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Bayesian force reconstruction with an uncertain model

E. Zhang®*, J. Antoni®, P. Feissel ?

2 Roberval Laboratory of Mechanics, CNRS UMR 6253, University of Technology of Compiegne, France
Y Vibration and Acoustic Laboratory, University of Lyon, F-69621 Villeurbanne, France

This paper presents a Bayesian approach for force reconstruction which can deal with both measurement noise and model uncertainty. In
particular, an uncertain model is considered for inversion in the form of a matrix of frequency response functions whose modal
parameters originate from either measurements or a finite element model. The model uncertainty and the regularization parameter are
jointly determined with the unknown force through Monte Carlo Markov chain methods. Bayesian credible intervals of the force are built
from its posterior probability density function by taking into account the quantified model uncertainty and measurement noise. The
proposed approach is illustrated and validated on numerical and experimental examples.

1. Introduction

The knowledge of the force exerted on a mechanical system is an important information in many structural dynamic
applications. However, its measurement with transducers is a difficult task in many instances, especially if the measurement is
intrusive or if the force is distributed. Instead, vibration responses can be conveniently measured. It is the reason why indirect
methods are often preferred, which consist in reconstructing forces based on inverting the model of a mechanical system.
In recent years, various model-based force reconstruction methods have been proposed, especially within the context of
accurate models (modal model, impulse response function or frequency response function, FRF) [1-8]. Much attention has been
paid on the stability of the inversion, for instance by means of the singular value decomposition or the Tikhonov regularization
method [3-5]. Antoni [1] illustrates an optimal inverse filter to reconstruct the cylinder pressures of IC engines. Choi [6]
compares the performance of the ordinary and generalized cross validation methods and the L-curve criterion in selecting the
optimal parameter for Tikhonov regularization. The Kalman filter along with a recursive least-squares algorithm is adopted for
the online force reconstruction based on a finite element (FE) model [7]. Gunawan [8] uses a two-step B-splines method to
approximate and to regularize an impact-force profile. Besides, attention is also paid to the reconstruction of distributed force
based on a modal model in [9,10] using Thikonov regularization and in [11] using mode selection method.

As a matter of fact, the final reconstructed force heavily relies on the quality of the modal model or the FRFs which are
inverted and are typically either estimated from experimental modal analysis [12,13] or predicted by a FE model. By virtue
of its predictive ability, the FE approach is surely promising in model-based force reconstruction provided a model
updating stage [14] is performed before inversion. Nevertheless, even a finely updated model cannot reproduce exactly the
real behavior of a structure due to limitations of the model itself. In addition, no matter how precisely a structure’s FRFs
are measured in the laboratory, these will never correspond perfectly to the actual operating FRFs due to changes in the
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boundary conditions and damping mechanisms when passing from the laboratory environment to practical operating
state. As far as the authors know, these aspects have seldom been taken into account in force reconstruction problems
despite their importance. A total least-square scheme is used to address the errors associated with the FRF matrix in [5].
Similarly Ref. [15] proposes a discrete modal filter to reduce the error propagation from the biased modal parameters to
the reconstructed force.

On account of the presence of measurement noise and modeling error, force reconstruction is tackled within a probabilistic
framework. Since measurement noise is inherently aleatory because of nature, and modeling error can be considered as
random by epistemic uncertainty due to lack of knowledge, the model error is hereafter called model uncertainty and is
considered within a probabilistic context. In the present work, force reconstruction is particularly investigated from a Bayesian
perspective by viewing the unknown quantities as random variables or stochastic process [16,17]. This has several advantages.
First it endows the unknown force with prior information on the possible range of its values in the form of a probability density
function (p.d.f.), which naturally imposes an intrinsic regularization. Second, the Bayesian approach furnishes a rigorous
probabilistic framework to account for all possible sources of errors that participate to the uncertainty of the reconstructed
force, including the measurement noise and the model uncertainty. As an original contribution, the model uncertainty is
considered by following two strategies, firstly encoded at the FRFs level, then at the level of the modal parameters. The first
strategy is the simplest, but the second one is found superior when the forward model happens to have a significant level of
uncertainty in a certain frequency band. In both cases, Bayesian reconstructions are established for reconstructing the force and
jointly quantifying the measurement noise and model uncertainty through Monte Carlo Markov chain (MCMC) methods.
Bayesian credible interval on the reconstructed force is systematically delivered, which is of practical use.

The rest of paper is organized as follows. Section 2 introduces some generalities on the force reconstruction algorithm
within the Bayesian framework. Section 3 proposes a general Bayesian formulation based on MCMC implementation to
reconstruct forces by inverting uncertain FRFs and discusses the role of local regularization. Section 4 proposes a similar
approach when reconstruction is carried out under uncertain modal parameters. Finally, Section 5 illustrates the proposed
approaches on numerical and experimental examples and conclusions are given in Section 6.

2. Force reconstruction within the Bayesian framework

In this paper, an italic character means a scalar variable, a bold character denotes a vector, and a matrix is expressed by
a character enclosed in a bracket. The model-based approach consists in reconstructing the force from measurements
based on the physical model of a mechanical system. A system excited by only one force and returning ns outputs is
considered here for simplicity, the generalization to the multi-force case being quite straightforward. Thus, the input-
output relation in a frequency band is

Y(w)=H(w)F(w)+N(w), oj<w<wy (1)

with Y(w) € C™ the column vector of the n, measured responses (e.g. accelerations) at frequency w, F(w) € C the force,

H(w) e C™ the vector of FRFs at frequency w between the positions of the ng measured outputs and the position of the

force, and N(w) € C™ the vector of the measurement noises. For a linear time-invariant system, the k-th generic element in

the vector of H(w) is expressed as
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(2)

where j=+/—1 and where the natural frequencies {e,,r =1, ...,m}, the damping ratios {¢,,r=1,...,m} and all the modal
residues {A,,r=1,...,m;k=1,...,ns} are concatenated in vector a. The values of the modal parameters are typically
returned by an updated FE model or experimental modal analysis; however, this is always to a limited degree of accuracy
due to modeling or experimental errors and the fact that the real system is always more or less nonlinear. As a result, an
additional term should be added in Eq. (1) to include explicitly the model uncertainty (nonlinear distortions, systematic
error) in addition to measurement noise, which will be discussed later.

As emphasized in the Introduction, the Bayesian approach allows for the propagation and quantification of the errors on
the reconstructed force by delivering a posterior probability distribution. Denoting by x the vector collecting the unknown
parameters (force + measurement noise + model uncertainty), its joint posterior p.d.f. is obtained from Bayes’ rule as

p(X|D) = p([Y1|X)p(X|Z)/p(D), (3)

where the matrix [Y] € C™*™ collects the ny measured outputs at n,, discrete frequencies in the frequency band of interest
[, wy], T is introduced to make explicit the prior information, and D is the union set of the prior information Z and
experimental information [Y]. The elements in Eq. (3) are listed as follows:

e the so-called likelihood function, p([Y]|x), which reflects the probability of observing the data [Y] given a set of
parameters X;

e the prior p.d.f,, p(x|Z), which reflects our knowledge on the parameters before experiments are undertaken. If x is well
known, it is represented by a narrow p.d.f., otherwise by a flat one;



e the evidence function p(D)= [ p([Y]|X)p(X|Z) dx, which is usually used for the model class selection and is independent
of the model parameters.

The construction of the likelihood implies two steps, one is the characterization of the measurement noise, the other is the
representation of the model uncertainty. According to the central limit theorem, the measurement noise in the frequency
domain is asymptotically a zero-mean circular normal complex random variable with independent values over frequency
[18,19]. The circular normal complex distribution N is illustrated in Appendix A. For instance, the measurement noise
related to the k-th response,

Ny(w) ~ N ¢(0,6%) (4)

with ¢% an unknown hyper-parameter to be determined later (symbol ~ means “distributed as”). The description of the
model uncertainty and its consideration are vital for the model based force reconstruction. In the following sections this is
formulated at two different levels: (a) at the level of FRFs when the uncertainty can be considered small over frequency,
and (b) at the level of modal parameters when the uncertainty is significant in a certain frequency band.

3. Force reconstruction with uncertain FRFs

This section encodes the uncertainty of the forward model at the FRF's level. Assume the FRF (H(w)) is biased from the
underlying true FRF by a stochastic perturbation term; then the measured response reads

Y(w) = H(@)F(®) + on(@)F(w)+N(w), (5)

where the perturbation oy(w) represents the model uncertainty, and dy(w)F(w) is the uncertainty propagated to the
response from the uncertain FRF. A rough assumption on the uncertainty og(w)F(w) will be made in the next section so
that it could be taken into account to some extent for force reconstruction.

3.1. Likelihood function and prior probability density function
In the case where the uncertainty oy(w)F(w) which is propagated to the response is assumed small enough, it may
reasonably be included in the measurement noise Nj(w) without changing its p.d.f., but only inflating the variance ¢%.

Thus, the likelihood function simply reads

F.o5?), (6)

p(Y]

11
Foy’)= [[ n(Yx
k=1

where p(Y F,o,(,z)occf,gznwexp(—(Yk— [HJF)*(Ye—THiJF)/0%) (the superscript * stands for the transpose conjugate operator),
the diagonal matrix [Hy| = diag(H(w1), ...,Hi(wy,)) and the column vector F = (F(wy), ...,F(wy,))" with the superscript t
denoting the transpose operator.

Next a conjugate prior' is attributed to the force frequency components, i.e.,

F ~ N (Fo,[CE, ) (7)

with Fy the vector of mean values and the diagonal covariance matrix [Cr, | = diag(o%o(a)l), ... ,o%o(a),,m )) which are both
frequency-dependent. The unknown hyper-parameters o3, Fo, and [C, | that come with the Bayesian approach are viewed
as additional random variables to be inferred in vector X. As such, they are also assigned priors in the form of conjugate
distributions, i.e.,

N’ ~ I'(kn.By),
Fo(a)i) NNC(U(),GIZJO), Vi= 1, Ny,

opl(wp) ~ Tk, fp), Vi=1,...,n,, (8)

where I'(k, ) stands for the Gamma distribution? with shape and inverse scale parameters, and {Uo.af,u} are assumed to be
independent of frequency. This is a so-called hierarchical Bayes model. The hierarchical relationship between the (hyper-)
parameters is illustrated in Fig. 1. The hyper-parameters {I<N,ﬂN,l<F,[3F,U0,af,U} appearing in the last hierarchical level in
Eq. (8) are assumed known and constitute part of the prior information Z.

It should be remarked that the assumed prior p.d.f. might by no means be exact, even subjectively, since referring to
quantities which are unknown by definition; its role is just to reflect some limited information available to the
experimenter. However, such limited information is fundamental to deal with any underdetermination inherent to the
inverse problem (e.g. non-identifiability, instable convergence). In addition, the defined prior p.d.f. is sometimes intended

1 A conjugate prior is in the same p.d.f. family as the posterior.
2 A Gamma distribution of a real-valued random variable x with shape and inverse scale parameters (k,p) has expression p(x|k,f) = (/J"/(k—])!)x"*1

exp(—fx).
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Fig. 1. The hierarchical Bayesian model of three stages: data model defined in Eq. (6), force model in Eq. (7) and parameter model in Eq. (8).
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to have some specific forms (e.g. conjugate prior) to make easy subsequent Bayesian learning along with MCMC. Whatever
the form of the assumed prior p.d.f. takes, it should cover all the possible values of the parameters, otherwise, a systematic
error would occur. An important phenomenon to remind is that the likelihood function becomes more and more dominant
when increasing experimental data, letting the truth gradually speak. This is well the case in the structural dynamics
where a huge amount of data is often available.

3.2. Joint posterior probability distribution and local regularization

Given the prior p.d.f.’s in Eqs. (7) and (8) for the unknowns F, Fy, 0% and rC,,TOlJ, and putting all the unknowns on the left
side of Bayes’ rule, the application of Eq. (3) yields
P(F,05 Fo, [Cr 1| D)oc p((Y1|F.o5*)p(F|Fo, [Cr) DP(Fo,[CR' ,05%|T). (9)

The maximization of this posterior p.d.f. with respect to the force F then yields the posterior maximum estimator,

ng -1 ns
F= Y [H*He+o} [CFD‘J> > TH*Yi+03 fcpolll:o)- (10)
k=1 k=1
To establish a link with the classical regularization method, the standard Tikhonov approach is applied to reconstruct
the force as the solution to the minimum penalized mean-squared error [20]
Ny
> (¥ () —H(@y)F(@))l5 + AIF(@w;)—Fo(w))3), (11)
i=1
where / is called the regularization parameter, usually determined via the L-curve. The Tikhonov solution of the force is of
the following form:

ng -1 ng
Fic= > [HiJ*THl +MIJ> > [HkJ*YkHFo). (12)
k=1 k=1

where [I] is an identity matrix of n,, x n,. By a straightforward comparison of Egs. (10) and (12), it is found that the
Tikhonov solution with a L, norm penalized term corresponds to the Bayesian solution with a normal prior distribution.
More than a single optimal solution, the Bayesian approach also provides the uncertainty associated with the optimum.
Equivalent to the parameter 4, the ratio o [C;O]J plays the role of a regularization parameter in the Tikhonov’s sense to
achieve a stable reconstruction. Another definite advantage of the Bayesian approach is that it will make possible the
automatic tuning of its implicit regularization mechanism, as is described next. To make identifiable the frequency
dependent regularization parameter in the Bayesian case, the whole frequency band is divided into n, segments D,, in each
of which the force spectra are considered to have almost constant mean value and variance, i.e.,

Fo(wy) ~Fo(l), [Cry(w))] =~ 0af (), VieD, I=1,...1. (13)

This returns a piece-wise constant regularization parameter {oﬁ/aﬁo(l),l: 1,...,n.} well suited to situations where the
force variance cannot be assumed constant over the whole frequency band. The segmentation of the frequency band can
be investigated as a problem of model selection, which is not discussed in this work.

The posterior p.d.f. in Eq. (9) returns the complete updated information of all the parameters to be inferred. In the
following section, a Monte Carlo Markov chain method is implemented to extract the improved knowledge by simulating
samples from this joint probability distribution. Then the force and the parameters of regularization are simultaneously
estimated by averaging these samples or finding a sample which maximizes the posterior probability.



3.3. MCMC implementation

The principle of MCMC essentially consists in generating random walks whose stationary p.d.f. coincides with the
posterior p.d.f. of interest. Among the MCMC methods [21-23], the Gibbs sampling algorithm initiated in [22] is used to
explore the posterior p.d.f. in Eq. (9) due to the fact that all the conditional p.d.f.’s are usual distributions, from which
random variables can be easily generated. The implementation of the Gibbs sampling on force reconstruction is resumed
as follows (See Appendix B for details on how to derive these equations).

Algorithm 1.

1. initialize the values of Fy, 6% and [Cg) | from their prior p.d.fs.
2. draw F|Fo,[CF|,635%. D~ N(F,[CF)) with

—1
rCel= (kil [HJ*[Hi o2 + rC;;J> ,

n - ns.
F=Ce ( > [HJ*Yy /0% +1CR)! JFo>-
k=1

3. 632|E,D~ I'(kn.fBy) with

fen = kn+nons,

B =Byt S 1 (Ve TH JBY (Y~ THy JF).
4. draw a;uz(,)\F,Fo ~ I'(ke,Br) with

ke =ke+ Dy,

Br= Br+>iep, (F(@wi)—Fo())*(F(w;)—Fo()) (| Dy| is the number of frequencies in the [-th segment).
5. draw Fo(l)|F,[C;! | ~ N'(Uo,67,) with

&4, = (Di|ozd, +og2)

Ug= (a;ozll)ziED,F(w,-)Jr an,joz)&lzju.

6. go to step 2 and repeat until a sufficiently large sample is collected after the burn-in phrase.

The Markov chain needs a heating stage to attain the convergence towards the target p.d.f.; this stage is the so-called
burn-in phrase, in which the samples are not yet drawn from the target probability distribution. The convergence of a
Markov chain can be roughly verified by inspecting its trajectory, or more reliably by several repetition of simulated
Markov chains that should converge to the same probability distribution. Integrated within the above MCMC sampling
scheme, the proposed Bayesian approach is capable of dealing with the general force reconstruction problem based on an
uncertain model. However, it is worth noting that because accelerometers do not pass the DC component, the mean value
of the temporal force is in theory impossible to reconstruct unless strong prior information is available; for instance, if the
force spectrum is known to be relatively flat, then its value at the zero frequency can be estimated by extrapolation.

3.4. Marginal posterior probability distribution of the force

To have a reliable reconstruction is a major objective of the indirect force measurement. From the Bayesian perspective,
the information of the reconstructed force is indeed completely described by its marginal posterior p.d.f. which is also

called the predictive distribution. It is by definition the expectation of the p.d.f. p(F|F0,rCF‘O1J,0ﬁ2,D) with respect to the
p.d.f. p(Fo,[CF’Dlj,a;,z\D). By the strong law of large numbers, this expectation can be asymptotically approximated by
averaging p(F|F, rC;;J,a,gz.D) over the samples {Fq(i), rC;; (i)],05%(),i=1,...,n) returned by the Gibbs sampling algorithm.
This procedure is stated in the following equation:

PEDI= [ pEFFo.[Cr) |0k D) dFodoy?d[Cr | = [ pFIFo.[CF! |, oi? Dp(Fo. [ i) | o3? D) dFodoyd 5 |
Qf%égzxﬂqujtauﬁyaﬁqgjn. "

As stated in Step 2 of Algorithm 1, p(F|F, rC;;J,J,(,Z,D) is a circular complex normal distribution of diagonal covariance
matrix; p(F|D) is then approximated as a mixture of these distributions. The posterior p.d.f. of the reconstructed force at

each frequency, p(F(w)| D), can be easily evaluated based on a 2-D grid formed by its real and imaginary parts. In turn, the
marginal p.d.f’s of the real and imaginary parts are found as

p(Re(F(w))|D) = / p(F(w)|D) d Im(F(w)),

pmwwmm=/mmwmdmmmx (15)



where Re(:) and Im(-) stand for real and imaginary parts. Since these two marginal p.d.f’s may be asymmetrical, the
Bayesian credible interval is used in practice to describe the uncertainty associated with the reconstructed force, i.e., all the
confidence intervals with an user-chosen level are calculated for each frequency, and the shortest one is chosen among
them [24].

4. Force reconstruction with uncertain modal parameters

In some cases, the FRFs returned by a (even updated) FE model still have so considerable error in certain frequency
bands that it jeopardizes the former force reconstruction strategy. This is because the modeling error, if much greater than
the measurement noise, can no longer be approximated as independent and identically distributed with respect to
frequency. In this section, uncertainty is introduced at the level of the modal parameters instead of the FRFs in order to
correctly reproduce a modeling error whose magnitude depends on frequency - e.g. greater on resonances — and whose
values are dependent across frequencies. An algorithm is then proposed to jointly correct it together with the force
reconstruction.

4.1. Joint approach for force reconstruction and model updating

The uncertainty of the model is described here by assigning a p.d.f. p(a) to the modal parameters in a given frequency
band. According to Bayes’ rule, the joint p.d.f. of the force, modal parameter and variance of measurement noise is

p(F,a,05%| D) oc p((Y1|F,at,052)p(F, 0,052 | Z). (16)

However, this joint approach which involves more parameters to identify possibly leads to a non-identifiable problem
since the force and the uncertain modal parameters are functionally dependent and thus non-separable given the
measurements. For instance, there is clearly an arbitrary scaling factor « such that xF and x~1[H(e)] are equivalently valid
solutions of the problem. In order to solve this non-identifiability issue, one possible way is to introduce extra prior
information about the force spectrum. This may be achieved by expanding the unknown force spectrum onto a relevant
basis that can capture its behavior with few components. For instance, an impulsive force will be well described by a few
very smooth basis functions in the frequency domain, and a periodic force by a few delta impulses. By introducing such
constraints — which is equivalent to decreasing the number of unknowns of the problem - the non-identifiability problem
can thus be solved in an implicit way. More specifically, let us expand the unknown force as

F=[BIX+1, (17)

where B € R"™*™ is the matrix of suitably chosen basis functions, ny the number of the basis functions, X € C™ the vector
of complex coefficients, and # a vector of residual errors which are assumed to follow a zero-mean circular complex
normal p.d.f. with unknown variance 0,2,. The number of the basis functions is assumed known a priori. One can
approximately select the number of the basis function in some cases from the available information on the force to be
reconstructed. In fact, it can be systematically addressed by means of the technique called model order selection, for which
the Bayesian approach provides unique solutions: the number of the basis function is determined by finding an optimal
compromise between the term of good-fitness and the penalized term [25].
Within the Bayesian framework the reconstruction problem then amounts to finding the joint posterior

pFXa,0y%,0,%|D)oc p((Y]|F.a.05° (| X, 0, )pX,,0,,04° | T), (18)

where the likelihood function p([Y]|F,&,0%) is defined similarly as Eq. (6) except that the FRF is a function of «, the prior
p.d.f. p(F|X,0,?) = Nc([BIX,0;1]) with [1] the identity matrix, and {X,a,0,?,04*|Z} are independent in a prior view. In order
to reflect our complete state of ignorance, an uniform distribution is chosen for p(X), and conjugate Gamma p.d.f.’s are
assigned to 0,* and oy? as defined in Eq. (8).

4.2. Gibbs sampling coupled with Metropolis-Hastings algorithm

All the conditional p.d.f’s in the right-hand-side of Eq. (18) are usual p.d.f.’s except that of the modal parameters,
p(a|F,05%,D). Therefore a sampling method based on Gibbs sampling coupled with Metropolis-Hastings algorithm [21,26]
is adopted here to explore the joint posterior probability distribution.

Algorithm 2.
1. initialize X, &, g3?, ¢;% from their prior p.d.fs.
2. draw F|aX,042,0,2,D ~ N (E,[Cr]) where
ng

-1
rCrl = X (@) THi@) o2 +0;? m) .

F=T1CF) <an G2 TH(@)]*Y), +a,;2[B]x>.
=1

3. draw X\a,o;z,oNZ,D~NC(X,[CX]) where



[Cx1=([BI* THs(e)1* (THs(@))* THs(®)) 02 + o)~ THs(@)][B) ",
X = [CXIBI*(Hs(o0))* [Hs(@)]02 +0%) ! ki] THi(®)]* Yy

with [H(a)] = ,/kz‘1 [Hy (@) [Hi(e)).

4. draw 6,2 |F X~ I'(ky.B,) with
ky = ky+ 110, B, = B, +F—[BIX)*(F—[BIX).
5. draw o3?|Fa,D~ T(ky,By) with

~ ~ 1. o
kn=kn+nens, By =Py+ ,Zl(yk* [Hy () JF)*(Yy—[Hg(o)]F).

6. draw a~ p(a|F,052,D) using the Metropolis-Hastings algorithm.
7. go to Step 2 until a sufficiently large sample is collected after the convergence of Markov chains.

The conditional p.d.f. of X and the Metropolis—Hastings algorithm (Step 6 of Algorithm 2) are detailed in Appendix C.

4.3. Posterior probability distribution of the reconstructed force

The proposed joint approach along with the MCMC sampling scheme described above estimates the unknown
parameters in an iterative way: the force is simultaneously reconstructed with the feasible update of the uncertain modal
in each loop. Similar to the case in Section 3.4, the posterior model uncertainty and the qualified errors are also taken into
account to obtain a full reconstruction. By definition, the marginal posterior p.d.f. of the force reads

p(F|D) = /p(F,X,a,a,zV,a,;z) dX da do}, do, . (19)
In accordance with the force model (17), Eq. (19) is factorized into

p(E|D) = /p(F\X,a,;z)p(X,oz,a,zv,a,;z |D) dX da doy do,? = /p(F\X,a;z)p(X|oc,a,z\,,agz,D)p(oc,a,z\,,agz |D) dX da doy da,?

n n

~ 52 [ PEX G OPX|a). 0.0 0P) X = 1S N FDICHDD, (20)
where F(i) = [BIX(i), [CF(i)] = [BIC x D)I[BI* + 1] a%(i) with X and [Cx] defined in Step 3 of Algorithm 2. It is shown that p(F|D)
is an averaged p.d.f. over all the possible realization values (n— co) of the modal model parameters, the qualified measure-
ment and residue errors. Eq. (20) provides a full solution of the reconstructed force in the form of a mixture of multi-
dimension complex normal p.d.f.’s over all the selected frequencies. As is well known, applying a marginalization step to a
multi-dimension normal p.d.f. still returns a normal p.d.f of a reduced dimension. Hence, the posterior p.d.f. of the force at
any frequency line can be analytically evaluated by a marginalization step. For instance, at the j-th frequency line,

1¢ Aoa 1< oo A .
pFp|P)=->" / P(F|F(0),Cr(0),D) ARy = >~ Ne([BlX (.67 (D), (21)

i=1 i=1

where [B]j;; and ("7?'[,-] are respectively the row of the matrix [B] and the diagonal element of [Cf(i)] corresponding to frequency j
and the set [—j] collects all the frequency indices except the j-th one. In the same way as stated in Section 3.4, the Bayesian
credible intervals are finally built.

Finally, it is remarked that the application of the presented joint approach is limited by the choice of the basis functions.
To alleviate this limitation, one feasible way is to combine the both approaches presented above: firstly update the
uncertain model by applying certain kind of force of known characteristics (e.g. smooth form) using the joint approach,
and then reconstruct any general force based on the updated model using the approach presented in Section 3. Another
direction is to model the force for instance by Gaussian processes or high order Markov chains, which is quite general for
force reconstruction. This will be addressed in future work.

5. Numerical and experimental applications

The proposed force reconstruction approaches are now illustrated on numerical and experimental examples.
5.1. Numerical example

The approach presented in Section 4 is used to reconstruct an impulsive-like force based on an uncertain modal model,
such as returned for instance by a stochastic FE model. In this simulation case, an acceleration measurement is simulated

by exciting the true model with an impulsive-like force and adding measurement noise with signal-to-noise ratio (SNR) of
78.5 dB, as illustrated in Fig. 2. The prior nominal model is built by adding 40 percent and 30 percent systematic errors
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Fig. 3. Illustration of model update by comparing (Hp;—Hrer) and (Hpos—Hier) (Hper: true FRF, Hy,;i: prior nominal FRF, Hpos: FRF with posterior means of
the modal parameters).

to the modal residues of the 4th and 5th modes of the underlying true model, respectively and a 30 Hz deviation to the 6th
and 7th natural frequencies of the true model. The underlying true FRF and the deviation of the prior nominal FRF from the
true one are illustrated in Fig. 3. The former modal parameters (4th and 5th modal residues and 6th and 7th natural
frequencies) are thus regarded as uncertain and assumed to follow a multi-variate normal distribution A/ (ag,[C,]) With
oo =[—0.7,—0.4,530,730] and covariance matrix [C,] = diag(0.04,0.04,200, 200). The matrix covariance is chosen large
enough to cover all possible values of the uncertain modal parameters. This uncertain prior model will be used to reconstruct
the unknown force from Bayesian inference.

By virtue of the spectral regularity of the force to reconstruct, 10 Legendre polynomials are used to build the basis
matrix [B] of Eq. (17); the prior information on the residual error (kn,af,) and the measurement error (ky,0%) is both set to
(10,1).3 The MCMC sampling Algorithm 2 is followed to draw n = 10 samples from the joint p.d.f. in Eq. (18) and the first
10 are discarded to remove the burn-in phase. The posterior mean values of the force, say Fpos, and of all uncertain modal
parameters can then be estimated jointly from these samples. In turn, the posterior FRF (Hpos) is computed using the
posterior mean values of the updated modal parameters. Fig. 3 shows the residual error between the true FRF (H,ef) and
the updated one, which is much less than the prior nominal FRF (Hp). The quality of the update is clearly seen to depend
on the SNR as a function of frequency. The posterior force (fo) in the time domain is ultimately obtained from the inverse
Fourier transform of the posterior mean value (Fpos) and is compared with the reference force (f,f) in Fig. 4, showing an
excellent overall agreement. The force is also reconstructed based on the prior nominal model, denoted by (f,;) which is
less accurate on the peak and more oscillating in other parts.

Finally, 98 percent Bayesian credible intervals are constructed based on Eq. (20) for the real part and the imaginary part
of the force, as shown in Figs. 5 and 6, respectively. It is seen that the reconstructed force based on the posterior model
globally agree much better with the reference force than the reconstructed one based on the prior model. Incidentally, Figs. 7
and 8 display the histograms of ¢% and 05 which gives a good sign that the sampling algorithm has converged.

5.2. Experimental example

This section illustrates the application of the proposed approach to reconstruct actual forces applied on a laboratory
beam structure of low-carbon steel. The beam is clamped in a vise that is buried into tamped sand. The part of the beam

3 Hierarchical Bayes is known to be very robust with respect to hyperparameters settings, which justifies this arbitrary choice [16].
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Fig. 4. Reconstructed force in time domain (f,f: reference force, fy,;: force reconstructed based on the prior model, f},,s: force reconstructed jointly with
model updating).
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Fig. 6. Imaginary part (gray zone: 98 percent credible interval, F: reference force, Fy;: force reconstructed based on the prior model, Fyos: force
reconstructed jointly with model updating).

out of the vise is of the dimension (length x width x thickness): 45 x 3 x 0.5 cm. In a first stage, a controlled excitation is
applied to the beam through a shaker and three acceleration transducers are used to measure the structural responses, as
illustrated in Fig. 9. A beam-type FE model where the boundary condition is modeled by a rotational spring is then updated
using these measurements [27].

Fig. 10 shows that the updated FRFs agree very well with the measured ones, to the exception of small discrepancies at
the resonances. Besides, it is worth noting that the excitation system (mass of the impedance head) and the presence of
accelerometers slightly modify the structure under test, whereas force reconstruction is actually based on the model of the
beam structure alone. Such modifications of the structural configuration are likely to induce changes of the modal
property, and will cause additional difficulties in the inversion step especially when the structure is lightly damped.
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Fig. 11. Layout of the excitation and measurements.

In a second stage, the shaker is removed and two forces are exerted on the beam with a hammer equipped with tips of
different hardness, and measured with an impedance head - the experimental layout is illustrated in Fig. 11:

e the first force is a single impact applied at the same location (a) as used to update the FE model,
e the second force is a series of impacts applied at a different location (b) which did not serve in the FE model updating.

All measurements are acquired with a sampling frequency f;=5120 Hz and the applied forces are simultaneously recorded
to serve as references for the purpose of validation. In order to handle the aforementioned modification of the modal
properties, the MCMC Algorithm 2 of Section 4 is used to refine the modal parameters and reconstruct the force as well as
possible; 10 Legendre polynomials are used to build the basis matrix [B] in accordance with the assumed regularity of the
force spectrum at location (a).

5.2.1. Reconstruction of the single-impact force

In this example, the five natural frequencies in the frequency band of interest are chosen to be updated together with
the force reconstruction. To have an effective correction of the natural frequencies, a partial updating scheme is used,
e.g., the 1st and 2nd natural frequencies are firstly tuned, then the 3rd, 4th and 5th ones. For instance, Figs. 12 and 13 show
the Markov chains of 3rd and 5th natural frequencies. The force transformed back to the time domain is compared with
the measured one in Fig. 14, which shows excellent agreement.

In the same way as previously done in the numerical example, the joint p.d.f. of the force in Eq. (21) serves to construct
the Bayesian credible intervals, such as illustrated in Fig. 15 at frequency 62.5 Hz. Figs. 16 and 17 show the 98 percent
Bayesian credible intervals for the real and imaginary parts of the force that encapsulate both measurement and modeling
errors.

5.2.2. Reconstruction of a multiple-impact force

In this example, a multiple-impact force applied at location (b) is reconstructed based on the updated modal
parameters from the previous example. Three recorded measurements at the locations shown in Fig. 11 are displayed with
their related FRFs in Fig. 18. They all evidence high SNRs, except possibly in the very low frequency band (< 10) Hz. As a
consequence, the Bayesian MCMC Algorithm 1 of Section 3 is adopted here to reconstruct the force.

In order to account for the spectral non-stationary of the force, the whole frequency band is segmented equally into
n.=380 elements. The hyper-parameters are set to (ky = 10,y = 1), (ke = 10,z =0.1) and (Ug = 0,(7%,0 = 100). After running
a MCMC, n=2 x 10* samples are drawn from the joint posterior p.d.f. of Eq. (9), and the mean values and the 98 percent

11
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Fig. 18. Spectra of the measurements and related FRFs.

credible intervals at each frequency are constructed using the posterior mean of the parameters {F,0%,[Cr, |} according to

Eq.

(14), as displayed in Figs. 19 and 20. It is seen that the reconstructed force (F,os) matches very well the measured one

(Fref), except in the frequency band [400, 500] Hz where the three FRFs all have deep anti-resonances - see Fig. 18 — and
therefore hardly transmit information to the sensors. The reconstructed force consequently has a large uncertainty there,
which could surely be improved by optimizing the placement of the transducers. But the important point is that the
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credible interval can reflect this local lack of reliability contrary to a punctual estimation displayed alone. The Tikhonov
regularization is also implemented with optimal value of /4 found equal to 1 from the L-curve [6] as shown in Fig. 21.
For comparison, the ratio o,%,/a%o(w) in the Bayesian approach plays the same regularization role, yet as a function of
frequency as demonstrated in Fig. 22. The reconstructed forces in the time domain are compared in Fig. 23 for both
methods. It is seen that the proposed method has a better accuracy than the standard Tikhonov method, especially in
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Fig. 23. Reconstructed force in the time domain (ff from the acquired measurement, f,os by Bayesian approach and fy by Tikhonov regularization).

estimating the maxima of the force peaks. In addition, it should be remembered that the Bayesian approach returns the full
posterior p.d.f. of the force which is a much richer amount of information than the punctual estimate of Eq. (11) alone.

6. Concluding remarks

A Bayesian force reconstruction methodology based on the inversion of an uncertain model has been proposed and
validated on numerical and experimental examples. The main advantages of this approach lay in (1) accounting for all
sources of uncertainty (measurement noise and modeling errors) in the same probabilistic framework, (2) incorporating a
natural mechanism of regularization with automatic tuning as a function of frequency, (3) returning the full posterior
probability distribution of the reconstructed force from which any statistics can be ultimately computed. One of the key
points that make this approach feasible is its implementation by means of MCMC methods. As a perspective view to future
work, the Bayesian approach seems well-suited to attack the more difficult problem of reconstructing distributed forces
from uncertain structural models.

Appendix A. Joint, conditional and marginal p.d.f.’s and the circular complex normal distribution
A.1. Recall on joint, conditional and marginal probability distributions

The recall is illustrated in the case of three random variables (xq,X2,x3). The joint p.d.f. is by definition written as
P(X1,X2,X3).

e The conditional p.d.f. describes the probability of a group of parameters by fixing the rest at their known values, for
instance, p(x; |x2,x3), which can be easily derived from p(x1,x2,x3) by considering x, and x5 constant.

o The marginal p.d.f. of a variable is obtained from the joint p.d.f. by marginalizing out all the other parameters, for
instance, p(x1) = [ p(x1,X2,X3) dx; dxs.

e A possible factorization by applying the total probability rule is p(x1,x2,X3) = p(x1 |X2,X3)p(x2,x3), which demonstrates the
relation between the joint, conditional and marginal p.d.f.’s.

e x; and x, are mutually independent if and only if p(x1,x2) = p(x1)p(x2).
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A.2. Circular complex normal distribution

A complex-value variable x = a+ b, with independent real-valued real and imaginary parts, a ~ A'(ap,62/2) and b~ N
(bo,02/2), follows a so-called circular complex normal distribution:

1
2y
p(X‘XOvO—x)_ TEG)% (Al)
with Xo=0ap +]b0.
Appendix B. Detailed description of the conditional p.d.f.’s in Algorithm 1 of Section 3.3
B.1. Conditional p.d.f. of the force
P(F|oy? Fo,[CE ], D) = p(F.o5% Fo,[Cy || D)/p(oy* Fo,[Cr,' 1| T) = p((Y1|F.o5*)p(F|Fo, [Cr. ). (B.1)

Hence 1n(p(F|0,(,2.F0,rC;01J,D)) is written as —nyns In o3 —>21" 4 Inof (0)— > (Ye—THJB*(Yi—THiJF)/ of—(F—Fo)*
fC;;J(F Fo). Let the derivative aln(p(F\aﬁz,Fo,(C;JJ,D))/@F equal to zero; it returns that the optimal identified force

rCFJ(Zk_lfHkJ*Y,(/G,Z\,—i-rC;;JFO). Then azln(p(F\a;,Z,FO,rC;D]j,D))/aFaF* returns the posterior matrix covariance
[Crl = (Cp_  THiJ*THe) /0% +CR! 7' As a result, p(F|oy?,Fo,[Cr! 1, D) = N c(F,[Cr)).

B.2. Conditional p.d.f. of the variance of measurement and model errors

= p(lY]|F.oy*)p(ay? | ) oc (o3*) ™" exp oNZZm [H JF) (Yk—erJF)>
k=1

x (o) kv Vexp(—ay? ) oc Tk, fy) (B.2)
with ky = (o3> and By = (By+ Sp_ (Y~ THeJBY*(Ye—THi JF).

B.3. Conditional p.d.f. of the prior mean value of the force
p(Fo(D|F,o52(D) oc p(Fy| Fo(D), o2 (D)p(Fo(h|Uo(D), 07, ) o exp(—(F(h)—Fo (D) *(B()—Fo (D)o 2 (D)

xexp(—(Fo(h)~Uo)*(Fo()~Up)oy?) oc N e(Uo,6 ), (B.3)

where 63,0 = (\Dl\agnz(,)+auo) LUg= (aFU(,)Z,ED,F(w )+U00U )O’UO I; is the column vector of length |D|.
B.4. Conditional p.d.f. of the prior variance of the force
p(og, > (1) |E(),Fo(l)) oc p(E(D) | Fo(D), 0, (l))P(Gp2(1)|I)0C(U 2(1)) Pl exp(—(F(1)—Fo(DI)* (F())— Fo(DL)o, ()

x (a2 ()% ~Vexp(—Bror2 () o (ke Br) (B4)
with kg = ke+ |Dj| and B = B+ (F()—Fo(DL)*ED—Fo(DL)).

Appendix C. Description of Algorithm 2 of Section 4.2

C.1. Conditional p.d.f. of the coefficients of the force

PX| Doyt { [ P IF o X0, dF} XD [exp - 3™ (Vo TH (@) B (Y~ [Hy(@) F>0N2>
k=1
xexp(—(F—[BIX)* (F—[BIX)a;2) dFoc (X, [Cx]) (1)

with [Cx] = (BI*[Hs(@)*(THs(@))*[Hs(@) )07 +03) " THs@JIB) ", THs(@)] = /-, @) [Hi(@)), and X = [CIBI*(THs(@)]*
[Hs(@)]02+0%) " S TH(@)]*Y,.
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C.2. Sample the modal parameters by Metropolis-Hastings algorithm
At i-th iteration during the MCMC sampling,

e generate a candidate by drawing o' ~ g(a|a?)
e calculate the acceptance probability

e a®) — mi p(d/ ‘ F,O’NZ,D)q(d(D ‘ d/) Cc2
e =min {p(a@ [F.oy? D) [40)’ R
with p(at|F,052,D)oc p([Y]|a.F,o5?)p(2|Z) and g(e) a proposal p.d.f,, chosen by user.
e Accept or reject by drawing t ~4(0, 1), set i o if £ <), ” |
" | a® otherwise. '
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