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Résumé

The goal of this paper is to apply the topological gradient method for segmenting/restoring
images degraded by various noises and blurs. First applied by Hintermuller [Control and Cyber-
netics, 34 (2005), pp. 305-324] and Belaid etal [C. R. Acad. Sci. Paris, 342 (2006), pp.313-318]
to restore images degraded by a Gaussian noise, we propose here to extend the method to blurred
images contaminated either by an additive Gaussian noise, or a multiplicative noise of gamma
law and to blurred Poissonian images. We compute, both for perforated and cracked domains, the
topological gradient for each noise model. Then we present a segmentation/restoration algorithm
based on this notion and we apply it to the three degradation models previously described. We
compare our method with the Ambrosio-Tortorelli approximation of the Mumford-Shah functio-
nal and with those given by a classical TV restoration process. Many experimental results showing
the efficiency, the robustness and the rapidity of the approach are presented.

1 Introduction

An important problem in image analysis is the reconstruction of an original image u from an
observed image f. In general this includes restoration and segmentation processes. The transformation
between f and u originates from two phenomena. The first phenomenon is related to the acquisition
process (blur created by a wrong lens adjustement or by a movement, Poissonian photons emission
rates ...) and the second is due to the signal transmission. A lot of methods to reconstruct such degraded
images exist : stochastic methods [22, 13], wavelets decomposition [31, 18], morphological methods
[36]. Here we are interested with variational approaches [7]. In this context, the most famous model
is the Mumford-Shah functional [33] (1989) but other works based on variational methods do exist
([7]). Among more recent papers, we can cite [8] (2008) for restoration of images contaminated by
speckle noise, [16] (2014) for blind restoration of Poissonian images, and [35] (2013) for an overview
of image restoration degraded by different type of noise.

In this paper we tackle the segmentation problem by using the topological gradient method. First
introduced for cracks detection by Sokolowski and Zochowski [37], Masmoudi [32] and applied in



optimal design and mechanics ([3], [2], [4]), this notion consists in the study of the variations of
a cost function j(Q) = Jo(ugq) with respect to a topological variation, where Jgo(u) is of the form
Jo(u) = [o F(u,Vu,V?u,...) and ug is a solution of a PDE defined on the image domain Q. In order
to compute the topological gradient, we remove to € a small object @, of size € — 0 centered at
Xo € Q (generally a ball or a curve) and we set Q; = Q\ @,. Two typical examples are : for small € > 0
(2) Q¢ = Q\{xo+€B} and (b) Q = Q\{xo + €0 (n)}, where B = B(0, 1) is the unit ball of R? and
o (n) is a straight segment with normal 7 (a crack). We compute the limit : .% (xg) = limg_0 w
where d is the dimension of the ambiant space. .# (xp) is called the topological gradient at xy. It mea-
sures the energy contained by a perturbation centered at xy and so the structures that we want to detect
correspond to the points xp where .# (xp) is the largest. The type of structure to be detected depends
on the choice of the cost function Jg (). Recently this notion has been used in image processing and
to the best of our knowledge the first works in this direction are those by [25], [30], [14]. Then other
imaging problems such as inpainting, classification, demosaicing, super resolution, have been adres-
sed using a topological gradient approach ([9, 15], [12, 11], [10], [28], [29]). In [14], only Gaussian
additive noise is considered and no blur has been introduced. Blur has been introduced in [29]. In fact,
in [29] more general degradations have been taken into account. The authors consider model of the
form f = Lu+ b where f is the observed image, L a linear operator and b a Gaussian additive noise.
They compute in the case of a crack the topological gradient and illustrate their approach for various
imaging problems (segmentation/restoration, super resolution, demosaicing). Note also that topologi-
cal gradient methods have been also applied for fine structures detection (e.g. points and filaments)
[6], [5], [20]. In this case the cost function is based on second order derivatives. Restoration/segmen-
tation in imaging are in general ill-posed inverse problems and one way to overcome this difficulty is
to regularize them. A classical framework to do that is to use a Bayesian formulation which leads to
the minimization of an energy consisting in two terms. The first one is a data fidelity term which takes
into account both the statistic of the noise and the blur and the second one is an adequate regulari-
zing term. For example if we suppose that the acquisition model is of the form f = u + b where b is
Gaussian noise then an anti-log-likelihood estimator amounts to choose as a data fidelity term the L?
norm |[u — f||;2(q)- If the noise follows another statistic, of course this term changes. The regularizing
term is often based on an L” norm of the gradient. Our main contribution is to generalize the results
given in [29] to blurred images contaminated by speckle noise and Poissonian statistic and to give the
different expression of the topological gradient associated to the cost function Jo (1) = [, |Vu|*. More
precisely we will consider variational problems of the following form

Speckle and Gaussian noise model :

min %/Jg(u)—i—/gl[/(x,Ku) €))

ueH (Q)

Poissonian model :

min %/Jg(u) + Y v (/R./Ku> )

1
ueH(Q) J€Lna (Q)

where I;,4(Q) is the indices set of pixels, ¥ > 0 is a parameter, R; is a regular domain modeling pixel
J such that Q is the disjoint union of (R:)icy,,(@)> K : L*(Q) — L*(Q) is a convolution operator
(generally positive and such that K1 # 0 ) representing the blur. The functions y/(x,u) and y;(v) will
be specified in section 5 and section 6. Note that problems (1) and (2) are semi-linear and one of our
contribution is to show they are well-posed and verify some maximum principles. Speckle noise is a
multiplicative noise of gamma law, which is present in SAR images, laser images, microscope images



[27, 24, 38]. A Poisson statistic occurs in confocal microscopy [19], emission tomography [39] and
single-photon emission computed tomography [23].

In section 2, we recall the classical rationale justifying the modelization of the data fidelity term
in a Bayesian approach. In section 3 we set the variational problem taking into account the blurring.
Then in section 4, we give the topological gradient for a blurred and Gaussian noisy image. In section
5 we show that problem (1) is well-posed and compute the associated topological gradient both for
perforated and cracked domains (in fact, we study a more general class of problem (1)). In section 6
we treat the Poissonian model (2) whose energy is not standard. We summarize in Table 1 (section 7)
all the expressions of the topological gradient according to the type of noise and to the infinitesimal
perturbation. In section 8 we show how to apply the notion of topological gradient to restore degraded
images. Finally in section 9, we present, for all the models, a detailed numerical analysis for computing
the topological gradient and we display various experimental results illustrating each of them.

We conclude this section by giving some notations and assumptions : we suppose to simplify that
xo = 0 and we denote by ||ul| s the H™(Q)-norm of the Sobolev space H™(Q) = {u, D% € L*(Q), |a| <
and by ||u| g1 (q)/r the norm on the quotient space H'(Q)/R. We set Jo(u) = [ |Vul* and Jo, (1) =
Je(u).

Only the proof for a perforated domain is performed since for a cracked domain the explicit
dependency on the data is killed by the fact that the crack has a null Lebesgue measure. Hence we
just give the topological gradient expression for a cracked domain (b) and develop the full proof for a
perforated domain (a).

2 A Bayesian approach

In this section we recall the classical Bayesian approach allowing to deduce the suitable variational
model for restoring noisy images. We denote N the number of pixels in the support of the image Q.
The discrete domain is denoted QV. We set u" (respectively fV) the discrete version of the image
u to recover (respectively of the observed image f). For each pixels p, € QV, f¥(p,) and u¥(p,)
can be viewed as a realization of the random variables U™ (p,) and F¥(p,) where U" and F" stand
for the random vector formed by these variables at each pixel. We suppose that they are identically
distributed and independent. The reasoning is as follows : we express the a priori density probability
gu~|pv and then we search for uV as the value maximizing this density probability (a Maximum A
Priori estimator). A discrete model associated to a discrete energy is deduced and then passing to the
limit when N — oo we get the continuous variational model. Let gy zv be the a posteriori density
probability that we want to maximize with respect to «". Thanks to the Bayes rule, SuN|FN eXpresses

as :
&V uNy  8FNUNEUN

; ingN > 0
gUN|FN = 8FN 8FN

0, otherwise

grvy~ depends on the noise model and gy~ is an a priori density probability. Writing that uV is a
minimum of —log(gyn|Fv) We get

u = argmin EN (u)
u

where
EN(u) = —log(gvyn (u, f)) —log(gyn () 3)



The a priori density gy~ has to be determined, it will play the role of a regularizing term. In
analogy to statistical mechanics, a priori densities are frequently Gibbs functions [22] of the form :

3 ()

guv(u)=Cxe 2 Y>0

where JV (u) is a discrete version of a non negative energy functional Jo (1) and C is a constant. The
choice of the density probability gzv|y~ depends on the statistic of the model to be considered. Below
we review respectively the Gaussian model, the speckle model and finally the Poisson model.

Gaussian model

A classical modeling of image formations is : F¥ = UM 4+ GN where U" is the discrete version of
the image to recover and GV a Gaussian noise of mean 0 and of standard deviation . The density of

.¥2
the Gaussian noise is ggv (x) = \/217[0 e 2. To simplify we still denote by FV, S¥ and U" the random

variables F™ (p,), ¥ (px) and UM (py). Let us express the conditional probability density gzx|;v. From
the definition of the conditional probability we have :

PP € /0N =) = [ gpuon(Fl)1 jecrdf @

The conditional probability density gp~ v (f|u) is a function of the variable f and depending on
a parameter u. From the model FV¥ = UV + GV, the independency of U" and G" and a change of
variable we get

P(FN ¢ o |UN =u) =P(U" + GN € 7 |UN =u)
P(GN e o —UN|UN =u)

P(G" € o —u)
= /R g (X)Lyeoy—udx

:/RgGN<f_”)]lf€%df

Hence by identification with (4) we deduce that gy~ (f|u) = ggv(f — u). Thanks to the indepen-
dency hypothesis, the density of F¥|U" is the product with respect to each pixel p, of the densities
FN(p)|UN(py). So the energy given in (3) rewrites in this case (up to a multiplicative constant ) as

YW= ¥ (" w4 w4 C

PXEQN

with C a constant non depending on u. The constant 6 can be neglected in the model because it
can be scaled with the regularization parameter Y. By passing to the limit when N — —+oco, we get the
following continuous energy

Ew)= [ (f = +1a(w)

Speckle model

For SAR images, the classical modeling is (see [38]) : FN = SNUN where U" is the reflectance
of the scene (which is to be recovered) and SV the speckle noise. Let us explicit the law of S¥. SAR
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images are constructed from L € N observations FkN for 1 < k < L and for each observations we
have FkN = Gf{v UVN. Generally G;(V is a random variable which follows a negative exponential law with
mean 1 and with density golx)=e* 1{x>0} Then, the observed image FN is construct from this L

observations as : FV = =7 Lyl VBN = ( "GN ) UN. We set SV = T Lyl GV ; SN follows a gamma
law with density gev(x) = ﬁ xEle 1{x>0} with ['(L) = (L —1)! (the mean of SV is 1 and its
variance %). Now we can express the density gpvyv. To simplify we still denote by F N, SN and UV
the random variables F"(py), SV (px) and UM (p,) . We start from the definition of the conditional
probability :

PP € U™ =) = [ goun ()L eur)df )

where gpn gy~ (f|u) is a function of the variable f and depending on a parameter u. Then, from the
model FV¥ = SNUV and the independency of U" and S we have :

P(FN ¢ o7 |UN = u) = P(S"U" € &7 |UN = u)
o
=P(sN e —]UN u) =P(sN ¢ —)

Thanks to the definition of P and by a change of variable we get :

o L f
P(SN € u> :/RgSN(S)]l{SG%} :/R;gSN(;)]l{feM}df

Then by identification with (5), we deduce that

1
grvjon (flu) = ;8SN(£) (6)

From the independency F"(p,) and U"(p,) , the density of F¥|U" is the product with respect to
pixels p, of the densities FV (p,)|u" (p,). By taking the —log function we deduce that (3) rewrites in
this case as

=L ) ( +log( ))—F;/JN(M)-FC

PrEQN

for u € RV and u > 0, where C denotes a constant independent of u. The factor L can be neglected
since it can be scaled with the constant 7. Passing to the limit as N — o, we deduce the following
continuous energy

E(u) = /Q (i —i—log(u)) dx+ %Jg(u) (7)

Speckle with Log of the image (Speckle-Log model)

One drawback of (7) is that it is nonconvex. By setting, v = Log(u) and g = Log(f), we deduce from
(7) the expression of the data fidelity term in function of v and we introduce the following energy
function :

E(v) = /Q v4e 8 4 %Jg(v) (8)

which is now a convex function of v. The recovered image is then u = e".



Poissonian model

This model is classical in astronomical and confocal microscopy images [19]. Poissonian obser-
vations originates from the stochastic nature of photons emission. We denote R;, for j € I;,q(€2), the
domain of R?> modeling pixel j and such that Q is the disjoint union of all the (R i) jelya(@)- We assume
that f is a step function constant on each R; and we still denote fN = f the observed image seen as
the realization of the random vector F.

More precisely for j € I;,4(€2), f; is a realization of a Poisson statistic of mean and variance
equal to lN Jp u R, N (x)dx where x — " (x) is a discrete version of ¥V € RY (may be a step function
or a bi- hnear 1nterpolation). Thanks to the independence of F; and U ]N , the conditional probability
P(F = f|JUN = u) is given by :

ANTi =AY
P =" == ] =+

.|
jEIind (Q) f] ’

and by applying the —log function, we have :
—log (P(F = flUN =u)) = Y AY— filog(A))+C

]EIMd (Q)

where C is constant independent of u. We deduce that (3) rewrites in this case as

ENwy = Y (AN = filogAM)) + LV (u)

jeln(@) 2

The dependence of EV with respect to u comes from the definition of AV. Passing to the limit we get
the continuous energy :

E(u) = jelg(g) ( /R e~ fiog ( /R j u(x)dx)> + 1o ©)

3 Blurring modeling

In most imaging applications the optical material, the motion of the camera or of the target in-
troduce a blur on the observed image (see [34]). Generally spatially invariant blur is modeled as a
positive convolution operator « — Ku with K1 # 0. We denote by K" the N x N matrix associated to
the discrete version of K on Q. From section 2 we deduce the following models adapted to each kind
of noise and taking into account the blur :

1. Gaussian model : the observed image writes as F¥ = KNUY 4+ G" and by the same reasoning
of section 2 we get the following energy :

Ew) = [ (f~Ki)* + W (10
2. Speckle model : the observed image writes as FY = SNKNU" and the energy is
o
= [ log(K — 4 =J 11
/Qog( u)+Ku+2g(u) (11)



3. Speckle model with the Log of the image (Speckle-Log model). We recall that the model
writes as G¥ = VN + TV with VN = log (KN uN ) The deblurring cannot be handled simul-
taneously with the denoising process. After the denoising step we must solve the problem
VN = log (KN uN ) where the unknown UV can be found by a least square formula :

UV — ((KN)TKN)—I(KN)TeVN

but we know that this problem is ill-posed, particularly when K contains small eigenvalues. For
this reason the blurring problem is not handled for speckle noise by our method. In this case, if
we only want to correctly restore a blurred and speckled image it is preferable to use (11).

4. Poissonian model : the observed image at pixel p; is a realization of a Poisson statistic of mean
Jr, Ku"(x)dx, so the energy is

su= ¥ (f Kl f(plog (f kuax) )+ Lia) (1)

[JXGI ind

In the sequel we give the topological gradient for the Gaussian and Poisson models with blur and for
the Speckle-Log model without blur.

4 Gaussian noise with blurring

We consider problem (1) with the energy (10) :

min_ Yo(u)+ [ y(x.Ku) (13)
ueH'(Q) Q

with y(x,v) = (f(x) —v)%. We do not give the computation of the topological gradient here because
of the similarity with the case without blurring (see [4], [29]). We just give the topological gradient
expression and some experimental results. Note that this expression only needs the resolution of two
problems : the direct and the adjoint problems (we will see in the next section why an adjoint problem
is necessary). By following the notations used in [4], the direct and the adjoint problems ug and vg are
given in this case by :

—YAug +K*Kuy = K*f, in Q
P 14
(o) { Outtg =0, on dQ (14
and
—YAvo+ K*Kvo = K*(2Kup — f), in Q
2 15
(o) { dyvo =0, on dQ. (1)

We can show (see [7] chapter 3) that problems () and (2y) are well-posed in H'(Q) as soon as
K1 # 0 and y > 0. The topological gradients at xo € Q for a perforated domain (a) Q; = Q\{xo + €B}
and for a cracked domain (b) Q¢ = Q\{xo+ €0}, denoted respectively by Ifap (x0) and 7, ,(x0) can
be easily deduced from the case without blur and are given in the following Theorem.

Theorem 4.1. The topological gradients associated to problems (14) and (15) and to the cost function
Je(u) = [, o |Vu|?, for a perforated and a cracked domain are respectively :

17, (x0) = =2V (x0). Vo (x0) + % (f(x0) — Kuo(x0)) (Kvo(xo) — Kuo(xo)) (16a)



I} ,p(x0) = min ¥ (xo,7)
[Inf|=1 (16b)
with .7 (xp,1) = —tVug(xp).iVvo(xo).7i

with ug and vy given by (14) and (15) and v > 0.

5 Speckle multiplicative noise

We consider the variational problem (1) with the energy given in (8). More precisely we study the
minimization problem :

4
min Do)+ [ s (17

where y(x,u) = u+e~“¢) and g = log(f) is the logarithm of the observed image. We assume that
there is no blur i.e. K is the identity operator. To shorten notations we write sometimes y/(u) instead

of y(x,u).
Remark 1. In [8] the authors propose a speckle denoising model using the total variation model with

the data fidelity term associated to (7).

This section is organized as follows. First, we show that (1) admits a unique solution for a more
general class of functions y (verifying Hypotheses 1) and we prove that the solution verifies some
min/max principles. Then we apply the general result to show that problem (17) admits a unique so-
lution with y(x,u) = u+ e~ (1=8()) Next, we compute the topological gradient for a general function
v verifying Hypotheses 1. We still denote Jo (1) = [q |Vu|* and Eq(u) = LJo(u) + o w(x,u).

5.1 Well-posedness of problem (1)

In this subsection we first establish the well-posedness of (1) for a general class of functions
y(x,u) and then we check that the function y(x, u) associated to the speckle-Log model (17) matches
these hypotheses. To simplify we suppose that y = 1 and sometimes we write Y (u) for y(x,u).
Hypotheses 1. Let y : Q x I — R such that

() urs w(x,u) €C3(I)Vx € Q
(i) x> D,y (x,u) € CO(Q)Yuel
(iii) u — y(x,u) is stricly convex on I, uniformly with respect to x € Q.
(iv) v is bounded from below on Q x [
(v) Ja,b € I such that for all x, D, y(x,a) < 0 and D, y(x,b) > 0 with [a,b] C I.

Lemma 5.1. Ler y(x,u) a function verifying Hypotheses 1, then (1) admits a unique solution ug €
H'(Q) such that a < ug < b.

Démonstration. Existence : Let (u,) a minimizing sequence. There exists a constant C; such that
Eq(u,) <Cj. As y(x,u) is bounded from below on Q x I there exists a constant C; such that [ v (x,u,) >
C,. Therefore :

/ |Vu,|? < max(Cy,Cy —C,)
Q

Let v, = max(up,a), and Q,; = QN {u, <a}, we have v, > a and

Ea(vn) ~Ea(w) =~ [ Vi+ [ y(a) = y(w)

8



By convexity :
Y (un) —y(a) > Dyy(a)(un —a) and [o (W(a) = ¥(un)) < Jo, Duw(a)(a—up) <O0.

We easily deduce that Eq(v,) < Eq(uy). Thus v, is still a minimizing sequence and v,, > a. Simi-
larly by setting w,, = min(v,,b), we get w, < b and w, is a minimizing sequence. Therefore we can
suppose that any minimizing sequence u, verifies a < u, < b. It is easily seen that u, is bounded in
H'(Q). Thus, up to a subsequence there exists u € H' () such that u, Lzl?) u and uy, Q) u (where

1
L) stands for the weak topology). By using the lower semi-continuity of Jo (#) and Fatou’s Lemma

we get that u is a solution of (1). Moreover we have a < u < b a.e. on Q.

Uniqueness : From the existence, we can work on the set H(Q) = {v € H'(Q),a < v < b}. Since
w(u) is strictly convex on [a,b] C I and Jq (u) is strictly convex on H'(Q), we deduce that Eq(u) is
strictly convex on H(Q) which is a convex set and that Eq has a unique minimum in H'(Q).

We apply below Lemma 5.1 to the speckle-Log model. O

Proposition 1. Ler f a function such that ¥x, 0 < o < f(x) < B where o and B are two constants,
then problem (17) with ¢ (u) = |Vu|® and w(x,u) = u+ e “8) where g = log(f) has a unique
solution u € H'(Q) and Vx, log(a) < u < log(B).

Démonstration. A standard computation leads to D, y(u) = 1 — e~ “~8) and D2y/(u) = e~ “~8) > 0.
Hence y/(u) is strictly convex on | —eo, 1] VN € R. By using that 0 < o < f < 3 we get

1— e 108B) < D y(u) < 1— e (ulos(@)
Let a = log(a) and b = log(), the following inequalities hold
D,y(b) > 0and D,y(a) <0

From Lemma 5.1, there exists a unique function u € H'(Q) solution of (17). Moreover we have
a<u<b.
O

In the next subsection we detail the computation of the topological gradient for a perforated do-
main and we just give the result for a cracked domain.

5.2 Computation of the topological gradient for a perforated domain

Let ug = ug, be the solution of problem (1) replacing Q by Q¢ = Q\{xo+ €B} and let J¢(u) =
Jo, (u). In order to establish the topological expansion for a more general class of problems, we assume
that y(x,u) verifies Hypotheses 1. By writing that DEg, (ug).v = 0 for all v € H'(Q;), we obtain the
following variational formulation : find u, € H'(Q,) such that

/ YVue . Vv+D,w(x,us)v=0 Yve H (Qe) (18)
Q¢

Then by an integration by parts, ue necessarily verifies the Euler equations :

19)

_'}/Aus +DMW(X) Mg) = 0 on Qg
(Z%)
anlxlg - O on 89.8



If F stands the following functional
Fe(u,v) = / YVu.Vv+D,y(x,u)v  Vu,v € H (Q) (20)
Q¢

Then (18) rewrites as : find ue € H'(Q¢) such that Fe(ue,v) =0 Vv € H'(Qe).
We denote by ug the solution of (18) for € = 0 and we state the main result of this section. To simplify
notations we perform the proof with ¥ = 1 (but we state the Theorem with y > 0).

Theorem 5.2. The topological gradient Ifa » associated to problem (19) with y(x,u) verifying Hypo-
theses 1 and with the cost function Je(u) = [q, |Vu|? for a perforated domain is

I7,,(x0) = =27V uo(x0).Vvo(xo) + %Dull/(x()v up ) (uo(x0) —vo(xo)) (21)

with uy and vy given by (19) and (26) for € = 0 and with y > 0.

Remark 2. The topological sensitivity for some non linear PDEs using as main operator the Laplace
operator with Dirichlet boundary conditions (on the boundary of the small perturbation) has been
studied by Amstutz [2].

Démonstration. The proof is very technical and can be skipped by readers not interested by details.
The topological gradient is given by the leading term in the difference Jg (e ) —Jo(uo). Let us introduce
the functional Je (u) = — [o_ Dy W(x,u)u; by using (18) with v = ue, it is straightforward that :

Je(ug) — Jo(uo) = Je (ue) — Jo(uo)

=~ | Ouyue)ue—Doy()u) + | Duyluoluo
Qe Be
- / Do (o) (e — 6) + (D (1te) — Dy (1)) g 22)

= I
+/Q (Duy (ue) — Dy y(uo)) (ue —uo)
:Lg(ug—uo)—i-fe‘i'éal

where
Le(w) =~ [ (Daw(uo)u-+ D3y (uo)uon)

€

Ie = /B s D,y (uo)uo (23)

1
& = —/Q <2D3y/(une)uo —I-Dﬁl//(ugg)) (ue —u0)2

and where ugs, = 01+ (1 — 01 )ue, upy, = Grug+ (1 —62)ue with 6;: Q =R, 0<6; < 1 for 1 <i<2.
To compute the term Lg (ue — ug) in (22) it is classical [3, 37] to introduce an adjoint problem. Due to
the non linearity of the direct problem, we first make a second order Taylor expansion of F;(u,v) with
respect to u at point u :

1
Fe(ug,v) = Fe(up,v) + D, Fe (up,v).(ug — ug,v) + EDiFg(Mas,V).(Mg — Ug, Ug — Up) (24)

= Fs(”OW) —|—b£(u£ - MOaV) +C£(M£ —Up,Ug — 1407")

10



with
bg(u,v):DFg(uo,v).u:/ Vu.Vv+/ D2y (up)uv
Qe Qe

1 1
ce(u,t,v) = EDgFg(uas,v).(u,t) = /Q EDgl;/(uns)utv

Then the adjoint solution ve € H'!(Q) is defined as :

be(u,ve) = —Le(u)  Vu€ H'(Qg) (25)

The Euler equations associated with (25) are :

(2¢) { —YAve + Doy (o) ve = Dy (uo) + Dy (uo)ug on Qe o6

d,ve =0 o0n d0Q¢

Remark 3. (i) In the proof, we take y= 1.

(ii) The adjoint problem (2 ) is linear and we can notice that the strict convexity of u — y(x,u) is
necessary to (2, ) be coercive. Since u — y(x,u) is C>(I) and thanks to Lemma 5.1 there exist
two constants A, B € R such that

A < Dy (uo) + D2y (uo)uo < B

Hence (26) is well-posed and thanks to Lemma 5.1, we have the following inegality

A B
Y
supo D2y (ug) ~ °  infq D2y (up)

We deduce from (22) and (24) that :

Je(”e) _JO(MO) = _bs(ue _M07Ve)+js+gl
:FS(”Oav)_FE(M87V8)+Cs(u8_M07u8_u07vs)+j8+@@] (27)
:FS(MOaVe)‘f‘@@Z"‘js‘f‘éal

with
& :CS(MS_M07MS_MO7V£) (28)

By using an integration by parts, the term Fg (1, ve) expresses as :
Fe(up,ve) = /Q Vuy.Vve + D,y (up)ve
= [ Ouave+ [ (~Buo+Dyuo)) ve
0B; Qe

=—/ %mw—/ OnUoVo
9Be 9Be

with we = ve — vo. Now for @ € H'/2(dB¢) we introduce the following extension on B :

{Alg) =0, on B, (29)

I = o, sur 9B,

11



For v € H'(Q¢), we denote by I} the harmonic function defined on B such that I} = v on dB;. By
integration by parts Fg (ug,ve) writes as

Fg(u(),vg) = —/B (VM().VV()—FAM()V()) —/ (VM().VZEVS —l—Auo.l;"e)

€

= o +/ oA —/ D, —/ ~an1WS—/ D (uo)12e
/835 Uy Vo 5, UpAvg 5. v (uo)vo 25, U Onlg s, v (uo)ly (30)
:—/a uN()(anV()—l-anlévs)—/ D,y (uog)vo+ &3+ &4
B¢ Be
= et et G146
with oy = up — up(0) and
Fe=— /a @@+l A== [ Dyl

&3 :/ upAvg 4y =— | Duy(uo)ly*
B¢ Be

D

The computation of _Z¢, &1, & and &, needs to approximate we and Xe = ue — up in the H 1(Qg)
sense. From Lemma 10.3 (see Appendix A), we can show that || X||0.0, = O(€2\/—log(€)) and that
we = €0 (£) + re where Q is given by (57) with g = —Vvy(0).7 and ||re||1 .0, = O(e%/—log(€)).

Proposition 2. Let J,, Fe, e, &1, &, &3 and &y given by (23), (28) and (31), we have the following
estimations :

4
Je(ue)_-]o(uo) = js"‘fs"‘%"‘zéﬁ;‘
i=1
e = &> D,y (0,u0)up(0) (32)
Fe = —2me*Vup(0).Vig(0)
He = —me’ D,y (0,uy)vo(0)
and & ~ o(€*) fori € [[1..4]

Démonstration. The first equality is straightforward. Lemma 10.3, the regularity of y/(x,u) and Pro-
position 1 allow to say that & and &, are O(||ug — ”0H<2),Qe) and then ~ O(—€*log(¢€)). We recall the
notation y(u) means y(x,u(x)). A change of variable (CV) and the continuity of x — D,y (x, up(x))
lead to

A /B D (X, u(6X)) o (€X) = £2D, w(0, u0 o (0) + o)
He = SZ/BDL,VI(SX,uo(SX))vo(SX)dX = 27D,y (0,u0)vo(0) + o(£?)

Again with a CV, the equality Avy = D2y(uo) (vo — uo) — D, (1) and the regularity of w(u), we get
& ~ O(€*). By using Lemma 10.4 and Lemma 10.1 (see Appendix A) we have :

Fe = /{)B(uo —up(0)) (anlfE +8nvo) +/aB (g — uo(0)) Il

— 2Viu(0). /8 A+ F1+ P
B

12



with
A(x) = —2Vvy(0).7

F = /a ,, (10 = 10(0)) (w0 — ¥p(0).7)
Fa= [ (w0 w(0)au

A CV and a Taylor expansion of ug and v at 0 lead to .%; = O(&?) and
Fy < Ce?|| Ol (€X)|| -1 /2,95- For Z; it suffices to make a CV and use the trace Theorem on B,\B :

1 1
[l (eX) || -1/2.08 < s |l (eX)]y = E|les(sx>(x)h,3
C
< E”e&‘(sX)HHW(aB)/R < Cllee(eX)|| 1 (5,\8)/m
Now from the equivalency of the H' (B;\B) /R-norm with the semi norm and a CV we get [|d,l¢* (€X) || _1 /2,95 <
Clee|1 g, By using Lemma 10.4, we obtain .%, = O(e>\/—log(€)). Finally by using a CV, the conti-

nuity of ¢ — [? from H'/?(9dB) to H'(B), the trace Theorem on B,\B, again a CV and Lemma 10.4

we have :
6| < CE2(|12% (eX)[lo.s = CE2(|1"* ) (X)][o.5

< Cewe(eX)] om < Clpe(£X) | 15
1
< &2 jweloa, + belv ) < Cev/~Togte)
O

The topological expression is easily deduced from Proposition 2 and Theorem 5.2 is proven. []

5.3 Expression of the topological gradient for a cracked domain

For the cracked domain Q¢ = Q\xo+ £0(7), computations are similar. The term .% of (27) is
zero and the term Fg (uo, v, ) expresses as Fg(up,ve) = — |, B, Ontio[we]. The asymptotic expansion of u,
and ve are similar and then the computation of the topological gradient is the same as in the linear
case (see [4, 21] for more details).

Theorem 5.3. The topological gradient Ij,, associated to problem (19) and to the cost function
Je(u) = o, \Vu|? for a cracked domain is
Ilc,ap(XO) = min j(x07ﬁ)
[l]|=1 (33)
with f(XQ,I_”i) = —ﬂVuo(X()).ﬁVVQ(X()).ﬁ

with ug and vy given by (19) and (26) for € = 0 and with y > 0 in front of the Laplacian.

6 Poissonian model with blurring
We recall that we model the observed image f as a step function defined by f; € R on R; for

J € Iina(Q), where R; is a regular domain of R?> modeling pixel j and we denote N = |I,4(Q)]. To
simplify, we suppose that |R;| = 1 and that Q is the disjoint union of the (R;);ej,, (o). We assume that

13



min;c;, () fj > 0. We recall the general minimization problem associated to the Poisson model given

in (12) :
min *JQ )+ Z Y (/ ) (34)

1
ucH (Q) ]elmd )

with y;(x) = x — fjlog(x). We still denote in this section Jo(u) = [o [Vu|* and Eq(u) = YJo(u) +
Z]GIm,] ll/](fR KM)

Flrst we show that problem (34) is well-posed, then we compute the topological gradient for a
perforated domain (a) : = Q\xp + €B, and we give the expression for a cracked domain (b) :
Q¢ = Q\x + €0 without proof.

6.1 Well-posedness of problem (34)

Proposition 3. Let f a step function such that min; f; > 0 and max; f; < oo, then problem (34) with
V;(x) = x— filog(x) for j € Lina(Q) admits a unique solution u € H'(Q).

Moreover this solution verifies & < [ u < B, Vi € Ljng(Q) with o = M and B = [o f = Yicru@ fie

Démonstration. Existence : To simplify the proof we suppose that K is the identity operator and
Y= 1. The proof for the general case is quite similar. For more details see chapter 3 of [7].

We must add a priori to (34) the condition [ rU>0,Vie Iina(Q).

Weset H={ucH' (Q), [ru>0 Vie Iina(Q) }. Then (34) rewrites as :

i v 2w ()

Let (u,), a minimizing sequence of Eq(u) in H(Q). There exists a constant D > 0 such that Jo (u,) <
D.

If C =Y ;min. ) o ¥j(x) = ¥, fj — filog(f;) > —oo, then :

og/ |Vu,|* < max(D,D —C)
Q

By using the positiveness of [, |Vu,|?, we deduce that YV (ij un) < D. Setting K; = Y. ;_;min, y;,
it is straightforward that y; ([ u,) < D —K; and then

0<E,-§/un<E (35)
E< |

with E; = max {y; ' (D —K;) } and E;=min {y; ' (D — K;) } (we recall the notation y; ' (b) = {x €]0,c0

. Hence the constraint fR,- u, > 0 is fulfilled. We deduce that Y, E; < [qu, =Y, J, R Un < Y, E; and
thanks to Poincaré-Wirtinger Lemma we get that u, is bounded in L*>(Q). So, there exist a sub-

. | LX(Q) HY(Q)*
sequence u,, (still denoted u,) and u € H' (Q) such that u, — uand u, — u. We deduce that

Jo(u) <liminfJg(u,) and thanks to (35) and Bolzano-Weierstrass Lemma, we can extract a subse-
quence u, such that fRi u, — l; € R. By continuity, we have y; (fRI, u,,) — y; () Vi € L,4(2) and

Eg (u) < lim infEQ (I/ln)

14
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which proves that u is a minimizer of Eq(u) in H'(Q).
Bounds : If u € H'(Q) is the solution of (34) then DEq(u).v =0 Vv € H'(Q) i.e.

/vuw+ Z Dq/,</ >/Rv:0, W e H'(Q) (36)

JELina (Q J

with DY ( f,u) =1~ ot
(i) By taking v =1, we get the egality N =¥ ji As ji >0,V € Lng(Q) and if ig = argmin [y u,
i

fig

Jrig

(ii) By taking v =u, we get the inequality }'; [ u— f; <0 which leads tomax; [p u <Y, [ u <Y fi.
Uniqueness : From the two previous points we can consider the minimization space

H(Q) = {u EH(Q),a < iju < ﬁ} Since y;(X) is strictly convex on [ct, B] for all j € I;q(Q2), we

we have N > — which leads to jR u> f’" > mm min; fi

get from the linearity of the integral that u — y; ( ij u) is strictly convex on H(Q). As Jg is strictly
convex, we deduce that Eq(u) is strictly convex on the convex set H(Q) and so that Eq has a unique
minimum in H'(Q). O

Remark 4. (i) Under the same hypotheses on f, we get the existence and uniqueness of a solution
ue in H'(Q¢) for (19). For & small enough, we still have min, ng ug > mm’ ! and max; ng ue <

fo Zfilflav’ EImd( )
(i) When K # I is such that K1 # 0, we can show that problem (34) is well-posed in H ! (Q). For
more details we refer the reader to [7] chapter 3.

(iii) We can show that Proposition 3 holds as soon as y; are bounded from below for j € [;,4(Q)
and strictly convex on I C R. In the general case o and 3 are implicitly defined in function of

V.

6.2 Computation of the topological gradient for a perforated domain

In this section we compute the topological gradient for a perforated domain Q, = Q\{xo + €B}.
Let jo € Ijna(€2) be such that R, O Be(xo) where Be(xo) is the ball centered at xo and of radius €. For
J € Iina(R), let RS be the domain equal to R}, \Be(xo) if j = jo and R; otherwise. Now let us denote
I5(u) = fR;; u, Ij(u) = g, u, Je(u) = Jo, (u) and u, the solution of (34) replacing Q by Q.

By writing DEqg,.v=0Vv c H ! (Q¢), we deduce the following variational formulation of (34) :

find ue € H'(Qe) such that Fe(ue,v) =0 Vv € H'(Qe)
where Fe(u,v) is the following functional on H'(Q.) x H'(Q,) :
Fe(u,v) = / YVu.Vv+ Z Dy; ( I8 Ku)) / Kv 37
Qe jelmd(‘Q)

By taking v € Z(RY), the space of C(R?) functions with compact support in R, we obtain —yAug +
Dy;(If (Kug ) )K*1 = 0 on R%, Vj € Ijya(Q2). Then if v is any test function v € H'(Q), we get dyue =0
on dQ. Therefore :

(2) { — YAug + Dy; (I5 (Kug)) K*1 =0, on RS (38)

dote =00n dQ, and [us],;Rj =0
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where [u¢]gg; denotes the jump of u, through JR;.
We now give the main result of this section. The proof is performed in the case y=1and K =1
but the proof is the same in the general case.

Theorem 6.1. The topological gradient Iz’ap associated to problem (38) and to the cost function
Je(u) = Jo, \Vul|? for a perforated domain is

Ifap(X()) = —ZﬂVuo(x()).VvO(X()) + %Dl]/jo (Ijo (Ku())) (KM()(XO) — KV()()CQ))

(39)
D), (I, (Kuo) ) Kuo (x0) (I, (Kuo) — I, (Kvo))
with uy and vo given by (38) and (44) for € = 0.
Démonstration. We set
Rw=- Y [ py(@)a=— ¥ Dy ()i
jEIind(Q) Rj jEIind(Q)
The difference Jg (ug) — Jo(uo) is
Je(ue)_-]o(’/lo) :-Z;(Ms)_-za(uo) :LS(ME_MO)"’_jS (40)
with
Le(w == ¥ [ (Dvi(Ti(u0)) + D2y o) i ()
jelind(g) Rj
j€lina(@) 7R (41)

%:AWW%MWWMMWMMWM

B

Then in order to introduce the adjoint problem, we make a second order Taylor expansion with respect
to u for Fy(u,v) :

Fe(ue,v) = Ge(ug,v) + be(ue — ug,v) + ce(v) + de (v) (42)
with
Ge( Vu.Vv+ D
(u,v) / u.Vy jeg(:m 74104 ())/Rgv
(u,v) / Vu. Vv+]€I§ )D v (Ij(uo) / /RS
«)=3 T [ D)~ [

] €1 md

s(5) = =D {1y u) w0 v

where & = 0 fRs ug+(1-0) ij up € [or, Bl with0 < 6 < 1. Next, we introduce the adjoint problem :
find ve € H' (QE) solution of

be(u,ve) = —Le(u)  VYue H'Y(Qg) (43)
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By taking u € @(Rf) and by integrating by parts, we deduce the following Euler equations associated
with (43)

~ Ave + D?vr; (I (up)) /R ve =1 on K¢
J

dve =00n0dQ, and [vg]aRj =0
Remark 5. For ¥ # 1 and K # I, the adjoint problem is defined by

—YAve +D*y; (II(KMO))/EKVE =K*1 on R;
R (44)

dwve=00ndQ, and [vg],;Rj =0
From (40) and (42), we obtain

Je(“s) _JO(UO) = _Le(ue - uO) + e = _be(us - u0>ve) + S
= Gs(uoavs)+C£(Ve)+d£(ve)+js (45)
= Ge(uo,ve) + e+ Ffe+ &

with
1 =ce(ve) and _Ze =de(ve) (46)

By using an integration by parts, G¢(uo, ve) expresses as

Y, Dy, (Ij(uo))/e_\/e

Gs(”Oﬂ"s) = - an’/‘Ovs _/ Augve +
Qe J€lina (Q) R-/

dB¢

= - anuovs
N

With a similar computation to the one made in (30) for the speckle model, G¢ (ug,ve) rewrites as :

Geluo.ve) == | 0@+ 0,12%) Dy 1y ) |

0B¢ B,
=He+ L+ E+E

v+ [ i@avy Dy, () [ 1

with g = ug — up(0), we = ve — vp and
Lﬁz—/ G0 (Buvo -+ dul2)
0B¢
Ze = =Dy, (I, (uo)) /B Vo (47

&= [ wav . & =Dy W) [ 1

In the following proposition we give the asymptotic expansion of the previous quantities.
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Proposition 4. Let Je, Z¢, He, 2, &1, & and & given by (41), (46) and (47), then we have the

following estimations :
3
Je(ue) —Jo(uo) = Ie+ Fe+ He+ Le+ Y. &
i=1

Ie = &> (D)o (L (o)) + D>y, (1, (o)) I, (o) ) 0 (0) + 0(€?)
e = =1’ Dy, (L (u0)) uo (0)1jy (vo) + 0(?)

He = —2m€*Vuy(0).Vvo(0) +o(e

Ze = —me’ Dy, (1 (10)) vo(0) +o(€?)

and & ~ o(€?) fori e [[1..3].

(48)

o
%)

Démonstration. The first equality is straightforward. A Taylor expansion of ug at O gives the first
estimation. Again a Taylor expansion of #y at 0, Lemma 10.6 (see Appendix B) and the fact that
R§O R jo give the second estimation. For .%; we refer the reader to the proof of Proposition 2. For

&1, we use Lemma 10.5, the regularity of y/(x) and that & € [a, B] :

&1 <cy (/Re.”e_”°>2+c</38uo>2

Jev j

< Cllue — ug||§.q, +Ce* = O(*l0g(€))

By using that Avg = D?;, (I}, (u0))1},(vo) and a Taylor expansion of ug at 0 we get & = O(€?). For
&3, from a change of variable and Lemma 10.6, we get

|63] < C||1 (eX) o, < CE>/—logle)

(see Proposition 2).
O

Denoting by jo the integer such that R, > xo, we deduce the expression given in Theorem 6.1. [l

6.3 Expression of the topological gradient for a cracked domain

For a cracked domain Q; = Q\{xo + €5 (i)}, the computations are similar. The term .#; of (45)
is zero and the term F (ug,ve ) expresses as Fg(ug,ve) = — fas dntp[we]. The topological expansion of
ue and ve are similar with the perforated domain and the computation of the topological gradient is
the same as the linear case (see [4, 21] for more details).

Theorem 6.2. The topological gradient Izap associated to problem (38) and to the cost function

Je(u) = Jo, \Vu|? for a cracked domain is

fap(xo) = min .¥ (xo, 1)
In=1 (49)
with S (xo,1) = —tVuo(x0).17Vvo(xo).7

with ug and vy given by (38) and (44) for € = 0.

Remark 6. The topological gradient is the same in the general case of functions y; € C3(I), strictly
convex on I and bounded from below on I. Just in the right hand-side of (44), K*1 must be replaced
by (D*y;(1j(Kuo))l;(Kuo) + D;(1;(Kug))) K*1.
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7 Summary table of the topological gradient expressions

We summarize in Table 1, all the expressions of the topological gradient according to the type of
noise and to the infinitesimal perturbation.

Ball Crack
Gauss —27TVMO (X()).VVQ (xo) + %(f(xo) — Kug (X())) (KVO (X()) — Kuy (XO)) —7'CVM() (XO).ﬁVVO ()CQ) A
(K #1)
Speckle—Log —ZﬂVuQ(xo).VVQ(xO) + %DMIII(XQ, uo)(uo(xo) — Vo(X())) —ﬂVuo (XO).ﬁVVO(XQ).ﬁ
K =1) with W(x,0) = u— Log(f(x)) + f(x)e "
Poisson —ZJIVM()(XO).VVO(XO) + %Dl]/jo (Ijo (Ku())) (Ku()()C()) — KVO(X()))
(K#1) —|—§D2 Vi, (I, (Kuo)) Kuo(xo) (1, (Kug) —1j,(Kvo)) —7tVug(xo).17Vvo(xo).7
with yj, (x) = x — fj,Log(x) and I, (v) = fRio v, where R, 3 xo

TABLE 1 — Summary of the topological gradient expressions

8 Restoration using the topological gradient for a cracked domain

As a by product the computation of the topological gradient I7,, for a cracked domain allows
to restore images degraded by blur or/and various noise statistics. Once I is computed, we define

Lap
for a fixed threshold 6 > 0, the set E5 = {x €Q;

function
nifxekEy
X)) =
%n( ) { 1 otherwise

I, (x)] > 8 } and the approximated characteristic

where 7 is a small positive parameter. From the computation of /7, we also get the normalized

direction 7 = ji* of the edge. If n = (cos(¢),sin(¢@)) is the normal to the crack given by I7,,» we have
T = (sin(@),—cos(@)). Then, if f is the degraded observed image, we want to find a restored version
u of f as the solution of the following anisotropic PDE :

{ —div(yPy (x)Vu) +K*Dy(Ku) = 0 on Q 50)

du=0onT
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with

%( f—u)*  (Gaussian model)
y(x,u) = j;};d (/Rj u— filog </R,- u)) 1g,(x)  (Poisson model) 51)

log(u) + Ji (Speckle model)

and where P} (x) is a tensor constructed from ¢ (x) and gy (x) and y is a parameter to tune. More pre-
cisely, we choose Py (x)Vu(x) = (Vu.T)T + xn (x)(Vu.ii)ii. A simple identification shows that Py (x)
is the matrix ) )
+ Xn(X)n niny (X (x) —1)
P2(x) = n n 1 n 52)
n () ( nimy (X (x) = 1) ni+ xn(x)n3 (

where nj = cos(¢(x)) and n, = sin(¢(x)). The interpretation of this matrix Pj (x) is as follows :

(i) if x belongs to the background, thanks to the definition of ¥y, (x), Py (x) writes as Py (x) =1, so
div(Py (x)Vu) = Au and the smoothing is isotropic.

(ii) if x belongs to an edge (i.e. x € Ej), then )y (x) is close to zero and P (x)Vu(x) ~ (Vu.?)7 and
the diffusion is in the direction of the edge. As we will see in section 9 on numerical examples,
the restoration results obtained when applying equation (50) are very good.

9 Numerical application to 2D imaging

In this section we illustrate the theory of the topological gradient by giving various experimental
results for models (13), (17) and (34).

The topological gradient expressions for the three models are stated in section 4, 5 and 6 and are
summarized in section 7.

For each model, to compute the topological gradient (TG) we use Algorithm 1. The computation
of the direct and adjoint solutions is specific to each model. The topological gradients are summarized
in Table 1.

Algorithm 1 Computation of the topological gradient
1: Computation of uy and vy by using either Algorithm 2 or 3 according to the model.
2: Computation of the derivatives of ug by convolution with derivative filters.
3: Computation of the TG relatively to the model by using Table 1 and/or Theorems of section 4, 5
and 6.

Remark 7. For a cracked domain, indicators I}
eigenvalue of a 2 X 2 symmetric matrix :

ap (16b), (33) and (49) are given by the minimal

zap - Amin (MO)

with
My = —ﬂVroVg
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First, since equations (14) and (15) are linear, we develop the numerical analysis in a specific
subsection. Then we perform the discretization of problems (17) and (34) and finally we give the
experimental results. As the adjoint problems (26) and (44) are linear with non constant coefficients
we discretize them by a finite difference scheme and we compute the discrete solution by using a
sparse solver.

9.1 Numerical analysis for Gaussian model with blurring

To discretize (14) and (15) we use a DCT1 (discrete cosine transform of type 1) thanks to the
symmetry properties and the fact that the DCT1 of a convolution product of two vectors is the pro-
duct of the DCT1 of each vector. We choose this discretization because of the symmetry properties
guaranteed by the algorithm. A DCT1 of N points is equivalent to a DFT (discrete Fourier transform)
of 2N-2 points. For example in 1D for N = 4 a DCT1 of [xp,x;,x2,x3] is equivalent to a DFT of
[X0,x1,X2,x3,%2,x1]. We use the FFT (fast Fourier transform) to perform the DFT. The computation
time of a FFT is a & (Nlog(N)). A numerical study shows that for N < 10'°, FFT is faster than a finite
difference scheme. Algorithm 2 gives the different steps to compute the discrete solutions (14) and
(15).

It consists in the following steps :

— Symmetric extension of the initial Ny, x N, image in an 2(N, — 1) x 2(N, — 1) image and exten-
sion of the 2n,+ 1 x 2n,+ 1 kernel in a 2(Ny — 1) x 2(N, — 1) kernel. To fix ideas in 1D and for
n, = 2, the extension of the discrete kernel [x_,x_1xpx1x7] is [xox1x20...0x_px_1].

— Computation of the DFT of the image and of the kernels.

— Algebraic inversion in the Fourier domain.

— Computation of the solution by inverse FFT.

An important point is the choice of the frequency domain Indeed the natural definition of the fre-

quency domain would be {0, 2% A 2” } {0,22 N
fact is explained in [26]. Let us glve the reasomng in lD for a l—periodic function. The trigonometric

function associated with the vector of DFT coefficients is

N—1__ )
MN(X) _ Z ylk\fe%(kerkN)
k=0

where y¥ € RV is the vector such that y¥ = DFT (yV), y¥ = (uN(I/N)) <<y, and my € Z are coeffi-

cients which do not change function « at points x; = %, but they greatly modify u between these points
(aliasing phenomenon appears). If we compute the L?(0, 1)-norm of the first derivative, we get :

[6V]|Z20,1y = (270)? Z|yN| (k+mN)? (53)

From (53), we see that the my, coefficients change considerably the L? (0,1)-norm of the first derivative
and the good choice for my is the value minimizing (k +mN)?. If 0 < k < N/2 then (k+ mN)? is
minimized for my = 0 and if N/2 < k < N then (k+ mN)? is minimized for m; = —1. A special
consideration is made for k = N/2 when N is even because of the two possible choices (m; = —1
or my = 0, see [26] for more details). By following these considerations we define the frequency

domainE:{((N”’Sl) e )) (kx,k)EExXEy},WithExz{0,...,Nx—1,—(Nx—2),...,—1} and
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E, ={0,...,Ny,—1,—(N, —2),...,—1}. We denote by A = (Ay,A,) the 2(N, — 1) X 2(N, — 1) mesh
grid associated to this discrete space. The vector of Fourier coefficients associated to a discrete signal
x € RV is denoted by X.

Algorithm 2 Computation of the direct and adjoint solutions

1. Given an image f;; defined for (i, j) € [0,N, — 1)] x [0,N, — 1], extend it to a periodic and
symmetric image defined on [[0,2(Ny — 1) — 1] x [0,2(N,— 1) —1].

2. Given a blurring convolution kernel k,-lj defined for (i, j) € [[0,2n,] x [0,2n,], use the procedure
described in section 9.1 to calculate its symmetric extension k,, for 0 < m < 2(Ny —1) and
0<n<2(Ny—1).

3. Use an FFT to compute Fj; and Ky; for (k,1) € [0,2(Ny —1) — 1] x [0,2(N, — 1) — 1]

4. Given A = (A, Ay), the meshgrid associated to the frequencies domain described in section

9.1, compute

_ _ KuFu _ Ku(2KuUn—Fir)
= > and = ==,
Ukl ‘Kkl|2+7/\f1 Vkl \Kkl\z‘f‘YAfl

5. Use an inverse FFT to compute ;; and v;; for (i, j) € [0,2(Ny, — 1) — 1] x [0,2(Ny — 1) — 1].

9.2 Numerical analysis for Poisson and Speckle models

If Inff > 0, by Proposition 1 and Proposition 3, problems (17) and (34) are well-posed and can
Q

be discretized as :

(Speckle-Log model) min Ji(x), oaxz>0 (54a)
x>log (o)
(Poisson model)  minJ,(x), «,>0 (54b)
x>0
where o = min(f) > 0and @, = %’W) fV is adiscretization of f; J,(x) and Jy(x) are respectively

the discrete versions of the energy functions (12) and (8). We choose a simple discretization : 1" (x)
is the step function equals to u(j) on pixel j, and we represent u" by a vector of RY.

During the construction of the sequence x¥), the condition x*) > o, for the Poisson model (respec-
tively x® > og(ay) for the speckle model) must be fulfilled at each step. Hence a projection ensures
this condition. To solve these problems we use an iterative algorithm based on the descent method
called the SGP algorithm [17] (scaled gradient projection). Let us write the discrete cost functions :

y N
Jp(x) = —ExTAx—l- ;(Kx)i — filog((Kx):)

1

N
Jy(x) = —%’XTAH y (ui g +e—(u1—g,->)
i=1

where A is the Neumann Laplacian matrix, K is a discretization of the blurring operator (circulant
block matrix if we assume that the image is periodic) and we recall that g; = log(f;). Let us give the
main ideas of the SGP algorithm. The discrete energies J, and J; are denoted by J as soon as we
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do not use their expression and & wiil be the number equal to ¢ for the Poisson model and equal to
log(a) for the Speckle-Log model. We set A = {x € R¥ x> §}. We want to find x* € A such that

VJ(x*) = 0. At step k, a first order Taylor expansion at point x = x(¥) leads to the following equation
VI(x%) + V21 (x®) (x—x*) =0

If det (V2J(x®))) #£ 0, we get x = x®) — V27 (x*¥)) 1V (x(¥)). We deduce by this reasoning that the di-
rection of the descent algorithm can be given by V2J(x(¥))~1V.J(x(X)), but we see that the computation
of this direction is very costly. We denote by Z; the compact set of the symmetric positive definite
N x N matrices such that [|D|| < Land ||[D~!|| < ;. The main idea of the SGP algorithm is to construct
two sequences & and Dy € Z; such that gDy approximates V2J (x(k)) and to project each iterate on
A with respect to the norm ||x||p = VxT Dx. We set P, p-1 for D € 7, the projector on A with respect
to the norm ||.||p. '

We recall the SGP algorithm in Algorithm 3 ( see [17]).

Algorithm 3 SGP algorithm

1: Setx© > a, B,6 €]0,1[, 0 < Ohin < Onax> L > 0, and fix a positive integer M.
2: for k =0: kyu do

3: Choose the parameter 0 € [Qyin, Omay] and the scaling matrix Dy € 7,

4 Projection : y®) « Pxp; (x®) — DRV f (x%)

5: if y) = x(¥) then

6 Stop, x%) is a stationary point.

7 end if

8
9

Descent direction d®) = y(®)

)

: M+ 1 and J,0y maXOgjgmin(k,M,UJ(x(k*j))
10: A« fixed by backtracking :
11: while f(x® + 4,d®) < Jr + BLVI(xE)Ta®) do

B

12: Ay BN

13: end while

14: x4 2, g®)
15: end for

The construction of the sequences Dy and ¢ needs some explanations. We choose Dy, = diag(df‘)
with d¥ = min (L, max (%, g—i{ (x®)~ 1) ) . The approximation of the Hessian matrix V2J (x*)) is B(0y) =
oDy By using a first order Taylor expansion of V.J(x) at point x*~1) we get that

VI8 = vy (DY = w2y (xR (0 kDY 4 ((x<k> —x<k*1>)2)
Hence two possible choices of o can be made :

B S(k—l)TDk—lDlzls(k—l)
D S(kfl)TDk*IZ(kfl)
st p, k=1)

‘B(ak)s(k’” —z(kfl)‘

Ockl = agrgmin
o

‘S(/H) _B(ak)flz(kfl)‘

Ockz = argmin
(04
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where s~ = x() — x*=1) and z*&-1 = vj(xK)) = VJ(x*=1)). In [17] the choice of oy is the output
of an algorithm called SGP-SS Algorithm (SGP step length selection) which uses two thresholds
0 < Onin < Opayx. Let us give the derivative of the discrete cost functions J, and J :

f T
VJ,=—yAx— K~ +K'1
f YAx Kx+

2, _ T f

V<J, = —YA+ K" diag <(Kx)2> K
VJ, = —yAx+1—e &/

V2J, = —yA +diag (e_(x_f))

where 1 € R denotes the vector with each coefficient equal to 1, diag(x) for x € RV is the diagonal
matrix with diagonal entries equal to x. For x € RY and ¢ : R — R a function, ¢(x) stands for
the vector (¢(x;))1<i<n. The choice of the parameters in Algorithm 3 is the following : 8 = 1074,
0 = 0.4, kyax = 600, M = 1 and for the Poisson model (34) we set Cpin = 10710, e = 10° while
for the Speckle-Log model (17) we set 0 = 107>, Opax = 1012, The initial value of %0 is either the
observed image for the Poisson model or its logarithm for the Speckle-Log model. Let us note that in
the case of the speckle model, (50) is performed with y(u) = log(u) + %:

9.3 Comparison of our method with some classical models

As said in the introduction other variational methods exist for segmenting/restorating images.

We will compare the topological gradient segmentation process with the one performed by the
Mumford-Shah model. We will also compare the restoration proposed in (50) with the ones given by
the Mumford-Shah restoration and by the TV restoration.

Mumford-Shah model of segmentation/restoration and its approximation

Let u the image of support €, the functional introduced by Mumford and Shah in 1989 (see [33])
is

Fuy) = [ lewlP A [ va+an' ()

where f is the observed image, u is a function defined on Q\7 (the restored version of f) and y C Q
is the set of discontinuity of u. /#! is the Hausdorff measure of ¥, 2 and « are positive parameters.
The difficulty was that the unknown are not of same nature : u is a function and 7 is a set. Ambrosio
and Tortorelli [1] proposed an approximation of this functional as follows :

2
Fe(u,b) = /Q [|M—f|2+lb2|vuz+a <S‘Vb|2+ . 481) ﬂ

We will change the data fidelity term |u — f|? according to the a priori model (Gaussian, Poissonian
and speckle model) i.e. the model that we will compare with (50) is (see [35]) :

' b—1)?
MEHl(gr;)]géHl(Q)/g{l//(x,l{u)—i—lbzwu\z—i—a(8|Vb]2+( 48) )] (55)
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where K is the blur operator, u(x) is the restored image, 1 — b(x) & 0 is the characteristic function of
the edges and y(x,u) is given in (51). We will call this model the Mumford-Shah model (MS).

TV model of restoration

The TV model is well-known : we search for a restored version # minimizing an energy functio-
nal which is the sum of the total variation ||Du|| and a data fidelity term which depends on the a priori
model (see [8] for the speckle model and [16] for the Poisson one). Thus, we will compare our model
B0)to:

i Du| +Aw(x.K 56
uegggg)/gl ul+Ay(x,Ku) (56)

where A is a parameter, K the blur operator, and y(u) is given in (51). In the sequel we call this model
the TV model.

For more details on these models we refer the reader to [16], [8], [35] and [33].

For restoration comparisons on synthetic images we use two indicators :

— the PSNR which is defined for a noisy observation / of an image Iy by

255°
2

where N is the number of pixels in the image.

— the SSIM defined as
(Qurtg, +c1)(2cov(I,Iy) + ¢2)

(M7 + HIZO +¢2)

where L, stands for the mean of x, cov is the covariance operator and c¢; and ¢, are constants
given for RGB images by ¢; = (255k;)? and ¢, = (255k;)? with k; = 0.01 and k, = 0.03.

SSIM(I) =

9.4 Numerical results for the Gaussian model

An interesting study is the comparison of formula (16a) and (16b) giving the topological gradient
for respectively a perforated and a cracked domain. A priori Ifap (16a), associated to a perforated
domain, would be adapted for the detection of isotropic structures while I, , (16b) would seem more
adapted to detect edges straight. Fig. 1 compares, for different values of v, I, , and Ifap to b(x)
obtained by minimizing MS (55). For small ¥, I ,, seems the most robust indicator to detect the black
spots contours of the cheetah. We remark by increasing 7y that Ifap becomes smooth and singular on
the entire black spots and not only on its contours, while /7, better detects the border of the cheetah.

We deduce that ¥ must be tuned with respect to the noise but also by taking into account the size
of structures to detect.
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(©) I, (160) (y=1) (@ IZ,,.(162) (y=10)

(b) 17,,, (162) (y=1)

(a) Initial image

\
-

i

@) If,,» (16b) (y=10)  (f) MS (55) (2 =5, &t = 10,
£=1079)

FIGURE 1 — Comparison of the two formula given in (16b) and (16b) for different value of y with the
MS model (55) (b ~ 0) for a Gaussian noisy image (PSNR=16dB) containing mainly isotropic small

structures.
Fig. 2 shows I, , and the MS result for a Gaussian noisy and Gaussian blurred image. Results are

similar but /7, has the advantage of being very fast (for this image the computation time is about one
second on a computer equipped with a processor Intel Core 1.9 GHz, see section 9.7 for more details).

(a) Initial image

4

V4 \ D+
( ,\/ 2’ |
Py I \/ 7

‘ . 7/ )
R4 NN | } 7
(e) MS (55) : Zoom

\ \
(¢) MS (55) (A =10, x =5, (d) Iiap (16b) : Zoom

(b) If,,,, (16b)
£=1079)

FIGURE 2 — Comparison of the topological gradient (16b) with the MS segmentation (55) on a Gaus-

sian noisy and blurred image (PSNR=16dB, o = 3).

Fig. 3 shows the restored version performed by (50), (55) and (56) on a Gaussian noisy and
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Gaussian blurred image. We see that the restoration given by MS (55) degrades contours and does
not remove completely the blur. Restorations computed by (50) and (56) are quite similar but the
computation time is shorter for (50).

(a) Initial image, (b) Restored version (50) (c) MS (55) (A =10, (d) TV (56) (A =0.05),
PSNR=16dB, SSIM=0.721  (y=5), PSNR=26.2dB, a=5e=1079), PSNR=26.6dB,
SSIM=0.964 PSNR=24.4dB, SSIM=0.968
SSIM=0.943

FIGURE 3 — Comparison of restored versions (50), (55) and (56) for a synthetic Gaussian noisy and
Gaussian blurred (¢ = 3) image.

Fig. 4 displays the 1D profiles of the image to recover, its degraded versions (blurred, blur-
red+noisy), the restored version (50) and Ifap (16b) across an edge. We see that the restored version
matches very well the image to recover and 7, detects quite well the edge.

350 260 o
- =T TEToee
—=—Iimage to recover »uol| ——image to recover Soeet
: * 8
“007) —+~-blurred version —+—-restored version 4 500
¢ |

* blurred & noisy version

-1000

-1500

-2000

-2500

L ), 3000 L L L .
40 50 0 10 20 30 40 50

() (b) (©

FIGURE 4 - (a) A transverse cut displaying the image to recover, the Gaussian blurred version (0 =
3), the blurred and noisy version (PSNR=16dB), (b) the restored version (50) (y = 5) and (c) the
Topological gradient (16b) (y = 1).

9.5 Numerical results for the speckle-log model. Comparisons

In this section we still illustrate the segmentation given by I, (33), Ifap (21) and b(x) computed
with the MS model (55). We also display the restoration performed by (50), the MS model (55) and
the TV model (56).

On Fig. 5, we compare I, (33) and Ifap (21) for different values of y with the function b(x)
given by the MS model for a synthetic speckled image. Similarly to the Gaussian case, Illja seems

p
more adapted to detect isotropic structures and we still deduce that ¥ must be tuned with respect to
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the noise and to the size of structures to detect. Comparing /7, and MS, similar results are obtained
for the cheetah.

| ;i
§ 007, - o o
» ! ¥
(a) Initial image (b) Igap(ZI) (y=1 (©) Ilc,ap 33)(y=1 (d) Ifap(ZI) (y=10)
i @ e V
(e) Iiap (33) (y=10) (f) MS (55) (A =0.1,

o=10e=1079

FIGURE 5 — Comparison of the two formula (21) and (33) for different values of y with the MS
segmentation (55) for an initial speckled image (L = 6) containing mainly isotropic small structures.

The result given in Fig. 6 for a real SAR image is similar to the one of Fig. 5. Here we see that
I Iljap and I7,,, can be used for different objectives : particularly on small isotropic structures we see that

I ,’jap detects the entire object while I}, , detects its edges.

ey
g SJ }L ‘(',, fo
NN [P2s y
{ Boab \ '.‘. 2 iR 35 B
(b) Ifap CH@y=1D © I, 33)(y=1 (d) MS (55) (A =0.07,

a=1,e=1079

(e) Zoom on initial image (f) Zoom on Ifap(Zl) (g) Zoom on Iiap 33) (h) MS (55) : Zoom

FIGURE 6 — Comparison of the two formula (21) and (33) with the MS segmentation (55) for a real
SAR image.

Fig. 7 and Fig. 9 compare the restoration performed by (50), (55) and (56) respectively on a
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real SAR image and on a synthetic speckled image. Restoration given by the MS degrades contours
while (50) and the TV model (56) are nearly equivalent. However, on Fig. 9, we can notice that the
restoration performed by (50) is better than the TV one and computation times are equivalent (see
section 9.7).

(a) Initial image (b) Restored version (50), (c) MS (55) (A =0.05, (d) TV(56) (A = 800)
(y=5%x10"% a=1,e=1079

FIGURE 7 — Comparison of restored versions (50), (55) and (56) for a real SAR image (Zoom on Fig.
6-(a)).

On Fig. 8 we compare [7,, and b(x) computed with MS (55) for a very noisy synthetic image
(L = 11.e. the worst case for this model). Here I}, , gives a quite good result with respect to MS where
edges are spread out.

~

x_\‘

(a) Initial Image () If,, 3) (y=18) (@ MS(55)(A=1, =1, (d) ZoomonI,, (33)
£=1079)

(e) MS (55) : Zoom

FIGURE 8 — Comparison of the topological gradient (33) with the MS segmentation (55) for a synthetic
speckled image (L = 1).
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(a) Initial Image, (b) Restored version (50) (¢) MS(55) (A =1, a=1, (d) TV (56) (A =90),
PSNR=9.6dB, SSIM=0.304 (y=0.002), PSNR=24dB, &= 107%), PSNR=14.5dB, PSNR=22dB, SSIM=0.927
SSIM=0.945 SSIM=0.924

FIGURE 9 — Comparison of restored versions (50), (55) and (56) for a speckled synthetic image (L =

1).

Finally Fig. 10 shows the 1D profiles of the image to recover, its noisy version, the restored version
(50) and I,fap (33) across an edge. The restored version matches very well the image to recover and
edges are not degraded. This shows that (50) is a good restoration process.

700 260 sy 0

- - o
—e—image to recover 440} —°—Image to recover h Y
600 —+=hoisy version T —+--restored version

40 50 0 10 20 30 40 50

(a) (b) ©

FIGURE 10 — (a) A transverse cut displaying the image to recover and the speckled image, (b) the
restored version (50) (Y = 0.002) and the image to recover, (c) Iiap (33) (y=1.8).

9.6 Numerical results for the Poisson model. Comparisons

In this section we compare the segmentation performed by Ifap 49), Illjap (39) and the MS model
(55). We also compare the restoration computed with (50), the MS and the TV model.

Fig. 11 and Fig. 12 show respectively the segmentation results in the case of a synthetic Poissonian
image and of a real confocal image of a rat’s neuron. I, , (49) detects edges quite well compared to

the MS model. We see that Ifa , fills small structures (the size of these structures is related to ¥ as for
the Gaussian and Poissonian cases).
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: 1} o e
: .
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@) If,, (49) (y=3x10"%)  (f) MS (55) (A = 0.07,
a=1,se=10"9

FIGURE 11 — Comparison of the two formula (39) and (49) for different values of y with the MS
segmentation (55) for a Poissonian image containing mainly isotropic small structures.

1\;-3; 8 . ' '
é
A ~ \ -
) ( .
é S i . .
4\ % » - ! . . % 4
it ’ e ot 5 . -
< ”~ ra
(a) Initial image ) 17,39 (y=10"1 (©) If,, 49) (y=10"1) @ 17,39 (y=3)
]
@) If,, (49) (y=3) (f) MS (55) (A = 0.1,

e=10"%a=1)

FIGURE 12 — Comparison of the two formula (39) and (49) for different values of y with the MS
segmentation (55) for a Poissonian real image containing rat’s neurons.

Fig. 13 and Fig. 15 display the restoration computed by (50), (55) and (56) on respectively a real
confocal image and a synthetic Poissonian image blurred by Gaussian convolution. We notice that (50)
and (56) restore very well the image preserving edges unlike to the MS model (55) which degrades
contours and which does not annihilate the blur effect.
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(a) Initial image (b) Restored version (50) (c) MS (55) (A =0.01, (d) TV (56) (A =5)
(y=10.015) a=1¢e=10"9)

FIGURE 13 — Comparison of the restored versions (50), (55) and (56) for a real Poissonian image of
rat’s neurons.

Fig. 14 compares I;,, (49) with b(x) performed by the MS model (55) for a Poissonian image
blurred by a Gaussian convolution.

(a) Initial image

>

() If,, 49) (y=0.001)  (c) MS (55) (A = 0.07, (d) Zoom on If,,, (49) (e) MS (55) : Zoom
e=10"%a=1)

FIGURE 14 — Comparison of /7, , (49) with the MS segmentation (55) on a synthetic Poissonian image.
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(a) Initial image, (b) Restored version (50)  (¢) MS (55) (A = 0.001, (d) TV (56) (A = 40),
PSNR=23.8dB, SSIM=0.940 (y=10.005), oa=1,e=1e—06), PSNR=29dB, SSIM=0.976
PSNR=29.1dB, PSNR=28.3dB,
SSIM=0.976 SSIM=0.971

FIGURE 15 — Comparison of the restored versions for a Poissonian image blurred by Gaussian convo-
lution (o = 3).

Finally, Fig. 16 shows the 1D profiles of the image to recover, its degraded versions (blurred,
blurred + Poissonian process), the restored version (50) and Ifap (49) across an edge. We see that (50)
allows to recover the initial image and that I, , detects very well the edge.

2501 ~* - blurred & noisy version

—e—image to recover * —e—image to recover
~+=-blurred version £ —+--restored version " -1000

-2000

200 -3000

150 -4000

-5000

-6000

50 50 -7000
0

(a) (b) ©

FIGURE 16 — (a) A transverse cut displaying the image to recover, the Gaussian blurred version (o =
3), the blurred and noisy version (PSNR=16dB), (b) the restored version (50) (Y = 0.005) and (c) Ifap
(16b) (y=0.001).

9.7 Computational time comparisons for the three methods

On Fig. 17 and Fig. 18 are compared the three methods for K = I (no blur) : Mumford-Shah
(MS), TV and the topological gradient method (TG). The experiments are performed on a computer
equipped with a processor Intel Core 1.9 GHz and all algorithms are implemented in Matlab. In
the Gaussian case, since all the equations are linear, the topological gradient method is the fastest
method both for segmentation and restoration. To fix ideas, for an image containing 6.4 x 103 pixels,
the computational time for the segmentation performed by the topological gradient is less than one
second and the restoration is about four seconds.
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FIGURE 17 — Comparisons of the computational time of the three methods in function of the number
of pixels in the Gaussian case

For the nonlinear cases (Poissonian and speckle models), the computation of the topological gra-
dient still remains the fastest but the restoration step performed by (50) takes approximately the same
time as for a restoration given by a TV model. Let us notice that the TV model is implemented by
using an iterative algorithm (explicit schema with fixed step length with at maximum 1000 iterations)
and that the Mumford-Shah model solution is computed by minimizing the approximate functional
alternatively with respect to # and b. When this latter model is associated to non quadratic data fidelity
terms (Poisson and speckle), the minimization with respect to u (at b fixed) is made by using Algo-
rithm 3 and we perform 15 iterations. Finally let us precise that we present on Fig. 18 the computation
time only for the Poissonian model because similar results are obtained from the speckle one.
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FIGURE 18 — Comparisons of the computational time of the three methods of restoration in function
of the number of pixels in the Poissonian case

10 Appendices

In these appendices we give the asymptotic expansion of the differences u, — ug and v¢ — vg for
the non linear problems (Poisson and Speckle-log models). Some proofs are similar to the linear case
and so we will refer the reader to [4]. To establish these asymptotic expansions we need the following
exterior problem

AH =0, on R*\B
(Poxt) R 0,H =g, 0on dB (57)
H— 0, atoo

where g € H™!/ 2(dB) and |. op8d0o = 0. For the computation of the topological gradient we will use
the two following lemma. We omit the proofs and we refer the reader to [21] for more details

Lemma 10.1. The solution of (57) expresses as a simple layer potential :

H(x) = aBl(y)E(x—y)dG

with E(x) = —5-log(|x|) is the fundamental solution of the Laplace operator and A(y) = —2g(y).
Denoting by I the solution of (29), we have the jump relations through 0B

H-1"=0
OuH — Oa1" = —2

and 1" expresses also as I (x) = [;,3A(y)E(x —y)do.

35



The following asymptotic estimations holds.

Lemma 10.2. Let H the solution of (57), then :

|H<x>|s|xc| L VHE < S

J# (), = 0 (v=1e5@)

10.1 Appendix A

In this appendix all the proofs are performed assuming y = 1, and when (19) is referenced we
suppose that Y = 1. Moreover we suppose that y fulfills Hypotheses 1.

Lemma 10.3. Let X = ue — ug where ug and ug are respectively given by (19) for € >0 and € =0, and
let P be the solution of (57) with g = —Vu(0).n, then we have the following asymptotic expansion :

Xg == EP (f) +eg
E
with ||eg||1.0, = O(€?+/—log(€)). Moreover we have the following estimation
Xello.o, = 0 (€2v/~log(e) )

Démonstration. First by substracting equations (19) fore >0and € =0:

—AX, +Du‘/’(xa ue) _Du‘//(xa ’/‘0) =0, on £,

anXg == _anu(), on aBg (58)
0,Xe=0,onT
Then an integration by parts gives :
/Q VXe. Vv + /Q (Dyy(x,ue) — Dy y(x,up))v=— ; Vuo(0).iv Vv e H' (Q) (59)
€ € BS

With a similar manner we integrate by parts the Euler equation checked by P (fg‘) on Q :

/QS vp (g) Vv = —' . Vuy(0).7i — /FanP (g) % (60)

By setting ec = X — €P (%) and substracting (59) to (60), we get

/QS Veg.Vv—i—/Qg (Dul//(x,ug)—Dul//(x,uo))v:—/ranP<z)v—/aBg (Qutto — Vit (0).78) v

Then, thanks to a Taylor expansion, we rewrite the second term on the right hand-side of the above
equality : D, y(x,ue) — Dy W(x,u0) = D2y(x,us,) (e — uo) with us, = Oug+ (1 —0)ug, 6 : Q — R,
0 < 6 < 1. We can bound from below this term by using Lemma 5.1 and Hypotheses 1. Indeed, since
a <ugs, <band y(u) is strictly convex on [a,b] C I, we get that there exists 6 > 0 not depending on &
such that D?y(x, us,) > 6 > 0. Thus e is solution of the following well-posed variational problem :
find e, € H'(Q,) such that

Veg.Vv+/ Dbzll/l(x,ugs)egv:—/anP (f)v—/ (Iuuo — Vup(0).7) v
Qe Q¢ r € d

€

_/Qs D2y (x,us,)eP <g) v

for all v € H' (Q¢). Now we split e¢ in ee = el + 2 with
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(i) el € H'(Q¢)/R solution of
/ veg.vv:—/ (Qutto — Vuo(0).71) v Vv € H'(Qe)
Qe B¢
(ii) €2 € H'(Q,) solution of

Veg.Vv—{-/QE Diy(x,ug, )etv =— /Fa,,P <g) v— | Diy(x,us,) (SP <§) —|—eé)

Q¢ Qe

Then, by using a change of variable (CV), a trace theorem on BZ\E (where Bj is the ball of radius
2, centered at 0), and the equivalency of the H'(B,\B)-norm with the semi-norm and a CV again,
we get that |leg|1(q,)/r = O(€?). Next, by using Lemma 10.2, a trace Theorem on Q\B and the
fact that el € H'(Q¢)/R, we get that ||e2||; o, = O(€?\/—log(€)). The H'(Q,)-norm estimation of
eg is then straightforward by using these two estimations and the following inequality |le¢||1 o, <
Heé”Hl(QE)/R + ||e% |1, ; the estimation of || X¢||o o, comes from || X¢|0.q, < HSP (%) HO,QE +leello..
and the previous inequalities. This ends the proof. For more details we refer the reader to [21]. O

Lemma 10.4. Let w, = v — vg where ve and vy are respectively given by (25) for € > 0 and € =0,
and let Q be the the solution of (57) with g = —Vvy(0).n, then we have the following asymptotic
expansion :

we = €0 (g) +re

with ||re||1.0, = O(€2\/—log(€)). Moreover we have

Iwello.o. = O (82\/Tg(8)) o welio, = 0(¢)

Démonstration. The problem is linear. From Lemma 5.1 and Hypotheses 1, we get that there exist
8; > 0and & > 0 such that & > D2y (up) > &;. The well-posedness of the problem is then straight-
forward. Then the proof can be easily deduced from the proof of Theorem 10.3 or from the linear case
[4]. O

10.2 Appendix B

In this appendix we consider problem (38) with K = [ and Yy = 1. The general case (when K
is a convolution operator such that K1 # 0) can be easily deduced (see [7] chapter 3 for the well-
posedness).

Lemma 10.5. Let X, = uz — ug where ug and ug are respectively given by (38) for € > 0 and € =0,
then we have : N
Xe = €P (g) +ee

where P is defined by (57) with g = —Vug(0).7i and where |le¢|1 o, = O(€?). Moreover we have the
estimation :

IXello.c. = O(e?/~log(e))
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Démonstration. First, let us write the Euler equations checked by X,. By substracting equations (38)
for € > 0 and for € = 0, we get for j € [;,4(Q) :

.
—AXE—{—DIIIJ' (/ M£> —DI[/J' </ u()) =0
RE R

(Ze) on R?, J € La(Q) (61)
anXg - _anu(), on &Bg
0,Xe =0,onT

\

Then, by a Taylor expansion there exists & = 0 [pe ue + (1 —0) |, &, o with 0 < 6 <1 such that
J

Dy; (/RJ‘S> —Dy; (/Rjuo> = D*yj(&e) </R€.u8_/1eju0>

From Proposition 3, it is straightforward that 0 < a < & < 8 where o = %’f’ and B =Y, fi. (Z%)
rewrites for j € [;,4(Q) as

—AX{.; +D2V’](§8)/ ng/ __Up OnR?
Ri R_/\Ri

anXg - —anl/t(), on aBg
0,Xe=0,onT

(Ze)

with [ R\RE U0 = 8jy(j) /3, uo, where & is the Dirac function. Let e; = X, — &P (£) where P is defined
J
by (57) with g = —Vuy(0).7. eg, then e, verifies the following equation
( x
~ A+ DPy(E) [ ee=—en?wi(&) [ P(5)
RS RE \E
on R? AS Iind(Q)

(&) Onee = —(Apuo — Vup(0).71) = @e(x) = O(|x|) on 9B, (62)

2
Dnee = —OnP (g) — Ge(x)=0 <;‘2> onT

We set :
—eD?y(&) [ P(3) =0 for j # jy
Kl = S
/ uo—eDzwjo(ée)/ P(2) = o), for j = jo
B RS €
Now we split e, in the sum e, = el + 2 + ¢ with
(i) el € H'(Q¢)/R solution of

—Ael =0, on Q,
dhel = @e(x), on B,
deel =0, onT
(ii) €2 € H'(Q¢)/R solution of
Ae? =0, on Q,

8,,63 =0, on dB;
8,16% = @e(x),onT
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(iii) e} € H'(Qe) solution of

A +Dy(&) [ e = KE-Dy(&) [ (eF+ed
I j
(&2) on RS, j € lina(Q)
de2 =0, on B,
el =0,onT

Standard computations (see [4, 21] for more details) lead to the following estimations :

llegllm (o) < CE? legllp o m < Ce

To estimate e}, we take the variational formulation of (&3) :

/Ve W+ Y D2w, 58/ /Rsv— Kg/ReV—Dzllff(fe)/Rs(eé+€g>/R€V 63)

JELing (Q J€lina (Q) i i
An easy computation of D> y; and Proposition 3 give for € < g

minicy fi
> Dy (&) = g_ 7’73'";(9) 750

where N = |I;,4(Q)|. By taking as test function v = ¢ in (63), we deduce the following estimations :

JIvertc ¥

2
(b
]Elld(g) Ri
< T Ik /63+|D2w7(§e)|/g(\eé+Ie§\)‘/863
J€lina (Q) Rj Rj

<c(e+lelzaoe+elemyz) X |[

jEIind (Q)
Ce
Ry

Then, thanks to the following inequality which stands for any sequence of real numbers (a;);

2
( ) |aj|> <|La(Q) Y lai
Q)

ielind( i€ling ('Q)

maxjer, ,(Q)f
az

< Ce?
J€lina (Q)

and the positiveness of [q |Ve?|2, we obtain

< Ce?

R¢

and then |e} | 1,0 <C €2. By using the Poincaré-Wirtinger inequality we get :

jEIind (Q)

1
e, < 2= [l +|[ e
Q[ Jo, 1,9 Qe
<Clelho+C ¥ | [ e <ce
jelind(g) Rg
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From the inequality [lec||1 0, < llegllnia.)r + lgllm o) /r + ll€2]l1.0.. We get the result. For the
L?(Q¢)-norm estimation of Xe, it suffices to take the L?(Q, )-norm of its asymptotic expansion and to
use the first point of Lemma 10.5 and Lemma 10.2. O

Lemma 10.6. Let we = ve — v where ve and vo are given by (43) for € > 0 and € = 0, then we have :
X
we=eQ(3) +re
where Q is defined by (57) with g = —Vvo(0).n, and where ||r¢||1.0, = O(€*\/—log(€)). Moreover

we have :
Iwello.o. = O(e?/~log(e), wel1.0. = O(€)

Démonstration. By substracting equations (44) for € > 0 and for € = 0, the Euler equations associated
to wg are :

— Awe + Dy (I () /R we =00 R; with j # jo

J

_AW8+D2WJO (Ijo(MO))/RS We

) 2 2 o
= D7y, (Ijo(uo))/B vo = O(g”) on RS,
0uWe = —dyvo On B,
8nW£ = 0 on I

This problem is linear and from (3) we have :

maxjelind (Q)f-]
az

i minjelind(g)fj
Li(w)* — B2
Then the topological expansion of w, can be deduced from the proof of Lemma 10.5 or from the linear
case [4].
The two last estimations are straightforward by using the topological expansion of w, and Lemma
10.2.

> D*y; (Ij(uo)) =

O
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