——— [ dzhih h3h d
Rg+2A/\/$12(13) / 2h1(y)dy
yeB(z,Rg+2A4y)

2
lim inf M (A2 —27h).
oo |z — yl

|z—y|<Rg+2A

2
drdy 2 g 5as

28



We used the following trick: if /h;‘hz = 0 where ||hk||;2 = 1, then for any Borelian

set B: 1
h{hg‘ < -
[ i < 5

The more precise result has the same proof: in the limit there holds similar inequal-
ity: for sufficiently small a > 0, ARy > A. where

/ lp(z)|Pdz = ¢, e > 272 ¢ € P,
lz]<A

We conclude with the same argument.

C Localisation in Direct space: the 1);’s

C.1 Proof of Lemma [7]

Notation 11. For convenience here we write V - YK = v“,(pk — RNcpk (and a similar
expression for xx). The function i := R,y is split into its upper part rx,+ := (Ry¥5)1
and its lower part 74, both in L*(R* C?).

Moreover we write:
c?A?

2 2 p—2 — -l
Pp(=A):=c"(1 = ppLoy) —Aand ye := Loy = A2 — A

The operator P,(—A) can be rewritten as follows: with ag := ¢*(1 — ux) and b := cA
then

cT—a 2 2 2
A1 - pay?) = A = an(L+ ) — A1+ g 0 o (,,J’Az) ]

a +/l, L 62*0, 2 2 2
(ak(l-i-p,k {1+ 1-— k(kl(l k)k)ﬁ)[ kczazkbzb A (b2b52) ]}
(101)

Proof We remark that n(z) = |hi(2)]* + [he(2)|* = |1 (2)]” + [¢2(y)]*.
Thanks to ([@7)-(@8]), there holds:

(D + aB)yy = (1 + 2250 4 0(a/4e™2) ). (102)

Y1
P2

(B —ica- Vhy) 4+ acye(V - hy — Ryhy) = (- 3EPTT(U)yChk + O(a'*y.h)

Up to applying some m € SU(2) to ( )7 we consider ¢ = hi with the following:

We write a = —3EPTT(1) and the additional term O(a'/*y.h) = di.h.

— We now rewrite (73)) once again: by substitution, we get:

1+ prye AYe
= CYe—"— V . —-T + —0 - V V T
£ Y Pe(—A) (Vg =) Pp(-A Vo= (103)
_ Ye B (1= pwye) v,
Xk = Pk( A) io - V(V $r — Tk T) + ayc Pk(—A) [V Xk Tk,i]

There holds similar equation for hj but with additional terms —— (5kh)¢ with —ry 4+ and
e ((5kh)¢ with —Tk,|-
There holds:
ac(l = prye) = ac(l — pr) + acpr(l = ye).
For any A > T'(Rg)Ry, we multiply each term by [Do|'/? and then by da () defined
by d()§4 ()R, -
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We take the L2-norm, let us show estimates independent of A (but depending on

&1):
dax|Dol"*yillpz < Ka + eyl EX AIDol *9il 2, with ¢y < 1.

This will end the proof, the family (Kx)x depending on (g(xy)» and the latter being
nonincreasing in A € (Ao, 27").

We prove the estimation of |‘df42y)A|D0|1/2'l/JjHL2 with j = 1,2 by the same method:
we need finiteness of ||d(')77£%/92)|D0|1/2%HL2 with £ = 1,2 and of |||z — y|v|ls,. We
refer to Appendix [C] for more details.

— In Appendix [C] we show:

ldax(z) —dax(y)] < |z —yl. (104)
) 1/24. 1/2
Let us first multiply [03) by |Do|'/?: let Fj . := % and Fox := I‘Di)?LA)' It

is clear that they are bounded (convolution) operators, we show in Appendix [C] that
”l : |]:'»k||L1 SLje {17273}7 ke {172}‘ (105)
The function associated to y. is a Yukawa potential Y. [16] Section 6.23]:

7 (cA)?ecAlz—vl
yelemw) = \/;( )Irc—yl ’

in particular ||| - |Ye||,1 < 2. The idea is to take first the commutator [da,x, F; ] and

[da.x,yc]. Then we study da xvwy (wr € {@r, xr}) and daaryyy.

Estimate of ac||V - |2, acl|V - xk[ L2 We use the same method for both cases.
We recall the following:

vl:(_ﬂ*ﬂ+(5o_ﬂ)*(tﬂ_a2ﬁ))*_:_ﬂ*ﬂ*i"‘prem*i'

1
-1 |- -1

‘acﬂ*ﬂ* ﬁ|($)

We used ||fllze < [|f]lz1, split the integral in Fourier space at level 2¢ and used
Cauchy-Schwarz inequality. By Appendix [A.2] and Proposition

|acprem * 5 [(@) < acellpremlle + /2 prem|lz2)

<ac?(ac™t + a7 ) + ac®? (¢ 7? + ¢ Halarz + a2))?)

< @ 1 ab/4 < 1 .

~ log(A) + V/log(A) + Viog(A) T \/log(n)
We recall a;i, = ||kt — vijr| L2 and by Proposition Bl we know it is O(c™'a®/?). We
decompose each & in sum of hy, ha: ﬂ = crp1h1 + cgaho. Then:

vy Pr = vy(criha + cr2h2)

(Uﬂ — Rﬁ)ﬂ = Ckl(’v‘h2‘2 hyi — Uh§h1h2) + Ckz(’v‘hl‘z ho — Uhi‘hghl)'

We write hy = 6 + ¢ where ¢ € &: as in Section [B ||5k|\§{1 < a. By fast decay of
the ér’s: (| |* * ﬁ(:c))2 = O(|pr|* * ﬁ(x)) and for |z| > 1 this is O(ﬁ)
In particular for || > ARq

1 [

1
v[lhk|2] (13) ~ |$ — Zk| + <|V|6k7 5k> S+ tao

~ IR,

we choose Cp > 1 such that /\ogfg < 1—g¢ where 0 < g9 < 1 is fixed (for instance 271).
By Cauchy-Schwarz inequality we have v[hihs|(z),v[h3hi](z) = O(||6]|p2). It

follows that

aclldaV - prllrz < enlldarerlrz, with 0 < ey < 1.
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Estimate of acda Ry,

l[dax, By](z,y)| < [y(z,y)] so
adll[dax, Ryy, 2 < acllylle, [$ell2 < o'/ = O(\/loagﬁ)'
[Rydastullis < Tr(yRy)(|V|date, dave)
< ¢ HIDo|2daall72-

By Lemma ([@Q), [|Do|*/?, d.»]|Do|~*/? is a bounded operator (with norm O(||Vda || r=))
and at last we get:

1
acllda xRyl p2 < ac/?(1+ |dax|Dol/* Y|l 12) and ac'/? = O(——=).
log(A)
We know deal with the case of df}ARm , using (I08)), proved below.
The aim is to prove:
2 2/2
14D\ Ry 22 < Nlle = ylylles + Il 1dC)nS? dull 2 (106)
2/2
e el 2 + 1AM, Bel2)-
First of all we use Taylor’s formula ([I08]) to get:
2 A/2
I3 Rapllzz < lle = yhalles + lllea A0 s, nl oz
g
Let us prove at the end |||z — y[ylle, = ¢ '[[|lz — ylvlle, S ac™’
There remains ||R a2, lz2 < |||D0|1/2d(2)kﬁ”m‘
We commute: using (EZH) there holds
400 1/4
12 @y _ 1 s/7ds .\ 2 1
[|D0| 7dA,)\] 92— 1/2 /(; 1—A+S[ A7d ]1—A+87
[—A,d(2)] — d(2) _ QZ d(2)
First ||Ad® ||p= < 1. Then thanks to ([I08):
A/2) 9y
10;d) =2 tullze < AN =Fs e oo
~ . IdCm Sy D vl 2
S e =01~ Bl el + S
2/2
< el + 1O 1)

To end this section we prove |||z — y|7|s,, [z — ¥||D|"/?v||s, < @. This is almost

trivial: for each j € {1, 2,3} we consider (z; —y;)v(z,y) and use the Cauchy expansion
of 7. For each Qo,k, k € [|1,5|], we replace at least one PP/, P°_ as in (@) (J6]) and
write:

oy —yy = a; — 00 00— g -

. 1/2 0 . .
For each convolution operator ‘DDLZ.W (z—1v), Dljfin (z—1v), m(x —y), multiplying by

(z; —y;) corresponds to take the derivative 9; in Fourier space enabling us to take KSS
inequalities (Id]) under the integral sign. Indeed we have:

Ys-

—1/2 /6 1

| 1B E p)+zn| E in‘1+3—17

P 's o

0,E,°| <E,°,

0,

1
E(p)+iw| ~ E(w2)+[p|?’

Then operators of type p * ﬁ or aydk(p * ﬁ) remains unchanged while operators of
type (z; — yj)Ro(z,y) are trivially Hilbert-Schmidt. This end the proof ; the biggest
term comes from Q1,0((z; — y;)v (z,y)).
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C.2 Proof of (I04) and variation for dfi)/\

1. We recall that &; is a radial smooth function with &;(x) = 1 for |z| < 1 and & (z) =0
for |z| > 2. We study da x = d(-)fA(~)'r]?{g OF

First remark to be done: H = {z : |x — 21| = |z — 22|} splits the space into two half-
spaces E1 (set of points closest to z1) and E2. Let sy be the orthogonal symmetry
with respect to H: sg(z1) = 22. If € E1 and y € E», then

ld(z) — d(y)| = [l — 21| = s (y) — 21| < o = su(y)] < o —yl.
Moreover da x(y) = da(su(y)) and
ldax(z) — dax(®)] = [dax(z) — dax(su ()|

So we may assume that d(z) = |z — 21| and d(y) = |y — 21|, and in this case we can

write:
dax(z) = Fy(d(2))éa(z) = d(z) /T~ Exra(aen Gallz — zm))

the same holds for y. We will write F)\(-) for x — F\(d(z)) for convenience. There

holds
Vdax(z) = (VFA(x))gA(x) + FA(J;)(W%

and as we have chosen A > R, we may assume that if VEa(z) # 0, then |z — zpm| =
O(d(x)). By simple computation:

IVda(@)] < 1+l [VEllze + I - [Vn]zee). (107)
2.For z,y € E., ¢ =1,2 (say E1) and A > Ry, there holds:

A A
AP\ (2) — dP\ () = |z — z1%€a(@)m R, (2) — ly — 21 %€ (W)nR, (v)

nR, W)

= |y — 21 (H—V&a (%) + SEVm)(HE)) - @ —y) (108)
AWM, Wy — 21, @ —y) + |y — 21> + Ol — y/?)
= 0(dw)nH? W)l — yl + o — y]?).

Above we used V'r/%)g = ni;{/gz)v'r]ggg and the O(-) depends on £1,7m7. This estimate

. . 1/25. 2
enables us to consider commutators with % and y. = (cg\c)%,

the next section.

as shown in

C.3 Proof of (I05) and variation for d(A%)/\

1. For any borelian function F:

[ aliF@lds < { [ ol B@F@Pde [ g}

To prove | - |F € L' it suffices to check all integrals on the right side converge: in
Fourier space, we have to prove:

IAF|2: + |[VAF|2: < +oo0.

1/24.
Applying this method for Fj x(z —y) := %(x —y):
Fap) = Z0)p; {1 prlpl® 26" +0%|p|” }*1
! ak + [p|? A(ak + [pl?) (0 + |p[?)?

where we recall b = cA, ap = 02(1 — ux). From this expression, it is easy to see that for
¢ =1,2,3 and m = 1,2 we have

08" Fjkll72 < 1.
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The constant depends on aj but for sufficiently small o, L, A™" then ap > o > 0.
2. By the same method we can show that:

/Ra |:C|2|.7:(1:)|d:c < {/|x|6E(x)2|.7:(:C)|2d:c/ mszﬁ}l/{

enabling us to treat df,)x

D Localisation in Direct space: v

We recall we explain in Remark how we use the technical results proved here:
Propositions [, § and

D.1 Estimates on the localised density

Let @ € K and 0 < ¢ <1 a smooth function (e.g. {xr, or "7?(9)- Our aim is to give a

semi-quantitative estimate of the localisation of the function ¢(*po = peg¢ around the
support of (.

Proposition 7. Let Q and ¢ be as above, then we have:

1 pe — pICTTQCTT +¢77QC Tlle < Feut[A, €, Q) (109)
with

FeatlA, ¢, Q] = (VIog(W)|IVCIs + V¢l zo) (ICPL Do M Qs + IVC]|z= Q] e2)
HIVEIZ6ll1Do*™Qlls, + v10g(A) (16QFT Do ™ |l + 16Q* Flls, IVC | o)
+y/1og (M) V¢l (IVC 2 1QFF |, + IS Dol ™ Q™ |, )

+(log(A)/CIV¢ || Zee [ Do ™M™ s,
(110)
Moreover there holds for e = *£:

1p[¢=QC Tl < II[C°%, IDol*™M]||811Q% |le; + 11¢** Q| Do | ¢%||s,

ee ee Nee alA] ree (111)
S IVEl= Q% ey + 1€ Q% [Do]* ™ |l -

Remark 18. 1. In the case Q = IT — P® with IT* = I1? = II then (c¢f [1]):
Q*=QT —Q ™ >Q"". Asshown in [20] we can consider an orthonormal family
of eigenvectors of @2 that split into those in Ran(PY) and those in Ran(P?). Tt is then

clear that:
[CHH QDo Mt s, < IKQT T Do|MC s,

< 1I¢IDo|™Qlls, 1€Ql e

2. There is also an analogous estimate if we choose two different functions (1, (2, that
is with (1(2p(Q) = p(¢1QC2). The same proof shows also localisation estimates, but
we have to "polarize" the inequalities just like for a quadratic form and its associated
bilinear form.

Proof: We prove it by duality. Let V' be some Schwartz function: we study Tro(CQCV).
By symmetry we just treat ((QCV)TT. There holds:

PYCQCVPY = PYC(PY + PYQ(PY + PO)((PY + POV P)
— C++@++<++v++ + <++Q++C+7V7+ 4 <++Q+7<7+V++ + <++Q+7<77V7+
+C+7Q7+<—++V++ +<—+7Q7+<+7V7+ +<+7Q77<7+V++ +<—+7Q77<77V7+.

We first show those operators are trace-class and then prove (I09).
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Remark 19. We recall that by Sobolev inequality: ||V]|zs < [|[VV]| 2.

Moreover ||| Do| "™V ||s, < /1og(A)||V|z2.
As shown in Appendix [Al

. +o00 0
—+ 1 1 Pidn
= — . . 112
¢ o ) Dot YDy +in (112)
It can be rewritten as:
. 400
¢t= %/ e Sl Pl . weplesIPolgs, (113)
0
by writing WE@) = f0+°° e *(F@+EW@) i the kernel of its Fourier transform cf
Appendix [A]
CHQeHVTt:

C++QC++V++ C++(Q++C++|D |ll[A ) 1 V++
| Do |alA]

and (Q*+¢HH|Do|"™) € &1, VI € 86 with norm O((log(A)/[VV|[2) b
the KSS inequality (I4)). We write

ICQ*CH Do ™le, < 16Q T lle, I1CHF, [Dol ™15 + [1€Q** Dol
SR Mo V¢ Lo +11¢QTF1Do|*M s, -

In general whenever there is QT or Q7 we can easily estimate.

T QT TV = T (V ™ ey Do MM QTHCH))
< Vlog(A ||VVHL2||vcHLoo(||vcHLooHQ**HCI +I¢IDo|"™MQ s, ),
Te(¢tQ ¢V <IMD0\ Vles ST lls1Q ¢ Dol M,
< (log(A ))1/6||VV||L2HV<||W||Q"|Do|““ [CH

Te(¢t=Q™ ¢V £ VgV 2 [VClIze (V¢ 1Q™ ey + I1Do ™ Q™ [l )-

The term (T~ Q- T¢T -V~ :

ICHQ ¢V e, < NIC T lles QT [Dol*Mle, |l Vs,

1
| Do|eIA]

S e PY
1 —+y++ 1 . +
||‘D0‘a[A]C 14 HGa < Z%/ ”‘Do‘a[A](D0+in)8JCD0+inVH63dn

+oo
dn
< SN0l IV ol e brellts [ g

j=1

1€ les < Vs
The term (TTQ+ (V"
ITe(¢H QT ¢V < ViIog(M)IVV ]2 ([I€Q T Dol ™ ey + 1ICQT [, [V Lo0 ).

The terms (T~ Q T¢TTVTT and (*TQT ¢ TVTT These operators are diffi-
cult to handle. We use Lemma [I0] (Appendix [A]). First:

1 EA 1 ea 1
) (1Do| T Q¢ Do |2

€+*Q*+C++V++ _ (<-+* —
[Do| ™ |D0|2+ Y

—VTT) e 6y,

with norm O((log(A))*2|V¢| s |V || e[| Dol "™ Q|ls,). We used the KSS inequality
and Holder-type inequality for &,. Similarly we can show that ¢(ttQT ¢~ tV+tt € &;.
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EA 1 &a
Then by density of &; in &2, we approximate (|Do|™ Q@ T¢T+|Do|2771) by trace-
class operators enabling us to say that:
o EA 1. &a 1 _ 1

Tr(¢CTQT¢CTTVT) ITr((lD0| TQ Do) (V)¢ s_A))-

|DO|§+T |Dol| 2
Let us show that Q= T¢TTV (T~ € &,. It suffices to show Dol ‘ a7V Tyt € Ga.
We go in Fourier space and used formula (II3) to show [V, Pe 7SE‘D“‘] € Go.

—s 1 17 —s —s
F(V, Pre” " lip, o) = s Vip - @) (PRlg)e ™" = P2 p)e™);

(2r
then (¢f Appendix[A])
PY(@)e™F® — PO (p)e™E® = (P (q) — P2(p))e™E@ 4 PY(p)(e~*F@ — ¢=+F W)
P2~ P05 s
|e=9B@ _ ~E®)| = 4|B(p) - E(q )||e sB(q) _ o=sB(p)|
s|E(p) — E(q)|

< slp — g| min(e=*F®), e ~*F @)
< slp — gl(e= PO 4+ ¢ PO,
By easy computation: ||[[V, PYe *FIPol]||s, < sTV2e/VE|VV | L2

e °ds
ISYFRN

+o0 oo
/ IV, e Na - w¢e™ P o ds < [ VC]|oe [V V]2 /
s=0 0
At last there remains to show:

+oo *S\Do\

as in Appendix[Alit suffices to go in Fourier space and remark ||V ;{12 < ||V 16 [|0;¢] | 1s:
ALV, lle, < V1og(MI[VV (L2 < Viog(M)[[V [z 195¢]I s
The case of (tTQT ¢~ TV is similar: first we prove by density that
TP QT V) = Te(¢c VTR QT),
and we get in fine
Il TV lle + ol QT ¢ TV e

< (V10g(M)IIV¢ll s + IV¢] ) (ICPL Do ™M Qe + HVCIILwHQII@()« :
114
O

D.2 Estimates on the localised operator ~

Here 7 is the vacuum part of a (hypothetical) minimizer of Epp(2) or a minimizer of
Epr(1). Our aim is to prove:

Proposition 8. Let ¢ be a smooth function with:
IVClizoe, 19;0kCl | Loe < 400, j, k € {1,2,3}
{ v NIz, ISV (2, 1€V B2y IS RN (|62 < +o0.
Then there holds:
KDY lles < ¢ V2I1CVV 22 + a(¢Y]| 22 + KRN )
(V|2 + 1€V |s + 1<) 2 + IKRN [|65)* (115)
H{IVClz= + 1< k<sllOi06Cllz H{allloh lle + 11VI24 lle2) }-

The same holds for ||¢|Do|*v||s, with @ € {3, a[A]}.
We can replace ||(Y| ps + [|CRN e, by |V | B2 and put P~y instead of .
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D.2.1 1Idea of the proof

—+ o0
We will focus on the Cauchy expansion of v: v = Z Qi+, pl).
j=1
s shown in we substitute * its expression whenever
As sh i , bstitute P (p/, ‘%‘Pgby't pressi h
it is necessary (in Qo,1, Qo,3, Qo,5)
. 2 . a 1/2
We multiply v by |Do|® (or |D|*/?) and then by ¢. We consider % (or %) as
a whole operator and we then commute ¢ with this operator and maybe some P2 and
———— (if it was necessary to use in order to stick ¢ with a vpl, * =, a or a
b (if it vt in order to stick ¢ with a vpl, * 17, a R}
;ph, * ﬁ (if (@) was used). For instance in the case of Qo,1:

. /+°° D[P, P
0.1 o D+  D+in
_ D[/ O (116)
- /D—t—mDO—sza. Do +iw D +in’
RxR

‘We multiply by ¢ and under the integral sign:

D' 1 , [ |D|1/2] 1 ., ID|*? [ 1 ] '
D—|—i77D0+iwa Vv C’D—|—m Do+zwa vv+D+in ¢ 7 Rl
|D|1/2 1

D + in Do + iw

Ca- V',

(117)
We treat the first two terms in Section[D.2.21 For the latter we go in Fourier space and
up to a constant the kernel of its Fourier transform is:

—1/2
E, Pg(p)

E,+ E, E(p) + E(9)

(Z(Ca-Vv'sp—q))P2(q).

In particular its Hilbert-Schmidt norm is O(y/log(A)[|CVvy, [[12)-

Doing the same for the other Q, ¢, we get terms with commutators treated in[D2.2
and other terms with Cv;,77 Ca-Vv' and (R, = R¢.. In particular taking the ||-||s,
under the integral sign, we get the following estimates on those terms.

O 16T 112 + alley llex + @*(ICVV g2 + 11V lzs + 1167 l18x)°) - (118)

Remark 20. The term |[¢7'||ex is due to Ineq. (EI) (Lh.s). Moreover we can deal
with v and N in 4 differently. Indeed as Ry € &2, ||(7||ex can be replaced by
K(I¢yllex + ISRN llss)-

Remark 21. The term T[¢,v'] := Ca - Vo' appears in P2 v’ P, that equals up to a
multiplicative constant to

P
/L; D + iw T[C7U]Do+iw'

Up to a constant its Fourier transform is

P° (p)T(p— q)P°(q)
E(p)+ E(q)

and we deal with this term as ﬁg\s(p){;’(p - q)ﬁ?(q) in 71 20} 22].
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D.2.2 Commutating ¢

We recall here that [¢, PY] is treated in (34]), Appendix [Al
In the same spirit of Lemma [I0] we have the following Lemma.

Lemma 11. Let n € R and ¢ smooth with
HVC||L°°7 ”838kCHL°° < 400,k j € {1727 3}‘

Then there holds:

|D|1/] . 7/12H
D < S 0,0, oo .
H[C’D Z77| + in B~HVC||L + E 110;0C|
1<5,k<3

Remark 22. We can do the same with |Do|*(*l or |Do|*/? instead of [D|*/? by using
the following formula [I7, p. 87

o sin(aw) [T ds  |Do|
Dol = _ =alA],1/2.
Dof* = =) [ = Ly

Here we show the proof for |D|1/2 because it enables us to localise the kinetic energy.

But we can replace every |Do|*™ by |D|'/? and vice-versa.

There is also:

Lemma 12. There exists K > 0 such that for any n € R and any smooth function ¢
with |V(||pe < +o0:

e~ Em)/2(x—y)

[ = )| < KIVEll

‘ [47 ﬁ (119)

Remark 23. We recall that up to some constant —— A( -y) =3 ei‘;‘j;‘y‘ [16].

— The interesting fact here is that by taking the commutator of ¢ and some function
of —iV we gain some exponent for n or w. Thus by using KSS inequalities under the
integral sign we get the following estimates for the term with commutators:

(9((HVC||L°° + IIBJ‘BkCIILw)(a(IIPQIIchHIVIWVHGQ+HVN||62))) (120)

1<7,k<3

Proof of Lemma [IIk We decompose ¢ = ¢t 4+ (T~ +¢ T 4+ ¢ ~. We write for
each term ¢**', ¢,¢’ € {+, —}:

ee’ |D|1/2 _ e’ 1/2 1/2 | ~ee’ 1
[C ’D+in] = [ ID| ]D—i—in + Dl [C ’D+in]'
It follows that: - N
1/2 | ree’ 1 _ |D| Ps Ps’
¢ 5wl = D P (121)
The term |D|1/2 [CEE , D+m} By simple computation we have:
A . A VD
D.¢] = (1-5)(—ia- Vo) + ( A2<)Do +2v(¢- 2
3
_ ) _ Do
= (—iax- V() E:l (— —ia - VO;(C) — 2(3jC)F) (122)
i=
3
0
B S O (i 0% @000,

Jj=1



Then there holds:

Dy
Ixple <1 (123)

Thus substituting in ([I2I)), on the right of derivatives of (, there is still an operator

W available for some KSS inequality. The ||-||z—norm of the operator on their

left is O(E, /6) The ||-||s—norm of derivatives of ¢ are O(||V(||z= + ||AC| ).

The term [CE‘E/, |D|1/2] DJlrm By symmetry it suffices to study ¢+ and ¢T~.
First: N 0 0
e P P 1
+4+ D 1/2 1 _ — 1 d + D + .
¢ P i ”L \ESD+J7GD+5D+M

Once again, if we replace [D, ¢] by its expression in ([[22)), we see that taking |D+in|~*/*

from ﬁ, there remains M for some KSS inequality.

This enables us to get a ﬁnlte integral over the s variable:

+oo
/ V/sds 1 < too.
o (1+5)2/3 (14 5)11/12
At last:
1 1 [T PP 1
+- /2y~ =
R sy ™o, \/_d8|D|+ D+ C)|D|+sD+m
1 > P 1
= —— sd 2¢(D .
71'/0 \/_S|D|—|— (XD +[D, C])|D|—&-5}D-|-m

The term with [D, (] is dealt with as before. There remains:

—+oo
/ vsds - D L (124)
. DI+s° D[+sD+in

We write (c¢f (O4):

0 oo

=P = [ gD dg (125)
and substitute (T~ by this expression in ([24]). We must compensate \1:/)\_0\ on the left
m on the left side and {|D +
iw|/2|D +in|>/*2(|D| + 5)°/*2}~* on the right side: there remains
KSS inequality and:

side of ¢ and % on its right side: we use

1
BT /T for some

[ e

o o (T )/ 12E(w)7/6

Proof of lemma This is straightforward because everything is computable:

1 o Do—i’l]
Do +in  E(n)?2—-A"

1 e~ Ela—yl
However m(m —y) = P so it is clear that:
e~ Emlz—yl/2
Dora @ Y| S T

In Direct space we use |((z) — ((y)| < ||[V{||ze ]z — y| and
e Em)/2(x—y)

[ )@ -] < I9el =

Do + iw
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D.2.3 Localisation of va/w and Ry

We recall that n(’\) is the following function:

—-1/2 —
n, (@) = {1 Ehr, (@ — cz1) — g, (z —c22)} % Ng <A <27

We will take Ao < A < 37! (Mo(L,Ry) is defined in (82)). More generally except for
||'r/c a'UHLQ ||17(A) vl| 6, the estimates are true with ¢ instead of 'r/%)g in the case where
¢ is C( ) = Co(:c/A) with 0 < (o < 1 fixed . This part gives estimates with respect to
Co and A.

Notation 12. We write 01 () := /1 — £2(x), it is clear that
1
||Vn£ e % and so on.

Proposition 9. Let v+ N be a minimizer for E°(2) (or E°(1)), p € L' N L? (ec.g.
0= Py, pn) and Ao < X < 271 With the previous notations, there holds:

In&) RINJIE, < IVYsl3e / M) @) (@)Pdz < {(ARy)*} 7,

A A
InS) Al < V03| Lo (ARg) M| Dol ?vlls, + InS, Dol /27 ]ls»
A A A
In5 vollze < VA )o,llee + [0S, Vool 2,
A _
(V0 )vpllze < Nlollza V19167 ][22 (eARy) ™12,

1/4 1
A n(A/2) V0Ll IOl
||nc 8JUPHL2 S ||n¢:R pncRg ||C + ||p||L1 (( AR9)1/2 (C)\Rg)3/4)
3/4 1
1) 5|1 HV91|| (1 + HV91HL°°)
(126)
Moreover if we write v = aQo,1 + aQ1,0 + a*Qa, pn = n we also have:
A o ~
Inck,palle < i VOl (e + lapro +0*Ballpors)
+LI nlle + 0, (apro + a?Ba)lle-
We recall that [|p ,e/s < [|pll 5 loll7-

Proof: We will write v, = v for convenience.

The term ||77£/I\L)QRNHG2

(A) 2 2
A (Mer, )™ (@) Wi () 7[5 ()]
In, Nz, = [f = drdy

Ix —yl?

¥ (
:/dm(ng\{)g |¢J /l s y|2
1

<4Vl @R @@ < Grre

x

where we have used Lemma [7]
A
The term ||77£R)Q”YHEX

A r A
I e < V/F Dol >0 vllss
T A
< VE(lIDo 2, n& Wlles + Im&E Dol *A]ls,)
A A
< V0, Il [[1Do] /24l + |\n£F3g|Do|1/%Hey

and we can treat [|n{y, |Do|"/*7lle, as [n, [Dol* ™.
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The term ||7’]¢(2>1;29’U||L6 We use the Sobolev inequality:

A A
InS, vllze < V0 vllee + [0, Voll e

We get a term Hngi\g Vol|p2 we will treat later.

— For the term H(VncRr) v||2, we use the fact that p ‘—1‘ is L3, with weak norm of

order ||p||z1 [23] and we use rearrangement inequalities [I6]: /|fg| < /|f|*|g|* and
IVIflellze < IVIfllz2-
A A A
1(Vn8) yoll2a / Pl < [Qvn) (o).
(v N | )u( )Hszle
Tetty] 7 o

A A
<|\p|\L1||v\/ (VIR 12122 = ol2: 119 /190y, 2)+122

Ivivieil?
S el IVIVaS IR < lollf —om 2

— For the term ||n£§)g v 2, we write:

nw dv(x) =/%(nﬁ§2( ) =0 )p(y)dy + (. p) * (83-%)‘ (128)

The last term will give ||7;CR pllc. From this point, due to the particular form of n(A)
there holds:

A A A/2 A A A/2
% =0 % so [n plle = In, pni e (129)

Let us treat the first term of (I28]). More generally we take ((z) = {o(z/A) and we

use the properties of n( ) at the very end.
Taking the squared norm we have:

// z)dwdy / (C() = C@N () = N =)t —w1)

|t — [t —y[?

We split at level |z — y| = VA: first if [z — y| > V/A, then

1/2
Do) [ IV¢I2dt
|:l7— |1/2 |t|7/4|t—e|7/4
|z—y|>VA
chul” L*||VGoll}/2

S el s Ty

If |z —y| < V/A then there holds |z — y|[IV¢||lre < ||VC0||Loo —, thus {(z) = {(y) +

¢(x) — ¢((y) and we substitute in the integral over ¢t. We split ]RS in three: |t —z| <
|z —y|/2, |t —y| < |x — y|/2 and the remainder domain.
a. For the first ball B(z,|z — y|/2) = B

/ [<(z) = COII<y) — <O, o [VEolliee / di < IVGolli=
__— B, | '

=Pt - yP? S TRy el oy < A2

b. The same holds for the ball B,. c. For the remainder domain Cyy:
c.1l. we first deal with the term ({(y) — {(z)(¢(t) — ((v)):

[(€(z) = <) (<) — C(y))] (IVGollz=)*" dt
teé ; |z — 2|y —t]? : A /va—ltlzly—tP/2

< UVGlr=)*? 1
- A o —y[1/?
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lp(@)[lp(y)] Vs s/s o 1o
and/ o —yi2 dfvdyS Ipll} 52 1ol 25 < L2 2.

We used above the Hardy—thtlewood—Sobolev inequality |16l Theorem 4.3].
¢.2. At last we must handle the term (¢(t) — ¢(x))*:

// dxdy/ (C(t)—C(y))Q(tj—yj)(tj—l’j)dt.

|z —tPPly — ¢
le—y|<VA tECay

As t € Cyy we can replace |z — |72 by Kly —t|72

[ CO=sor, o=z,
A e A T

We use now the properties of the function niR It is easy to see that no matter where

y € R? is, this last integral is O((cARy)™ 1K(01)) Indeed let Ext be the domain defined

by Ext = {y € R®: f(y) := dist(y, {772;39 #1}) > 2cARy}.
c.2.1. If y € Ext, then it is clear that the previous integral is an

o) -0tk

c.2.2. Else we split R® at level |t — y| = 2cARy:

™) )
Ner, (1) — N, . 2
dt( Rg() 4Ry( )) < ||V01HL ()\Rg) :O(HV91||L )
g Loerr It —yl (cARg)? cARy
—y%20AR,
L, (O = m, ) / o _o(L)
It —yl* - [t—yl* T \eARg/
[t—y|>2cARy [t—y|>2cARgy

Proof of (I27) To begin with we remark that by the Hardy-Littlewood-Sobolev
inequality [16]: ||p|lc < |lpll 6/5- Then we use formula (B8] of p,. We write

Ny, (@) Py * p(x) = / (% (2) = 1%, W) Faz — y)p(y)dy + Fa = (0, p)(x).

So it suffices to show |||-|Fal/,1 < o to end the proof: this is precisely (54)-(55), applied
with £ =1 to Fa (true if « is less than some K (¢ = 1)). o

D.2.4 Proof of Lemma [0

1
We write ¢ instead of 553) and @ instead of 4 for convenience.
First remark: for any ¢,&’ € {+,—}:

PPePPQPoEPS = [P2,€]Q° [¢, PO) + [P2,6)Q° ¢ + £Q°°'[¢, P2 + £Q°F'¢. (130)

This gives the error term between Q¢ and £[Q]. We estimate their density as in Section
[D1] that is by duality.

Second remark: 9,6 = (@f)ni”f)

As in this section, by using (@4)), it is clear that

[1Do]*™MQs, ‘

I1P2,61Q° I, P21lle < N1Dol" M@l < F-r iz

We can drop terms involving the density of these operators.
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We write:

. +o00
- _ 1 /2420, . dw
§ T /,w Do 1w ety ) (@ VOF==0

We commute 17%/92) with (Do 4 iw) ™" on the right and on the left. As shown before
there holds:

( ) e~ EW)lz—yl/2
T—y ’ <
z -yl

‘ (/2

(A/2) (A/2) T
|7 @) = ) 5 VG o

So taking KSS inequalities under the integral sign we obtain for instance:
Te(PLEQETVPY) = Te(PleQuiy ¢ 'y 2>VP°)
FO(IV s IQIDol > o, V& T, 1< / EE
+O (1902 = VLo IVels [Ql, | 557557)

There remains the first trace. First of all, for any V' Schwartz, we can show as in
Section [D.I] that the operator is trace-class with norm controlled by

A/2 A/2 — A/2 A/2
Vieg MWV (EnS V)2 100202 @ e HIVEI L V(K2 V) 2 1QPI SN s

. . A/2 A/2 A/2
We have a priori [|V(En(y2V)l|z2 < (I VVIIL2 + IV ERN) sV 2.
In particular:

EE/ E/E L
I1P2, €107 lle < VIog(M)ll1Do]**nt, Q" “lles < —e=
g

We use now the fact that we want the trace for a particular V, namely p[€Q¢&] *

So as in Proposition [, the function (£2p,) * ﬁ is in L3 and

V< 2
VAR, R,

Then we write (£2p),) * ﬁ =l * ‘—1‘ - ((77%)9) p,)* & and

(V0 (EPY) * Hllee <

A/2 A A/2
I 2VE0,) * &l < V(X)) = ﬁnmnniR{ () % e

A A/2
< ()0 lle + ZnniRg '0507, 2

and those terms are dealt with Propositions [ and [8]
Putting everything together, we get an error term of order:

log(A) x ! X ! —O( L )

cv/Ryg cRy cRy
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